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The Calderon-Zygmund theory for elliptic problems
with measure data

GIUSEPPE MINGIONE

To the memory of Vic Mizel, mathematician and gentleman

Abstract. We consider non-linear elliptic equations having a measure in the
right-hand side, of the type div a(x, Du) = u, and prove differentiability and
integrability results for solutions. New estimates in Marcinkiewicz spaces are also
given, and the impact of the measure datum density properties on the regularity
of solutions is analyzed in order to build a suitable Calderén-Zygmund theory
for the problem. All the regularity results presented in this paper are provided
together with explicit local a priori estimates.
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1. Introduction and results

Let us consider the following Dirichlet problem:

—diva(x, Du) = in Q

1.1
u=20 on 0L2. (I.1)
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Here we assume that 2 C R” is a bounded domain, u is a signed Radon measure
with finite total variation |¢|(2) < oo, and a: Q x R" — R” is a Caratheodory
vector field satisfying the following standard monotonicity and Lipschitz assump-
tions:

2 2 NEE 2o _ _
v(s© 4+ [z1]17 + |z2]9) 7 |22 — z1] (a(x,z2) —a(x,z1),z2 — 21)

-2
la(x, z2) —a(x, z21)| < L(s® + 212 + 122157 |22 — 21 (1.2)
la(x,0)] < LsP~1

for every z1, zo € R", x € Q. Here, and in the rest of the paper, when referring to
the structural properties of a, and in particular to (1.2), we shall always assume

p=>2, n>2, O<v<L, s>0. (1.3)

The measure u will be considered as defined on the whole R” by simply letting
|| (R™\ @) = 0. At certain stages, we shall also require the following Lipschitz
continuity assumption on the map x +— a(x, z):

—1
la(x,2) —axo, )| < Llx —xol >+ 121D 7, Vx,xeQ, zeR". (1.4)

Assumptions (1.2) are modeled on the basic example

—diV[c(x)(s2 + |Du|2)pT_2Du] =W, v<c(x)<L, (1.5)

which is indeed covered here. When s = 0 and c¢(x) = 1 we have the familiar
p-Laplacean operator on the left-hand side

—Apu = —div(|DulP~>Du) = 1 . (1.6)

For the problem (1.1) in the rest of the paper we shall adopt the following distribu-
tional-like notion of solution, compare with [8] for instance.

Definition 1.1. A solution u to the problem (1.1) under assumptions (1.2), is a
function u € WOI’I(Q) such that a(x, Du) € L'(€2, R") and

/ a(x, Du)yDp dx = / pdu, forevery ¢ € C2°(Q2) . (1.7)
Q Q

The existence of such a solution is usually obtained combining a priori estimates
with a suitable approximation scheme [8,20,27], see also Section 5 below. The
same approach is followed here and therefore in the rest of the paper when talking
about regularity we shall refer to that of Solutions Obtained as Limits of Approxi-
mations (SOLA) [7,20], and we shall actually simultaneously obtain existence and
regularity results. Here we just want to recall that uniqueness of solutions to (1.1)
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in the sense of Definition 1.1 generally fails [67], and a main open problem of
the theory is identifying a suitable functional class where a unique solution can be
defined and found. In this respect many possible definitions have been proposed,
and technically demanding attempts have been made: for this we refer for instance
to [6,10,45,63], and to the references therein. Nevertheless, a general uniqueness
theory is still missing except for p = 2 or p = n [7,27,35]; in particular we refer to
the paper [21] for a rather comperhensive discussion about the uniqueness problem,
and measure data problems in general. We shall not discuss uniqueness problems
any further, our aims here being quite different: we are mainly interested in a priori
regularity estimates. For the same reason, we shall confine ourselves to distribu-
tional solutions as defined in (1.1), while the results we are going to propose could
be approached also for other notions of solutions: entropy ones, for instance.

The study of problem (1.1) began with the fundamental work of Littman &
Stampacchia & Weinberger [54,68], who defined solutions in a duality sense in the
case of linear equations with measurable coefficients: a;(x, z) = a;j(x)z;. When
referring to Definition 1.1, the existence theory for the general quasi linear Leray-
Lions type operators in (1.1); has been established in the by now classical paper of
Boccardo & Gallouét [8], who proved the existence of a solution u to problem (1.1)
such that

Du € L1(2,R"), forevery g < b when p <n, (1.8)

where .
poo Pz (1.9)

n—1

Dolzmann & Hungerbiihler & Miiller were able to prove the same result for a large
class of systems including the p-Laplacean one [26,27]. Inclusion (1.8) is optimal
in the scale of Lebesgue spaces, see Section 11.1, as Du ¢ L? in general. Anyway
(1.8) can be sharpened using Marcinkiewicz spaces [6,27], see (2.17) below, since

Du e MP(Q,R") . (1.10)

When p > n instead, u belongs to W17 that is the dual of W!-?, and the ex-

istence of a unique solution in the natural space Wol’p (€2) follows by standard du-
ality methods [53]. Related regularity results for the equation (1.6) with a non-
negative measure p were given by Lindqvist [51], in connection to the notion
of p-superharmonic functions; see also [37] for a fairly comprehensive treatment
of this subject. Related estimates and problems, using various techniques, are
in [22,32,37,42,70].

1.1. General measures

Up to now, regularity results in L7 spaces of the type in (1.8)-(1.10) are the only
ones available in the literature. One of the aims of this paper is to give the first
higher regularity results for the gradient of solutions, in particular estimating the
oscillations of the gradient rather than its size. Let us focus for simplicity on the
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case p = 2, looking at (1.8) from a different viewpoint, considering Au = f. In
this case the standard Calderon-Zygmund theory [33] asserts

f el = Duewh!te for every & > 0 . (1.11)

Using Sobolev’s embedding theorem we have in particular Du € L™ "~D that
is, the limit case of (1.8). This does not hold when ¢ = 0, since the inclusion
Du € W1 generally fails. So, one could interpret (1.8) as the trace of a potentially
existent Calderon-Zygmund theory below the limit case W11, Indeed we have:

Theorem 1.2 (of Calderon-Zygmund type). Under the assumptions (1.2) and

(1.4) with p < n, there exists a solution u € WOI’I(Q) to the problem (1.1) such
that

|
Duew " (Q. R, (1.12)
for every ¢ € (0, 1), and in particular
Due wWhol(@,R"), when p=2. (1.13)
More in general
olg)—¢
puew, " @R, (1.14)
forevery e € (0,0(q)), where
-1 —1
p1=q<"P"D oy =TT D g, a15)
n— p—

and b is in (1.9).

In other words, in (1.13) we “almost have” second derivatives of u; see any-
way (1.24) below and comments after (1.18). Explicit local estimates are actually
available:

Theorem 1.3 (Calderén-Zygmund estimates I). Under the assumptions and no-
tations of Theorem 1.2, letq € [p—1,b) and o € (0, 0 (q)). There exists a constant
c=cn, p,L/v,q,0) such that for every ball Bk CC Q2 of radius R > 0 it holds

D —D q
/ / | Du(x) Z(y” dx dy < L/ (|1Dul? + s7) dx
BRrs2 v Brp2 |.X _y|n o Re Br (116)

_ 4
+ cRTD™| | (BR)17T .

Moreover, for any open subset Q' CC 2 the local estimate

D — D q
/ | Dul? dx+/ .t u) dxdy < C[IMI(Q)]”‘il +es?Q| (1.17)
Q oJor  lx—y|rte

holds, where c = c(n, p, L/v, q, o, dist(2, 0Q2), Q).
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Therefore, it is possible to establish an optimal Calderon-Zygmund theory
for non-linear elliptic problems with measure data, provided the right Sobolev
spaces are considered: that is, the fractional ones; see the definition in (2.9).
Fractional Sobolev spaces are an essential tool in modern analysis in that they
provide the natural intermediate scale to state optimal regularity results, and to
show the persistence of certain assertions up to the so called “limit cases”. In-
clusion (1.13) is an instance of this situation, and the comparison between (1.13)
and (1.11) tells us that Calderén-Zygmund theory does not have W!-! as an end-
point, but it continues below WL Inclusions (1.12)-(1.14) are sharp for every
choice of the couple (¢, 0(g)) in (1.15) as Du ¢ Wgéq)/q’q in general; note that
(p—1,0(p—1)) = (p—1,1). On the converse, inclusion (1.14) admits (1.8) as a
corollary, at least in a local fashion; see Section 11.1. When p # 2, as ¢ \ 0 we do
not approach an integer fractional differentiability exponent in (1.12), as for (1.13),
but only 1/(p — 1). This is not a surprise: even for the model case

Apu=0, (1.18)

the existence of second derivatives of W !-”-solutions is not clear due to the degen-
eracy of the problem, while fractional derivatives naturally appear [59]

ueWwh? — Du e wrr (1.19)

On the other hand, a classical result going back to K. Uhlenbeck [72] asserts that
although Du may be not differentiable for (1.18), certain natural non-linear ex-
pressions of the gradient still are (in T. Iwaniec’s words [28]). Indeed, defining

V(Du) = (s> + |Dul) T Du

then under the assumptions (1.2) we have that V(Du) € WIL’CZ(SZ, R") for any

WP _solution to
diva(Du) =0 ; (1.20)

see Lemma 3.2 below, and under stronger assumptions also [36,56,57], [34, Chap-
ter 8], and [52, Chapter 4]. See also Section 11.2 for more comments on the fact
that passing to V (Du) allows for a gain in differentiability. Observe that the main
essence here is that the product between the differentiability and the integrability
indexes of the fractional spaces involved for Du and V (Du), respectively, is invari-
ant

2
—p=1-2. (1.21)
p

This phenomenon extends to measure data problems as well:

Theorem 1.4 (Non-linear Calderén-Zygmund estimates). Under the assump-
tions (1.2) and (1.4) with p € (2,n), let u € Wol’q(Q) be the solution to (1.1)
found in Theorem 1.2. Then

P 2(p=1

V(Du) e WP D 0T (@ RY), foreverye € (0,1) . (1.22)

loc
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Moreover, for any open subset Q' CC 2, we have

2(p—1
/‘ IV (Du)) — V(DuGy)| 7
/ Q/

jx — y|ri=e

dx dy < &p|(Q) + PR, (1.23)

where ¢ = ¢(n, p, L/v, ¢, dist(€/, 0Q2), Q).

When the problem is non-degenerate, that is s > 0 in (1.3), something more

can be proved: W!P-solutions to (1.20) belong to Wli’cz. The following corollary
of Theorem 1.4 contains the analogue in the measure data case.

Corollary 1.5 (The non-degenerate case). Under the assumptions (1.2) and (1.4)
with p € 2,n), letu € Wol’q(Q) be the solution to (1.1) found in Theorem 1.2, and
assume s > 0. Then

p 2(p=1)

Due WX "7 (QRY),  foreverye e (0,1). (1.24)

loc

Moreover estimate (1.23) holds with Du replacing V (Du) provided the constant ¢
is replaced by the new one: s@=P)P=D/Pc(n, p)é.

Remark 1.6. In Theorems 1.3 and 1.4, and Corollary 1.5, the constants ¢, ¢ de-
pending on g, ¢,0 blow-upasqg b, e \( 0, 0 / o(q). Also observe that
formally letting p = 2 in the three previous statements we obtain (1.13).

Combining inclusions (1.13) and (1.22) with Proposition 2.4 below we gain

Corollary 1.7 (BV-type behavior). Let ¥, denote the set of non-Lebesgue points
of the solution found in Theorem 1.2, in the sense of

Y, = {x eSZ:liminf][ [Du(y) — (Du)y pldy >0
PO JB(x,p)

(1.25)
or limsup [(Du)yx, p| = 00
PN\O0
Then its Hausdorff dimension dim(X,)) satisfies
dim(Z,) <n-—-1. (1.26)

The same result holds replacing Du by V (Du) in (1.25).

Therefore solutions behave as BV functions [5]. For p = 2 one can guess this,
with some brave heuristics, by looking at Au = u, “replacing” Au by D?u.

Before going on let us observe that the above results are only local, while
we are dealing with a Dirichlet problem; this is a precise, simplifying choice of
ours. Indeed the techniques presented here are suitable to be carried out up to the
boundary under additional regularity assumptions on 9$2, say C? for instance, or
Lipschitz in some cases, but since they are already delicate and involved, at this
stage we prefer to confine ourselves to the local versions of the results, in order to
highlight the main new ideas. For the case p < 2 see also [61]; here the results
change.
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1.2. Diffusive measures

The sharpness of (1.10) and (1.12)-(1.14) stems from considering counterexamples
involving Dirac measures, see again Section 11.1. It is therefore natural to wonder
whether things change when considering measures diffusing on sets with higher
Hausdorff dimension. A natural way to quantify this, also suggested by a classical
result of Frostman, see [3, Theorem 5.1.12], is to consider the following density
condition:

l|(Bg) < MR"™? 0<6<n, M >0, (1.27)

satisfied for any ball Bg C R”" of radius R. Assuming (1.27) does not allow u to
concentrate on sets with Hausdorft dimension less than n — 6, and indeed higher
regularity of solutions can be obtained. We have anyway to distinguish two cases.

1.3. The super-capacitary case

This is when 8 > p, making sense only if p < n. We see that in all the above
results the role of the dimension # is actually played by 6 in (1.27); in particular,
the critical exponent b appearing in Theorem 1.2 and in (1.8) is replaced by the
larger one
_op-1
m:=———>".
0—1

The first improvement is in the integrability properties of Du, detectable in two
different scales: Marcinkiewicz and Morrey ones, see (2.18) and (2.19).

(1.28)

Theorem 1.8 (Marcinkiewicz-Morrey regularity). Under the assumptions (1.2)

with p < n, and (1.27) with 6 > p, there exists a solution u € Wol’l(Q) to the
problem (1.1) such that

Du e M™%(Q, R") € M” (Q, R"), (1.29)

loc loc

where m is in (1.28). Moreover; for any open subset Q' CC 2 we have

1
1Dul oy < M7 +es|Qlin (1.30)

where c = c(n, p, L/v, Q', Q), and M appears in (1.27). In particular, in the limit
case 6 = p we have

Du e MP(Q,R") € Mp (2,R"). (1.31)
The exponent m is expected to be the best possible in (1.29) for every p > 2, and
it actually is when p = 2, see Section 11.3: Theorem 1.8 may be also regarded
as the non-linear version of a classical result of Adams [2]. As explained below,
when 6 < p, the solution u is uniquely found in W(}’p (R2), so that (1.27) provides
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the natural scale that allows to pass from (1.10), when 6 = n, to (1.31), when
6 = p; in this last case the W!P-regularity of the solution is missed just by a
natural Marcinkiewicz-scale factor. A warning for the reader: in M%Y the second
exponent does not “tune” the first one; these are not like Lorentz spaces: indeed
M40 = [ and M9" = M4, for every g > 1. Finally, note that (1.29) does not
require (1.4) since we are not dealing with higher derivatives of the gradient, and
we do not need to “differentiate” equation (1.1)1, that obviously needs (1.4).

The second effect of condition (1.27) is an expansion of the range (1.15). The
fractional derivatives are themselves in a Morrey space, see the definition in (2.16).
This leads to the final and central stage of our regularity program:

Theorem 1.9 (Sobolev-Morrey regularity). Under the assumptions (1.2) and
(1.4) with p < n, and (1.27) with 0 > p, let u € W, (Q) be the solution found in
Theorem 1.8. Then

o(q.0)—¢

,q,0
Duew,” (@R, (132)
forevery e € (0,0(q, 0)), where m is in (1.28), and
O(p—1 6—1
In particular
>0 n 1-¢.1,0 n
Du € W . (2, R"), and Du € W, (2,R")y when p=2. (1.34)

Moreover, for any open subset Q' cC Q and o € (0,0 (q, 0)), we have

1 1
| Dullyoraas oy < M7 + 5197 (1.35)
where c = c(n, p, L/v, q, o, dist(/, 0Q), Q), and M is in (1.27).

Originally introduced in [15, 16], Sobolev-Morrey spaces W*4-¢ appear in
various forms in several pde issues as they provide the natural scaling properties
of solutions [47,58,71]. Estimate (1.35) extends to the case of non-linear equations
with measure data the classical Morrey space results for linear elliptic equations
[12,17,23,24,34,50]; see the definition in (2.14) below. The standard result for the
model case Av = f is that Dv € W!19-% when f e L% for g > 1, that is

/ |ID%>v|?dx < cR"? .
Br

Inclusion (1.34) sharply extends this to the case ¢ = 1, that is previous inequality
is replaced by the following analogue:

D - D
Bg J By

x — y|rti=e
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which is valid for every ¢ € (0, 1) and every ball Bg CC Q2 of radius R, where ¢
depends on ¢ and on the distance between Bg and 9€2. Finally, in light of (1.29)
we can interpret (1.32) and therefore also (1.14) as a scale of regularity for Du
leading, as ¢ ' m, from the maximal differentiability (1.34) towards the maximal
integrability (1.29).

1.4. The capacitary case

This is when 6 < p; this case is simpler and we will be shorter. Here u € W_l”’/,
that is, the dual space of W!:?, and moreover y cannot charge null p-capacity sets.
When p > n this follows from Sobolev’s embedding theorem; one-point sets have
positive p-capacity. When 8 < p < n a basic theorem of D. R. Adams [1, 3] still
ensures that u € W_l’p,; here note that (1.27) implies |u|(Bg) < RP_QCapp(BR).
At the end (1.1) can be solved by monotonicity methods [53], and the existence of

a unique solution in the natural space W(} "P(Q) follows.

Theorem 1.10 (Capacitary Calderon-Zygmund estimates). Assume (1.2), (1.4),

and (1.27) with 6 < p. Then the unique solution u € Wol’p(Q) to the problem (1.1)
satisfies

o(p)—e p—0

puew, " @R, o(p)i=" = (1.36)

loc -1 ’

for every g € (0,0 (p)). Moreover, for any open subset Q' CC Q2 we have

D -D p L
Jipur s [ [ L0 ax dy < eIl @ st (137
Q ! J QY -

where c = c(n, p, L/v, 0,0, dist(Q', 92), Q), and M appears in (1.27).

As a corollary of (1.36) and of the fractional Sobolev embedding Theorem 2.2,
we also have the following higher integrability result:

DuelL!l (2 R" for every ¢ <

loc

—_—. 1.38
n—o(p) (139

We point out the analogy between (1.36) and the results in [46] for the case 6 <
p < n, stating that solutions to (1.6) are CO""-regular with « = o(p); see also
[41,43,49]. Theorem 1.10 extends to general elliptic systems, see Section 11.6.

1.5. Additional results

For the proof of the above theorems we shall need the following intermediate result,
which may have its own interest; see also [19,25] for a particular case.
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Theorem 1.11 (Morrey space regularity). Under the assumptions (1.2) with p <
n, and (1.27) with 6 > p, letu € WOI’I(Q) be the solution found in Theorem 1.8.

Then Du belongs to the Morrey space Lfo’f(q) (2, R™), for every g and §(q) such as
O(p —1 0—1

j<g Pz _ s(q) = 10D (1.39)
0—1 p—1

For every Q' CC Q, there exists c = c(n, p, L/v, q, dist(', dQ), Q) such that
1 1
[ Dull g5y < cMP=t +cs|S2]7 . (1.40)

For the sake of completeness we also include a corollary that in different forms, but
not in the following one, already appears in the literature [27,31,73].

Theorem 1.12 (BMO/VMO regularity). Under the assumptions (1.2) with p <

n, and (1.27) with @ = p, the solution u € WOI’I(SZ) found in Theorem 1.8 belongs
to BMOjoc(£2). Moreover, if

B
im [HBR) _ (1.41)
R\O R"—P

locally uniformly in €, then u € VMO)(£2). Finally, for every open subset ' cC
Q there exists a constant ¢ = c(n, p, L/v, dist(€’, L2), ) such that

1
[u]BMO(Q/) <cMprT + cs|2 . (1.42)

For the exact meaning of “locally uniformly” in (1.41) see Definition 2.6 below; see
also Remark 2.7. Observe that also in this case the result complements the ones in
the literature: as soon as & < p solutions are Holder continuous [41,49].

Remark 1.13. In Theorems 1.9-1.12 the constants ¢ depending on ¢, & blow-up as
q /" me\ 0,0 "o(q,0);0 /" o(p)incase of Theorem 1.10.

Finally, a road-map to the paper. Some of the results presented are obtained
via a delicate interaction between various types of regularity scales. For instance,
as for Theorems 1.8 and Theorem 1.9, we have

o(q,O)fs’ 0
Due Ll D(Q R, g<b=Due M") = Duew, " . (143

loc loc

In Section 2 we collect a miscellanea of preliminary material and notations. Section
3 includes some results for elliptic problems, that in the form presented are not
explicitly contained in the literature. In Section 4 we collect a few preparatory
lemmas of comparison type, while in Section 5 we fix the basic approximation
procedure. Section 6 contains the proofs of Theorems 1.2-1.4 and Corollary 1.5,
while Section 7 contains the one of Theorem 1.10. Section 8 contains the proof
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of Theorems 1.11 and 1.12. Section 9 contains the proof of Theorem 1.8, while
Section 10 contains the one of Theorem 1.9. Finally, in Section 11 we discuss the
sharpness of some of the results obtained.

Part of the results obtained in this paper have been announced in the prelimi-
nary Comptes Rendus note [60].
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2. Preliminaries, function spaces

2.1. General notation

In this paper we shall adopt the usual, but somehow arguable convention to denote
by ¢ a general constant, that may vary from line to line; peculiar dependence on
parameters will be properly emphasized in parentheses when needed, while special
occurences will be denoted by cy, c1, c2 or the like. With xg = (x0.1,...,X0.n) €
R", we denote

Br(x0) = B(xo, R) :={x e R" : |x —x0| < R},
and
Or(x0) = Q(xo, R) :={x e R" :sup|x; — x| < R, 1 <i <n},

the open ball and cube, respectively, with center xo and “radius” R. We shall often
use the short hand notation Bg = B(xg, R) and Qg = Q(xg, R), when no ambigu-
ity will arise. Moreover, with B, Q being balls and cubes, respectively, by y B, y Q
we shall denote the concentric balls and cubes, with radius magnified by a factor
y. If g: A — R is an integrable map with respect to the Borel measure y, and
0 < u(A) < oo, we write

1
= dyu == —— du .
(&)p.A ]ﬂg(x) " A /Ag(X) "

When p is the Lebesgue measure and A = B(xg, R), we may also use the short
hand notation (g),.4 = (8)a = (8)Bz = (8)B-
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Permanent conventions. In the estimates the constants will in general depend on
the parameters n, p, v, L. The dependence on v, L is actually via the ellipticity
ratio L/v, and will be given directly in this way. This can be seen by passing
to rescaled vector fields a/v. When considering a function space X (€2, R¥) of
possibly vector valued measurable maps defined on an open set 2 C R”, with
keN, eg: LP(S, RF), weP (2, R¥), we shall define in a canonic way the local
variant Xjoc (€2, RX) as that space of maps f : @ — RX such that f € X (', RF),
for every Q' CC 2. Moreover, also in the case f is vector valued, that is k > 1, we
shall also use the short hand notation X (€2, R¥) = X (), or even X (2, R¥) = X.

2.2. The map V (z), and the monotonicity of a(x, z)
With s > 0, we define

V() = Vs(2) i= (2 + 12D T 2, eR", @

which is easily seen to be a locally bi-Lipschitz bijection of R". A basic property
of V, whose proof can be found in [36], Lemma 2.1, is the following: For any
71,22 € R", and any s > 0, it holds

p=2 2 p-2
_ = V(z2) = V(z N
PP HR) T s Wiz — VEOL o(S+aP+zlP) T, @2
|22 — z1l
where ¢ = c(n, p), is independent of s. We also notice that
1P < V@I <267 + 1217 . 2.3)

Indeed when p = 2 this is trivial, otherwise when p > 2 we just use Young’s
inequality with conjugate exponents (p, p/(p — 2)); in what follows we shall also
need another elementary property of V:

Via(z/A) = A"P12V(2), forevery s >0, and A > 0 . (2.4)

The strict monotonicity properties of the vector field a implied by the left-hand side
in (1.2); can be recast using the map V. Indeed combining (1.2); and (2.2) yields,
for c = c(n, p, v) > 0, and whenever z;, 7o € R”

cNV(z) = V)P < lalx,z2) —a(x,z1), 22 — 21) - (2.5)
Moreover, since p > 2, assumption (1.2); also implies
c Mo —z21l? < falx.22) —alx,z1). 22— 21) - (2.6)

Finally, inequality (1.2), together with (1.2)3 and a standard use of Young’s in-
equality, yield for every z € R”

-2
U2+ 127 12 = es? < {ax, 2), 2), c=c@ p,Lv), 7
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while (1.2); and again (1.2)3 give, again via Young’s inequality

la(x, )| < c(s® + 1217 . 2.8)

In the following and for the rest of the paper, unless otherwise stated, we shall
denote V = V, with s fixed at the beginning, in (1.3).

2.3. Fractional Sobolev/Nikolski spaces, and difference operators

We recall some basic facts about fractional order Sobolev spaces, using the standard
notation from [4], adapted to the situations we are going to deal with. For a bounded
open set A C R" and k € N, parameters « € (0, 1) and g € [1, 00), we write
w e W*9(A, RF) provided the following Gagliardo-type norm is finite:

i —wn| !

= |wllzacay + [wlaqg:4 < 00 . (2.9)

For a possibly vector valued function w: € — RX, and a real number & € R, we
define the finite difference operator 7; j fori € {1, ..., n} as

T aw(x) = 1 p(w)(x) == wx + he) —w(x) . (2.10)

where {e;}1<i<, denotes the standard basis of R"”. This makes sense whenever
Xx,x + he; € A, an assumption that will be satisfied whenever we use t; 5 in the
following. In particular, we shall very often take x € A where A CC 2 is an
open subset of €2, and where |h| < dist(A, d€2). Accordingly, the Nikolski space
N®4(A), with A CC Q is hereby defined by saying that u € N'*4(A) if and only if

n

lwllareacay = llwllzaca + Y sup [hl ™I mipwll Laca) -
i=1

is finite, where 0 < |h| < dist(A, 9€2). In the following we shall also let w04 =
N4 = 49, The strict inclusions

We(A) Cc N¥9(A) ¢ WY 59(A), Vee(,a),
are well known, and the next lemma somehow quantifies the last one.

Lemma 2.1. Let~w e L1(%, Rk), q > 1, and assume that for ¢ € (0,1], S > 0
and an open set Q CC Q2 we have

i nwll g < SIRI, (2.11)

forevery 1 <i < nandevery h € R satisfying 0 < |h| < d, where 0 < d <
min{1, dist(2, 0S2)}. Then w € W]‘z’cq(Q, Rk)for every a € (0, @), and for each
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open set A CC Q there exists a constant ¢ = c(d,a—a,dist(A, 852)), independent
of S and w, such that

lwllwegarey < ¢ (S+ Iwlpoar)- (2.12)

Basic references for the last result are [4, Chapter 7], or [48]; see also [30, Lemma
3], from which the previous lemma follows via a covering argument. The following
result is nothing but Sobolev’s embedding theorem in the case of fractional spaces;
see again [4] and also [30, Lemma 3].

Theorem 2.2 (Fractional Sobolev embedding). Let w € W*9(A, Rk),with q >
1 and a € (0, 1], such that ag < n, and let A C R" be a Lipschitz domain. Then
w e L"/ =20 (A RK) and there exists a constant ¢ = c(n, a, q, [0A]o.1) such
that

lwll, ez ) = cllwllweaa) -

For the following fact see for instance [59] and related references.

Proposition 2.3 (Fractional Poincaré inequality). If B = B(xo, R) C R" is a
ball and w € W*4(B, R¥), then

o lw(x)—w(y)|? o
/Blw—wlglq dx<c(n)R ‘1‘/1; Bmdxdyzc(n)R q[w]gﬁq;B. (2.13)

The following result is classical in potential theory [3]; see again [59] for an ele-
mentary proof that avoids potential theory.

Proposition 2.4. Let w € Wloé’cq(Q, RX), where 0 < a < 1, q > 1 are such that
aq < n. Let Zy, denote the set of non-Lebesgue points of w in the sense of

Swi=1x€: liminf][ lw(y)—(w)x,p|9dy >0 or limsup [(w)y ,|=00¢ .
PNO S B(x,p) N0

Then its Hausdorff dimension dim(XZ,,) satisfies dim(X,) <n — aq.

2.4. Morrey spaces, BMO, VMO

We shall adopt a slightly modified definition of Morrey spaces, or more precisely:
there are several possible, essentially equivalent definitions in the literature; we
choose one. With A C R”" being an open subset, we define the Morrey space
L9-7(A), with g > 1 and 6 € [0, n] as that of those measurable maps w € L9(A)
such that the following quantity is finite:

o= sp B[ it .14
BrCA,R<1 Br
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In the following, when considering the space M (A) of Borel measures with finite
mass on A C R”, we shall automatically consider them extended on the whole R”
in the trivial way: |u|(R" \ A) := 0. When considering LY (A), as in [2], we
include measures u € M (A) defining in this case

lilioay = sup  RO™"|u|(Br) < 00,
BrCA,R<1

and actually L% (A) will be considered as a subspace of M(A). Trivially, if u
satisfies (1.27) then u € L1-?(A) for every open subset A C R” and lellprecay <
M. Information on Morrey spaces are in [1,34]. Our definition differs from the
usual one in that we consider only balls contained in A when stating (2.14), and with
radius not larger than one, because we shall treat interior regularity, and information
near the boundary 92 will play no role. Such a modification is truly inessential, and
will simplify the already heavy technical treatment in the following pages; observe
that our definition is anyway consistent with the one in [69], Definition 1.1.

The following lemma is elementary and can be obtained via a standard scaling
argument; the simple proof is left to the reader.

Lemma 2.5. Let ¢ € L9%(B(xg,r)) and define §(y) := g(xo + ry) for y €
B(0,1) = By. Then g € L9 (By1) and 1|g |l za.o gy = "9l a6 (B(xg.r))-

We now pass to recall the definition of BMO and VMO spaces, introduced
in [40, 66] respectively. As already in the case of Morrey spaces, we shall also
modify a bit the definition in order to adapt it to the local statement we are giving in
the following. The space BMO(A) is that of those measurable maps w : A — R”
such that the semi-norm

[w]BmO(A) = sup ][ |lw — (w) g | dx
BrCAJ By

is finite. Further information can be found for instance in [34], and its references.

Finally the space VMO (€2). Let " CC 2 be an open subset, and define

wy(R, Q) == sup ][ lw— (w)p,|dx ,
B,,r<RYJ B,

where B, CC Qs centered in Q. Then a map w :  — R” belongs to VMO (£2)

if and only if limg~ o @y (R, Q') = 0 for every open subset Q' CC . In connection

to VMO spaces we shall need the following:

Definition 2.6. A Borel measure u € M () is said to satisfy the condition in
(1.41) locally uniformly in 2 iff for every Q' CC 2 and every ¢ > 0 there exists
R > 0, depending on ¢ and dist(’, 3€2), such that |u|(Bg) < ¢R" P, whenever
Br C Q and R < R.

Remark 2.7. When p = n itis a simple exercise in basic measure theory to check
that the measure w fulfills Definition 2.6 iff u has no atoms, i.e.: w({xo}) = O for
every xo € 2. This allows to view the local VMO regularity results of [31] as a
particular case of Theorem 1.12.
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2.5. Sobolev-Morrey spaces

Beside that of Morrey spaces, we recall the definition of Sobolev-Morrey spaces of
fractional order; also in this case we propose an inessential modification of the usual
definition to simplify the treatment in the following. Let A C R” be an open subset;
we say that a map w € W*9(A, RF), belongs to W*4-9 (A, R¥), with & € (0, 1],
q €[1,00),60 €[0,n],iffwe W*I(A, R¥), and moreover

sup Refn[w]g g, <00 if a<l
p BrCA.R<1 ER
[w]a’q’e;A = < 00. (2.15)
||Dw||§q_9(A) if a=1
In any case we let
lwllweaocay == lwlweaa) + [Wlag.0:4 - (2.16)

For such spaces and generalizations, see the original papers [15,16] and [58,71].

2.6. Marcinkiewicz spaces

Finally, Marcinkiewicz spaces M/(A ,]Rk), t > 1, also called Lorentz-Marcinkiewicz
spaces and denoted by L"*°(A), or by L! (A), when they are called “weak-L"”
spaces. A measurable map w : A — R* belongs to M (A, R¥) iff

supA{x e A : |w| > A} = ||w||5w<A) <00. (2.17)
A>0

Yet, we recall the definition of Marcinkiewicz-Morrey spaces [2]. A map w €
M (A, R¥) belongs to the space M"? (A, R¥) with 6 € [0, n] iff

0— t
sup R "||w||M,(BR) < 0.
BRrCA,R<1

Accordingly, we let
1/t
Il pgeoay = lwllagecay + [ sup R“nwnwgm} L@a8)
BrCA,R<1
Obviously
lwll penay = llwll e cays M (A = M(A)
and, according to the definition in (2.14)

MUA) T MP2(A) & 01 <02, with  [[wl] g 4y S N gror 4y (2.19)
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Lemma 2.8 (Holder’s inequality in M"). Let f € M'(A) witht > 1. Then f €
L9(A) with 1 < g < t and it holds

1
t \a 1_1
| fllLaca) < (ﬁ) [Al7 | fll mecay - (2.20)

The proof of the latter result is standard [27,73]. Next, a so called “trace type
inequality” [1,55].

Theorem 2.9. Let A be a non-negative Radon measure on R" such that A(Br) <
MR"=9, for every ball Bg C R", where 0 <0 < p < nand M > 0. Then when

p < n forevery w € Wol’p(BR) we have
/ lw|? dx < cMR”_G/ |Dw|? dx , (2.21)
Br Bg
where ¢ = c(n, p,0). In the limit case p = n inequality (2.21) holds replacing

cMR"? by cMR?, for any o < n — 6, where ¢ = c(n, 9, o).

Proof. We did not find any direct reference for this result, therefore we sketch the

proof for the reader’s convenience, based on the results in [1]. Firstly the case

p < n. Letting

_(=0)p
n—p ’

Do : and  A:=A/M, (2.22)

we obviously have A(Bg) < R"~?, and then it holds

1 1
(/ |w|P6di)p" < ¢(n, p) (/ |Dw|pdx>p .
Br Bp

This is Adams’ inequality, see [55, Corollary 1.93]; see also [3, comments at Chap-
ter 7] to see the earlier contributions of Mazy’a, and the original paper of Adams [1].
Using Holder’s inequality, as pg > p, we have

A\ 7 Nw -1 5
(][ |w|PdA) < <][ |w|P? dk) < cA(BR) "o (/ |Dw|”dx> ,
BR BR BR
therefore, using again that X(BR) < R"? and (2.22) we have
~ ~ —0
/ |w|Pd)\gcA(BR)5—e/ |Dw|” dx gcRP—G/ |Dw|? dx ,
Bpr Bpr Br

and (2.21) follows scaling back to A. Now we treat the case p = n. In this case
observe that A(Bg) < c¢log?!=/"(R=1) when R < 1/2, and A(Bg) < 2° 9R¢
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when R > 1/2, where ¢ > n, and ¢ = (n, p, 0, q) is a suitable constant. Therefore
we may apply Theorem 1.94 from [55], see also [3], Theorem 7.2.2, to have

1 1
(/ |w|qdk>q <cn, p,6,q) (/ |Dw|"dx> .
Bg Bg

Applying Hélder’s inequality and A(Bg) < R"~? yields, with ¢ = c(n, p, 6, q)

/ lw|" d < c(n,q,a)X(BR)%/
Bpg

|Dw|" dx < cR(”’(lq>/ |Dw|"dx .
Br Bpg

The assertion follows taking ¢ = ¢ (o) large enough, and scaling back to A. 0

Remark 2.10. In a similar way, if w € W&’p(Q) with ¢ = ¢(n, p, 0, 2) we have
/ lw|? dr < CM/ |Dwl|? dx . (2.23)
Q Q

2.7. Technical lemmata

The following is a simple variant of a well known iteration result. See for instance
[34, Chapter 7], or [73, last section].

Lemma 2.11. Ler ¢ : [0, R] — [0, 00) be a non-decreasing function such that
0 8o _
0@ =co(%) ¢R+BR . forevery g<R=R B=0,

where y € (0, §). Then if §1 € [y, do), there exists ¢c; = c1(co, 81, v) such that
8 _
9@ =ci() (R +cBe”.  forevery o< R=R.

Then, Giaquinta & Giusti’s “simple but fundamental lemma”, [34, Chapter 6].
Lemma 2.12. Let ¢ : [Ry, 2Ry] — [0, 00) be a function such that
o) < (1/29@) +Blo—0"P+K,  forevery Ry <t <0 <2Ry,
where B, K > 0 and B > 0. Then ¢(Ry) < c(,B)BR(;ﬂ +cK.
Finally, a standard fact.

Lemma 2.13. Let Q' cC Q C R” be bounded domains. There exists another open
subset Q" such that Q' cC Q" cC Q and

dist(Q', 0Q") = dist(Q”, 9Q) = dist(Q', 9Q)/2 . (2.24)

Proof. Justlet Q" :={x € Q : dist(x, Q) < 1/2}. O
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3. Regularity for homogeneous problems

In this section we recall some results on the regularity of solutions to homogeneous
elliptic systems and equations with p-growth; some of them are well-known; some
others, much less if not at all, especially in the explicit form needed in this paper.
In such cases we shall give - sometimes sketchy - proofs; anyway a good general
reference for the whole section is [34, Chapters 6 and 7].

Let us start with a simple but rather rarely used lemma on reverse Holder in-
equalities. For the proof it suffices to follow in [34, Remark 6.12, page 205]; see
also [11] for this kind of result.

Lemma 3.1. Let g : A — R* be a measurable map, and xo > 1, ¢, s > 0, such

that
1
Xi
(f mv%u>°5cf (gl +5)dx .
Bg Bog

whenever Byg CC A, where A C R" is an open subset. Then, for every t € (0, 1]
there exists a constant cy = co(n, c, t) such that, for every Bop C A

1
Xi
Gfmmw)°5m< uﬁ+fw0
Br Bor

The next two lemmata will be of fundamental importance in the following in that
they provide estimates below the natural growth exponent p. For reasons that will
become clear in Section 11 the first one is stated directly for systems, that is when
u is a vector valued map and therefore N > 1.

t

Lemma 3.2. Let vg € WHP (A, RN) be a weak solution to the system
div ag(Dvg) =0 in A.

Here ag : RN*" — RN*" satisfies the assumptions (1.2) obviously recast to fit
the vectorial case with no x-dependence, and A C R" is an open subset. Then

V(Dvg) € Wli)’CZ(A, RN and there exists ¢ = c(n, N, p, L/v) such that for
every zo € RN*" and every ball B C A, we have

c
/ ID(V(Dvo))|* dx < -3 |V (Dvg) — V(z0)|*dx . (3.1
B R- JB
R/2 R
Moreover, for every t € (0, 1] there exists c = c¢(n, N, p, L/v, t) such that

1
2t

1
2
(][ |V (Dvg) — V(ZO)|2dx> < c( [V (Dvg) — V(zo)|* dx) . (3.2
B2 Br

All the constants named c involved in (3.1)-(3.2) are independent of the choice of
70 € RV*”,
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Proof.

Step 1: Regularization. We first regularize the problem following a few smooth-
ing arguments similar to those in [29]. We consider a standard, symmetric and non-
negative mollifier ¢ : RV*" — R, such that ¢ € Cg°(By), and Il <y = 1.
Moreover, in order to apply the technique of [29] we also need a technical assump-
tion, namely we need to take ¢ such that

/ ¢(z)dz = 1/1000 . 3.3)
Bi\B1)2

For every k € N set ¢ (z) := kV*"¢(kz), and then define the smooth vector field
ay (z) via convolution as follows:

ax(z) == (ap * ¢r)(2) = / ao(z +k'y)p () dy .
B(,1)

Assumptions (1.2) and a few convolution estimates also using (3.3), similar to those
of [29], Lemma 3.1, imply that each a; satisfies

1 —1
lax(2)| + 19,ax ()| (57 + 12117 < c(s2 + 12157
N2+ 12T AP < (Beak ()0, A) (3.4)

-2
lao(z) — ax(2)] < ck~ (2 + 1217,

whenever z, A € RV*" where s, := s + k', k € N, and ¢ = ¢(n, N, p, L/v).
Note that the new ellipticity/growth constant ¢ is actually independent of k € N.
Moreover each ay satisfies the assumptions (1.2) with s replaced by sy, for different
constants v, L, but still depending on the original ones. This fact and standard
monotonicity methods [53] allow to define, with Bg CC 2 as in the statement,

Vi € Vg + Wol’p (Bg) as the unique solution to
—div ag(Dvr) =0 in Bg
{ Vi = Vg on dBg. (3-5)

Step 2: Estimates. Under assumptions (3.4); » the proof of Caccioppoli’s type
inequality (3.1) with ¢ = c(n, N, p, L/v), V(Dvg) = Vi (Duy), and any ball
B, C Bpg, can be inferred from [18], Theorem 1.1, with minor variants, see also
[29,36,48]. As for the proof of (3.2), set
Lsifn > 2
X0 = > 1.
2 ifn=2
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Using a simple scaling argument, and applying Sobolev embedding theorem to the
map Vi, (Dvr) — Vi, (20), we get that there exists a constant ¢ = c¢(n) such that for
any ball B, C Bg

1

%
(][ | Vi (Dg) — Vs, (z0) 220 dX> < c][ | Vs, (Dvg) — Vi, (z0)|* dx
B2 B2

+cr2][ |D(Vy, (Dvy))|* dx .
By )2

We now use (3.1) with V (Dvg) = Vi, (Dvy) for the last integral, thereby getting

1
X0
(f |vsk(ka>—vsk<zo)|2X°dx> Sc][ |V (Dug) — Vi (z0) > dx .
Br/Z By

In the last two inequalities itis ¢ = c(n, N, p, L/v). Inequality (3.4) for V (Dvg) =
Vs, (Dvg) now follows from Lemma 3.1, and then Holder’s inequality again.

Step 3: Approximation. Assumptions (3.4); 2 imply in a rather standard way that
ay(z) satisfy the growth and monotonicity assumptions (2.7)-(2.8) with s replaced
by sk, uniformly with respect to k € N. In turn this implies that v is a so-called
Q-minimum of the functional

w > (IDw|? 4+ s? + k= P)dx (3.6)
Bg

with Q = Q(n, N, p, L/v) > 1 being independent of k € N; for such a conclusion
see Theorem 6.1 from [34] applied to the functional in (3.6), when, with the notation
of [34], it is a; (x) = [aa(x)]P/P~D = s,f. The Q-minimality of vy now easily

yields
| DvillLr gy < c(n, N, p, L/v)|[|Dvol +s + 1llLr(Bg) - (3.7)
Therefore, up to a non-relabeled subsequence we may assume that {vi}; weakly
converges to some map in WO1 "P(Bg); actually we may assume that v; — v

strongly in WLP(Bg) too. Indeed, using that both vg and vy are solutions, and
that vg = v; on d Bg, and making also use of (2.6), we have

/ |Dvi — Dvgl? dx < c/ (ag(Dvy) — ag(Dvg), Dvgy — Dvg) dx
Br Bg

= c/ (ag(Dvy) — ax(Dvy), Dv — Dvg) dx
Bg

IA

1
—/ |Dvi, — Dug|? dx
2 /B

+C/ lao(Dvy) —ak(ka)Iﬁ dx .
Br
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The last integral tends to zero as k /' oo by (3.4)3 and (3.7). Therefore Dvy — Duyg
strongly in L? (Bg), and since all the vy, vy share the same boundary datum it fol-
lows vy — vg strongly in WLP(Bg). In turn this and (2.3) imply that up to another
subsequence Vy, (Dvg) — V(Duvy) strongly in L%(Bg). Fix zo € RV*" as in the
statement; applying estimate (3.1) to Vi, (Dvy) instead of V(Dwvyp), which is al-
lowed by the previous step, we infer that {V,, (Dvg)} is bounded in WL2(Bg /2)
and therefore it also holds Vi, (Dvy) — V(Dwvp) weakly in WI'Z(BR/Z) up to
yet another subsequence. We are ready to conclude: writing estimate (3.1) with
V (Dvg) = Vi, (Dvy) and letting k / oo we find the final form of (3.1) for the orig-
inal V (Dwvg) using strong convergence for the right-hand side, and lower semicon-
tinuity for the left-hand one. From this last fact the inclusion V (Dvg) € Wli)’cz(A)
in turn follows via a covering argument. In the same way (3.2) follows from the
similar inequality for the V, (Dv) given in Step 2. O

Finally, a few basic consequences of De Giorgi’s regularity theory for elliptic equa-
tions, and Gehring’s lemma for elliptic problems and variational integrals; see for
instance [34, Chapters 6-7], for a reasonable overview of the subject.

Lemma 3.3. Letv € WP (A) with p € (1, n] be a weak solution to the equation
diva(x, Dv) =0 in A, (3.8)

under the assumptions

—1
la(x, z)| < c(s* + IZIZ)pT, ¢ Nzl = es? < (alx, 2), 2) , (3.9)

for every x € Q and 7 € R", where ¢ = ¢(L/v) and v, L are the numbers given in
(1.2). There exists B = B(n, p, L/v) € (0, 1], such that for every q € (0, p] there
exists ¢ = c(n, p, L/v, q) such that, whenever B C A, and 0 < ¢ < R it holds

0 )n—q+ﬂq

/ (|Dv|? +s?)dx <c¢ (E (|Dv|? + s?)dx . (3.10)
BQ

Bpg

Moreover, there exists x = x(n, p, L/v) > 1, such that Dv € LPX (A, R") and

loc

1

X 1
][ |Dv|P dx fc( (|Dv|? +sq)dx>q : G.11)
Br» Bg

where again ¢ = c¢(n, p, L/v, q).

Proof. First observe that by (3.9) we may apply Theorem 6.1 from [34] with the
choice a1 (x) = [ax(x)1P/P~D) = gP, concluding that the solution v is a Q-
minimum of the functional

w /(IDw|p+sp)dx (3.12)
A
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with Q = Q(n, p,L/v) > 1. This in turn allows to use Theorem 6.7 from
[34] that in the special case of the functional in (3.12) applies with the choice
0(x,u) = s, and ultimately yields the existence of higher integrability exponent
x = x(n, p,L/v) > 1 such that Dv € LI*(A, R"); moreover (3.11) holds for
q = p. In turn (3.11) for every g € (0, p] follows applying Lemma 3.1 with the
choice o = x. In particular Holder’s inequality gives

q

»
][ |[Dv|?dx | <c4 (IDv|?+s?)dx. (3.13)
Bgr)2 Br
It remans to establish (3.10); this inequality is standard when ¢ = p, that is
—p+Bp —p+Pp
][ Dol dx < ¢ () ][ DulPdx+e(%) s, G
5, R B R

where 8 > 0 is as specified in the statement. For the proof of (3.14) see Remark
3.4 below. Therefore, when o € (0, R/2], using Holder’s inequality yields

q

2
][ |[Dv|?dx < (][ |Dv|pdx>
B, B,
(3.14) 0\ —9+Baq
S

Br2
(3.13)
<

<R

—q+Bq
|Dv|pdx> +c<%) s

c (ﬁ) ot (IDv|? +s?) dx .
R Br

Summing s9 to both sides of the previous inequality, taking into account that o < R
and ¢ — Bg > 0, and finally getting rid of the averages gives (3.10) when o €
(0, R/2]; the case o € (R/2, R] trivially follows and the lemma is completely
proved. O

Remark 3.4 (An esoteric detail). By carefully tracing the dependence of the con-
stants back in De Giorgi’s theory - see in particular [34], Paragraphs 7.1-7.3 - we are
giving here a justification of inequality (3.14). Using Theorem 7.7 from [34], ap-
plied to the particular functional in (3.12) when a(x) = s?, and taking into account
Remark 7.7 again from [34], we have that (3.14) holds in the preliminary form

—p+Bp
][ |Dv|P dx < ¢ (3) ][ \Dv|? dx +clls” | g PP (3.15)
B, R Bg

where B := min{B(n, p, L/v), ne/p} and Bn, p,L/v) > 0,1/t := p/n —¢;
here ¢ € (0, p/n) can be picked arbitrarily small. In fact, choose ¢ = e(n, p, L/v)
small enough in order to have that 8 = ne/p; then

—p+Bp
Is” (g™ "7 < cln, p)s? RI 5P = e? (2) T

Merging the latter inequality with (3.15) yields (3.14).
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4. Comparison estimates

Let us first introduce some notation that we shall keep for the rest of the paper;
accordingly to (1.15) and (1.33), in the case 6 € [p, n] in (1.27) we define

a(q,@)::@(l—q/m):@—qﬁf%f) when p—1<g<m

4.1)
g(n—=1)

=1 when 1<g<b.

o(q)i=n—

Here, as in the rest of the paper, b will denote the number defined in (1.9), and m
the one in (1.28). For the rest of the section we fix a ball

Br = B(xo, R) CC €2, with R<1.

The first two lemmas are dealing with weak solutions to more regular problems
i.e. u € Wy () will be the unique solution to

{ —diva(x, Du) = f € L¥(Q) in Q 42)

u=20 on 0%2,

for a fixed f to be eventually chosen; such a solution exists via standard mono-
tonicity methods [53] as f belongs to the dual of W!:”. By the same argument we

introduce v € u + W(:’p (BR), defined as the unique solution to

(4.3)

—diva(x, Dv) =0 in Bg
v=u on dBg.

Lemma 4.1. Under the assumptions (1.2) with p < n, withu € W"“P(Bg) as in
4.2), andv € u + W(}’p(BR) as in (4.3), we have for any 1 < q < b that

q

=1
/ |V (Du) — V(Dv)|*?? +|Du— Dv|? dx 5c</ |f|dx>p R°@ | (4.4)
Bg B

R
where o (q) is in (4.1), and ¢ = c(n, p, v, q).

Proof.
Step 1. Here we observe that we can assume B(xo, R) = B by a scaling argument.
Indeed, changing variables, we let for y € B;

i(y) :== R 'u(xo + Ry), 9(y) := R™'v(xo + Ry),
a(y,z) :=axo+ Ry,z), f(y):= Rf(xo+ Ry), Br=B(xo,R), (4.5)

—div a(y, Di) = f, —diva(y, Dv) =0.
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Obviously # = v on dB;. It is readily verified that the new vector field a still
satisfies (1.2). Now (4.4) follows by writing its corresponding version for R = 1,
and scaling back to Bg.

Step 2. Here we prove the following implication:
/ |fldx <1 = / |V (Du) — V(Dv)|[*? 4+ |Du — Dv|?dx < c¢2, (4.6)
B B

with ¢; = ¢(n, p, v, g). Notice that the following computations remain valid also
for g € [1, p — 1). In order to prove (4.6) we shall revisit the technique of [8],
reporting the necessary modifications in some detail for the sake of clarity. For
k > 0, let us define the following truncation operators, classical after [8]:

Ty (s) := max{—k, min{k, s}}, Dp(s) :=Ti(s — Tr(s)), seR. (47
Since both u and v are solutions, we test the weak formulation

/ (a(x, Du) —a(x, Dv), Dp)dx = fodx, 4.8)
B By

with ¢ = Ty (u — v); this function is admissible as it is in L°°(Bg) N Wol’p(BR),
and we have (2.8). Using the monotonicity inequalities (2.5)-(2.6), and the bound
in (4.6), we easily obtain with ¢ = c¢(n, p, v)

/ |V(Du)—V(Dv)|2+|Du—Dv|pdx <ck |fldx <ck . 4.9)
Dy By

Here we have set
Dy :={x € By:|lulx)—vx)| <k}. (4.10)

Moreover, testing again (4.8) with ¢ = ®y(u — v), and again using (2.5)-(2.6) and
the bound in (4.6), we obtain
5 (4.6)
/ |V(Du) — V(Dv)|” + |Du — Dv|’dx <c¢ |fldx < c, “4.11)
Ck B
where this time

Cri={xeB:k<|ux)—vx)| <k+1}, (4.12)

and ¢ = c¢(n, p, v). By Holder’s inequality, and the very definition of Cy, we find

/ |V (Du) — V(Dv)|2‘1/p + |Du — Dv|? dx
Ci

q
< C|Ck|1_% </ |V(Du) — V(Dv)l2 + |Du — Dv|pdx> ! 4.13)
Ck

@.11) . -3
lu —v|? dx .

S o Ll I p——— (
kq*<1_%)
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With 0 # ko € N to be fixed later, we have, using the previous inequality and
Holder’s inequality for sequences, and finally Sobolev’s embedding theorem, as
g < n under the present assumptions:

|V (Du) — V(Dv)|*4'P + |Du — Dv|? dx
B

- / |V(Du) — V(Dv)|*/? + |Du — Dv|? dx
D,

ko
o0
+ > | IV(Du) — V(Dv)[*'? + | Du — Dv|? dx (4.14)
k=kg ¥ Ck
.9) < ’ AN
< Ck()+C Zﬁ ( |u—v|q d)C)
k=ko 4 ( 7 ) B,
7(-4)
< cko + cH (ko) ( |Du — Dvl|? dx) ,
By
with .
H (ko) := Z — | and c=c(n, p,v,q).
k=ko 9 (T)

Here H (ko) is finite since ¢ < b implies that ¢*(p/g — 1) > 1. We finally dis-
tinguish two cases. If p < n then we take kg = 1 in (4.14), and observe that
y = (q*/q)(1 — q/p) < 1. Therefore, applying Young’s inequality in (4.14) with
conjugate exponents 1/y and 1/(1 — y) we find (4.6). In the case p = n we have
that y = 1 and the previous argument does not work; instead, we choose ko large
enough in order to have cH (ko) = 1/2 in (4.14), and (4.6) follows again. Observe
that this determines kg = ko(n, p, v, ¢) possibly large, and this finally reflects in
the constant ¢ appearing in (4.6).

Step 3. We are ready to conclude the whole proof, again by mean of a scaling
argument. We shall prove the validity of the estimate for Bg = Bj, and then

we shall conclude using Step 1. Without loss of generality we assume that A :=

1/(p—1)
”f”LI(Bl)

the new solutions & := A~ 'u, o := A~ v, the new datum f = Al_pf, and the
new vector field a(x, z) := Al_fa(x, Az). Therefore we have that & = v on 0B,
and moreover div a(x, Di) = f, div a(x, Dv) = 0, in the weak sense. We make
sure that we can apply the result in Step 2. Trivially || f/,1 g,y = 1 and moreover it
is easy to see that the vector field a(x, z) satisfies (1.2) with s replaced by s/A > 0.
Therefore the inequality in (4.6) holds in the form

> (0, otherwise u = v and the assertion is trivially verified. We define

|V a(Dit) — Vs/a(DD)[*1/P +|Dit — Dol dx < c2,  c2=ca(n, p,v,q) .
B
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Re-scaling back from # — v to u — v and using (2.4), we find
Ll
|V (Du) — V(Dv)|? /P + |Du — Dv|? dx < ¢3 </ |f|dx) ,
B

and the proof is concluded via Step 1. O

Remark 4.2. Although the previous lemma has been stated for ¢ > 1 we shall use
it only for the case ¢ > p — 1.

Lemma 4.3. Under the assumptions (1.2) with p < n, assume p—1 < g < b, and

f € LY (Bg). Withu € Wy'"(Bg) as in (4.2), and v € u + Wy'" (Bg) as in (4.3),
we have for any R < 1

9= p+l
/ IV (Du) — V(Dv)|? + |Du — Dol dx < cllfll, Vo, )/ | fldx R7@D)
Bg
(4.15)
where o(q,0) is in (4.1), and ¢ = c¢(n, p, v, q).
Proof. First observe that the definition in (4.1) implies
(n—m<5%7—1)+awﬂn=oWﬁ>. (4.16)

Now, since p — 1 < ¢ we may estimate

,,L, e q—p+1
<L|ﬂ¢0 e memw)/|fo, (4.17)

and then we conclude by merging (4.17) with (4.4), taking (4.16) into account. [J

The next twin lemmata are about the capacitary case # < p. In the following u will
be the solution to (1.1), and u the Radon measure in (1.1)1. We have u € Wol’p(Q),
and u is the unique solution, since under the assumptions considered in the next two
lemmata itis u € W_I’P’(SZ) by a theorem of D. R. Adams [1,3].

Lemma 4.4. Under the assumptions (1.2) with p > n, and with u, v € WP (Bg)
as in (1.1) and (4.3) respectively, if (1.27) holds then

1
—1

/|V(Du) V(Dv)|?dx < cM T |u|(BR)RCP) | (4.18)
Bg

where o(p) = (p —0)/(p — 1) is as in (1.36), and ¢ = c(n, p, v).
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Proof. Notice that here it can be also & = n. We test the weak formulation

/ (a(x, Du) — a(x, Dv), Dp)dx = / pdu , (4.19)
Br

Bpr

with ¢ = u — v, which is admissible as p > n and therefore both u and v are
Holder continuous. Moreover, using Morrey-Sobolev’s embedding theorem, and
the fact that u = v on 0 Bg, we estimate

/ (u —v) d,u’ < [lu — vl|LooBg) IL|(BR)
Bpg

ﬂ
¢R'P | Du — DollLrcsy |1l (Br) -

IA

Combining the last inequality with (4.19) and using (2.5)-(2.6) we gain

u
IV (D)= V(DV) 2y +IDu=Dvll}, 5 < cR'P [ Du—Doll Lo (s |1l (Br).

thereby, applying Young’s inequality and then using (1.27) we conclude

2 V4
IV (Du) = V(DW)|2a, + 1D = DVI

1

p—n D —0
< R [|u|(BR)IPT < cR7T M7 |u|(Bg) . [

Lemma 4.5. Under the assumptions (1.2) and (1.27) with0 < 0 < p < n, and
with u,v € WHP(Bg) as in (1.1) and (4.3) respectively, we have that (4.18) holds,
with o (p) as in (1.36) and ¢ = c(n, p, v, 0). In the case 0 < 6 < p = n estimate
(4.18) remains valid modulo replacing the right-hand side by cM " "=D|u|(BR)R®,
for any choice o < o(n) =m—0)/(n— 1), where c = c(n,v,0,0).

Proof. Firstly we deal with the case p < n. We test (4.19) with ¢ = u — v, which
is again admissible since & < p implies that © € W’l'p/(Q). Therefore using
again monotonicity (2.6) as for the previous lemma, using Holder’s inequality and
applying Theorem 2.9 with the measure A = ||, we have
/ (u —v) du)
Bg
1

< cllul(Bp)' "7 (/B |u — vl”dlul>p (4.20)

IV (Du) = V(D)7 + IDu = Dvl[7 5, < ¢

(BR)

L p=0 -1 »
=cMrR 7 [[u[(BR)] » f |Du — Dv|Pdx | .
B

R
Using again Young’s inequality yields (4.18). In order to treat the case p = n
it suffices to use Theorem 2.9 again, and applying it in (4.20) as for the case
p <n. O
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Finally, a comparison lemma of a different type. With Bz = B(xo, R) C
B(xg, R) and v as in (4.3), let us define vy € v + Wol’p(BR) as the unique weak
solution to

{ —div a(xg, Dvg) =0 in B 421)

Vg ="V on dB.

Lemma 4.6. Under the assumptions (1.2) and (1.4), with v as in (4.3) and vy as in
(4.21), with c = c¢(n, p, L/v) we have

/ [V (Dvg) — V(Dv)|>dx < c1§2/ (|IDv|P + sP)dx . (4.22)
- BR

By

Proof. Using (2.7)-(2.8) it follows that vy is a Q-minimum of the functional w
fBR(llep + sP)dx, with Q = Q(n, p, L/v), see Theorem 6.1 from [34] that
implies
/ |Dvgl? dx < c(n, p, L/v)/ (|IDv|? +sP)dx . (4.23)
Bg Bg

In turn, using (1.2)1, and the fact that both v and vg are solutions, we have
-2
/ (s2+ |Dvo|? + |Dv[») T |Dv — Dol dx
B

< c/ (a(xg, Dv) — a(xg, Dvg), Dv — Dvgy) dx

Bg

= c/ (a(xg, Dv) — a(x, Dv), Dv — Duvg) dx
Bg

(1.4) _ —1
< cR/ (s> + |Dvol? + | Dv*) 7 | Dv — Duo| dx
B

Young | -2
5/ (s> + |Dvo|* + [ Dv) =" |Dv — Duo|* dx
B_

R

+c1€2/ (52 + | Dol + [ Dy} dx
By

Using (2.2) for the left-hand side, we get

/ |V (Dvo) — V(Dv)|*dx < cR*> | (IDv|? + |Dvo|? + sP) dx ,
By By

and (4.22) follows by merging the latter inequality with (4.23). O

Remark 4.7 (Global estimates by scaling). We consider (4.2), and we find a
global a priori estimate for u, making explicit the ones in [8]. Let us go back to
Lemma 4.1, Step 2, and let’s modify a bit the estimates given there. Assume not
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only that || f|l1(q) < 1 as in (4.6), but now also that s7|€2| < 1. Just forget about

v, and test (4.2); on the whole 2 with Ty () and ® (1), as u € Wé’p(Q); then use
(2.7) to get

/ Dul? dx < kil fll 1 + es” | D]
Dy
(4.24)
/ Dul? dx < ¢l fllp10 +es?IChl .
Ci

where this time Dy := {x € Q : |u(x)| <k}land Cp :={x € Q : k < |Ju(x)| <
k + 1}, consistently with (4.10) and (4.12) respectively, and the constant ¢ just
depends on n, p, L/v. Then proceed as in (4.13), but using (4.24), and we get

IDulfy ) < clCkl' ™97 + es?|Cil .

Summing up these inequalities as for (4.14), the terms |Cy|' /P are treated as
in (4.13) and subsequent estimates, while, obviously, s9|Dy,| + Zkzko s1Cy| =

s7|R2|. Therefore, when p < n, it follows that ||Du||zq(9) <c(l+s572]) <
where ¢ is universal in the sense it only depends on n, p, L/v, g, and on Q. In the
case p = n, which already requires a different treatment in Lemma 4.1, ¢ must be

replaced by &(|2|'/9=1/P 4 1); indeed we need to use also

™

s

1Dullfyp, ) < ki " IFIT g 12147 + 57121 < &1Q1'™9/7 + 1),

that comes from (4.24) exactly as in Lemma 4.1, Step 2, case p = n. Now we use a

scaling argument to treat the general case. Define, A := || f ||1L/1(([;2_)1) +s5|Q4 > 0,

and accordingly, it := A" u, f = A'"Pf, a(x,z) == A'"Pa(x, Az), so that
the vector field a satisfies (1.2) with s replaced by s/A. Moreover u satisfies div
a(x, @) = f in the weak sense and obviously & € WO1 ‘P(Q). By the definition of
A we have that ||f||L1(Q) < 1 and (s/A)?|2| < 1, therefore we get the universal
bounds || Dit||ze() < ¢ when p < n, and || Dii|rs(Q) < ¢4~/ 4 1) when
p = n. Taking into account the definitions of @ and A the latter inequalities readily
give
1/(p—1
|DullLa) < el FI0 " +esil'/?, (4.25)

that is the estimate we were looking for; the constant ¢ in (4.25) will depend on
n,p,q,L/v, and Q. The dependence on Q is on (|2|'/4~1/" 4 1) in the case
p = n. As for Step 2 from Lemma 4.1, here everything works for g € [1, p — 1)
t0o.

Remark 4.8. An a priori estimate can be derived for the super-capacitary case of
Theorem 1.10 too. Testing (1.7) with u, and this is possible since 6 < p implies
we wtr using (2.7), and proceeding as in Lemmata 4.4 and 4.5, but using
(2.23) instead of (2.21), we have, with ¢ as in Theorem 1.10

1Dull] gy < eM PP |u(Q) + es? 9 . (4.26)
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5. Basic approximation

In order to establish the existence and regularity results for the problem (1.1) for
a general measure p, a standard device [8,26] is to consider solutions to suitable
approximate problems, and then to prove a priori estimates; the main feature of such

solutions is to be in the natural space WO1 "7 (). Then the final assertion follows
by a suitable passage-to-the-limit argument. We remark that this procedure is not
necessary when considering the assumptions of Theorem 1.10, that is when 0 <
p (p-capacitary measures). In this section we set up the approximation scheme,
considered in the rest of the paper for the case & € [p,n]. In fact, as already
remarked in the Introduction, in the case 8 < p the measure u belongs to the dual

space w-Lr (see [1]), and at this point the standard monotone operator theory
provides a unique solution to (1.1) in the natural energy space W& "7 (Q), therefore

no approximation with W!-?-solutions is obviously needed.

We consider a standard, symmetric and non-negative mollifier ¢ € Cgo(Bl)
such that [|¢||;1gny = 1, and then define, for k € N, ¢y (x) := k"¢ (kx). Finally the
functions f; : R" — R are defined via convolution, f;(x) := (u * ¢)(x). Since in
particular f; € L°°(2), applying standard monotonicity methods [53] we can find

aunique uy € Wol’p(Q) such that

—diva(x, Duy) = fx in Q 5.1)
u, =0 on 0. ’

From now on and for the rest of the paper the sequence {uy}; C W(;’p (2) will
be the one fixed by (5.1). Let us collect some basic facts now. Up to extracting a
non-relabeled subsequence we can assume

fr— 1 weakly in the sense of measures. 5.2)
Moreover, looking at [62], Proposition 2.7, we have

(1.27)
il < 0@, il < s < M,  (53)

and
1 fil s < 1l Brerso). Wfidlpioe < litliome,, - (54

Applying Remark 4.7 and in particular estimate (4.25) to uy, and eventually using
(2.3), we get

/|V(Duk)|2q/pdx +f|Duk|qusc[|u|<sz>]p"—l +esdQ, Yg<b, (55)
Q Q

where ¢ = ¢(n, p, L/v, q, 2), and is independent of k € N. Therefore we immedi-
ately obtain that up to a non-relabeled subsequence

up — u weakly in W4 () and ur — u strongly in LY(2) . (5.6)
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The function u is eventually shown to be a solution of (1.1). The proof of this fact
usually involves certain truncation arguments [8, 9] to prove the strong convergence
of the gradients. Thanks to the stronger a priori estimates we derive here we shall
give a very short proof of such convergence; see Theorem 1.2. The function u is the
solution the Theorems and results of Section 1 in the super-capacitary case 6 > p.

6. General measures

This section is mainly devoted to the proof of Theorems 1.2-1.4 and Corollary 1.5.
The ingredients will be: the lemmata of Section 4, the key estimate below the
growth exponent (3.2), and a variant of a fractional regularity technique recently
introduced in [48] in order to obtain singular sets estimates for variational prob-
lems.

Warning. In the rest of the paper we shall very often deal with a solution u to
problem (4.2), for a fixed, but a priori un-specified L° function f. Eventually we
shall take f = f; and u = uy, where uy, fi appear in (5.1).

Keeping (4.1) in mind, let us define

— 29D

S =—,
2q s+1—1t

foreveryt € [0, +1). (6.1)

Remark 6.1. We have § < 1. Indeed, by (4.1), when p — 1 < g theno(gq,0) <1,

therefore
L =< _r <
2qg — 2(p—1)

which holds since p > 2. For the same reason we have 2¢/p > 1forg > p — 1.

5 < L,
We shall start deriving a priori estimates for W !-7-solutions to (4.2). We set

g—p+l

F= ot i p-1=q, (6.2)

where Q” € Q will be clarified in Lemmas 6.2 and 6.3 below. When 8 = n it
follows directly from definition (2.14) that

q

1@y < 1F1 g, - (6.3)

Lemma 6.2. Letu € WO1 "P(Q) be the unique solution to (4.2), under the assump-
tions (1.2) and (1.4) with p < n, and let q be such that p — 1 < g < b. Assume
that

V(Du) € W2P(QRY),  for some t € 0,8) (6.4)
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where § is as in (6.1), and that for every couple of open subsets Q' cC Q" CC Q
there exists ¢ = ¢ (dist(2', 9RQ")), such that

VOURYS o <t [ (Dul? 450 417D dx (65)
Q//
Then ~
V(Du) € WP(QRY),  forevery T €0, y(1)), (6.6)

where y () is in (6.1), and for every couple of open subsets Q' CC Q' cC Q there
exists a new constant ¢ depending only on n, p, L/v, q, dist(', 3Q2"), 1, c1, such
that

V(DY o < cfm(wuw +57+(f)dx . 6.7)

Moreover, for everyi € {1, ...,n} and with 0 < |h| < dist(2", 9Q")

/ 7.0V (Du(x))[%/P
sup
h !

q q £
o2y 9 S CfQN(IDul +s?+1fdx . (6.8)

Proof. We fix a notation that we shall keep for the rest of the paper. Let us take
B cC €, a ball of radius R; we shall denote by Qinn = Qinn(B) and Qo =
Qout(B) the largest and the smallest cubes, concentric to B and with sides parallel
to the coordinate axes, contained in B and containing B, respectively; clearly | B| &
| Qinn| = |Qoutl ® R". The cubes Qinn(B) and Qoy¢(B) will be called the inner and
the outer cubes of B, respectively. We also denote the enlarged ball as B = 16B.
Consistently with such a notation we put Qinn = Qinn(B) and Qom = Qout(é),
and therefore we have the following chain of inclusions:

Qinn C B CC 2B CC 4B C Qinn(B) C B C Oout - (6.9)

Now we fix arbitrary open subsets Q' CC Q" CC €, and then take B € (0, 1) to be
chosen later, and let 2 € R be a real number satisfying

1 1
dist(Q, 9QNH\F [ 1 \T7F
0 < |h|§min{( ist( )> ( ) }:;d<dist(sz’,asz”). (6.10)

100004/n 10000

We take x¢ € €/, and fix a ball of radius |h|?
B = B(h) = B(xo, |h|P) . (6.11)

By (6.10) we have Qo C . Let us first define v € u + W, "’ (B), and then
vp € v+ W(; 'P(8B), as the unique solutions to the following Dirichlet problems:

{ —diva(x, Dv) =0 inB

N 6.12
V=1u on 8B, ( )
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and
—div a(xg, Dvg) =0 in 8B
{ vo =1 on 98B, (©6.13)
respectively. Now we fix i € {1, ..., n} and write, using that |#| < d from (6.10)

/B [tV (D)7 dx < ¢ /B 224V (Do) 477 dx
-i—c/BlV(Du(x + hep)) — V(Du(x + he)[*4/P dx
+ch|V(Dv(x + hei)) — V(Dvo(x + he)) /7 dx
+C/B|V(Du) — V(Dv)|*1/P dx
+C/B|V(Dv) — V(Dvo)|?/? dx
gc/Bn,-,hV(Dvo)Fq/P dx (6.14)
+c/é|V(Du) — V(Dv)|*1/P dx

+c/ |V(Dv) — V(Dv)|?4/P dx
2B

= I1+I114+11I.

In order to estimate // we shall use Lemmas 4.1 and 4.3, this last one when g >
p — 1 and 6 < n; by the definition of o (g, #) in (4.1), we have

/A |V(Du) — V(Dv)|*/Pdx < ¢ (/ ¥i dx) |h|Po@8) (6.15)
B B

where we used (6.2) too. To estimate /71 we first appeal to Lemma 4.6 that gives
/ |V(Dvg) — V(Dv)|*dx < ¢ (/ s+ |DvH)? dx) |h|P? (6.16)
8B 8B

and then apply Lemma 3.3 to v in (6.12); with x = x(n, p, L/v) > 1 being the
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exponent determined in in Lemma 3.3 we have

/ IV(Dvg) — V(Dv)[2/Pdx < cln|" (-%) ( / |V(DUO)—V(DU)|2dx>p
8B 8B

q

6.16)  p2
< clh| q*’“’( (s2 + | Dv| )2dx)

49
B2q X
< cln) 7P ( (s> + [DvP) T dx)
8B

(3.11)
< c|h| /(s +|Dv| )2 dx

B2 2 4 q
< clhl v [ (s"+[V(Dv)|?)2 dx
B

< CIhI /(sq-l-lDulq
+|V(Du) — V(Dv)|*/?) dx

(6.15)
< c|h| /(sq—l—IDuI"—l—Ifl)dx

We recall that 168 = B. Summarizing the latter estimate and (6.15) yields
I+ 11 <c [|h|ﬁ"(‘1’9) + |h|ﬂ2‘1/l’] ﬁ(sq +1Dul? + | ) dx
B

where ¢ = c(n, p, L/v, q) is independent of any of the balls considered. Recall-
ing (6.1) and Remark 6.1 that gives 8 < 1, we estimate |h|%4/P < |n|Po@0) =
|h|P324/P as |h| < 1, therefore

11+ 111 < c|h|P?a/p /é(sq + | Dul? + | f)dx . (6.17)
Implicit in the previous inequality is
/83 |V (Du) — V(Dvo)|*/P dx < c|h|P?2a/P /é(sq + |Dul? + | f)dx . (6.18)
Now we turn to /. Applying Lemma 3.2 to vg taking ag(z) = a(xg, z), (3.1) gives

][ |D(V(Dvp))|* dx < c|h|™># ][ |V (Duo) — V (z0)|* dx, (6.19)
2B 4B
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for every zo € R”", while using (3.2) with t = g/ p, we also have

(f [V (Dvg) — V(zo)|? dx)F < c][ |V (Dvg) — V(zo)|*/P dx . (6.20)
4B 8B

Now, again using Holder’s inequality yields

q
/|ri,hV(Dvo)|2q/pdx < c|n|"P=a/p) </|r,-,hV(Dv0)|2dx>1 . (6.21)
B B

Using the definition of the operator 7; 5, in (2.10), elementary properties of Sobolev
functions, and again the restriction on || imposed in (6.10) that in this case serves
to ensure that B(xo, |k|?) + B(0, |h|) C B(xg, 2|h|?), we have

f|ri,hV<Dvo)|2dx sc|h|2/ DV (Dug)|? dx
B 2B

(6.19)
< clh** | |V(Dvy) — V(z0)|*dx .
4B

(6.22)

Combining (6.21) and (6.22) gives

q
/ 1TV (Dug) 29/P dx < || 1=P)24/P+nB1=a/p) ( / V(Dvp) — V(zo)|2dx>p .
B 4B
Using now (6.20) gives with ¢ = c¢(n, p, L/v, q)
I=c/ |r,~,hV(Dv0)|2‘1/1’dx5c|h|“—ﬂ>2‘1/1’/ |V (Dvo) — V(20)|*9/Pdx, (6.23)
B 8B

and we estimate the last integral; recall that in the latter estimate zg € R” is still to
be chosen. We shall distinguish two cases now.

Case t = 0. In this case we take zo = 0 in (6.23); then (6.18) and (2.3) yield
/ V(Dvg) — V(z0)P4/7 dx < c/ (s% + | Duol?) dx
8B 8B
< c/ (s + |Du|?) dx +c/ |V(Du) — V(Dvo)|*¥/Pdx  (6.24)
8B 8B
Scf(sq+|Du|q+|f|)dx.
B

Case r > 0. In this case we choose zq as the following “average”:

20 := VL ((V(Du))sp) ; (6.25)



CALDERON-ZYGMUND ESTIMATES AND MEASURE DATA 231

observe that such a choice is possible since the map V is bijective. Now, first

/ |V (Do) — V(z0)|%4/P dx < c/ |V(Dvo) — V(Du)|*/? dx
8B 8B

(6.26)
—|—c/ |V (Du) — V(z0)|%4/? dx .
8B
Then by (6.4) and Proposition 2.3 with (6.25), we have
2 2 2q/
/8 VD) =V (@) 47 dx < elhPPY (D) ) - (6.27)
Combining (6.27) and (6.18) with (6.26) we have
/ |V (Do) — V(z0)|%/" dx

88 (6.28)

Bt2q/p q q ; 2q/p
< c|h| {/B(S + |Dul +|f|)dx+[V(DM)]t’2q/p;§}-

Observe that we have used 1 < § to estimate |1|#%24/P < |n|P124/P as |h| < 1.
Now let us define for any measurable set A CC €2 the following set function:

— ; 2q/
A(A) = /A (7 +1Dul? + | f) dx + x (OV(DWLYD (6.29)

where x(t) = 0ift = 0, and x(t) = 1 if t > 0. Summarizing (6.23), (6.24) and
(6.28) we have

1= c/ |Ti.n V (Dvo)|%4/P dx < c|h|[(1=PF1B124/Py (B)
B
Combining the latter estimate with (6.17), and in turn with (6.14), we find

/ 1%aV(Dw)|2/P dx < [|h|[(1—ﬁ>+tﬁ]24/p n |h|ﬂ824/p] AMB) .
B

Since by (6.9) Qinn(B) = Qinn C B and BC Qout = Qout(é), we finally obtain
[ s VDR dx < & [P IR 0] Qo) (630
Qim

Now we conclude with a covering argument. Preliminary, observe that the set func-
tion A(-) in (6.29) is not a measure due to the presence of [V (Du)l; 24/p; 4 in its
definition, but it is nevertheless countably super-additive, that is

> aA) = (U4y) | (6.31)
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whenever {A;}; is a countable family of mutually disjoint subsets. The covering
argument goes now as follows: first recall that all the cubes here have sides parallel
to the coordinate axes; then for each 2 € R\ {0} satisfying (6.10) we can find balls
Bi = B(xy, |h|P), ..., By = B(xy, |h|?), ] = J(h) € N of the type considered in
(6.11) such that the corresponding inner cubes Qinn(B1),..., Qinn(By) are disjoint
and cover Q up to a negligible set

12\ U Qim(Bj)| =0, Qin(Bi) N Qim(Bj) #V i =j. (6.32)

Actually we are proceeding as follows: we first take a lattice of cubes {Q ;} with
equal side length, comparable to |4|#, and sides parallel to the coordinate axes, in
order to obtain (6.32). They must be centered in . Then we view them as the inner
cubes of the balls {B(x;, |h|P)), according to (6.9). Now we sum up inequalities
(6.30) for j < J and get

Z/ 1z;.n V (Du)|?/P dx
Qinn(Bj)

< ¢ [1h1 PRl 200 | 35 Qou(B)))

(6.33)

By construction, and in particular by (6.10), we have Oou(B ;) C Q, for every
Jj < J. Moreover by (6.32) each of the dilated outer cubes Qout(é ;) intersects the

similar ones Qout(ék) less than (324/n)" times. Using all these facts and (6.31), in
turns out that (6.32)-(6.33) imply

f i a V(D) 2/P dx < 281G [|h|[“—ﬁ>+fﬁ]2q/" + |h|ﬂ524/1’] Q). (6.34)
Q/

Now we determine 8 in order to minimize the right-hand side with respect to |A|;
this yields [(1 — B) + tB] = B4, thatis B = y(t)/5, see (6.1). Observe that we
are requiring everywhere that § < 1, see (6.10), and the choice B = y(¢)/§ is
admissible since ¢ < § implies y(t)/8 < 1. Accordingly, for any £ as in (6.10),
(6.34) becomes

/ [Tin V (Du)|?/P dx < colh|” P2/ )(Q") (6.35)
Q/

for ¢ = co(n, p, L/v, q). Therefore, since i € {1, ..., n} is arbitrary, the crucial
inequality (2.11) of Lemma 2.1 is satisfied with d as in (6.10), g replaced by 2¢q/ p,
@ = y(t), and finally S = [coA(2”)]/?7. Up to changing the subsets according to
Lemma 2.13, that is passing to inner and outer subsets to Q" and €’ respectively,
we may apply Lemma 2.1 that now gives V (Du) € lec;czq/ P(Q', R"), for every
f < y(1); as Q' is arbitrary, this proves the first part of the assertion. Changing
again the subsets, since Q' cC Q" are themselves arbitrary, using estimate (2.12),



CALDERON-ZYGMUND ESTIMATES AND MEASURE DATA 233

and finally (2.3), we have that for every couple of open subsets Q' cC Q" there
exists a constant ¢ = c¢(n, p, L/v, q, dist(2’, 92")) such that

[V(Du)]fg{]’;p o = cfm(sq + |Dul? + | ) dx + c[V(Du)]lz,qz{f;p;Q,, . (6.36)

We have used (2.3) to estimate the integral of V arising when applying (2.12):

|V (Du)|%/P dx < c/ (s + |Du|?) dx . (6.37)
Q// Q//

Using (6.36) in combination with (6.5), and again changing the subsets via Lemma
2.13, we finally obtain (6.7) with the specified dependence of c¢. In a completely
similar way using (6.35) it follows (6.8) with |z| < d as in (6.10). The full case
0 < |h| < dist(2, 3R") follows by increasing the constant ¢ in (6.35) by a number
depending on n, p, ¢ and dist(2’, 92"); indeed when |A| € (d, dist(Q’, 92"))

|70V (Du(x))|%4/P
s12p / |h|y(t)24/p

/ |V (Du(x + he)|*4P + |V (Du(x))|?4/P dx

- dy(t)Zq/p

_c 2q/p
= gvo2alp /Q,,W(D WP < dy(zuq/p

/ (s? + |Dul?) dx .

The proof, also of (6.6), is complete as the open subsets considered are arbi-
trary. O

Lemma 6.3. Letu € Wo1 P (@, RN) be the unique solution to (4.2), under the as-
sumptions (1.2) and (1.4) with p < n, and let q be such that p — 1 < q < b.
Then

V(Du) € WP (Q,RY),  Due WaIPUQ,RY), foreveryt €[0,8), (6.38)

loc

where § is in (6.1). Moreover; for every couple of open subsets Q' cC Q" cC Q
there exists a constant ¢ = c(n, p, L/v, q, t, dist(Q', Q")) such that

V(DY) o +1Dully, o <c / (1Dul? 459+ |fhdx  (6.39)

and

sup [ TAPUOW o [ Dugt s 4 ] dx (6.40)
n Jor  |h|2a/p Y ’ |

foreveryi € {1,...,n}, where 0 < |h| < dist($2", 9Q2").
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Proof. The proof follows from Lemma 6.2 via iteration. We first prove the assertion
about V (Du). The function y () in (6.1) is seen to be increasing and it satisfies

te€(0,0) = y@) € (t9) and y(@) =94. (6.41)

Now, let us inductively define the two sequences {fx}x>1 and {si}i>1 as

y(sk) + v (t)

> (6.42)

= , 1 =2sp, = , kgl =
ety Sty Skl =Y (SK)s Tkt

From (6.41) it follows that s; ' §, moreover, since y (-) is increasing we have that
Sk < tx < 8, so that also #x ' § holds. We prove by induction that V(Du) €
Wf(’)‘c’zq/ P(Q,R"), for every k € N; this will prove the first assertion in (6.38). Ap-
plying Lemma 6.2 with t+ = 0 we immediately get V(Du) € ngczq/ P(Q,R"),

with a corresponding estimate of the type (6.5). Now assuming that V(Du) €

1,24/ p
Wloc

Wlozq/ P(Q,R") forevery t < y(t;). Now observe, that since y (-) is increasing and

Sk < tr, we have that ;1| < y (), and therefore V(Du) € Wthrl 2‘”17(9 R™),
with corresponding estimates of the type (6.7) and (6.8). Taklng 1nto account the
fact that the open subsets Q' CC Q" cC Q in Lemma 6.2 are arbitrary, and the esti-
mates (6.5) and (6.7), the part of (6.39) regarding V (Du) also follows by induction.
In the same way, by induction on (6.8), for every i € {1, ..., n} and considering
0 < |h| < dist(2', 9R"), we have

(2, R™), we may apply again Lemma 6.2 with t = 1y, to get that V (Du) €

V(D 2q/p _
Sup/ |Tin V(Du(x))| dx <c [ (|1Dul?+s?+|f)dx, Vt<3§. (6.43)
w Jor |n|*2a/p Q

The assertions concerning Du instead follows using (2.2) and the fact that p > 2:

D —D 4
[Dul’ :// | Du(x) u(y)l dxdy
;,q;Q / /

| — y[r2alp

[(5 + 1DuCo)| + 1Du()D? 2| Dux) — Du() ]
S//// |x — y|nt2ta/p dxdy
|V(Du(x)) — V(Du(y))|2a/p
=< // // — y|n+2a/p dxdy
= eIV (D)LY, (6.44)

t.2q/p; 2

for any Q' cC €, where ¢ = c(n, p); this gives (6.39). A completely similar
argument allows to get (6.40) from (6.43), and the proof is complete. ]

Proof of Theorems 1.2 and 1.3. Firstly, observe that since p > 2,theng > p — 1
implies 2¢/p > 1, and therefore Lemma 6.3 can be used in the full range (1.15).
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We consider the approximation sequence {uy }; built in Section 5. Applying to each
uy the result of Lemma 6.3, and keeping in mind (5.3)-(5.5), we have

q

DUk gy = © / (s + | Dugl? +1 fi) dx < cllpl (@177 +es7192 , (6.45)
Q

q—p+l

with the obvious definition of f; := || fi|l L{);S;) fx: look at (6.2)-(6.3) and recall that
here it is & = n. The constant ¢ depends as in the statement of Theorem 1.2, while
q €[p—1,b),and o € (0,0(q)). Now estimate (1.17) follows from (5.5),(5.6)
and (6.45), together with a standard lower semicontinuity argument to handle the
left-hand sides of (5.5), (6.45). We conclude showing that u solves (1.1) in the
sense of (1.7). The a priori estimate (6.45) allows for a quick derivation of this fact.
Indeed, thanks to Rellich’s compactness theorem in the case of fractional Sobolev
spaces [4], we have that, up to extracting a diagonal subsequence, Duy strongly
converges to Du in LiOC(Q, R™) for every t < nq/(n — o(q)), and on the other
hand note that ng/(n — o(g)) = n(p — 1)/(n — 1) > p — 1. Taking into account
the growth condition (2.8), and that fy — wu by (5.2), we can pass to the limit in
(5.1)1 using (2.8) and a well known variant of Lebesgue’s dominated convergence
theorem, getting that u finally satisfies (1.7). The proof of Theorem 1.2 is now
complete, and estimate (1.17) is also proved. It remains to prove (1.16), to this aim
we use a scaling argument. Take Br C 2, letu € WP (Q) be the solution to (4.2)
with a fixed f, and scale it back as in (4.5) in order to obtain #(y), a solution in
B1. Now observe that we may apply Lemma 6.3 to & since the whole argument of
the lemma is local, and makes no use of the boundary information on the solution
considered. Therefore estimate (6.39) applied to i with Q" = By, gives

~ ~ =1q/(p—1)
(D1}, 4.5, < MDAl + 5175, + I FITG T
for every 0 < o(q); here we also used (6.3) while ¢ = c(n, p, L/v, 0, g). Scaling

. ~1q _ po— q
back to By, observing that [D”]a/q,q;31/2 = R° ”[Du]a/q’q;BR/2 we have

- - —1
[Du1} iy < R NDUl+ 517 gy + RO
We used thatn — o (g) = g(n — 1)/(p — 1) by (4.1). Writing the latter estimate for
u = uy, and using the approximation scheme of Section 5 and in particular (5.2)
and (5.4), we finally obtain estimate (1.16). ]

Remark 6.4. The crucial case in the proof Theorem 1.2 is actually (1.12). The case
(1.14) can be obtained by embedding from (1.12) [65], 2.2.3. Indeed, for a space
W4 the number o — n/q is called integer dimension; all the spaces in (1.14) share
the same integer dimension if ¢ = 0, and this allows for using a suitable embedding.
We gave here a self-contained proof, which is on the other hand even shorter than
the one using abstract embedding theorems for Besov spaces.
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Proof of Theorem 1.4. The proof goes along the lines of the one for Theorem 1.2.
Take ¢ = p — 1 in Lemma 6.3, in such a way that now (6.1) gives

s=—P"
2(p—1)

Now we proceed as for the proof of Theorems 1.2-1.3, again applying Lemma 6.3
first to the approximating solutions uj defined in Section 5, and then passing to the
limit & 7 oo the resulting a priori estimates. The equality in (6.46) together with
(6.38) finally leads to

(6.46)

2(p=1

V(Du) e W,.. " (Q,R") for every t

P
<77
2(p—1)

which establishes (1.22) in Theorem 1.4. In order to get (1.23) and therefore com-
pleting the proof we just use the a priori estimate (6.39) for the approximate solu-
tions uy, and then we let k * oo as for the proof of Theorem 1.3. O

Remark 6.5. As for (1.15) we can prove, using Lemma 6.3, that the solution u
found in Theorem 1.4 satisfies

po@) . 2

V(Du) € Wlojq TR, RY, for every ¢ > 0,

for the values of ¢ described in (1.15).

Proof of Corollary 1.5. This is based on inequality (2.2). Set g0 = 2(p — 1)/p;
since p > 2 we have

S(p—zz)qo/ / |Du(x) — Du(y)|?° dx dy

|x _ y|n+1—s

< / / [(S + |Du(x)| + | Du(y)|)? 2| Du(x) — Du(y)|2]q°/2

|x _ yln-i-l—e dx dy
|V (Du(x)) = V(Du(y))|?
Sc(n7p)//// |x—y|n+176 dxdy,
and the proof is concluded using estimate (1.23). O

7. The capacitary case

Here we give the proof of Theorem 1.10, that will be along the lines of the one for
Theorem 1.2; therefore we shall confine to report the necessary modifications. The
main point here is that we do not need estimates below the growth exponent like
(3.2) and (3.11), as the solution u to (1.1) is uniquely determined in Wol’p(Q); for
the same reason no approximation scheme as in Section 5 is needed.
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As for (6.1) we first we need to define

_ap) ) 8 1

8. , t) = tel0,64+1), p:=Mr1 , 7.1
> 40) - €l0,6+D, nu |1l (7.1)

where M appears in (1.27), and o (p) is defined in (1.36). Next lemma is the analog
of Lemma 6.2.

Lemma 7.1. Letu € Wol’p(Q, RN be the unique solution to (1.1), under the as-
sumptions (1.2), (1.4) and (1.27) for 0 < p. Assume that

V(Du) € Wt’z(Q, R™, for some t € [0, §) , (7.2)

loc

where § is as in (7.1), and that for every couple of open subsets Q' cC Q" cC Q
there exists a constant ¢y = c1(dist(2', Q")) such that

[V(DW} 50 < 1 f (1Dul? + s7) dx + 1K) | (73)
Q

Then .
V(Du) € W{O’CZ(Q, R"), forevery t €0, y(1)), (7.4)

where y (+) is in (7.1). Moreover, for every couple of open subsets Q' cC Q" cC Q
there exists a constant ¢ = c(n, p, L/v, dist(Q', 90Q"), f, ¢1) such that

V(DT o S ¢ /Q (Dul? + 57y dx + (<) . (7.5)

Proof. The proof follows the one of Lemma 6.2, therefore we shall keep the nota-
tion introduced there, giving the suitable modifications. Let us firstly treat the case
p # n. Once again h, v, vg are as in (6.10) and (6.12)-(6.13), respectively. As for
(6.14),

/|z,-,hV(Du)|2dx < c/ |ti,hV(Dv0)|2dx+c/|V(Du) — V(Dv)|*dx
B B B

+c | |V(Dv) = V(Dvy)|*dx (7.6)
2B

= I+I1I1+11II.
The term /171 is estimated via (6.16), while for /1 we use Lemmata 4.4-4.5:
[ |V(Du) — V(Dv)|>dx < ciu(B)|h)P7P)
B

Therefore, as o (p) < 2 when p > 2, we have

f|V(Du)—V(Dv0)|2dx+II+IIIgclhlﬁz‘s {f(sp+ |Du|P)dx+;1(é)}. (1.7)
B B



238 GIUSEPPE MINGIONE

As for I we shall simply use estimate (6.22). We again distinguish two cases:

Case r = 0. Taking zp = 0 we have, using (7.7) and (2.3)
f |V (Duvo) — V(zo)|?dx < cf(sp + |Du|P)dx +/ |V (Du) — V(Dvo)|?> dx
8B B 8B

< c[(sp + |Du|?)dx + cu(B). (7.8)
B

Case ¢ > 0. In this case we choose zg as in (6.25). Again we estimate
/ |V (Dvg) — V(z0)|* dx < c/ |V (Dvo) — V(Du)|*> dx
8B 8B

+c/ |V(Du) — V(z0)|*dx . (1.9)
8B
Using Proposition 2.3, together with (7.2) and the choice (6.25), gives

|V(Du) — V(z0)|* dx < c|h|P*[V(Dw)]? .45 - (7.10)
8B -

Combining (7.10) and (7.7) with (7.9) we have, ast < §

/ |V (Dvg) — V(z0)|* dx
88 (7.11)

< clh|P [ / (s” + |Dul?) dx + ju(B) + [V(Dw)] é} :
5 2

Now let us set for any measurable set A CC 2
A(A) = /(S” + |Dul?) dx + i(A) + x OV (D))} 5. 4 »
A

where again x(t) = 0ifr = 0, and x(t) = 1 if r > 0. Summarizing (7.6), (7.8)
and (7.11) we have

I< c/ |1, V(Do) > dx < c|h|U=P+1P1)(B) .
B
Combining this last estimate with (7.7) and (7.6) we finally find
[ v P ax < e [WPOP 4 | ach)
B

From now on we can proceed with the covering argument adopted in the proof of
Lemma 6.2, up to formula (6.34), arriving at

/ lzin V(D)) dx < ¢ [|h|2[<1—ﬁ>+’ﬂ] + |h|ﬁ25] Q") . (7.12)
Q/
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Taking B = y(t)/6 € (0, 1) now yields
|1tV (DwP dx < clhPrOa@.
Q/

that is the analog of (6.35). From this point on the proof proceeds as for Lemma
6.2, and the case p # n is complete. As for p = n, Lemma 4.5 allows to re-do
the whole proof where this time § := ¢’/2, for any o’ € (0, o (p)); therefore we

obtain V(Du) € Wli;cz(Q, R™) for every f < (0//2)/[(6'/2) + 1 — t]. Since o’
can be chosen arbitrarily close to o (p) the statement follows again, and the proof is
complete. In particular (7.4) follows from the fact that the open subsets considered

are arbitrary. O

Proof of Theorem 1.10. The proof goes as the one for Lemma 6.3, but directly for
the solution u to (1.1). Applying repeatedly Lemma 7.1 with t = # as in Lemma
6.3, and {#} is the sequence defined in (6.42) with § = o(p)/2, we get that

V(Du) € Wlt(’)‘c’z(Q, R") for every k € N, with a corresponding estimate of the
type (7.3). The assertion finally follows observing that this time t;  o(p)/2,
passing to from V (Du) to Du as in (6.44), and using (4.26) to get the global bound

in (1.37). O

8. Morrey estimates

In this section we give the proofs of Theorems 1.11 and 1.12. We shall actually
argue as follows: we first prove Theorem 1.11 in the special case g < b, at least as
a priori estimate. This will allows us to prove Theorem 1.12 immediately, and also
Theorem 1.8 in the next section. In turn Theorem 1.8 will finally imply Theorem
1.11 for the full range ¢ < m; compare with (1.43). Therefore we shall start with

Lemma 8.1. Let u € Wol’p(Q) be the solution to (4.2) for a fixed [ € L*(Q),
under the assumptions (1.2) with p < n. Then with

ni(p—1)
n—1

@-1

p—l<gq< b, and 5(q):=1 ,
p—1

as in (1.39), for every couple of open subsets Q' CC Q' CC Q there exists ¢ =
c(n, p, L/v, q,dist(R', 0Q")) such that whenever 6 € [p, n]

1 —1
l1Dul + sl osw ey < ellDul +slla@n +el FIATG) - @D
Moreover there exists ¢ = c(n, p, L/v, q, dist(Q', 9Q), Q) such that

1/(p—1 1/(p—1
11Dul + sl asw ey < el fIN G +el FIg) +esi@ . 82)
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Proof. We shall apply a standard comparison technique to get Morrey estimates.

Let us take Bg cC Q" with R < 1, and define v € u + W(}’p(BR) as the unique
solution to (4.3). Using Lemma 3.3, estimate (3.10), for any o € (0, R)

n—q+p
/ (IDv|? +59) dx < ¢ (3) T (Do) + 57y dx (8.3)
B, R Bg

where ¢ = c(n, p,L/v,q), and B = B(n, p, L/v) € (0, 1]. Now we compare u
and v in Bgp, that is, using the latter estimate

(|Dul? + s%) dx 50/ (|Dv|q—i—sq)dx—i—c/ |Dv — Du|? dx
BQ

BQ BQ
n—q+pBq
5c(9) (IDv4 +sq)dx+c/ \Dv — Du|? dx (8.4)
R Br Br
n—q+pBq
Sc(g> (IDu|? +s‘1)dx+c/ \Dv — Du|? dx .
R Bg Bg

Using Lemma 4.3, withc = c¢(n, p, L/v,q),and g € [p — 1, b), we get

q—p+1

/IDu—Dvlqu<c||f||L19 /|f|de”<q’9>
. (Br)

(8.5)
<l fll] o R

Observe that f € L°, therefore Il fllL16(q) < oo. Combining (8.4) and (8.5) yields

/(|Du|‘1+s4)dx§c(9)" T (1Duj 1 59) de
Bo R Br (8.6)

c||f||L.9(B RO

where ¢ = c(n, p, L/v). Observe now that 6 > p impliesn — g > n — 8(gq),
therefore we can apply Lemma 2.11 with the choice

49
o) == | (IDul? +s7)dx, B:= 1],
B;

anddyp :=n—q+Bg > 81 :=n—q+ Bq/2 > y =n — §(q) in order to have,
after an elementary manipulation

f (IDul? + s9) dx
K 2 (8.7)
= crje®) (qu/ (ADul? + s dx + 17170 L gr@
B R Br L%(Bg)
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for every o < R, where c; = c¢1(n, p, L/v, q), and c.(R) = R¥@—"_ Now take
R := dist(Q, 3Q")/4, then use (8.7) on the generic ball of radius R centered in
Q'; of course such a ball is contained in ”. Also observe that such a choice of R
determines ¢, = c4(n, dist(€’, 3R")) in (8.7). All in all such choices give

_4q
| (Dait 5 dx < ¢ [|||Du| + 51 0@n + I/ g.,;(m] " (88
4

with ¢ = ¢(n, p, L/v, q, dist(S, dQ")), for any ¢ < R. This procedure, and an el-
ementary estimation involving the definition in (2.14), yield (8.1) with the specified
dependence of the constant. More precisely, (8.8) is satisfied for o < R, but then is
satisfied also for any ball B, C @/, with ¢ < 1, modulo increasing the constant ¢ of
the factor R*@~" in the case R < 1; recall that R := dist(Q’, 22" /4. Finally, in
order to get (8.2), fix Q' cC 2, and determine Q" according to Lemma 2.13; at this
point (8.2) follows using (4.25) in (8.1), since dist(2’, Q") = dist(Q’, 9Q)/2. [

Proof of Theorem 1.12. Take ' CC 2 as in the statement of the Theorem, and
determine €” according to Lemma 2.13. We go back to the proof of Lemma 8.1,
and apply the arguments to u, that is the solution to (5.1), with such a choice of
@', Q". We recall that everywhere both dist(Q’, 9Q2”) and dist(2”, 32) depend on
dist(Q2', 0€2) via (2.24). We start from (8.7); as by (1.39) §(¢) = g when 0 = p, we
use Poincaré’s inequality in order to estimate the left-hand side of (8.7) from below.
With ¢ being the one in (8.7) up to multiplicative constant c(n, ¢), we have

][ luk — (ux)p,|? dx
BQ

2
<e {Rq—" (3)ﬂq/

_4q
2 (|1 Dug|? + s9) dx + ||fk||£|_L(BR)} . (8.9

Bg

Now, fix @' cC Q" cC Q as in the proof of Lemma 8.1, and using the same
argument used to prove Morrey regularity in the previous proof we find

1/(p—1 1/(p—1
[uxlsmow) = el fill Al ¥ + el fil i) +esigl'/?

with ¢ = c(n, p, L/v, q, dist(2/, 9Q)). Letting k /" oo, and using of (5.3), we
finally obtain

[ulmow) < cllpl(@17PD 4 eV @D 4 cs1)V/e

Now (1.42) is finally proved combining the last estimate with the following trivial
consequence of (1.27):

|1|(R) < [diam(Q)]" M, (8.10)

and taking into account that ¢ may depend on 2 too.
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In order to prove the local VMO regularity we assume that u satisfies (1.41)
locally uniformly in the sense of Definition 2 in Section 2.4. In order to conclude
it suffices to prove that: For every Q' CC 2 and every ¢ > 0 there exist k =
k(e, dist(2', 02)) € N and ¢ = 0o(e, dist(Q/, 9R2)) € N, possibly also depending
onn, p,L/v,q,s, 2, such that

][Iuk—(uk)sglquSe, k>k, o<o, (8.11)
BQ

whenever B, cC Q" is ball centered in €. This with (5.6) will finally prove the
whole theorem as ' CC € is arbitrary. Using (5.5) and (5.4) with (8.9) we have

][ |ug — (up) B, |7 dx
Bo (8.12)

_ Ba/2 4 al
< {Rq H(E) T [0 + @]+

R BR+]/k)} ’

Determine a positive radius R < dist(Q, 3Q"”)/4, depending on &, dist(Q', )
and on n, p, L/v, g, such that |u|(B;) < (2¢1) " Yer® P whenever r < 2R and
B, C Q". This implies ”M”L"H(sz) < (2¢1)"'e whenever B, is centered in
Q. Indeed this and R < dist(Q', 3Q")/4 imply B,z C Q. From now on all the
balls considered will be centered in Q’ . Taking k = k(e, dist(€, 92)) € N, also
depending on n, p, L/v, g, such that 1/k < R we have

erlill Loy, ) <62 (8.13)

This fixes k in (8.11). From now on we shall use (8.12) with R = R. Now take
0 = 0(s, dist(Q’, 92)) < R, also depending on n, p, L/v, g, s, €2, in order to have

_ é Bq/2 q
1 RT (E) [1@17 + 571921 < e/2. (8.14)

This fixes ¢ in (8.11). We finally obtain (8.11) merging (8.13)-(8.14) to (8.12), the
latter used with R = R, and ¢ < p. O

Proof of Theorem 1.11. As usual we shall proceed deriving a priori estimates,
therefore let u € WP () be the solution to (4.2) for a fixed f € L>®(Q). We
shall use the estimates from the proof of Theorem 1.8 below, as explained at the be-
ginning of the section, therefore this proof should be read after the one of Theorem
1.8. Let Bp CC 2, with R < 1. By Lemma 2.8 with g € (1, m)

q (2.20) 1 -4 q
Dul?dx 2 m m — gy~ 1Bal"F 1 Dulld g )
Br
@18 g
=< CRn m ”Du”(j\/(me‘(BR) (815)

q

(9.35) 4 g y B
< c[llfllzl(lm+||f||£1’;(m+sq|g2|m]Rn ON
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where ¢ = c(n, p, L/v, q, dist(Bg, 02), 2). We used that g8/m = 3§(g), see
(1.39). Therefore taking the supremum over all possible such balls with B cC €’
we have

1/(p—1) 1/(p=1) 1/
”Du”L‘Iﬁ(‘I)(Q’) = c”f”Ll(Q) + C”f”Ll,H(Q) + CS|Q| " 5
c=c(n, p,L)v,q,dist(2, 02), ). The assertion follows once again via the ap-
proximation scheme of Section 5, a lower semicontinuity to handle the left-hand

side of the latter estimate, and using (8.10) as for Theorem 1.8. [l

9. Marcinkiewicz estimates

This section contains the proof of Theorem 1.8. One of our starting points here
will be the brilliant technique for proving M"-estimates introduced in [27] (case
p = n, that implies & = p = n). We shall use a delicate combination of some
the arguments from the latter paper with the Morrey space estimates of Section 8,
a direct comparison argument on certain Calderén-Zygmund type balls, and finally
a modification of some ideas from [14,48]. A different, elegant approach to M"
estimates based on a suitable version of Gehring’s lemma in Marcinkiewicz spaces
has been recently given in [44]. Let us emphasize here the fact that our technique is
robust enough to catch the borderline case & = p, and therefore to get the limiting
regularity (1.31).

As everywhere else, we shall derive a priori estimates and in the following
u e Wol’p(Q) is a solution to (4.2) for a fixed f € L°°(2); we assume of course
that || fllL1o(q) > O, otherwise all assertions trivialize. To begin with the proof
let us consider two open subsets Q' cC Q" cC Q. Take a ball By with radius
Ro < 1/2, such that 2By cC ”. We use the restricted maximal function of f
relative to 2 By, that is

M) = Magy () = sup ][If(y)ldy,
xeB,BC2ByJ B

where B is a ball varying amongst all possible ones in 2By. The weak (1, 1) esti-
mate

(x € 2B : Magy(f)(x) > A)] < @ FO)dy  Vas0,
2B,

holds, see for instance [11], and it immediately follows that

C||f||L1=9(2BO)|BO|1_9/n
A

Letus fix Rp <t < @ < 2Rp. With A > 0 we shall denote

l{ix € 2By : Mag,(f)(x) > A}| < Vis>0. (9.1

Ei ={x € B; : |Du(x)| > 1}, Ef ={x € B, : [Du(x)| > A}.



244 GIUSEPPE MINGIONE

Here the balls B;, B, are concentric to By, and it obviously holds By C B, C B, C
2Bg. We recall that b is in (1.9) and m as in (1.28), while in the following ¢ and ¢
will be fixed numbers suchthat p — 1 < g < g1 < b.

Step 1: Calderon-Zygmund type decomposition. Let us set

1
2o ;:( (|Dul —I—sq)dx>q , 9.2)
2B,

and from now on we shall always take A large enough to have
A>4 — 1) = A, (9.3)

unless otherwise specified. Observe that if xo € B; then B(x¢, (¢ — t)Rp) C B, C
2 By and therefore

9.2)
][ (Dul? + 5T dx 2 2 — 1y <39 ;
B(xp,(0—1)Ro)

in particular
s<A. 9.4

Now, let xg € Ej, and define
i(xg) = min{i eN : ][ (|1Du|? + s%) dx Z4qkq} )
B(x0,27 (0—1)Ro)

By (9.4) and Lebesgue’s differentiation theory for a.e. xg € Efu we have 1 <
i(xg) < oo, and the family {B(xo, 27100 (o — 1)Rp)} is a covering of Efm up to a
negligible set. We may apply Besicovitch covering theorem [5] in order to extract
from {B(xo, 27:**0) (0 — 1) Rp)} a finite number Q(n) of possibly countable families
of mutually disjoint balls {B;};<ou). Bj = {Bij 1, such that Efu is covered by the
union of the closure of such balls up to a negligible set. Rename all these balls
in order to have a new, possibly countable family {Bj;}. We need to observe that
2By C B, for every k; this follows from the construction, since for a.e. xo € By
we have i(xg) > 1, therefore the radius of Bj does not exceed (0 — ¢)Ro/2, and
being By centered in B, then 2By C B, follows. All in all, again by construction
the following facts hold:

Ej; C | JBrUnegligibleset, Y |EYNBi| < Q)|E]|, 2By C B, (9.5)
k k
and, for every k € N

4909 < 4 (|Dul? + s dx, (|1Du|? + sy dx < 49,1 . (9.6)
By 2By
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Denote by Ry the radius of By, so that Ry < Ry < 1; using Lemma 8.1 gives

_q0-D
4934 < 1 (|Dul? +s‘1)dx5c|||Du|+s||zq_5(q)(zBO)Rk =
By
and it follows
1 _p—l —1
R <cK710= 01, K = |1Dul+ 517 50 05, + 1/ 110080 - OT)

Step 2: A density estimate. Here we single out one generic ball By and argue
under the assumption that there exists x; € By such that

M(f)(xp) < T VA=03m (9.8)

with 7 > 1 to be determined later. Using Holder’s inequality and the fact that
B C B,, we start estimating

9.6)
4909\ By| < f(lDu|q+sq)dx
By

04 0
< 2A|Bi \ E5 | + Q(lDulq—l-sq)dx

BnE? 9.9)

q

a1
Q(|Du|q1 +sq‘)dx> .

_ 49
< 209|B; \ E2|+Q|B N EC' T f
ByNE;

Therefore, another elementary estimation gives
q

1-4

By \ EY By N E° a a1

zqf%ﬂ[%} w0 (i ssman)" L 010
By,

We now estimate the last integral. To this aim, let us introduce the comparison
function vy, € u + WO1 " (2By) as the unique solution to

—diva(x, Dvg) =0 in 2By
{ Uk = U on 02B;. ©.11)
Now
|Du |1 dx 56][ |Du — Dvg|?" dx + ¢ |Du|? dx , (9.12)
By By By
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and we estimate the last two integrals. Using Lemma 4.3 we find

q1—p+1

(4.15) = 0
]I» |Du — Dug |1 dx < C||f“L11~79(1230)][ | fldx Rl‘:(qh )
2By 2By

1

9.7y Ko-1

< c—— ][ | fldx (9.13)
AMm—q1 2B,

(9.8) cAT!
=
T

where ¢ = c(n, p, L/v, q1); in a completely similar way we also get

El

)\’q
|Du — Dvg|9dx < = | (9.14)
2By T

On the other hand, since g1 < p, using Holder’s inequality and (3.11), we have
a
q

a1
D |9 dx < ( |Dug |PX dx) < c< (IDve |9 +sq)dx> . (9.15)
By, By 2By

In the last line x = x(n, p, L/v) > 1 is the higher integrability exponent such that

Dv € Lf:jc( (2By, R™), that has been determined in Lemma 3.3. In turn, since T > 1,

(9.6) and (9.14) give
][ |Dvg|? dx < c][ |Du — Dvi|? dx —|—c][ |[Dul?dx <cA?. (9.16)
2By 2By 2By
Merging (9.16) and (9.15), and using (9.4), gives

][ |Dug|? dx < cA9' . 9.17)
2By
Connecting (9.13), (9.17), to (9.12), and using again (9.4), yields

(|Dul? + 59y dx < cA9' (9.18)

By

where ¢ = ¢(n, p, L/v, q1). Using this last inequality in (9.10) gives

1—-4L
by o IBOVET PBmEﬂ} g

1Bl | B |

where ¢ = c1(n, p, L/v, q1), and therefore, since g; > ¢, we have

1

By NE? 1 T 1
BN EL [—(2‘1 - 1)]“ . 2o, (9.19)
| By | c1 &)

where ¢ = ¢2(n, p, L/v, q, q1); this is the density estimate we were looking for.
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Step 3: Estimates on balls. We take H > 4"/9 > 4 to be chosen, and estimate the
measure of E ;M splitting as

|Ejy | < 1Ejy, Nix € B+ M(f)(x) < T7'KI=0xmy

(9.20)
+EY, N{xe B, : M(f)(x) > T 'KVI=0ym | =1 4+ 1T1.
By (9.1), and the definition of K in (9.7), we immediately have
O —m pn—0
Il <c(m)TK7=TA"R;™, (9.21)

and we concentrate on /. To this aim, since H > 4 by (9.5) we may estimate
1<) Io:=Y |EyN{xeB : M(f)x) < T 'KV 9.22)

and in turn we estimate each I;. Fix one; we may assume there exists x; € By such
that (9.8) holds; otherwise I = 0 and we are done. By definition of I
Iy < |Efy, N Bel < ltx € By : [Du(x)| > HAJ|
< |{x € By : |Du(x) — Dv(x)| > HA/2}| (9.23)
+{x € By : |Dv(x)| > HA/2}| =TIy +1Vj.

Then, keeping in mind the definition of K in (9.7)

24
Ha\a

I < / |Du — Dug|? dx
By

q7]141rl

e
@19 cllflvo g,

E——— dx RZ4?
Sl ML

Kq*pTl
0.7 cK r-
< ——— | Ifldx R}
HiA Jop,
1
0.7 cKoT
< / |fldx
HI\™ Jop,

9.8
(<) c3|2Bg|
- H4T

9.19) €3¢22"| By N EY|
< e — AR
- H4IT
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Let x = x(n, p, L/v) > 1be asin (9.15), that is the number determined in Lemma
3.3; using (9.4) we have

2PX
IV < 7/ | Dvg|PX dx
HPXAPX [p,

PX
q

(3.11) 2B
40 2B (IDwl? + 59) dx
Hrwx \ g,

9:16),0:4) c4|2By|
= HPx

919 cac2" By N E}|
- HPx
Connecting the estimates found for 711, IV} to (9.23) gives
I <es[HIT™ + HPX| By N E)
with ¢s = ¢5(n, p, L/v, g, g1). Summing up on k using (9.22), (9.5) yields
[ <esQm)H 1T + HPX|E?) .

Merging the latter estimate and (9.21) with (9.20) we finally have
|EL,. | < co [H—qT—1 + H—PX] |E| + ceTKTTA ™R (9.24)

where c¢ = c¢(n, p, L/v, q, q1), while H > 4"/ and T > 1 are still to be chosen.

Step 4: Iteration and a priori estimate. Let us for a moment assume that Ry =
1/2; we shall eventually deal with the general case by means of a scaling argument.
We introduce the level function [ (-, -) as

I, y) == A"|E]]|, forevery y € [1/2,1], and A > 0, (9.25)

and observe that (9.24) can be rephrased as
I(HA, 1) < cg [H'H'T—1 + H’"—PX] I, 0) + cgH" TK 7T . (9.26)

Now observe that m < p < pyx, and equality in the first inequality occurs iff
p = 0; therefore we take H large enough in order to have cg H" 7% < 1/4; taking
into account the dependence of m, x, and cg, this fixes H = H(n, p, L/v, q, q1).
Next, take 7' large enough to balance H i.e. T := 4cgH™ 4, recall that m > gq;
therefore T = T (n, p, L/v, q, q1). With such choices (9.26) gives

I(HA, 1) < (1/2)I(h, 0) + 7K 7T | 9.27)
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with ¢7 = ¢7(n, p, L/v, q, q1). The last inequality holds whenever A satisfies (9.3),
therefore, taking into account the definition in (2.17) to bound the right-hand side,
with A; as in (9.3) we have

sup [(HA. 1) < (1/2) | Dl gn g, + 7K 7T
A=A

and obviously, again by the definition in (2.17), and (9.2)-(9.3), we have
0
| Dl g,y < (1/2)1Dulogn ) + H™12Bol(@ — )™ 435 + 7K 7T

Observe also that we are proving a priori estimates for approximate solutions, and
therefore we are assuming that u € W'7; since m < p in any case it follows that
| Dul| p1m 2B, is finite. We can apply Lemma 2.12 with ¢(¢) := “D””m/vl'"(B,)’
Ro=1/2,and 1/2 <t < o < 1; this yields

”D“”mMm(B) = C)LO +CK9 1, (9.28)

with ¢ = c¢(n, p, L/v, q, q1), as H depends on n, p, L/v, q, q1 and |2By| < c(n).
Using the definition of A¢ in (9.2) and that Ry = 1/2, we observe that

q
Ay < ( . (|Dul|? —|—s‘1)dx> < c|||Du| +s||'L"q$5(q)(2Bo) . (9.29)
0

Merging (9.29) with (9.28), taking into account the definition of K in (9.7) we easily
obtain

DUl + s 1% g,y < € [IIIDu|+SIqua<q)(2BO)+IIfIIng(ZB)]- (9.30)

All this holds provided Ry = 1/2. The general case Ry € (0, 1/2] can be dealt with
by scaling, that is: first considering a general ball By, then from the very beginning
of the proof reducing the problem to the case Ry = 1/2 scaling as in (4.5), then
obtaining (9.30) for the scaled solution # with data f , and finally scaling back to u;
then using also Lemma 2.5 all this yields, for any Ry € (0, 1/2]

I Dul + S”mMm(BO) =c |:|||Du| + s”’zlq,zs(q)(zB ) + ”f”Ll (2B, ):| Rg_e . (93D

where again ¢ = c¢(n, p, L/v, q,q1). For later convenience let us observe that
taking ¢ = p — 1 in the latter estimate, and using that §(p — 1) = 6 — 1 by (1.39),
we have

11Dl + 51 5y < [|||Du|+s||L,, L ||f||L19(23)]R3‘9. 9.32)
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Using (9.31) together with a standard covering argument, and an elementary esti-
mation involving the definition in (2.18), we have

1/(p—1)
11Dul + 5l sy < lllDul +sll s + el FILTG) . (933)
where ¢ = c¢(n, p, L/v, q, 2/, Q"), since (2.24) holds. Finally using (8.1) in the
previous estimate, and via Lemma 2.13 passing again to outer and inner open sub-
sets to " and Q" respectively, as everywhere open subsets ', Q" are arbitrary, we
conclude with the desired local a priori estimate

1/(p—1
11Dul + sl pnoqey < clliDul +slla@n + el Fl A g (9.34)
for any choice Q' cC Q”, where ¢ = c(n, p, L/v, g, ', Q”). In turn, with Q' cC
Q fixed as in the statement of Theorem 1.8, we can pick Q" in (9.34) as prescribed
in Lemma 2.13, and taking into account (4.25) we get

1/(p—1 1/(p—1
IDul + sl oy < el fIA D + el FIATG) +esiQe, 9.35)
where now ¢ = c¢(n, p, L/v, q, ', ). Applying the latter inequality to u; from
(5.1) and taking into account the approximation scheme of Section 5, and in partic-
ular (5.3), as in the proof of Theorem 1.2 we get

1 Dul + sl pmeo gy < clliel(@1YPD + M/ P=D 4 esjVe . (9.36)

where now u is the solution to the original problem (1.1) constructed in Section 5.
The assertion of Theorem 1.8 with estimate (1.30) follow plugging estimate (8.10)
in (9.36). Just one remark about the convergence of the approximating solutions
ug. In the proof of Theorem 1.2 we used the higher (fractional) differentiability of
solutions to pass to the limit via compactness; this information is not available here
since in Theorem 1.8 we are just assuming a measurable dependence of the coef-
ficients, and not (1.4), which was in turn necessary to get differentiability of Du.
In the present case the converge of the solutions u; can be nevertheless obtained
exactly asin [7,8,26]. ]

Remark 9.1 (A local estimate). Estimate (1.30) has a local companion. More pre-
cisely, having (9.34) at our disposal, we may apply the usual scaling procedure in
(4.5), as already done for instance to obtain (1.16). Using such estimates for the ap-
proximating problems (5.1), and employing Lemma 2.5 we end up with the natural
estimate

-1 _

u 1/(p—1
DUl + 5l g 3y < CRPT 7 [ Dut] + sl aayy + ll fill 15

L (Bg)’

forg € [p — 1,b) and ¢ = c¢(n, p, L/v), whenever B CC 2. Using (5.4)-(5.5),
and letting k ' oo we conclude with

0—

= 1/(p=1)
11 Dul + sl pmo 5z < €R7T 41Dl + sl oo +ellul iF ) o Ve>0.
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Remark 9.2 (On the limit case 6 = p). In proving Theorem 1.8 we used (3.11)
from Lemma 3.3 to estimate / V. In turn Lemma 3.3 uses Gehring’s lemma. The
use of Gehring’s lemma is actually needed only in the borderline case 6 = p, when
m = p. Indeed in (9.26) we need m — px < 0. Now observe that m < p as soon as
0 < p. Therefore in this latter case we may use inequality (3.11) with p replacing
px; in (9.26) we would have H™ P, still small taking H large. All this does not
need Gehring’s lemma: indeed for solutions to (3.3) the basic Caccioppoli’s type
inequality, together with Poincaré’s one (see [34], Chapters 6-7) give

n+p

1
r np_ p_ np
][ |[Dv|Pdx | <c (|Dv|"™*P + sm+P) dx
Bg)2 Br

From this the new form of (3.11), with p replacing p x, follows by Lemma 3.1.

10. The super-capacitary case

In this section we are going to prove Theorem 1.9. As usual we shall derive a priori
estimates; in the following let u € WO1 "7 () be the solution to (4.2) for a fixed
f € L (). Take B4g CC 2 with 4R < 1, and then scale u(x) in B as in (4.5),
therefore obtaining a solution u(y) in By. We fix d € (0, 1). Now apply (6.40) with
Q' = Bjpandg = p — 1to have

|zi.n Dt (y) P~ _ -1 x
SUP/ ——————dy < c|[Dul + s}, - 5, +cllflpn
P TR L=t e (10.1)
- —1 ~
= C|||DL{| +S”€p—1,9—1(31) + c”f”Ll’G(B]) ’

forevery i € {1,...,n}, where 0 < |h| < 1/4 and ¢ = c(n, p, L/v,d). We have
used thato(p — 1,0) = land 6(p — 1) =0 — 1 forevery 6 € [p, n], by (4.1) and
(1.39) respectively; recall also (6.2). Notice that the application of (6.40) to i is
legitimate since the arguments for Lemma 6.3 are local, making no use of boundary
information for the solution. Scaling back (10.1) to Br via Lemma 2.5 gives

D p—1 _
sup/ % dx < cM;’f}(BR)R”—“d , (10.2)
h JBrp A

where ¢ = c(n, p, L/v,d), forevery i € {1,...,n} where 0 < |h| < R/4, and
where

1 —1
My (Bg) := 1Dul + sll s gy + 11405 g €lp—1,m) . (10.3)

Now take g € (p — 1, m) and select y € (0, 1) such that

_O=y)p-1
g=—2_YP~ 7

- =  oqg.0H=y. (10.4)
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If yg € (0, y) then
@ —y)(p—1 -

10.5
01 m, (10.5)

q <mg =

and write, with ¢ € (0, 1)

_ 1—
q:(l—t)(p—l)—l—tmo:(y yo)(p—l)—l—( V)mo. (10.6)
1=y L=

It follows
m—mo Yo mo 60—y
m 0’ m 0

Now, by estimate (9.32) we have

(10.7)

n—0
I1Dul + sll v zg) < c[|||Du| + 5l o101y + ||fI|Lm(32 >] ke
Using Lemma 2.8, the latter estimate and (10.7) we find
—1 "o
ﬁR |l)u|m0 dx =< m(m - mO) an mn ”Du”n_/;l/(;m(BR)

_M Uy
< cyy 'R 00 [|||Du|+s||L,, Lo-1g, )+||f||L19(B )] (10.8)

<cyy 'R" 7M 0 (Bag) = cR"™ 6’+V°M’"° ((Bag),

where ¢ = c¢(n, p, L/v, yp). Now, by (10.6) and Holder’s inequality

/ |t n Du(x)|? dx = / zi. 4 Du(x)| 1PV |7 ) Du(x)|"™0 dx
Br2 Br2

1—t t
< / |zip Du(x) P~ dx / |7, Du ()™ dx
Bg)2 Bg)2

~ 11
< |h|(1=DA=D / [tin Duo|P~! dx
B Bga |h|1—d

t
: (/ (| Du ()" + | Du(x +h€i)|m°)dX) .
Bra

(10.9)

In turn, taking |2| < R/4, and using (10.8) we have

/ (|Du(x)|"™ + |Du(x + he;)|"™) dx 52/ |Du|™ dx
Bgy Bg (10.10)

< M) (Bap) R"OH10.
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Combining (10.2), (10.9) and (10.10), and taking into account (10.6) we have

|7i,n Du(x)|? q n—0+(1—t)d+1yo
wp [ Ty dx = ML (BR ’
h Bgr)2 | |

where ¢ = (n, p, L/v,d, yy), and h is a real number such that 0 < |h| < R/4.

Since i € {1, ..., n} is arbitrary the last inequality yields in a standard way
D h) — D 9
Sup/ | u(x + ) u(x)l dx < CMq_l(BZR)Rn—9+(1—t)d+tV0 , (10_11)
n JBg), |h|® P

where this time & € R" with || € (0, R/4]. Here we have set

0(61,9)—)/0)

(10.12)
1 -y

o= —d)(1 —rp LD g gy (

As a(q,0) = y by (10.4), a direct computation reveals that (1 — t)d + tyy >
do(q,0); using that R < 1 and the latter inequality in (10.11) we have

/ |Du(x +h) — Du(x)|4
BR/2 |h|0‘

sup

dx < cMi_ | (Boyp) R*OH0@) - (10.13)
h

with o as in (10.12) and ¢ = ¢(n, p, L/v, d, yp). Estimate (10.13) has been proved
for g € (p — 1, m). It actually holds for the case ¢ = p — 1 too, and even with
o = 01in (10.12). This is just a consequence of o(p — 1,0) = 1 and (10.2). We
are now ready to conclude the proof. Take y; € (0, 0); then changing variables

|DM(X)—DM(y)|qd J
_ n—+o—y xay
Brs2 J Brp2 |.X' y|

1 Du(x +h) — Du(x)|?
- / / |Du(x + h) ()] dx dh
BO.R) A" Jpg |h|”
(10.14)
(/ dh ) / |Du(x + h) — Du(x)|?
< sup dx
BO.R) 1" ) Sy |h|”

(10.13) B B
< ey 'MI_ (Bap) R IHI0 @0,

valid for any g € [p—1, m), where ¢ = c(n, p, L/v, yp). Therefore since in (10.12)
and (10.14) yo, y1 can be picked arbitrarily small, all in all we have proved that

[Duloq,q:8 < M | (Bag)R"OHC@O o < (1 —d)o(q,0), (10.15)

for all balls Bg such that Byg CC 2, and g € [p — 1, m). The constant ¢ depends
onn, p,L/v,q,d,o. This needs an explanation. The constant ¢ blows up when
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q /' mand/oro / (1 —d)o(q,0). Indeed, taking g close to m forces yp to be
small via (10.5), and this in turn increases ¢ via (10.8); on the other hand taking o
close to (1 — d)o (g, 0) forces yp, v to be small via (10.12),(10.14) respectively,
and this again increases c¢ via (10.8) and (10.14).

Now using (10.15) together with a standard covering argument, and the fact
that d can be chosen arbitrarily small, and taking into account the definition of
M, (BR) in (10.3), we conclude that for every couple of open subsets Q' CC Q" C
C Q and every o0 < o(g, 0) it holds

1 -1
| Dullyorsany < ellDul + sll o + el LTS - (10.16)

Finally using (8.2) with ¢ = p — 1, and changing subsets via Lemma 2.13 we gain

1/(p—1) 1/(p—1) 1
IDullworgancy < el g, +elfl Mg +esi@Ye, 1017
and the constant depends on n, p, L/v, g, o, dist(€’, 3€2). The assertion of The-
orem 1.9, together with estimate (1.35) follow via the approximation scheme of
Section 5 as for the other proofs of this paper. O

Remark 10.1 (Fractional differentiability vs Morrey regularity). Let us go
back to (10.15), keep now d fixed in (0, 1), not necessarily “small” in order to
approach o (q, 8) with o. Then, again via the approximation of Section 5, it easily
follows

Du € W[PT0H0@ o gy, forevery o < (1 —d)o(q,0). (10.18)
With ¢ € [p — 1, m) being fixed, inclusion (10.18) tells us that if we decrease
the rate of differentiability down to (1 — d)o (g, 0), we gain in the Morrey scale
up to 6 4+ do (g, ). Observe that inclusion (10.18) realizes a perfect interpolation
between the maximal differentiability in (1.32) that we may obtain taking d close to
0, and the maximal Morrey regularity in (1.40) that we may obtain formally letting
d /' 1in (10.18),as 6 + do(q,0) /' 5(g) whend /' 1;look at (1.39) and (4.1).
In other words, with a very rough but suggestive notation

lim W(1=4)0(a.0)/q.9.0+do(q.0) _ yo(q.0)/9.q.0
dN\0

and
lim w{—Do(q.6)/q.q.6+do(q.0) _ 14.5(q)
d 1

More in general, since when considering Morrey decay properties as (1.27) the ex-
ponent 6 replaces n everywhere, the integer dimension of the space W*4-? should
be defined as « — 0/¢q, compare with Remark 6.4. In this respect, exactly as in Re-
mark 6.4, all the spaces W1 =40 (4.0)/4.4,6+d7(q.0) ghare the same integer dimension
@ —1)/(p — 1), for every possible choice of ¢ € [p — 1, m) and d € (0, 1).
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11. Sharpness, comparisons, extensions

We hereby discuss the sharpness of some of the foregoing results, and outline a few
extensions and connections.

11.1. Sharpness of Theorem 1.2

The result in (1.14) is sharp for every choice of the couple (¢, o(g)) in the range
(1.15), and in particular the inclusions (1.12) and (1.13) are sharp too. Indeed, we

cannot have Du € Wliéq)/ 74 as shown by the usual counterexample [45]. Consider
the equation (1.6) in the ball B; = €2, with u = §, the Dirac measure charging the
origin, with the related zero-Dirichlet condition. The unique solution to problem

(1.1) is now given by the Green’s function

p=n .
u(x) = c(n, p) § X177 — 1 i p<n
log |x| if p=n

where c(n, p) is a suitable re-normalization constant. We have Du € Mb(B)),
but Du ¢ Lf’OC(B]), and crucial integrability is lost at the origin. Now, assume

by contradiction that Du € Wlf)éq)/ %9(By), then by Theorem 2.2 we would have
Du e L}/ (B}) but this is impossible since ng/(n — o (¢)) = b by (1.15).
Therefore Du ¢ we@/ ©49(By), and this gives the optimality of Theorem 1.2. On

1
the other hand, as nq07 (n—o(q)) = b, then assuming Theorem 1.2 allows to recover

the original integrability result in (1.8) in a local form, again via Theorem 2.2.
11.2. About Theorem 1.4.

This is also sharp. In fact assuming that

r__ 2(p=1

V(Duye WX " 7 (Q,R"),  foreverye € (0, 1)

(o]

by the fractional Sobolev embedding theorem 2.2 we would get

n(p—1)2

V(Du) € L,"7"" (Q,R"),

loc

and in turn this would imply, via (2.3), that

n(p—1)

DuelL ™ (Q,RY),

loc

which is excluded by the discussion of Section 11.1. Theorem 1.4 can be regarded
as a non-linear version of the so called “uniformization of singularities principle”,
well-known in Complex Analysis: raising a function to a suitably large power we
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get a function with better regularity properties. In such respect we conclude with
an open problem that for the sake of simplicity we state for solutions to equations
involving the p-Laplacean operator (1.6). Take y € R such that

p—2
TSVSP—Z (11.1)
and prove - or disprove - in the spirit of Theorem 1.4, that, once a Dirichlet class is
fixed as boundary datum, there exists a SOLA solution to (1.6) such that

1

v+l _ . p—
& o

|Du|” Du € W,

loc

(2, R", forevery ¢ > 0. (11.2)

In the first limit case y = (p — 2)/2 this is essentially the content of Theorem

1.4, while in the other borderline case y = p — 2 this amounts to prove that

|DulP=2Du € WILES’I(Q, R™), for every ¢ > 0. When p = 2 all such statements

collapse in Theorem 1.2. Observe that, exactly as for (1.21), for every choice of
y in the range (11.1) the product between the differentiability and the integrability
indexes in (11.2) remains constant, up to the presence of ¢.

11.3. The exponent m in (1.28)

We now demonstrate the optimality of m in (1.29) in the case p = 2 by comparing
Theorem 1.8 with the optimal ones of Adams [2] for the case Au = u. Since our
results are local, up to a standard localization procedure we shall consider the latter
equation in the whole IR”. We consider the fractional integral operator defined by

s a e (0,n].

Io ()(x) = / -

Rn |x =yt

When p has compact support, the unique solution to Au = p is given by u(x) :=
c1(pn)(x), with ¢ being a suitable re-normalization constant; as a consequence
Du(x) = c211 () (x); see also [54]. Now we recall the following result of Adams
[2]:

Iy : L1 — MO0 (11.3)

that is sharp in the sense that we cannot expect I, (1) € LY~ even locally, for
e LYY, see [2] page 770, no. 2. Taking in our case o = 1 gives 6/(0 — a) = m,
and therefore the exponent m is the natural one for p = 2.

The case p > 2 cannot be treated by such an argument since no explicit rep-
resentation formula is available for solutions to (1.6). We just remark that in the
case p > 2 the exponent m is obtained by multiplying the one for p = 2 times
(p—1). This appears to be a natural phenomenon for measure data problems [9]. We
hereby conjecture that the exponent m is optimal for every p > 2. Finally observe
how the fact that 6 replaces n everywhere when assuming (1.27) is in perfect accor-
dance with the embedding properties for Sobolev-Morrey spaces. Indeed, assuming
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Du e LP? with p < 6, leads to the improved embedding u € L7/=7) [2,15,16];
this covers the usual Sobolev embedding theorem when 6 = n.

We remark that in order to prove Theorem 1.8 the full strength of the assump-
tions (1.2) is not needed. Indeed, as a careful inspection of the proof reveals, it
is sufficient to use the assumption in the first line of (1.2) together with the first
inequality in (3.9).

11.4. Sharpness of Theorem 1.9

Here we discuss the optimality of the choice of the couple (¢, o (g, 6)) in (1.32)
in the range displayed in (1.33). The input here in the Sobolev-Morrey embedding
Theorem in the fractional case. We have that W*4-? embeds in L’ for every t <
0q /(0 — aq) whenever ag < 0; see for instance [64]. Now take p = 2 and assume
that Du € VI/IE;Z(‘I’GHS)M’[I for some ¢ > 0; since m = 6¢q /(@ — o(q, 0)) we would
conclude with Du € Li’gc, which is impossible at least when p = 2, as seen a few
lines above. Similarly, as the optimality of m in (1.29) is expected when p > 2,
the optimality of (1.32)-(1.33) in the case p > 2 is expected too. In fact, this is the
same argument used to get the optimality of Theorem 1.2 at the beginning of the
section.

11.5. Lebesgue vs Morrey

Assuming (1.27) improves on (1.10) up to (1.29). Now assume that u© € L' for
t € [1,(p*)); in this case Du € LS with g = nt(p — 1)/(n — 1) [9,42]; in
particular Du € M&. On the other hand & € L' implies that p satisfies (1.27) with
0 = n/t; in this case Theorem 1.8 gives Du € M™ withm = n(p — 1)/(n — 1),
that is worse than Du € M3, but for r = 1. This does not contradict the sharpness
of (1.29). Indeed we may find functions f € L'-?, with 6 arbitrarily close to zero,
such that f ¢ L' forany r > 1, see [34], comments at Chapter 2. On the other hand,
truncation techniques fully apply in the case of L’ data [45], because functions can
be truncated, while measures cannot, and better integrability of Du follows.

11.6. Systems

Theorem 1.10 extends to systems, under assumptions (1.2) and (1.4), when obvi-
ously recast for the vectorial case; u : Q — RV, 7 € RVN*" and so on. In this case
the measure p takes its values in RY. Indeed for Theorem 1.10 we do not need
Lemma 4.1; this employs the truncation operators (4.7) and they do not work for
general elliptic systems. We also do not need Lemma 3.3, which under the gen-
eral assumptions (1.2) only works in the scalar case. The only basic ingredients
are Lemmas 4.4-4.5 and 3.2. The first two only need monotonicity in (1.2);, while
the third one is here stated directly in the vectorial case N > 1. Anyway, we are
planning further extensions to certain special classes of systems.
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11.7. Condition (1.27)

This can be relaxed in a local one, since the results we are giving are local. More
precisely, we may assume that for every Q" CC € there exists a constant M (Q")
such that

|ul(Br) < M(Q)YR" Y, for every ball Bg cC Q" . (11.4)

Roughly, we are considering u € Lll(;f(Q) rather than u € L1(Q). When assum-
ing (11.4) instead of (1.27) the inclusions of Theorems 1.8-1.12 still hold, but the
a priori estimates change. We give the new statement for the estimate of Theorem
1.8, the others to be modified in a similar fashion. For every couple of open subsets
Q' cc Q" cC Q there exists a constant ¢ depending on n, p, L/v, @, Q"

1Dull pme gy < cllDutll -1y + cIM QY P 4 cs|Q"|V/™
Moreover there exists ¢ depending on n, p, L/v, €', € such that

1Dl pms oy < cllnl (@D PV 4 e[ M@NVP™D + es1Q")Hm
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