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Tamed symplectic structures on compact solvmanifolds
of completely solvable type

ANNA FINO AND HISASHI KASUYA

Abstract. A compact solvmanifold of completely solvable type, i.e. a compact
quotient of a completely solvable Lie group by a lattice, has a Kähler structure
if and only if it is a complex torus. We show that a compact solvmanifold M of
completely solvable type endowed with an invariant complex structure J admits
a symplectic form taming J if and only if M is a complex torus. This result
generalizes the one obtained in [7] for nilmanifolds.
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1. Introduction

We will say that a symplectic form � on a complex manifold (M, J ) tames the
complex structure J if �(X, J X) > 0 for every non-zero vector field X on M or,
equivalently, if the (1, 1)-part of the 2-form � is positive. By [14, 18] a compact
complex surface admitting a symplectic structure taming a complex structure is nec-
essarily Kähler. Moreover, by [13] non-Kähler Moishezon complex structures on
compact manifolds cannot be tamed by a symplectic form (see also [19]). However,
it is still an open problem to find out an example of a compact manifold having a
symplectic structure taming a complex structure but not admitting any Kähler struc-
ture. Some negative results have been obtained for compact nilmanifolds in [7] and
for special classes of compact solvmanifolds in [8], where by a compact nilmani-
fold (respectively solvmanifold) we mean a compact quotient of a nilpotent (resp.
solvable) Lie group G by a discrete subgroup 0.

We recall that a compact nilmanifold is Kähler if and only if it is diffeomor-
phic to a torus ([3, 11]). Benson and Gordon in [3] conjectured that if a compact
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