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Persistence of Coron’s solution in nearly critical problems

MONICA MUSSO AND ANGELA PISTOIA

Abstract. We consider the problem
N42 4, .
—Au =unN-2 inQ\ cw,
u>0 inQ\ cw,
u=20 ond(RQ\ew),
where © and o are smooth bounded domains in R ,N>3,¢>0and A € R.
We prove that if the size of the hole ¢ goes to zero and if, simultaneously, the

parameter A goes to zero at the appropriate rate, then the problem has a solution
which blows up at the origin.

Mathematics Subject Classification (2000): 35J60 (primary); 35J25 (secondary).

1. Introduction

In this paper we are interested in the following problem

—Au =u%+)‘ in D,
u>0 in D, (1.1)
u=20 ondD,

where D is a smooth bounded domain in RY, N > 3 and X is a real parameter. The

exponent %—f% is the so called critical Sobolev exponent for the Sobolev embedding

HN Q) < L2 (Q).

It is well known that if A < 0, namely in the sub-critical regime, problem
(1.1) has at least one solution for any domain D. In the last decades, several results
on multiplicity and qualitative behavior of solutions to (1.1) in the slightly sub-
critical regime, namely when A — 07, have been obtained. We refer the readers
for example to [4,15,23,25].

When A = 0 or when A > 0 solvability of (1.1) is a much more delicate issue
and depends strongly on the geometry of the domain D. Indeed if A > 0 and D is
starshaped, then Pohozaev’s identity [22] shows that problem (1.1) has no solution.
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As far as it concerns existence of solutions to (1.1) when A > 0 we mention the
following results. Assume first A = 0. Kazdan and Warner showed in [16] that if D
is an annulus then (1.1) has a solution, which is radially symmetric. Successively,
Coron in [8] proved the existence of a solution to (1.1) provided D has a small
and not necessarily symmetric hole. Substantial improvement of this result was
obtained by Bahri and Coron in [3] (see also [2]), showing that if some homology
group of D with coefficients in Z; is not trivial then problem (1.1) has at least one
solution.

Going back to Coron’s result, an interesting issue is the study of the asymptotic
behavior of Coron’s solution as the size of the hole tends to zero. In the case in
which the hole is a ball of radius r then the solution found by Coron concentrates
around the hole and it converges, as r — 0, in the sense of measure to a Dirac delta
centered at the center of the hole. In the literature this is what is known as a solution
with a (simple) bubble, at the center of the hole. We refer the reader to [18, 19,24]
where the study of existence of positive solutions to (1.1) in domains with several
small circular holes and their asymptotic behaviour as the size of the holes goes to
zero is carried out.

Assume now that A > 0 and small enough. Del Pino, Felmer and Musso
in [12] prove existence of a solution to (1.1) when D has a small but not neces-
sarily symmetric hole; they show that such a solution develops, as A — 0T, two
different bubbles, which, unlikely the one found by Coron, are centered in points
which belong to the inside of D, even though they are extremely close to the hole.
Successively and in the same setting treated in [12], Pistoia and Rey in [21] prove
existence of a solution to (1.1), with three different spikes as the parameter A — 0.
Under the assumption that D is also symmetric, existence of solutions to (1.1), with
an arbitrary number of bubbles as A — 07, has been proved in [13,20,21]. Let
us finally remark that, in contrast with the sub-critical regime, there is no chance
to find a solution to problem (1.1) exihibiting just one bubble inside the domain as
A — 07 as proven in [5].

It is interesting to point out that all the solutions found in the previously quoted
papers for both the slightly super-critical and sub-critical regime, do not correspond
in the limit as A — 0T to the one found by Coron, since they all disappear as
A — 0%. Dancer conjectured in [9—11] that Coron’s solution still exists for small A.
The aim of the present paper is precisely to show the validity of Dancer’s conjecture,
namely the persistence of Coron’s solution for small A, not necessarily positive.

Indeed, we prove that the solution found by Coron persists if we take A # 0
and small and the size of the hole tends to zero, provided some link holds between
the rate at which A goes to zero and the size of the hole. More precisely, we consider
the problem

—Au=uP™ inQ \ cw,
u >0 inQ\ cw, (1.2)
u=0 ond (2\ ew),
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where ¢ > 0, p = %—f% N > 3 and A is a real parameter. Here w is a smooth

bounded domain in RY, not necessarily symmetric, such that B(0, R1) C o C
B(0, Ry), for some fixed number 0 < R; < R». Hence sw represents the small
but not necessarily symmetric hole and, as ¢ — 0 the small hole shrinks to a point,
namely the origin. € is a smooth bounded domain in RY which contains the origin.
Our result is the following.

Theorem 1.1. Let A € R be fixed. There exists ey > 0 such that for any ¢ € (0, &9)
and for any As € R with lim A, = A, there exists a solution u, to problem (1.2)

e—>0

. N-2
with A = Age 2, such that
IVuglzdx — Cnd in the sense of measures, as € — 0,

where Cy = a§+1 fRN(l + |y|P) " N+D2y.

Let us mention that the center of the bubble developed, as ¢ — 0, by the
solution found in the previous Theorem is at the center of the dropped hole. Thus
the point where the solution concentrates does not belong to the domain. Taking
into account that around the hole the solution concentrates but at the same time it
has to satisfy zero Dirichlet boundary conditions, it is quite delicate to study the
behavior of the solution in the region around the hole. An important estimate is
contained in the crucial Lemma 2.2 in Section 2.

The proof of the result relies on a well known Ljapunov-Schmidt reduction. In
Section 3 we describe the scheme of the proof that leads to Theorem 1.1. We leave
to Sections 5 and 6 the detailed proofs of the results contained here. Section 4 is
devoted to the delicate expansion of the energy functional associated to the problem
evaluated at the ansatz for the solution.

2. Ansatz and estimate of the first approximation

In this section we describe a first approximation of the solution whose existence
and properties are stated in Theorem 1.1.

Let 11 be a positive real number and £ be a point in RY . The basic element to
construct a solution to problem (1.2) is the function U, ¢ defined by

N-=2
Mi
U/J.,f(x)zaN N-2" M/>07§€RN9
(n? +1x — &%) 2

with ay = [N(N — 2)]N74. It is well known (see [1,7,26]) that these functions
are the solutions of the equation —Au = u” in R". Problem (1.2) is defined on a
bounded domain and its solutions must satisfy zero Dirichlet boundary conditions.
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For this reason, we modify U, ¢ with its projection onto HO1 (2 \ ew), namely we
denote by P,U,, ¢ the solution to the problem

—APUue=U), inQ\so,
PU, =0 on (02 \ ew) .

Leto := Nsz. We assume that

pwi=dye, 8 <d <8 land& = puer, t e RY, || <571, 2.1)

for some positive and small fixed §. Moreover, we assume that the exponent p + A
in (1.2) depends on &, more precisely we will make the following choice for A

Ai=Age 2 , where lim A, = A € R. 2.2)
e—0
We will look for a solution to (1.2) of the form u = P.U, ¢ + ¥, where P.U, ¢
represents the leading term and v is just a lower order term.
The main purpose of what remains of this section is the careful description of
the asymptotic behavior of the projection P.U, ¢(x), for x € Q \ ew. Observe that

the function U, ¢ (x) attains its maximum value of order ;L_NT_Z at the point £. The
choice (2.1) for the point £ implies that £ is located very much inside the hole ew,
as far as ¢ is small and N > 4. For this reason, the correction to perform on U, ¢ (x)
in order to satisfy zero boundary condition has to be huge in the region around the
hole. This is the content of Lemma 2.2. In order to perform the expansion contained
in Lemma 2.2, a technical difficulty is the fact that the hole w is neither a ball nor a
symmetric domain. To overcome this difficulty, we consider the problem

—Au=0 in RV \ o,
u=1 on dw, 2.3)
u € DV2RN \ w).

The following result holds.

Lemma 2.1. Problem (2.3) has a unique solution ¢,,. Moreover,

WS%)(X)EW Vx e R" \w

for some positive constants cy, c3. Furthermore,

lim x|V 720, (x) = ¢
[x]—+00

with
Vo (x)] dx.

Cw

o
(N = 2SN Jrmg
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Proof. We apply the Kelvin transform 7. Let v(y) := |y|>* Nu (#) y €T (w).

Then, u solves (2.3) if and only if v solves

—Av=0 in 7 (w),
v=|y*N on 37 (w), (2.4)
v € H(T (w)).

Since 0 ¢ 37 (w), problem (2.4) has a unique solution which satisfies ¢; < v(y) <

¢y for any y € 7 (w) and lim0 v(y) = v(0). Therefore, the claim follows taking
y—

Co = v(0). |

We remark that 1f w is the unit ball B(0, 1), then the function ¢,, is simply
given by ¢, (x) = .

Lemma 2.2. Let § > 0 be fixed. If (2.1) holds true, then the following fact holds
true

N-2

P.U —U P H . )+ R
Upe () = Up () —awp = H(x.§) = ay (;) 0o (=) + Reu(0).

where, for any x € Q \ cw,

3IN-2

0 < Rep(x) §c<|x|N ; +8N4z) ifN >4

s . (2.5)
0<Rw(x)<c(f;|+e4> if N =3
for some positive and fixed constant c.
In particular, for any x € Q\ ew,
_(N=2
N-2 8N_2/L ( 2 )
OEUM,E(X)_PsUu,s(X)fc Mmooz +|X|T , (2.6)
for some positive and fixed constant c.
Proof. The function R, solves
—AR; , =0 x € Q,
- _ K u 1 x
RE,,LL(.X) = 0ON |: (M2+|X_§|2)¥ + |X7$‘N72 + </J“> @w (8):| X € 39,
N2 N-2
Rg,u(x)=oz1v[ — o W T HE O + (1) ] x € dew
(P +1x—£1%) "2
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Let Iég,u(y) = M‘#Rg,ﬂ(sy), y € (2/e \ w). Then Iég,u solves

—ARe =0 yE(Q/e\w),
P _ _ 1 1 1 O
en(y) =ay [ (M2+|8}'—$\2)N772 + ley—£]V 2 + N2 §0a>()’)j| y€0(R/¢e),
Reu(y) = an [—ﬁ +H(ey. §) + ﬁ] y € do.
(1P Hley—§11) "2
(2.7)
In particular, there exists a positive constant ¢ such that
~ 2 eN=2 N=2
0= Ry sc|w?+ ) sc(e+e™), vea@e. @8
i

On the other hand, using the assumptions that u> = O(e) and that & = &7 as in
(2.1),

2
. 1
0= Rep(y) Sc—c <c—,  Vy€do, if N =4 2.9)
M e 7
and .
0<Rep(y)<c. Vyedw, if N=3 (2.10)

Let R > 0 and d := diam 2. Denote by W the solution to
—AW =0y € By \ Br,
() =a yedBas. .11
V(y)=p8 ye€dBg,

for some arbitrary o and 8. An easy computation gives that
(B—)(dR)"? 1 1
YO = dN-2 — (eR)N*Z RN-2 - |y|N72 +o. (2.12)
Moreover, for any y € By \ Bg, it holds
0<W(y =< @R + h (2.13)
o . .
- )= dN-2 — (SR)Nfz |y|N72

Since there are positive numbers R; and R; so that B(0, R;) C w C B(0, Ry) and
since /e C Byye, by (2.7), (2.8)—(2.13), using maximum principle, we deduce
that forany y € Q/¢ \ w,

A 1
0<Reuly)=<c —~— - T¢€ if N >4
gz |y|N-2
and .
Ofég,u(y)fc<ﬁ+«/§> it N = 3.
y

Therefore, the claim follows. O
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The next two lemmas give the size, in terms of ¢ and u, of some integral
quantities involving P.U, ¢ — U, ¢ and R, ;. These estimates will be crucial to
prove the expansion of the energy functional in Section 5.

Lemma 2.3. Let § > 0 be fixed and assume (2.1). Then
/Q\ Uy e |PUpe —Upg| =0 <MN_2 + (S/M)N_2>
Ew

and

0 (eN/? if N > 4
/ UlféRs,udx = (8 ) lf B
Qew O (e) if N =3,

where the function R, ;, is the one introduced in Lemma 2.2.

Proof. To get the first estimate, in virtue of (2.6), we have to evaluate

N+2 N=2

S e Tl
Q

dx.
Vo (2 + [x — &) x| V=2

It holds (setting x — & = puy)

N+2

/ rz d 0( Nz‘z/ ! d )
x=0|un ——dy
Qew (U2 + |x — £ BV (14 |y2)"3

and

f wE L -0 —NTZ/ ! L,
x = n v].
Qe (U2 |x—g2) 3 XN 2 RN (14]y2) 3" IyIN 2

Therefore the first estimate follows. The second one follows by previous estimates
and (2.5). ]

Lemma 2.4. Let § > 0 be fixed and assume (2.1). Then

. |e (1N + (e/w™) if N > 5,
/ U (Pl — Upe) =1 0 (u*log ] + (/) Tog(e/)l)  if N =4,
e 0 (1 + (¢/1)?) if N =3.

Proof. By (2.6), we have to estimate

/ 2 N2 g2(N=2) | ~(N=2) "
2w (W2 +1x —§?)? |x[2N=2)
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Now, we have if N > 5

2 1
/ ﬁm:o(,ﬂ / —4dx>
Qo (U + |x —§[%) Q x|

and if N = 3 (setting x — & = pny)

[ S
oo 2t —ep2 T v yp2®)

Moreover, we have if N > 5 (setting x = ¢y)

w? 1 —(N—4), -2 1
/ 2 v py =0l K / S 4y
Qo (L7 + |x = &7)~ |x| {ylz1) 1Yl

and if N = 3 (setting x — & = pny)

[t )
Qew (12 +1x —&[H) |x|? gy (14 [yH)? [y[?

The case N = 4 can be treated in a similar way.
Collecting all the previous estimates, the claim follows. O

3. Scheme of the proof

Q\ew

It is useful to perform the following change of variables. Let 2, := N and
y = % € Q¢. Then u is solution to (1.2) if and only if the function
1
v(y) = e Tu(y/ey) (3.1
solves problem
A
Av+e TPt =0 inQ,,
v>0 in Qg, (3.2)

v=20 on J%2,.

In expanded variable, the solution we are looking for looks like v(y) = V(y) +

1 1
¢ (), with V(y) = 71 P.U,, (/&) and ¢ (y) = e7 1y (/ey). Clearly V and ¢
depend on ¢, 1 and &, but for simplicity we drop this dependence in the notation.
Beside observe that the function V' is nothing but the projection onto HOl (2¢) of the

1
function e 71U, £ (/ey) = U%yg/(y), where we denote by &’ the point %
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In terms of ¢, problem (3.2) becomes

{L(qs) =-N(¢)—E inQ,, 53
¢=0 on 992,
where

L(¢) := A+ 6 7T (p + 1) VP, (3.4)

N(¢) := & 7T [(V Y 0 ,\)VP“—lqs] (3.5)

A
E = sfﬁVpH—U[ig/- (3.6)

To prove our result we follow the following strategy. First we solve the problem:
given a parameter u > 0 and a point £ € 2 as in (2.1), or equivalently d > 0 and
7 € RY, find a function ¢, depending on t and d, such that for certain constants
¢i, dependingont andd,i =0,1,..., N

N
L@)=N@ +E+ Y ¢V 'Z; inQ,,

i=0
¢=0 on 0€2, 3.7)

Ja. VP1Zu0dx =0 ifi=0,1,...,N.

In order to define the functions Z.;, we need to recall [6] that the kernel of the
operator —A — pU 5;1 on L?(RM) has dimension N + 1 and is spanned by the
functions

2 2
Zo(x) = 8U“’;’E(x)zoq\;N—_2 (N=4)/2 1 Wl , x e RV,
o 2 (12 + |x —§|2H)N/2
and, fori =1,..., N,
ou £
Zi(x) = 83 (x) = —any(N — 2),u(N_2)/2 Xi = & x e RV,

9&; (12 +|x — EN/2
We denote by P, Z; the projection onto H(l)(Q \éw) of the function Z;, i.e. AP, Z; =

AZ;in 2\ ew, P,Z; =00nd (N \ ew) . We define Z;; (y) = Eﬁ P.Z;(\/¢ey) for
y € Q.

In order to solve problem (3.7), it is necessary to understand first its linear part.
Fix & and p as in (2.1). Given a function 4, we consider the problem of finding ¢
such that for certain real numbers c¢; the following is satisfied

N
L@)=h+> VP 1Z; inQ,
i=0
¢=0 on 92, (3.8)

/ VP Zupdx =0 ifi=0,1,...,N.
Qe
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In order to perform an invertibility theory for L subject to the above orthogonality
conditions, we introduce LJ°(€2:) and L25(S2,) to be respectively the spaces of
functions defined on 2, with finite || - ||,-norm (respectively || - || x«-norm), where

1l = sup [[w ™ oy )] + [ P72 0Dy )]

xX€Qy
with o e
we) = A+ =gH7E. =
,]li] = é if N=3and g = ﬁ if N > 4. Similarly we define, for any dimension
> s

4
[ llss = sup Jw™ V=2 (x)¥ (x)] .
xef,
Indeed the operator L is uniformly invertible with respect to the above weighted
L®°-norm, for all ¢ small enough. This fact is established in next Proposition.

Proposition 3.1. Let § > 0 be fixed. There are numbers ¢g > 0, C > 0, such
that, for points § and parameters y satisfying (2.1) problem (3.8) admits a unique
solution p = T (h) forall 0 < & < g9 and all h € C*(L2;). Besides,

< CllA]l (3.9)

ITMW s < Cllhllss,  10g.aT (h) |l

and
lcil < CllA . (3.10)

Next step is the finite dimensional reduction: we consider the nonlinear problem of
finding a function ¢ such that for some constants ¢; the following equation holds

A
AV 4@ +e 7TV +pI =3¢,V 17y inQ,
$»=0 on 92, (3.11)
fggd’vp_lzsi =0 for all i.

The solvability of problem (3.11) is established in next Proposition, whose
proof is postponed to Section 6.

Proposition 3.2. Assume the conditions of Proposition 3.1 are satisfied. Then there
is a C > 0, such that for all small ¢ there exists a unique solution ¢ = ¢(&’',d) to
problem (3.11), such that the map (§',d) — ¢ (&', d) is of class leor I - l«-norm
and

18]l = C (12 1oge] +&"7°). (3.12)

N-2
Ve adlle <C (|/\10ge| +€T> . (.13)
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Now, we can reduce the problem to a finite dimensional one.
Let us consider now the functional J, : RV x (0, +00) — +oo defined by

Je(r,d) = 1.(V + ¢) (3.14)

where ¢ is the function given by Proposition 3.2 and I is given by

A

1 =

I(v) = —f |Dv|2—87/ PR (3.15)
2 Qe p+)\+1 Q,

Lemma 3.3. v = V + ¢ is a solution of problem (3.2), namely ¢; = 0 in (3.11) for
alli, if and only if (v, d) is a critical point of Js.
Proof. The definition of ¢ yields that I/(V + ¢)[n] = 0 for all n which vanishes

on 92, and such that ng nVP=1Z, =0 foralli.lItis easy to check that g—;/, =
J

Zgi+o(1), %—V = Z.0+o(1), with o(1) small as ¢ — 0. This fact, together with
the last part of Proposition 3.2, proves our claim (see [12] for more details). ]

It is crucial to compute the expansion of J, with respect to ¢.

Proposition 3.4. Let § > 0 be fixed and assume (2.1) and (2.2) hold true. Then we
have the following expansion

N=2

N-2 1 N2 N-2
Je (. d)= a1+ W(r.d)e' T +3byAe’ log8+0<8 7 ) (3.16)
where

U(t,d):=at)? — a3 H(0,0)dV 2 — a4

N2 +Db1A 4+ byAlogd, (3.17)

N-=2
ai, ..., aq and by, by are positive constans and , as € goes to zero, the term o (57)
is C! uniform over all d’s and t’s satisfying (2.1).

Proof. Firstly, we observe that, under the change of variables (3.1), we have that

A

1 g_p—l
I.() = Jeo(u), Jea(u) = —/ |Dv|?> — 7/ P (3.18)
‘ ‘ ‘ 2 Jorew P+Ari+1Jocw

1
Hence the function P.U, ¢ + 7, with ¢/ (x) = sfﬁ(p(%), is a solution to (1.2) if
and only if (d, ) is a critical point of the function

Jo(t,d) = Jo (PUps + 9). (3.19)

Therefore, the claim follows by Lemma 4.3, Lemma 2.2 and Lemma 4.2, taking in
account (2.1), (2.2) and the fact

Js,A(PsU/L,S) = Js,O(PeUu,S)

1 / pr14A 1 / p+1>
—(— PU,,. - PU,,. .o
<P+1+)~ Q\sw( i) p+1 Q\sa)( Une)
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Proof of Theorem 1.1. In virtue of Lemma 3.3 and Lemma 3.4, we need to find a
critical point of the function W, defined in (3.17), which is stable under C!-per-
turbation. On the other hand, it is easy to check that, if A is any real number,
possibly depending on ¢ and bounded from above and from below, the function W
has a non degenerate critical point of “saddle” type, which is stable with respect to
C!-perturbation. Therefore, the claim is proved. O

4. The expansion of the energy

Lemma 4.1. Let § > 0 be fixed and assume (2.1). Then

N-2
_ £
Jeo(PUy g)=ar+az|t|*e* —az H(0, 0)u™ 72 (1 + 0(1)) —as (;) (I4o(1)),

4.1)
uniformly in C' sense for T and d satisfying (2.1). The constants that appear in
(4.1) are given by

1 / 1
p+1
ay = —a  dy, (4.2)
NN Jgn (14 [yHN

p+l )’12 1
a =« 2N(N +1 — dy, (4.3
2= W /RN N+ DG rpve ~ arppye |2 @)

1 I 1
@ = st / . (44)
RY (14 ]y12)"

Lyt / ! ! d (4.5)
as = —o C v, . .
20 e N gy

Proof. Via a Taylor expansion, we have (for some ¢t € (0, 1))

1

_ P.U, )T
p+1 Q\aw( ‘ M’E)

1
Je0 (PSU/«LsE) - E/Q\ ’VPEUM,€|2 -
Ew

1 / 1 +
=~ PU, Ul — —/ PU.:)
2 Q\ew R P+ 1 Q\ew ( ‘ H”E)

1 b1
== Ul — - / PUyg —Uue)UP
N Q\ew g 2 Q\ea)( s M’é) s

(4.6)

p

) /Q\ (IPSU;L,E + (1 - t)Uu,é)p_l (PfU/t,é - Uu,é)z'
Ew



PERSISTENCE OF CORON’S SOLUTION IN NEARLY CRITICAL PROBLEMS 343

Now, it holds (setting x = py )
N
"
yrtt — ap-i—l/ dx
/Q\m wE TN Jgvew 2+ Ix — €DV

1
__p+l
— N /sz\w (1+|y_gaf|2)1vdy 4.7

m

P+1/ ! dy+0 (8)N+ N
= — .
N ey Uty —eoepyV @ w) TH

Moreover, via a Taylor expansion we get

1 _ 1 n (v, 1) oo
(A+ly —e7HN  (A+]yHN (14 [y|HN+!

(y, 7)? 7| 2 (4.8)
+[2N(N+1 — e
[ ( )(1 + [y|2)N+2 (1 + [y|HN+!
+ R(s, y)e3",
where
[yl
IR | < e ¥ € R (4.9)

By (4.8) and (4.9), we deduce that

1 1
dy = —d
/sz(l Fly—eorpyN Y fRN I+ Py

v, 1)

2N&g? ————d
T Jay W e
2 2
2 (y,7) 7|
+ & 2N(N + 1 —N d
/RN[ WDy ~ Vo | ¢
4.10)
+0(£3") (

1
/]RN L+ [yPHY

2
20,12 2 Y1 1
+ &7t 2N“(N+1 - N d

" /RN[ WD (1+|y|2>N+1} '
+0(830).
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Thus we obtain the first two terms in (4.1) with constants a; and a; given respec-
tively by (4.2) and (4.3). An easy computation shows that a, > 0.
We have, by Lemma 2.2

/ (PeUpe — Upe) U/j”gdx
Q\ew

N+2

1
a,’;“/ W' H (6, )+ —— 00 (f) s dx  (4.11)
Q\ew uz

ES
(W +|x — &)
+/ R U] dx.
Q\ew ’

Now, (setting x — & = uy) we have

N42

N2 o
n'T H@,8) rdx
2\ew 2 +1x — )5

1
N-2
= YT TH(uy +§,8) ———5dy 4.12
/"\ii” A+ 1y @12

N-2 1
— uN"2H(0,0) (/ —dy + 0(1))
RY (14 [y[>) 2

The previous formula computes the third term in the expansion given by (4.1).
Moreover, we get

N+2

X noz
N—2 Po(=) N+2 dx
nz JQew E (W4 |x -2

_ Ky e !
_/Q\gﬁ’s ¢w<8(y+s t)) (1+|y|2)¥dy

(4.13)

Je() d
) ﬁ\w < etV (4 )

Co i dy +o(l)
'Y YN (14 1y

o

T o
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Here, we set f.(y) = (%)N_2 ly + 7|V 2 0, (“(y +€°7)) and we apply
Lebesgue’s dominated convergence theorem and Lemma 2.1. This fact gives the
fourth term in the expansion (4.1).

Collecting all the previous estimates and taking into account Lemma 2.3 and
Lemma 2.4, we get the claim. O

Lemma 4.2. Let § > 0 be fixed and assume (2.1), (2.2). Then

1 / p+1+4 1 / p+1
_ P.U - P.U
p+1+a Q\sw( Vi) p+1 Q\sw( Vi)

= —(by +brlogu +o(1) A, (4.14)

uniformly in C' sense for T and d satisfying (2.1). Here

1 41 1
by = —ak / ———dy
(p+D2 N Jev A+ YN
4.15)

! pH/ ! log ! d
—a S 4),
p+1N Jen L+ IYPN TF (42

N—=2 1
by:————ﬂ+/ — _dy. (4.16)
20+ Y Jry (L [y

Proof. Via a Taylor expansion, we have (for some ¢t € (0, 1))

1 / pE1+A 1 / P+l
B P.U - P.U

! +1 1 11 ]
= PUe)" " +—— [ (PUue"" log P.U 417
|: (p+1)2 /S;\g ( ¢ M’S) p+1 ( € ,bL,f) g el e ( )

w Q\ew
1 2 2log P.U log? P.U
_‘__)\2/ - g e M,§+ g eUpg (PgUu,g)p-i_H”\.
2" Jovew \(p+1+12)3  (p+1+11) p+141a

Let R(A) be the last integral in formula above. Using estimate (2.6), it is not difficult
to check that

IR)| < c|logu*if A <0, [RMW)| < e log u|?if A > 0.
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Moreover, via a Taylor expansion, we have (for some ¢ € (0, 1))

1 /‘ 1 1 p+1
-— P.U, dx+—— Uy, log P.U, ¢dx
(p+1)29\ ( € ) p+1 Q\ew( 3 MS) eV,
Ew

1 +1 1 +1
=_7/ Uy dx + +1/U” log U, ¢dx

(p+1)?
Q\ew Q\ew
S+ D / (Ung +1PeUug)" (PeUng =~ Up) dx
Q\ew (4.18)
1
+/ |:(Ulh%' ‘HPeUM,S)p 10g Uz +1 Pe U"’S)—i_(pTl)(U“’s +1P; Umé)ﬂ

Q\ew
X (PeUpe — Uy ) dx

1 1 N=2
- urtlg —/UHl (—1 | U)d 1),
(p+1)2/ y+ P ogu 2 +logU)dy+o(l)
RN RN

where U(y) = ay/(1 + |y| ) = . Here, we used Lemma 2.4, Lemma 2.3 and
estimate (2.6). Therefore, the claim follows. ]

The following estimate is crucial to find critical points of J,.

Lemma 4.3. Let § > 0 be fixed. Assume (2.1) and (2.2) hold true. Then we have

JS#)\. (P*?U/l,é' +¢) = Jg,)L (PSUM’%-) + o0 (8¥>

-2

where as & goes to zero the term o (8 2 ) is C' uniform over all d’s and t’s
satisfying (2.1).

Proof. We show that (using notation in (3.18) and in (3.18))
N-2
Jo(t,d) — I(V) = 0 (sT) (4.19)

and

Vealde(t,d) — (V)] = 0 (s¥) . (4.20)

The conclusion follows from the fact that /o (V) = Jg 3 (PeUp ).



PERSISTENCE OF CORON’S SOLUTION IN NEARLY CRITICAL PROBLEMS 347

Taking into account that 0 = DI (V + & + gz;)[q;], a Taylor expansion gives
1
L(V+ ) — Je(r.d) = / tdtD*I,(V + ¥ + 1), §]
0
1
= / tdi [ f IV = (p + M)V + ¥ + té)f’“‘léz] (4.21)
0 Qe
1
— [ rar ( N@+D§+| (p+2) [V = (V1) ¢32> .
0 Qe Qe
- N-2
Since ||¢||x+ = O (|Alog8| —f—aT), we get

~ N=2 5 N2
JL(t,d)—L.(V+i)=0 ((Mlogsl et ) —0 (e ; ) : (4.22)
Differentiating with respect to t variables we get from (2.1) and form (4.21) that
Do[Ie(V + V) — Je(z, d)] = ue” DelL(V + ) — Je(t, d)]

1

1
= e 2 / tdt ( / Dg/ [(N((f) + 1/}))55] (4.23)
0 Q.
=+ (p + )\,)/ DS/ |:((V + & + lq;)p‘i‘)»—] _ (V + J/)P+A—1)¢;2i|> )
Qe

Using the computations in the proof of Proposition 3.2 we get that the first integral
in relation (4.23) can be estimated by O ((l)\ loge| + 8¥)2), so does the second;
hence

D:[Jo(r.d) — I(V + )] =0 (8¥) .
Now, since DI:(V)[¥/] = [o R, we have

L(V+4) = I(V)

:{/01(1—t)dt[(p+x) Q((V+r&)l’“1—VP+“)¢2]—2/ R&}. 29
Since ||&||*+||R||**=0(|Mogs|+s¥), the above term is 0((|xloge|+s¥)2);
then, (4.19) follows from (4.22) and (4.24). Using again (4.24), we see that
Dol Io(V + ) = I:(V)] = pe” D[ L:(V + ) — [:(V)]

1
=Me°8_%D$/{/ (1—t)dt [(pﬂ)/ ((v+n/7)1’“—1—VP“—I)W]—z/ R&}.
0 Qe Q

&
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Since from Proposition 3.2 it follows that || Dg/lﬂ l«=0 ((lx loge|+e¢ ¥>) we get

N=-2

Delle(V +9) = L(V)] = 0(aPpe” 3 =0 (e77 ).

This concludes the proof. O

5. The linear problem: proof of Proposition 3.1

The proof of this Proposition consists of 2 steps.

Step 1. Assume there exists a sequence ¢ = ¢, — 0 such that there are functions
¢ and h, with || .|+« = o(1), such that

N

L(¢s) =he + ) ciVP~1Z,: in Q,,
i=0

¢ =0 on 9%, (5.1)

/ VpilZai(psdeO if i=0,1,..., N,

£

for certain constants ¢;, depending on ¢. Then

lpell« — O.

We shall establish first the slightly weaker assertion that

gl = sup [1w= =", (0] + lw™#=*72) D, ()] - 0

x€Qe

with p > 0 a small fixed number. To do this, we assume the opposite, so that with
no loss of generality we may take ||¢.||, = 1. Testing the above equation (5.1)
against Zj, integrating by parts twice we get that

Zci/ Vp_lzaizsl =/ [Azsl+(p+)\)vp_l+kzel]¢s_/ heZg. (5.2)
& Qe )

Qe

This defines a linear system in the ¢;’s which is “almost diagonal” as ¢ approaches
zero, since we have for/ =1,..., N

—1 p—1 {0UA;0 2
VP ZeiZea =811 | Uy +o(1) (5.3)
Q. RN TP 0x;
and for/ =0
1 {3UA, 0\?
/ VP76 Zoo = 5,-,0/ UP (AL o (5.4)
. RN b 8Ai

for suitable A; > 0.
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On the other hand, it is easy to see that

L [AZa o+ (p+ WV Z01e = o(D) |1l . (5.5)
and
/ heZet| < Cllhellos.
Thus, we conclude that
lcil < Cllhg i + 0Dl (5.6)

so that ¢; = o(1). Now we can rewrite the equation in the following form

Pe(x) — (p + 1) / Ge(x, )V g dy
Q:
(5.7)
= —/ Go(x, y)hedy — Zci/ VP ZeiGe(x, y)dy  x € Q,
Qe i &

where G, denotes the Green’s function of 2.. Furthermore, the function ¢, is of
class C1 and

0, e (x) — (p + 1) / 0, G (x, VI dy
Qe

(5.8)
:_/ ax]-Ge(xv y)hsdy_zci/ Vp_lzeiaije(xv ydy x € Q.
Qg i &
We make now the following observation
_4
/ |Ge(x, Y)heldy < IIhall**C/N I'(x — y)oV=2(x)dy
Qe R
(5.9)

B
< Cllhe |l <Z(1 + |x — §;|2)Nz_2) .

Analogously we get

1 712y—2
/Qg |0x; Ge(x, Y)he|dy < ”hSH**CXj:/RN m(l + 1y —§;19) "dy

< Cllhe w72 ().
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On the other hand, we have

}Zc,-f Vp‘lzg,-Gg(x,y)dy‘

< Cligell, + ”hf”**)Z/RN ree— ) (0 + 1y — g F)

< C(l[Pellp + llhellss) (Z(l + |x — Sji/|2)NZ_2>

and

|th'/9 VP Z,i0y, G (x. ) dy|

< CUgellp + e ||**>Z/ |N (A1 gD

= Cl¢ellp + e w72 (x).

Similarly, we obtain

B
/ Ge(x, )VPH " eldy < Cligell, (Z(l +|x — s;|2>N22>

and
1
/ 18, Ge(x. VP ldy < CliellowP 72 ().

£

Equation (5.7) and (5.8) and the above estimates imply that

B ()] < Clligellp + llhe ) (x)

and |
10,0 ()] < Clliellp + l1helle)wP T 72 ().

In particular, we have that

w0 ()¢ (x)| < Cw” (x).

(5.10)

(5.11)

Since p is arbitrarily small and ||¢.|, = 1, it follows the existence of a radius
R > 0 and a number y > 0, both independent of & such that ||¢¢ ||z (g ) > V-
Then local elliptic estimates and the bound (5.10) yield that, up to a subsequence,
Pe(x) = ¢e(x — & ") converges uniformly over compacts of RY to a nontrivial

solution ¢ of

(5.12)
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for some A > 0, which besides satisfies
p(0)| < Clx|@VP. (5.13)
Hence, for N = 3 we have B
60| < Clx[*V.

Now, since ¢~> satisfies (5.12) and estimate (5.13) holds true, a bootstrap argument
leads to _

lp(x)| < Clx|>™  forany N > 3.
It is well known that this implies that ¢ is a linear combination of the functions

32131%’ ag]IA\‘O. On the other hand, we recall that fQ ¢ VP17, = 0 foralli.
Hence passing to the limit for e — 0, we get [pv ¢ Uﬁ 01 agﬁ L=[on UK 01 alajj‘\ 0 —
0, for all j. Hence the only possibility is that ¢ = 0, which is a contradiction which
yields the proof of ||¢¢||, — 0. Finally, from estimate (5.10), we observe that

el < Clhellsx + lPello),

hence ||¢¢||« — 0, and the proof is thus complete.

Step 2. Now we are in a position to prove Proposition 3.1. To do this, let us consider
the space

= {¢ € Hy (Q) | / VP70 = ow}

endowed with the usual inner product [¢, ¥] = fQ V¢Vr. Denote with (f, g)
the inner product in L2(€2.). Problem (3.8) expressed in weak form is equivalent
to that of finding a ¢ € H such that

b, v1=(((p+0VI* o —n), y) Yy eH.

With the aid of Riesz’s representation theorem, this equation gets rewritten in H in
the operational form ¢ = K (¢) + h with certain 7 € H which depends linearly in &
and where K is a compact operator in H. Fredholm’s alternative guarantees unique
solvability of this problem for any % provided that the homogeneous equation ¢ =
K (¢) has only the zero solution in H. Let us observe that this last equation is
equivalent to (3.8). Assume it has a nontrivial solution ¢ = ¢, which with no loss
of generality may be taken so that ||¢.]|x = 1. But this makes the previous step
applicable, so that necessarily ||¢:|lx — 0. This is certainly a contradiction that
proves that this equation only has the trivial solution in H. We conclude then that
for each A, problem (3.8) admits a unique solution. We check that

@1l = Cllhllx.

We assume again the opposite. In doing so, we find a sequence h, with ||/« =
o(1) and solutions ¢, € H of problem (3.8) with ||¢¢ |« = 1. Again this makes the
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previous step applicable, and a contradiction has been found. This proves the first
estimate in (3.9). Estimate (3.10) follows from this and relation (5.6).
Let us now consider differentiation with respect to the variable & l, ,I=1,...,N.

For notational simplicity we write a%’ = 0gr. Let us set, ¢ = T'(h) and, still for-
1

mally, Z = 0g/¢p. We seek for an expression for Z. Then Z satisfies the following
equation

AZ A+ (p+WVPHZ = —(p+ 0o (VI
+ Y A VP Zei + cid (VP Zgg) in Q.
i
Here d; = 0gc;. Besides, from differentiating the orthogonality condition
(¢, VP~1Z,;) = 0 we further obtain the relations
(¢, 0 (VP Ze)) +(Z, VP Zsi) = 0.

Let us consider constants b; such that

<Z - Z blzz‘)l7 VplZ$i> = 0.
I
These relations amount to

Y bi(Zet, VP Ze) = (¢, 0 VP Zai) (5.14)
1

Since this system is diagonal dominant with uniformly bounded coefficients, we see
that it is uniquely solvable and that

by = O(||#ll%).

Now, we easily see that

3 (VP ) s < Clip |l
Recall now that ¢; = O(]|1]|+). On the other hand
19e: (VP Zei (x))| < Clx — &7V 74,

hence
llcide VP Zei s < Cll |-

Letusnow setn = Z — Y jbjZej. Then, summing up the estimates above, and
using that [|¢]|« < C||h]l«, we get that 1 satisfies the relation

A+ (p+0VP Py =+ d;vP'Zy in Q. (5.15)
i
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where
F=) bi(=(A+(p+e)VP ) Ze + 0 (VP Zey)
: (5.16)
— (p+ W) (VP g,
so that
I f 1l < CllA] -
Since besides n € Hyl(2,) and
(n,VP71Z,:) =0 foralli, (5.17)

we have that n = T (f). Reciprocally, if we now define

Z=T)+ ) biZe,

with b; given by relations (5.14) and f by (5.16), then it is a matter of routine to
check that indeed Z = 9¢¢. In fact Z depends continuously on the parameters &,
A and h for the norm || ||, and || Z ||« < C||h]|«« for points in the considered region.
The corresponding result for differentiation with respect to the variable d follow
similarly. This concludes the proof.

6. The nonlinear problem: proof of Proposition 3.2
Let us rewrite the first equation in (3.11) in the following form

Ap+(p+0)VPH = —E—N@)+ Y VP Zy inQ,
i

where E and N (¢) are defined respectively by (3.6) and (3.5).

To estimate the || || «x-norm of N (1), where n is a function with bounded || - || 4-
norm and n = 0 on 9€2,, it is convenient, and sufficient for our purposes, to assume
Inll« < 1. Note that

N(m) = Ni(n) + Na(n) (6.1)

where X
Ni(n) = (p +2)(1 — g~ P TyyPH=ly (6.2)
and
_ (p+Mp—-1+21)
2

Na(n) (Vi + Va + )P =2 T4y? (6.3)

with ¢ € (0, 1). First observe that

__4 Ak 7
lw™ T2 N ()] < C(A — &~ P HwP TPyl < Clrloge|l|n]s.
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In order to estimate || N2(n) ||+« we need to distinguish two cases: N < 6and N > 6.
If N <6, then p > 2 and we can estimate

__4 R, W, ¥ SR
lw™ =2 Ny(p)| < CwP=2+2P=w=2 |n|I2,

hence
N2 () [l < Clinll>.

Assume now that N > 6.
If |n| > %V, we see directly from (6.3) that |[N2(n)| < C|n|? and hence

N _ _N-6
lw™ "2 Na()| < CwP 2| nll¥ < Ce™ 7 |In|lL.

Let us consider now the case |n] < %V.

In the region where dist(y, 02:) > 68_%, for some § > 0, then V(y) >
asw(y) for some a5 > 0; hence in this region, we have

__4 _ _1\N=2
lw™ "2 Na(n)| < Cw* |2 < Ce@P=D 72 2.

1

On the other hand, when dist(y, 0Q2;) < 8¢~ 2, the following facts occur: w(y),

V(y) = 0" 7°) and, as y — 892, V(y) = Ce" 7" dist(y, 92)(1 + o(1)). This
second assertion is a consequence of the fact that the Green function of the domain
Q2 vanishes linearly with respect to dist(x, d€2) as x — 9S2. These two facts imply

that, if dist(y, 0€2;) < 88_% and n(y) # 0 (otherwise N2 (n)(y) = 0), then
W™ F2 Ny ()| < w NI VP2
_4_/ No1 p=2 2 -2
= Cw™ w2 (77 dist(y, 920)) dist(y, 02 Dy ()

4 2 N-I N6
< Cw W2t T D=5 )2 < ce 7 |2

Combining these relations we get

Clinll? + |rlogel[nllx ifN <6

_N-s6 _ . (6.4)
C(e™ 7 Inl2 + &P~ 2nllk + [rlogellnlly) if N > 6.

IV s < {

Next we estimate the term E. We have

_
p—1

Bl < C (7T = DVP 4+ (VA= DVP 4+ VP — U | +0("T))

N2

< C (Inlogelw? + wP [ logwl + |V? = UL | +o(e™3)).

Lo N-2
Taking into account that |V — U£§,||** <Ce 2 ,we get

N-2
2

|Ellww < C (I3 loge| +°7 ). 6.5)
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Now, we are in position to prove that problem (3.11) has a unique solution
¢ = ¢ + ¥, with  := —T (R), with the required properties.

In fact, problem (3.11) is equivalent to solving a fixed point problem. Indeed
¢ = ¢ + ¥ is a solution of (3.11) if and only if

¢=-T(N@+ V) = A)

taking into account that v = —T(R).

Then we need to prove that the operator A defined above is a contraction inside
a properly chosen region.

First observe that, from the definition of v, from (6.5) and from Proposition
3.1, we infer that

7 -2
Y]l < C <|)»10g8| + SNT>
and, by (6.4) and the choice (2.2), for ||n|. < I,
C (I3 + 1% Togelllnll« + 2 logsl? +&¥=2) if N < 6
7 N—-6
ING +mllse < § C(e 2 112+ nllf + [ logellnll (6.6)
te T AP loge? + 2 7) FN > 6.

Let us set
N=2
F={netl il < (1rlogel +2°7)].

From Proposition 3.1, (6.6) and (2.2) we conclude that, for ¢ sufficiently small and
any n € F, we have

N=-2
lAGI < (12 logel +2°7) .
Now we will show that the map A is a contraction, for any ¢ small enough. That
will imply that A has a unique fixed point in F and hence problem (3.11) has a

unique solution.
For any n1, n2 in F, we have

IAG) — Al < CING +11) = N+ 12) [l

hence we just need to check that N is a contraction in its corresponding norms. By
definition of N

DN (i) = (p+ 1) [(V 4+t = yret],
Hence we get

INW +n1) — N + )| < CVP27] 1 — nal.
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for some 7 in the segment joining ¥ + n1 and ¥ + 1. Hence, we get for small
enough ||7]]x,

__4 ~ ~ _ _
W NZIN@ + 1) — N+ m2)| < Ce? 2P i1l — nalls.

We conclude that there exists ¢ € (0, 1) such that

INGW +n1) = N@ + 02) s < clln — n2]l.

Arguing like in [12], we obtain the estimate (3.13).
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