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Hartogs theorem for forms:
solvability of Cauchy-Riemann operator at critical degree

CHIN-HUEI CHANG AND HSUAN-PEI LEE

Abstract. The Hartogs Theorem for holomorphic functions is generalized in two
settings: a CR version (Theorem 1.2) and a corresponding theorem based on it
for Ck ∂̄-closed forms at the critical degree, 0 ≤ k ≤ ∞ (Theorem 1.1). Part of
Frenkel’s lemma in Ck category is also proved.
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1. Introduction

Let PN denote the unit polydisc in CN , N ≥ 1. In Cm+1, m ≥ 1, set

ω = Pm ×
{

zm+1 ∈ C

∣∣∣ 1

2
< |zm+1| < 1

}
, m ≥ 1.

The classical Hartogs theorem (see [9, p. 55]) states: suppose, for a given holo-
morphic function f on ω, there is an open set U ⊂ Pm such that f has a holo-
morphic extension to U× {zm+1 ∈ C| |zm+1| < 1|}, then f can be extended holo-
morphically to Pm+1. This phenomenon in higher fiber dimension is suggested by
Frenkel’s lemma (see [13, p. 15]).

Let n always be an integer bigger than 1. For z ∈ Cm+n we write z = (z′, z′′)
with z′ = (z1, . . . , zm) and z′′ = (zm+1, . . . , zm+n). Set

� = Pm ×
(

Pn \ 1

2
Pn

)
where 1

2 Pn = {z′′ ∈ Cn| 2z′′ ∈ Pn}. The first part of Frenkel’s lemma says: the
Cauchy-Riemann equation

∂̄u = f, f ∈ C∞
(0,q)(�), 1 ≤ q ≤ m + n, ∂̄ f = 0
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