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Erratum and addendum to:
The BV-energy of maps into a manifold:
relaxation and density results

MARIANO GIAQUINTA AND DOMENICO MUCCI

In Step 3 of the proof of Theorem 2.14, in Section 4 of [1], there is a mistake. The
same mistake also appears in [2, Section 7.5]. Using arguments from Step 3 and
Step 4 of [1], here we correct such a mistake.

Letting B; = B,(x0) € F ;n, we first deform the sliced current (7', dy,, r) to
a Cartesian current fj with support in 9 Bs(xo) X By(y;, &m), where § < r and
By (yj, em) is a small geodesic ball in ) centered at some point y; € ). We then
regularize the boundary data fj and apply a standard convolution and projection
argument. For the reader’s convenience, we present a quite complete outline of the
proof.

Keeping Steps 1 and 2 as in Section 4 of [1], we proceed as follows.

Step 3: Projecting the boundary data. For any p > 0, we set Q) := [—p, p]" C
R" and denote by Eﬁ, the i-dimensional skeleton of Q7, so that (J Eg_l =007.
Also, let ||x|| := max{|x1], ..., |x,|}. In the sequel, we say that an i-dimensional
current S belongs to cart!! (2% x ))) if for any i-face F of X! its restriction
S (F x)) belongs to cart’!(F x ) and, for any i-faces Fj and F, of X! that
intersect on a common (i — 1)-face I, we have

OSL(F I xWV)LIxY=—0L(FrxIY)HIx). (1.1)

In this case, moreover, we will denote by 51, 1(S, Eﬁ) the sum of the BV -energies
of the restrictions SL (F x )) of S to all the i-faces F of .. We also recall that
Y c R¥, and denote by

By(y.e) =B (y.&)NY

the intersection of )/ with the closed N-ball of radius & centered at y. If y € Y
and 0 < & < g, welet W, 4 : RN — By(y, ¢) be the retraction map given by
W(y,e)(2) := Tl 0 &(y ), where

z if z EFN(y,e)

§3.0)(@) = TR AT
=y
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and IT; : ) — ) is the projection map given by Remark 1.9 in [1], so that W, )
is a Lipschitz continuous function with Lip W(, .y = LipI[T, — 17 as ¢ — 0.
Let B; = B,(xq) € F,,. By means of a deformation and slicing argument,
we may and do define a bilipschitz homeomorphism v/; : B,(xo) — Q5 such
that |DVyjllec < K, ||D1//j_1||oo < K for some absolute constant K > 0, only

depending on n, and
Vi(By(x0) = Q" ¥pe(r/2.7). (1.2)

Setting
T := (¥ < Idpn)#(T L B, (x0) x V)

we clearly have
AT = (Y v Ldpn)#(T, dyy, 1) € cart™ (30" x V).
Moreover, denoting by 7 L (Zﬁ x )) the i-dimensional slice of 7; on Eﬁ x Y, we

also may and do define v; in such a way that 7; L (X! x ) is an i-dimensional
current in cartl*l(Eﬁ x ) satisfying the energy estimate

. 1 .
ST, E)<C-—-&(T;, 2 Vi=1,...,n—-2,
r

where C > 0 is an absolute constant, not depending on 7, and 51,1(Tj, Eﬁ)
denotes the BV -energy of the i-current 7; L (X ; x Y). With this notation, we have
T (Zf’l x Y) = aT;. Since by the construction

2 _
E11(T, dyy, 1), dBr(x0) X V) < ;51,1(T, Bar(x0) x J) (1.3)

and |
2y E11(T, Bar(xo) x V) < — (1.4)

we infer that on one hand
E1a(Tj, ) < Crim" & (T, Bar(x0) x V) Vi=1,...,.n—1 (1.5

and on the other hand

1 ; ~ 1
ETj, %) <C— Vi=1,...,n, (1.6)
m

pie1

where C > 0 is an absolute constant.
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Remark 1.1. Let u; := ur o wj_l denote the BV -function corresponding to T,
and u ;) x; the restriction of u; to Y. The inequality (1.6), with i = 1, yields on

one hand that the concentration part of the 1-current 7; L Zrl x Y is zero, and on
the other hand that

~ 1
D@ sDI(Z)) < C-—.

Therefore, setting &,, := 1/4/m, for m € N sufficiently large the image u;(Z))
is contained in a small geodesic ball By(y;, &,/2) centered at some given point
y;j € Y. As a consequence, we obtain that

spt(T; L (2} x V) C 2} x By(yj, em/2) -

Let ¢ € N*. In the case of dimension n > 3, following an argument by Bethuel,
if Sy is one of the (n — 1)-faces of Ef’l, where 7 = 1, ..., 2n, we may and do
define a partition of Sy, into (¢ + 1)~ small (n — 1)-dimensional “cubes” Cip in
such a way that the following facts hold:

1) If [C; n]; denotes the i-dimensional skeleton of the boundary of Cj , the re-
striction of 7j to [Cy,,]; x ) is an i-dimensional current in cartl’l([Cz’h]i x Y)
foreveryi =1,...,n—2.

ii) If n = 3, we have

(q+1)?

Z E11(T;,0C ) < K (51,1(Tj, 9Sn) + %51,1(Tj, Sh)) . (1.7)
1=

where K > 0 is an absolute constant.
iii) If n > 4, and [S]; denotes the i-dimensional skeleton of S, for every i =
1,...,n —2 we have

(q+D"!

n—1 t—i
Z E1(Tj, [Crpli) <K - Z(%) ~E1,1(T;, [Shl) (1.8)
=1 t=i

where K > 0 is an absolute constant.
iv) Allthe C;’s are bilipschitz homeomorphic to the (n — 1)-cube [—r/q, r/q]" !
by linear maps f; , suchthat || Df; pllco < K, ||Df[;||oo <K.

Remark 1.2. By (1.6) and (1.7), or (1.8), we infer that

(g+D"! g2
> & (Caln) = C

=1 m

where C > 0 is an absolute constant. Moreover, the image u j(Erl) is contained
in By(y;, &m/2). Therefore, in the sequel we will take

g := integer part of @CO) gy - m) D) (1.9)
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Arguing as in Remark 1.1, we then infer that the image of [C; ;11 by u; is con-
tained in the geodesic ball By;(y;, &,) and, moreover, that

spt(T; L (IC1.nli x V) C [Crnli x By (¥, &m) (1.10)

for every [ and h.

Let § := r(1 — ¢~ !) and define @, : Q" — Q% by ®,(x) := (1 —g 1)x
and 7.5 : O} \ Q5 — 007 by 7.5 (x) :=rx/|x||. Setting

2n (C]+1)n_1 >

. -1
M5y = nw)(U L) acin
h=1 [=1

it turns out that the (n — 1)-skeleton
J\/'(r’g) = M5 UaQr UIOS

is the union of the boundaries of n-dimensional “cubes” Qj j, satisfying C; ) C
0Qy,n for every [ and h, that partition Q' \ Qf. Moreover, each Q; is bilip-
schitz homeomorphic to the n-cube [—r/q,r/q]" by linear maps f;; such that

||D]f‘7,h||c>o <K, ||D]"7’_h1 loo < K, where K > 0 is an absolute constant. Finally,
set

_ 2 g+
z = (U U [Cz,h]i) (L11)
h=1 I=1

and denote by /\/(ir‘ 5) the i-dimensional skeleton of N.5), so that
j i S -1 -1 ;
) = 2 UPg(E) Um 5 (57) Vi=2,...,n—1.

We now define an n-current 7'\] in cartl’l(int(Q’r1 \ 0%) x)) and an (n — 1)-
current T; € carth1(d Qf x )) such that the following properties hold:

(a) fj has small BV -energy;

(b) T; is supported in 9 QY x Ey(y i»€m) and its BV -energy is comparable to the
BV-energy of 8&;

(c) the boundary of T; agrees with 97; on 0" x YV,

(d) the boundary of 7; agrees with —7; on dQf x V.

To this purpose we first define a 2-current S;Z) on J\f(z; 5 X Y by setting

§@ ._{T,/L(irzxy) ~ on $2xY
T (@ e Wy e, T L (E2 X Y) on @y(E) x Y
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—1 =
whereas on n(r’a)(Z,l) x YV we set
2n (q+D"!

(2) => Y Hy0.11 x (TjL (ICrali x )))

h=1 I=1

where H 1is the affine homotopy map

H(, x,y) = (tSn + (1 - t)x,y), tel0,1], xelCipli, ye).

By (1.10) and (1.11) we infer that S;m is well-defined in ./\/'( 5 X Y in such a way

(1.1) holds, with § = S, for every 2-faces Fy and F, of N2 ; that intersect on
acommon I-face 1.

The case n = 3. We then define /f] oneach Q; ) by
Tyl (Qua x V) = Hy([0. 11 x (SP L @014 x V). (112)

where ﬁ(t,x, y) = (tcgpn + (1 —t)x,y) and ¢, is the barycenter of Q.
On account of (1.1), with § = S;z), we infer that the current 7 L int(Q; ) X
Y actually belongs to cart'! for every  and I. In fact, the boundary of ’T\, is

computed on 2-forms in Z%!, whence it cannot see the “singular” set {c;n} x V
of T Moreover, it is readily checked that T satisfies the energy estimate

E11(T}, int(Q) x V) < C g 115,901 .

whereas by the definition of S](.z) we obtain

.
£8P 0010 < C (51,1@, Cln) +  E11(T}. acz,h)) .

Therefore, by (1.7), and by summing on / and &, we estimate

2
ST (QI\NOH) xY) <C (2 (T, =5 + (g) En(Ty, 2})) :

In conclusion, for m large, and n = 3, by (1.9) and (1.5) we obtain the energy
estimate

Ea(Tj, (Q"\ Q) x V) < C (g -m) /@™ & (T, Bar(x0) x V) (1.13)

where, we recall, (g, - m)//? — 0 as m — 400, since &, - m = /m.
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The case n > 4. We define an i-current S “ on j\f(’r 5 X Y arguing by iteration on

the dimensioni = 3, ...,n — 1. More premsely, if F isany i-face of [Q) ;];, we
distinguish two cases. If F is contained in 9 Q! we set

SYL(FxY):=TjL (FxY).

Otherwise, we define S(’) on F x ) by means of a “radial” extension of the

boundary datum S =0 (0F x Y) similar to the one in (1.12), so that

Eu1(s)) Py = C o g,

Notice that for every (i — 1)-faces F| and F; of /\/( 5 that intersect on a common
(i —2)-face I, we again have that (1.1) holds true, with S = S;'_l). We finally de-

fine ?J on each Q;j by (1.12), with Sj."_l) instead of S;Z). By the construction,
and for (1.8), we readily infer that ‘

n—1 n—i
51,1(Tj»(Q:l\Qg)Xy)SCZ<§) ET), B,
i=1

so that by (1.9) and (1.5) we obtain again (1.13), for m large. Now, for any n > 3
the current T th1s way constructed belongs to carth 1(1nt(Q” \ 0%),)). In fact,

the boundary of T is computed on (n — 1)-forms in Z"~1! hence it cannot see
a “singular” set that lives on X x Y for some (n — 3)- dlmensmnal skeleton X.
Moreover, the above properties (a)—(d) follow from the construction, as required.

In conclusion, setting
= (¥ ! o< Idg)#(Tj L int(Q) \ Q) x V),

on account of (1.2) we infer that S; belongs to cart" 1 ((B, (xp) \Eg (x0)) x ), and
by (1.13) it satisfies the energy estimate

E1.1(8j. (B (x0)\ B3 (x0)) x V) < € (e -m)"/ ™ 1 1(T, By (x0) x V) . (1.14)
Finally, by the properties (c) (d) we infer that S; satisfies the boundary conditions
98; L (0B, (x0) x V) = (T, dxy,, 1)

and
0S; L (0B5(x0) x )V) = ,

where T’J e cart" 1 (dBs(xp) x )V) has support

sptTj C 0Bs5(x0) X By(yj,&m) (1.15)
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and BV -energy
E11(Tj, 9Bs(xo) x V) < C - E1.1((T, dyy, 1), 3B, (x0) X V).

In the case of dimension n = 2 we simply take § = r and T"J = (T, dy,, r). The
energy bounds (1.3) and (1.4) yield that (1.15) holds true, see Remark 1.1.

Step 4 Approximation on the balls of F, . Set § = Bs(xp) and let v; €

BV (o B; j»Y) denote the BV -function corresponding to T Using the argument
in Step 3 of [1, Section 4], due to the inductive hypothe51s we find a sequence of

smooth maps {v(J)} - W1’1(8§j, Y) such that ||v}(lj) — v.,-||L1(3§j) — 0,
Gvg) — fj weakly in Zn_1,1(8§j x ))
h
as h — oo and

/A 1D | dH"! < & (T, 0B; x V) - (1427
9B,

for every h. By property (1.15), we may and do assume that the approximating
sequence satisfies

v (0B)) C By(y;j, em) (1.16)

for every h. Taking k sufficiently large, and using the argument by Gagliardo, we

then define a map W,ij) whiA® RN), where 0 < px < & and A/If = A/’f(xo)
denotes the annulus

Pk
Ay = Br(x)\ Bp(xo),  0<p<R,
in such a way that Wk(lja)B(s (xg) = VjlaBs(xo) in the sense of traces,
X —x X —x
W(]) X0 + pk 0 ) = v,ij) X0+ 6 0
X — xol |x = xol

and the energy | A3, |DWk(J )| dx is arbitrarily small, if p; 7 § sufficiently rapidly.
Condition (1.16) ylelds

distW,”(x), ) <& for L"-ae. x € A}, (1.17)

for m large enough, hence we may and do define w,ﬁj ) = g, o k(j ) on A o
where I, is the Lipschitz projection onto ) given by Remark 1.9 in [1], so that

w;”(4%) C By(yj. em)-
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7.

We now extend wy; ) to the whole ball B by the map w( : B o (X0) —
By (yj, em) given by
) p 5—
(J)(x) _ : w0 Y50y (x) lf X € A(; ga (1.18)
llJ(yj,em) o U0 Ps,g,r)(X) if  x € Bs—20(x0),

where u =ur, 0 : =68 — pr, ¥i,0) ¢ Ag:gﬁ — Ag_a is the reflection map

— X0
|x — xol

V(5,00 (x) = (=lx = xol +2(8 — 0))

and ¢s,0,r) : Bs—20 (x0) = B,(xp) is the homothetic map

hs,0)(X) 1= x0 + (x — xo) .

’
5§ —20
Set now p := py = § — o. Since the image of B, (xp) by w(] ) is contained

in the geodesic ball By(y;, &), by means of a convolutlon argument we can ap-

~(J)
proximate w,

—=N
on B,(xp) by a smqoth sequence véj) B,(x0) — B (yj,em)
that converges in the L!-sense to ,3]((1‘1)3 x0) and with total variation converging to

().

the total variation |Dwkj)|(Bp(xo)) We finally set w,’’ := I, o va : By(xo) —

By (yj. &m). so that clearly w — i/ weakly in BV (B, (xo), RY), whereas
IDw{ (B (x0)) < (LipTl,,) - DV (B, (x0)) -

Therefore, the energy of w(j ) being small on Ag:gg, we may and do assume that

. —J
lim sup [ Dw|(By(x0) < (Lip Mg, ) - [Dul(Br (x0) + =~ (1.19)

e—0

Moreover, by suitably defining the convolution kernel, we may and do assume that
0)) o) _ ~ :
the traces are equal, so that w €108, (x0) = VelaBy(xo) = WK|aB, (xo)" Most importantly,

by the construction we may and do assume that the boundaries of the graphs agree
on 9B,(xp), so that

8Gw§j) [ aBp(X()) Xy = ané'i) I_aBp(xo) X y = aGlﬁ,((j) [ 3Bp(x()) Xy. (1.20)

We then define u,((j ). Bs(xo) — ) by

w () if x € A%

(j)
(x) :==
gi)(x) if  x e By, (x0)
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where p = pr and g N\ 0 along a sequence. Moreover, for every m and k we let
Tk('") € Dy 1(B" x )) be given by

o
T =T (B \ Q) x Y+ Y (S + G (B x ), (12D
j=1

where S; is defined in Step 3, so that Tk(m) e cart!! (B" x Y).

Step 5: Approximating maps on the whole domain. As in Step 5 of [1, Section 4],
a part from the fact that the Cantor part of Du,, is not zero on the annuli B, (xg) \
Bs(xp). However, due to the energy estimate (1.13), by summing on j, we may and
do assume that for m large enough

1
|DCu|(B") < 3 IDCur|(B"). (1.22)

Step 6: Approximating currents. Set Ty, := Tk(;"), where the sequence k;,, — o0 is
defined as in Step 5. We show that the flat distance of 7;,, from T is small. Recall
that the flat norm 7 +— F(T) is given by

F(T) :=sup{T(¢) | ¢ € Z" "1(B" x V), F(¢) < 1},
where

F(¢) 2=maX{ sup [[¢(z)[|,  sup ||d¢>(Z)II}'

zZ€EB"XY ZEB"XY
In fact, by (1.21) we infer that

o0

F(Tk(m) 7)< ZF((Tk(m) —T)L int(Bj) x V).

j=1
Moreover, condition

1
wie(Je(THY\ ) < —
m

yields that the Jump-concentration part of the energy of 7 and of Tk(m) is small on

the union of the balls B;. Therefore, using the L'-convergence of u,, to u, for
every ¢ € (0, 1), possibly passing to a subsequence, we have

F(T,—T)<e" Vm.

On account of (1.22), and using an iteration argument similar to the one used in [1,
Section 5] to obtain Theorem 2.15 from Proposition 5.1, we find the approximating
sequence {7} such that uy := u7, in BV(B",)) has no Cantor part, |DCuy| =
0 for every k.
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