Ann. Scuola Norm. Sup. Pisa Cl. Sci. (5)
Vol. V (2006), 465-482

The Cauchy problem for hyperbolic systems with Holder
continuous coefficients with respect to the time variable

KUNIHIKO KAJITANI AND YASUO YUZAWA

Abstract. We discuss the local existence and uniqueness of solutions of certain
nonstrictly hyperbolic systems, with Holder continuous coefficients with respect
to time variable. We reduce the nonstrictly hyperbolic systems to the parabolic
ones and by use of the Tanabe-Sobolevski’s method and the Banach scale method
we construct a semi-group which gives a representation of the solution to the
Cauchy problem.

Mathematics Subject Classification (2000): 35L.45 (primary); 35A08 (second-
ary).

1. Introduction

We consider the following Cauchy problem:

d
du(t,x) = ZA‘,(t, X)dju(t, x)
j=1
+B(t, x)u(t,x)+ f(t,x), in[0,T] x R4, (1D

u(0,x) =up(x),  xeR9,

where each A; and B are N x N matrix functions, f, u and uo are N component
vector functions and 9, = d/9d¢, 9; = 9/dx;. We assume that this system has weak
hyperbolicity, that is,
d
(AD)  Alleigenvalues of »  A;(t, x)&; are real valued in [0, 7] x RY x {RZ \ {0}}
j=1
and their multiplicity does not exceed v.

Many papers are devoted to the study of wellposedness in the Gevrey classes for the
Cauchy problem (1.1). When all A; are smooth enough with respect to ¢, then this
property was proved for the order 1| <s < 1+1/(v—1) by M. D. Bronstein in [1] in
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the higher order scalar case and by K. Kajitani in [4] in the system case, respectively.
Moreover they have shown it in the case that the coefficient also depend on x.
When each A has only p-Holder continuity in # for some 0 < u < 1, the Cauchy
problem is also wellposed in the Gevrey classes but the Gevrey order must be lower
than the smooth case. The first result in the Holder continuous case was derived
by F. Colombini, E. Jannelli and S. Spagnolo in [2]. They proved that the Cauchy
problem to the second order equation u;; = a(t)uy, was Gevrey wellposed for the
order 1 <s < 14 u/2 and, it is important, this order is optimal. T. Nishitani in [8]
extended to the second order equations with coefficients also depending on x, and
then Y. Ohya and S. Tarama in [9] extended that the higher order scalar equation
was Gevrey wellposed for 1 < s < 1 + u/v. The system case was investigated by
Kajitani in [5], and he showed that the weakly hyperbolic systems were wellposed
in the Gevrey classes for 1 <s < 1+ /(v + 1).

When the coefficients depend only on 7, D’ Ancona, T. Kinoshita and Spagnolo
in [3] proved the Gevrey wellposedness for 1 < s < 1 4+ /v to 3 x 3 weakly
hyperbolic systems with coefficients depending on 7. To prove it, they derived the
energy estimates for the approximate symbols and moreover Yuzawa in [11] has
treated the general systems of which coefficients depend only on time variable.

In this paper, we shall extend their result to any N x N system whose coeffi-
cients depend also on the space variables by using the other approach, semi-group
method called Tanabe-Sobolevski method (cf. [6, 10]) and consequently obtain the
energy estimates.

To state our results we shall introduce the Gevrey classes and their properties.

Definition 1.1. Let s > 1, then we denote by ) (R?) the set of all functions
satisfying the following condition: for any compact subset K of R?, there exist
constants Cxg > 0 and Ag > 0 such that
0%u(x)| < Cx A ||

forany x € K and o € N and we define yo(s)(]Rd) = y(s)(]Rd) N Co(RY).
Definition 1.2. Let k£ be an integer and 0 < p < 1. For a Banach space Y, we
denote by C k.11 ([0, T1; Y) the set of functions u(7) which are k times differentiable
in Y with respect to ¢ and (9/ an*u(r) are u-Holder continuous in Y': there exists a
constant C > 0 such that

1fully <C O<l<k,  [ofu@)—ofu@)|ly < Clt —1'|*
for ¢, ¢ € [0, T]. We write C*0([0, T]; ¥) as C¥([0, T]; ¥) in brief.
Definition 1.3. For p > 0,s > 1,h > 0 and [/ € R, we define

Hi o @) = [u e LZR; (©), " Pits) € LERD}



HYPERBOLIC SYSTEMS 467

where (£);, = VA2 + €2, A(p) = A(p.&:5.h) = p (&), and ii(£) stands for a
Fourier transform of u(x):

Q) = / e Eu(x)dx,
Rd

and for p < 0 we define H 5\ ) (R?) as the dual space of HX(C ) (RY).

When p =0, H 11\(0) = Hé is a usual Sobolev space and we write them as H'

in brief. H/l\ 0 is a Hilbert space with inner product

1/s 1/s

@)t = (&) " u (§) vy

A(p)

/s
and we define the norm of Hf\(p) by ||u||HlA(p) = (S)’ P& a2

1/s
Definition 1.4. We define e2(?) = ¢?Pli 4 pseudo differential operator of order
infinity such as

1/s
e/\(p)u(x) — oP{Dx)y u(x) =

o) fR RS () de

for u(x) in H[l\(p).

Definition 1.5. Let p() be a positive definite function in [0, T'], k an integer >
0,0 < u < 1and! € R. Then, we denote by e‘A(”(”)C"’“([O, T1; H’) the class
of functions f (¢, x) for which to every ¢ € [0, T],

AP (¢, x) = P WP p 1 x)y e CRR(0, T HY.
We note the relations between yo(s)(Rd )and H 1’\ ) (RY).

Proposition 1.6 (cf. Lemma 1.2 in [4]). Forany u(x) in yo(s) (R¥Y andl € R, there
exists a constant p, > 0 such that u(x) in H Il\ ( pu)(Rd).

Conversely, if u(x) belongs to Hll\( ) (R%) for some p > 0, then u belongs to
y O R,

Now, we shall state the main theorems.

Theorem 1.7. Let1 <s <1+ pu/v,o = v -1 —-1/s)and0 < n < 1 and
take 5§ > 0 such that s(6 + o 4+ 1) > 1 4 p. Assume that (A1) and the following
condition (A.Il) are valid,

(AID  each Aj(t, x) belongs to CO*([0, T1; y ' RD) for j=1,....d
and B(t, x) € C°([0, T1; y© (RY)).
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Then for every ug(x) in Hzl\(T+p0) (R?) and for every f(t,x) in e 2T =1+r0)C([0,T];
H!(RY)), there exists a unique solution u(t, x) of the Cauchy problem (1.1), which
is in e 2T=DC ([0, T]; HF(RY)) NeAT=DCI([0, T1; H'='H(RY)) and satis-
fies

t
IIM(l,-)IIHlATST_r)§C<I|MOI|H/ )+f0 1, '”'H’A(T_wo)d’)’ (1.2)

A(T+pg
foranyl e Rand0 <t <T.

Considering the property of the finite propagation of the solution for the weakly
hyperbolic system and Proposition 1.6, the following theorem is concluded by The-
orem 1.7.

Theorem 1.8. Assume that (A.l) and (AIl). If 1 <s <14+ pu/vand0 < p <1,
then for any f(t,x) in C([0, TT; y(‘g)(Rd)) and ug(x) in y(‘g)(]Rd), there is a unique
solution u(t, x) in C1([0, T1; y(s)(]Rd)) of the equation (1.1).

2. Preliminaries

In this section we shall introduce some notation and fundamental propositions on
the pseudo differential operator theory.
We denote by S/r)",a,l (0 <6 < p < 1)aclass of symbols p(x, &) satisfying

P (6. 6

(g ym—PloTH3IA] = o0,

Iplsm,, = sup
(x.§)€R Ja+p|<!

where p(%) (x, £) = DY9Z p(x. £). We write S7'y ; as S;" in brief.

We denote by (SZT&Z)NXN aclass of matrix symbols P (x,§) = (p;j(x,6))1<i j<n
such that all p;; are in SZ” 5, and we define
|Plsm, =

o

max iilgm .
15i,j§N|pl]|S 5.1

We often write (S/T,B I)NXN as S,Ta,l in brief and S/T,S = DISZ’(S I
For p(x,%) € SZ” s» we define the pseudo differential operator p(x, Dy):

p(x, Dyju(x) = /eixsp(x,é)ﬁ(é)dé-

@2m)d

The following proposition is well known as the boudedness in H9 of pseudo differ-
ential operators.
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Proposition 2.1. Let0 <5 < p <1 and

2(gl +lo+d+1 8(d+1
Gl ot d D] gy [
2-36 o —38

Mo(g) = [
Assume that | > My(q) and p(x, &) be in S;’fa’l. Then, we have

llp(x, Dy)ullga < Cqlplgm lluell gra-+m 2.1)

p.8.Mo(q)

foru e HI™™,

Next, we denote by I'{", ; a class of symbols p(x, §) satisfying

P (x,8)
Iplpm = sup (Pty) < 00. (2.2)

sl (x, E)GRM la+BI<, )/GZd r|)/‘|y|ls (S)m—hx\

For a symbol p(x, &) € I'’"_,, we define an operator pa(,)(x, Dy):

s,

PA(p)(x, Dy) = eA(p)p(x, Dx)e_A("),

where A(p) = p(D, )1/5
PA(p)(x, Dy) give by

It follows from Kumano-go’s formula that the symbol of

1 ‘
o (Pap) (X, E) = WOS-/AW e INTAGEM=AE) by 4y, E)dydy,  (2.3)

where Os—f f means an oscillatory integral. We denote by pa (x, &) the symbol of
PA(p) (x, Dx) in brief.
From (2.3) and Taylor’s formula,

PAGLE) = p@.E)+ Y puy(n By (p &) +rv(p)(x.E). (24

0<|y|<N
where
wy(p,€) = _e—/’(é)hay(eﬂ(é h)
and
rN(p)(x, &) =

2m)d

XZ Os /f /(1 — YNl FACHED AR b (x 10,8y (p,& +1)dOdydn.

R2d
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Proposition 2.2 ([5]). Let p(x, &) be in T, A(p) = p&),” ands > 1.
(1) w, and ry(p) satisfy the following inequalities:

188wy (0, §)] < Cay (o] + )7 I(g), W= (2.5)
18 DErn (p)(x, €)1 < Cagn(Ipl +h)N () N9 (2.6)

for (x,&) e R¥ «, B € 74, where k = %
(i) If p satisfies
lpl < @4 dr)~'/", 2.7)

and [ satisfies

!
P R T Y 2.8)
s —1 2

then the symbol pa(x, £) belongs to Sl’f’. Moreover, there exists a constant Cyp
such that

|palsy = Criplrn .

The following proposition is the fundamental property on the hyperbolic polyno-
mial:

Proposition 2.3 ([1]). Let p(¢, x, A, &) be a hyperbolic polynomial of order N, that
is, p can be factorized by real roots:

N
pt,x,0,8) = Y ajot, OMVE =T]0 =2, x,8),

le|+j=N j=1

where all 1 j(t, x, &) are real valued for (t, x, &) € [0, T] x RY x R4, Assume that
the multiplicity of A ;(t, x, &) is at most v(< N) and all the coefficients aj(t, x)
and Dfaj,a(t, x) (18] < v) are bounded in [0, T x R4, then p(t, x, A, &) satisfies
the following estimates:

! —N+v —KV
e — e, ] = T 29)

Pt x, A — i (E)s. &)l
P, x, k= i(€)}, §)

< Cg), < HI=RIPL (g 4 gl < v), (2.10)

for » € C such that Tmhx < 0 and for (x, &) in [0, T] x R<.
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3. The Cauchy problem in Sobolev spaces

In this section we assume that 1 <s < 1+ u/vand putx = 1/s.
We reintroduce the equation (1.1):

P(t,x, Dyu(t, x) = —if(t, x), (t,x) € [0, T] x R4,

1.1
u(0, x) = ug(x), x € R4, (1.1
where
d
P(t,x,D)=D; =Y Aj(t,x)Dj +iB(t,x),
j=1

and D = (Dy, Dy) = (D;, D1, D3, ..., Dg), D; = —i9d; and D; = —i9;.

For some non negative and continuously differentiable function p(t), we set
v(t,x) = 2Py, x) = ep(t)w")'l;u(t,x). Then we can reduce the problem
(1.1) to

Pp(t, x, Dy, Dy)v(t, x) = g(t, x),

3.1
v(0, x) = vo(x), G-
where
Di A = Dt a(pryy = Di +ip"(1)(Dy)};,
d
PA(t, %, Dy, Dy) = Dyal =) Aja(t,x, Do)Dj +iBy (1, x, Dy),

j=1

for (r, x) € R vo(x) = e2PODy(x), g(t, x) = —ieP P £(z, x), and each

Aj a(t,x, Dy) and By are pseudo differential operators such as
Ajat,x,Dy) = Aj Ay, x, Dy) = €p(t)<DX)ZAj (1, x)e PP,

BA(t, X, Dy) = Ba(o(r) (1, x, Dy) = e?DPxi B(1, x)e P OPx)]y

We shall solve the equation (3.1) in Sobolev space H' by using the semi group for
ip" ()(Dx)j) 1 — Ap (D).

4. Construction of (1 +ip'(v)(Dy)p)) I — Ap(r)~!
Let 7 be fixed in [0, T']. In this section, we shall construct the inverse of ((A +
i,o/(r)(Dx>Z)I — A (7)) for a complex number A with ImA < —hg. We consider

the following resolvent equation :

(O +ip" (DI — A (D) =g, (4.1)
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for g € HY, where

d
A(t) = A(t,x, D) = Y Aj(r.x)D;, (4.2)
j=1
and
d
AN(T) = Ap(p))(t, x, Dy) = ZAj,A(p(r))(f, x,Dy)D;. (4.3)

Jj=1

Let us define several symbols as follows:

d
A, x,8) =0 (A)(t,x,6) = ) A1, 0Ej,
j=1

d
AN %, 8) = 0 (An(p) (6. X, 8) = Y Aj agoay (t. X, EE;.
j=1

d
P(t,x, 1, §)=0(P)(t,x, 1, &) =Al — ZAj(t,x, £ +iB(t,x),

=1
Pa(t,x, A, &) = o (Pp)(t, x, A, §)
d
=ial — ZAj,A(p(t))(ta-xa E)ej +iBAau)(t, x,8),
=1

H(t’-xa )"a %_) = Co()"AI - AA(t?x’ E))a
p(t,x, A, &) =det(A] — A(t, x, §)),

prt,x, 1, §) =det(Apl — Ap(t, x,§)),

o

p(t7'x7A'A7 S)

Ay =1 +ip (0)(E)]

M(t,x, 1, &)=

We shall consider an operator IS(t, X, A, D)=AI—Ax(t,x, Dy)oH(t,x, X, Dy),
where H (t, x, A, D) is the operator with the symbol H (¢, x, A, £) and o means an
operator product. By Proposition 2.2, if p(t) satisfies

0<p(t)<(4°dr)™ in [0,T], (4.4)
then A (t, x, &) isin S}, so H(t, ») is in S;' ', where I’ satisfies (2.8). Since we

can take [ in (2.8) arbitarly, H(r, ) € Np=oSY ™' = SV~ that s,

HE (1 x.0 8)] < COM+ (€)Y 171, @5)

for (f, x, 2, &) € [0, TI x R x Cx R, o, B € Z4.
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Denote by S’Zf s a set of symbols a(z, x, A, &) which are holomorphic in A €
{x € C: Imx < 0} and satisfying

8¢ Dla(t, x, 1, 6)] < Cap(e)y PPl x £ e R 1 e ClImi < 0,0, p € Z4.
Next we shall compare pr (¢, x, A, §) and

pat,x, 1, E) =oc(elpt,x, A+ ip(t){Dy)}), Do)e M) (t, x, A, £). Since

p(t,x, 1, 8) = Z SENTT - A1x(1)A27(2) " AN (N)»

NESN

where a;; = a;j(t, x, A, &) is the (i, j)-component of (A/ — A(z,x,£&)) and Sy
stands for the set of permutations of {1, 2, --- , N}, we can write

pt,x, A, Dy) = Z sgnw

TeSy

X aix(1)(xX,A,Dy) 0 azz2)(x,A,Dy) 0 -+ 0anzn)(x,A,Dy) +q1

and consequently

PA(t,X, 0, D)= sgniair(i)a (X, Dy) © aze@a(x,Dy) o -+

TeSN

<+ 0ang(N)A (X, Dx) +q1a,
_ LA —A oN—1
where ajx A (x, D) = e“ajre” " and q1(t, x, A, §) € S, because

o (aix(1),A(x, Dy) 0 azp@),a(x, Dx) 0+ 0anzn),A(x, Dy))(x, &)
= aiz(),A (X, E)aor ). A(X,§) - anz (N, A (X, ) + g (X, §)

for any 7 € Sy, where g (t, x, 1, &) € S‘ffo_l. Hence we have
pPa(t,x, A, 8) = pr(t,x, 1, &) +qa(t, x, 1, §), (4.6)
where ¢ € S'{Vo_l that is,
Q) (6 x. 7 6)| < Cap(a] + ENV 1, @7

for (t,x,1,&) € [0,T] x R x C x R4, Jx < 0 and a, B e N4, Therefore it
follows from (4.5), (4.6) and (4.7) that we have

o (P)(t,x, %, &) = palt, x, 1, E) + Q1(t, x, 1, &), (4.8)

where Q| satisfies
1015 (1. x, 1, )] < Cap (1] + (£)N 1714, 49

for (¢, x, 1, &) € [0, T] x R4 xCde,ImA§Oanda,ﬂ eZi.
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We shall construct the inverse of (A +ip’(t)(D,);)I — Ax (7)) of form

(Otip (DY) =Ap () = H (t, A+ip (1) (D)) o(P) "Lz, A4ip' (1) (Dy)5),

where (15)’1 is the inverse operator of P. Let us show that (15)’1 exists. Define a
operator S(¢, A) = S(t, x, X, Dy) as

S(t,x, A, Dy)=1— P(t,x,r, Dy) o M(t, x, h, Dy). (4.10)

where M (¢, x, A, &) = p(t,x, A + i,o/(t)(Dx)z, é)_l. Noting that p(z, x, A, &) is
elliptic for |A] > M (&), we can prove the following proposition by use of Propo-
sition 2.3.

Proposition 4.1. Assume that 1 < s < v/(v — 1) and q satisfies Mo(q) < [, where
Mo(q) is given in Proposition 2.1 with p = k, § = 1 — k. Then, there exists a
positive constant h > 0 such that for any T € [0, T]and » € C  (ImA < 0).

10¢ DES(t, x, 1, 6)| < Cop(|r] + (£),)" 177 Il (=0IB] (4.11)

Proof. If x| = M (&), then p(t,x,A+ip’ (1) (&)}, &) is elliptic for [A| > M (£), (M >
1), so we have

|p(t, x, &k +ip" )(E)}, ©)| = collal + (&))",

for |A| > M (&), which implies (4.11) evidently for |A| > M (&),. From (4.8), the
symbol of P(r, x, &, Dy) o M(t, x, A, Dy) is

o (P,2) 0 Mt 2)) (x,8)

1
_, . £)D) < ) 1
+ Z ‘ (PA(I X, A, 8)) p(t’x’k+ip/(t)(§)lz’§) ()

0<|y|<n

1
- Rg A, ( ) I+ Ry(t, x, 1,
0%;,1 5708 perrtipoEy.e) LTS

where R, is in §{' )V —n

tion 2.3

. Moreover, by virtue of Proposition 2.2 and Proposi-

. K ) 1 (1=20ly| _ 5—8
(patx. A+ ip" (1))}, &) (p(t,x,M—ip/(t)(g);,s)>(y) Seil_c CS1le

for 1 < |y| <n,and
1 _
0 (t,x, 1, 8) (—A) (t,x, h+ip' D). &)1 € ST e 5o
)

for 0 < |y| < n,where §; = min{2« — 1,1 —v(l —x)} =1 —v(l — k) > 0.
Therefore we can see S(¢, x, A, £) is in SK_‘]SI_K. This implies (4.11). ]
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From Proposition 4.1 it follows that if we take the parameter & > 0 sufficiently
large, there exists a (I — S(z, 2))~! as Neumann series

(I—-S, )= Z S(t, 1)’
j=0 (4.12)

~ -1
= {P(t,x,k, D)o M(z. x. A, Dx)} .
Therefore we obtain the inverse operator of (A + ip/(r)(Dx)Z)I — Ap(p(r))(T)) as
(O +ip (D)) — Ap(p(ey (T, X, Dy)) !

o0
= H(t,x, %, Dy) o M(t,x, A, D)o Y S(t,x, A, Dy)!
=0 (4.13)

= H(t)o M(t)+ H(t) o M(t) 0 Y _ S(1)/.
j=1

Proposition 2.2 and Proposition 2.3 yield,
o(H(t,2) o M(z, M) (x,8) = H(t, A, §)M (7, 1, §) + Qa(7, x, 4, §),

v(1—ie)=1-k Moreover, noting that 6 (H o M o S) € g2v—e=2

where Q) € S k.1—k

K, 1—k » We
get

T (4 ip' @D = Aoy (T, X, D) ™H(T, x, 4, )
= H(t, ., )M(z, A, §) + Q3(7, x, 1, §),

where Q3 € S’K_"IS_K,
2(1 —v(l —«k)) > 0.

(4.14)

where § = min{l + k — v(l — k),2(1 — v(l — k))} =

5. The equation with time-independent coefficients

In this section, we shall solve the following equation: for fixed = € [0, T),

{PA(p(r))(T,x, Dy A(p(ry)s Dov(t,x), = g(t,x), T>t>1,xeR? 5.1)

v(t, x) = vo(x).
We define

Vo(t, ©) = Wo(t, T, x, Dy)

1 .
=— MO+ ip (D) (DY — An(p(oy (T, X, Dy)) " dA
2mi ImA=0
(5.2)

forO<t<t<T.
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Proposition 5.1. Let1 <s < 1+ %, w=<lLk=1/s,ando = (v — 1)(1 — k).
Then there is k' > 0 such that k < k' < 1,1 — k' < &’ and Vy(t, T) is a pseudo
differential operator of which symbol is in S'((’,’I_K,. Moreover there is a constant
C > 0 such that

IVot, Dullye < Clullya+e, T =1>7, (5.3)
A(p) A(p)

foru e HA(p)

Proof. 1t is sufficient to prove that there is ¥’ > O such that 1 > ¥’ > 1 — «” and

|9 D2V (1, 7. x, )] < Cap )y MW T >t x g R (54)

for o, B € N?. Since it is known from Proposition 3.3 in [6] that Vy(¢, T)(x, &) is

in §Y(1=)

' 1_y - it suffices to

Vo(t, ) (x, §)| = C(§)7, T>t>rt,x,§eR" (5.5)

In fact, we can choose k' such that k > k" and ¥’ > 1 — k’ because of k > 1 — «.
Volt, T)(x, &) isin S} "% implies

|0 DY Vo(t, 7. x, §)| < Cap()y I T >t 0 kg eR. (56

—o- Using the interpolation theorem we can get (5.4) from (5.5)
and (5.6). Now we shall show (5.5). (5.2) yields

1 .
V. @8 = 7o | M DT = Anpe)” (7. x, £)dA

= 5 lim_ M (Otip (DY) — A (p(e) ™ (T, X, £))dA.
—>09 JImAr=0,|Rer|<R

Besides,

f MO+ ip (D) (DY — Anp(e) ' (T, X, E))dA
ImA=0, |ReAr|<R

= fc MDA+ ip" (D) (DY — Apipen) (T, x, E))dA

_/ MO+ ip" (DT = Angoy)” (T, x, £))dA,
YR

where Cg = {A € C;ImA = 0, |RerA| < R} U yg, g = {|A| = R,ImA < 0}.
Noting

lim / MO+ ip (T (DY — Anipey) (T, x, E))dA =0,
— 00 YR
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we get
b irt—1)
Vo(t, T)(x, §) = 5— lim T H (L x A M (T x 1 8)
271 R—>00 JImy=0,[Rei|<R
+ Q3(t, x, A, §) }dA
=: lim {I1g(x, &) + Lr(x, &)},
R—o0
where
1 . H(t,x, A, 8)
IlR(x,S):—.f M ( = d r
27i Jop p(t,x, A +ip'(t)(&)}. 8)
and

1 X
b, 8) = o / M0 01 (v, %, 0, E)A
CR

Noting that the roots of p(t, x, A +ip'(7)(§)}, &) = 0 are contained in the domaim
Cr for large R, we can prove similarly as Proposition 2.1 in [11] that /g (x, &)
satisfies (5.5). Next we prove that Irg(x, &) satisfies (5.5). Since Q3 satisfies from
(4.14)

103(T, x, A, £)| < C(IA| + (£),)*(0=0-D

we can estimate
1 L
|Lr(x,8)] = ‘—/ e Q3(t, x, 4, E)dA
21i Jcp
<c / (I + (€))20 00D,
[ImA|<R
< C<%_>,21(v(l—/<)—1)+1 < C(é_”;}—l)(l—x)‘

Here we used the inequality 2(v(1 — k) — 1) + 1 < (v — I)(1 — k) which is
implied by the assumption « > VLL > 47 Thus we compleled the proof of
Proposition 5.1. O

It is easily seen that V(z, 7) satisfies

DV (t, f)f{—ip'(f)(Dx)'fl + Ao (T, x, D)} Vo(t,1) (1<t <T) .7)
Vo(z, ) =1 T

where I means the identity operator. Thus we have obtained a solution v(¢) of (5.1)
as follows:

t
v(t) = Vo(t, 0)vo + f Vot g (r)dr.
0
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6. Construction of the semi-group

We shall construct a semi-group V(t,7) = V(¢,1,x, Dy) for the generator
P (t)(Dy)y — iArp@y(t, x, Dy) + B(t, x);

DV (t,x; 1) ={—ip (t)(Dx)} +Anr(p()) X, Dx) +iB(t,x)}V(t,x;7),
t>1>0, 6.1)
Vit,7)=1.
We note that V (¢, T) has a semi group property, thatis, V(¢,t) = V(¢,r)V(r, T)
for T >t >r >t > 0. In order to construct V(t, t), we shall use Tanabe-
Sobolevski’s method and Banach scale method (cf. [6, 10]).

We shall seek the pseudo differential operator V (¢, t) = V (¢, 7, x, D,) which
satisfies the following equation:

t
V(t,f,.x, Dx)ZVO(ta T,anx)+/ VO(t,nX,Dx)q)(ra T,X, Dx)dr- (62)
T
If V (¢, 7) satisfies (6.1), @ (¢, x, D; t) must satisfy the following equation:
t
q)(t7ta-anx):R(tata-anx)_{_/ R(t’rvvax)cD(ra T’anx)drv (63)
T

where

R(t,7,x, Dx) = {=ip (){Dx)}, + Ar(oy (t, x, Dx) +ip"(T)(Dy)],

; (6.4)
— An(p(e)) (T, X, D) +iB(t, x)} o Vo(t, T, x, Dy).

Conversely, if (¢, 7, x, Dy) satisfies (6.3), then V (¢, 7, x, D,) satisfies (6.2).
We shall construct a solution ® (¢, 7, x, Dy) of the equation (6.3) as follows:

o0
cD(tvta-anx):ZcDj(ta Tﬁvax)a (65)
j=0

where

CDO(tv T? X, Dx) = R(t7 Ta X, D)C)v

! 6.6
q)j(tytaanx):/ R(tar’xny)oq)j—l(rv T?-xli)dr (.]2 1) ( )
T

For simplicity of notation denote HK (o) bY H. We recall

4 p(Dy)k 1
el g = 11(Dx)e” P hul| 2 se = =
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We know that for/ > 0 and for pg > p’' > p >0
DY ull g < € = )™ lull o, 6.7
P

Let denote 0 = (v — 1)(1 — k) and take § > O such that 1 > s(oc +48),1 4+ u >
s(140 +3). Itis possible, because of the assumption so < 1 and 1+p > s(140).
Denote s1 = s(oc +8 + 1), so = s(0 +6) and € = min{l — so, 1 + p — 51} =
1+u—s>0.

Proposition 6.1. There is Cg > 0 such that for T >t > t > 0 and for py > p' >
p=0

| R(t, f)ullH;z+s < Crllt =71 (p" = p) ™" + (0" = p) "} llull o, (6.83)
P
Proof. Tt follows from (6.4), (5.3) and (6.7) that

IR D)l yas < CrOUE =T [[(D) ™l o + 11Dyl )

< Crllt ="' =) + (0 = p)_s"}llullHZ/

for po > p’ > p > 0, which proves proposition. O
Now we shall prove that (6.5) is convergent.

Proposition 6.2. There are C1 > 0, Co > 0 such that foru € Hg,, T>t>1t>0,
and for po > p' > p >0

(t—7)H+h

(p/_p)yl(j+l) (,0/_,0)50(]'+1)
j — 0’ 1’ cee

D (t, 0 )ull ygts <Cj(t—1)’

Hg+ ”u”HZ/JrB’

(6.9)
where s; = v(s — 1) +sandsgo = (v — 1)(s — 1) and
Ci=CiCi(H™, e=min{l —so, 1+ pu—s1}=14+p—s >0. (6.10)

Proof. We shall prove this augument (6.9) by induction. Proposition 6.1 assures
(6.9) for j = 0. Assume that (6.9) holds for j — 1. Then from (6.6) and (6.8)

t
”cbj(t’f»anx)”“HgM 5/ ||R([ar9anx) o q>j_1(r,f,x,Dx)u||Hg+5dr
T

<c /{ - 1 } 6.11)
R NI R PIEOE |

< Cji(r -yt DT Larpu o
’ (o' = p")y (p' = p")] o
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for pg > p’ > p” > p > 0. Here we choose p” = ptip Taking account of the

jt+1 -
following equalities and inequalities
1 _ a+brt (o — py P
(" — p)P(p” — p)4 arbd '
where p” = “ﬁfg’/,o <p<panda>0,b>0,p>0,qg>0,

arp L@+ DG +1)
Ta+b+2)

’

t
/ (t—r)r—0ldr=01—-1)

wherea > —1,b > —1,
(A + B)(A* + BY) < 4(AFF! 4 gHtly,

where A, B > 0 and k a positive integer and
1\’
(1+_> Se’ j:1727"'
J

(G+DTG+D) (G+DMT(G)
L(G+D+D " TG+p+D

we can get from (6.11)

4¢%1C;j_Cg max{ LG+ <c;. (6.12)

By virture of the assumption s < 1+ % we can take € = min{l + u — s, 1 —sp} =
1+ u — s; > 0 such that

{(j + DTG +1D) G+ DTG

: )= ,u+um”}50ff
NG+ Dw+1D) TG+up+1)
Therefore we can find Cy, C; such that C; given by (6.10) satisfies (6.12). ]

From Proposition 6.2, we can observe that ®(¢, 7, x, Dy) is well-defined by
(6.5),s0 V(t, T, x, Dy) can be also defined by (6.2). Precisely,

Proposition 6.3. Letqg € R, u € H;’,, T>t>t>0andpy > p' > p > 0.
Denote s| = s(c+6+1), so = s(0+68) and e = min{l—sg, 1 +u—s1} = 14+u—s7.
(i)  There exists a constant C» > 0 such that

x5 T)ull g+

<C((t—t)“+ 1 )ex e 1/e l (6.13)
=22\ ) TP e T oy Hy
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(i1)  There exists a constant C3 > 0 such that

Vit - , s (t—7) 1 TH —t
|| (t’xa":)I’tHIi/‘)IJ”S =03 (10 - p) + (p/—vp)sl'H” + (IO/—,O)SOJ'_SU
| (6.14)
o [ e\
PEN o T o el
Proof. (1): We note that for a positive integer j and x > 0
supxle™ = ————— < j!,
le()) D onsox"nl! /
implies that # < x% for x > 0, ¢ > 0 and if we take x = (2A)%
O AJ 1
=07
for A > 0, ¢ > 0. If we take A like
t — I+ t —
poc|ezot, a0 |
(P =p)yr  (p—p)%
we can see that (6.13) holds.
(ii): (6.14) is a direct result of (5.3), (6.2) and of (6.13). ]

Put

t
v(t) = Vi, 0)vo + / V(t, Ng(rdr
0

then, it is obvious that v(¢) is a solution of the equation (3.1), moreover, it follows
from (6.14) that if we take p’ = pg, p = 0, there is a constant C > 0 such that for
T>t>0

t
[0, )lpgors < € (IlvolngO +/0 g, ')IIHgOdr> . (6.15)

Since u(r, x) = e AT =Dy(r, x) satisfies (1.1) and (6.15) implies (1.2), we have
completed the proof of Theorem 1.7.
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