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The BV-energy of maps into a manifold:
relaxation and density results

MARIANO GIAQUINTA AND DOMENICO MUCCI

Abstract. Let ) be a smooth compact oriented Riemannian manifold without
boundary, and assume that its 1-homology group has no torsion. Weak limits of
graphs of smooth maps u; : B" — ) with equibounded total variation give

rise to equivalence classes of Cartesian currents in cart!:1(B" x ))) for which
we introduce a natural BV-energy. Assume moreover that the first homotopy
group of ) is commutative. In any dimension n we prove that every element
T in cart!:1(B" x )) can be approximated weakly in the sense of currents by
a sequence of graphs of smooth maps u; : B" — ) with total variation con-
verging to the BV -energy of 7. As a consequence, we characterize the lower
semicontinuous envelope of functions of bounded variations from B” into ).

Mathematics Subject Classification (2000): 49Q15 (primary); 49Q20 (second-
ary).

In this paper we deal with sequences of smooth maps u; : B" — ) with equi-
bounded total variation

sup £1,1(ug) < 00, En(ug) 2=/ [Duy|dx
k Bn

and their limit points. Here B” is the unit ball in R” and ) is a smooth oriented
Riemannian manifold of dimension M > 1, isometrically embedded in RV for
some N > 2. We shall assume that )/ is compact, connected, without boundary. In
addition, we assume that the integral 1-homology group H()) := H(); Z) has
no torsion.

Modulo passing to a subsequence the (n, 1)-currents G,,, integration over
the graphs of u; of n-forms with at most one vertical differential, converge to a
current T € cart1(B" x ), see Section 2 below. To every T € cart1(B" x )
it corresponds a function ur € BV(B",)Y), i.e., ur € BV(B",RN) such that
ur(x) € Y for L*ae. x € B", compare [14, Vol. I, Section 4.2] [14, Vol. II,
Section 5.4]. Also, the weak convergence G,, — T yields the convergence u; —
ur weakly in the BV -sense.
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In order to analyze the weak limit currents, it is relevant first to consider the
case n = 1. Therefore in Section 1 we study some of the structure properties of
1-dimensional Cartesian currents in B! x ), i.e., of currents in cart(B! x RY)
with support spt7T C B' x Y, compare [14, Vol. I]. In the simple case ) = S!,
the unit circle in R2, and in any dimension n, for any current 7 € cart(B" x § 1
we can find a sequence of smooth maps {uy} C C 1(B", §') such that G,, weakly
converges to 7 and the area of the graph of the uj’s converges to the mass of
T,ie, M(G,,) — M(T), see [13] and [14, Vol. II, Section 6.2.2]. However, in
case of general target manifolds, and even in dimension n = 1, a gap phenomenon
occurs. More precisely, setting

M(T) :=inf{l}€m inf M(G,)[{ux} c C'(B',Y), G,, — T weakly in Dy (B'x y)},
— 00

there exist currents 7 € cart(B' x ) for which
M(T) < M(T),

i.e., for every smooth sequence {u;} C C 1(B', ) such that G,, — T weakly in
Di(B! x ) we have that

liminfM(G,,) > M(T) + C,
k— 00

where C > 0 is an absolute constant and, we recall, the mass of G, is the area of

the graph of uy
M(G,,) = A(uy) = /Bl 1+ |Dug|?dx .

In order to deal with this gap phenomenon, we introduce the class cart'"! (B! x )))
of equivalence classes of currents in cart(B! x ))), where the equivalence relation
is given by

T~T & T(w) =Tw) YocZ“Y(B'x))),

see Definition 1.6. Here Z1:1(B! x ))) denotes the class of smooth forms o €
DY(B! x )) such that dya)(l) = 0, where d = d; + d, denotes the splitting
into a horizontal and a vertical differential, and »! is the component of w with
exactly one vertical differential. In other words cart' (B! x ) is the class of
vertical homological representatives of the elements of cart(B! x ))). Notice that
if Yy =51, actually cart" (B! x §1) agrees with the class cart(B' x S!). We then
introduce on cart!-!'(B! x ))) the following energy

A(T) :=/ VU IVur@PRdx + [DCur| (BY + Y £r0o),
B!

xeld.(T)
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where Vur and DCur are respectively the absolutely continuous and the Cantor
part of the distributional derivative of the underlying function ur € BV (BL,)),
and the countable set J.(7T') is the union

J(T) =T, Ulx;ti=1,....1}

of the discontinuity set J,, of ur and of the finite set of points x; where the mass
of T concentrates.

In the above formula, L7 (x) denotes the minimal length L(y) among all Lip-
schitz curves y : [0, 1] — ), with end points equal to the one-sided approximate
limits of u7 on x € J.(T), such that their image current p%[ (0, 1) ] is equal to
the 1-dimensional restriction Tu(T L {x} x ))) of T over the point x. In the case
Y = S!, it turns out that A(T) agrees with the mass of T, compare [13] and [14,
Vol. II, Section 6.2.2].

We will show that the functional T +~ A(T) is lower semicontinuous in
cart (B! x ), Theorem 1.7, and that for every T there exists a sequence of
smooth maps {ux} € C'(B',Y) such that G,, — T and M(G,,) — A(T) as
k — oo, Theorem 1.8. As a consequence, we conclude that A(T) coincides with
the relaxed area functional

AT) = inf{l}(minf/l(uk) | ux} c C'(BLY), G, — T} .

In Section 2, we deal with the n-dimensional case, n > 2, introducing the class
carth 1 (B" x ) of vertical homological representatives. The BV -energy of a cur-
rent T € cart"!(B" x )) is then defined by

E(T) :=/ IVur(x)IdX+|DCuT|(B”)+/ Lr(x)dH" ™ (x),
B J.(T)

see Definition 2.10, where J.(T) is the countably H"~Lrectifiable subset of B”"
given by the union of the Jump set J,, of ur and of the (n — 1)-rectifiable set
of mass-concentration of T. Finally, the integrand L7 (x) is defined as above, by
taking into account that the 1-dimensional restriction 7u(7T L {x} x )) of T is
well-defined for H"!-a.e. point x € J.(T).

Notice that, if 7 = G,,, where u : B" — Y is smooth or at least in Wl’l, then
E1.1(Gy) = &1.1(u). Moreover, in the case ) = S', we have cart!!(B" x ') =
cart(B" x S!) and, due to the absence of gap phenomenon, the functional & ;(T)
agrees with the parametric variational integral associated to the total variation in-
tegral, see Definition 2.5, and can be dealt with as in [13], see also [14, Vol. II,
Section 6.2], [8], [19]. The functional T + & ;(T') turns out to be lower semicon-
tinuous in cart""!(B" x }), see Theorem 2.12 and Section 3. Moreover, assuming
in addition that the first homotopy group 7;()/) is commutative, in Section 4 and
Section 5 we will prove in any dimension n > 2 that forevery T € cart’:!(B" x))
there exists a sequence of smooth maps {ux} C C'(B",Y) such that Gy, —~T
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and &1(ug) — &1.1(T) as k — oo, Theorem 2.13. Consequently, we show that a
closure-compactness property holds in cart!-!(B” x })), Theorem 2.17. We stress
that the commutativity hypothesis on 71()/) cannot be removed, see Remark 5.2.

In Section 6, extending the classical notion of total variation of vector-valued
maps, compare e.g. [1], we introduce in a natural way the fotal variation of func-
tions u € BV (B",)), given by

Erv(u) ::/ |Vu(x)|dx+‘DCu‘(B”)+/ HY 1) dH N (x),
B" Ju

where, for any x € J,, we let H'(l,) denote the length of a geodesic arc I, in
Y with initial and final points #~(x) and u™(x). Extending the density result of
Bethuel [5], in Theorem 6.5 we will show that for every u € BV (B",)) we can
find a sequence of maps {u} C RIOO(B”, Y) suchthat uy — u as k — oo weakly
in the BV -sense and

lim |Duy|dx = Ery(u) .

k—o0 Jpn
If n = 1, the class R{°(B", ) agrees with C1(B",Y). If n > 2, it is given by
all the maps u € WH1(B",)) which are smooth except on a singular set which is
discrete, if n = 2, and is the finite union of smooth (n — 2)-dimensional subsets
of B" with smooth boundary, if n > 3. Therefore, if 71())) = 0, we obtain that
smooth maps in CY(B",Y) are dense in BV(B",))) in the strong sense above
mentioned.

However, in Section 7 we will show that E7y(u) does not agree with the

relaxed of the total variation

é;v(u)::inf{l}(m inf [ |Dug|dx|{ux} C CY(B"Y), ux — u weakly in the BV—sense}
— 00 B

if n > 2, and we have é;/(u) < 00, Theorem 7.3, and that
Ery(u) =inf{& (T) | T € 1.},

Theorem 7.4, where 7, is the class of Cartesian currents 7' in cart"!(B" x ))
with underlying BV -function u7 equal to u, this way obtaining the representation
formula

Ervw) :/ V()| dx+‘DCu‘ (B”)—i—inf!/ Lr()dH" ' (x)| T e T}
B" Je

(T)
We finally specify the above relaxation results to u € wh1(B", V) andlor Y = S,
recovering in particular previous results in [13, 8], and [19].
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1. Cartesian currents in dimension one

In this section we discuss some features of 1-dimensional Cartesian currents in
B! x Y and, in particular, we discuss a gap phenomenon and the relaxed area
functional.

First let us introduce a few notation about BV -functions and Cartesian currents
in the general context B" x ).

Vector valued BV -functions. Let u : B” — R" be a function in BV (B", RV),
ie, u= u',...u") withall components u/ € BV (B"). The Jump set of u is the
countably H"~!-rectifiable set J, in B” given by the union of the complements of
the Lebesgue sets of the ul’s. Let v = v, (x) be a unit vector in R” orthogonal to
J. at H" l-ae. point x € J,. Let u™(x) denote the one-sided approximate limits
of u on J, so that for H"'-a.e. point x € J,

mn;>"/i lu(x) — ut(x)|dx =0,
p—07F BE(x)

where B;t(x) = {y € By(x) : £(y — x,v(x)) > 0}. Note that a change of
sign of v induces a permutation of u* and u~ and that only for scalar functions
there is a canonical choice of the sign of v which ensures that u™(x) > u™(x).
The distributional derivative of u is the sum of a “gradient” measure, which is ab-
solutely continuous with respect to the Lebesgue measure, of a “jump” measure,
concentrated on a set that is o-finite with respect to the H"~'-measure, and of a
“Cantor-type” measure. More precisely,

Du = D% + D’u + Du,
where
D% = Vu -dx, D/u=@rx)—u (x)@vx)H" L J,,

Vu := (Viu, ..., Vyu) being the approximate gradient of u, compare e.g. [2] or
[14, Vol. I]. We also recall that {uj} is said to converge to u weakly in the BV -
sense, uy — u,if ux — wu strongly in L'(B", RY) and Duy — Du weakly in
the sense of (vector-valued) measures. We will finally denote

BV(B",)):={ue BV(B",RY) |u(x) €Y for L'-ae. x € B"}.

Cartesian currents. The class of Cartesian currents cart(B"” x R"), compare
[14, Vol. 1], is defined as the class of integer multiplicity rectifiable currents 7 in
R, (B" x RN) which have no inner boundary, 87 L B" x RY = 0, have finite
mass, M(T) < oo, and are such that

T <oco, m#(T)=[B"] and Taozo,
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where

IT 11 == sup{T (p(x, Y)|yldx) | ¢ € CJ(B" x RY) and [lg|| < 1)
and T% is the Radon measure in B" x RV given by
T%p(x, y) = T(¢(x,y)dx) Vg CUB" xRY).
Finally, here and in the sequel 7 : R"*N — R” and 7 : R"*Y — RV denote the
projections onto the first n and the last N coordinates, respectively.

It is shown in [14, Vol. I] that for every T € cart(B" x RY) there exists a
function u7 € BV (B", R") such that

T(¢(x,y)dx) = _/Bn ¢ (x, ur(x))dx (1.1)
for all ¢ € CO(B" x R") such that |¢(x, v <C{+]y|),and
(=)' T(p@)dx Adyl) = (Diuf. 9) 1= — / uf (x) - Digp(x) dx
Bn

for all ¢ € CL(B"), where

di =dx' A-eodd ™V AdX TV A A dX
In particular, we have ||T || = lurllpr g my)-
Definition 1.1. If n = 1 we set

cart(B' x ) := {T € cart(B' x RV) | sptT CEI X y} .

Notice that the class cart(B! x ))) contains the weak limits of sequences of graphs
of smooth maps uy : B! — ) with equibounded W' !-energies. Moreover, it is
closed under weak convergence in D;(B' x ))) with equibounded masses. Finally,
the BV -function u7 associated to currents 7 in cart(B' x ))) clearly belongs to
BV (B, ).

Restriction over one point. Let 7 € cart(B' x ))). Since T has finite mass,
n = T(xB.(x) A1), where x € B! and 0 < r < 1 — |x|, defines a current in
D1()). The 1-dimensional restriction of T over the point x

m (T {x} x V) € D1 ()
is the limit

AT LA} x M) 1= lim TG Ams 1€ D).
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Canonical decomposition. There is a canonical way to decompose a current 7" €
cart(B! x ))). We first observe that the 1-dimensional restriction of 7' over any
point x in the jump set J,, of ur is given by

(T L{x} x V) =Ty,

I’y being a 1-dimensional integral chain on ) such that o'y = § Wiy T 3,- ~(0)

where u;, T(x) and uy (x) here and in the sequel denote the right and left hmlts of
ur at x, respectively. Therefore, by applying Federer’s decomposition theorem
[9], we find an indecomposable 1-dimensional integral chain y, on )/, satisfying
Yy = 6u;(x) -4 and an integral 1-cycle Cy in ), satisfying dCy = 0, such
that

ur(x)?
Fy =y +Cx and  M(T'y) = M(yx) + M(Cy) . (1.2)

Currents associated to graphs of BV-functions. Next we associate to any 7 €
cart(B' x ))) acurrent Gy € D;(B' x )) carried by the graph of the function
ur € BV(BI, Y) corresponding to T, and acting in a linear way on forms @ in
DY(B' x V) as follows. We first split w = 0@ + ) according to the number
of vertical differentials, so that

N
0® =g, dx  and o =Y ¢/, ) dy/
=1

for some ¢,¢j € C(‘;O(B1 x V). We then decompose Gt into its absolutely
continuous, Cantor, and Jump parts

Gr=T'+T +T1’

and define 7€ (0 @) = T/ (0©®) = 0 and
Tw®) = / ¢ (x, ur(x)) dx
T4 (oM := Z/ &7 (x, ur (X)) Vil (x) dx
N . .
€M) = Z(Dcu§,¢f<-,ur(->))

7/ (") —Z/J (f ¢f<x,y)dyf)~v(x)dH°<x).

Here, y, is the indecomposable 1-dimensional integral chain defined by means of
the 1-dimensional restriction of 7 over the point x € J,,, see (1.2).
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Notice that the definition of G obviously depends on y, and hence, in con-
clusion, on the current 7 € cart(B! x ))). Moreover, we readily infer that the mass
of Gr 1is given by

M(G1) = M(T%) + M(T€) + M(T"),

M(T*) = / V14 IVur@)?dx,
B!

M(T€) = |DCur|(B'),

where

MT!) = | H'(p)dH ().

‘]U T

A density result. We recall from [14] that if u : B! — ) is smooth, or at least
e.g. u € WHI(B!, ), the current G, integration of 1-forms in D' (B! x ))) over
the rectifiable graph of u is defined in a weak sense by G, := (Id < u)#[l B'1,
i.e., by letting G, (w) = (Id >< u)*(w) for every w € D' (B' x ), where (Id <
u)(x) := (x, u(x)). Moreover, the mass of G, agrees with the area A(u) of the

graph of u
_ . 2
M(G,) = A(u) := /;gl 1+ |Du(x)|?dx.

By a straightforward adaptation of the proof of Theorem 1.8 below, we readily
obtain the following strong density result for the mass of Gr.

Proposition 1.2. For every T e cart(B' x ))) there exists a sequence of smooth
maps {ux} C CY(B',Y) such that uy — ur weakly in the BV -sense, Gy —Gr
weakly in D1(B' x Y) and M(Gy,) - M(Gr) as k — oo.

Vertical Homology. Let now ZL!1(B! x ))) denote the class of vertically closed
forms

ZI’I(BI x))={we DI(B1 x ) | dyw(l) =0},

where d = d, + d, denotes the splitting of the exterior differential d into a hori-

zontal and a vertical differential. We say that 7Ty — 7 weakly in Zj | (B! x ) if
Ti(w) — T (w) forevery w € ZL1H(BY x ).

Homological vertical part. By Proposition 1.2, since by Stokes’ theorem G, LB Ix
Y =0, whereas G,, — Gr, we obtain that

dGTLB' x Y =0.

Remark 1.3. In higher dimension n > 2 in general G7 has a non-zero boundary,
i.e.,, 3Gt L B" x ) # 0, see Remark 2.2.
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Setting then
ST =T — GT .

by (1.1) we infer that S7(¢(x,y)dx) = 0 and Sr(d¢) = O for every ¢ €
Cgo (B! x ). Therefore, by homological reasons, since

inf{M(C) | C € Z1())), C isnon trivialin )} > 0,

similarly to [14, Vol. II, Section 5.3.1] we infer that
I
Sr=Y 6,xC; on Z'(B'xY),
i=1

where {x; :i =1, ..., I} is a finite disjoint set of points in B!, possibly intersect-
ing the Jump set J,,, and C; is a non-trivial homological integral 1-cycle in ).
Notice that the integral 1-homology group H;()) is finitely generated.

Remark 1.4. Setting

1
Srsing =T —Gr — Y 8¢ x Ci,
i=1

it turns out that S7 sine is nonzero only possibly on forms @ with non-zero ver-
tical component, ol # 0, and such that dya)(l) # 0. Therefore, S7sing is a
homologically trivial integer multiplicity rectifiable current in R (B! x ).

Consequently, setting for T e cart(B! x )
1
TH = Z% x Ci, (1.3)
i=1

T decomposes into the absolutely continuous, Cantor, Jump, Homological, and
Singular parts,
T=T4+T+T" +T" + Sr ing -

Gap phenomenon. However, a gap phenomenon occurs in cart(B! x )). More
precisely, if we set

M(T) ::inf{l}cm inf M(Gy,) l{ux} € C'(B',)), G, — T weakly in Dy (B x y)},
—> 00

we see that there exist Cartesian currents 7 € cart(B' x ) for which
M(T) < M(T).

For example, as in [14, Vol. I, Section 4.2.5],if T = G,+89xC, where u = P € )
is a constant map and C € Z'())) isa l-cycle in ), it readily follows that for every
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smooth sequence {uy} C CY(B', ) such that Gy, — T weakly in Di(B! x )
we have that

l}(minfM(Guk) > M(T) +2d , d :=disty(P, sptC),
—00

where disty denotes the geodesic distance in ).

Remark 1.5. This gap phenomenon is due to the structure of the area integrand
u — /1 4+ |Dul?, and it is typical of integrands with linear growth of the gradient,
e.g., the total variation integrand u +— |Du/, since the images of smooth approx-
imating sequences may have to “connect” the point P to the cycle C, this way
paying a cost in term of the distance d. This does not happen e.g. for the Dirichlet
integrand u +—> %|Du |2 in dimension 2, compare [15]. In this case, in fact, the con-
nection from one point P to any 2-cycle C € Z,())) can be obtained by means of
“cylinders” of small 2-dimensional mapping area and, therefore, of small Dirichlet
integral, on account of Morrey’s e-conformality theorem.

Homological theory. In order to study the currents which arise as weak limits
of graphs of smooth maps u; : B' — ) with equibounded total variations,
supy, [[Dug|l;1 < oo, the previous facts lead us to consider vertical homology equiv-
alence classes of currents in cart(B' x ))). More precisely, we give the following

Definition 1.6. We denote by cart'"!(B' x )) the set of equivalence classes of
currents in cart(B' x ), where

T~T & T(w) =Tw) VYocZ'Y(B'x)).

If T ~ T then the underlying BV -functions coincide, i.e., ur = ugz. Therefore,

we have T¢ = T¢ and TC = fc’ whereas in general T’/ * T/, However, we
have that N N
T/ +T9=7"+7T% on Z'(B'xY).

Jump-concentration points. For future use, we let
Jo(T) :=J,, Ulx; ti=1,...,1} (1.4)

denote the set of points of jump and concentration, where the x;’s are given by
(1.3). We infer that J.(T') is an at most countable set which does not depend on
the representative T, i.e., J.(T) = J.(T) if T ~ T. By extending the notion
of 1-dimensional restriction 7x(7T L {x} x ))) to equivalence classes, we infer that
(T L{x} xY)=0if x ¢ J.(T). As to jump-concentration points, letting

Z'Y) = eD' V) | dyn=0},
if x € Jy;, with x # x;, we infer that

(T L{x}x)Y)=p. on Z'(),
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where y, is the indecomposable 1-dimensional integral chain defined by (1.2), and
if x = x;, see (1.4),

T(TL{x}xY) =y, +C;  on Z' V),

where C; € Z1()) is the non-trivial 1-cycle defined by (1.3), and y,, = 0 if
xi ¢ JuT-

Vertical minimal connection. For every Cartesian current 7 € cart"! (B! x )))
and every point x € J.(T) we will denote by

L7 (x):={y €Lip([0,11.Y) | y O)=up (x), y(1) = up(x),

Vel 0. 1) =4(TL{x) x V) () Ve 21y 1)

the family of all smooth curves y in ), with end points ujTE(x), such that their
image current yx[[ (0, 1) ]| agrees with the 1-dimensional restriction 7u(T L {x} x
Y) on closed 1-forms in Z'())). Moreover, we denote by

Lr(x) :=inf{L(y) | y € Tr(0)}, x € J(T), (1.6)

the minimal length of curves y connecting the “vertical part” of T over x to the
graph of u7. For future use, we remark that the infimum in (1.6) is attained, i.e.,

VxelJ(T), 3Fyelrkx) : Ly)=Lrkx). (1.7)

Relaxed area functional. We finally introduce the functional

A(T, B) :=/ V1 + IVur )P dx + |Dur|(B) +/ Ly (x)dH (x)
B Je

(T)NB
for every Borel set B C B!, and we let
A(T) := A(T, BY).
Notice that for every T € cart’ (B! x ))) we have
min{M(T) : T ~ T} < A(T). (1.8)
Main results. We first prove the following lower semicontinuity property.

Theorem 1.7. Let T € cart"' (B! x V). For every sequence of smooth maps
{ug) € CY(B',Y) such that Gy, — T weakly in Zfl,l(B1 x Y), we have

liminfM(G,,) > A(T).
k—o00

Then we prove the following density result.
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Theorem 1.8. Ler T < cart"! (B! x ))). There exists a sequence of smooth maps
{ug} € CY(B',Y) such that G,, — T weaklyin Z,1(B' x V) and M(G,,) —
A(T) as k — oo.

As a consequence, if we denote, in the same spirit as Lebesgue’s relaxed area,

A(T) =inf{lim inf AGue) [{ui} C c'(B',Y), G, —T weakly in Z; 1(B' x))},

by Theorems 1.7 and 1.8 we readily conclude that
AT) = AT) VT ecart™ (B x V).

Properties. From Theorems 1.7 and 1.8, (1.8) and the closure of the class cart(B! x
Y) we infer:

(i) the functional T +— A(T) is lower semicontinuous in cart"!(B! x )) with
respect to the weak convergence in Zj j (B! x V):

(i) the class cart!'!'(B! x V) is closed and compact under weak convergence in
Z11(B' x ) with equibounded .A-energies.

We finally notice that similar properties hold if one considers the total variation

integrand u +> |Du| instead of the area integrand u +> /1 + |Du|2. In particular,
setting

E11(T) :=/ |Vur<x)|dx+|DCuT|<Bl>+/ Lr(x)dH(x),
B! Jo(T)
forevery T € cart"1 (B! x ))) we have

E1.1(T) = inf{liminf/ |Duy|dx | {ux} ¢ C'(B', ),
k—o0 B]
G, — T weaklyin ZI,I(B1 X y)} .

Remark 1.9. For future use, we denote
Ve :={y e R | dist(y, ) < ¢}

the e-neighborhood of ) and we observe that, since ) is smooth, there exists
&0 > 0 such that for 0 < & < gg the nearest point projection Il, of ). onto ) is
a well defined Lipschitz map with Lipschitz constant L, — 17 as & — 0T. Note
that for 0 < & < gp the set ), is equivalent to ) in the sense of the algebraic
topology. In particular, we have

m(Ve) =m ().
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Proof of Theorem 1.7. Let {x;};~; C B' be the at most countable set of discon-
tinuity points in J,, \ {x; : i = 1,..., I}, see (1.4). By the properties of J we
have
Lrx) < C-lup(x) —uz ()l Vi>1,
where C = C())) > 0 is an absolute constant, see (1.6). Therefore, since
o
1D ur|(BY) = |uf (xi) — u7z (xi)] < o0,
i=1

for every ¢ > 0 we find /(¢) > I such that

o0
> Lr(x) <e. (1.9)
i=l(e)+1
After rearranging in an increasing way the set {x; : i </(¢)}, and setting xo = —1,
Xl(e)+1 = 1, we let

26 =26(e) ;= min{|x; —x;j1|: 1 =0,...,1(e)} > 0.

For i € {1,...,1(¢)}, due to the weak convergence u; — ur in the BV-sense,
possibly passing to a subsequence, we find the existence of sequences of points
ay €lx; —8/k, x;[ and by €]x;, x; + &/k[ such that

, - 1 , . 1
dlsty(uk(ak),uT(xi))<% and dlsty(uk(b;(),uT(x,-))<% (1.10)

for every k, where disty denotes the geodesic distance in ).
Let y; : [0, 1] — Y be the Lipschitz reparametrization with constant velocity
of the smooth curve u, AL From the weak convergence G,, — T we infer that

Visl O, D) = 7T L {x} x () ¥ne Z'D) (1.11)

as k — oo, where (T L {x} x )) is the previously defined restriction of 7T
over x. Moreover, by connecting the end points uy(a;) and ug(by) with uy (x;)

and uJTr(x,-), respectively, due to (1.10) we find a sequence of Lipschitz arcs )7,5 :
[0, 1] — Y, with end points 7{(0) = uy(x;) and /(1) = u}(x;), such that
(f/}i#[[ O, D7 - y,f#[[ 0, 1) ]])(n) — 0 forevery n € Z'()) as k — oo and

» )
LH =LuD+T VK.

By the construction we also infer that {5715}1( is a sequence of equibounded and
equicontinuous maps. Therefore, by Ascoli’s theorem, possibly passing to a subse-
quence, we find that )7,é converges uniformly to a Lipschitz arc 9" : [0, 1] — ),

with end points u7 (x;), satisfying by (1.11)

VELO, DI =7u(TL{x} x V() YneZ'(Y).
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We then obtain that ¥ € I'7(x;), according to the definition (1.5). Moreover,
by the lower semicontinuity of the length functional with respect to the uniform
convergence, we have ‘ .

L") < liminf L(;) .
k— 00

By (1.6) and by the above estimates we conclude that
Lr(x;) <lminfL(y}) VYi=1,...,1(). (1.12)
k— 00

Now, since by the weak BV -convergence of u;y — ur we have

/ ,/l—l-|VuT(x)|2dx+|DcuT|(B1)SI}Cmian(uk),
Bl — 00

by the previous argument, taking into account (1.9) and (1.12), we readily infer that

A(T) — & < liminf A(uy)
k—o00
and hence the assertion, by letting & \ 0. O

Proof of Theorem 1.8. Let {x;};~;, I[(¢) and § = J8(¢) be defined as in the
proof of Theorem 1.7, so that (1.9) holds true. Let yi € I'r(x;) be such that
Ly < Lr(x;)+¢e-27%, see (1.5) and (1.6). For fixed § € (0, 8(¢)), and for every
i=1,...,1(e), we first define uj : [x; — 8, x; + 8] — ) by reparametrising with
the same orientation the arc y;, i.e.,

22

Setting I; :=]x;+68, x;1—=8[if i =1,...,l(e)—1,and I :=]-1,x1=8[, Ij¢s) :=
1x1(¢) + 8, 1[, we then extend uj to the whole of B! by letting us(x) == ur(¥;(x))
if x € [; forsome i = 0,...,[(¢g), where W; is the bijective and increasing
affine map between the intervals /; and ]x;, x;4+1[. We then apply a mollification
procedure to the function u§, defining this way a smooth map vy : B! — RY such
that

e i 1 1
ug(x) =7y (— + —( —xi)> .

s — usllpigry <8 and /B' |Dvs|dx < |Du§|(Bl)—|—8.
Since ur is continuous outside the Jump set J,, and (1.9) holds true, for every
o >0 we find n = n(o, 5, ¢) > 0 such that, in the a.e. sense,
Vx,yeB', x—yl<n = [uix)—ui()|<o+e.
As a consequence, we may and do define v§ in such a way that in particular
dist(vi(x),)) <e  VxeBl.

Setting now wj := Ilg o v§ : B! - ), compare Remark 1.9, taking first § small
with respect to ¢, and letting then ¢ — 0, by a diagonal procedure we find a smooth
approximating sequence. O
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2. Cartesian currents, BV-energy and weak limits

In this section we deal with the weak limits of graphs of smooth maps uy : B" — Y
with equibounded W !-!-energies. We first state a few preliminary results.

Homological facts. Since H()’) has no torsion, there are generators [y1], .. ., [¥5],
i.e. integral 1-cycles in Z;())), such that

H () = {Zns [ys] I ng € Z} :
s=1

see e.g. [14], Vol. I, Section 5.4.1. By de Rham’s theorem the first real homology
group is in duality with the first cohomology group H L} (D), the duality being
given by the natural pairing

(r] [@]) == y(w) = / w, [yle HHQ;R), [l € Hip(Y).

14

We will then denote by [w'], ..., [«°] a dual basis in H L} g (D) sothat ys(0") =
8sr, Wwhere §;, denotes the Kronecker symbols.

Dy, 1-currents. For p =_1, ..., n, every differential p-form o € DP(B" x ))

j_;oa)(j), where p := min(p, M), M = dim(})), and

the w/)’s are the p-forms that contain exactly j differentials in the vertical )
variables. We denote by DP-!'(B" x ) the subspace of DP(B" x )) of p-
forms of the type = »©® + ), and by Dy (B" x )) the dual space of
DP-1(B" x ). Every (p, 1)-current T € Dy (B"x)Y) splitsas T = Ty + T(1),
where T()(w) = T (w'%). For example, if u € wbhi(B", ), then G, is an
(n, 1)-current in D, 1(B" x ) defined in an approximate sense by

G, :={d>=uws[B"1, (2.1)

splits as a sum w = Z

where (Id ><u)(x) := (x, u(x)), compare [14], see also [4].
Weak Dy, 1-convergence. If {7;} C D, 1(B" x )), we say that {T;} converges
weakly in Dy, 1(B"x)), Ty — T,if Ti(w) — T(w) forevery w € DY (B"x ).

Trivially, the class D, 1(B" x )) is closed under weak convergence.

&1.1-norm. For w € DY (B"xY) and T € Dp1(B" x Y) we set

0)
lolle, , = max { sup 12— (x’y)',/ sup [0 (x, )| dx | |
' X,y 1+ |yl Bn y

ITle,, = Sup{T(w) |0 e DB x )), llolg, < 1} :
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It is not difficult to show that ||T'||¢, , isanormon {T € D, 1(B" xY) : [Tllg, , <
oo}. Moreover, | - |lg, is weakly lower semicontinuous in D, 1, so that {T €
Dp1(B" x V) ¢ |ITllg, < oo} is closed under weak D, 1-convergence with
equibounded &) j-norms. Finally, if sup | Tklle,, < oo there is a subsequence
that weakly converges to some T € D, 1(B" x V) with ||T|¢, , < oo.

Boundaries. The exterior differential d splits into a horizontal and a vertical dif-
ferential d = dy + dy. Of course 9,7 (w) := T (dyw) defines a boundary operator

dx : Dy 1(B" xY) — Dy_11(B" x V). Now, forany w € Dr-LI(B" x ), dyw
belongs to D™!(B" x ) if and only if dya)(l) = 0. Then 9,7 makes sense only
as an element of the dual space of Zn=LI(Bn x ), where

ZPN(B" x V) i={w € DP'(B" x V) | dyo'V = 0}

Graphs of BV-maps. We introduce a class of D, j-currents associated to the

graphs of BV-functions. To this aim, we observe that any form o = oV €
D"1(B" x ) can be written as

n N . — .
o = Z Z(—l)"‘i(]bi] (x, y)dxt A dy’ (2.2)
i=1 j=1

for some ¢ij € Cy°(B" x )), and we will set ¢ = (¢j, R ¢,{).
Definition 2.1. We say that a current G € D, 1(B" x)) isin BV -graph(B" x)))
if it decomposes into its absolutely continuous, Cantor, and Jump parts

G:=G"+G“+G’,
where G(CO) = G(JO) = 0, and its action on forms in D™'(B" x Y) is given for any
¢ € C(B" x )) by
G(@(x,y)dx) = G'(¢(x,y)dx) 2=/ ¢ (x,u(x))dx
BH

for some function u = u(G) € BV(B",Y) and, on forms o = oV satisfying
(2.2), by

N
G 1= Y [ (Tl ¢l u) da
j=1"B8"

N
GC (W) = Z/B ¢’ (x, u(x))dDu’
j=1"8"

N n . .
Gl (W) = Z Z/; ( ¢! (x,y) dyj) vi dH" (%),
u Yx

j=1i=1

where yy is a 1-dimensional integral chain in Y satisfying 0yx = 8,+(x) — Su—(x)
and v = (v, ...,v,) is the unit normal to J, at x, for H"* '-a.e. x € J,.
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Remark 2.2. If n > 2 in general the current G has a non-zero boundary in B" x
V,evenif u e WHI(B", V), i.e., if G = G%. Take for example n =2, ) = st c
R2, and u(x) = x/|x|,sothat G = G, := (Id 0< u)4[ B2 and hence

dGL B2 x S' = -8, x[S'],

where &g is the unit Dirac mass at the origin. However, as we shall see in Re-
mark 6.10 below, the boundary 9G is null on every (n — 1)-form @ in B" x )
which has no “vertical” differentials.

Weak limits of smooth graphs. Let {u;} C C'(B",)) be a sequence of smooth
maps with equibounded W!-!-energies, supg Il Dull;1 < oo. The currents G,
carried by the graphs of the uy’s are well defined currents in D, 1(B" x ) with
equibounded &) -norms. Therefore, possibly passing to a subsequence, we infer
that G,, — T weakly in D, 1(B" x V) to some current T € D, 1(B" x )), and
ur — ur weakly in the BV -sense to some function u7 € BV (B", ))). Therefore,
we clearly have that

T(p(x,y)dx) = / @(x,ur(x))dx Vo e CC(B" x)). (2.3)
BH

Moreover, by lower semicontinuity we have ||T]lg,, < oo whereas, since the
G, ’s have no boundary in B" x ), by the weak convergence we also infer

T =0 on Z" LL(B"x)). (2.4)

Currents associated to graphs of BV-functions. Arguing as in Section 1, we
associate to the weak limit current 7 a current Gy € BV -graph(B" x ))), see
Definition 2.1, where the function u = u(Gr) € BV(B",)) is given by ur
and the y,’s in the definition of the jump part G% are the indecomposable 1-
dimensional integral chains defined as in the previous section, but for H .
x € Jyy,since ||T]g, , < oo, compare (1.2) and Definition 2.8 below. In general
dGr L B" x Y # 0. However, setting

St =T —-Gr,

we clearly have S7(¢(x,y)dx) = 0 forevery ¢ € C°(B" x )). Moreover, we
also have:

Proposition 2.3. S7(w) = 0 for every form o = oV such that » = dyw for
some @ € D" LO(B" x V).

Proof. Write @ := w, A n for some n € C°()) and ¢ = (', ..., oM €
C5o(B", R"), where

w0y =Y (—1) ¢! () da (2.5)
i=1
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Since
d(wy A1) = dive(x)n(y)dx + (=1)" o, Adyy

and T(d(w, A 1)) = 0T (w, A ) =0, we have
(=D)"T (divp(x)n(y) dx) = T(wy A dyn),
so that
St(wy A dyn) = (=D"T (dive(x)n(y) dx) — Gr(wy A dyn) .

Moreover, since T(g) = Gr(0), by (2.3) we have
T (dive(x)n(y)dx) = / divo(x)n(ur(x))dx = —(D(nour), ¢)
BYI

whereas, taking d)j = ¢ Dy;n in (2.2), by the definition of Gr, since dy, =
éu;r(x) 1) up () We infer

(=1 1Gr (wp A dy) = Zf o () (V) )

+Z f ) a—(uT(x))go(x)ch

J

+/ (@ () = nuz (@) (@), vx) dH* .

Y T
Finally, by the chain rule for the derivative D(n o ur) we obtain
(=D""'Gr(wy Adyn) = (D(our), ¢)
and hence that St (wy, A dyn) =0. L]

In conclusion, similarly to [14, Vol. II, Section 5.4.3], we infer that the weak
limit current 7' is given by

s
T=Gr+Sr, Sr=) L(T)xy on Z"'(B"x)), (26)

where [Ls(T) € D,,—1(B") is defined by
Ls(T) = (=D)" '7* sy L7%0%) , s=1,...,5, 2.7

so that
Ls(T)(¢) = Sr(n*p AT’y V¢ e D" 1(B").
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Notice that by (2.4) we have
ALy (T)LB" = (—=1)" '2g((0Gr)L7**)  Vs=1,...,

“|

Finally, setting ~
N
ST,sing =T —-Gr — ZLY(T) X Vs (2.8)
s=1
see Remark 1.4, it turns out that St sing is nonzero only possibly on forms @ with
non-zero vertical component, o) # 0, and such that dya)(l) # 0.

Parametric polyconvex lower semicontinuous extension of the total variation.
Following [14], Vol. II, Section 1.2, we recall that the parametric polyconvex lower
semicontinuous extension || - ||ry of the total variation integrand of mappings from
B" to RV has the form

Iy = &1y VE € A,R™™  such that £ >0, 2.9)

where 560 denotes the coefficient of the first component of any n-vector £ €

A,R"N and |&c1y| is the euclidean norm of the component &1y of £ in A,—1R"®

A RN . We have

Proposition 2.4. The parametric polyconvex lower semicontinuous extension
=+ T

F(x,u,&) : B x RN x A,R*™N — R of the total variation integrand of map-

pings from B" into any smooth manifold )) C RV is given by

Iy if uel, § € ApR" x T,,))

400 otherwise , (2.10)

F(x,u,&) = {

where ||E||Ty is given by (2.9) and T,) is the tangent space to Y at u.

Parametric total variation. If 7 € D, 1(B" x ) is such that ||T||g, , < oo, we
denote by

—
T'=|Tle,-T

the Radon-Nikodym decomposition of 7" with respect to the £; j-norm, 7 being
identified with the R!*""_valued linear functional

T:=(T%° (T")gw), i=1,...n, j=1,...N,
where
TO@) = T(¢dx),  TU(p):=T@dx Ady)), e CFB" xD).

Definition 2.5. The parametric variational integral associated to the total variation
integral is defined for every Borel set B C B" by

Fia(T, B xY) 2=/B yF(ﬂ(Z),ﬁ(Z), 7(1))dIIT||51,1(Z)

where F(x,u, &) is given by (2.10), and we let F11(T) := F1.1(T, B" x ).
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Gap phenomenon. If T € D, 1(B" x )) is the weak limit of a sequence {G,, }
of graphs of smooth maps {u;} C C!'(B",)) with equibounded W' !-energies,
since Fi1,1(Gy,) = ||Dukllz1, by the lower semicontinuity of JFj 1 with respect
to the weak convergence in D, ; we infer that F; (T) < oco. Moreover, if T
decomposes as in (2.6) on the whole of DHY(B" x ), ie., the singular part S7 sing
defined in (2.8) vanishes, and if the L(7")’s are integer multiplicity rectifiable
currents, an explicit formula can be obtained. However, similarly to the case of
dimension n = 1, a gap phenomenon occurs. More precisely, in general for every
smooth sequence {uy} C CY(B",)) such that Gy, — T weaklyin D, 1(B" x))
we have that

liminf 71 1(Gy,) > F1.1(T) + C

k— 00

for some absolute constant C > 0, see Remark 1.5.

Vertical homology classes. As in Definition 1.6, we are therefore led to consider
vertical homology equivalence classes of currents satisfying the same structure
properties as weak limits of graphs of smooth maps u; : B" — ) with equi-
bounded total variation, supy || Duill;1 < oo. More precisely, we say that

T~T & T =Tw) YwecZ"'(B"x)). (2.11)
Moreover, we will say that Ty — T weakly in Z, 1(B" x )) if Ti(w) - T(w)

forevery w € ZnL(B" x ).

Definition 2.6. We denote by £1,1 -graph(B" x ))) the set of equivalence classes,
in the sense of (2.11), of currents T in D, 1(B" x Y) which have no interior
boundary,

AaT=0 on Z" LU(B"xY),

finite &, 1-norm, i.e.
1T, == SHP{T(w) lwe Z"Y(B"x ), llwlg, < 1} <00,

and decompose as
5
T=Gr+5Sr, Sr=Y L(T)xy on Z"'(B"x),
s=1

where Gt € BYV -graph(B" x ))), see Definition 2.1, and 1.s(T) is an integer
multiplicity rectifiable current in R,_1(B") for every s.

Remark 2.7. If T ~ T, in general G # G7. However, the corresponding BV -
functions coincide, i.e., u(Gt) = u(G#7), see Definition 2.1. This yields that we
may refer to the underlying functions uy € BV (B",))) associated to currents T
in & 1 -graph(B" x ).
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Jump-concentration set. Moreover, if £(T) denotes the (n — 1)-rectifiable set
given by the union of the sets of positive multiplicity of the T.5(7)’s, we infer that
the union

J(T) := Jy, ULT) (2.12)

does not depend on the choice of the representative in 7. As in dimension one,
the countably "~ !-rectifiable set J.(T') is said to be the set of points of jump-
concentration of T.

Restriction over points of jump-concentration. Let 7 € & | -graph(B" x )
and let vy : J.(T) — S"! denote an extension to J.(7) of the unit normal
Vy, to the Jump set J,,. Forany k = 1,...,n — 1, let P be an oriented k-
. . . —k . .
dimensional subspace in R"” and P, := P + Zln: . Aiv; the family of oriented
k-planes parallel to P, where A := (Aq,...,Ay—k) € Rk, span(vy, ..., Vy—k)
being the orthogonal space to P. Since T has finite £ j-norm, similarly to the case
of normal currents, for £" *-a.e. A such that P, N B" # (), the slice T L~ (P
of T over =~ 1(P,) is a well defined k-dimensional current in &1.1 -graph((B" N
P;) x )) with finite £ j-norm. Moreover, for any such A we have

J(TLrn Y(P))=J(T)NP,  inthe H* '-ae. sense,

whereas the BV -function associated to 7Lz~ (P) is equal to the restriction
ur|p, of ur to Py. Therefore, in the particular case k = 1, as in Section 1 the
1-dimensional restriction

(T La ' (P))L{x} x V) € Di(Y) (2.13)

of the 1-dimensional current 7L ~!(P;) over any point x € J.(T) N P, such
that vr(x) does not belong to P is well defined. In this case, from the slicing
properties of BV -functions, if x € (J.(T)\ Ju;) N P, we have ur|p, (x) = ur(x).
Moreover, if x € J,, N Py, the one-sided approximate limits of u7 are equal to
the one-sided limits of the restriction uz|p,, i.e.

g p, () =ug(x) and upp (x) =uz(x),

provided that (v, v, (x)) > 0, where v is an orienting unit vector to P, com-
pare Theorem 3.2. We finally infer that for H"!-a.e. point x € J.(T) the 1-
dimensional restriction (2.13), up to the orientation, does not depend on the choice
of the oriented 1-space P and on A € R"~! provided that x € P, and v7(x)
does not belong to P. As a consequence we may and do give the following:

Definition 2.8. For H" '-a.e. point x € J.(T), the 1-dimensional restriction
7a(T L {x} x ) is well-defined by (2.13) for any oriented 1-space P and A\ €
R"=! such that x € Py and (v, vr(x)) > 0, where v is the orienting unit vector
to P.
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BV-energy. The gap phenomenon and the properties previously described lead us
to define the BV -energy of a current 7 € & 1 -graph(B”" x )) as follows.
Definition 2.9. For H" '-a.e. point x € J.(T) we define T'r(x) and Lz (x) by
(1.5) and (1.6), respectively, where this time 7u(T L {x} x ))) is the 1-dimensional
restriction given by Definition 2.8.

Definition 2.10. The BV -energy of a current T € &1 1 -graph(B" x ) is defined
for every Borel set B C B" by

Ea(T, B x)):= / [Vur(x)|dx + ‘Dcur‘ (B) +/ Lr(x)dH" ' (x).
B Je(T)NB
We also let
E(T) =& (T, B" x Y).
Of course, if T = G, is the current integration of n-forms in D™ !(B" x )))
over the graph of a smooth W1 !-function u : B* — ), then

E11w) = E11(Gy) = || Dul| 1.
Definition 2.11. We denote by cart1(B" x ))) the class of currents T in & 1-
graph(B" x )) such that £ 1(T) < oo.

Lower semicontinuity. Using the lower semicontinuity result in dimension n = 1,
see Theorem 1.7, and applying arguments as for instance in [7], in Section 3 we
will prove in any dimension:

Theorem 2.12. Let n > 2 and T € cart" ! (B" x))). Forevery sequence of smooth
maps {ur} C CY(B",Y) such that Gy, — T weakly in Z,1(B" x )), we have

liminf & 1 (ug) > & 1(T).
k—o00

A strong density result. In all the results stated below, we shall always assume that
the first homotopy group w1()) is commutative. We shall prove in any dimension
n>?2

Theorem 2.13. Let T € cart"! (B" x ))). There exists a sequence of smooth maps
{ur) € CY(B",Y) suchthat G,, — T weaklyin Z,1(B" xY) and & 1(ux) —
E1.1(T) as k — oo.

More precisely, in Section 4 we will prove:

Theorem 2.14. Let T € cart"'(B" x )). We can find a sequence of currents
{Ti} € cart"1(B" x V) such that

Ty —~ T weaklyin Z,1(B" x ), E1.1(Tx) — E1.1(T)

and for all k the corresponding function uy := ug, in BV(B",Y) has no Cantor

part, i.e, |DCuy| = 0 for every k. Moreover, uy weakly converges to ur in the
BV -sense and

lim |Duk|(B") = |Dur|(B").

k—o00
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In Section 5 we will then prove

Theorem 2.15. Let T € cart"'(B" x )) be such that the corresponding BV -
function ur € BV (B",Y) has no Cantor part, i.e, |DCuT| = 0. There exists
a sequence of smooth maps {uy} C CY(B",Y) such that Gy, — T weakly in
Z,1(B" x )) and the energy &y,1(ux) — E1.1(T) as k — oo.

By a diagonal argument we then clearly obtain Theorem 2.13.

Relaxed total variation functional. As a consequence, setting
EL1(T) = inf{ liminff |Dug|dx : {ux} c CY(B", ),
k—o0 Jpn

Gy, — T weaklyin Z, | (B" x y)} ,

by Theorems 2.12 and 2.13 we conclude that
&11(T) = <‘f1\,/1(T) VT ecart"'(B" x )).

Properties. By Theorems 2.12 and 2.13 we readily infer the following lower semi-
continuity result.

Proposition 2.16. Ler {T}} C cart"!(B" x ) converge weakly in Zy1(B" x )),
Ty — T, to some T € cart"!(B" x ))). Then

51,1 (T) < liminfglyl(Tk) .
k— 00

As a consequence of Theorem 2.13, in the final part of this section we prove that
the class of Cartesian currents cart'-!(B" x ))) is closed under weak convergence
with equibounded energies.

Theorem 2.17. Ler {T;} C carth!(B" x ))) converge weakly in Zy1(B" x )),
Ty — T, to some T € D, (B" x)), and sup; & 1(T) < oo. Then T €
cart:1(B" x ).

By the relative compactness of & j-bounded sets in D), | (B" x ))), we then
readily infer the following compactness property.

Proposition 2.18. Let {T;} C cart’ ! (B" x ))) be such that sup, E1.1(Ty) < oc.
Then, possibly passing to a subsequence, Ty — T weakly in Z,1(B" x Y) to
some T € cart"!(B" x ).

Proof of Theorem 2.17. By Theorem 2.13, and by a diagonal procedure, we may
and will assume that 7y = G, for some smooth sequence {uy} C C (B, )). As
a consequence, by the first part of this section we infer that 7 satisfies (2.4) and
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(2.6). It then remains to show that the [L;(7")’s in (2.6) are integer multiplicity rec-
tifiable current in R,,—1(B"). In this case, in fact, since ||T|lg,, < oo, we obtain
that T € & 1-graph(B" x ), see Definition 2.6, and hence, By lower semicon-
tinuity, Theorem 2.12, and the condition supy 51,1(Guk) < 00, we conclude that
&1.1(T) < oo, whichyields T € cart’ ! (B" x ), according to Definition 2.11. To
prove that the [L;(7)’s are integer multiplicity rectifiable currents we make use of
the following slicing argument.

As before, let P be an oriented 1-space in R" and {P)}, cps—1 the family of
oriented straight lines parallel to P. For H" '-a.e. A the slice T L~ (P)) of
T over w~'(P,) is well defined on ZV1((B" N P;) x V) and G, L~ (P)
belongs to cart' 1 ((B"N P,) x )) for every k. Moreover, since G,, — T weakly
in Z, 1, for H"1-ae. A, passing to a subsequence we have Gy, Lz N (P —
T L~ 1(Py) weakly in Z; 1((B"N Py) x )), with sup; M(G,,, L 7~ 1(P;)) < oo,
so that by the closure-compactness of cart"'! on 1-dimensional domains, we infer
that TL w1 (Py) € carth ' (B* N Py) x ).

Therefore, the O-dimensional slices [ (T)L 7~ (P;) are rectifiable in R (B"N
Py),as T Lz~ (P,) belongs to cart"!'((B"N Py) xY) and Ly(T)L 7~ (Py) =
Ls(T L' (Py)). Since the Ls(T)’s are flat chains, see Lemma 2.19 below, ar-
guing as in [12], by White’s rectifiability criterion [23], see also [3], we infer that
Ls(T) is an integer multiplicity rectifiable current in R,,_;(B") for every s, as
required. O

Lemma 2.19. The 1.5(T)’s are flat chains in B".

Proof. By Theorem 2.13, we may and will assume that T is the weak limit of
G, for some smooth sequence {uy} C C'(B",Y) such that supy llukllyi1 < oo.
The proof follows the same lines as the proof of [17, Theorem 2.15]. Since uj €
BV (B",Y) is smooth, for all k and s we infer that [;(G,,) = (G, L 7w
is a flat chain with equibounded flat norms. Recall that the flat norm F(]LS(GM k))
of Ls(Gy,) is given by

F(Ls(Gu)) := sup{Ls(Gu ) (@) | ¢ € D" '(B"), F(¢) < 1},

where
F(¢) := maX{ sup [[¢ ()|, sup I|d¢(X)II}-
xeB" xeB”
Next, since uy — ur weakly in the BV-sense, we deduce that {LL;(G, ) (@)}«
is a Cauchy sequence for every ¢ such that F(¢) < 1. If F"~1(B") denotes a
countable dense subset of smooth forms ¢ in D"~!(B") satisfying F(¢) < 1, by
a diagonal argument we infer that

sup { (Ls (Gup) = Ly (Gu) @) | & € 7~ (8™

is small for k, h large. This yields that {[L;(G,,)}x is a Cauchy sequence with
respect to the flat norm, i.e., that

F(Ls(Guk)_Ls (Guh)) ::Sup{ (Ls (Guk) — Ls (Guh))((b) |¢ EDn_l (Bn) , F(¢) < 1}
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is small for k, h large and therefore, due to weak convergence of G,, to T, that
R, = mp(T _7*w*) is a flat chain. Similarly, by using a trivial extension of
Theorem 6.7 below, we infer that Dy := 74(G7 L T"®) is a flat chain and hence,
since (—1)"" ' (T) = Ry — D, compare (2.6) and (2.7), we conclude that Ts(7")
is a flat chain, too. O

3. Lower semicontinuity

In this section we prove Theorem 2.12, by recovering it from the one dimensional
case. To this aim, we recall the following properties from BV -functions theory,
compare [2, Section 3.11].

One-dimensional restrictions of BV-functions. Let Q@ C R” be an open set.
Given v € §"! we denote by 7, the hyperplane in R”" orthogonal to v and by
2, the orthogonal projection of 2 on m,. Forany y € Q, we let

Qyi={reR|y+rt e}

denote the (non-empty) section of 2 corresponding to y. Accordingly, for any
function u : B ¢ @ — R" and any y € B, the function uy : B) — RV is
defined by ) )

u;(t) =u(y+1tv).
Proposition 3.1. Let u € L'(Q,RN). Then u € BV(Q,RY) if and only if there

exist n linearly independent unit vectors v; such that u;i € BV(Q;i, RYN) for
L' ae yeQ, and

/ DUl ()AL (y) <c0  Vi=1,....n.

Theorem 3.2. If u € BV(Q,RY) and v € §"~, then

(Du,v) =L"'LQ,®Duy, (D, v)=L""1UQ, ® D),

(D'u,v) =L Q, @ DTu}, (Du,v) =L Q, ® Du).

In addition, for L" '-a.e. y € Q, the precise representative u* has classical
directional derivatives along v L'-a.e. in QY, the function (u*); is a good repre-
sentative in the equivalence class of u‘; its Jump set is (J,,); and

ou*

av
Finally, o (t) :== (v, v,(y +1tv)) # 0 for L' '-ae. y € Q, and L'-a.e. t € Qy,
and
liinu*(y +sv) =ut(y +tv), li{n u*(y+sv)=u"(y+tv) if o@)>0
syt st

(y +1v) = (Vu(y +1tv), v) for L'-a.e t € Q‘;

liinu*(y +sv) =u"(y +tv), li?lu*(y +sv)=ut(y+1tv) if o) <O.
syt st
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One-dimensional restrictions of Cartesian currents. If 7 € cart!:!(B”, ), tak-
ing Q = B", forany v € §"~! the 1-dimensional slice

Ty” =TL (B"); x Y

defines a Cartesian current Ty" IS cartl’l((B"); x Y) for L' lae. y € (B"),.
Also, by Theorem 3.2 and by Definition 2.10, we infer that the BV -energy of 7\’

is given for £"'-a.e. y € (B"), by

EL1(T) AL x V) = /A [(Vur (y + 1v), v)| dt + | DE (ur)’|(AY)
’ 3.1)
+ > Lry+t)

te(Je(THNA)Y

for any open set A C B".

Proof of Theorem 2.12. We follow [2, Theorem 5.4], [7]. Since {ux} ¢ C'(B",))
is such that G,, — T weakly in Z, 1(B" x ), for L ae. y e (B"), we
infer that

(Guk); — Ty" weakly in 2171((3”); x ),

where
(Gu)y =Gy, @OV = (y+1) € C (BN}, )).
Therefore, arguing as in the proof of Theorem 1.7, we readily infer that

Eni(Ty, Ay x ) < liminf & 1 ((ug)y, Ay) (3.2)
k—00

for any open set A C B", where

)y, AY) = E1,1(Guyy, Ay x V) = / (Vug(y +tv), v)|dt .

Ay

We now denote by vy an extension to the countably H*-rectifiable set J,.(T)
of the outward unit normal to the Jump set J,,. By the coarea formula, for any
v € §"! and any open set A C B", we have

/ (V7 (@) V)| f) dH" () 2/ S fe+myde T )
J(T)NA

v te(Je(T)NA)Y

for any Borel function f : J.(T) N A — [0, +o00]. Moreover, Theorem 3.2 gives

/|<Vur,v>|dx =/ (/ |V(MT);(I)|dl> £y
A 7 \Jay

(pCurv)f e = | D€ | (A
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Therefore, setting for every open set A C B” and v € §"~!
E(T, Ax Y, v) ;:/ [(Vur, v)|dx + (D ur, v)|(A)
A

+ / |(vr (), V)| L (x) dH" ™ (x),
Je(THNA
by (3.1) we obtain the identity

g]J(T, A X y, 1)) = / 81’1(Tv, A; X y) dﬁ”_l(y) . (33)

Ty

Similarly, for every k we obtain
Eni(ug, A, v) I=/ (Vug, v)|dx =/ ELi(@), ADdL ™ (y). (34
A Ty

‘We also notice that
E(T, Ax Y, v) <& (T, Ax)) and En(up, A, v) < Ep1(uk, A).

Since

lim / (/ |(uk);—(uT)‘;|dt>d£”_l(y)= lim / lug —ur|dx =0,
k—oco Jy, AY k=00 J A

we can find a sequence {k(/)} such that

liminf & 1 (uk, A, v) = lim & 1(urm), A, v)
k—o00 h—00

and (Guk(h)); converges to T}‘,’ weakly in Zl,l(A; x )) as h — oo for L£"1-
a.e. y € m,. The lower semicontinuity property in dimension one, see (3.2), implies
then

liminf &1 ((wrn))y, AY) = E11(T), A} x V)

h—00 ’

for £"~'-a.e. y € m,. Integrating both sides on 7,, using Fatou’s lemma and
(3.3), (3.4), we get

liminf &y 1 (ug, A, v) = lim &y 1(ukpy, A,v) = E1(T,Ax Y, v).
k—o00 h—00

Let A := L'+ Lp()H" 'L J.(T)+|DCur| andlet {v;} C S*~! be a countable
dense sequence. Choosing an £"-negligible set £ C B"\ J.(T) on which |D ur|
is concentrated, we can define

{(Vur(x), vi)l if xe B"\(EUJA(T))

{vr (x), vi)| L7 (x) if x € J(T)

(DCur, v;)|
|IDCur|

pi(x) ==
x) if xekE
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and obtain from (3.3) that
liminf &y 1 (ug, A) > Liminf & 1 (ug, A, vi) = E (T, A x Y, vi) = / @i di
k—o00 k—o00 A

for any i € N and any open set A C B”". By the superadditivity of the liminf
operator, we obtain that

liminf £ , B") > d
imin 1,1 (g )_Z/Ai%

for any finite family of pairwise disjoint open sets A; C B". We now recall that by

[2, Lemma 2.35]
sup ¢; dh = sup{ / O d)\} ,
v/B” ieN Z A;

iel
where the supremum is taken over all finite sets / C N and all families {A;};<; of
pairwise disjoint open sets with compact closure in B”. We then conclude that

liminf & (ug, B") Z/ sup ¢; di
k— 00

B" ieN

:/ |Vur(x)|dx + |DCuT|(B”) + L7 (x) dHn—l(x)
4 Je(T)

= &1,1(T, B" x Y). 0

4. The density theorem: part I

In this section we prove Theorem 2.14. To this aim we first recall that every T €
cartl’l(B” x ) decomposes as

s
T=Gr+Sr, Sr=Y L(T)xy on Z"'(B"x)),
s=1

see Definition 2.11. Let u = uy € BV (B",)) be the BV -function associated to
T, according to Remark 2.7. For every Borel set B C B" we have

E1L1(T, B x ) zf |Vu(x)| dx + |Du|(B) +f Lr(x)dH"™(x)
B J(T)NB
where J.(T), I'r(x), and Lr(x) are given by (2.12), (1.5), and (1.6), respectively,

compare Definition 2.10.

Slicing properties. Similarly to the case of normal currents, for every point xo €
B" and for a.e. radius r € (0, rg), where 2rq := dist(xg, d B"), the slice

(Ta dx07 r) = (GTa dxo’ r) + (ST7dX()7 r) ’
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where d,, (x, y) :=|x — x|, is a well-defined Cartesian current in cart"1 (3 B, (xq) x
V). More precisely, let u( ) := u|3B,(x,) be the restriction of u to d B, (xp), which
is a function in BV (dB,(x¢), V) with jump set satisfying J, = J, N 3B, (xg)
in the H"~!-a.e. sense. The slice (G, dyy, 7) is an (n — 1)-dimensional current in
BV -graph(3d B, (xo) x ) such that its action on forms in D"~ 11(9B,(x9) x )),
according to a straightforward extension of Definition 2.1, depends on the restric-
tion u(,, and on the 1-dimensional integral chains y, in ) associated to the

current Gy € BV -graph(B" x )), so that in particular 9y, = 8u(+ e _8”f )
) X0

(r,.xq)

n—1
for H" '-a.e. x € Ju(r,xo)' Also,

N

(ST, dyor) =) (Ls(T), 85,7y x 75 on Z" V@B, (x0) x V),

s=1
where 8,,(x) := |x — xol. Finally, letting
‘]C(<T’ dX()’ r)) = Ju(r,xo) U £(<T7 d)CO’ r)) 9

where L((T, dy,,r)) denotes the (n — 2)-rectifiable set given by the union of the
sets of positive multiplicity of the (ILy(7), dx,,7)’s, we have, in the H - lae.
sense,

Je((T, dxy, r)) = Jo(T) N 3B (x0),

where J.(T) is given by (2.12). In this case we say that r is a good radius for T at
Xxo. Moreover, by the argument preceding Definition 2.8, we also infer that for any
good radius

Lir.ayn() =Lrx)  for H" -ae. x € J((T,dy,r)).

As a consequence, according to Definition 2.10, we infer that the BV -energy of
(T, dy,, r) is given by

E(T, dyy, 1), 0By (x0) x V) = / Vet (rxp | dH" ™" + DS u| (3B, (x0))
9By (x0)

+ / Lr(x)dH"%(x),
Je(T)NO By (xo)

4.1)
where D, and V; denote the distributional derivative and the approximate gradient
with respect to an orthonormal frame t tangential to d B, (xq), respectively.

Proof of Theorem 2.14. We make use of an inductive argument on the dimension
n. More precisely, we will assume that Theorem 2.13 holds true in dimension n — 1,
and we use Theorem 1.7 in the case n =2. Therefore, taking into account the slicing
properties previously outlined, we may and will assume that for every xo € B" and
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for a.e. radius r € (0, r(xp)), where r(xp) > O is suitably chosen, by the inductive
hypothesis we find a sequence of smooth functions {v;} C C Y(9B,(x0),)) such
that

Gy = (T, dy,, 1) weakly in  Z,_11(3 By (x0) x J)

and

/ |Drve dH"™" — E11((T, dy, 1), 9B, (x0) x V) . (4.2)
9B, (x0)

In particular, we have that vy — u( y,) weakly in the BV-sense. We divide the
proof of Theorem 2.14 in six steps.

Step 1: Definition of the fine cover JF,,. We define for every m € N a suitable fine
cover F, of B"\ J.(T) consisting of closed balls of radius smaller than 1/m. To
this aim, let s and wy. be the mutually singular Radon measures on B” given
for every Borel set B C B" by

1ta(B) :=/ |Vur(x)|dx + | D ur|(B),
B 4.3)

fic(B) = / Lr(x)dH" " (x).
J.(T)NB

Definition 2.10 yields that the BV -energy of T decomposes into the “diffuse” and
“jump-concentration” part, i.e., setting

KT = Ud + Kjc,
for every Borel set B C B" we have
E(T, B xY) = pur(B) = pa(B) + pnye(B).

By the decomposition of the derivative Dur, compare [2, Proposition 3.92], we
infer that for any point xo in B" \ J.(T) we have

. T (Br(x0)) .. . . |Du|(Br(xp))
liminf ———— =liminf — =

r—0 pn—l r—0 pn—l

0.

Moreover, since wj. = tje L Jo(T), where J.(T) isacountably H*~_rectifiable
set, and w7 (Jo(T)) < oo, for every m € N we find a closed subset J,, C J.(T)
such that

1
Jn C It and wr (Je(T)\ Im) = pye(Je(T)\ Jm) < " Vm.
This yields in particular that

1
1D ur|(Jup \ I) < — .
m
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Setting now
Q:= B"\ J.(T),

Jm being closed, for every xo € 2 there exists a positive radius » = r(xg, m),
smaller than the distance of x( to the boundary dB", such that for every 0 < r <
r(xg, m) o

B (xo)NJy =0.

Finally, by (4.1), if xo € Q, for every 0 < r < r(xg, m) we find a good radius
p € (r/2,r) such that

2 —
EL1(T, dxy, p), 0By (x0) x V) =< ;51,1(T, B (x0) x V).

We then denote by J,, the union of all the closed balls centered at points xo €
and with good radii 0 < r < min{r(xg, m)/2, 1/m} such that

2 _
EVUT, dy,, 1), 3Br(x0) x V) < ;51,1(T, By (x0) X ) (4.4)
and ]
— EL1(T, By (x0) x V) < —. (4.5)
Q@r)t m
The above construction yields that J,, is a fine cover of Q such that
JFn c B\ .

Step 2: Covering argument. We apply the following extension of the classical
Vitali-Besicovitch covering theorem, see e.g. [2, Theorem 2.19], with respect to
the positive Radon measure

wi=L"4pur =L+ g+ e,

where L" is the Lebesgue measure and jig, /. are given by (4.3). In the sequel,
for any closed ball B we will denote by B the closed ball centered as B and with
radius twice the radius of B, i.e.,

B:=By(xo) if B=Br(x).

Theorem 4.1 (Vitali-Besicovitch). Let Q C R”" be a bounded Borel set, and let
F be a fine cover of Q made of closed balls. For every positive Radon measure 1
in R" there is a disjoint countable family F' of F such that

M(Q\U}'/) —0.

Y uB) = C-u@),

BeF'

where C = C(n) > 0 is an absolute constant, only depending on the dimension n.

Moreover, we have



514 MARIANO GIAQUINTA AND DOMENICO MUCCI

Proof. Following the notation in [2, Theorem 2.19], setting Ag := 2, forevery h €
N+, at the 4'" step we may and do apply the Besicovitch theorem [2, Theorem 2.17]
by selecting the fine cover of A;_1 given by all the closed balls B of F such that
the corresponding balls B are contained in Aj_;. Besicovitch’s theorem yields
the existence of a countable family made of closed balls B which do not intersect
more than £ times and such that their doubles B do not intersect more that 7
times, where & = &) and n = n(n) are absolute constants. Therefore, the
disjoint family G, satisfies

> w(B) <0 pu(Ap-r)

BegGy,

whereas, letting Ay, := A,—1 \ | Gn, we have

1
n(Ap) <8 u(Ap-1), §:=1- % <1

Therefore, since w(Ay) < 8" - u(Ag) for every h, we obtain

> uB)=n 8" @)

BegGy
and finally
~ o0 o o0
Du@ =YY uB <y 98 u@
BeF' h=1 BeG, h=1
which yields the assertion, by taking C := /(1 — §). O

By Theorem 4.1 we obtain for every m a suitable denumerable disjoint family
F,, of closed balls contained in B" \ J, and with radii smaller than 1/m. We
finally label

oo
]:;;zz{Bj};il’ $2m ::UBJ
j=1

and notice that
1
Uie(Qm) < pye(B"\ Jp) < o and pa(B"\ Q) =0. (4.6)

Step 3: Smoothing of the boundary data. 1f B; = B,(x0) € F,,, arguing as
in Gagliardo’s theorem [11, Theorem 1.IT], that states the existence of a wll.
extension of any L'-function, we are able to modify the boundary datum (7', d vos 1)

to a smooth W!-!-map with values into ). This can be done by paying an arbitrary
small amount of energy.
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More precisely, due to the inductive hypothesis, see (4.2), we find a sequence
of smooth maps {v(])} cwh 1(BBJ, )) such that ||v — U|yB, ||L1(aB,-) — 0,

G”;(zj) — (T, dy,, 1) weaklyin  Z,_11(0B; x )) 4.7
as h — oo and

/ 1D [ dH ™ < E11(T dygy, 1), 0B x V) - (14277 (4.8)

3B

for every h. Taking k sufficiently large, we now define a map W(J Jewl dar RN,

where 0 < pr < r and A’ denotes the annulus

ok’

A7 :=B,(x0) \ By(xo)), O<p<r,

in such a way that Wk(|]a) B, (xy) = U13B,(xo) 1N the sense of traces,

X — X X — X0
Wk(J)(X() + Pk ) = vl(cj) <X() +r )
lx — xol |x — xol

and the energy |’ A, |DWk(j )|dx is arbitrarily small, if px /' r sufficiently rapidly.

The function W(J ) is obtained by parametrizing in a sequence of annuli of the
type Ap "+ for a suitable sequence {pp}n>x of radii p,  r, the affine homotopies

()

oy 4+ (1= f)vh+1» th =th(p) € [0, 1], p = |x —xol,

where 1;,(p) is the affine map such that #;,(p,) = 1 and t3,(pp+1) = 0 Therefore,. if
we show that forevery ¢ € [0, 1] and & > k the L°°-distance of ¢ v}(lj)—i—(l—t) v,(lﬂzl
from Y is small, we find that

diSt(Wlij)(x), V) < &g for L"-ae. x € A7, (4.9)

and hence we may and do define w,(cj )= g, o Wk(] ) on A:)k, where Il is the
Lipschitz projection on ) given by Remark 1.9.

To prove (4.9), due to the L'-convergence and to (4.8), by applying Poincaré
inequality we find an absolute constant ¢, > 0 such that, if k is sufficiently large,
for H" '-a.e. x € 3B, (xo) and every h > k we have

/ ) (x) — u) | dH"~ (y)
B (x0)

< 0y (0) — o DLAH ™ ) + vy — ull 11 9, 00y
9By (xp)

<cpr |D-,; (])|dHn l+||v(] —M”Ll(aB (x0))
9B, (x0)
<2cpr-&1(T,dxy, 1), 0B; x Y).
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As a consequence, by (4.4) and (4.5) we obtain

rnfl

/ () —u(y) dH" (y) < 2"+ ¢, - —
9By (x0)

m

and hence, by convexity, for any ¢ € [0, 1] we have

/ 10 @) + (1= D vl () — w0 dH ™ ()
aBr(x())

= oy (0) — u) | aH" () + / o), @) — u ()l dH ! ()

9B (x0) B (x0)
< H" 13 B,(x0)) - &0

provided that m € N is large enough so that 2"*2 . ¢, - 1/m < &g - n - w,, where
wy, is the measure of the unit n-ball. Therefore, arguing as in Schoen-Uhlenbeck
density theorem [21], we obtain

dist(r vy () + (1 =) vy (), ) < g0 for H'l-ae. x € 9B, (x0), (4.10)

which yields (4.9), as required.

We remark that due to the strong convergence (4.7) (4.8), the sequence {w ,ﬁj )} k
this way obtained also satisfies the boundary condition

<Gw]((j)’dx0’r> = <T’ d)(()7r> . (411)
Finally, for future use, we extend w,(cj ) to the whole ball B ; by the map w,ﬁf )
B, (x0) — Y given by

59 (x) = { w oY) it xeATg, 4.12)
uo ¢(r,(7)(x) if xe€ B, 25 (-XO) P

(e

where o =71 — pr, Y0 : A::ZG — AJ__ is the reflection map

X — Xq

V(o) (¥) i= (=1x = x0l + 2 (r — 0)) o]

and ¢.o) : Br—25(x0) = B, (x0) is the homothetic map

r

D(r,0)(X) 1= x0 + (x — x0) .

r — 20

Notice that 171,9 ) is smooth on A’ "7 and that, taking o small, by the property
above we may and do assume that

DB (B, (x0)) < 2|Dul(B,(x0)) . (4.13)
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Step 4: Approximation on the balls of F,,. Let Bj = B, (x0) € F,,. Making use of
arguments from [5], we now define an approximating sequence on B;.
We first fix some notation. For any p > 0, we let

QZ = [_p’ p]n cR”

denote the n-dimensional cube of side 2p and E; the i-dimensional skeleton of
Z, so that | 22_1 = 8Q’;. Let ||x|| := max{|x{], ..., |x]|}, so that

O =(xeR" : x| <p), 30V =(xeR": x| =p}.

Ifv: Q) — RY is any given BV -function, and F is any i-face of X!, in the
sequel we will denote
Ei1(v, F) := |Dvr|(F)

where Du)r is the distributional derivative of the restriction v|r of v to F', and we
let

ELi(,Zh) = Y Eii(, F).
Fexi

Recall that )) ¢ R¥, and denote by

By(y.,e) =B (v.e)NY

the intersection of ) with the closed N-ball of radius ¢ centered at y. If y € Y
and 0 < & < g, welet W(, 4 : RN — By (y, ¢) be the retraction map given by
W(y,e)(2) := Tl 0 &Gy ¢), where

i it zeB" (e
re(@ =1, % it zeRV\B"(y.e)
=)

and II; : )V, — ) is the projection map given by Remark 1.9. Of course, W, )

is a Lipschitz continuous function with Lip W, .y = LipIT, — 1T as ¢ — 0.
First, letting p = p; from Step 3, by means of a deformation and slicing

argument, we may and do define a bilipschitz homeomorphism ; : B, (x0) — o7

such that [|DVjllec < K, ||szj‘1||oo < K for some absolute constant K > 0,

only depending on n. Moreover, we may and do define v; in such a way that

Vi (Br(x0)) = Q%  VYRe(p/2,p). 4.14)

Finally, for any given BV -function v : Ep(xo) — Y, smooth on 9B, (xp), if
vj : Qf — J is the corresponding map given by v; := Vo 1//1._1, we also may and
do define v; in such a way that

. 1 .
ELi(v), ) < C- - Evi(vy, =Y Vi=1,....n-2, (4.15)

where C > 0 is an absolute constant, not depending on v.
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Taking v ="7; := w}j) from (4.12), i.e., letting
e ~0) -1 . An
Vj = Wy ox/fj .Qp—>y, (4.16)
by (4.8) and (4.15) we readily infer that
Ei1(v;.2) <2CK p" " € 1((T. dyy. 7). 0B; x V) Vi=1...n—1
and hence, by (4.4), that
Epi(v;, 20) < Cp ™ E(T. Bor(x0) x V) Yi=1,....n—1. (417

On the other hand, since we may assume p > r/2, due to (4.5) and (4.13), by (4.17)
we also obtain

1 N
B E SCl Yis o, (4.18)

where in the above formulas C > 0 is an absolute constant.

Remark 4.2. Let ¢, := 1/{/m. By the Sobolev embedding theorem, if m € N
is sufficiently large, e.g., m > 4C?, the inequality (4.18), with i = 1, yields that
the oscillation of v; on the 1-skeleton E}) is smaller than &, /2, if v; is smooth.

Therefore, the image v j(E})) is contained in a small geodesic ball By (y;, £,/2)
centered at some given point y; € ). Actually, since the total variation of 1-
dimensional BV -functions estimates the oscillation, we infer that the above prop-
erty holds for BV -function v;, provided that in (4.18) we consider the total varia-

tion of the 1-dimensional restriction of v to E}). We also notice that

lim &, -m=400
m— 400

whereas, on account of Remark 1.9,
LipW(y; e,) = Lip I, — 1t as m — +00.
The case n = 2. In case of dimension n = 2, we define w; : Q% — By(yj, em)
by
wj = Yye,) 0V
where v; is given by (4.16), so that
|Dw;|(Q)) = E11(wj, 03) < (LipTl,,) - E11(v), Q7).

Remark 4.2 yields that w; agrees with v; on the boundary of Q%. Moreover,
letting R := p — o, by (4.12), (4.14) and (4.16) we infer that w; is smooth on

Q% \ Q%e and that

wj(x) = Wy, ) © (U 0 Prc)) © wj—l(x) Vx e Q%.
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Since the image of Q% by w); is contained in the geodesic ball By (y;, &m),

by means of a convolution a.rgument we can approximate w; on Q> % by a smooth

sequence véj) Q2 — B (yj, &m) which converges in the L'-sense tow j10% and

with total variation converging to the total variation |Dw; |(Q ). We finally set

wéj) =11, 0 (]) Q2 — V, see Remark 1.9, so that clearly w(]) — w; weakly
in BV(Q%, ]RN), whereas

Ep(wl, 0%) < (LipIl,,) - E11 (09, 0%),

so that
limsup E1 1 (wY, Q%) < (LipI1,,)* - E11(vj, Q%). (4.19)

e—0

Moreover, by suitably defining the convolution kernel, we may and do assume that
D Dy
£la0% |9 0% J190%
the construction we may and do assume that the boundaries of the graphs agree on
9 0%, so that

the traces are equal, so that w Most importantly, by

0G0 LIQE x Y = 9G (i LOQR x Y =0Gy, LQ% x V. (4.20)
() . 2 2 ) .
Finally, letting wz"" = w; on Q7 \ Q%, we define u; : B,(x0) = Y by

w o yj(x) if x € B,(xo)

(])
(x) := (/>(x) if x € Br(x0)\ By(x0),

where p = pr and g; N\ 0 along a sequence.

The case n > 3. For § := p(l —n), where n := 1/q and g € NT, we let
D 1 Q) — Qf be given by

D) =0—-n)x.

Note that _ _ _
Evi(jod®),, ) =0 —n'"" Eii;, =), 4.21)

so that (4.18) yields

E1 1(UJ o q)(p 8

. ~ 1
¥5) <C— Vi=1,...,n. (4.22)
§i— m

Define w; : Qf — By(yj, &m) by

w; = \Ij(y_,-,em) ovjo @&)1’5) y (423)
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where v; is given by (4.16), so that
|Dw;[(Q%) =: E11(wj, Q) < (LipTl,) - E11(vj 0 q’&,{a), 05) -

Remark 4.2 yields that w; agrees with v; o CID&1 5 on the 1-skeleton Z; of QOf.
Moreover, letting R := (o — o)(1 — 1), by (4.12) and (4.14) we infer that w; is
smooth on Qf \ Q% and that

w;(X) = Wy,.6,) © (U 0 Prc)) © 1/,;1 o CD(_p]’a)(x) Vxe Q%.

Now, since the image of Q' by w; is contained in the geodesic ball By (y;, &x),

as in the case of dimension n = 2, we approximate w; by a smooth sequence
j —=N . . .

v(g]) : Q% — B (yj,&n) which converges in the L!'-sense to wijon, with total

variation converging to the total variation |Dw;|(Q%). Setting wé" )= I, ovéj ).

Q% — Y, we have wéj) — w; weakly in BV (Q%, RY), whereas

Eii(w, Q%) < LipTle,) - E11(f, Q%)
so that again we have

limsup E11(w, Q) < (LipTl,)* - E1i(vj 0 @)y, O%). (4.24)
e—0
Moreover, we may and do assume that the traces of wéj ) and w j on dQ% are

equal, wi‘] 8) 01 = W0k and that the boundaries of the graphs agree on 0 Q%, i.e.,

0G () L3Q% x ¥ =0Gu, LIQ} x V. (4.25)
Finally set wl/) = w; on OF \ Q%.

In order to extend the approximating map to Q7 \ Qf, we use an argument
from [5]. If S}, is one of the (n — 1)-faces of EZ_I, where h = 1, ..., 2n, we may

and do define a partition of S, into (¢ + 1)"~! small (n — 1)-dimensional “cubes”
C1., in such a way that the following facts hold:

i) If [C;p]; denotes the i-dimensional skeleton of the boundary of Cjj, the re-
striction of v; to [C} 5, ]; belongs to W1 foreveryi =1, ..., n—2;in particular,
v; is continuous on the 1-skeleton [C} 1, ];.

ii) If n = 3, we have

(g+1)?

Z Ei1(vj,0C ) < K <E1,1(vj, aSn) + % Eq11(vj, Sh)) , (4.26)
=1

where K > 0 is an absolute constant.
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iii) If n > 4, and [S;,]; denotes the i-dimensional skeleton of S, for every i =
1,...,n —2 we have

(q+1)r1—1

n—1 t—i
3 El,l(vj,[cz,h]i)sK-Z(%) CEna(, (S0, (427)
=1 t=i

where K > 0 is an absolute constant.
iv) Allthe Cjj’s are bilipschitz homeomorphic to the (n—1)-cube [—p/q, p /g1
by linear maps f; , such that |Df; sllco < K, ||Dfl_h1 loo < K.

Moreover, the inequality (4.18), withi = 2,...,n — 1, yields that if m € N
is sufficiently large, and ¢ satisfies

1 8”[1
< —=-'—-m,
5mn—2)C 2

we may and do define the partition of Sy in such a way that
e
Ei1(vj, [Crali) < 7’” Vi=1,....,(¢g+ D", Vh=1,...,2n. (4.28)
Therefore, in the sequel we will take

q := integer part of (6 S Em M) (4.29)

for some fixed constant C > 0, say C:= 1/(12(n — 2) 5).

Remark 4.3. Again by Remark 4.2, since the image v;(X },) is contained in
By (y;j, ém/2), the inequalities in (4.28) yield that the image of [C;;]1 by v; is
contained in the geodesic ball By (y;, &) for every [ and h. By (4.23), this yields
that the function w, and hence the wél ) ’s, agrees with v; o<I>(_p1 5) On the 1-skeleton

ig of dQ% given by

N 2 (g+1)"!
Eg = @(p,a)(U U [Cl,h]l)-
h=1 I[=1

Finally, if 7, s) : Q’; \ 0 — BQ’; is the projection map 7, ) (x) 1= px/|lx|,
setting

n (q+1)i1—1
. -1
Mp.s) = T8 © CD(/”‘S)<U U 8C17h)
h=1 [=1

it turns out that the (n — 1)-skeleton

Nip.sy = Mp.sUdQ0), UdQ;5
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is the union of boundary of n-dimensional “cubes” Q; j, satisfying C;j, C 9Q;
for every [ and h, that partition Q’; \ OF. Moreover, each Q; j is bilipschitz home-

omorphic to the n-cube [—p/q, p/q]" by linear maps fz,h such that ||Dﬁh loo <
K, |D ffhl loo < K, where K > 0 is an absolute constant.

. We now .extend the approximating map to the interior of Q’; \ Qf, first con-
sidering the simpler case n = 3.

The case n = 3. We first set w; := v; on BQ% and
w; :=Vjo n(p’g)(x) on M(p,g) .

By Remark 4.3, the function w; is smooth on the 2-skeleton N/, 5. We then

extend w; to the whole of Q3 \ Q7 by means of a radial extension on each cube
Q1.1 i.e., by setting

o (T (P ) )) Vi, h. (4
Wi = w’(f““ (q ol )) g e G50

The function w; this way constructed is smooth on the closure of Qf, \ Qg, up to a
discrete set of points. Moreover, denoting by C > 0 an absolute constant, possibly
varying from line to line, but not depending on p or m, we have

P
Ei1(wj, Qip) =C 7 Ei1(wj,d014),
whereas
P
Ei1(wj,d0;,) <C <E1,1(vj, Cin) + 7 Ey1(vy, 3C1,h)) .

Therefore, by (4.26), and by summing on / and s, we estimate
o o\’
Eii(w;, 0\ Q) <C (5 Ei1(vj, 23) + (5> Ei1(v;, 2;)) :

Finally, by (4.29) and (4.17) we obtain, for m > 1/ 62
1

Em - Mm

Eri(wj, Q;\ 03) <C EL1(T. Bar(x0) x V). (4.31)

The case n > 4. According to Remark 4.3, we first set w; := v; on BQg and
—1 =
w; = ijJT(p,g)(x) on ﬂ(pﬁa)(zg).

To extend w; to the whole of Q7 \ Qj, we argue by iteration on the dimension i =
3...,n. More precisely, if F is any i-dimensional face of [Q; ;]; with disjoint
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interior from both 9 Q, and 9 Qf, we extend w; to the interior of ' by means of
a suitable radial extension of the boundary datum of w; on 9 F similar to the one
in (4.30), so that
0
Ei(w;, F)<C 7 Ei1(wj,dF).

Therefore, by the construction, and for (4.27), we readily infer that
n—1 0 n—i )
Eii(wj, Qp\ Q5) <C Z(g) E11(v), ),
i=1
so that by (4.29) and (4.17) we obtain again, for m > 1/62,

E11(T, Bar(x0) X V). (4.32)

Epi(wj, 05\ Qf) <C P

Remark 4.4. For future use, we notice that for any n > 3 the function w; this
way constructed is smooth on the closure of QZ \ Of%, up to a “smooth” closed
(n — 3)-dimensional set. This yields that the graph of w; has no boundary in the
interior of Q7 \ 05, ie.,

3Gy, =0 on Z" “l(int(Q%\ QF) x V).
We finally set for any n > 3

) . n
~(}) | we (x) if x e QOf
e (x) : {wj(x) if xeQi\Qp

and define u,((j) : By (x0) = Y by

D () 1= W o vj(x) if x € By(xo)
T w0 if xeB,(x0)\B,xo).

where p = pr and g; N\ 0 along a sequence.

Step 5: Approximating maps on the whole domain. For any n > 2 we define now
u™ . Bn s Vb
kot y

Dy , %0
my . Ju(x) if xeB;, jeN Q. = B. 433
e (%) : {ur(x) if xeB"\Q, m: ]L:J] joo @33

By Step 4 we know that u,(cj) e whl (Bj,Y) for every j and k. Moreover, by
(4.6), and since u,(j ) = ur on dB; forevery j, we infer that u,(cm) is for every k a

function in BV (B", ))), with null Cantor part, |Dcul(€m)| =0.
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We now deal with the energy estimates of u,(cm), first considering the simpler
case n = 2.

The case n = 2. By (4.19) and Step 3 we infer that

limsup Eq 1 (™, Q) < Lip )% - | Dur (),

k— 00
whereas by (4.6)
1

| Dut|(2m) < p1a(Q2m) + .
By a diagonal argument, setting u,, := u,(::) for a suitable sequence k,, — 0o as
m — 00, we infer that

lim |Duy|(B) = |Dur|(B%).

m—0o0

The case n > 3. By (4.31) and (4.32) we infer that

1 > ~
> &(T. B x ),

Em

Y Evi@™ yrl Qs o) <C
j=1

whereas by Theorem 4.1, on account of (4.3), we obtain

o0

D ENT.BjxY)<C- (51,1(T, B" x)) +£"(B")> < 00,

Jj=l

and 1/(g; -m) — 0 as m — o0, see Remark 4.2. On the other hand, by (4.24),
and since n — 0 as m — oo in (4.21), as in the case n = 2 we estimate the

energy of u,gm) on the sets 1//1._1(Q§). In particular, setting u,, := u,(('r:) for suitable
sequence k, — 0o as m — 0o, we infer that

o0
. -1
lim Zl Ev (. ¥ Q) = 1a(B")

j=
and hence, by Step 3, that for any n > 2

lim |Du,,|(B") = |Dur|(B"). (4.34)

m—00

Moreover, in any dimension n > 2, since for every j the radius of the ball B;in

F,, is smaller than 1/m, and u,((m) = ur on JBj, the above energy estimates and
the Poincaré inequality yield that for m sufficiently large

o0 oo
1
/|um—uT|dx=Zf g™ —urldx =Y Cy - — - |Dur|(B;)
" j=17Bj = mn
1

< Cu-— - |Dur|(B"),
m
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where C,, > 0 is an absolute constant. This proves the L!-convergence of u,, to
ur as m — 0o, and hence weakly in the BV -sense.

Finally, for future use, we observe that by the definition of u,,, on account of
(4.6), the previous construction yields that the jump part of Du,, strictly converges
to the jump part of Du7. Therefore, denoting by

Bum := D%,, + D u,, , BuT := D% 7 + Dur,

the diffuse part of Du,, and Dur, where we recall that the Cantor part IDCu,, |(B") =
0 for every m, by (4.34) we have

Duy — Dur  and  |Du,,|(B") — |Dur|(B"). (4.35)

Step 6: Approximating currents. For every m and k let Tk(m) €D, 1(B" x)) be
given by

" = ZG o L nt(By) x Y+ T L(B"\ Q) x V.

where u,(cj)e wll (Bj,)) is defined by (4.33). Since the boundary 8Gu(_,~>|_ int(B;)x
k

Y =0, whereas
8(Gul({.iJ L int(B;) x V) = (T, dx,, 1),

we readily infer that T(m) e carth!(B" x ), with corresponding function in

BV (B",)) given by uk , see (4.33). Setting T, := T( m) , where the sequence
k, — oo is defined as in Step 5, by (4.6) and (4.35) we readlly infer that

lim &.1(Tp, 2 x V) = |Dur|(B"), (4.36)
m-—0o0

which clearly yields that

li_)mooé'l,l(Tm, B"x)Y)=&.1(T,B" x)).

It therefore remains to show that, possibly taking a subsequence,
T, —~T weakly in Z, |(B" x ). 4.37)

By applying Theorem 2.15, the proof of which is independent of the one of The-
orem 2.14, every T,, is the weak limit of a sequence of smooth graphs of maps

(m) e CY(B", ), with energies converging to the energy of T,,. Therefore, since
supm E1.1(T, B" x Y) < o0, arguing as in the first part of Section 2, by a diago-
nal argument we may and do assume that, possibly passing to a subsequence, 7,
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weakly converges in Z, 1(B" x ))) to some current T ¢ carth 1 (B" x ). Sim-
ilarly, by the lower semicontinuity theorem for smooth graphs, Theorem 2.12, we
infer that for any open set A C B" we have

ST, AxY) < liminf €1 (T, A x V). (4.38)

Moreover, since the sequence of functions {u,,} € BV (B",)) corresponding to
the 7,,’s weakly converges in the BV -sense to u7 € BV (B", Y), we infer that ur
is the BV -function corresponding to 7.

We first show that T agrees with 7" on Q x ), where

Q:=B"\ J(T),
J.(T) being the set of points of jump-concentration of 7. Fix mg € N. Since
QCQy CAy, Apm = B"\ Jn,
and {J;,} is an increasing sequence of closed sets, for any m > mg we infer that
Amy = Qun U LTI\ i) \ il

with disjoint union. Moreover, we recall that 7}, is equal to 7 out of €, x ).
Therefore, since by (4.6)

1
gl,l(Ta [(J(T) \ Jmo) \ Qulx)Y) < —,
m
by (4.38) and (4.36) we obtain

E11(T, Ay x ¥) < [Dur|(B") + Uminf €11 (T, [(Je(T) \ i) \ ] x V)
< |Dur|(B") + iminf €11 (T, [(Je(T) \ Jong) \ 2l x V)
< |Dur|(B") + 1/mo.
By outer regularity, since |5uT|(JC(T)) =0 and A, \ 2 as m — oo, we infer

that N -
E11(T, Q2 xY) < |Dur|().

Therefore, decomposing the energy of T into its diffuse and jump-concentration
part, see (4.3), we infer that the jump-concentration part is concentrated in the jump-
concentration set of 7', so that

J(T)CJA(T) and TLOXY=TLQxD.

We now show that T agrees with 7 on J.(T) x ), which concludes the proof. As
before, since T, is equal to 7" out of 2, x V, and R, N Jy, = 0@ if m > my,
for every form w € Znl(Bn x Y) we have

(T=T) L dy x V@) = (T =T) iy ¥ V@) + (T =T) L Iy x V)(@)
= (T =Tw) L Jy x Y)(@) = 0
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as m — 00, by the weak convergence of 7, to T. This yields that
TUdpg XY =T Iy XY

and finally the assertion, by inner regularity, since J,, /' J.(T) in the H"~!-sense
as m — oo. 0

5. The density theorem: part II

In this section we prove Theorem 2.15. Extending the notation from the previous
section, see (4.3), in the sequel for every current T e carth (B x )) we will
denote by ;. 7 the Radon measure on B™ given for every Borel set B C B" by

e 7 (B) = /  LrmdH W), G5.1)
J(T)NB

that corresponds to the jump-concentration part of the BV -energy &, 1(T B x)).
We also recall that if T € cart! A(B" x ) satisfies |DCuT| = 0, for every Borel
set B C B"

&.1(T, B xy>=/B|wf(x>|dx+u,c,;(3>.

Moreover, for any T as above, in this section we will denote by F(T) the flat norm
given by

F(T) :=sup{T(¢) | ¢ € Z" 1 (B" x V), F(@) < 1},
where

F(¢) izmax{ sup l¢(2)[,  sup ||d</>(z)||},

ZEB"xY zEB"xY
and we notice that the flat convergence F(T; — T) — 0 yields the weak conver-
gence Ty — T weakly in Z, 1(B" x ))), compare [22].

Proof of Theorem 2.15. It is based on the following:

Proposition 5.1. Ler T € cart"!(B" x ))) be such that |D uz|(B") = 0. Let
e €(0,1/2) and k € N. We can find a current T € cart" 1 (B" x ) such that

ENT. B"xY) <E AT, B" xY)+¢e5,  FT —T) <k,

! (5.2)
HyefB") = 2+ Mo 7(B") and |D€uz| = 0.
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In fact, for any ¢ € (0, 1/2) we apply iteratively Proposition 5.1 as follows.
Letting Ty := T, at the k' step, in correspondence of T := T¢ , wefind T :=
T¢ such that (5.2) holds true. By induction on k € N, we define 7°¢ := T3, €
cart"1(B" x ))) such that

o
ELI(TE, B x V) <E LT, B" x V) + Y " <&1(T, B" x V) + 2
k=1
and |D€ure| = 0. Moreover, since for every k
Wyers(B") <275 e (B,

letting k — oo we obtain that ;. 7¢(B") = 0. Finally, since

o0 o
F(T* —T) <> F(If —Tf ) < Y & <2e,
k=1 k=1
letting T; := T° for some sequence &; \, O, and u; := urg,, we infer that

the sequence {7y} C cart'1(B" x )) weakly converges to 7 with & 1(Tx) —
&1.1(T) as k — oo. Moreover, since D€ ui|(B") = 0 and wiet, (B") =0 for
every k, we obtain that u; € wll (B",Y) and that Ty agrees with the current G,
given by the integration of forms in Z™!(B" x ) over the rectifiable graph of uy,
see (2.1), so that 51,1 (Ty) = 51,] (ug).

By means of Bethuel’s density theorem [5], for every k we find a smooth
sequence {uzk)}h C C'(B",)) that strongly converges to u; in the W!!-sense
as h — oo. In fact, even if the first homotopy group 71())) is non-trivial, being
commutative it is homeomorphic to the first homology group H;()). Therefore,
the null-boundary condition

3G, =0 on Z"LI(B"x ) (5.3)

allows to remove the (n — 2)-dimensional singularities, compare [6] and e.g. [16].
Lower dimensional singularities are removed as in [5]. Since the strong conver-

gence yields Gu(k) — Gy, with 51,1(u§lk)) — &1.1(uy), the assertion follows by
h

means of a diagonal argument. O

Remark 5.2. This is the exact point where the commutativity hypothesis on the

first homotopy group 71()) is used, in addition to (5.3). If ;())) is non-abelian,

even in dimension n = 2 we find functions u € W11(B2,))), smooth outside

the origin and satisfying (5.3), such that for every sequence of smooth maps uj, :
B" — Y for which G,, — G, weakly in Z, 1(B" x )) we have

liminff |Duy|dx > C+/ |Du|dx
h B2 B2

—0Q

for some absolute constant C > 0, compare [17].
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Proof of Proposition 5.1. We set T =T, for simplicity, and divide the proof in
four steps.

Step 1: Blow-up argument. We apply the argument by Federer [9, 4.2.19]. The
rectifiable measure (. r can be written as

prer = Lr H™ L J(T),

where the jump-concentration set J.(7') is countably 7"~ !-rectifiable and the den-
sity L£7(x) is a non-negative H"~! L_ J.(T)-summable function on J,(T). There-
fore, by [9, 3.2.29] there exists a countable family G of (n — 1)-dimensional cl-
submanifolds M; of B" such that wj. r-almost all of B" is covered by §.
Moreover, since p . 7(B") < 0o, we can find a positive number 6 > 0 so that the
subset

J={xel(T)| Lr(x) >0}

satisfies the following properties:

H'"'(J)<oo and  py(B"\J) < % “WieT(B"). (5.4)
Let 0 > 0 to be fixed. By [9, 2.10.19], by the Vitali-Besicovitch theorem, Theo-
rem 3.2, and by the properties of the class cart!'!(B” x ))) we can find a number
te € (0, 1), a countable disjoint family of closed balls B;, contained in B" and
centered at points in J, and a bilipschitz homeomorphism v, from B" onto itself
satisfying the properties listed below, where ¢ > 0 is an absolute constant, possi-
bly varying from line to line, which is independent of o and of the radii ; of the
balls B;.

) pyer(B"\U; Bj) =0.
ii) If B; :=§(pj,rj), for every j there is a manifold M ; of G such that p; € M.
iii) Since H"~!(J) < oo, then

o0
dorh e HTN) < 0. (5.5)
j=1

iv) Letting C; := B(pj,t,rj) N M, we have
mier(B(pj,rj)\Cj) <o -pjer(B(pj,rj)) Vij. (5.6)

v) If p; ¢ Ju;,itis a Lebesgue point of uy whereas, if p; € J,,, the one-sided
approximate limits of ur at p; are well-defined.
vi) The I-dimensional restriction 74(T L {p;} x ) is well-defined, compare Defi-
nition 2.8, and
7T L{pj} x V) =T

for some integral chain I'; € Dy()).
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vii) If 7,5 : R" x RV — R" x RV denotes the “blow-up” map 7, ;(x, y) :=

X — D
< )ij , y), the limit current

Si(w) == lim np 4T(@, o©ecZ"'(B"xY)
r—0+
is well-defined, and the flat distance of T from S; is smallon B; x ), i.e.
F(SjLBjxy—TLBjxy)fc-o-rj"_]. (5.7)

viii) Since |Du7|(B) < ur(B), we have

[Dur|(B(pj,rj)\ Cj) -

wn—lrjn_l

o (5.8)

where w,,_1 is the measure of the (n — 1)-dimensional unit ball.
ix) Since L7(p;) is the (n — 1)-dimensional density of 1 c 7 at p;, we have

\ser(Bj) = L1 (p) - op17]" | <o -wu_1r;" " (5.9)
x) Lipyy <2 and Lipy,; ! < 2. Moreover, ¥, maps bijectively B j onto Bj,

with VoloB;, = Id|33j and Y, (p;) = pj forall j, and v, is equal to the
identity outside the union of the balls B;.

xi) ¥4 (Cj) = B(pj, pj) N (pj + Tan(M, p;)) forevery j, where Tan(M, p;)
is the (n — 1)-dimensional tangent space to M ; at p; and p; € (r;/2,r}).

As a consequence, defining Tj" € D,,1(int(B;) x )) for any j by
TJ‘-’ = (Yo < Idgn)#(T L int(Bj) x ),

we infer that T;’ belongs to cart!! (int(B j) x )) and its corresponding function

u‘J7 =ure € BV (int(B;), )) is given by

“(]7 == (uro ‘/fg_l)um(Bj) .
Moreover, we clearly have
/'LJc,T;’ = VYou(LjeT L int(Bj)) .

Step 2: Approximation on the balls B;. We now apply for every j a “dipole con-
struction” to approximate almost all the Jump-concentration part of TJ.". Set

x =&, xn) e R xR,
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Without loss of generality we may and will assume that
B; =By, B(pj,p))=B'  0<r<R,
where B)' := B"(0,r),sothat R =r; and r = p;, and
B(pj, p))N(p;+Tan(M;, pj))=D,x{0} C R"'xR, D, := B" 1(Ogu1,7).

Let y(X) := (r — |X|) denote the distance of X from the boundary of the (n — 1)-
disk D,. For § > 0 small, let

¢5(x) == (X, os(y(X)xn) , x € Dy x [=1, 1], @5(y) := min{y, §}.
Let Qs := ¢s(D, x [—1, 1]) be the “neighborhood” of D, x {0} in B?e given by
Qs ={*,x) |X€Dr, p=ep(y(X)},
where p := |x,|, and let
Q5 1= ¢s(Dy x [—1/2,1/2]) = (% xa) | T € D, . p < 95(y(¥))/2}.

Also, set
Qr5) = Qs \ (Dr x {0}).

Let v;’ : (Q,;\SNZ(;) — Y be given by v}’(x) = u‘;ow}’(x),where w;.’ : QS\SNZ(; —
Qs 1s the bijective map

1//7()7, Xp) = (97» <2— %fx))) Xn) .

Since we have
IV ()] < e IVu§ (X, 2 = @s(y(3))/p) xu)| - (1 + @5(y(X))/p) ,

and ¢s(y(X))/p €11/2, 1], we infer that v‘i’ € BV (25 \ 523, Y), with

/ B |Vv;-’|dx§c/ |Vu‘]7|dx. (5.10)
25\ 25 Qs

Moreover, the current
TS = (W) ™! oo ldgn)4(T7 L (int(Qr.8)) X V))

belongs to cart!! (int(§25 \ 53) x )), its underlying BV -function is v}’, and T(;
satisfies -
e TS (int(§25 \ §25)) = ptye.7e (Int(L0,5))
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so that by (5.6) we have
e (int(Qs \ @) < coprs (BY). (5.11)

We now define w‘} C (2 \ 523) — RV by
o 210 ) o < 210 ) +
. = _— 1 . 9 , Xn —|— 2 - . .
w5 (%(y(x)) vy (5 2n) o))

where =+ is the sign of x, and zf are the one-sided approximate limits of u‘j’ at
the point 0 € Juy, so that

lim p~ " u’(x) — 75 dx =0,
p~>0+p /Bpilj() J|

if p; belongs to the jump set of u‘J’., and they agree with the Lebesgue value of u‘j
at p;, otherwise.
If r—8<|x|<rand (r —|X])/2 < p < (r — |X|), then

C
IV |(x) £ ——= ] (x) — 27|+ c|VoT (x)],
r—|x| J J

whereas if |X| <r — 8 and §/2 < p < §, we estimate
Vw?|(0) < S 07 @) — 2F] + ¢ [Vl ()]

Moreover, by (5.8) and the Poincaré inequality we infer that the oscillation of u‘;
on the upper and lower half-balls

BE :={x € B" | +x, > 0}
is smaller than ¢ o, so that
+
”U}T(x) — ”00,95\56 <co.

As a consequence, on account of (5.10) we obtain

A

/ _IVw?|dx _cacn(Qs\ﬁch/ - 1Vvjldx
5\ §25\S2s (5.12)
caﬁ"(Qs\ﬁs)‘i‘C’/ |Vu§|dx

Qs

IA

which is small if § and o are small, by the absolute continuity. Also, since the
oscillation of w‘; is smaller than ¢ o, by projecting w}’ into the manifold ), see
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Remark 1.9, we may and will assume that w‘]T is a function in BV (25 \ ?25, ).
We finally observe that

wi (X, £p5(y(¥))/2) = zf VX e D,.

Now, by means of the vertical part of the current T‘;, we may and do define a
current YN'Jf’ e cart ! (int(Q5 \ S~25) x Y), with underlying BV -function w;’, such
that ~ ~

e e (nt(25 \ 25)) < €. 7o (int(@5 )\ B9))

and Tj" satisfies the boundary condition
OT? = 9T7 L3 x YV + 1[92 N B 1 x 8.+ —[925 N By ] x 5.
J J

In particular, by (5.11) and (5.12), taking § small, we infer that ’YV’;’ satisfies the
energy estimate

E11(T7, int(9s \ 25) x V) = / IVf | dx + 1 g, 7o (i0t(R2 \ ©25))

25\
<cor"l'+couyers(BY).
)

Due to the property vi) above, setting
TP :=T7 +T7 L (By\ Q) x V.
we infer that /T\j‘.’ belongs to cart!! ((B??\Qg) x )), satisfies the boundary condition

OT? =TT L OBy x Y — 3D, x {0} x T;
+[Qs N B I x 8+ —[392s N B T x 8- G-
j J

and the energy estimate

£11(T7, (By\ &) x V) < /B% Vug | dx 510

+cor !+ COeTy (B).
To extend ?f to a current in cartl’l(int(Bj) x )), we notice that JC(TJF’) =

Yo (Jo(T) Nint(B;)). Moreover, if y; € I'r(pj) satisfies (1.7), of course y;
belongs to FTjgr (pj) and satisfies

Lyj) = Lre(pj) = Lr(p))
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and y;#[ (0, 1) ]] =T';, see property vi). We define v? : 55 — ) by setting

W=y r ) FeD. 0 =@aO@)2.
! N2 @) -

where the orientation of y; is chosen in such a way that y;(0) = z; and (1) =
2}, sothat 8 y; ]| = 8.+ — 8. Since

V7 ()= (Wody D),  x €ds(D, x [=1/2,1/2]),

where v : D, x [—1/2,1/2] — Y is given by v(X, 1) := )7j(1/2 + 1), we readily
estimate

A

/;2 | DvI|dx < L(yj) - (L"N(Drs) + ¢ L771(Dy \ D)) 5.15)

<or"l+LI(D,)- Lre(pj)
if § > 0 is small. Setting now
T =T7 + Gy
j b J Uj l

where Gv}r is the current integration over the graph of v9, the above construction
and the boundary condition (5.13) yield that T j(a) has no boundary in int(B;) x ),

so that TJ.(G) belongs to cartl’l(int(Bj) x Y). Moreover, by (5.14) and (5.15), on
account of the property vi) above, we obtain that

51,1(%4]-((7), int(Bj) x V) = &(T7, By x )

+corn! +CO',U/JC’T]§7(B;‘[). (5.16)
We finally notice that fj(g) agrees with T;’ outside Q5 x Y.
Step 3: Flat distance. We now show that for § small enough
F(fj(") LBy xY—T/LBix)Y)<c-o-R"". (5.17)

In fact, by the property vii) above the blow-up current
Si(@):= lim nouT? (@), weZ" (BLx))
A—01 J

is well-defined, and by property vi) it satisfies

S;=IBi1x68++0Bglx8-+ID TxT;,
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where 0I'; = §_+ — 8,-. On the other hand, (5.7) yields that
F(S;LBpxY—T/ LBy xY)<c-o R"". (5.18)
Also, by the definition of v;.’ we infer that for § > 0 small

F(gjl_ﬁ(gXy—Gv7L§~25XJ})§C~O'-rn_1.

Moreover, the BV -energy of fj(a) on (95\525) x Y is small if § is small, whereas
T{7 agrees with T¢ outside €25 x ). By (5.18) we then obtain

F(S;L (B} \ Qs) x Y — 7~‘J.(")L(B;3\§“zs) xYV)<c-o- R
and finally (5.17), as r € (R/2, R).
Step 4: Approximation on the whole domain. Setting now
T/ = (Y, ' o< ldgn)s (T L int(B)) x V),

by (5.16), since r = p; € (rj/2, r;), we infer that for every j

SI,I(T].(”),im(Bj)xy)g/ \Vur|dx+(1+co) pjer(Bj)+cor""', (5.19)
B;

whereas by (5.17), since R = r;, we obtain that
F(T{” L int(Bj) x ¥ = TL int(Bj) x Y) <c-o-r;" 7" (5.20)

Let now T° € cart"!(B" x ) be given by

T = ZTJ.(") +TL (B” \ U int(Bj)) x Y.
j=1 =1

J

By (5.19) and (5.5) we obtain that
EL1(T°, B" x V) < f Vurldx + (1 +co) g 1B +co (1),
Bn

sothatif o = o (e, k, J, wyje.7) > 0 is small, we have

E1.1(T°,B" xY) < E11(T, B" x V) + .
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Moreover, by (5.4) and (5.6), taking o small, the above construction yields that

o0
Wiere(B") < ¢ prer(Bi\Cp)+ pwyer(B"\ J)
j=1
1 1

<copjer(B")+ ZMJC,T(BH) <3 - je,r(B").
Finally, by (5.20) we have
o0
ZF(T].(") L int(B;) x Y — T L int(Bj) x )
j=1

o
<c-o E rj"_l < ¢t
j=1

F(T° —T)

IA

if o = o(e,k) > 0 is small. Since Durs has no Cantor part, the proof is
complete. O

6. The total variation of BV-functions
Extending the classical notion of total variation of vector-valued maps, to every

map u € BV(B",)) we associate in a natural way its fotal variation, essentially
in the sense of Jordan, given for every Borel set B C B" by

Erv(u, B) := / |Vu(x)|dx + |D€u|(B) + H (L) dH™ (x).  (6.1)
B

JuNB

Here, for any x € J,, we let H'(l,) denote the length of a geodesic arc I, in Y
with initial and final points u~ (x) and u™(x). Moreover we set

Erv(u) = Ery(u, B").

Note that if u is smooth, at least in W!-1(B", ), then
Erv(u,B)=¢&11(u, B) := / |Du|dx .
B

Moreover, clearly for every u € BV (B",))) we have
|Du|(B) < Erv(u, B).

Lower semicontinuity. In a way similar to Theorems 1.7 and 2.12, it is not difficult
to prove in any dimension n the following:
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Proposition 6.1. Let u € BV (B", )). For every sequence of smooth maps {uy} C
CY(B",Y) such that uy — u weakly in the BV -sense, we have

57‘\/(14) < liminfSTV(uk) .
k— 00

The previous definition is motivated by the 1-dimensional case, n = 1. In fact,
similarly to Theorem 1.8, we can prove the following:

Theorem 6.2. For every u € BV (B!, ) there exists a sequence of smooth maps
{ug) € C®(BY,)) such that uy — u weakly in the BV -sense and Ervy (ur) —
Erv(u) as k — oo.

Density results for Sobolev maps. If n > 2, we denote by R7°(B",))) the set of

all the maps u € wll (B",)) which are smooth except on a singular set X (u) of
the type

z(u):UE,-, reN,
i=1

where ¥; is a smooth (n — 2)-dimensional subset of B” with smooth boundary, if
n > 3,and %; is a point if n = 2. The following density results appear in [5].

Theorem 6.3. The class R{°(B",)) is strongly dense in wbhiB", ).

Theorem 6.4. The class C'(B",)) is dense in R{°(B",Y) in the strong W'!-
topology if and only if 7w1()) = 0.

Using arguments from the proof of Theorem 2.13, it is not difficult to extend
Theorem 6.3 to maps in BV (B", ))), by proving:

Theorem 6.5. For every u € BV (B",))) there exists a sequence of maps {u} C
R{°(B",Y) such that uy — u as k — oo weakly in the BV -sense and

lim |Duy|dx = Ery(u, B") . (6.2)

k—o0 Jgn
As a consequence, by using Theorem 6.4 we immediately obtain:

Corollary 6.6. Suppose that 7w1())) = 0. For every u € BV(B",))) there exists
a sequence of smooth maps {uy} C CY(B",Y) such that uy — u as k — 00
weakly in the BV -sense and (6.2) holds true.

Currents carried by BV-functions. Following Section 2, the structure of a func-
tion u in BV (B",))) suggests to associate to u a suitable current G = T,, €
BV -graph(B" x ))), see Definition 2.1, where the function u(7,) € BV (B",))
is equal to u and the y,’s in the definition of the jump part G;| agree for every
x € J, with an oriented geodesic arc /, in )} with initial and final points respec-
tively given by u~(x) and u™(x), so that [/, ]| = Su+(x) — Su—(x)- We notice
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that the definition of 7,, depends on the choice of the geodesics /. In particular,
if ue Whi(B", ), clearly T, = T and hence T, agrees with the current G,
integration of forms in D™ (B" x ) over the rectifiable graph of u, see (2.1).
Now, Definition 2.5 yields that the parametric variational integral J7 ; associated
to the total variation integral is such that for every Borel set B C B"

Fia1(T,, B x)Y)=Erv(u, B) Yu e BV(B",)).

Moreover, arguing as in the proof of Theorem 2.13, we readily extend Theorems 6.2
and 6.5 by proving in any dimension n > 2

Theorem 6.7. For every u € BV (B",)) we find the existence of a sequence of
maps {ux} C R{°(B",Y) such that up — u weakly in the BV -sense, G, — T,
weakly in Z, 1(B" x Y) and

lim |Duy|dx = Ery(u, B").

k—o0 Jpn

Remark 6.8. If n > 2 in general the current 7;, has a non zero boundary in B”" x
Y, compare Remark 2.2. However, as shown by Proposition 6.9 below, 97, is null
on every (n — 1)-form @ in B" x ) which has no “vertical” differentials. To this
purpose, following Proposition 2.3, any smooth (n — 1)-form @ € D"~ 1(B" x )
with no vertical differentials can be written as @ := w, A 1 for some 7 € Cr)
and ¢ = ((pl, <, 0") € CP(B", R"), where w, is given by (2.5). Since dy® =
dwy A = dive(x) n(y) dx, by Definition 2.1 we have
I Ty (@) := Ty (dy®) = T, (div p(x) n(y) dx)

= / divo(x) - n(u(x))dx .
Bn

We now show that 9,7, (w) = —d, T, (®), which yields the assertion.
Proposition 6.9. We have
AyTu(wy A1) = Tu(dy(wy A1)
= - /B” dive(x) - n(u(x)) dx =: (D(nou), ).
Proof. Since
dy(wy A1) = (=) lw, Adyn

N n A 87] —_ .
=D D" 0 () dx’ Ady
J=1i=1 Y
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taking ¢l.j =9’y y; in(2.2), by the definition of 7, we infer

(~1)" Ty, Adyn) = Z / —(u(x)) (Vi (x), () dx

/ —<u<x)) ¢(x)dDu’

+f (Nt () = n(u™ () (), v(x)) dH" .

u

Therefore, by the chain rule formula for the distributional derivative of 7 o u, com-
pare [2], we obtain the assertion, as

Tu(dy(@y A1) = (=)' Ty(w, Adyn)) = (D(nou), ¢). 0

Remark 6.10. If G is any current in BV -graph(B" x ))) with corresponding
function u(G) € BV (B",)) equal to u, see Definition 2.1, arguing as in Proposi-
tion 6.9 we obtain again that

Gl A = =0,Gloy Am) = [ dive () ntuo) dx.

Example 6.11. Of course, compare Section 2, every Cartesian current 7 in
cart!(B" x ) may be decomposed as

T=T,+Sr on Z"Y(B"xY), (6.3)

where u = ur € BV (B",)) is the BV -function corresponding to 7 and 7, €
BV -graph(B" x })) is defined as above, by means of geodesic arcs connecting
u~(x) and u™(x) at the points x in the jump set J,. However, even in dimension
n =1 and in the particular case )) = S, the unit sphere, in general it may happen
that the BV -energy of T cannot be recovered by the sum of the BV -energies of its
component 7, and Sy in (6.3). If Y =S ! in fact, we have StT,sing = 0, i.e., the
equivalence classes of elements in cart!!(B” x S') have a unique representative,
and the energies &1 1(T) and Fj ((T) are equal, i.e., no gap phenomenon occurs.
Consider the current 7% € cart"! (B! x S!) given by

O =1 (=100 x 8p, + [0, )] x 8p, + 80 X 5 » 0 €[0,2n],

where Py = (cos6,sinf) and yp is the simple arc in S! connecting the points
Py and Py in the counterclockwise sense. If m < 0 < 2w we clearly have

T, =1(=1,01x3p + 10, DI x3p +3 x ¥,
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where ¥ is the simple arcin S' connecting the points Py and Py in the clockwise
sense, so that we may decompose 7Y asin (6.3) with S7 = 8y x [ S' ]I. Since

Fial) =H'Ge) =27 -6,  Fi.1(S7) =27,

we infer that the sum of the energies JF7,1(7,)+F1,1(St) is greater than the energy
of T?, as clearly
EaT =F 1" =H'(w) =90.

7. The relaxed BV-energy of functions

In this section we analyze the lower semicontinuous envelope of the total variation,
defined for every function u € BV (B",))) by

Ervw) :=inf{l}cminf/ |Dug|dx | {ux} c CY(B",)),

— 00

ur — u weakly in the BV—sense} .

Remark 7.1. Of course one may equivalently require that u;y — u strongly in
LY(B",RM).

We first recall the following facts.
Definition 7.2. Forevery k =2,...,n and T" € D,_;(B"), we denote by

mi gn(T) :=inf{M(L) | L € Ryp—+1(B"), (dL)LB" =T}
the integral mass of I and by
my gn(T') ;= inf{M(D) | D € Dy—441(B"), (dD) B" =T}

the real mass of I'. Moreover, in case m; pn(I') < oo, we say that an integer
multiplicity rectifiable current L € R,_r+1(B™) is an integral minimal connection
of ' if QL)L B" =T and M(L) = m; pn (D).

We also recall that by Federer’s theorem [10], and by Hardt-Pitts’ result [18],
respectively, in the cases k = n and k = 2 we have that

mi gn () = my gn (") . (7.1)

Vertical homology classes. Let u € WLL(B",)) and let G, be the current
integration of forms in D™ (B" x ))) over the rectifiable graph of u, see (2.1).
We have that 3G, (w) = 0 if w € D"~1(B" x V) with 0V =0 or dyw = 0.
Setting

BPYB" x V) i={weDPY(B"xY) [3ne D" OB x)) : o =dyn)
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and

ZPY(B" x )
Hp,l n N
(B x ) = BrY(B" x Y)’

then 3G, = 0 on B"“1(B" x Y) and 9,dG, = 0, whence 9G,(w) depends
only on the cohomology class of w € Z"~1(B" x )). As a consequence 3G,
induces a functional (9G,), on H"~1(B" x )) given by

0G0+ B ") =G, (w+ B =06, (), wezZ" !,
compare [14], Vol. II, Section 5.4.1. Therefore, since
HPH(B" x Y) = DP1(B") @ Hip (),
the homology map (dG,), is uniquely represented as an element of D,_»(B";

Hi(Y; R)). More explicitly, if ¢ € D"~2(B"), we have [(3G,)«($)] € Hi(YV; R)
andfor s =1,...,5

(3G )u(@), [0°]) = 3G, (*p A T 0®),

(,) denoting the de Rham duality between H;()); R) and H 0} g (Y): in general
(0G )4 1s non-trivial.

Singularities of Sobolev maps. Following [14], Vol. II, Section 5.4.2, we now set
P(u) := (3G ,)« € Dp—2(B"; Hi(Y; R))
and foreach w e [w] € HJR (V) we define the current P(u; ) := —m4((0G, )T w) €

D,,_»(B™), so that

P(u; w)(¢) = =G, (T o A ) = G, 7w A ntdg) = / o ndg

n

for every ¢ € D" %(B"). We also define for every w € Z'())) the current
D(u; ) := 74(Gy L7 w) € D,_1(B"), so that

D@; o) (y) = Gu (@ o A 7ty) = / o ny vy e D"I(B").

n

The following facts hold:

@) fors=1,...,5

P(u; 0")(@) = (Pw)($), [0'])

i.e., P(u; »®) does not depend on the representative in the cohomology class
[@*];
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(i1) 0P(u) = 0 and P(u) = P(u; @°) ® [ys], hence it does not depend on the

s

s=1

choice of y1, ..., ¥5

(iii) 0 D(u; w)(¢) = (P(u)(#), [w]) and hence d D(u; w*) L B" = P(u; o) for
each representative @° in [w®].

We can therefore set
Ds (@) :=Du; ©*), Psw):=Pu;»’) =0Dsu)_B", s=1,...,5. (1.2)
Notice that if T € cart""!(B" x ))) satisfies

S
T=G,+Sr, Sr=) L(T)xy, on Z"\(B"x)),
s=1

where u = ur € WH1(B",)) and Lg(T) € Rn—1(B"), since
(=D)" 720G, (7T * A 7*p) = 0G, (P A TF0®) = =087 (PP A T )
= —0Ls(T)(9).,
we infer that
Ps(u) = (—1)"3d1Ls(T)_ B" Vs=1,...,5. (7.3)
Finally, we clearly have P(u) = 0 if u is smooth, say Lipschitz, or at least in

WI’Z(B", y)

Results. In the sequel we shall assume that the first homotopy group w1()) is
commutative. Moreover, we denote by

Ty :={T € cart" ' (B", ) | ur = u} (7.4)

the class of Cartesian currents 7' in cart'-!(B" x ))) such that the underlying BV -
function ur is equal to u, compare Definition 2.11 and Remark 2.7. We first prove

Theorem 7.3. For every u € BV (B",)) we have é;v(u) < 0.

From the results of the previous sections we then obtain the following repre-
sentation result.

Theorem 7.4. Forany u € BV(B",)) we have
Erv) = inf{E1(T) | T € T,)

— C n
= /Bn|Vu(x)|dx+|D ul(B") (71.5)

—i—inf{/ Lrx)dH"'(x) | T € 7;} ,
Jo(T)

where 1,, J.(T), and Ly (x) are given by (7.4), (2.12), and Definition 2.9, re-
spectively.
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Proof of Theorem 7.3. We observe that it suffices to show that the class 7, is
non-empty, see (7.4). In this case, in fact, if T € 7, by Theorem 2.13 we find a
smooth sequence {u;} C C!(B",)) such that Gy, — T weaklyin 2, 1(B" x)Y)
and |[Dug| g1 — E11(T) as k — ooﬂ;vthis yields also that uy — ur weakly in the
BV-sense, where u7 = u, whence Ery(u) < oo.

Now let us prove that 7,, is non-empty. We first notice that, since ) is smooth
and compact, there exists an absolute constant C > 0, depending on )/, such that

Erv(u, B") < C|Du|(B") < 00.
Let {ux} be the approximating sequence given by Theorem 6.7. Since u; €

R{°(B", )), the real mass of the singularities is bounded by the L'-norm of Duy.
More precisely, there exists an absolute constant C > 0 such that

my, g (Ps (ur)) < C/ |Dugldx  Vs=1,...,5,
Bi’l

see Definition 7.2. In fact, we have

M (D (ux)) = sup{ /B 2 (uf’) | ¢ e D"H(BY), ¢l < 1}

IA

C/ |Duy|dx ,
Bn

see Proposition 7.6 below for the case )V = S I 5o that the assertion follows from
(7.2). Therefore, since by Hardt-Pitts’ result (7.1) we have

m; gn(Ps (ug)) = my, gn (Ps(ug)) ,

we find for every s an integer multiplicity rectifiable current ¥ € R,,_1(B") such
that

Poup) = (=D"@LHL B and  M@L5) <C / |Dugldx,  (7.6)
Bn

compare (7.3). As a consequence, letting

K
Ty = Guk +ZLISC XVs »

s=1

we readily find that Ty € D, 1(B" x )) has no interior boundary
Ty =0 on Z" LI(B"x )

and finite BV -energy

51,1<Tk)s/3 Duldx +CO) S ML) - M) < o0
" s=1
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for some absolute constant C()’) > 0. In conclusion, by (7.6) we obtain a sequence
{Ti} C carth1(B" x )V) with equibounded energies

sup&1.1(Ty) < supC/ |Duy|dx < CEry(u, B") < o0,
k k n

where C > 0 is an absolute constant. Therefore, by compactness, Proposition 2.18,

possibly passing to a subsequence we find that 7 — T weakly in Z, 1(B" x ))

to some T € carth!(B" x )) satisfying

E1.1(T) < liminf&; 1(Tx) < o0
k— o0

by lower semicontinuity, Proposition 2.16. In particular, since uy — u weakly in
the BV-sense, we find that the underlying BV-function ur = u and hence that
T €17,. O

Proof of Theorem 7.4. Let {u;} C C'(B",)) be a sequence of smooth maps
with equibounded energies, supy ||Duill;1 < oo, weakly converging to u in the
BV-sense, see Theorem 7.3. By compactness, Proposition 2.18, possibly passing
to a subsequence we find that G,, — T weakly in Z, 1(B" x )) tosome T €
cartV1(B" x V) satisfying ur = u, ie. T € T, see (7.4). Since by lower
semicontinuity, Proposition 2.16,

E11(T) < liminf/ |Duy|dx ,
k—oo Jpn

we readily conclude that
inf(€11(1) | T € T} < Erviw).

To prove the opposite inequality, by applying Theorem 2.13, for every T € 7,
we find a smooth sequence {u;} C C'(B",Y) such that Gy, — T weakly in
Zy1(B" x Y) and ||Dug|l;1 — £1.1(T) as k — oo. Since the weak convergence
G, — T yields the convergence uy — ur weakly in the BV-sense, and ur = u,

we find that 5?;/ () < &1.1(T), which proves the first equality in (7.5). The second
equality in (7.5) follows from the definition of BV -energy, Definition 2.10. O

The above results simplify if we specify them to u € W!1(B",)) and/or
y =S recovering this way previous results, compare e.g. [13], [8], and [19].

The relaxed W' !-energy. The relaxed energy of u € W1(B" ) is of course
given by

E1.1(u) :=inf l}(minf |Duy| dx|{ux}c CY(B",Y), uy— u strongly in L'(B"RV)1,
—00
Bn

see Remark 7.1. In this case, Theorem 7.4 reads as:
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Corollary 7.5. For any u € WY1 (B",)) we have ﬁ(u) < 0. Every T € 7,
has the form

T=G,+ Z Lg xCq on Z”’I(B"xy),
qeH ()

where g =1(Ly, 1, ?q) is an integer multiplicity rectifiable current in R, _1(B")
and Cy € Z1(Y) is an integral 1-cycle in the homology class q, and its BV -energy
is given by

EI,I(T):/ |Duldx + ) L’,T(x)dH"*l(x)

qeH (V)

where, for x € Ly, we have Lr(x) :=inf{L(y) | y € Ty(x)} and
[g(x) :={y € Lip([0, 11, V) [ y(0) = y(1) = u(x), w0, D1 €q}.

The relaxed energy is given by

E'fl(u)=/ |Du(x)|dx—|—inf{ / Lr(x)dH"'(x) | T €T,
B"l

qeH(Y)

The case Y = S!. Further simplification arises if we assume ) = § ! In this case,
in fact, St ging = 0, i.e. the equivalence classes of elements in carth1(B" x Sh)
have a unique representative, and the energies & 1(T) and Fp (T) are equal, i.e.,
no gap phenomenon occurs. Moreover, if x belongs to the jump-concentration set
J.(T), the 1-dimensional restriction has the form

BT {x}x SH =My 1 +qIS'1,

where g € Z and [ y, ] is the current associated to a suitably oriented simple arc
Yy In st connecting the points u; (x) and uJTr(x), where up is the function in
BV (B", S') associated to 7, and y, = 0 if x ¢ Ju,. Consequently, in (7.5) we
have

Lr(x) =H' () + 27 g|

and hence in cart!"!(B" x S') the BV-energy agrees with the energy obtained in
[13], compare Theorem 1 of [14, Vol. II, Section 6.2.3].

The singular set. If u € W1(B" S, its singular set is the current P(u) €
D,—_>(B") given by

. _L # #N L #
Pu)(¢) := o G, (T"wg1 AT P) = 5 Bnu wg Ade (7.7)

for every ¢ € D"~2(B™), where

wgl = yldy2 — yzdy1
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is the volume 1-form in S' ¢ R2. Therefore, P(u) is the boundary of the current
D(u) € D,_1(B") defined for any y € D"~ (B") by

_ 1 # # 1 #
D) (y) = EGM(T[ wgl ANTY) = T . uwg Ny .

Proposition 7.6. For every u € Wh1(B", S') we have

1
MO@) = - [ 1Dulds.
21 B"
Proof. By the definition of mass we clearly infer

27 M(D(u)) < / lufwg || dx .
Bn

#

Moreover, since u"wgi = u'du?® — u?du', we estimate

n n
# 2 1.2 21,2 1 2 1 2 12
[ = N A e = S (Rl A B A | A
i=1 i=1

Observe now that for any a, b > 0 and A, u > 0 with A% 4+ u? =1

ra—+ub <va*+b?.

Since |u(x)| = 1, this yields (Ju'||uZ| + |u'||u3.|)* < |Dyu|* and hence the
assertion. 0

We now recover the following estimates about the relaxed energy, compare [8]
and [19].

Proposition 7.7. For every u € WH1(B", S') we have
Eaw) <2& (),  where  Ep1(u) :=/ \Duldx.  (1.8)
B)l

Moreover, for every u € BV (B", S') we have
Ervu) <2Erv ), (7.9)
where Ery (u) is the total variation of u, given by (6.1).

Proof. Letue whiBn, sh. Proposition 7.6 yields that the real mass m, pr(P(1)) <
&1.1(u, B™) /27 and hence, on account of Hardt-Pitts’ result (7.1), the integral mass

1
m; pn(P(u)) < T Ei(u),
T
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see Definition 7.2. As a consequence, since for every ¢ > 0 we find a current
T € 7, such that

T=G,+Lx[S'] and  &£.1(T)=E1(u)+ 27 M(L),

where L € R,_1(B") satisfies M(L) < m; p»(P(u)) + ¢, taking into account
Theorem 7.4 we obtain (7.8).

In the more general case u € BV (B", S 1), Theorem 6.7 yields the existence
of a sequence {uy} C wbhl(B", Sy such that uy — u weakly in the BV -sense

and & 1 (ux) — Ery(u). Also, for every k we find a smooth sequence {uék)}h C

cl(p", sh converging to uy strongly in L' and such that Elyl(uzk)) — %(uk)
+1/k as h — oo. Finally, by (7.8) and by a diagonal argument we readily obtain
(7.9). O

Remark 7.8. As in [20], since 71()) is commutative, if u € R{*(B",)), for
every s = 1,...,5 we may find an integral current L; € R,_»(B") satisfying

(—=D"@Ly) L B" = Ps(u) and M(Ls) <C / |Du|dx

n

for some absolute constant C > 0 independent of u. Therefore, arguing as above
it is not difficult to show that

ELiw) <Cm,Y)-Eaw)  Yue W (B", ), (7.10)

where C(n,Y) > 0 is an absolute constant, only depending on n and ). Finally,
by Theorem 6.7 we conclude that

Ervw) <Cn,Y)-Ery(w)  VYueBV(B"Y),

where Ery (1) is the total variation given by (6.1) and the optimal constant C (n, ))
is the same as the optimal constant for w1 functions in (7.10).
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