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Convex integration and the L? theory of elliptic equations

KARI ASTALA, DANIEL FARACO AND LASZLO SZEKELYHIDI JR.

Abstract. This paper deals with the L? theory of linear elliptic partial differential
equations with bounded measurable coefficients. We construct in two dimensions
examples of weak and so-called very weak solutions, with critical integrability
properties, both to isotropic equations and to equations in non-divergence form.
These examples show that the general L? theory, developed in [1,24] and [2],
cannot be extended under any restriction on the essential range of the coeffi-
cients. Our constructions are based on the method of convex integration, as used
by S. Miiller and V. Sverdk in [30] for the construction of counterexamples to reg-
ularity in elliptic systems, combined with the staircase type laminates introduced
in [15].

Mathematics Subject Classification (2000): 30C62 (primary); 35D10, 39J40
(secondary).

1. Introduction

In the theory of the elliptic partial differential equations with bounded measurable
coefficients the solutions are initially assumed to have square summable derivatives;
for equations of non-divergence form the assumptions concern the second deriva-
tives. As is well known (see [6,7] and [26]), there is a range of exponents beyond
p = 2 such that the derivatives are, in fact, L”-integrable. Recent developments
in the theory of planar quasiconformal mappings, in particular the area distortion
theorem obtained by the first author in [1] and the invertibility of Beltrami operators
proved in [4], have in two dimensions provided the precise range for these critical
exponents, see [2,24] and Theorems 1.1 and 1.5 below. For more information see
also the monograph [3]. These ranges of exponents depend only on the ellipticity
constants of the equation.

It is a natural question to ask if restricting the range of the coefficients could
yield higher integrability for the gradients of the solutions. A basic result pointing in
this direction is the work of L. C. Piccinini and S. Spagnolo [35]. There it is shown
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that if o(x) = p(x)I, where p is a real valued function with 1/K < p(x) < K,
then u has a better Holder regularity than in the case of a general o.

In this article we present a general method for constructing examples which
show that, in the contrary, for the L? theory such improved regularity beyond the
critical exponents is not possible.

Let us start by recalling the basic notations and the positive results.

Theorem 1.1. Let K > 1, let @ C R? be a bounded domain and let o (x) : Q —

ngxn% be a measurable function such that, in the sense of quadratic forms,

1
?I <o) <KI a.e. x € Q2 (1.1)
Letu € Wl’q(Q), q > Ig—fl’ be a weak solution of
div(c(x)Vu(x)) =0 in Q2. (1.2)

Then u € WIL’CP(Q) forall p < %

Here ]ngxn% represents the space of 2 x 2 symmetric matrices with real entries.

Theorem 1.1 is a combination of results due to F. Leonetti and V. Nesi [24],
the first author [1] and S. Petermichl and A. Volberg [34]. The proof is based on
the fact [24] that locally any weak solution to (1.2) coincides with the real part of a
K-quasiregular mapping, K being the ellipticity constant of (1.1). The results in [1]
imply that any K -quasiregular mapping in W14 belongs actually to the space W7,
whenever Ig—f] <qg<p< % Finally, the end point case g = Ig—_lfl was recently
covered by S. Petermichl and A. Volberg (see [4, 13,34]).

The classical examples built on the radial stlretching1 ulx) = Sﬁ(xlxl%_])
show that for general o the range of exponents p, ¢ cannot be improved without
extra assumptions. On the other hand, the work of L. C. Piccinini and S. Spagnolo
[35] suggests that for isotropic coefficients one might have better regularity.

Our first theorems show, however, that for Sobolev regularity one cannot im-
prove either of the critical exponents Ig—fl % even if the essential range of o
consists of only two isotropic matrices.

Theorem 1.2. Let Q be a bounded domain in R? and let K > 1. There exists a
measurable function py : Q — {%, K} such that the solution u| € WI'Z(Q) to the

equation

div(p1(x)Vui(x)) =0 inQ (1.3)
up(x) = x on 9% ‘
satisfies for every disk B = B(xg, r) C 2 the condition
2K
f Vi | 751 = oo, (1.4)
B

! Here the variable x € R? is identified with the complex number x = x1 + ix3.
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Theorem 1.3. For every o € (0, 1) there exists a measurable function p; : Q —

{%, K} and a function uy € C*(Q) such that uy € Wh4(Q) for all q < Kz—f,

ur(x) = x1 on Q2 with x = (x1, x2) and
div (p2(x)Vuz(x)) =0

in the sense of distributions, but for every disk B = B(xg,r) C 2
2K
B

As a particular consequence, Theorem 1.2 and Theorem 1.3 apply also to the
quasiregular mappings, since #; and u; coincide with the real parts of (weakly)
quasiregular mappings f] and f>, respectively. Here both mappings satisfy

O-f =+ko.f ae. inQ, (1.6)

where k = % Indeed, in the proofs we construct f; and f; rather than u; and

u>. The same ideas yield extremal solutions also to the classical Beltrami equation
Of = £k f, (1.7)

for details see Remark 3.21.

Remark 1.4. Our methods do not imply that p; and p, in the above theorems could
be equal. Surprisingly, in the analogous problem for the Beltrami equation (1.7) one
has a simple argument relating the corresponding results. Namely, let f be the very
weak solution of (1.7) constructed in Theorem 3.18, with dilatation p : Q — {£k}
and up = N f satisfying (1.5). If F is the classical homeomorphic solution to

the same equation, with F € WIL’CZ and 0z F = po,F, then fB |VF|%+S = 00
for every ¢ > 0 and every ball B C Q. To see this, since Vf € L(B) for
any g < Kz—fl, we would otherwise have VF € LP°(B) and Vf € L9(B) for
some dual exponents po and go. But then, for example by [23, Lemma 6.4], the
composition 7 = f o F~'isin W' (FB) and h obeys the chain rule. Therefore
dzh = O a.e. and by Weyl’s lemma /% is analytic. Then f = hoF is also quasiregular,

which contradicts the fact that f ¢ W12(B).

Lastly we turn to the analogous results concerning linear elliptic equations
in non-divergence form. The following theorem is due to K. Astala, T. Iwaniec
and G. Martin in [2] where, answering a question of Pucci [36], quasiconformal
techniques are applied to establish the precise L” theory for planar equations in
non-divergence form.

Theorem 1.5. Let K > 1, let @ C R? be a bounded domain and let A(x) : Q —
Rfyxn% be a measurable function such that for a.e. x € Q

J% I < A(x) <~VKI, with detA(x) =1. (1.8)
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Letu € W4(Q), g > Ig——IEl be a solution of the equation

Tr (A(x)DZM(x)) —0, (1.9)

where D*u(x) = (aiju(x))l.j is the Hessian matrix of u. Then u € Wli’cp () for all
p< 2K

In (1.8) the second condition on A(x) is a normalization which can always be
made since A is bounded above and below and (1.9) is pointwise linear.

The key point in the proof is that under the assumptions of the theorem the
complex gradient of the solution, d,u = (uy, —uy), is a K-quasiregular mapping.
Therefore the ideas from [1,4,34] apply. In analogy with the result of Piccinini and
Spagnolo it was recently shown by A. Baernstein II and L. V. Kovalev ([5]) that
the complex gradients of solutions to equation (1.9) belong to a better Holder space
than general quasiregular mappings.

Concerning the sharpness of the theorem, an example due to C. Pucci built on
an appropriate radial function shows that the L? estimates fail at the lower critical
exponent g = ,3—_1; Nevertheless, examples built on radial functions do not seem to
work for the upper critical exponent. Here we not only provide required examples,
but again show that the range of A(x) is as simple as one can ask for.

Theorem 1.6. Let K > 1 and let 2 C R? be a bounded domain.
There exists a measurable

. = 0\ (VK ©
(2 (2 3)

such that the solution uz € W*%(2) to the equation

Tr(A3(x)D%u3) =0 inQ, (110)
uz(x) = xq on 92
satisfies for every disk B = B(xq, r) C 2 the condition
2 2K
| D u3| k-1 = oo. (1.11)
B

Similarly, we have the counterpart of Theorem 1.3.

Theorem 1.7. For every o € (0, 1) there exists a measurable mapping

L 0 VK 0
o (5 3)
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and a function ug € C“*(Q) such that uy € W>4(Q) for all g < KZ_f

Tr(As(x)D*us) =0 (1.12)

in the sense of distributions, but for every disk B = B(xg,r) C Q2
2 2K
| D ug| K+ = o0. (1.13)
B

Theorem 1.2 improves the results in [15]. These in turn have roots in [27], where
G. Milton proposed that a suitable layered construction, using infinitely many
scales, should yield extremal integrability properties. In [15] the second author
interpreted Milton’s idea from a different point of view, introduced the so-called
staircase laminates and used Beltrami operators to complete the technical details
left open by Milton. The method in [15] yields only a sequence of equations of the
type (1.3), such that the corresponding solutions { uj }OO_ | satisfy

2K
lim [Vu;| =T = oco.
j—>ooJB
Moreover, we do not know how to use that approach with Beltrami operators to
show that the lower critical exponent [g—fl is sharp.

In this work we replace the use of Beltrami operators by convex integration.
Generally, convex integration is a method for solving differential inclusions of the
type

Vfix)eE, ae.x (1.14)

where E is a given closed set of matrices. Roughly speaking the method consists of
iteratively constructing layers within layers of oscillations, starting with an affine
function whose gradient is in a suitably defined "hull” of E (see Section 2) and
iteratively pushing the gradients towards E itself. The original method was intro-
duced and developed by M. Gromov [18] as a very general and versatile method for
solving partial differential inclusions related to underdetermined geometric prob-
lems. V. Sverdk and S. Miiller [30] adapted this method, combining with analysis
of oscillations in the spirit of Tartar’s compensated compactness [41], for construct-
ing regularity counterexamples for elliptic systems (see also [40]). The survey [22]
gives a very good overview of the techniques and results available in the Lipschitz
setting.

The general existence theory for (1.14) has been developed also in [38,39] as
well asin [11,12,21,43], where a different line of thought - following more closely
the classical Baire category approach to solving ordinary differential inclusions -
has been pursued. However, for us the techniques of Miiller and Sverik are partic-
ularly useful since they not only give the existence of solutions to (1.14), but also
provide us with solutions having “extremal” properties. Recently B. Kirchheim [21]
has developed a powerful Baire category setting which combines both approaches
in an elegant manner and also yields such extremal solutions.
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Our plan of proof for Theorems 1.2, 1.3 and Theorems 1.6, 1.7 is as follows.
We rewrite the equations as differential inclusions, in Lemmas 3.2 and 4.1, and then
proceed with convex integration. The first step is to find a sequence of laminates
(see Definition 2.2) with the required integrability properties. These will be called
the staircase laminates, following [15, 16]. We remark that the construction of this
type of laminates seems very flexible and adaptable to other situations. For example
in [8] and [9] they have been used in connection with the problem of regularity of
rank-one convex functions.

Once we find staircase laminates supported in the appropriate sets, we proceed
in a different way for the lower and the upper critical exponents. For the upper
critical exponents we are dealing with honest quasiregular mappings. This allows
us to fit the set of solutions of (1.3) into a natural metric space setting. Then we
can adapt the method of Kirchheim in [21] and use Baire category. This approach
is based on the observation that points of continuity of the gradient are typically
residual.

For the lower critical exponent we are not able to find a natural metric space
setting. The reason is that the only norm which we are able to bound is the W!!
norm (see Remark 3.23). Therefore, we develop a version of the approach of Miiller
and Sverak [30], which works for unbounded sets and laminates. This approach
is technically more involved than Baire category, but has the advantage that we
get very precise information on the integrability of the gradient, namely that our

2K

solutions have gradient in the weak Lebesgue space L' (see Theorem 3.18).
Finally, let us remark that the same proof works with minor modifications also for
the upper critical exponents (see Remark 3.19), however we have preferred to use

the Baire category method for its transparency and elegance.
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2. Preliminaries
We start by introducing the following notation. For matrices A € R>*? write A =

(at,a—) where ar,a_ € C denote the conformal coordinates. That is, in the
identification of vectors v = (x, y) € R? with the complex numbers v = x + iy,
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the coordinates are defined by the relation
Av=ayv+a_v

For future reference we record that multiplication of matrices in conformal coordi-
nates reads as B B
AB = (a+b+ + a_b_, (1+b_ + d_b+), (21)

and that TrA = 2Ma4, where Nz denotes the real part of the complex number z.
Also

det A = lay|* — la_|%,

|A? = 2]ay > 4 2a_|?, (2.2)
IAll = lat| + la—],

where |A| and || A|| denote the Hilbert-Schmidt and the operator norm, respectively.
In quasiconformal geometry it is important to measure how far a matrix is from
being conformal. There are two classical notions quantifying this, the complex
dilatation and the distortion K (A). In our work it is most convenient to use the so
called second complex dilatation, which is defined by

a_
MA = — (2.3)
a4+
Then distortion K (A) of A is given by

Al? 1
Al ‘ +|l/~A|‘ (2.4)

K(A) = =
| det(A)] I —fpal

These definitions extend naturally to mappings through the differential. If f €
whl(Q, Rz), its second complex dilatation is

pf(x) = oo = 0 f (x)/ 9. f(x)

and its distortion function is K r(x) = K(Df(x)), which are defined almost every-
where.

We use the notation M (R™*™) for the set of signed Radon measures on R”*"
with finite mass. By the Riesz representation theorem, M (R™*") can be identified
with the dual of the space Co(IR™*") of continuous functions vanishing at infinity.
Given v € M (R™*™) with finite first moment we use the notation

v:/ Adv(A)

and call v the barycenter of v.
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Next, we turn to convex integration. The basic building block for us in solving
partial differential inclusions is the following lemma. Here, and in the rest of the
paper, we will say that a mapping f : € — R2, continuous up to the boundary, is
piecewise affine if there exists a countable family of pairwise disjoint open subsets
Q; C Q with [0€2;| = 0 and

‘sz \Ja|=o.
i
such that f is affine on each subset €2;. In a similar way we define piecewise

quadratic functions u : @ — R, meaning that u is C' up to the boundary and
coincides with a quadratic function on each ;.

Lemma 2.1. Leta € (0,1), ,8 > 0 and let 2 C R" be a bounded domain. Let
A, B € R™*" with rank(A — B) = 1 and suppose C = LA + (1 — L) B for some
A€ (0,1).

(i) There exists a piecewise affine Lipschitz mapping [ : Q@ — R™ such that
(@ f(x)=Cxifx €0%,
®) [f — C]ca(ﬁ) <E§,
(©) [{xeQ: [Vfx) — Al <8} = 2[R,
(@) [{xeQ: [Vf(x)— Bl <d8}]=1-n1)ll
(i) If in addition A, B € Rg‘yﬁ’, then the map f in part (1) can be chosen so that
f = Vu for some piecewise quadratic u € W>*°(Q).
Proof. Part (i) of the lemma is standard in the literature (see [29, Lemma 3.1]), but
usually with C instead of C® approximation in (b). For reader’s convenience we
recall the idea of this argument. We may assume A — B = a ® e, and define two
auxiliary functions,

s(0) = A1 = 1) + 1[(1 = V) x(=2,0(0) — Ax©0,1-2) )] (2.5)

and, with 8’ < —L.§,

njal

wx) = 8 |:s (’;—'j) — Hi |x,~|:| .
i=1

Let now fp(x) = C(x) + w(x)a. In the polytope Q29 = {x € R" : w(x) > 0} the
function fy satisfies (a) and (c),(d), while (b) is satisfied by choosing 8’ sufficiently
small.

For an arbitrary domain €2, f is obtained by rescaling fy. That is, fixing r > 0
we cover €2 by small copies of ¢ up to measure zero, so that

2\ Jo + )| =0 2.6)
i=1
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with r; < r, and then place in each copy the rescaled function

Froas ) =11 folr; (x — @) + C(ay).

This implies (a), (c) and (d), but also (b) follows: As a Lipschitz function f € C*
and its C* norm decreases when scaling and letting r — O.

An alternative way to construct f would be by extending first s 1-periodically
to R and then setting f(x) = C(x) + §[s(x,/8)]a. Then Df € {A, B} a.e., but
f does not have correct boundary values. These can be achieved by deforming f
near 92 ; see e.g. [21] which does this but obtains only dist (Df (x), [A, B]) < §
in the exceptional set. However, arguing as in (ii) below one may further deform f
to have dist (Df (x), {A, B}) < § almost everywhere.

Part (ii) is essentially done in [21], but we need to do some more work in order

to obtain the exact volume fractions (c¢) and (d). Let A, B, C € Rg;(n% be as in the

lemma. Then, by [21, Proposition 3.4] for every €, § > O there exists a piecewise
quadratic u = u(, A, B) € W>°°(Q, R?) such that

(L.1) u(x) = 3{Cx,x) if x € I<,

(12) [{x € Q: D%u(x) = A}| > (1 — &)A|Q,

(13) |[{x € Q: D%u(x) = B}| > (1 —&)(1 = )|,

(1.4) dist (D?u(x), [A, B]) < 8 ae. in Q.

However, we need a function u such that D?u(x) belongs to a 8 neighborhood of
{A, B} instead of a neighborhood of the whole segment [A, B]. To achieve this, we

iterate the construction of u to produce a sequence of piecewise quadratic functions
{u;}72, with the following properties: writing

Ui = {x e Q: dist (DZui, (A, B}) < —z—")a}

we construct by induction the functions u; so that
2.1) u;(x) = 2(Cx, x) if x € 9L,

22) |{x € Q: D%ui(x) = A} > (1 — 9)AIQ],

23) |{x € Q: D*u;j(x) = B}| > (1 — e)(1 — )|,
(24) uj(x) = u;(x) for x € U; whenever j > 1,
(2.5) [\ Uit1] = iIQ \ Uil and U; C Uiy1,

(2.6) dist (D%u;, [A, B]) < (1 —27)§ ae. in Q.

We can use (1.1)-(1.4) to define u1, after replacing § by §/2. Suppose then that u;
is given. Since u; is piecewise quadratic, 2 \ U; has a decomposition

Q\U; = <Ul7,-)UN

J
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where |[N| = 0 and U.,- are open sets on which D%u; = C for some constant matrix
C = (3,- with dist (C‘, [A, B]) < (1 —27%)8. Hence we can write

C=*A+(—-XB+D,

where 0 < % < 1, and |D| < (1 —27%)8. Therefore, if we set A = A + D and
B=B+D o o
C=iA+1-0B, 2.7)

with |A — Al, |B— B| < (1 —=271)§ and
rank(ﬁ — l§) =rank(A — B) = 1.
Thus, we can use again [21, Proposition 3.4] in each U j to produce u; such that
(3.1) 1;(x) = 3(Cx, x) (modulo an affine function) if x € U
G |{xev;: i e |4 B} ]| > 21031
(3.3) dist (D%u;, [4, Bl) <27 ae.in U
Then the function u; | obtained from u; by replacing u; by u; on U j (modulo an
affine function) fulfills the properties (1)-(6).

It follows from (2.1) and (2.6) that the sequence {u;} converges strongly in
W2 to a piecewise quadratic function u; with the following properties:

@.1) u; = 3{Cx,x) on IQ
@42) |{x € Q: D2ui(x) = A}| > 1 — o)AIQ,
@43) |[{x € Q: D*up(x) = B}| > (1 —e)(1 — V)|,
(4.4) dist (D%us(x), {A, B}) < §ae. in Q.
The mapping u; fulfills all the desired properties, except possibly we do not obtain
the exact volume proportions required in (c) and (d). If this is the case, we may
assume without loss of generality that
|{x € Q: |D*u(x) — A| < 5}
1€2]

Hu, =
satisfies A(1 —€) < uy, < A. Fixe = % so that

A
> < My, < A, (2.8)

and choose A € [A, B]N B(A, ) so that

C=i’A+(1-2)B,
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where . = A + €1 for some small 0 < ¢; < §/2. For arbitrary € > 0 we can
repeat the above construction with A in place of 2 to obtain a function u; equal to
1/2(Cx, x) on the boundary and such that dist (Dzui(x), {A, B}) < § and

iy > A1 =€)

Choose €2 > 0 so that

Py > A. 2.9)
From (2.8) and (2.9) we deduce that
; def Moz — A
I’LM): — Huy,

satisfies r € (0, 1), and A = Thu; + (1 — )y, . Finally we divide €2 in two regions
Qy, Q; with |2, = 7|Q2] and [2;] = (1 — 1)[2]. We put 2, = U;Qiu UN
and SZA = U;Q; 2 UN where €;,, €, 5 are rescaled copies of 2 as in (2.6). In
each Q 2 we place a rescaled copies of u and in each €, 1 a rescaled copy of
us;. This defines our final mapping u. It is easy to see that the volume fraction
My = tp; + (1 — ) = A, in other words the function u satisfies the volume
requirements exactly, and hence satisfies (a), (c) and (d). To obtain (b) we perform
the same rescaling and covering as in part (i). O

The matrices A and B in Lemma 2.1 are said to be rank-one connected and the
corresponding measure A84 + (1 — A)dp € M(R™*") is called a laminate of first
order. Because the lemma provides piecewise affine maps, the construction can be
iterated by modifying the map f in the regions where it is affine. For example,
suppose we have two further rank-one connected matrices C1, C» such that

B = )\./Cl + (1 — )\./)CZ. (2.10)

Then in the open set {|V f(x) — B| < §}, f can be replaced by a map (again given
by the lemma) whose gradient oscillates on a much smaller scale between neigh-
borhoods of C; and C5.

Notice that, as in (2.7), (2.10) implies that if |V f(x) — B| < §,then V f(x) =
A C 1+ —)»)C: » where C 1, C » are rank-one connected and they lie in corresponding
neighborhoods of C; and C,. Thus, on each region where f is affine, we can apply
Lemma 2.1 to obtain the new mapping. On the level of the gradient distribution this
amounts to replacing 8 by A’8¢, + (1 — 1")8¢,. This type of iteration motivates the
following definition ([10, 30, 32]).

Definition 2.2. The family of laminates of finite order L(R™*™) is the smallest
family of probability measures in M(R”*") with the properties

(1) L(R™*") contains all Dirac masses.
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(i1) Suppose va:l Ai8a; € LR™)and A} = AB + (1 — A)C where A € [0, 1]
and rank(B — C) = 1. Then the probability measure

N
> hiba, + M (8p + (1 - 1)dc)
i=2

is also contained in £(R™*").

The process of obtaining new measures via (ii) is called splitting.

Proposition 2.3. Let v = ZlNzl aida;, € LIR™*™) be a laminate of finite order
with barycenter v = A. Then, for every o € (0,1),0 < < min|A; — A;|/2 and
every bounded open set Q@ C R", there exists a piecewise affine Lipschitz mapping
f: Q — R™ such that

(1) f(x) = Ax on 0%,
(i) [f = Algaig) <,
(i) [{x e Q: |Vf(x) — Aj| <8}| = ;|| for each i, thus
@iv) dist(V f(x), sptv) < é a.e. in 2.
Moreover, if A;j € Ry, then the map f can be chosen so that f = Vu for some
u e Wh™(Q).

Proof. The proof is by induction using Lemma 2.1, which proves the result for first
order laminates. For higher order laminates the precise argument is given in [30,
Lemma 3.2] with the C? norm instead of the C* and matrices in R”*”. The case of
symmetric matrices is handled using part ii) of Lemma 2.1 instead of part 1). O

Finally, we recall the definition of certain semiconvex envelopes of sets of
m x n matrices (for more information see [22,28,32]).

Definition 2.4. Let E C R™*" be a closed set. The polyconvex hull of E is given
by

EP¢ = {ﬁ: v e M@R™™), sptv C E and det(v) = / det(A)dv(A)} .

Similarly, the lamination hull of E is given by

E' = {v : vis alaminate of finite order with sptv C E},
and the first lamination hull is

Elel = {v : vis alaminate of first order with sptv C E}.

In particular, since the determinant is an affine function on the rank-one lines of
M(@R™ ™) we have E'©! ¢ Elc ¢ EPe.
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3. Isotropic equations

For proving Theorems 1.2 and 1.3 we start, as in [30], by transforming the set of
solutions to the isotropic PDE into solutions to a suitable differential inclusion.

Definition 3.1. For aset A C C U {00}, let
Ea= {A e R¥2: A = (ay,a_) with a_ = . for some ju € A} RNERD)

i.e. E 4 is the set of matrices with the second complex dilatation belonging to A. If
1 = oo the condition a_ = pa; means that a; = 0. In particular, for A = {0}, let
E( denote the set of conformal matrices. Similarly, E is the set of anti-conformal
matrices.

From (2.1) we see that E , is invariant under precomposition by conformal
mappings, i.e. that
Exr=FEAA forall A e Ep\ {0}. (3.2)
Lemma 3.2. Let K > 1 withk = g—;} and let 1 < p < o0. Suppose 2 C R?isa
bounded domain. Then u € WP (2, R) is a weak solution to
div(p(x)Vu(x)) =0
for some coefficient function p € L*°(L2, {K, %}) if and only if u = f1 where
f=(f1, o) : 2 — R? satisfies
VfeEyg-i. 3.3)
Proof. It is convenient to identify R? with C, so that f; = R(f). Accordingly, let
us write f = u +iv. Then
20, f = dcu + dyv + i (Byu — dyv),
20z f = Oxu — Oyv + i (dyu + dyv).
Hence the condition V f € Ey ¢y, or oz f = wd, f with € {—k, k}, is equivalent
to the system
(I = w)oxu = (1 4+ p)oyv,
(I = w)dyu = —(1 + p)dyv.
In other words
l—pn
——Vu=JVv, (3.4)
1+pn

where J = (_01 (1)) But in a simply connected 2-dimensional domain Q2 an L”
vector-field is divergence-free if and only if it has the form J Vv for some Sobolev
function v. Hence (3.4) is equivalent to

. (1=n
div | ——Vu ) =0. 0
I+ pu
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3.1. Upper critical exponent

Our proof of Theorem 1.2 makes strong use of the ideas developed by Kirchheim
in [21, Chapter 3.3]. First, we define an appropriate closed and bounded subset
X c wh? containing certain weak solutions to (3.3). Since bounded subsets of
W12 are metrizable in the weak topology w, we deduce that (X, w) is a metric
space. In particular, we are then in a setting where one can apply Baire category
methods. Indeed we shall show, similarly as in [21], that functions in X are points
of continuity of the map V : (X, w) — L? only if they satisfy the inclusion (3.3).
From this we deduce, using the fact that V is a Baire-1 mapping, that the solutions to
(3.3) form in X a residual set, i.e. its complement is of first Baire category. Finally
we show that the set of functions in X for which (1.4) holds in any fixed ball B(x, r)
is also residual, and for this we use the staircase laminate construction introduced
in [15]. Combining these facts gives Theorem 1.2.

We will define the set X starting from the differential inclusion (3.3). We then
need X to be weakly closed, and if we would analyze this property more system-
atically we would arrive at the concept of G-closure due to Spagnolo. Indeed it is
not difficult to see that the set Ay introduced below is nothing but the interior of
the G-closure of {—k, k}, with respect to equations of the type (1.6); in fact similar
computations as those in Lemma 3.5 can be found in [14] and [33].

Definition 3.3. Foreach0 < k < 1 let
(1 =) — kY
(1 —k2)2 ’

Ar=1reé?eC:r<k, ricos’¢ >

cf. Figure 3.1. Also, using the notation (3.1), define i = E4, C R2%2,

i

Figure 3.1. The set A in the complex plane.

Note that Ag, and hence {/, is open and that Eyx gy C Uu.



L? THEORY OF ELLIPTIC EQUATIONS 15

Definition 3.4. Let X be the closure in the weak topology of W12 of the set

B e f piecewise affine
Xo=1{ feWh®(@Q R?>: eVf(x) el ae. . (3.5)
e f(x) =xondQ

Certainly, f = Id € Xo so the set X is not empty. In Lemma 3.7 we show that X is
a bounded subset of W2 and hence it is metrizable in the weak topology.

Lemma 3.5. Let Eg ) be as in Lemma 3.2 and write Ef;’ik} = (E{k,,k})lc’l for
its first lamination hull. Then

le,1 _ ppc .
By =Epn=Ex

with Ay given in Definition 3.3.

Proof. Since automatically Ef,il_ K C E 55_ K We only need to prove the reverse

inclusion. Hence let W € E {l;:_k}_ Then by definition W = v for some probability
measure v supported on E; ) with v satisfying

det(v) = / det(A) dv(A). (3.6)

The crucial information to use here is that det(A) = (1 — k2)|a+|2 for every A €
E(k,—ky. Thus F — det F is a convex function when restricted to Ex ;.
Let us now write
v=2Av + (1 —A)v_g

where vy are probability measures with sptvy C Ej; and sptv_y C E_4 and
barycenters

Y = /A dvi(A) € Ex and Z = / Adv_;(A) € E_y,
respectively. Then (3.6) reads as

det(W) = A / det(A)dvi(A) + (1 =) | det(A)dv_i(A).
Ey E_i

By Jensen’s inequality and the convexity of det|g_, it follows that
detW > AdetY 4+ (1 — 1) det Z. 3.7

On the other hand in two dimensions the determinant is a quadratic form, and by
direct calculation we obtain

det(AY + (1 — ) Z) = Adet(Y) + (1 — ) det(Z) — A(1 — 1) det(Z — Y).
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Recalling that
W=v=ar+A—-MNvr =AY +(1-1)Z,

we deduce det(Y — Z) <O0.
Now consider pairs tY and s Z with ¢, s > 0 such that for some A" € (0, 1) we
have A'(Y) + (1 — A')(sZ) = W. Linear independence gives
A 1—A

M=="ands = ——,
t 1—-X)

so that such pairs are parametrized by t € (A, 00) with s = s(t) — oo ast —
A Letd(t) = det(tY — s(¢t)Z). By the calculation above d(1) < 0 and since
detY,det Z > 0 we have d(t) — 400 ast — A. Thus there exists 7y € (A, 1] such
that d(z9) = 0. But then oY € Ej and s(t9)Z € E_j are rank-one connected, and

soW e Ef,‘(l_k}

Next we obtain an explicit description of the lamination hull. A matrix W =
(w4, w-) lies in the first lamination hull of E ) if and only if there exists A €
[0, 1], and matrices Y = (y4, y—) € Ex and Z = (24, z—) € E_j such that

W=AY+{A—-ANZand |yy —z4| = |y- — z—]

Substituting y_ = ky,, z— = —kz4, w_ = pwy and writing t = (1 — 21) a
calculation gives that W € Ef,f Y sy if and only if

|+ kt| = klk +tp

for somet € [—1, 1].

Let p(t) = | + kt|> — k*|k + te|%>. Then p(r) is a quadratic polynomial in 7,
with leading term k2(1 — ||?)#2, and moreover X € E'1 if and only if p(¢) has a
root in the interval [—1, 1]. Notice that

p() =1 =k)lp+kP? 20, p(=1) = (1 = k)| — k> = 0.
Therefore if p is concave it has no roots in [—1, 1]. So we may assume || < 1

and then if p has a root in [—1, 1], the minimum of p also lies in [—1, 1]. The
discriminant of p is:

D=4k (1=K 0? = (1 = [P (u? — k)
and the minimum is at

_ (=K
T kA=)
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Suppose D > 0. Then if || > k,

20200002 2
tg _ (I = k)= (M) > [ o1
k2(1 — |pl?)? k21— |ul?)

whereas if D > 0 and || < k, then
(1 —kH)[%Rpl 2 a — k%)
k(L= 1{ul?) = (=) —

We have shown that p has a root in [—1, 1] if and only if D > 0 and || < k. In
turn, these inequalities are a precise description of Ay. O

lto] =

Remark 3.6. Lemma 3.5 implies that for each A € I/ there are rank-one connected
B, C € E, —y such that A € [B, C] C U. Later we will need the further informa-
tion that in case A lies in the interior, i.e. A € U, then (except for the endpoints)
the whole interval (B, C) C U.

Namely, consider the half-interval (B, A], and for ¢ € (0, 1) let

W=tA+ (1 —-1)B.

We claim that W € U. A simple continuity argument shows that for any € > 0
there exists § > 0 so that for any W with |W — W| < § there exists B € Ej with
|B — B| < € and such that det(B — W) = 0. Let

- 1 - -
A= ;(W — (1 -1)B),
sothat W =tA + (1 — t)B and
- 1 -
A —A| < ;(|W— W]+ e€).

This last inequality 1mphes that for sufﬁc1ently small € > 0 and for W sufficiently
close to W we have that A € U. Butas det(A — B) = 0 and I/ is lamination convex,
we deduce that W € U for all W sufficiently close to W. This implies that W € U.

3.1.1. Points of continuity of V
Next we collect the functional analytic facts needed in the sequel.

Lemma 3.7. The space (X, w) is compact and metrizable, and for any f € X we
have V f (x) € U a.e. in Q. In particular f is K -quasiconformal with f = Id
on 992 The metric d on X is equivalent to the metrics induced by the L™ and L?
norms on X. Furthermore, the set of continuity points of the map V : (X, w) —
L2(2, R%*2) is residual in (X, w).
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Proof. The key fact behind our argument is that we are dealing with elliptic equa-
tions, in particular with quasiregular mappings. Let X be as in Definition 3.4. To
prove1 t%lat its weak closure (X, w) is metrizable we need to show that X is bounded
in Wh~.

There is no loss of generality in assuming that 2 C B(0, %). Therefore for f €
X the Lipschitz mapping f = fxao+xxBo. 1)\ is a well defined K -quasiregular
mapping (actually K -quasiconformal) by the definition of /. Thus, Rf = u is a
weak solution to

div(oc(x)Vu(x)) =0 in B0, 1),

where ¢ is a measurable matrix function satisfying (1.1). This is seen similarly
as in the proof of Lemma 3.2; for details see e.g. [2]. Testing the equation with
v(x) = u(x) — x1 yields the estimate

/ IVul> < C(K),
B(0,1)

and using the same argument for J( f ) we obtain that
/ IVfP? < C(K). (3.8)
B(0,1)

Finally, the Sobolev embedding theorem (or alternatively, the maximum principle)
yields the required bound,

I f w2 < C(K) (3.9)

for f in Xo. By the weak lower semicontinuity of the W' norm we have the same
bound for f in X.

The estimates show that in the weak topology induced by W2, the space
(X, w) is metrizable with metric d = dy. By the compactness of the Sobolev
embedding, (X, w) embeds continuously in L2(). Since (X, w) itself is compact,
the embedding is an homeomorphism between (X, ||||;2) and (X, w).

Next, Xq is a bounded family of K-quasiconformal mappings, and as such
sets are normal, also all f € X are K-quasiconformal. We may hence use proper-
ties of these maps. For instance, the weak convergence in W2 and uniform con-
vergence are equivalent notions for bounded families of K-quasiconformal maps,
hence (X, w) is homeomorphic to (X, ||||z>). As a second example, by the higher
integrability of quasiregular mappings [1] we have that for f € X

/IVpr = C(K,p) (3.10)

2K
K—1°

To prove that V f(x) € U a.e. for any f € X we will use the weak continuity
of F +— det F in Wb? for p > 2 [10].

forevery2 < p <
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Given f € X we have a sequence { f,,} C Xo with f;, = f in WL2(Q). Then
also f,, — fin WP (Q) for some p > 2by (3.1_0). Thus, det(an) — det(Vf)
in L%, Using Mazur’s Lemma there exists 0 < A, < 1 with Zj A} = 1 such that
asn — 0o,

Z )\,j; (Vfi(x),det(V fj(x))) — (Vf(x),det(V f(x)) ae.
j

For almost every x the convex combinations define a sequence of probability mea-
sures ,
v;z = Z)J,(Svfj(x) € M(RZXZ)
J
converging to probability measures v, supported in E; ) such that

Vikx)= / Ad, (A), and det(V f(x)) = / det(A)d, (A).
Efk,—k) E|

k,—k}

According to the definition in Section 2 this means that for almost every x, V f(x) €
UP for any f € X, and UP¢ = U by Lemma 3.5. The measure v, is the gradient
Young measure generated by the sequence { f;,} and in fact the above reasoning is a
typical application of Young measure theory, see for example [28].

We now turn to the category concepts. For a reference see [21] or [31]. We de-

fine (Ap);j(x) = w to be matrix of differential quotients of f (recall
that we have extended functions in X by the identity outside 2 so that Ap f(x) is
defined a.e. in €2). For all Sobolev functions f € W2 we have that

lim ”Vf - Ah(f)”LZ(Q’Rsz) =0.
h—o0

On the other hand, each Aj,is a continuous operator from LAQ,R?) —L*(Q,R?*?).
Since (X, w) is homeomorphic to (X, |||, 2) it follows that A is continuous as a
map from (X, w) — L*(Q2, R**?). Therefore V : (X, w) — L*(Q,R>*?)isa
pointwise limit of continuous mappings. This is the definition of a Baire-1 mapping,
also called a function of first Baire class. 1t is part of Baire’s theorem that the
points of continuity of such functions form a residual set in (X, w) (See [21, page
53], [31, Theorem 7.3].) ]

Lemma 3.8. The set of points of continuity in (X, d) of V satisfy V f (x) € Ey —k)
almost everywhere.

The proof is exactly as in [21, Proposition 3.17]. Here we reproduce the argu-
ment for the reader’s convenience. The main point is that if f is piecewise affine

with an affine piece A € 7 \ E{k,—k), then (since U= Efz’l_k}) there exists a rank-

one segment through A in U of length proportional to the dist (A, Ek —ky). This
permits us, with the help of Lemma 2.1, to produce a perturbation of f showing
that it cannot be a point of continuity.
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Proof. Suppose for a contradiction that the set {x eQ: Vfkx) e u \ E{k,_k}} has
positive measure, where f € X is a point of continuity of V. Then by Lusin’s
theorem there exists a compact 29 C €2 (with |Q20] = m > 0) such that Vf is
continuous on ¢ and V f(R0) N Ey,—xy = ¥. Since V f (o) is compact,

1
&= EdiSt (V (), E{k,—k}) > 0. 3.11)

Let .
V = N:(Vf(Q0)NU

be the e—neighborhood of V () in U. Since U = Efzik} toany A € V
there exists a rank-one segment connecting E; to E_j; and containing A. In fact,
as dist (A, Eqx,—ry) > € by (3.11), there exists a rank-one matrix C4 € R2%2 with
|C 4| > & such that .

[A—Cus, A+ CalCU. (3.12)

Moreover, according to Remark 3.6 we have
AcelU=[A—-Cyu,A+CylCU. (3.13)

Lastly, since f is a point of continuity of V : (X, w) — L2(2, R?*?), there exists
8 > 0 such that

1
Vg =V fl2 < ggﬂ whenever dy (g, f) <8and g € X. (3.14)

We now show that (3.12) - (3.14) give the desired contradiction. For this, take a se-
quence of piecewise affine functions Xo > f, — f in (X, d). Since f is a point of
continuity of V, wehave V f,, — V finmeasure, i.e. | {x : |V f,(x) = Vf(x)| > ¢}]| <
e 2|V f — Vf||i2 — 0asd(f,, f) = 0. Therefore there exists n and 2] C g
with || > 7 so that

A ) < 3 IV o=V Fl2 < ée\/ri and V £,(21) € VU

Furthermore, as €2 is covered up to measure zero by open sets on which f;, is affine,
there exists finite number of disjoint open sets G; C 2 such that f,,(x) = A;jx + a;
for x € G;,

[Ai —Ci, Ai+CilcU

for some rank-one matrix C; with |C;| > e and ||J G;| > 7.

Next note that by Lemma 3.7 there is no loss of generality in replacing d by the
sup-norm |||z on X. For each i, Lemma 2.1 (with A = C;, B = —C;) supplies a

piecewise affine function ¢; € Wol’oo(Gi, R™) such that [|¢; [|loc < % and

dist (Ve (x), {(£C;}) < min {% dist ({A; + C;} au)} (3.15)
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Let g = fu + Y xG;¢i- Then by (3.15), Vg(x) € U i.e. g € Xp, and

s 68
dg. [)=d(g. fu) +d(fa. f) < 5+ =06

On the other hand, using Cauchy-Schwarz and (3.15)

2 1 2 g2 &Zm
fUG[_ Vg — V1] Z|UGI~|<ZZ/G[ |V¢z~|) > 2IUGi > —

Hence

1
IV =V llp2=IIVg =V fullpz = IVfu = V[l > gé\/ﬁ
which is in contradiction with (3.14). ]

Corollary 3.9. The set of mappings f in X such that V f(x) € Ey —x) is residual.

3.1.2. Staircase laminates and integrability

We will complete the argument for Theorem 1.2 by producing a sequence of lam-
inates supported in ¢/ such that their %-moment diverges. We use the staircase
construction introduced in [15].

Proposition 3.10. Every A € U is the center of mass of a sequence of laminates of
finite order v, € L supported in U such that

tim A ETdy, = 0o (3.16)

n—odo R2><2

Figure 3.2. The strong staircase: the black dots are the support of the measure v, and
the cross is it’s barycenter v,,. The shaded area is the set of diagonal matrices in /.



22 KARI ASTALA, DANIEL FARACO AND LASZLO SZEKELYHIDI JR.

Proof. For the case where A = [, the identity matrix, the result was shown by
the second author in [15]. The idea was to construct so called staircase laminates,
laminate measures v, satisfying (3.16) and supported in E, —xy N D, where D
denotes diagonal matrices (see Figure 3.2).

For later purposes we sketch the construction of these measures. Set in confor-
mal coordinates

1 1 11
C = T 19k1 C* = 1,_k, P = —, = s
= R Com b = (0 505)

and let
; 1+k a4k

_ , S N 3.17
U 2kn+1+k 27 2%k(n+1) (3.17)

Since in conformal coordinates I = (1, 0), we have

nl = MnC_; + (1 — AP,
P, =M+ 1D)C + (1= A + DI,

and moreover that the pairs nC_g, P, and (n + 1)Cy, (n + 1)1, respectively, are
rank-one connected. Thus,

Vnl =(K75nc_k + (=2 (M38etnc, + (1 = K§)5<n+1)1)) (3.18)

is a laminate.

Now we set vi = vy;. It contains a term (1 — )Li)(l — )»%)521. The laminate
vy is obtained by replacing §>; by vo;. In general, v, contains a term 1'[:7:1 (1 —
)Ji)(l — )»5)8(,,+1)1 and v, 41 is obtained from it by replacing §,; by v, ;. By taking
logarithms, it follows from (3.17) that

-2

7_ (1= A1 — 1)) ~ nkT,

=

Then (3.16) follows.

The measures v, are supported in Ey _ry C 0U. We shift them to obtain
measures supported in the interior of . Declare, v, (-) = v, (-+(1, 0)). Assptv, C
U N D we have the claim for A = (2, 0). Next, for matrices Q € E( the claim
follows from the conformal invariance of /, replacing the laminates b = ) 184,
by Q#INJ = Z)\/’SA_,'Q‘

Finally, for A € U\ Eg we use the fact that {{ is a lamination convex, ¢f. Lemma
3.5. We claim that for every A € U there is a rank-one segment [P, Q], contained
in U and with one end point Q € Ep, suchthat A = AP + (1 —A)Q and A € [0, 1).
Indeed, writing A = (a4, a—) in conformal coordinates, let Q = (ay+—a—, 0) € Ey.
Clearly rank(A — Q) < 1, since A — Q = (a_,a_). Because U{ is lamination
convex and contains Ep, it also contains the whole segment [A, Q]. Furthermore,
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as U is open, A is interior point for an extended segment [P, Q] € U. The required
laminates can then be defined as

Uy = Adp + (1 — 1) Qyvn,
where v, are the laminates with barycenter / constructed above. O

Proposition 3.11. For every ball B = B(xg, rg) C 2 the set

XB,M={feX: / Mils sM}
B

is closed and has no interior in X.

Proof. By lower-semicontinuity of the Dirichlet norms X g s is closed in the weak
topology of W12(Q).

Suppose for a contradiction that X p_3s has nonempty interior for some B and
M. Then there exists f € Xo N Xp y and € > O such that

2K
/ [Vglk-T <M
B

whenever g € X withd(g, f) < ¢.

Take any subdomain Q2¢g C B where f is affine, say f(x) = Ax with A € U.
By Proposition 3.10 there exists a laminate v € £ with barycenter v = A such that
fszz [\ %d v > 2M. Let ¢; be the corresponding mapping obtained by applying
Proposition 2.3 to v, Qpand e = 6 = } with j large enough. By property (iii) of
the proposition it holds that

2K 2K 1 2k
f V| & z/ AR dv — ()% > M.
Qo R2x2 ]

Combining this together with property (iv) we deduce that f; = f+ xq,(¢; —A) €
X\ X g,m. However by property (ii) || fj — f lloc < } and hence lim;_, oo d(fj, f) =

0. This is a contradiction. O

Corollary 3.12. The set of points in X such that fB |Vf|% < 00 for some ball
B = B(xg,r) C Q2 is of first category in (X, d).

Proof. This follows since

o0 o0
{feX:/ |Vf|% <oof0rsomeB=B(xo,r)} = U UXBi,M
B

M=li=1

where B; is an enumeration of balls in £ with rational centers and radii. There-
fore since each Xp, y is of first category, the (countable) union is also of first
category. O
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Combining Corollaries 3.9 and 3.12 yields the following result, proving Theo-
rem 1.2.
Theorem 3.13. Let K > 1 andk = g—;} For any bounded open set Q C R? there
exists a mapping f € WH2(Q; R?) with the following properties:

(1) f(x) =xo0naL,
(i) Vf(x) € Eg,—k) a.e. in 2,

(>iii) for any ball B C Q2 we have fB |Vf(x)|%dx = oQ.

3.2. Lower critical exponents

In the following J = (0, 1) in conformal coordinates, i.e.

/()= ()

is the complex conjugation. This subsection consists essentially of two parts. First
we deal with the geometry of E _g), in particular we show that any matrix A lies
on a rank-one connection between Ey; _xy and Eo, whose length is proportional to
|A]. Then we define the staircase laminates in Lemma 3.16. However, in contrast
with the case of the upper exponent, we have no apriori bounds on the gradient, and
so it becomes crucial to know precisely where the gradients of the approximating
sequence lie.

In the second part we proceed with convex integration. The setting is quite
general once the specific geometric properties have been established. In Proposi-
tion 3.17 we show the existence of piecewise affine maps f with the desired inte-
grability property given by (3.33), which solve the inclusion up to a small L error.
Moreover, the size of the error can be made to depend on |V f|. Then in Theorem
3.18 we show that the L error can be successively removed.

The general scheme of passing from approximate solutions to exact solutions
is to define an approximating sequence of piecewise affine maps whose gradients
lie in smaller and smaller neighborhoods of the set E; ). Following Gromov’s
original terminology such neighboring sets are called in-approximations. In our
case the in-approximations are the sets

O, = {A e R2*2 ; dist (A, Eq._x)) < 2" min(1, |A|_k)} ,

so that the approximating sequence satisfies V f, € O,. Because f, is piecewise
affine, we can modify it locally (on affine pieces) to obtain f;, ;. The main estimate
is in (3.53). It guarantees that the limit mapping lies in the weak Lebesgue space
LK where gg = I?—fl is the lower critical exponent.

Having made the size of the error depend on the size of the gradient gives us
a very general method to solve differential inclusions in the L? setting, applicable

also in higher dimensions, see [17]. For the specific case, when the critical exponent
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satisfies gx < 2, some simplifications could have been made. However we have
preferred to present here the general method.
We begin with two simple lemmas regarding the geometry of rank-one lines in

R2><2:
Lemma 3.14. Let A, B € R**? with det B # 0 such that det(A — B) = 0. Then
|B| < V2K (B)|A|,

where K (B) is the distortion of B introduced in (2.4). In particular, if A € R?*?
and Q € Ey such that det(A — Q) = 0, we have

dist (A, Ex) < |A — Q] < (1 +v2K)dist (A, Ey).
Proof. We work in conformal coordinates, writing
A=(ay,a-), B=(by,b-).

First we assume that det B > 0. From (2.2) we see that in this case there exists
u € C with || < 1 so that
b_ = ,ub+.

From (2.4) we obtain |u| = {5077

Since det(A — B) = 0, one has

by —at| = puby —a—|.

Consequently,
. lai|+ la_|
byl = lay| < |ul byl + la—]|, ie |by| < ———
1—|ul
Hence, using (2.2)
1+ | s (D,
B> =2(1 + [u)bs* < 22— (lay| + la_)* < 22— |A]
" A—up2 " (1 — |u)?

= 2K (B)*|A)°.

In case det B < 0 we use matrices AJ and BJ in the above computation, and arrive
at the same conclusion.

Lastly, let A € R>*2 and Q € Ey, and let Qg € Ej such that dist (A, E}) =
|A — Qo|. Then, applying the first part of the lemma with A — Qg and Q — Q¢ we
obtain that

10 — Qol < V2K|A - Qol.

Hence

|A— Q| <A~ Qol +10 — Qol < (1 ++v2K)|A — Q|
= (1 +V2K)dist (A, Ey). O
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Lemma 3.15. Let K > 1 and k = g—;} Then every A € R>*2\ {0} lies on
a rank-one segment connecting E~, and Ey. To be precise, there exist matrices
P € Ex \ {0} and Q € Ei \ {0} with det(P — Q) = 0 such that A € [P, Q].
Moreover,

1
;IAISIP—QI,IPI,IQISCKIAI, (3.19)

where cxg > 1 depends only on K. The same holds if we replace Ey with E_y.

Proof. 1t suffices to prove the lemma for Ej. Suppose in conformal coordinates
A = (a, b). Then for every t € R\ {0},

! 1
A = (a, ka) + ;(0, tb —tka) = P + ;Qt

where P € E; and Q; € E. Here P, Q; are rank-one connected if and only if
la| = |ka + t(ka — b)|. By elementary geometry, there is precisely one positive
t = to > 0 for which this happens.

Note that s := 1 4+ 1/7 > 1. Hence we may write

1 1
A=—-(P)+ —(s0Q1),
s ts

where clearly s P € Ey, s Q; € Es are rank-one connected; also sTTH@as) 1 =1.
Concerning the estimates in (3.19), first of all observe that

dist (A, Ex) +dist(A, Ex) <|[A—P|+]|A—-Q|=|P - Q]

Since Eo and Ej, are linearly independent, we obtain,

1

§|A| =|P -0l
Moreover, from Lemma 3.14 we have
|P| < cklAl, Q] = cklAl,  1Q] <cklPl, and |P| < ck|Q],
hence from the triangle inequality
|P— QI =PI +1Q| = (14 cx)min(|P], |QD),

from which the remaining inequalities in (3.19) follow. O

With the next lemma, we construct one step in our staircase laminate. The
steps of the staircase are the sets

S, =nJSOQ2) = {(0, ne'®y : 6 e [0, 271]}. (3.20)

The measures are more complicated than in the case of upper exponent (3.18) since
we want the center of mass to be any matrix in a neighborhood of S,,.
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Lemma 3.16. Let 0 < r < % Then there exists a constant cg such that for each

n e Nand A € R**2 with
dist(A, S,) <r (3.21)

there exists a laminate v of third order with the following properties:

e Vy = A,
o sptva C Ek—k) USu+1,

e sptvy C {S e R?*2; cl_{ln < €] < cKn}.

Moreover, it holds that

(1= k=) B < vaSasn) = (1 +ex>) Busa. (3.22)
n n
where -
Bo=1- -1 (3.23)
n

Figure 3.3. One weak step towards infinity.

Proof. Using Lemma 3.15 there exists P € Ex and Q € Ey withrank(P— Q) =1
such that A = AP + (1 — A1) Q for some A; € [0, 1] and so that (3.19) holds.
By assumption (3.21) there exists a matrix R € SO(2) such that |A — nJR| <
r. Lemma 3.14, applied to A — nJR and P — nJR, together with the fact that
P —nJR € Ey, yields

|P —nJR| < /2r. (3.24)
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Hence |P — A| < 3r, and furthermore [P — Q]| > % by (3.19). But then

_A-ol  _1P-A]
|P—Qf — 1P =0l

Now J P is conformal, so that J P = R for some t > 0 and R € SO(2). Thus
P =1tJR, and so (3.24) gives

| 1 —cxr. (3.25)
n

n|JR| — N2r < t|JR| < n|JR| + ~/2r.
Therefore, (since |JR| = |J I§| = ﬁ)
[t —n| <r. (3.26)

Define the matrices

1 1
Ci=—+0k), Cp=-—-(-1% 3.27
k 1+k( ) k 1+k( ) (3.27)

in conformal coordinates. Note that Cy; € Ey; and det(J — C+;) = 0. Let

5 1—(t—n) 1+ (¢ —n)
P_<— 2 ,n+ > )

By direct calculation

tJ = mtCr + (1 — )P,
P=)3n+1)C_t+(1—r3)n+ 1J,

where
ho — 1+k—(—n)+k) ’ (3.28)
2n+1+k+ (@ —n)(1—k)
As = I—=t+n)+k) (3.29)

2(n+1)
Moreover det(tCy, — 13) = 0. Therefore according to Definition 2.2
va =A (AZ‘SzCkIé + (1 =22) ()‘33(n+1)c_k1€ + - }‘3)8(n+1)11§>>
+ (1 —211dg
is a laminate with barycenter A and

va ({(n+1)11§}) = (1= 1) (1 = A3). (3.30)
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Note that from Lemma 3.14 we get c,?ln < |Q| < cgn, hence
2x2 . —1
spthC{SeR .cKn<|§|<cKn}.
It remains to obtain the estimate (3.22).> By direct calculation we find
n+({t—-—n)2n+1—k+ (¢ —n)(1+k)

G = T wririra—wa— OV

Recall that (+ — n) is bounded in (3.26) by r < 1, which we treat as a small param-
eter. First we bound (3.31) from above:

=i - =(1+22) 2 (4 mLu
(I=22)1 - 3)—<+ P )n+1<_2n+1+k+(t—n)(l—k)>
r r
S(l—f—;)( (1 1 n+1)
§(1+CK ( )( )

where c is a constant so that
Moreover

n+10+ )<®K—D—<
1 k 1+k k 1+k
1 - 1 - =1- + + <1-— + ,
n+1 n—+1 n+1 (m+1)>2 n+2
hence we deduce

(=31 =29 = (1+ex ) (1— 1*").

The bound from below is very similar:

1 k
(1—)»2)(1—/\3)2(1—£><1—n+1><1—; %)

k

2 In fact from (3.26) we have that 1, = 1+k +r 0( )and A3 = H'k +r 0( ), and the correct

asymptotics for v4 (S,,_H) can be deduced from this and (3.25). Nevenheless we give the precise
calculation to obtain the estimate foralln € Nand all0 < r < 1/2.
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Combining with (3.25) we finally obtain

(1=cx=) b =va (jor+ DIR}) = (14 k) Bua. 0

Iterating Lemma 3.16 would yield the analogue of Proposition 3.10. Instead of
doing this, however, it seems more convenient to construct directly approximate
solutions to the differential inclusion V f(x) € E —x) whose gradient distributions
behave like the staircase laminate (see (3.33) below). It is important to note that the
mapping we obtain is piecewise affine.

Proposition 3.17. Let K > 1 and k = g—;i Leta € (0,1), § > Oand t :

[0, o0) — (O, 1] a continuous, non-increasing function with
Tt
/ ?dt < 00. (3.32)
1

Then, there exists 69 > 0 depending on T and K such that for any bounded open
set Q@ C R? and any nonzero matrix F with dist (F, Eoc) < 80| F| there exists
a piecewise affine mapping f € WH1(Q;R?) N C*(Q; R?) with the following
properties:

(1) f(x)=FxondL,

@) [f — F]coc(ﬁ) <4,

(iii) dist (Vf(x), Egr,—xy) < T (VS (0)]) a.e. in Q,

and there exists a constant cx - > 1 so that for all t > |F| we have

Hx € Q: [Vf(x)| > 1}
|€2]

12K 2K 2K 2K
Cx |F| KTt KHT < < cg. | F|K+Tt K41, (3.33)

Proof. First of all, by considering F = |FI"'F,8 = |F|~'8 and

. |FI"'t(|F|t) if|F|>1,
T(t) = .
(1) if |[F| <1,

we can reduce to the case
dist (F, Sy) < 8.
Indeed, if f satisfies (i)-(iii) and (3.33) with F, § and 7, then f = |F|f satisfies (i)
and (ii) with F and 8,
dist (V f, Ee,—xy) = | F|dist (V f, Egx,—4))
< [FIZ(FI7N VD < TV fD.
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and
xeQ: V()| > 1) = Hx eQ: Vi) > |F|—1tH.

Also, in case |F| > 1, we have

1t |Fl Jip 1 ot

Furthermore if (iii) is fulfilled for some 79 < 7, then it is also fulfilled for t. There-
fore we may assume without loss of generality that

7(0) < 1/4min (cK , dist (J, Eq, k})) (3.34)

where cg is the constant from Lemma 3.16.

We define a sequence of piecewise affine mappings { f,,} inductively, using re-
peatedly Proposition 2.3 and Lemma 3.16. Let f](x) = Fx in 2. For the inductive
step we assume the existence of a piecewise affine Lipschitz mapping f, : Q@ — R?
such that

(a) fn(x) = Fxon a2,
®) [fy = Fleagg < (1 —278,
(c) dist (V f(x), Ep,—ky USy) < 7(IV fu(x)]) ae.in L,

and ‘
Q, = {x e Q: dist (Vfu(x), Egr,—iy) = t(IV ()]}

satisfies

) -
H ( ’(.J)) <o < ]‘[ (1 + K@> Bz (339)

To show that f; satisfies the inductive hypothesis, we now choose &g appropriately.
Indeed, it suffices to ensure that dist (F, S1) < 8y implies

dist (F, S1) < t(|F|) and dist (F, Eg,—xy) > ©(|F)), (3.36)

since in this case (c) is satisfied, and €21 = €2 hence (3.35) is also satisfied. Using
the monotonicity of 7 and (3.34) we see that (3.36) will follow for sufficiently small
8o > 0 (depending only on 7 and K).

To obtain f,,+; we modify f; on the set 2. Because f;, is piecewise affine,
we have a decomposition into pairwise disjoint open subsets €2, ; such that

o0
‘Qn \ U Qn,i
i=1

El
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and f, (x) = A;x+b; in 2, ; for some A; with dist (4;, S,,) < t(|A;|) and b; € R2.
First of all we claim that
dist (4;, S,) < t(n). (3.37)
Indeed, by assumption there exists R € SO(2) such that [nJ R — A;| < t(|A;]) <
1/4. In particular |A;| > |[nJR| — 1/4 = ny/2 — 1/4 > n for all n € N. But then
(3.37) follows from the monotonicity of 7.
For each i we use Proposition 2.3 with the laminate v,4, from Lemma 3.16 to
obtain a piecewise affine Lipschitz mapping g; : Q,.; — R? with
(d) gi(x) = Ajx +b; on 92, ;,
© [8i — falce(@, ) <2713,
(f) cx'n < |Vgi(x)| < cxnae. inQy;,
(g) dist (Vgl- (x), Eg,—iy U S,,) < t(ckn) a.e.in 2, ;,

and
(1 - CKM) Bn
1 .
= {x € Qi :dist (Vgi(x), Sp) < t(cgn)} (3.38)
(1 +ck T )) Bnia.
We then define

fux) ifx e Q\ U2, Qi

fn+1(x) = {gi(x) ifx e Qn,i

It is clear that f,,+1(x) = Fx on 9%, and from (e) we get [ f,+1 — fn]ca@) <

2-(+D§ hence (b) follows. Because 7 is non increasing, (c) follows from (f) and
(g). Finally (3.35) follows from (3.38).

Observe that on 2\ €2,, we have that V f;, 11 = V f;, almost everywhere. There-
fore 2,41 C €2, so that the sequence { f;,} is obtained by modification on a nested
sequence of open sets £2,, whose measure satisfies

i (j) i T(j)
QI[[(1—ecx—= )8 <1l <1 (1+cx—= ) Bjs2.
j=1 / j=1 /

By the condition (3.32) on 7 and since 7(1) < 1 /261_(1, the products

H(l_CK%J)> =Cl, and 1_[(1+CK&> =

j=1
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are finite and nonzero: 0 < ¢; < ¢ < oo. For the factor ]_[';:1 B we take

_ 2K .
= %470 o obtain that

d 2K
log (H /3]-> + logn
i K+1

logarithms, recalling that k 4 1

<c. (3.39)

Therefore there exists a constant ¢, x > 1, depending only on K and on || loo @d t,
such that

_ 2K _ 2K
n”- K+ < |Q,| < cp gn” KA, (3.40)
Cr, K

and in particular |€2,,| — 0 as n — oo. Therefore the limit f(x) = lim,— o0 f5(x)
exists pointwise almost everywhere and f is piecewise affine. Moreover, it satisfies
(1)-(ii1) by our construction.

Finally, the distribution function of V f can be estimated as follows. Using (f),
for n € N we have

IV f(x)| > i in Q,, and |V f(x)| < cgnin Q2 \ ;.
CK

For given t > cg let n; be the integer part of cxt and n; the integer part of c,}lt.
Then
Q1 Clx € Q1 V()] > 1} C Quy.,

and therefore (3.33) follows from (3.40). Lastly, (3.33) implies that V f, is uni-
formly bounded in L', hence f € W!! by dominated convergence. O

Concerning the constant cx ; in (3.33) we remark that, as the proof shows, it de-
pends monotonically on 7, in other words if 71 < 72 then cx ¢, < ck 1.

Using Proposition 3.17 we can now construct a sequence of approximate solu-
tions to the differential inclusion that converge to a real solution.

Theorem 3.18. Let K > 1, k = g—;} and let F be any 2 x 2 matrix. For any

a € (0,1), 8 > 0 and for any bounded open set Q C R? there exists a mapping
f e WhI(Q; R?) N C¥(Q; R?) with the following properties:
(1) f(x) =FxonodQ,
@) [f — F]C(x(ﬁ) <4,
(i) Vf(x) € Ek,—k) a.e. in 2,
(iv) for any ball B C <2 there exists a constant cg > 1 such that

1 2k _ 2K
—1t kK < |{x € B: |Vf(x)| > t}| <cpt” K+l (3.41)
CB

forallt > 1.
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In particular f € WH4(Q) for all ¢ < Ig—fl, but for any ball B C Q2 we have
[5 IVF@)|F¥Tdx = .

Proof. The proof is similar to the proof of Proposition 3.17 in that we construct a
sequence of piecewise affine mappings converging to a solution by modifying affine
pieces. An important difference is that at each step we modify our sequence almost
everywhere in the domain €2 in order to obtain (3.41) in every ball. Therefore it
becomes crucial to control the L!-norm of the difference V Ja+1 — V fn. Let

7(t) = min(1, 1 75).

After multiplication with a constant if necessary, we may assume without loss of
generality that |F| < 1.

Let fo(x) = Fx. Our plan is to construct a sequence of piecewise affine
mappings f, € WH1(Q) N C¥(Q) such that

fn(x) = Fx on 092,

[fut1 = falcam < 270HD8,

IV fost = Vil < k277,

dist (V f(x), Ek,—ky) <27"t(|V fu(x)]) a.e. x € Q.

For such a sequence the limit f will exist in wh(Q) N C¥(Q), and will hence
satisfy (i),(ii) and (iii) in the theorem. The main emphasis will be on obtaining
(3.41).

To obtain f,4 from f,, decompose €2 into a union of pairwise disjoint open
sets of diameter no more than % with

U

so that f, is affine in each Q, with Vf, = A”. In each Q! we replace f, with
a new mapping having the same affine boundary values on 92". The induction
hypothesis here is that A” € O,,, where

=0,

O, = {A e R>2: dist (A, Eq._x) < 2_"1:(|A|)} .

Step 1. In order to keep the notation simple, we first show how to construct the new
mapping with linear boundary values given by some A € R>*? which satisfies the
induction hypothesis:

Claim: Let A € O, for some n € N, i.e.
dist (A, Ey) <27 "t(JA)).

For any open subset @ C €2 and any n > 0 there exists a piecewise affine mapping
h e WHH(Q) N C¥(Q) with the following properties:
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(@) h(x) = Ax on dw,
(®) [h = Alce@) <,
(c) dist (VA(x), Ejg,—x)) < 2~ TDr(|[VA(x)]) ae. x € o,
d) [, IVh(x) — Aldx < cg27"|),
(e) there exists an open subset @ C w and §>0, depending on 7 such that,
(e1) |[Vh(x) — Al <cg2™"ae.x ew\ o,
~ 2K 2K
(ep) 8t  ¥+T < |{x e w: |Vh| > t}]| < cg27"t ¥+ |w| fort > 1,
(e3) if |A| > ck, then || < 27"|w].

Here cx > 1 is some fixed constant depending only on K.

Figure 3.4. One step in the construction: first A is split using the measure w4 in (3.45)
into {Py, P2, Q1, Q2}, and then P; and P, are replaced by the staircase constructed in
Proposition 3.17. In the figure, since A # 0 we can take Q2 = Qg lying in the line
between A and Ps.

Proof of Claim: First of all there exists Qg € Ej with det(A — Qgp) = 0. This
follows for example by invoking Lemma 3.15. In turn Lemma 3.14 implies that

1A= Qol < (1 +vV2K)27"(JA)).

Let Ay, Ay € R?*2 be matrices on the line going through A and Qg (if A = Qy,
then take any rank-one line through A) with the property that

1 1 VAK)2" .
Qo = EAI + EAQ and |A; — Qol = (1 ++V2K)27"z(|A]) for j =1, 2.
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Then, using Lemma 3.14 we deduce that
27"t (JA]) < dist(A;, Ex) < (14 V2K)27"t(|A]) for j =1,2. (3.42)
Moreover by construction
1Aj = Al <201 + V2K)27" 2 (JAD,
and there exists A € [0, 1] such that
A=21A1+ (1 —21)As.

Note also that |[A] — Az| < cx27"t(|A]) < ck|Az| from (3.42), so that
1
—|Az| < |A1| < cklAz]. (3.43)
CK

Now we invoke Lemma 3.15 (notice that A, A, are nonzero because of (3.42)) to
find nonzero matrices P; € Ex and Q; € Ej and numbers A; € [0, 1] for j = 1,2
such that
Aj = )»ij + (1 _)‘j)Qja
where |
— Al = |Pj| < cklAjl, (3.44)
CK

and, using Lemmas 3.15 and 3.14,

1A= 0)l
TP - Q)
satisfies
1 27"7(|A 27" (|A
1 27¢(] Df)»jick T(|Al)

ck  1Ajl 14

In summary, the measure
ta =2 (dp + (1= aDdg,) + (1= 2) (Aadp, + (1 = 12)80,)  (3.45)
is a laminate (of second order) with barycenter 14 = A. Let
Aa=2r+ (1 — M)Ay,
so that, using (3.43),

1 27"¢(|A]) _ - 27"z (|A]

——————~ < Xp <cg (3.46)
ck Ay [A1]
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Using the laminate 1t 4, for any 7 > 0 and any open subdomain @ C €2 Proposition
2.3 provides a piecewise affine Lipschitz mapping g : @ — R? with g(x) = Ax if
X € 0w, [g — Alce@) < /2, and for some ¢ > 0 to be chosen later

{x € w: dist(Vg(x), {P1, P2}) < e} = Aulwl,
Hx € w: dist(Vg(x), {Q1, 02} < e}l = (1 = Ay)|ol.

Letw = {x € w: dist(Vg(x), {P1, P2}) < ¢}. Since g i s piecewise affine, there
exists a decomposition of @ into pairwise disjoint open subsets @;, with
|\ U ~, @i| =0, such that g(x) = P;x + b; in &; for some b; € R? and

P; € B.(P)) U B.(Py). (3.47)

Let T = 27”7 and & the correspondlng parameter given by Proposition 3.17. We
choose € small enough so that dlst(P,, Ex) < 80|P |. Since P, P, € Eo \ {0} we
can use Proposition 3.17 in each subset @;. By replacing g in each subset @; with
the mappings provided by Proposition 3.17 we obtain a piecewise affine mapping
h: @ — R? such that 1(x) = Ax on dw, [h — Alce) < 1, and

[IVh(x) — Al < cx2"aex € 0w\ @, (3.48)

which is e;. Furthermore, since Q; € Ej for j = 1,2 we can ensure that ¢ is
sufficiently small so that

dist (Q, Eqr,—x) < 27" Vz(|Q)) forall Q € B:(Q1) U B(Q2).
Combining this with Proposition 3.17 (iii) yields
dist (Vh(x), Er,—x)) < 27"tV 7(|VA]) ae. in 0.
Moreover, (3.33) in Proposition 3.17 together with (3.43) and (3.44) leads to

LT - LAk 'lYT(x)l >0 A B (349)
CK w

forall t > |A1]. So far we have proved that /& satisfies the properties (a),(b),(c) and
(eq) in the claim.

Recall that |@] = Aa|w]|, so that (e3) follows directly from (3.46). We now
prove that / is close to A in W11 which is the key to obtain the strong convergence
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in W1 of the sequence { f;,}. Note that |A| < cx|A1], hence

/IVh(x)—AIdx5/:|Vh(x)|+|A|dx+/ Vh(x) — Aldx

\@

oo
= / Hx € @: [VA(x)| > t}ldt + ck|All|@] + cx 27" ]
[At]

o0 2K 2K - n
<ck |A1| K41t K+Tdt|w] + cx|Ar]|o] + cx 27 o]
[Ai]

< 2ck|Ar[Aalo] 4+ cx 27" o]

< Q2c% +cx)27"wl,

where we have used (3.48), (3.49) and (3.46).
Finally, to prove (e>) we use (3.46) and that k = g—jr} to deduce from (3.49)
that
lx €@ V()| > 1}] < cx A FT(AD2 "1 %5 o).

On the other hand by our construction we have |A1| < cx max(1, |Al), therefore
~ _ 2K
Hx € @: |Vh(x)| > t}| < cg27"t ¥+ |w|, (3.50)

which is the upper bound in (ez). The lower bound in e; follows directly from (3.49)
since A # 0 by (3.42). In fact by combining (61) and (65) we can put § = éZ‘”

if |JA] > 1 and S = %2_2’1 otherwise, so that & only depends on n and not on A,
though this is not needed in the proof.

Step 2. By applying the above construction in each Q' (with n = 2~ (nFi+D sy we
construct the sequence f;, such that f,,(x) = Fx on 0€2,

dist (V f,(x), Ek,—k)) < 27"t(IV fu(x)]) ae. x € Q,
and
[fn-H - fn]ca(ﬁ) < 27(n+1)87 (351)

/ IV fus1 = V fuldx < cg27". (3.52)
Q

Thus the sequence converges strongly to some limit f in wh1(Q) and C*(Q), and
this limit satisfies f(x) = Fx on 92, [f — Flce < §,and V f(x) € E, —) almost
everywhere in 2. To conclude with the proof of the theorem, we need to provide
estimates from above and below for the distribution function of the gradient V f.
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To get an estimate from above, let Q;’ denote the open subset corresponding to
Q' in (e) of the claim. For any t > 1 we have

o

e eQ: IVl > =Y [{x e @t IVfip (o] > ]

i=1

o

fr e 19 fm@1 =1

i=1

+|fr e v =1

’

which, by (e;) and (e3), is bounded by
o 2K
<cx Y 27M|Q T 4 |{x € Q: V@] >t — k27"
i=1

< e 27MQUTRT 4 |{xe @t Vi) > — 2]

Since fp(x) = Fx with |F| < 1, we deduce that for any ¢+ > 2cx + | and any
neN
(x € Q: V(0] > 1)] < ek |QUFT, (3.53)

which yields the upper bound in (3.41).

For the estimate from below, let B C €2 be an open ball. For large enough
no € N there exists i such that Q' C B and V f,,, = AY® with [A}°| > ck. By (e2)
of the claim there exists a constant § > 0 (depending on n¢) such that

Hx € SNZ:.’O AV fag+1(X)] > tH > 37 forallr > 1.
Recall that f,,1, was obtained by applying Step 1 in each subdomain of Ql'.”’ where

fug+1 is affine. Since {x € Q° 1 |V fi41(x)| > t} can be decomposed into a
union of such subdomains, (e1) and (e3) yield that

{x e @ 19 fugr200l > o}

> (1 =270 1) Hx €SV fu1 ()] > 1 +2—"0—‘CKH
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Iterating we obtain that

e e B2 IVAWI > = |{x e @ 1V h@I > ]

= 1 =27 |fx € 8019 a1 = 1 4+ x|
Jj=no+2 (3.54)

c Hx € IV i1 (6)] > 2zH

~ 2K
> cdt K+

for all t > cg, where ¢ = ]_[;’-021(1 —277) > 0. In turn (3.41) follows from (3.53)

and (3.54) using the strong W!! convergence f, — f. This concludes the proof
of the theorem. 0

Remark 3.19. Theorem 3.18 shows that there exist distributional solutions of equa-
tions of the form

1
divoVu =0, witho € L™ (Q, {K, }}>’

with u € C*(Q) N W1 (Q) for which

2
[{x € B: |Vu)| > )| ~ "%

for any ball B C 2. By appropriate modifications (using the laminates from Propo-
sition 3.10 instead of Lemma 3.16) the same techniques can be used to show the
existence of weak solutions u € W2(Q) with

[{x € B: |Vu@)| > )|~ %o

for any ball B C 2. We also remark that the positive result in Theorem 1.1 in
2K
fact holds in the stronger form that any weak solution with Vu € L¥+1(2) in fact

satisfies Vu € LK . () (see [1]).

weak
Remark 3.20. In the papers [42,43] B. Yan constructed very weak quasiregular
mappings f : 2 — R” forn > 3 such that V f(x) satisfies that |V f||* = pdetV f
where p(x) € {1, K} and f — Ax € W P(Q) for p < "K where A isany n x n
matrix. A question raised in [42] is Whether such mappmgs exrst fulfilling the more

demanding condition
IVFI" = KdetVf ae. (3.55)

For n = 2 Theorem 3.18 answers this in positive and in fact the control on the
range of the gradient is substantially more precise than (3.55). We also remark
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that although Yan also used convex integration to obtain very weak quasiregular
mappings, he used radial stretchings as the basic building blocks (see [42, Proposi-
tion 4.2]), leading to mappings which are unbounded. In contrast our construction
yields examples in Holder spaces. It is an interesting question what happens in
higher dimensions (see [17]).

Remark 3.21. It can be easily seen that by minor modifications Theorems 3.13 and
3.18 yield very weak solutions with the same properties to the classical Beltrami
equation. We just need to replace the definition of Ex with

{A = (ay,a-): a_ = pay forsome pu € A}

and observe that the geometric properties necessary for the proof, Lemmas 3.14,
3.15 and 3.16 still hold.

Remark 3.22. Very weak solutions which fail to be solutions are really false solu-
tions in the sense that they do not enjoy any of the special properties of honest weak
solutions, like openness and discreteness, unique continuation, maximum princi-
ples and so forth. The investigation of this type of pathological solutions to elliptic
equations started with the classical example by Serrin [37], see also [20] for the
concept of weak minimizer. Other types of very weak quasiregular mappings can
be found in [19, Theorem 6.5.1,Theorem 11.6.1]. It is interesting to note however,
that our mappings are Holder continuous for any exponent 0 < o < 1. A different
type of Holder continuous very weak quasiregular mapping has been constructed
by Jan Maly, [25], using radial functions.

Remark 3.23. We conclude the section by discussing why we were not able to use
the Baire Category argument as for the upper exponent. The Baire category argu-
ment for the upper exponent was based in finding a set I € R2*? (the quasiconvex
hull of E) which would contain the range of gradients of weak limits in W2 of
exact solutions subject to fixed boundary datum. In turn, the set X of Theorem 1.2
is the set of solutions to the “relaxed problem” V f € U, again subject to fixed
boundary datum (cf. Definition 3.4). The crucial information was that with this def-
inition the set X is bounded in W'-2, and therefore the weak topology is metrizable.
Therefore we could recover exact solutions as points of continuity of the gradient
in X. To repeat the argument for thzeklower exponent we would like to do the same

in the W4 topology where ¢ < %471~ However, as Theorem 3.18 shows, for any

F € R>*? we can find a sequence fjsuchthat Df;(x) € Eq, ) a.ein Q and Df;

converge to F weakly in W4 for every ¢ < Ig—fl Thus, the corresponding hull ¢/

would be the entire R?*2, and hence X would have to be the entire W14, A way
to go around this problem is to work with subsets of E k), which still support
the appropriate staircase laminate but have smaller quasiconvex hulls (i.e associ-
ated sets (/). Unfortunately, it seems that these sets ¢/ must still contain rank-one
half-lines, which prevents us from having a bound for X in any W' for g > 1.
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4. Equations in non-divergence form

We follow here basically the same lines of reasoning as in the case of isotropic
equations, since from the point of view of differential inclusions the structure of
both problems is very similar. The entire construction lies in the set of 2 by 2

symmetric matrices Rfyxnf ~ R3. Also, note that

AWw) =arv+a-v

is symmetric if and only if a4 € R.
For a set A C C U {oco} we use the notation

Ep={B = (by,b_): 2b; = pb_ + pb_ for some ju € A} C R (41)

sym *
Then Eg consists of anticonformal matrices and [E is the space of symmetric con-
formal matrices, that is, the one dimensional real subspace spanned by the identity.
Observe that compared with the case of equations in divergence-form, the roles of
conformal and anticonformal matrices are now reversed.

We start by reinterpreting the equation as a differential inclusion. Recall that
for A, B € R2X2, (2.1) implies

sym >
Tr(AB) =20 (ay by +a_b_) =2a,by + (a_b_ +a_b_). 4.2)
Lemmad4.1. Let K > land k = g_& and 1 < p < occ. Let @ C R? be a bounded
domain. Then u € WP (Q, R) is a solution to
Tr <A(x)D2u(x)) —0inQ 4.3)
for some A € L*°(X2, Rfyxn%) with
1
— 0 K 0
Ax)ye | VK : VK | ae xeQ (4.4)
0 VK 0 7%

if and only if
D%u(x) € Eqk,—k) ae x € Q.

Proof. Suppose first A = (ay,a_), B = (by,b_) € R2X2 with A positive definite.

Set wa = a—/a+. Using (4.2) we may write the equatig};lm

Tr(AB) =0 4.5)
in conformal coordinates and obtain b1 = —%(uab_) or, equivalently,

B eEi_,,. 4.6)

Hence u solves (4.3) for a general A(x) if and only if D%u(x) € E{—um)} for

almost every x € €2. On the other hand, (4.4) is equivalent to
. Sl
MAGx) = K+l

and this observation completes the proof. O
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Ey

Figure 4.1. The rank-one cone in ]ngxn%, as axis the a-axis, and the symmetric strong
staircase (cf. Figure 3.2).

4.1. Upper exponents

As in the isotropic case, also for Theorem 1.6 the first step is to define the appropri-
ate complete metric space.

Definition 4.2. Let
U= {A e R |ay| < k|ma,|} :

sym
and let X be the closure in the weak topology of W22 of the set

e i piecewise quadratic
e D%u(x) € U ae.
ou(x) = 1 on aQ
eVu(x) =xonadf2

Xo={uew>*Q R?:

Lemma 4.3. With the above definitions,
Ly =Ef y=U
Proof. First we prove that Eﬁf e U. Let
f(A) = lag P = K 9a |,
where Mz = (z+2z)/2 and Iz = (z — 7)/(2i). Then for all A € ngxn%
A e U ifand only if f(A) < 0.

Let A € Eﬁf k> SO that by Definition 2.4 there exists a probability measure v with
sptv C x4}, V= A, and det A = [ det dv. Note that f can be written as®

FA) = lar* —la—* + [Sa—]* + (1 — k) [fa_|?
=det A+ |Ja_|* + (1 —k*)|Ra_|*,

3 In technical terms f is polyconvex, see [28].
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so that from Jensen’s inequality we get
f(A) = / f(B)dv(B).
Ef.—r)

Since by = +kNb_ for every B € Ey 4 we obtain f(A) < 0 and hence A € U.

On the other hand U C Ei;l_k} To see this let A € U so that a; € R and
las| < k|Ma_|, and consider the rank-one line [(t) = (ay + t,a— + ti). Since
RI_() = Ra_ for all t € R, it is clear that there exist #; < 0 < f such that
Ly (tj)] = k|RI_(t;)], and hence I(t),[(t2) € E ). This means that U« C

El(),l
{k,—k}*
The proof is completed by observing that 0L/ = [Ey iy and that El{zl_k} -
EP¢ O
{k,—k}*

Remark 4.4. The above lemma is equivalent to characterizing the G-closure for
equations of the type L
20, f = poz f + pnozf, 4.7
where u € {k, —k}.
Now we can repeat the arguments in Section 3 almost word for word. The only

difference is that we need to use the part (ii) of Lemma 2.1 to stay in symmetric
matrices.

Lemma 4.5. The space (X, w) from Definition 4.2 is metrizable, with metric d, and
for any f € X we have D*u(x) € U a.e. in Q. Furthermore the set of continuity
points of the map D* : (X, w) — L*(2, R2X2) is of second category in (X, w).

sym

Proof. We can use elliptic regularity here as well to obtain that X is metrizable.
Indeed, by [2, Theorem 3.6]* there exists an uniform constant ¢ = c(K, 2) such

that
/ |D2u|2 <c
Q

for every u € X. Therefore the weak W22 topology on X is metrizable.

Since f, = (uy, —uy) is K-quasiregular and affine on the boundary of €,
we obtain that Df, € W'P(Q) for p > 2. Thus we obtain continuity of the
determinant with respect to the topology of X, and this implies, as in Lemma 3.7,
that D?u(x) € UP® = U. The rest of the proof is exactly the same as in Lem-
ma 3.7. O

Lemma 4.6. The set of points of continuity in (X, d) of D? satisfy that D*u(x) €
Ex,—xy almost everywhere.

4 Alternatively this estimate can be obtained directly by noting that any f € X satisfies |A f| <
k|3% f—- 322 f and using the Calder6n-Zygmund theory of the Laplacian.
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Proof. We can repeat line by line the proof of Lemma 3.8. The only difference is
at (3.15) where we have to use part (ii) of Lemma 2.1 instead of part (i). ]

Corollary 4.7. The set of mappings in X such that D*u(x) € Ek,—k) is of second
category.

4.1.1. Laminates and Integrability

Proposition 4.8. Every A € U is the center of mass of a sequence {ji,},- | of
laminates of finite order supported in U such that

lim IMFTdp, = oo. (4.8)
Proof. Recall that the laminates constructed in [15] are supported in the set E (i, )N
D where D denotes diagonal matrices, ¢f. the proof of Proposition 3.10. In other

words we have a sequence of laminates v, satisfying v,, = I = (1, 0),
sptv, C {A eR>2: ay,a_ eRanda_ = j:ka+} ,

and
: 2K

lim M| X-Tdv, = o0.

n—oo R2x2
But then we just need to interchange the roles of a4 and a_ to obtain the required
laminates p, in the case the matrix A = [ (compare also Figures 3.2 and 4.1).
More precisely, if T is the linear transformation 7 ((ay,a—)) = (a—,ay), then T
preserves rank-one lines and hence p, = Tyv, are laminates such that z,, = (0, 1),

spt iy C Bk —k)s

and (4.8) holds.

For the general case note first that shifting the supports of v, by the matrix
R = (0, 1) keeps the support in I/. That is, the measures v, (-) = v, (- + (0, 1)) are
supported in U, satisfy (4.8) and have barycenter R.

Next, note that the set [Eqx, ) is invariant under multiplication with scalars and
under addition of matrices with conformal coordinates (0, ti) (with z € R). Using
this invariance we obtain laminates with center of mass in the anticonformal plane
Ey. Finally, any A € U is rank-one connected to Eq along translates of the rank
one line {(z,1) : t € R}. Thus, we can argue as in the Proposition 3.10 to obtain
laminates with center of mass A € U. O

Since the remaining arguments are exactly analogous to those in Section 3 we
just quote the final outcome, proving Theorem 1.6.

2K
Proposition 4.9. The set of points in X such that -[B(x,r) |D?u| %=1 = oo for all
B(x,r) C Qis second category in (X, d).
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Theorem 4.10. Let K > 1 andk = g—;i For any bounded open set Q C R? there

exists a function u € W>2(Q; R?) with the following properties:

[ 2

(i) u(x) = - on o,
(i) D*u(x) € Eg ) a.e. in Q,
(>iii) for any ball B C Q2 we have fB |D2u(x)|%dx = oQ.

4.2. Lower critical exponent

As in the case of the upper exponent the proofs here are very similar, we just indicate
the main steps. First we need to deal with the geometry of rank-one connections to
E{k —k}-

Lemma 4.11. Forevery A € Rfyxnf\{O} there exists P € Exo\ {0} and Q € E;\ {0}
with rank (P — Q) = 1 such that A € [P, Q] and

1
g|A|§|P_Q|1|P|,|Q|§CK|A|- (4.9)

The same holds if we replace Ey with E_y.

Proof. 1t suffices to prove the lemma for E;. Let A = (ay,a-) € RSXH%, and

assume that a4 > ka_. Then P = (ay + |a—|,0) € Ex and det(P — A) = 0.
Therefore the line
[(t) =P +1t(—la-|,a-)

is a rank-one line with [(0) = P, [(1) = A. Moreover
Ly(t) —kNI_(t) =ar + (1 —1t)]a_| — ktHNa_ >0

for 0 <t < 1 and there exist #yp > 1 so that [ (f9) = k9NI_(tp), in other words
[(tg) € Ei. Therefore we can take Q = I(1y).

If a; < MNa_, then we argue the same way, this time with P = (a4 — |a_|, 0)
and[(t) = P +t(la—|, a-).

The estimates (4.9) follow from Lemma 3.14 in the same way as in the proof
of Lemma 3.15. O

Next, we find that laminates with the required integrability exists also in this
setting. In fact the situation is simpler because the steps of the staircase consist of
single (conformal) matrices this time (cf. (3.20)).

Lemma 4.12. Let A € B.(nl) for some 0 < r < 1/2. There exists a laminate v
of third order with the following properties:

e Vy = A,
o sptvg C By —iyU{(n+ DI},
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—1

e sptvy C {f;‘ e R?x2 ; cpn<lEl < cKn},

o (1 —ck)fn <va({n+ DI} < (1 +cky)But2

where -
Bp=1— -, (4.10)
n

and cg > 1 is a constant only depending on K.

Proof. Let

Cy = ;k(k, 1), C_x (k,—1) (4.11)

1+ T 1+k

in conformal coordinates. If A = nl = (n, 0), the claim follows by considering the
laminate

VA =(M5nck + (I = A1) (A28uane, + (1 — )\2)5(n+1)1)>,

with
14k
| = L, (4.12)
2n+1+k
14k
,= 4Tk 4.13)
2(n+1)

It is not difficult to check that v, is indeed a laminate with center of mass v4 = nl.
Note again the similarity with the proof of Lemma 3.16 in the case » = 0. This is
by definition a laminate, and

n 2n+1-—k%

va({n+DIH =0 =2a)(1l =2 = n+12n+1+k

so that
Bn <va({(n+ DI}) < Buyo.

The argument for general A € B(nl, r) combines this with Lemma 4.11, just as in
the case of isotropic equations in Lemma 3.16. O
Proposition 4.13 (The symmetric weak staircase). Let K > 1 and k = g—;i Let
a € (0,1),8 >0andt :[0,00) — (0, 1] a continuous, non-increasing function
with [° @dt < 00.

There exists 89 > 0 such that for any bounded open set Q@ C R? and any
nonzero matrix F € Rfyxnf with dist (F,E) < 80| F| there exists a piecewise

quadratic function u € W>1(, R) N CL%(Q, R) with the following properties:

(i) u(x) = 3(Fx,x) on <,
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(i) [u — 3(Fx, x)lcre <9
(iii) dist (D?u(x), Ey,—ty) < 7 (|1D*u(x)|) a.e. in Q,

and there exists a constant cg - > 0 so that for all t > |F| we have

l{x € Q: [Du(x)| >t} 2K K
Qi <k FIFT KA. (4.14)

] 2K 2K
g IFIR g <

Proof. The proof is a verbatim repetition of the proof of Proposition 3.17 for
isotropic equations. The difference is that the step laminates are those from Lem-
ma 4.12 and that since the laminates are supported in symmetric matrices we can
approximate (in the sense of Proposition 2.3) the laminates by distributions of sec-
ond derivatives of functions. O

Theorem 4.14. Let K > 1, k = 2 +i and let F be any symmetric 2 X 2 matrix. For

any a € (0, 1), § > 0 and for any bounded open set 2 C R? there exists a function
u € W2H(Q: R) N C*(Q; R) with the following properties:
(i) u(x) = $(Fx,x)ondQ,
(i) [u — 5(Fx, x)lcreg) <5
(i) D%u(x) € Ey,—iy ace. in Q,
(iv) for any ball B C 2 there exists a constant cg > 1 such that

I 2k 2 _ 2K
—1 K+ < Hx € B: |Du(x)| > tH < cpt” K+l
CB

forallt > 1.

In particular u € W>9(Q) for every q <
2K
[ ID?u(x)| % dx = oo

K—H , but for any ball B C Q2 we have

Proof. The scheme of the proof for the corresponding theorem for isotropic equa-
tions, Theorem 3.18 can be followed line by line, replacing always Lemma 3.15 by
Lemma 4.11 and part (i) of Lemma 2.1 by part (ii). L]
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