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Local homogeneity and dimensions of measures

ANTTI KÄENMÄKI, TAPIO RAJALA AND VILLE SUOMALA

Abstract. We introduce two new concepts, local homogeneity and local Lq -
spectrum, both of which are tools that can be used to study the local structure of
measures. Combining homogeneity and Lq -spectrum estimates, we introduce a
newmethod to bound the local dimensions of measures in general doubling metric
spaces. As an application, we reach a new level of generality and obtain many
new results in the study of conical densities and porous measures in Euclidean
spaces and also in general doubling metric spaces.
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1. Introduction

In geometric measure theory and fractal geometry, it is common to encounter prob-
lems of the following type: given a measure µ and a set A of positive/full µ-
measure, we have some local geometric information (on various densities, porosity,
tangent measures, sceneries etc.) around all points of the set (or in a set of pos-
itive/full measure) and we want to gain some global information (on dimension,
measure, rectifiability, and other geometric properties) from this. For example, if
the set A is porous in the sense that for some % > 0, for all x 2 A, and all small
r > 0, there is a ball B(y, %) ⇢ B(x, r) \ A, one is lead to ask how the dimension
of A depends on the value of %. This question and its many variations have been
under careful investigations in the past [6, 13, 25, 26, 32, 33, 39–41, 46, 52, 55, 59]
also due to intrinsic interest, but mostly since many important sets and measures in
analysis and dynamics satisfy such, or related, porosity conditions. These sets and
measures may arise in geometric analysis [33, 39, 46, 56, 62, 64], in the study of Ju-
lia sets [50,51], singular integrals [10], infinite iterated function systems [63], or as
random sets [7,27]. The survey [58] gives some further background and motivation.

More generally, if we know how the set (or the measure) is distributed in small
balls, we may use this information to bound its dimension from above. The notions
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