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On non-overdetermined inverse scattering at zero energy
in three dimensions

RoMAN G. NOVIKOV

Abstract. We develop the d-approach to inverse scattering at zero energy in di-
mensions d > 3 of [Beals, Coifman 1985], [Henkin, Novikov 1987] and [Novikov
2002]. As aresult we give, in particular, uniqueness theorem, precise reconstruc-
tion procedure, stability estimate and approximate reconstruction for the problem
of finding a sufficiently small potential v in the Schrodinger equation from a fixed
non-overdetermined (“backscattering” type) restriction & | p of the Faddeev gener-
alized scattering amplitude % in the complex domain at zero energy in dimension
d = 3. For sufficiently small potentials v we formulate also a characterization
theorem for the aforementioned restriction h‘r and a new characterization the-
orem for the full Faddeev function / in the complex domain at zero energy in
dimension d = 3. We show that the results of the present work have direct ap-
plications to the electrical impedance tomography via a reduction given first in
[Novikov, 1987, 1988].

Mathematics Subject Classification (2000): 35R30 (primary); 81U40, 86A20
(secondary).
1. Introduction
Consider the Schrédinger equation at zero energy
—AY +v(x)Yy =0, xeRY, d>2, (1.1)
where
v is a sufficiently regular function on R¢with sufficient decay at infinity (1.2)
(precise assumptions on v are specified below in this introduction and in Sections
2 and 3). For equation (1.1), under assumptions (1.2), we consider the Faddeev
generalized scattering amplitude & (k, [), where (k, 1) € O,
O={keC’ 1cC!: K*=17=0, Imk=1Iml}. (1.3)
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For definitions of /4 see, for example, [HN, Section 2.2] and [Nol, Section 2]. Given
v, to determine & on ® one can use, in particular, the formula

hk,l) =H(k,k=1), (k,])e®, (1.4)

and the linear integral equation

o [+ OHK —§)dE J
Hop = o)~ [FPEDTREOE es perd ay
Rd
where
B(p) = (2n)—d/e"1’xu(x)dx, peR?, (1.6)
]Rd
Y ={keC?: k>=0). 1.7)

In the present work we consider, mainly, the three dimensional case d = 3. In addi-
tion, in the main considerations of the present work for d = 3 our basic assumption
on v consists in the following condition on its Fourier transform

ve LZO(]RS) for some real u > 2, (1.8)

where
LY R = {u e LYRY) : [ull, < +oo},

lull,. = esssup(l + [p)*lu(p)l, w > 0.
peRd

(1.9)

If v satisfies (1.8), then we consider (1.5) at fixed k as an equation for H(k, -) €
LZO(R3). An analysis of equation (1.5) for d = 3 and with (1.8) taken as a basic
assumption on v is given in Section 3.

Note that, actually, 2 on ® is a zero energy restriction of a function % intro-
duced by Faddeev (see [F2, HN]) as an extention to the complex domain of the
classical scattering amplitude for the Schrodinger equation at positive energies. In
addition, the restriction & | © Was not considered in Faddeev’s works. Note that 2 | 6
was considered for the first time in [BC1] for d = 3 in the framework of Prob-
lem 1.1a formulated below. The Faddeev function & was, actually, rediscovered in
[BC1]. The fact that 9- scattering data of [BC1] coincide with the Faddeev function
h was observed, in particular, in [HN].

In the present work, in addition to z on ®, we consider &
where

and h

F’h

@T l"‘[’

p . ilpl p  ilpl d
r={k=524+-"2 L l=—Z 4+ == : R4Y 1.10
{ 2+2V(P) 2Jrzy(p) pE (1.10a)
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where y is a piecewise continuous (or just measurable) function of p € R with
values in S?~! and such that

y(p)p=0, peR’ (1.10b)
O ={k,)e®: |Imk|=|Iml| <71}, (1.11)
rr=rnert, (1.12)
where T > 0. Note that
rceo, (1.13)
dim ® =3d —4, dim T =dim RY =4, (1.14)

3d—4=d for d=2, 3d—-4>d for d=>3. (1.15)
Using (1.4), (1.5) one can see that

in the Born approximation (that is in the linear approximation near zero potential).
Using (1.10), (1.13), (1.14), (1.16) one can see that, in general, h|r is a nonlinear
analog of the Fourier transform 0. Note also that h|r is a zero energy analog of
the reflection coefficient (backscattering amplitude) considered (in particular) in
[Mos, P, HN, ER].

In the present work we consider, in particular, the following inverse scattering
problems for equation (1.1) under assumptions (1.2).

Problem 1.1.

(a) Given & on O, find v on R? (and characterize i on ©);
(b) Given h on ®T for some (sufficiently great) t > 0, find v on R4, at least,
approximately.

Problem 1.2.

(a) Given h on T, find v on R? (and characterize 4 on I');
(b) Given h on I'" for some (sufficiently great) T > 0, find v on R4, at least,
approximately.

Using (1.14), (1.15), (1.16) one can see that Problems 1.1a, 1.1b are strongly overde-
termined for d > 3, whereas Problems 1.2a, 1.2b are nonoverdetermined for d > 2
(at least, in the sense of the dimension considerations and in the Born approxima-
tion). In addition, using (1.12), (1.13) one can see that any reconstruction method
for Problems 1.2 is also a reconstruction method for Problems 1.1. The present
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work is focused on Problems 1.2a, 1.2b for the most important three-dimensional
case d = 3. In addition, we are focused on potentials v with

b € L®(R>) with sufficiently small ||9
n (RY) y vl (1.17)
for some fixed u > 2,

where LZO(R3) and || - ||, are defined in (1.9). In some results we also still assume

for simplicity that 0 € C(R?) (in addition to (1.8) or (1.17)), where C denotes the
space of continuous functions. The main results of the present work include, in
particular:

(I) uniqueness theorem, reconstruction procedure and stability estimate for Prob-
lem 1.2a for v satisfying (1.17) (with o € C(R?)) (see Theorem 2.1) and

(II) approximate reconstruction method for Problem 1.2b for v satisfying (1.17)
(with d € C(R?)) (see Theorem 2.1 and Corollary 2.2).

These results are formulated and proved in Sections 2-12. In the present work we
formulate also:

(II) characterization for Problem 1.2a for v satisfying (1.17) (see Theorem 2.3) and

(IV) new characterization for Problem 1.1a or more precisely a characterization for
Problem 1.1a for v satisfying (1.17) (see Theorem 2.4).

We plan to give a complete proof of these characterizations in a separate work,
where we plan to show also that the aforementioned results I and II remain valid
without the additional assumption that 0 € C(R%). All these results I, II, IIT and IV
are presented in detail in Section 2.

Note that Problem 1.1a was considered for the first time in [BC1] ford = 3
from pure mathematical point of view without any physical applications. No possi-
bility to measure 4 on ®\{(0, 0)} directly in some physical experiment is known at
present. However, as it was shown in [Nol] (see also [HN] (Note added in proof),
[Nal, Na2, No4]), Problems 1.1 naturally arise in the electrical impedance tomog-
raphy and, more generally, in the inverse boundary value problem (Problem 1.3)
formulated as follows. Consider the equation

—AY +v(X)Y =0, x €D, (1.18)

where
D is an open bounded domain in ]Rd, d > 2,
with sufficiently regular boundary 9D, (1.19)
v is a sufficiently regular functionon D = DU dD.

We assume also that

0 is not a Dirichlet eigenvalue for (1.20)
the operator — A + v in D. '
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Consider the map @ such that

a¢|

3y 18D =@ (‘/f|aD) (1.21)

for all sufficiently regular solutions of (1.18) in D, where v is the outward normal
to d D. The map @ is called the Dirichlet-to-Neumann map for equation (1.18). The
aforementioned inverse boundary value problem is:

Problem 1.3. Given @, find v on D.

In addition, the simplest interpretation of D, v and ® in the framework of the elec-
trical impedance tomography consists in the following (see [SU, Nol, Nal]): D is
a body with isotropic conductivity o (x) (where o > opip > 0),

v(x) = (@) V2 A (c(x)?, x e D, (1.22)
301/2
d =012 (Aa—1/2 + T) (1.23)

where A is the voltage-to-current map on 9D and o'/ 2 9012 / dv in (1.23) denote
the multiplication operators by the functions o~ 1/2|, . (30'!/2 /0v)
tively.

Note that the formulation of Problem 1.3 goes back to Gelfand [G] and
Calderon [C].

Returning to Problems 1.1, 1.2 and their relation to Problem 1.3 one can see
that the Faddeev function /& of Problems 1.1, 1.2 does not appear in Problem 1.3.
However, as it was shown in [Nol] (see also [HN] (where this result of [Nol] was
announced in Note added in proof), [Nal, Na2, No4]), if 4 corresponds to equation
(1.1), where

|0D, respec-

v of (1.1) coincides on D with v of (1.18)

.. . di A (1.24)
and v of (1.1) isidentically zero on R\ D,

then /2 on ® can be determined from the Dirichlet-to-Neumann map & for equation
(1.18) via the following formulas and equation:

h(k,1) :(2;1)—"/ /e_”"(CD— Do) (x,y) ¥ (y,k)dydx for (k,))e®, (1.25)

oD oD
V(x, k) = " + / A(x, y, )Y (y, k)dy, x €D, (1.26)
oD
Alx,y, k) = / Gx —z,k)(® — Dg)(z, y)dz, x,y €D, (1.27)

oD

zgx
G(x.k) = —(2m) e ”‘X/%_z Czlis; x eR?, (1.28)
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where k € C¢, k? = 0 in (1.26)-(1.28), ®( denotes the Dirichlet-to-Neumann map
for equation (1.18) for v = 0, and (® — Pg)(x, y) is the Schwartz kernel of the
integral operator ® — ®(. Note that (1.25), (1.27), (1.28) are explicit formulas,
whereas (1.26) is a linear integral equation (with parameter k) for ¥ on dD. In
addition, G of (1.28) is the Faddeev’s Green function of [F1] for the Laplacian A.
Note also that formulas and equation (1.25)- (1.27) are obtained and analyzed in
[Nol] for (1.19) specified as

D is an open bounded domain in ]Rd, d>2,

(1.29)
aD € C?, ve L®(D).

Formulas and equation (1.25)-(1.27) reduce Problem 1.3 to Problems 1.1, 1.2. In
addition, from numerical point of view A (k, [) for (k,[) € ©F can be relatively eas-
ily determined from & via (1.27), (1.26), (1.25) if 7 is sufficiently small. However,
if (k,]) € ®\OT, where 7 is sufficiently great, then the determination of i (k, [)
from & via (1.27), (1.26), (1.25) is very unstable (especially on the step (1.26)).
The reason of this instability is that formulas and equation (1.25)-(1.28) involve the
exponential functions e, ¢!k* and, actually, ¢'**~2 (arising in (1.27) in view
of (1.28)), where (k,I) € ®, x € aD, z € dD, which rapidly oscillate in x, z
and may have exponentially great absolute values if (k,/) € ®\®" (and, therefore,
|IRek| = |Im k| = |Rel| = |Im /| > 7) for sufficiently great 7.

These remarks show that Problems 1.1, 1.2 are especially important in their
versions 1b, 2b as regards their applications to Problem 1.3 via (1.25)-(1.28) (or
via similar reductions). In addition, in view of (1.13)-(1.15), one can see that it is
much simpler to determine 4 on I" (or on I'*) only than completely on ® (on on
®F, respectively) from & via (1.25)-(1.28) for d > 3. Therefore, Problem 1.2b is
of particular interest and importance in the framework of applications of Problems
1.1, 1.2 to Problem 1.3 for d > 3.

In the present work we consider, mainly, Problems 1.1 and 1.2 for d = 3.
In addition, as it was already mentioned, we are focused on nonoverdetermined
Problems 1.2a, 1.2b for v satisfying (1.17). The main results of the present work
are presented in Section 2. (Some of these results were already mentioned above.)
Note that only restrictions in time prevent us from generalizing all main results of
the present work to the case d > 3. Actually, the results of the present work are
obtained in the framework of a development of the d-approach to inverse scattering
at fixed energy in dimension d > 3 of [BCI1, HN, No3, No5]. In particular, the
central part of the present work consists in an analysis of the non-linear d-equation
(3.13) for the Faddeev function H on ® for v satisfying (1.17) (with o € C(R?)),
see Sections 5, 6, 7.

Actually, in the present work we do not consider Problems 1.1 and 1.2 for
d = 2: inverse scattering at fixed energy in dimension d = 2 differs considerably
from inverse scattering at fixed energy in dimension d > 3. Note that a global re-
construction method for Problem 1.2a for d = 2 and for v of the form (1.2), (1.22),
where x € R%, 0 > opin > 0, was given in [Na2] in the framework of a devel-
opment of the d-approach to inverse scattering at fixed energy in dimension d = 2
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(see references to [BLMP, GN, No2, T] given in [Na2] in connection with this ap-
proach). In addition, this result on Problem 1.2a is given in [Na2] in the framework
of applications to the (two-dimensional) electrical impedance tomography via the
reduction (1.25)-(1.27) for d = 2 (given first in [No1]). Besides, note that there is an
essential similarity between the results of [Na2] on global reconstruction for Prob-
lem 1.2a for d = 2 and for v of the form (1.2), (1.22), where x € R%, ¢ > opmin > 0,
and results of [BC2] on global inverse scattering reconstruction for some 2 x 2 first
order system on the plane (see also [BU] in this connection).

Applications of result of the present work to the electrical impedance tomog-
raphy and more generally to Problem 1.3 will be analyzed in detail in a subsequent
paper (where we plan to give, in particular, new stability estimates for Problem 1.3).
Concerning results given in the literature on Problem 1.3, see [KV, SU], [HN] (note
added in proof), [Nol, A, Nal, Na2, BU, Ma, No4] and references therein.

2. Main results

As it was already mentioned in the introduction, the main results of the present
work include, in particular:

(I) uniqueness theorem, reconstruction procedure and stability estimate for Prob-
lem 1.2a for v satisfying (1.17) (with & € C(R?)) and

(II) approximate reconstruction method for Problem 1.2b for v satisfying (1.17)
(with 0 € C(R?)),

see Theorem 2.1 and Corollary 2.2 formulated below in this section (and proved by
means of analysis developed in Sections 3-12).
We identify & ’r - With R and Ra; on R4, where

i|pl i pl
R()—h< +— (p), — +—J/(P) , peRY, 2.1
Ror(p) = R(p) for |p| <2t, peRY, 02
Ry:(p) =0 for |p| =21, peRY ‘
where y is the function of (1.10).
Theorem 2.1. Let
€ LY(RY) for some > 2, (2.3)
. 1
0], <C < —————, (2.4)

c1(n) + 8ce(u)

where Lff(]l@) and || - ||, are defined in (1.9), c1() and ce(j1) are the positive
constants of Lemmas 3.1 and 6.4. (For simplicity we also still assume that v €



286 ROMAN G. NOVIKOV

C(R3).) Let R be defined by (2.1) (for some given y of (1.10) for d = 3). Then

C
Re LR, |R|l) < ——M—, 2.5
eL, /R, | ”“—1—c1(u)c 2.5

and R uniquely determines 0 via the following reconstruction procedure

6.6 7.1b),(7.2b) .
R (6.6) g 010029 2.6)

by successive
approximations

where (6.6) is a nonlinear integral equation of Proposition 6.1 of Section 6, (7.1b),
(7.2b) are explicit formulas of Section 7 and where we solve (6.6) by the method
of successive approximations (see Proposition 6.7 and Lemma 6.5). In addition, if
Rappr is an arbitrary approximation to R, where Rqppr also satisfies (2.5), and Vappy
is determined from Rapp: via (2.6) (with H replaced by Happy), then the following
stability estimate holds:

I —c(wC
(c1(p) + 8cg()C

One can see that Theorem 2.1 includes uniqueness theorem, reconstruction proce-
dure and stability estimate for Problem 1.2a (of the introduction) for v satisfying
(1.17) (with § € C(R?)).

Theorem 2.1 follows from Proposition 3.2, Lemmas 6.5, 6.6, Propositions 6.1,
6.7 and formulas (7.1), (7.2) (of Sections 3,6 and 7). In particular, condition (2.4)
of Theorem 2.1 implies condition (6.20) of Proposition 6.7 and condition (3.6) of
(part I of) Proposition 3.2.

”f) - lA)appr”u = 1 — R — Rappr”u- 2.7

Corollary 2.2. Let v satisfy (2.3), (2.4) and, in addition,
Ve Lloﬁ R>) for some p* > w. (2.8)

(For simplicity we also still assume that v € C(R>).) Let 0, denotes Vappr recon-
structed from Rappe via (2.6) (as in Theorem 2.1), where Ruppr = Ro. (defined by
(2.1), 2.2) for d = 3). Then

R e LR (RY) (2.9)

and

Il —awC IRl
(c1 (i) + 8ee(u)C (14 27)H 1
One can see that Theorem 2.1 and Corollary 2.2 give an approximate reconstruction

method for Problem 1.2b (of the introduction) for v satisfying (1.17) (with 0 €
C(RY)).

Note that (2.9) follows from the property that R € LZO(R3), the assumption
(2.8) and the part II of Proposition 3.2 with u = u*. Further, Corollary 2.2 follows

10 = D2ellu < = for T>0.  (2.10)
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from Theorem 2.1 and estimates (6.25), (6.26). The approximate reconstruction
of Corollary 2.2 is presented in more detail in Proposition 6.8 complemented by
formulas (7.5)-(7.8).

One can see that Theorem 2.1 and Corollary 2.2 give also reconstruction results for
Problem 1.1a and Problem 1.1b ( of the introduction) for d = 3 and v satisfying
(1.17) (with o € C(R?)). Let us compare these results with the reconstructions
for Problems 1.1a and 1.1b for d = 3 via formulas (2.11), (2.12), (2.14) presented
below. From formula (1.4), equation (1.5) and Proposition 3.2 (of Section 3) it
follows that if v satisfies (2.3), then

Ao . 3

i(p) = (kj)eg’n}(_l:p h(k,1) forany p € R’ (2.11)
|Im k|=|Im /|=t—00

A 2c2(1)C? (In 1)?

v(p) —h(k, )| <

lv(p) (k, D] 1+ [ph~ T (2.12)

for (k,)€®, p=k—I, |Imk|=|Iml|=1>7(C,pn), [IVll.=C,

where ¢ () is the constant of Lemma 3.1 and t(C, 1) is the smallest number such

that

(In t(C,w)?* 1
CZ(M)CT,M) =< X In 7(C, u) > 2.

Actually, for sufficiently regular v on R with sufficient decay at infinity formula
(2.11) and some results of the type (2.12) (with less precise right-hand side) were
given first in [HN]. Note also that if

ve L®R?Y), esssup(l + x> )| < C
xeR3 (2.13)
for some positive ¢ and C,

then

[0(p) — h(k,D| <
[Imk|=|Im!l| =1t > 7(C,¢),

28, (g)C?
20@C kD e®. p=k—1.
T

(2.14)

where ¢;(¢) and 7(C, ¢) are some positive constants (similar to constants ¢ (1) and
7(C, n) of (2.12)) (see [Nal] and [No3] as regards estimate (2.14) under assump-
tion (2.13)). One can see that for d = 3 already the simple formulas (2.11), (2.12),
(2.14) give a reconstruction method for Problem 1.1a and an approximate recon-
struction method for Problem 1.1b. However, for this approximate reconstruction
of the Fourier transform v from 4 on ©7 via (2.12), (2.14) the error decaies rather
slowly as T — +o00: even for v of the Schwartz class on R? the decay rate of this
error, for example, in the uniform norm on the ball B; = {p € R3: |p| <r},
where » > 0 is fixed, is not faster than O(1/7) as T — +o00. An important advan-
tage of the approximation v, of Corollary 2.2 in comparison with the approximate
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reconstruction based on (2.12), (2.14) consists in a fast decay of the error norm
10— ocll = 0(1/1“*_") as T — 400 (see estimate (2.10)), at least, if u* —
is sufficiently great. For example, if v belongs to the Schwartz class on R3 and,
as in Theorem 2.1 and Corollary 2.2, is sufficiently small in the sense (2.4) for
some u, then estimate (2.10) holds for any u* > p and [0 — 2|, = O(T™°)
as T — +o0. This fast convergence of Up; to 0 as T — 00 is in particular im-
portant in the framework of applications to Problem 1.3 (of the introduction) via
the reduction (1.25)-(1.27): the point is that the determination of 4|, from & via
(1.25)-(1.27) is sufficiently stable for sufficiently small t only (see related discus-
sion of the introduction), but v, reconstructed from £ e (as described in Corollary
2.2) well approximates 0 even if T is relatively small (due to the rapid decay of the
error 0 — Uy as T — +00). An obvious disadvantage of Theorem 2.1 and Corollary
2.2 in comparison with formulas (2.11), (2.12), (2.14) consists in the small norm
assumption (2.4). In a subsequent work we plan to propose an approximate recon-
struction of v from 4 on ®F (for d = 3) with a similar (fast) decay of the error for
7 — 400 as in Corollary 2.2 but without the assumption that v is small in some
sense.

As it was already mentioned in the introduction, in the present work we for-
mulate also:

(IIT) characterization for Problem 1.2a for v satisfying (1.17) and

(IV) new characterization for Problem 1.1a or more precisely a characterization for
Problem 1.1a for v satisfying (1.17),

see Theorems 2.2 and 2.3 presented next.
Theorem 2.3. Let v satisfy (2.3) and
19l = € < 1/cr(p), (2.15)

where c1(u) is the constant of Lemma 3.1. Then R (defined according to (2.1),
(1.4), (1.5)) satisfies (2.5). Conversely, let

R e LZO(R‘O’) for some > 2 (2.16)

and
IRl <7/2, r <c7(p), (2.17)

where c7(10) is some positive constant. Then R is the scattering data (defined ac-
cording to (2.1), (1.4), (1.5)) for some potential v, where

D e LYY, 8], <. (2.18)

One can see that Theorem 2.4 gives a characterization for Problem 1.2a (of the
introduction) for v satisfying (1.17).
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Consider
Q:{ke(C3 pGR3‘ k> =0, p* =2kp)}, (2.19)
- ilpl
E={kp: k= 5 + —y(p) p e R’ (2.20)
where y is the function of (1.10).
Note that
Q~0O, E~T (2.21)
or more precisely
k,p)e Q= (k,k—p)e®, (k,) e® = (k,k—1) € Q,
(k, p) ( p) (k, 1) ( ) 2.22)

k,p)e &= (k,k—p)el, (k,))el' = (k,k—1) e &,

where ® and I" are defined by (1.3) and (1.10a) for d = 3. Due to (2.21), (2.22),
h on O in Problem 1.1 for d = 3 can be considered as H on 2 and /& on I' in
Problem 1.2 for d = 3 can be considered as H on E, where & and H are related by
(1.4).

Consider

Ly () ={U € L=(2) : [lIU]ll < 400},

11U]],c = esssup(1 + [p*|U k. p)I. 1> 0. (2.23)
(k,p)e2

Theorem 2.4. Let v satisfy (2.3), (2.15) and H be defined on 2 by means of (1.5).
Then
He L7 (), [[IH]] < ° (2.24)
me Tl —amwc’ ‘
and for almost any p € R3\0 the d- equation (3.13) for H on Q holds.
Conversely, let

H € LZO(Q) for some > 2, (2.25)
WHIp <1 r < cg(p), (2.26)

where cg is a positive constant, and for almost any p € R3\0 the 8- equation (3.13)
holds. Then H on 2 is the scattering data (defined using (1.5)) for some potential
v, where

D e LY®RY, [0, <r (2.27)

One can see that Theorem 2.4 gives a characterization for Problem 1.1a (of the
introduction) for v satisfying (1.17) (and where 4 on ® is considered as H on €2). In
a separate work we plan to give a detailed comparison of Theorem 2.4 with related
results of [BC1] and [HN]. In particular, Theorem 2.4 develops and simplifies the
results of [BC1] on the range characterization of H on €.
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The scheme of proof of Theorems 2.3 and 2.4 consists in the following:

(1) The result that (2.3), (2.15) imply (2.5) and (2.24) follows from Proposition
3.2.

(2) Itis a separate lemma that the 9- equation (3.13) remains valid for almost any
p € ]R3\0 if v satisfies (2.3) and (2.15).

(3) To prove the sufficiency parts of Theorems 2.3 and 2.4, we use Proposition 3.2,
the aforementioned separate lemma concerning the 9- equation (3.13), and the
analysis developed in Sections 4, 5, 6 and 7. In addition, in the framework of
this proof we obtain that the constants ¢7(u) and cg(u) of Theorems 2.3 and
2.4 can be defined as follows:

— 1 1
¢7(u) = min (406(M)’ c (M)+2c6(u)> ’ (2.28)

_ 1
cs() = FGr2e” (2.29)

where ¢; and c¢ are the constants of Lemmas 3.1 and 6.4.

On the basis of this scheme we plan to give a complete proof of Theorems 2.3 and
2.4 in a separate work, where we plan to show also that Theorem 2.1 and Corol-
lary 2.2 remain valid without the additional assumption that o € C(R?).

3. Some results on direct scattering

In this section we give some results on direct scattering at zero energy in three di-
mensions or, more precisely, some results concerning equation (1.5) and the func-
tion H of (1.5) under assumption (1.8).

Consider the operator A(k) from (1.5) for d = 3:

U(p +&U(-§)dé
£2 4 2kE

(A(k)U)(p) =/ ., peR’ kex, (3.1)

R3

where U is a test function, X is defined by (1.7) for d = 3. Let C stand for contin-
uous functions.

Lemma 3.1. Let v satisfy (1.8), A(k) be defined by (3.1) and U € LZO(R3). Then:
A(k)U € C(R?), (3.2)

TAG Ul < ct 01Ul s (3.3a)

. (In (| Im k[))*
AR Ul < Q(M)IIUIIMIIUIIMW, In [Im k| = 2, (3.3b)
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for k € X (defined by (1.7) for d = 3), where c1(u), ca() and p(un) are some
positive constants, in addition,

(A" — AUl < Ak, KON IU Nl (3.4a)
for some A(k, k') such that
lim Ak k) =0, (3.4b)

where k, k' € ¥; in addition,
(Ak)U)(p) € C(X x R3) as a function of k and p. 3.5)
Lemma 3.1 is proved in Section 8.

Proposition 3.2. Ler v satisfy (1.8) and ||0]|,, < C. Then the following statements
are valid:

M if
() ¥ ee <1, (3.6)

then equation (1.5) is uniquely solvable for H(k, -) € LZ"(R3) forany k € X (by
the method of successive approximations) and

c
I (ks Yl < T—aoC kex, (3.7)
H—-7eCE xR, (3.82)
~ CI(M)CZ 3
H(k. p) — < . keX, peR: 3.8b
e p =l = T goa e CEF P G50
a i
. 2
m(C, 1) Cz(,LL)C(ln_:) <1, Int>2, (3.9)

then equation (1.5) is uniquely solvable (by the method of successive approxima-
tions) for H(k, -) € LZO(R3)f0r any k € L\XF, where

ST={kex: |[Imk|l <1}, (3.10)
and
|H(k, )|, < ¢ , ke Z\X, (3.11)
1 —n2(C, | Im k|)
H—9eC(T\T7) x R, (3.12a)
m2(C, | Im k[)C

IH(k,p)—ﬁ(p)Is(l_ kex\27, peR3. (3.12b)

n2(C, [Im k) (1+ |pDH’

Proposition 3.2 is proved in Section 8.
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Further, note that if v satisfies (1.8) and ||9]|,, < C, where C satisfies (3.6), and also
b € C(RY), then the Faddeev function H (of the part I of Proposition 3.2) satisfies
the following d-equation on :

A > ds -
i)l =30 | =2r [ gk -G p o | A,
J=l §€Sk
(3.13)
for any p € R3\0, where
Z, ={keC’: (k,p) e}, peR\0, (3.14)
Sk =f{eR: £242kE=0), ke Z,, (3.15)

ds is arc-length measure on the circle Sy in R3. Note also that, under the assump-
tions of the part II of Proposition 3.2 with o € C(IR?), the d-equation (3.13) re-
mains valid with Z, replaced by Z, N (X\X7). Actually, at least under somewhat
stronger assumptions on v than in the part I of Proposition 3.2 with & € C(R?), the
é—equation (3.13) was obtained for the first time in [BC1].

4. Coordinates on 2

Consider €2 defined by (2.19). For our considerations we introduce some convinient
coordinates on 2. Let

Q,={keC? peRNL,: k* =0, p* = 2kp), 4.1

where
Euz{peR3:p=tv,teR}, veS% 4.2)
Note that €2,, is an open and dense subset of 2.
For p € R3\£v consider 6(p) and w(p) such that
6(p), w(p) smoothly depend on p € R3\L,,
take values in S, and (4.3)
O(p)p =0, w(p)p =0, O(p)w(p) =0.

Note that (4.3) implies that

o(p) = %ﬂ”’) for p e R\L, (442)
or 0
o(p) = _%ﬁ’) for p € RO\L,, (4.4b)

where x denotes vector product.
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To satisfy (4.3), (4.4a) we can take

0(p) = 22 opy = LXO@) g, 4.5)
v x pl [Pl

Lemma 4.1. Let 0, w satisfy (4.3). Then the following formulas give a diffeomor-
phism between 2, and (C\0) x (R3\L,):

(k,p) = (h,p), where A = Ak, p) = 2kOP) +ioP) (4.6)

i|pl

(A,p) = (k,p), where k =k(x,p) =xk1(% p)0(p) +K2(X,p)w(p) + g 4.7

. | |
K1(k,p)=%( +X>’ Kz(x,p)=|7p|<k_x),

where (k, p) € Q.,, (A, p) € (C\0) x (R3\L,).

Actually, Lemma 4.1 follows from properties (4.3) and the result that formulas
(4.6), (4.7) for A(k) and k()) at fixed p € R3 \L, give a diffeomorphism between
{k e C3: k? =0, p? =2kp} and C\0. The latter result follows from the fact (see
[GN, No2]) that the following formulas

ky +iky i|E|'/? 1 |E|1/? 1
)\,: s k = )\, — N k = )\.__
ez 2 ty) e 2 Py

give a diffeomorphism between {k € C* : k? = E}, E < 0, and C\0.
Note that for k and A of (4.6), (4.7) the following formulas hold:

|pl 1 |pl 1
Imkl="—(|A|+—), |[Rek|]= = (Al +—), 4.8
| Im k| 1 |I+|)\| [Re k| 1 IIJrM| (4.8)

where (k, p) € 2y, (A, p) € (C\0) x (R*\L,).
We consider A, p of Lemma 4.1 as coordinates on €2, and on 2.

5. 9-equation for H on  in the coordinates %, p

Lemma 5.1. Let the assumptions of the part I of Proposition 3.1 be fulfilled and
b € C(R3). Let &, p be the coordinates of Lemma 4.1, where 6, w satisfy (4.3),
(4.4a). Then

0 T
Y (k(A,p), p) 7 f

-7

i @(IAIZ—I)
2 AlA|

x H(k(A,p),—&(X,p,@)H (k(A,p,p), p+E\, p,p))de

1
(cosp—1) — Ipl= Slnw) 5
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for x € C\0, p € R3\L,, where k(x, p) is defined in (4.7) (and also depends on
v, 0, w),

£\, p, @) = Rek(h, p)(cosp — 1) + k- (1, p)sing, (5.2)
Im k(A, p) x Rek(r, p)

Kt A, _ , 5.3

*.p) [Tm kG, p)] e

where x in (5.3) denotes vector product.

Proof of Lemma 5.1 is given in Section 9. In this proof we deduce (5.1) from
(3.13).
Note that (5.1) can be written as

0
ST H (kG p). p) = (H. H)YG p), % € C\O, peR\L,, (5.4)
where
A S AT N Sn PR I
{U1, U2}(%, p) = 4/_”(2 Y (cosg — 1) - sm(p>
(5.5)

x Uz(k(h, p) + &, p, ), p+ &, p, 9))de,
where Uy, U; are test functions on 2 (defined by (2.19)) and k(X, p), E(X, p, )
are defined by (4.7), (5.2), (A, p) € (C\0) x (R3\£v). Note that in the left-hand
side of (5.1), (5.4)
(k(x, p), p) € Q2 (5.62)

and in the right-hand side of (5.1), (5.5)
(k()"s p)1 _%‘()"7 P, 90)) € Q\(01 0)7
(k(x, p) + &, p, @), p+E5(, p,g)) € Q\(0,0),
where 1 € C\0, peR3\L,, ¢ €[—7, 7] (and (0,0) denotes the point {k=0, p=0}).

Lemma 5.2. Let the assumptions of Lemma 4.1 be fulfilled. Let Uy, Uy € Llof (2)
for some pu > 2, where Lff(Q) is defined by (2.23). Let {U1, Uy} be defined by
(5.5). Then:

{Uy, Uz} € L2, ((C\0) x (R\L,)) (5.7)
and
UL U2
Ui, U} (A, < —
HU1, U2} (X, p)| < d+ | phr y
3] caGIplIIAR = 1] es(0)1p) (5:8)
X +
A2+ D2 7 RPA+Ipl (A2 T I A+ pl(A+1A11)

for almost all (1, p) € (C\0) x (R3\L,).

Proof of Lemma 5.2 is given in Section 10.
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6. Finding H on 2 from its nonredundant restrictions H |

Our next purpose is to give an integral equation for finding H on €2 from R = H |,
where Q2 and Z are defined by (2.19), (2.20). Actually, we will give an integral
equatlon for finding H on Q, from R = H | g, where €2, is defined by (4.1) and

E, = EN Q. In the coordinates of Lemma 4.1 this means that we will give an
integral equation for finding

H(h, p) = H(k(x, p), p), »€C\0, peRNL,, (6.1)

from
R(p) = H(ho(p), p) = H(k(Ao(p), p), p), p € RO\L,, (6.2)

where ¢ of (6.2) is a piecewise continuous function of p € R3\ L, with values in
={LeC: A =1} (6.3)

These properties of A of (6.2) follow from the properties of y of (1.10a) and from
(4.6). Note that if, for example, y = 6, where 6, w are defined by (4.5), then
ro(p) = 1for p e RI\L,.

We will use the following formula

uh) = u(ro) — /8”(5)( b1 )dRe;dImg,
mJc 9 \¢{—A §—ho

(6.4)
A € C\0, A9 e C\O,

where u(A) is continuous and bounded for A € C\0, du(}) /BX is bounded for
A € C\0, and du(r)/or = O(|A|72) as |x| — oo. Note that the aforementioned
assumptions on du(A)/dA in (6.4) can be somewhat weakened. One can prove (6.4)

using the formula

al—SA 6.5
= =50 (6.5)

(where § is the Dirac function), the Liouville theorem and the property that (6.4)
holds for A = Ag.

Proposition 6.1. Let the assumptions of Lemma 5.1 be fulfilled. Let H = H (A, p),
R = R(p) be defined by (6.1), (6.2). Then H = H()\, p), (A, p) € (C\0) x
(R3\L,), satisfies the following nonlinear integral equation

H(\, p) = R(p) + M(H)(, p), »€C\0, peR\L,, (6.6)

where

1 1
M(U)()»,p)=—;/<c(U,U)(§,P)< )dReidImC,

t—x  C—2o(p) 6.7)

L eC\0, peRNL,
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(U1, Ux)(¢, p) ={U[, U3¢, p), ¢ €C\O, pe R)\L,, (6.8a)
Uik, p) = Uj(a(k, p), p), (k,p) ey, j=12, (6.8b)

where U, Uy, Uy are test functions on (C\0) x (R3\L,), {U{, U}} is defined by
(5.5), o = ro(p) is the function of (6.2), A(k, p) is defined in (4.6).

Remark 6.2. In addition to (6.8), note that definition of (Uy, U>) can be also writ-
ten as

/g )\’2_1
(U1,U2)(K,p):—z/ <@| | (cosw—l)—'%singa)
(6.9)

4 )\ 2 A

X UI(ZI()"v P, (0), _S()"v P, (0))
X UZ(ZZ()W P QD), )4 + ‘s;:()" P, (ﬂ))d(ﬂy

where

2k(x, p)(O(=E(1,p.@))+iw(=E(X, p,¢)))
i|pl ’
2(k(r, p)+E, p,@))O(p+E(L, p,@))+iw(p+E(A, p,¢)))
i|pl ’
L e C\0, p e R\L,, ¢ € [-m, 7], k(, p) is defined in (4.7), E(A, p, @) is
defined by (5.2), 6, w are the vector functions of (4.3), (4.4a).

Remark 6.3. Under the assumptions of Proposition 6.1, equation (6.6) holds, at
least, for almost any (X, p) € (C\0) x (R3\L,).

Proposition 6.1 follows from Lemmas 4.1, 5.1, 5.2 and formula (6.4) for
u(X) = H(x, p) (defined by (6.1)).

21(A,p.p)=
(6.10)

ZZ()\’p’go) =

Consider
LE((C\0) x (RI\L,)) = (U € L®((C\0) x (R\L,) : [[|U]]], <00},
U= esssup (14 |pD*|U, p)l, u > 0. (6.11)

reC\0, peR3\L,

Under the assumptions of Proposition 6.1, from the part I of Proposition 3.2 and
formulas (6.1), (6.2) it follows that

H,R e LZO((C\O) X (]R3\[,v)) (6.12)
(where R is independent of A € C\0).
Note that
MU)(*, p) = NU)(4, p) — NU)(o(p). p), (6.13a)
NWU), p)=1U,U)(, p), (6.13b)

dRetdIm¢

) , (6.13c)

1
I(Ul’ UZ)()‘*i p) = _; /é(Uh UZ)(gv p)
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where (1, p) € (C\0)x (R3\L,), U, Uy, U, are test functions on (C\0) x (R3\L,),
(U1, U) is defined by (6.8).

To deal with nonlinear integral equation (6.6) we use Lemmas 6.4, 6.5 and 6.6
given below.

Lemma 64. Let U, Uy, U, € Ll"f(((C\O) x (R3\L,)) for some n > 2. Let M(U),
NU), 1(Uy, Uy) be defined by (6.7), (6.13), where A, p are the coordinates of
Lemma 4.1 under assumption (4.4a). Then

1(Uy, U), N(U), M(U) € L7 ((C\0) x (RN\L,)), (6.14a)
LUy, U2)(, p), N(U)(:, p), M(U)(, p) € C(C\0) N L= (C\0)

for almost any p € R*\L,, (6.145)
WU U = cs(WINUL U202 (6.15a)
|||N(U)|||;LS%(M)|||U|||,2“ (6.15b)
|||M(U)|||;L5206(M)|||U|||i, (6.15¢)

HINWU1) = NUDIp = ce)UNU + U200 = Ualll,  (6.16a)
MUY — MU w < 2e6)UNU + NO2A1)1IUL — U]l (6.16b)
Lemma 6.4 is proved in Section 11.

Lemma 6.5. Let n > 2and 0 < r < (4ce())~". Let M be defined by (6.7)
(where X, p are the coordinates of Lemma 4.1 under assumption (4.4a)). Let Uy €
L7 ((C\0) x R3\L,)) and 11Uol|| < r/2. Then the equation

U=Uy+MU) (6.17)

is uniquely solvable for U € L7 ((C\0) x (R3\L))), U .
found by the method of successive approximations, in addition,

(s ()"
Ol = 5= s

where My, denotes the map V — Uy + M (V).

<r,and U can be

U — (My,)" eN, (6.18)

Lemma 6.5 is proved in Section 12 (using Lemma 6.4 and the lemma about
contraction maps).

Lemma 6.6. Let the assumptions of Lemma 6.5 be fulfilled. Let also Uy €
LZO((C\O) x (R3\L))), NUolllx < r/2 and U denote the solution of (6.17) with
Uy replaced by Uy, where U € LS ((C\0) x (R3\L)), [[|U]l], < r. Then

111Uo — Tolll

U -0l < 20— Zollle
0 =0l = 5=

(6.19)

Lemma 6.6 is proved in Section 12.
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As a corollary of Proposition 6.1 and Lemmas 6.5 and 6.6, we obtain the following
result.

Proposition 6.7. Let the assumptions of Lemma 5.1 be fulfilled. Let

def 2C 1
= < .
I —ci(w)C  4ce(n)

where C is the constant of Proposition 3.2. Let H = H (A, p), R = R(p) be defined
by (6.1), (6.2). Then

(6.20)

HIe =7r/2, IRl <71/2 (6.21)

and R uniquely and stably determines H via nonlinear integral equation (6.6) con-
sidered for |||H||| < r. In addition, this equation is solvable by the method of
successive approximations according to (6.18) (of Lemma 6.5) and the stability
estimate holds according to (6.19) (of Lemma 6.6) (where Uy, U, Uo, U should be
replaced by R, H, R, H, respectively).

Finally in this section, we apply Propositions 6.1, 6.7 and Lemmas 6.5, 6.6 to

approximate finding H on €2 from H |, where
QF ={(k,p) € Q: |Im k| < 1}, (6.22)
E'=ENQ, (6.23)

where Q2 and E are defined by (2.19), (2.20). In the coordinates of Lemma 4.1 this
means that we deals with approximate finding H = H (X, p) defined by (6.1) from
R>: = x2¢ R, where R = R(p) is defined by (6.2) and yx; denotes the multiplication
operator by the function x,(p), where

xs(p) =1 for |p| <s, xs(p)=0 for |p| >s, where p e R s> 0. (6.24)

One can see that Ry, is a low-frequency part of R and, thus, H

gv is a low-
frequency part of H |: One can see also that Q7 is a low-imaginary part of 2
and, therefore, E7 is a low-imaginary part of E.

Note that

X2 Rl < IR0 (6.25)

R[]0
|||R_X2rR|||,u§m (6.26)

for R € L3 ((C\0) x (R*\L,)), where 0 < ju < p*, 7 > 0.
Using Propositions 6.1, 6.7, Lemmas 6.5, 6.6 and estimates (6.25), (6.26) we
obtain the following result.
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Proposition 6.8. Let the assumptions of Proposition 6.7 be fulfilled. Let also

be Ly R3) for some u* > pu. 6.27)

Let t > 0. Then:
N x2r Rl < 1/2, (6.28a)
R e LS (R\L,); (6.28b)

X2t R uniquely and stably determines Hj,, where Hy; denotes the solution of the
nonlinear integral equation

Hyr = x2c R+ M(Hp), |||H2r|||u. =r, (6.29)
see Lemmas 6.5, 6.6; the following estimate holds:

IR e

H-H < .
H = Hellle = = —aec0r)

(6.30)

Note that (6.28b) follows from the property that R € LZ"(R3\L’U), the assumption
(6.27), the part II of Proposition 3.2 for 4 = p* and definition (6.2). Estimate
(6.30) follows from Proposition 6.7, Lemma 6.6 (where Uy, U, Uy, U are replaced
by R, H, x2r R, H>, respectively) and from (6.28), (6.29), (6.26).

Actually, in Proposition 6.8, Ha; is a low-frequency approximation to H. In
addition, estimate (6.30) shows that the error between H», and H rapidly decays in
the norm ||| - |||, as T — 400 if u* — p is sufficiently great.

7. Finding 0 on R3 from H on Q and some related results

Actually, in this section we consider finding ¥ on R3\ L, from H on €, in the coor-
dinates of Lemma 4.1 under assumption (4.4a). In addition, under the assumptions
of Proposition 6.8, we consider also approximate finding o on R3\ L, from Hp,
introduced in Proposition 6.8 as a low-frequency approximation to H.

Under assumption (2.3), formulas (2.11), (4.7), (4.8) imply that

H(\, p) — v(p) as L — 0, (7.1a)

H(\, p) — v(p) as L — o0, (7.1b)

where A € C\0, p € R3\L, and H(, p) is defined by (6.1). In addition, under
the assumptions of Proposition 6.1, formulas (6.6), (7.1) (and estimates (3.7), (3.8),
(5.7), (5.8)) imply that

0(p) = R(p) + M(H)(0, p), (7.2a)

U(p) = R(p) — N(H)(2o(p). p) (7.2b)
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for p € R3\£U, where M, N are defined by (6.7), (6.8), (6.13), and A is the
function of (6.2). In addition, due to (6.13a), we have that

M(H)(0, p) = N(H)(0, p) — N(ho(p). p), p € R\L,, (7.3)
and, as a corollary of (7.2), (7.3), we have that
N(H)(©0,p) =0, peRN\L,. (7.4)

Further, under the assumptions of Proposition 6.8, using (6.29) we obtain that

Hy: (L, p) — 05.(p) as A — 0, (7.52)
Hy: (A, p) — 0, (p) as A — o0, (7.5b)
where
03, (p) = x2: R(p) + M (Hx:)(0, p). (7.62)
0,.(P) = x2: R(p) — N(Ha)(Mo(p), p), (7.6b)

for p € R3\L,, where M, N are defined by (6.7), (6.8), (6.13) and X is the function
of (6.2). In addition, formulas (1.9), (6.11), (7.1), (7.5) imply that

15— 95 Ml < 11H — Hoelll. (7.7)

Under the assumptions of Proposition 6.8, formulas (6.30), (7.7) imply that © on R3
can be approximately determined from H>; as ﬁzir of (7.5), (7.6) and

A A 1
o — vzir||ﬂ =0 (tu*——u> as T — +o0. (7.8)

8. Proofs of Lemma 3.1 and Proposition 3.2

Proof of Lemma 3.1
Proof of (3.3). We have that

AU (p)| < Ik, p)II) U], (8.1)
where

_ d
‘R[ (I+1p +EDA( + [EDME? + 2kE |

I(k, p) kex, peR. (8.2
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To prove (3.3) it is sufficient to prove that

c1(p)
I(k,p) < ————, (8.3a)
P= s e
c2(u)(In (| Im £l))?
Ik, p) < , In |[Im k| > 2, 8.3b
P = T ipp mHmA (850
where k € X, p € R3. Note that
rep=| [ o+ & (8.4)
) p —= N .
(I+1p +EDHA + EDH|E2 + 2kE|
IE1<Ip+E&l |E1=Ip+E]
where k € =, p € R3. Note also that
El<Ip+&l=Ip+&l=Ipl/2, &l =Ip+&l =18 =1pl/2, (8.5)
where &, p € R3. Using (8.4), (8.5) we obtain that
I(k, p) < (1+|pl/2) " (I (k) + L (k, p)), (8.6)
where
11 (k) —/ d
: (L (8D g2 + 2Kk
- (8.7)
dé
Lk, p) = 5 :
. (1 +1p+EDHE> + 2kE]|
R
where k € =, p € R3. Note that
Lik)=01k,0), ke X. (8.8)
Note further that
Lk, p) =

d&
/ (1+|(E+Rek) — (Rek— p) )| (€ +Rek)2— (Rek)2+2i Im k(& +Rek)| (8.9)
R3

= I(k, Rek—p),

_ d
- f (I+ 1§ = pDHIE? — (Rek)? +2i Im k|’
R

Iy(k, p) (8.10)

where k € X, p € R3.
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In view of (8.6)-(8.10), to prove (8.3) it is sufficient to prove that

I3(k, p) < c1(w), (8.11a)

c In (| Im k|))2
13<k,p)562(”)(|ifl'krf D i k) = o), (8.11b)

where k € 2, p € R3.
Consider p = p(p, Im k), p1 = p1(p, Im k), where

Imk Imk
pp=2E T o [Imk| #£0, py=0 for |Imk|=0, pi=p—p. (8.12)
[ Imk| | Imk|

where p, Im k € R>. Using the properties
Im kRek =0, (Rek)* = (Imk)* for k € & (8.13)

and changing variables in the integral of (8.10), we obtain that

Ik, p) =
/ 5

J (I+(E1—| pLD24E5+(E—sgn(py Im k)| py D) /2162 —(Im k)2+2i | Im k| &3] ’
(8.14)

where k € X, p € R3. Further, using (8.14) we obtain that
Ik, p) < V2L Im kI, |pyl, |pLD), (8.15)

Ii(p,s, 1) =

dg (8.16)

R[ (L4 & — D2+ E7 + (53 — )DH2(EE + E2 + &7 — p2| + 2pl&3))

where k € X, p € R3, p,s,t € [0,+00[. Due to (8.15), to prove (8.11) it is
sufficient to prove that

Li(p, s,1) < E1(w)/V2, (8.17a)

() (In p)?

—————— Inp=>2, (8.17b)
V2p

I4(p, s, 1) <
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where p, s, t € [0, +00[. Note that

Li(p.s.1) < / +
|&31<|&3—s|  |&3]=]&3—s]
dé
Ut G =028+ & — 9)DRR(E + £ + £2 — p2] + 20l83))

d§
<
_|s ls (1+ (&1 — )2+ &5 + EDHM2(E] + &5 + &5 — p?1 + 2pl&])

dé
e ! |(1+(§1—t)2+§22+(§3—S)z)“/2(|€12+§22+(€3—S)z—p2|+2plé3—SI)
31=163—s

= 2/ 2 2 dg 2 2 2
S - 02+ &2+ EHH2(E2 + &2 + £ — p| + 2pl&3))
=214(p, 0, 1),
(8.18)
where p, s,t € [0, +00[. In addition, in (8.18) we used, in particular, that
&2 + &5 + &7 — 0% + 2pl&) (8.19)
> |67 + & + (5 — 5)* — p?| + 2pl&3 — s| if |&3] > |&3 — s].
To prove (8.19) we rewrite it as
p* —E} —EF —E2 4+ 2p|5] = p* — EF — £F — (& — $)* +2p]& — 5] (5.200
for |&3] > |&5 —s|, & +&F +&F < p?,
E24E2 462 — pP 4 2p|5] = E2 4 E2 4+ (55— )2 — p> +2p]& — 5 (5.20b)
for &3] > |&3 —s|, &2 +EF+E2>p%, EFHEF4 (& —s5) > p2,
ELHEFHET — pP 4 2pl5| = 7 — 2 — 87 — (&5 —5)? + 2pl& — 5| 5.200)
for &3] > |&3 —s|, & +& +&F > p?, & +E& + (5 —s)* < p*.
Inequality (8.20a) follows from the inequalities
—x?+ 2px > —y2 4+2py for 0 <y <x <p, (8.21)

y=l&—sl<x=1&| <2 —& —& <p. (8.22)
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Inequality (8.20b) is obvious. Inequality (8.20c) follows from the inequalities
-8 420x 28—y 420y for0<8<p, 0<y<d<x,  (823)
y=l8 sl <8=\/p? —& —& =x=I&l, §=\/p>—& —& <p. (824
In turn, inequality (8.23) follows from the inequalities

x2— 8%+ 2px >2p8 for 0 <8 <x,

) , 8.21) (8.25)
8=y +2py < 2p8 for 0 <y =<4 =p.
Thus formulas (8.19), (8.18) are proved.
Due to (8.18), to prove (8.17) it is sufficient to prove that
c1(p)
I4(p,0,1) < , (8.26a)
272
& (u)(In p)?
I4(p,0,0) < ——F———, Inp =2, (8.26b)
2\/5,0
where p, t € [0, +oc[. Using spherical coordinates we obtain that
I4(p, 0, 1)
+oo m w
B /‘ / / r2 sin Y dy dedr
N (1 472+ 12— 2rtsiny cos )/ 2(|r2 — p2| +2pr|cos ¥r|)
0 —m 0
+oo 7w /2
_5 / / / r2 sin ydyrdedr
N (1 4+ 72+ 12 —2rtsiny cos )/ 2(|[r2 — p2| +2prcos V)
0 -7 0
400 /2 7/2
<4 /‘ / / r2 sin Y dyrdedr
- (1 472+ 12 = 2rtsiny cos )W 2(|r2 — p2| 4+ 2p rcos )
0 —m/2 0
+oo /2 w/2
<4 / / / r? sin Ydyrdedr
- (1 472+ 12 —2rtcos @)™ 2(|r2 — p%| +2prcos )
0 —m/2 0
+oof mw/2 /2
de sin Yrdyr 2
=4 redr,
(1+r2+12 = 2rtcos )2 | ([r2—p?|+2prcos )
0 \—m/2 0

(8.27)
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where p, t € [0, +o0[. Further, we obtain that:

/2

/ do
—/2

/2

= / 1+ 72412 = 2rt(1 — 2(sin(¢/2))?)
—/2

/4

/ =
—2 :
14+ (r — )% 4+ 4rt(sin )2

—m/4
/4 1/v/2 8.28
<9 / V2 cos ody _4 /‘ ( )
- 1+ (r —1)2+4rt(sing)? 1+ — z)2 + 4reu?
—m/4 0
Vart V2rt
272 du 42

G ) N 0/ (\/1+(r—t)2+u)2

42 1 ~ 1

VT =07 T+ =02+ V2t
8

VT 02T =0T+ V2

/2 1

/ sin ¢ dyr . du

2 _ 52 - 2 _ 52

|7 P+ 2prcosy , |r pel+2pru (8.29)
1 1 1 2pr

=—1 (2— 2142 ) =—Ih|l4+———,
2oy M= 2omu) o= o (14

where p, t € [0, +oo[. Using (8.27)-(8.29) we obtain that

~+00
Iu( 0:)“5232/ dr
4p’ 9 J—

V1I+ G =021+ (r =12+ 2r1)
0
(8.302)
+00 +00
<32/ dr <32/ Y S 0. 1>0
_ ——— =327 for p=0, t >0,

- 14+ -2~ 1472 P

—00
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Iip.0.n "2 0 T In (14 G725) rdr
4(p, Y, =
py V14 =021+ ¢ — 0%+ V2r1) (8.30b)

=1I5(p,t/p) for p >0, t >0,

where

oo o ln (1 + 2_:) dr

|t2—1|
Is(p,e) =16 / ,
’ S VT4 P2 = P21+ 21 — )7 + p/2te)

p>0 >0.

As regards I5(p, €), we will estimate it separately for ¢ € [0, 1/4], ¢ € [1/4, 2] and
e € [2, +o0o[. Fore € [0, 1/4], p > 0, we start with the partition:

PR R (14 )
Is(p.) = 16 /+/+/ [l
14+ p2(r — €)2 + p/2re/1 + p2(r — ¢)?

0 12 32
= 16(I5,1(p, &) + Is52(p, €) + I53(p, €)),

(8.31)
1/2 3/2 +o0
where Is 1, Is 5, Is 3 correspond to [, [, [ ,respectively. Further,
0 172 32
12
prdr

1 ,e) <In(7/3
5.1(0.€) / )/ 1+ p2(r — &)2 + p/re(1 + plr — €]) (8.32)
0
=1n(7/3)I5,1(p, ©),
where p > 0, ¢ € [0, 1/4]. In addition:

172 1/4

- prdr 1 pdr In (1+ p%/4)
I )= [ ——— == = 8.33
5.1(p,€) f]+p2r2 2/ [+ 2 2 (8.33a)
0 0
forp >0, =0;
L51(p, )

12 32 1/Qe) 5
pe-tdr
— + |+ 8.33b
/ / / 1+ (pe)2(t — D2+ pe/T(1 + pelt — 1)) (8.330)
0 172 3/2
=I5.1.1(0,8) + Is12(p,8) + Is.1.¢(p, &) for p >0, &€l0,1/4],
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N y 5 1/2 3/2 1/(2¢)
where I5 1,1, 51,2, Is,1,c correspond to [, [, [ ,respectively. In addition:

0o 1/2 3/2
pe? /4 (pe)? (1 p
506 ®) < 7002 = pa s o) = (E’ 4_3>’ (839
3,2 172
~ pe*(3/2)dr pedr
15,1,2(,0,8)52/ =3/
I+pe/T2(0+pe(r—1) ) 1+ pe/v2+(pe)t /2

3«/—p8
(pe)?

32 2 32 2
_3W2 |4 (p®) < V2 1+ ).
P 2(V2 + pe) o 322

ey 1-1 (2e)~!

2 2
- 1d d
I513(p,€) < / pe(r+ Nde )T§3 / _Per
” 1 + (pg)?t? 1+ (pe)?t2

1/2 1/2 (8.36)

1/2 (8.35)

In (x/_ 2+ pe + (,os)zr)’

1/@e? _ 3 2
=3 )zln(l—l—(pe) 0[S Szpln(l+p/4>,

where p > 0, ¢ €]0, 1/4]. Further,

3/2
Isope) < — P fl 14— \ra (8.37)
,E€) = n rdar, .
5240 1+ p2/16 2 — 1|

1/2

o/ = 1prdr  fdp(l+ (2 — 1) Ndr
Is3(p,¢) < / P <f P

1 200 — )2 — 1 _ 2
i +po(r—¢) 0 (I4+p@—e) (8.38)

-8
~14p5/4

where p > 0, ¢ €]0, 1/4].
For e € [1/4, 2], p > 0 we use the partition:

/8 3 +oo ,oln(l-l—|2 1|)rdr
Is(p,e) =16 /+/+/
3

D 14 p2(r —&)2 4+ p/2re/1 + p2(r —e)? (8.39)

=16(Is54(p, ) + I55(p, &) + Is6(p, &),
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1/8 3 +oo
where Is 4, I5 5, Is ¢ correspond to [, [, [, respectively. In addition:
0 178 3

1/8

Is4(p,e) <In (3/2)/ prdr _InG/2p
0

14+ p%2(r —e)2 = 64+ p2’

(8.40)

3
2
Iss5(p, ) < p/ln <1+ " : 1|)rdr, (8.41a)
o

1/8

3

Iss5(p, &) < /

1/8

3pln (1 n ﬁ) dr
T+ o132+ pIr — )

A

f 3p1n (l—i-erzH)dr
+

1+ p/1/32 + p2/1/32|r — &)

|r—e|<|r—1]|,1/8<r<3 |r—eg|=|r—1],1/8<r<3

3 2 3 2
1242 / i +/ il

Ue 42+ p+ p2r — ¢ e 424 p + p2r — 1|

0 42+ p+ p2r / I+pr

1 3p 2p
483 In (1+2)dr
=—=| [+
0
0 1

IA

1+

1 3p
pz! 482 (In(3p) +In(1/7))dr N /ln(1+2p)dr

0 1+1 1+
0

1

1
482
- %f ln(l+210)1n(1/2+(3/2),0)—l—ln(3,0)1n2—|—/

0

In(1/7)d
1+

(8.41b)

+o00 +o00

pQr/lr = 1hrdr _ [ 4p(1+ (2 =D Hdr _ 5
’5’6(0’8)5/ 1+ 02 — o) </ (tpG—o02 ~1+p

(8.42)

where p > 0, ¢ € [1/4, 2].
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For ¢ € [2, +00[, p > 0 we use the partition:

Is(p, &) = 16(I57(p, &) + I5 8(p, €)), (8.43)

where Is7 = Is1 + 152, I5,3 = I53, where I5 1, I5s2, I5 3 are defined as in (8.31).
In addition,

3/2
Is7(p, &) < P /1 1+ 2r d (8.44)
78 = T A 4 n ) .
S =T =)
0
+o00
pQ2r/Ir? — 1)rdr
I53(p,¢) < 5 >
gy 1Pt —e) +oV3+plr —el)
+o00
_/ 20(1+ (> — D)~ hdr
L L+ V30+ V3% — el + p2(r — )’
o 4pd
5/ P (8.45)
14+ 3p + V32| + p2r?
+00
8pdr +/ 8pdr
\/—p+\/_,02r 1+ p%r?
/ 16pdr 8 In(l+p) 16
f Tvor ) Urpn? - N 1+p’

where p > 0, ¢ € [2, +0o0l.
Estimates (8.26) follow from (8.30)-(8.45). Thus, estimates (8.17), (8.11),
(8.3) are proved. The proof of (3.3) is completed.

Proof of (3.2). Let

U(é)

f1€) =0), f2(8) = poampyes (3.46)
where £ € R3, k € . We have, in particular, that
fi € L°@®R?), f»e L'RY. (8.47)

Property (3.2) follows from (8.46), (8.47) and the following lemma.
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Lemma 8.1. Let fi, f satisfy (8.47). Then the convolution
fix fr € CR) NLOR?), (8.48)

where

(fi = f)(p) = / fip =) f(E)dg, peR. (8.49)
R3

Lemma 8.1 follows from the following properties of (fixed) f; € L¥(R?), f» €
LY(RY):

flfz(S)ldS < 00, (8.50a)
R3
/ | f2(6)|d§ — 0 as r — +oo, (8.50b)
Br
sup /|f2(§)|d§ — 0 as ¢ > 0, (8.50c)
mes A<e
T A

Vr>0,6>0A>13ueC(B,y1) such that

. (8.50d)
messupp (f1 —u) < e in By, lulle, ) < M Sfillpoows)s
where
B.={eR: |g <r). (8.51)
The proof of (3.2) is completed.
Proof of (3.4). Due to (3.3a), we have that
[(A(k) — AU I < 21 (IOl U s ki1 € 2. (8.52)

Besides, we have that

[(A(k) = AU (p)]
= (A1, e, p)+ Dx(k, L e, p) + As(k, L, e,r, p) + Ag(k, L, r, p))  (8.53)
X ol Ul e

Wherz (I, e, p) = / ds (8.54)
WP = | A prEDr( + EDHIER + 28] '
D(l,e)
Aok, 1, p) = / dé , (8.55)
(Lt Ip +EDA(L + [EDHIE? + 2kE]

D, ¢)
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21k — D&|d
satkterp = [ W-DEE | (556)
(I+1p+EDHA + [EDHIE- + 2kE |6 + 21E|
BA\D(,¢)
2|(k —DE&|d
Ay(k, 1,1, p) = / L )E|2§ ) , (8.57)
(I+1[p+EDHA + [EDHIE= + 2kE (|6~ + 218 |
R3\B,
where
Dl.e)={& eR’: |E* +20&| <¢}, (8.58)
B, is defined by (8.51),
O<e<1,2|4+2<r lk=I<1,klex, pelR, (8.59)
where |z| = (|Rez|? + | Im z|?)/? for z € C¢. Note that
|62+ 20E| > €% + 2Rel&| > |[(1E] —2[Rel]) = 2| =4 > ¢ (5.60)
for £ € R3\B, .
and, therefore,

D, ¢e) C B, (8.61)
under conditions (8.59). Further, we estimate separately Ay, Ay, A3z and Ag.
Estimate of A;. In a similar way with (8.6), (8.7) we obtain that

A, e, p) < (L4 pl/D7* (A1, &) + (A1, &, p)). (8.62)
d
A, e) = f L§2 ,
ol (I +[EDHIE= + 2I&]
o) (8.63)

| e
(L +|p+EDHE>+ 208
D(l,¢)

Ao, e, p) =

where 0 < e < 1,1 € ¥, p € R3. In addition,

Al e) <Azl e), Arall e p) < A3, e), (8.64)
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where
d 2d
Azl e) = / 275 < / 5 V2ds
&= + 21&] |-+ 2Re l&| + 2| Im [&]
D(l,e) D(l,¢)
8.13) / V2dg
B |(§ + Rel)? — (Rel)?| + 2| Im[(§ + Rel)|
|(6+Rel)2—(Rel)2+2i ImI(§+Rel)|<e
- f V2de pi=IRel.(8.13) / V2de
- €2 — (Rel)?| 4 2| Im [§]| N E2 — p?| + 2p11&3]
|§2—(Rel)?|<e 182—pf|<e

(o e)' /2

F T V22 siny dy ded
< / // r_siny dy dpdr = 4241 4(p1, ©),
- 0

Ir2 = pil +2pir| cos Y|
(max (p7 —¢,0))!/2

(8.65)
0*+e)2 72
r2siny dy dr
Ara(p, ) = 3
|r< — p=| + 2prcosy
(max (p2—¢,0))1/2 0
(p2+£)]/2
1 2
®29 1 / 1n(1+72pr2>5dr
2 [re—p°1) p (8.66)
(max (p%—¢,0))1/2 )
o (p2+e)!/?
1 2 —
<= / + / ln(1+ P )(1+r p)dr
2 Ir = pl P
(max (p%—¢,0))1/2 p
= A14,1(p,8) + Ara2(p, €),
0 (p>+e)!/?
where Ay 4.1, Aj.4.2 correspond to i . respectively, 0 < & <
(max (p%—¢,0))1/2 p
1,1 € X, p = [Rel| = |I|/v/2,0 < p. In addition,
el/2
Ara(p,€) = / dr=¢'2 for p=0,0<e <1, (8.67a)

0
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1 20
Ar41(p,8) < = In{1+ dr
2 Ir — ol
(max (p2—¢,0))1/2

o
(8.68) 1 1/ 2 ¢
< / —( P > dr
2 a\p—r

(max (p%—¢,0))!/2

(2p)" off
= —ﬁ(;o -l

a(l —a) (max (p2—s,0))!/2

2p)* 2 12\
=" (p= —&,0 />

2 = (= max(0? —&,0)

89 20" 1w

2(1 — )

forp>0,0<e<1,0<a<l,

2+8)1/2 (p2+£)1/2
(8.68) 1 2p \*
Aran(p,e) = —(—) dr+ dr
2a \n—p
P

(2p)~ ((p2+8)1/2 _p>1*°‘ n <(p2+8)1/2 —p)

" 2a(l—a)
(8;9) Qe 1) (-0
2(1 — )

forp>0,0<e<1,0<a<l.
Note that in (8.67b), (8.67c) we used the inequalities

In(1+x)<a 'x¥ for x>0, 0 <a <1,
(x-i—e)l/z—x]/2 58]/2 for x >0, ¢ >0.

Due to (8.62)-(8.67) we have that

Al e, p) < 87/2(1 + | pl/2)~* (1 n M) -2
oa(l —a)

forlEE,0<£§1,peR3,O<a<l.

Estimate of A». In a similar way with (8.62)-(8.65) we obtain that

Aok, 1, e, p) <2(1+ |pl/2) *Ax(k, 1, &),

313

(8.67b)

(8.67¢)

(8.68)

(8.69)

(8.70)

(8.71)
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Ar(k, 1, €) / /2
E) =
S £2 + 2Re k&| + 2| Im K&|
D(l,e)

f V2dg
|(§€ + Rek)? — (Rek)?| + 2| Im k(£ + Rek)|

=
[((E+Rek)—(Rek—Rel))2—(Rel)?|<e

f V2dg
€2 — (Re k)| + 2| Im kE|’

|(§—(Rek—Rel))>—(Rel)?|<e
(8.72)
where k,l e X,0<e<1,pe R3. Note that

(E =0 —p*l<eomax(p’—60)<E—-C¢)P<p’+e=  (873)

max ((max (p* — &,00)'/> = 1¢],0) < [&] < [¢] + (0> + &)/ (8.74)
L max (o — ¢!~ 1¢1,0) < Jg| < p+ "2 412, (8.75)

where &, ¢ € R3,p>00<c¢ < 1. Using (8.72) and (8.73)-(8.75) for ¢ =
Rek — Rel, p = |Rel|, in a similar way with (8.65), (8.66) we obtain that

As(k,1, )
Pk p1+4 5
=272 / —l—/ ln(l—l- Pk )<1+r pk)dr
Ir — pkl Pk (8.76)
max (p;—3§,0) Pk
=27V 2(A2,1 (pxs p1, 8) + D2 (px, p1, 8)),
or=|Rek| #0, py=|Rel|, §=¢'/?> + |Rek —Rel|, k,l € &, 0<e<1,

B B Ok o1+8
where Aj 1, Aj; correspond to [, [ respectively. In addition, in a
max (p;—38,0) Pk
similar way with (8.67) we obtain that

Aok, 1, 8) < A~N2(8+p1—pr) < 47N/2(e'/>+2|Re k—Rel|) for k = 0, (8.77a)

Q2pr)*
a(l — )
2 o
< %«s + 1ok — o) (8.77b)
a(l — )

_ (QIRek”

T ool —w)

A2.1(ok, 1, 8) < (o — max (o — 8,0))'

(€' 4+ 2|Rek — Rel|)' 7,
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~ (2or)* _
A2 ok, 12 8) < ——— (o1 + 8 — o) ™% + 2(01 + 6 — px)
oa(l — )
2|Re k|)*
< (2|Rek|) (8]/2+2|Rek—Rel|)]_°‘ (8.77c¢)
oa(l — )

+2('? + 2|Rek — Rel)),

where k, [, €, pr, p;, § are the same as in (8.76) and 0 < o < 1.
Due to (8.71), (8.76), (8.77) we have that

Ao(k, L, g, p)

Q2|Re k|)*
a(l —a)
for k,le®, k—Il<1,0<e<1, peR} 0<a<1.

< 87v2(1 + |pl/2)H ( + 3“) (' + 2|Rek —Rel)' ™  (8.78)

Estimate of A3. We have that

(8.51),(8.58) 2|k — l|rdé

= (L4 1p + EDA(L 1 [EDHIE + 2KEe
B, (8.79)
(8261) 21k = lir  c1(w)

e (L+[phH

As(k,l, e, 1, p)

under conditions (8.59).
Estimate of A4. We have that

(8.57),(8.59),(8.60) k—1|d
gt L, py T2 / L S
(I +|p+EDA + |EDH]E- + 2kE|
R3\B, (8.80)
(8.3a)
Sa |k — Z|M
(I+[ph*

under conditions (8.59).

Now formulas (3.4) follow from (8.52), (8.53) and estimates (8.70), (8.78)-
(8.80) withe = [k — 1|7, 0 < |k — 1| < 1forfixedk € =, r > 2([k| +/2) + 2,
o €]0, 1] and B €]0, 1.

The proof of (3.4) is completed. O

Finally, property (3.5) follows from the presentation

(AU (p) — (AKHU)(P)

8.81
= (AU)(p) — (AKU)(P)) + (AR U)(p) — (AKHU)(P") (®50

and properties (3.2), (3.4). The proof of Lemma 3.1 is completed. O
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Proof of Proposition 3.2. Proposition 3.2 follows from equation (1.5) written as
Hk,)=0— Ak H(k, ") (8.82)
and Lemma 3.1. In addition, to obtain (3.8a), (3.12a) we use the presentation

Hk, p)— HK', p') = (H(k, p) — H(k, p)) + (H(k, p') — H(K', p')), (8.83)

where
Ak, ) ok, ) -2 _A0H®K, ). (8.84)
~ 3.2),(8.84
Ak, 78 )amﬁmmmmsHmJeLﬁﬁ%, (8.85)

Hk,)—HK,)=Hk,)—HK,")
2 T+ AR = U+ AR YD
= (I +AGK) (T + AWK (8.86)
— (I + AT + AKY)HD

= (I +A(K) " (AK) — AG)UT + AK') ™D,

H@o-ﬁ&bﬂ%ﬁaR%ammmmH@JJﬂM)eLﬁ@%,@W@

(3. 4) (8.86)

IH(k, ) — HE )y 0 as k' -k

as soon as (I + Ak ))7 is uniformly bounded in a neighborhood of &,

(8.87b)

sup (1+ |p'DH|H(k, p') — H(K, p)l D0 as K — k
p'eR3 (8.88)

as soon as (I + A(k’))f1 is uniformly bounded in a neighborhood of &,

where k, k' € X, p, p' € R3.
The proof of Proposition 3.2 is completed. O

9. Proof of Lemma 5.1
The proof of Lemma 5.1 of the present work is similar to the proof of Lemma 4.1

of [No5]. Proceeding from (3.13), (4.3), (4.4a), (4.7), (5.2), (5.3) in a similar way
with the proof of Lemma 4.1 of [No5] we obtain that:

9 Hk G ). ) = T / <8K1 E+ 8/{2 5)
an PR P=T
{E€R3: §2+2k§=0} 9.1)

x Hk,—E)H(k + &, p + &) 1 eC\0, peRNL,,

| Im |2’
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where k = k(X, p), k1 = k1 (A, p), k2 = k2(X, p) are defined in (4.7), 6 = 0(p),
w = w(p) are the vector-functions of (4.3), (4.4a), ds is arc-length measure on the
circle {£ € R3 : £2 + 2k& = 0} and, in addition,

ds = |Rek|dg, 9.2)

ok ok 0 0K
KIGE + ﬁwé = (ﬂRe/q + aRe /Q) (cosp — 1)

oA o o
L (%Im Kz—@lm /q) sin ¢
2|Tm k| \ 9x ER

9.3)

under the assumption that the circle {§¢ € R? : &2 4 2ké = 0} is parametrized by
¢ €] — m, [ according to (5.2). (Note that in the proof of Lemma 4.1 of [No5] the
d-equation similar to (9.1) is not valid for || = 1 but it is not indicated because of
a misprint.)

The difinition of «1, 7 (see (4.7)) implies that

k1 i|pl ( 1 ) dkxy Ipl ( 1 )
—_— = — 1— = y, —— = — 1+_— , 94
A 4 22) a4 22 ©
' -1 -1
ReK1=l|—p| )\,—)\.—'—_—: s ImKlzm )\+)\,+—+r ,
8 AoA 8 AoA
1pl 11 Ip| 11 ©-5)
Ipl p -
R Adh———=), Imkn=—(rA—h——+=],
che="g ( tAe3 ,\> e 81’( A+k>

where L € C\0, p € R3. Due to (9.4), (9.5) we have that

0K dKk2
—Re«x| + —Re K2
oA oA

_IeP N[ TR SIVRLI | PG SELR
32 22 Y 22 AA

|p|? 1 1 oA 1 11
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-1
32( A+A x2+x+m2 A3 O

203 a3
2 2 2 2
2 1 AlF 41

16 Lo A2 16 |A]2A
Due to (9.6), (9.7), (4.8) we have that

0k k2 ) 1 Ipl (IA1> = 1)
—Rek; + —Rexk = — , 9.8

<ax T ) Tmkl T 4 e
0K 0k

(ﬂlm Ky — 22 Im K1>& __lrl 9.9)
oA oA 2|Im k|2 2\

where (A, p) € (C\0) x (R3\L,).

The 5—equati0n (5.1) follows from (9.1), (9.2), (9.3), (9.8), (9.9) and the prop-
erty that |Re k| = | Im k| for k € X defined by (1.7).

Lemma 5.1 is proved. O

10. Proof of Lemma 5.2
Let us show, first, that

(U1, U2} € Li5.,((C\0) x (R*\L))). (10.1)
Property (10.1) follows from definition (5.5), the properties

Uik, —&(k, ) € L™(Z x [0,27]) (as a function of k, ¢),
Uik, —&(k, @) € L*°(Q2 x [0, 27]) (as a function of k, p, ¢ (10.2)
(with no dependence on p)),

Ux(k+&(k, @), p+E(k, ) € L=(2x[0, 27]) (as a function of k, p, ¢), (10.3)

where
T=keC: k2=0}, Q={keC peR3: kK*=0, p*> =2kp}, (10.4)

Im k x Rek
£(k, 9) = Rek(cosg — 1) + k't sing, kt = % (10.5)
m
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(where x in (10.5) denotes vector product), and from Lemma 4.1. In turn, (10.2)
follows from U; € L°°(2), definition (10.4) and the fact that p = —&(k, ), ¢ €
[0, 27], is a parametrization of the set {p € R3 : p? = 2kp}, k € £\{0}. To prove
(10.3), consider

O={keC1eC®: k*=1’=0, Imk=ImI}. (10.6)
Note that

O~ Q,

k,De®= (kk—1)eQ, k,p)eQ= (k.k—p)ecO. (10.7)

Consider
ur(k, 1) = Uk, k —1), (k,]) € ®. (10.8)

The property Uy € L*°(2) is equivalent to the property up € L°°(®). Property
(10.3) is equivalent to the property

uy(k + &k, @), 1) € L=(O x [0,27]) (as afunction of k, 1, ¢). (10.9)
Property (10.9) follows from the property

wr (L, vy, @) +ilm 1, 1) € L®(Z x [0, 2] x [0, 27])

10.10
(as a function of 1, ¥, ¢), ( )

where

_ Im [ x Rel

c(l, ¥, ¢) = Relcos(p — ) + [t sin(p — ), I+ = Tl (10.11)

(where x in (10.11) denotes vector product). Note that k = ¢(l, ¥, ¢), ¢ € [0, 27]
atfixed ¥ € [0, 2] is a parametrization of the set S; = {k € C3: k>2=12 Imk=
Im !/}, ] € ¥\0. In turn, (10.10) follows from u; € L°°(®), definition (10.6)
and the aforementioned fact concerning the parametrization of S;. Thus, properties
(10.10), (10.9), (10.3) are proved. This completes the proof of (10.1).

Let us prove now (5.8).

We have that
{U1, Ua} = {U1, Ux}1 +{U1, Uz}2, (10.12)
where )
T|pl(JAl© = 1)
(UL Uh O, p) = =222 = 2wy, Unhs 0, ), (10.13)
834
T
Uy, Usls(A, = cosg — 1
{Ur, Ua}3(%, p) _,,( p—1) (10.13b)

x Upk(x, p), =&, p, @) Ua(k(X, p) +E(X, p, @), p+E(X, p, @))do,
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7| pl
{Uy, o}y = 4—)—{){U1, Ux}a(X, p), (10.14a)

e

{U1, U2ka(x, p) =/_n sin g (10.14b)

x Ui(k(x, p), =&, p, ))Ua(k(A, p)+E, p, @), p+E(R, p, ))de,
1 eC\0, p e RO\L,.
Formulas (5.2), (5.3) imply that
&> = [Rek|*((cos ¢ — 1)* + (sing)?) = 4[Rek|*(sin (¢/2))>,  (10.15)

where & = &, p, @), k = k(X, p).
The relation p? = 2k(x, p)p, » € C\0, p € R3\L,, implies that

p = —Rek(A, p)(cosy — 1) — kl(k, p)sinyr (10.16)

for some ¢ = ¥ (A, p) € [—n, 7], where kKt p) is defined by (5.3). Formulas
(5.2), (5.3), (10.16) imply that

|p +&|* = |[Rek|*((cos ¢ — cos ¥)? + (sing — sin ¥)?)

2
— 4|Rek|? (sin u) ,

2 (10.17)

2
|p|> = 4|Re k|? (sin %) ,

where § =&, p, @), k =k(x, p), ¥ =¥ (%, p).
Using the assumptions of Lemma 5.2 and formulas (10.13b), (10.14b), (10.15),
(10.17) we obtain that

UL, U2} (h, p)I < AGr A, o, i) UL 0210 e
(10.18)
U1, U2}a(h, p)I = B(r, ¥, o, i) UL U211,

for r = [Rek(A, p)|, ¥ = ¥ (A, p) (of (10.16)) and almost all (A, p) € (C\0) x
(R3\£U), where

g

(1 — cos@)dy

A ) , 10.19
. ¥ @ B) / (14 2r[ sinp/2))* (1 + 2r| sin(455) )P o
P | sing|de
B v . (10.19b
¥ 2. ) /_ﬂ I+ 2rlsin@/De (1 + 2rsim s
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forr >0,¢ € [—m, 7], « > 2, B > 2. In addition, in (10.18) we used also that,
in view of Lemma 4.1, properties (10.2), (10.3) and definitions (10.13), (10.14), the
variations of Uy, U, on the sets of zero measure in €2 imply variations of {Uy, Uz}3
and (U}, Up}4 on sets of zero measure, only, in (C\0) x (R3\L,).

Further, we use the following lemma of [No5].

Lemma 10.1. [No5]. Letr > 0, ¥ € [—m, 7], p = 2r|sin(¢¥/2)|, « =2, B > 2.
Then

4
Ay, B) < YA, . B), (10.20)

j=1
A cmin (2P 1 10.21
1(7‘, 1/f,0h,3)_mm 67‘3’7"3 (1+,0/2)’3’ ( . )
A _P ! 10.22
Q(vava,ﬂ)_rjm’ (10.22)
As(r, ¥ ﬁ)<£ : (10.23)
WP =T U 0+ 02 |
Aar v ﬂ)<< b, _ T ) : (10.24)

r, , O = s .

! T+r2 7 (142 ) (4 p/2)P

4
B(r, Y., B) < Y Bj(r. ¥, e, B), (10.25)

j=1

2
(P V2p 1
Bi(r, ¥, o, B) < min (ﬁ 3 ) (1—|—,o/2)/3’ (10.26)
Ba(r, . B) < 2—[)2; (10.27)
TS (4 p/2)et ‘

Bytr s ) < ! (10.28)
TSR =N A e+ /2y '
B(rwaﬂ)<(5 + & ) ! (10.29)
B =T T A vane ) A+ p/2)f :

Lemma 10.2. Let

P 1 . P
r=r(, p)= 2 (IAI + m) . Isin(y/2)| = e (10.30)
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where .. € C\0O, p > 0, ¥ € [—m, 7). Then:

2 _ 3
PIME=T1, o i , (10.31)
A2 V(A2 + 1)2(1 + p/2)P
pIRE—11, 2. 431 (1032)
M2 T (P + DA+ p/2) ‘
pIRE=11, 2. 44 (1033)
2 T P+ D2+ o) '
2 2 _
pIRP =11, 4rp||A? — 1] 034
e AR+ (o/H) (A + IM))2(1 + p/2)P
P 167/2| 4|
P B < , 10.35
AT (AP T D2+ p/2)P (1035
4]
—B) < R (10.36)
Al (A2 + D2(1 + p/2)®
LBy < 2412 , (10.37)
AT AR+ D2+ p)®
P B, < 8o , (10.38)
Al M+ (/B (A + (A~ D)(A + p/2)P

where Aj = Aj(r, |¥|,a, B), Bj = Bj(r,|¥|, a, B) are the same as in Lemma
10.1, j =1,2,3,4, a0 > 2,8 > 2

Proof of Lemma 10.2. Using (10.30) we obtain that
3 43 A 3 1 43 A 3
© min %, % = %min <£, —) < *,(10.39)
6r3’ r (A2 +1) 6 p) 7 V(A2 +1)3

2 2 ’
’ _ ~oV2) = 51040
£ min <—2r2 2 ) (I)"|2+1)2 min (2 \/_> (|)»|2+1)2 ( )

where L € C\0, p > 0. Estimates (10.31), (10.35) follow from (10.21), (10.26)
and (10.39), (10.40). Estimates (10.32), (10.33), (10.36), (10.37) follow from



ON NON-OVERDETERMINED INVERSE SCATTERING AT ZERO ENERGY 323

(10.22), (10.23), (10.27), (10.28) and (10.30). Estimates (10.34), (10.38) follow
from (10.24), (10.29), the inequalities

3 21 4
+ E b
L4720 (A 4v2r)e = (L+1)?
(10.41)
5 3 8
+ =< ,
L+r (1 +2r)* " 1+r
where r > 0, « > 2, and from (10.30). Lemma 10.2 is proved. O

Estimate (5.8) follows from (10.12)-(10.14), (10.18), (4.8), (10.17) (for |p|) and
Lemmas 10.1, 10.2.

Lemma 5.2 is proved. O

11. Proof of Lemma 6.4

Let
|| dRetd Im¢
Ji(L) = , 11.1
W= D A (D
(1> + Dp dReld Im¢
J(h, ):/ , (11.2)
2= e PA+ p(e + 122 IE — A
0 dRe¢d Im¢
J5(n, )=/ , (11.3)
= pUel 12y 12 — Al
where L € C, p > 0.
Lemma 11.1. The following estimates hold.:
Ji(0) < ny, »eC, (11.4)
Jr(k,p) <ny, reC, p>0, (11.5)
J3(h,p) <n3, LeC, p>0, (11.6)

for some positive constants ny, ny, n3 (where Jy, Jo, J3 are defined by (11.1)-

(11.3)).
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Proof of Lemma 11.1.
Proof of (11.4). We have that

Ji(d) <

[E1=IE=A1 1g1=]g—2]
_ f 2dRe¢d Im ¢
- | (12 + D¢+ 1?2

l1=lg—2
n /‘ 2dRe¢d Im ¢
(¢ = A2+ D¢ = Al + DIE — 2]
[Z1=15—=Al

00 4rrdr 0 4rrdr
S ﬁ + 2— 5 nla
o @E=+DHEr+1 o =+ +Dr

where A € C. Estimate (11.4) is proved.
Proof of (11.5). We have that

(A, p) = Jo1(A, p) + J22(R, p),

(1¢1>+ DpdRe¢d Im ¢

J 1 (X, =
21(4 ) o 1121+ p(IC] + 12171)21¢ — Al
p(¢1* + 1)dRet d Im ¢
o ¢l + pUg? +1))2|¢ — Al
24+ DpdRecd 1
s p) = (11 + DpdRet d Im ¢

IEPA+ p(g] +1817D2e — Al

[Z1>1

where A € C, p > 0. In addition,

20dRec d 1
J1(A, p) < / —|—/ paRe¢d m ¢

N / 20¢] dRe¢d Im ¢
P+ DU+ D2 g =4l

(11 + p)?E — A
lgl<1 lgl<1
lel<le=2l  [l=lg=Al
_ / 2pdReld Im ¢ 2pdRe¢d Im ¢
_m | 1+ p)2lg] e (¢ =2+ p)21E — A

r+p?

</4dee§dIm§ _/oo 8mpdr
—J wr+prel Jo

(11.7)

(11.8a)

(11.8b)

(11.8¢)

(11.9a)
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oo p) < n / 2pdRe¢d Im ¢
22(A, ) =
(1+plg D¢ = Al
1£]>1 1£]>1
EI<le=2  1gl=le=2l
_ / 2dee§dIm§ / 2pdRetd Im ¢ (11.9b)
. A +plgh2el (L+p1¢ = 2AD2E — Al
4dee§dIm§ /OO 8mpdr
_—— = - = OT,
(L+p1Eh?¢] o (I4+pr)?
where A € C, p > 0. Estimate (11.5) follows from (11.8), (11.9). O
Proof of (11.6). We have that
pdRecd Im ¢

J3(x, p) = / +

[CI<IC=Al 1CI=]¢—A]
2pdRe¢ d Im ¢ _/oo 4o dr
) ¢l +pUcP+1)iCl  Jo r4+p@?2+1) (11.10)

1 o)
5/ 47'[,odr+/ 4mp dr
o r+p 1 r(l4+pr)
Yampdr 1+p
= =8rpln [ —— |,
o r+p P

where A € C, p > 0. Estimate (11.6) follows from (11.10).
Lemma 11.1 is proved. O

g1+ pUE 1+ DI — Al

Using formulas (6.13c¢), (6.8), Lemmas 4.1, 5.2, 11.1 and smoothing properties
of the convolution with 1/¢ on the complex plane C we obtain properties (6.14) for
I (Uq, Up) and estimate (6.15a). Properties and estimates (6.14), (6.15b), (6.15c) for
N(U) and M (U) follow from property (6.14) and estimate (6.15a) for I (Uy, Uy).
Estimate (6.16a) follows from the formula

NWUy) — NWU) =10 — U, Uy) +1(Uz, Uy — Up) (11.11)

and from estimate (6.15a). Estimate (6.16b) follows from (6.13a), (6.14a) and
(6.16a).

Lemma 6.4 is proved. O
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12. Proof of Lemmas 6.5 and 6.6

Proof of Lemma 6.5. Suppose that
U,V e LY((C\0) x RN\LY). Ul <7 [IIVIx <7 (12.1)
Then using Lemma 6.4 and the assumptions of Lemma 6.5 we obtain that

My, (U) € LY (C\0) x (R*\L,)),

11Muy @)1 < Ul + M), < r/2 4 2¢6(0)r* <1, (12.2)
1My, (U) = My, (W)lllp = «[llU = Vl[lp, a=4cc(u)r <1, (12.3)

where

My,(U) =Up + MU). (12.4)
Due to (12.1)-(12.4), My, is a contraction map of the ball U € L,of((C\O) X
(R3\£U)), IIU]|l, < r. Using now the lemma about contraction maps we ob-

tain that (6.17) is uniquely solvable for U of the aforementioned ball by the method
of successive approximations. In addition, using the formulas

U = (Myy)" O[] < D (Mye) 1 (0) = (M) 01, (12.5)

j=n

1(My,) 1) — (Myy)? (0)]]]

(12.3) ) - (12.6a)
< de(rl||(Myy) (0) — (My) YOI, j=1,2,3,...,
(Myy) T10) — (Myy)? (0)]]],
(12.6a) .
< (4ee()r)! |11 My, (0) — (Myy)° 0)]]1,, (12.6b)

12.4 : H .
2 46 (r) 10Ol < (ee(ur)ir/2, j=1,2.3,....

where U is the solution of (6.17) in the aforementioned ball and (MUO)O(O) =0,
we obtain (6.18).
Lemma 6.5 is proved. O

Proof of Lemma 6.6. We have that
U—-U=Uy—Uy+MU)—MO), (12.7)

(6.13a),(11.11)

MU)(n, p) — M(U)(%, p) Ly 5(U =), (12.8)
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where -
LygW=IW,U)R, p)+ 11U, W)&,p)

+I(W, U)(ro(p), p) + LU, W)(ro(p), p),

where I(Uy, Up) is defined by (6.13c), W is a test function on (C\0) x (R3\L,).
In view of (12.8), (12.9) we can consider (12 7) as a linear integral equation for

“unknown” U — U with glven Uy — Uo, U, U. Using (12.9), (6.14), (6.15a), and
the properties [||U][[,, < r, |||U|||u < r, we obtain that

(12.9)

Ly gW € LY ((C\0) x (R*\L,)),

3 (12.10)
MLy gWillu < 4cs(rllIWl[l, for W e L7 ((C\0) x (R7\Ly)).

Using (12.8)-(12.10) and solving (12.7) with respect to U — U by the method of
successive approximations, we obtain (6.19).
Lemma 6.6 is proved. O
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