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A criterion for virtual global generation

INDRANIL BISWAS AND A. J. PARAMESWARAN

Abstract. Let X be a smooth projective curve defined over an algebraically
closed field k, and let FX denote the absolute Frobenius morphism of X when
the characteristic of k is positive. A vector bundle over X is called virtually glob-
ally generated if its pull back, by some finite morphism to X from some smooth
projective curve, is generated by its global sections. We prove the following. If
the characteristic of k is positive, a vector bundle E over X is virtually globally
generated if and only if (Fm

X )∗E ∼= Ea ⊕ E f for some m, where Ea is some
ample vector bundle and E f is some finite vector bundle over X (either of Ea and
E f are allowed to be zero). If the characteristic of k is zero, a vector bundle E
over X is virtually globally generated if and only if E is a direct sum of an ample
vector bundle and a finite vector bundle over X (either of them are allowed to be
zero).
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1. Introduction

Fix an algebraically closed field k; the characteristic of k will be denoted by p. Let
X be an irreducible smooth projective curve defined over k.

A vector bundle E over X is said to be virtually globally generated if there
exists a smooth projective curve Y defined over k and a surjective morphism

f : Y −→ X (1.1)

such that the vector bundle f ∗E is generated by its global sections. Our aim here is
to give a necessary and sufficient condition for a vector bundle over X to be virtually
globally generated. Before we state the condition, we need to recall the definition
of a finite vector bundle.

A vector bundle E over X is called finite if there is a finite étale Galois covering

γ : X ′ −→ X

such that γ ∗E is trivializable; see [No]. Any finite vector bundle is of degree zero.
If k = C, then a vector bundle is finite if and only if it admits a flat holomorphic
connection whose monodromy is a finite group.
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