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Rectifiability and Parameterization of Intrinsic
Regular Surfaces in the Heisenberg Group
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Abstract. We construct an intrinsic regular surface in the first Heisenberg group
H

1 ≡ R
3 equipped wiht its Carnot-Carathéodory metric which has Euclidean

Hausdorff dimension 2.5. Moreover we prove that each intrinsic regular surface
in this setting is a 2-dimensional topological manifold admitting a 1

2 -Hölder con-
tinuous parameterization.
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1. – Introduction

In this paper we investigate Euclidean rectifiability and existence of Hölder
parameterization for H-regular surfaces, a class of intrinsically regular surfaces
in the Heisenberg group H

1, which can be represented as C×R ≡ R
3 endowed

with a left invariant metric d equivalent to its Carnot-Carathéodory metric (see
Section 2 for a precise definition). This notion of intrinsically regular surface
was introduced in order to study in the setting of Carnot groups, of which H

1

is the simplest example, the classical problem in Geometric Measure Theory
(GMT) of defining regular hypersurfaces (i.e. topological submanifold of codi-
mension 1) and different reasonable surface measures on them (see [48], [47],
[46], [58], [10] [34], [36] [31], [14], [25], [30], [13], [1], [2], [26], [49], [44],
[27], [38], [29] and [39]). Throughout this paper, we shall denote the points
of H

1 by P = [z, t] = [x + iy, t], z ∈ C, x, y ∈ R, t ∈ R. If P = [z, t],
Q = [ζ, τ ] ∈ H

1 and r > 0, following the notations of [57], where the reader
can find an exhaustive introduction to the Heisenberg group, we define the group
operation

(1) P · Q := [z + ζ, t + τ + 2�m(zζ̄ )]
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