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On the existence of steady-state solutions
to the Navier-Stokes system for large fluxes

ANTONIO RUSSO AND GIULIO STARITA

Abstract. In this paper we deal with the stationary Navier-Stokes problem in a
domain €2 with compact Lipschitz boundary €2 and datum a in Lebesgue spaces.
We prove existence of a solution for arbitrary values of the fluxes through the
connected components of d€2, with possible countable exceptional set, provided
a is the sum of the gradient of a harmonic function and a sufficiently small field,
with zero total flux for €2 bounded.

Mathematics Subject Classification (2000): 76D05 (primary); 31B10, 35Q30,
42B20 (secondary).

1. Introduction

The boundary value problem associated with the Navier-Stokes equations is to find
a solution to the system

VAu —u -Vu =Vp in Q, (1.1)
divu =0 inQ, (1.2)
u=a onoas2, (1.3)

where € is a bounded domain (open connected set) of R” (n = 2, 3), u, p the
unknown kinetic and pressure fields, v the kinematical viscosity and a the boundary
datum which must satisfy the condition

/ a-n=0,
0

where n is the outward unit normal to 92 (see [6]). Existence of a variational
solution
(u, p) € [Wy*(Q) N C=(Q)] x [L*(Q) N CP(Q)] (1.4)
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to system (1.1)-(1.3) is known under the hypothesis of smallness of the fluxes

CD,-:/ a-n
0%

l

through the connected components 92; of <2, provided a € W!/22(3Q) and 9
is Lipschitz. Precisely, in [1, 5] (see also [6, Chapter VIII]) it is proved that there
is a positive constant depending on €2 such that if ) |®;| is suitably small, then
(1.1)-(1.3) has a variational solution. These results have been extended for a in
Lebesgue’s spaces in [10]. In particular, it is proved that if a € L9(0€2) (¢ > 8/3
forn = 3 and ¢ = 2 for n = 2), then system (1.1)-(1.3) has a C*® solution which
for ¢ > 4 takes the boundary datum in the sense of nontangential convergence.
Moreover, making use of some regularity results in [2, 12], it is showed that if a
is more regular (say Holder continuous, with Holder’s coefficient depending on the
Lipschitz character of d€2) then so does u.

In [3] H. Fujita and H. Morimoto considered problem (1.1)-(1.3) in a regular
domain with

a = puope + v, (1.5)
nw € R, up = VB and B harmonic function. They proved that if €2 is regular,
Baa € WH2(09),

/ y-n=0 (1.6)
Elo)

and ||y [lw1/22(3) is less than a suitable constant depending on v, u, €2 and u, then
system (1.1)-(1.3), (1.5) admits a solution (1.4) for any u € R\ G, with G countable
subset of R. Moreover, if 8 € W>2(Q) and || Y lw3r2pg) is sufficiently small,

then (u, p) € W(%’Z(Q) x WL2(Q). This result is remarkable in view of the fact
that, even though for special boundary data, it assures the existence of a solution to
system (1.1)-(1.3) in arbitrary bounded regular domains for large fluxes. It is worth
to mention that for the annulus {x € R?> : R| < |x| < Ry} and 8 = Vlog|x|, H.
Morimoto proved that G = & [8] (see also [4,9]).

The aim of the present paper is twofold:

(i) to extend the results of [3] under more general assumptions on the domains and
on the data and for any n > 2; in particular, for n = 3 we show that, if Q is a
bounded Lipschitz domain, a is given by (1.5) with ug € Wh4(Q), ¢ > 3/2,
y € L?(32) satisfies (1.6) and || Y23 is sufficiently small, then system

(1.1)-(1.3) has a solution (u, p) € [Wa/>*(Q) N C®(Q)] x C®(K) for any
u € R\ G, with G countable subset of R;

(i1) to prove existence of a solution for system (1.1)-(1.3), (1.5) in a Lispschitz exte-
rior domain in the class [L3°(R2, 7) N C®(Q)] x [L>®(CSg, r?logr) NC®(Q)],

provided ug € L*°(L2, r?) and l¥ |l Lo (a5 is sufficiently small.

NOTATION — We use a standard vector notation, as in [6]. Let €2 be a domain of R",
n > 2, and let {y (§)}scaq be a family of circular finite (not empty) cones with vertex
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at & such that y (&) \ {§} C Q2 (as well-known, if €2 is Lipschitz, such a family of cones
certainly exists). Let x be a function in 2; x (x) is said to converge nontangentially at

the boundary if x (&) = limx_hg(xey@)) x(x) & x(x) N x (&), for almost all £ € 0€2.
As customary, L9(2), W549(2) and L1(9$2), W1(3Q2) (¢ € [1, 400], s > 0) denote
respectively the Lebesgue and the Sobolev-Besov spaces of (scalar, vector and tensor)
fields in 2 and 02 endowed with their natural norms; W~%7(92) is the dual space
of Ws'q/(E)Q) and L*°(L2, f(r)), with f(r) positive function of r = |x/|, is the Banach
space of all measurable fields x in € such that || f'(r) x || (@) < +o0;if V(C Ll ()

loc
is a function space, V, stands for the subspace of V of all (weakly) divergence free

vector fields; also, the subscript ¢ in the symbol Wy, where W C W*9(0Q), s € R,
denotes the set of all fields @ € W such that . 9q @ ndo =0or (a,n) = 0 respectively
fors > 0 ors < 0, where (-, -) stands for the duality pairing between W*-9(9€2) and its
dual.

2. Some results for the Stokes system

The boundary-value problem associated with the Stokes system is to find a solution
to the problem
vAu =Vp inQ,

divu =0 in 2, 2.1
u=a on 0%2.

If Q is exterior we require that u tends to zero at infinity.
The following theorems are proved in [2,7, 10, 12].

Theorem 2.1. Let Q be a Lipschitz bounded domain of R" and let a € Lﬁj)(a Q),
q > 2. There exists a positive constant € depending on Q such that if q € [2,2+€),
then system (2.1, admits a solution (u, p) € [WA"9(Q) N C®(Q)] x CX(),
u % a and

lullwi/aq ) < cllallLa@e)- (2.2)

Moreover:

o ()ifaec Whi(dQ), g € [2,2+€), thenu € WH1/2:4(Q).
e Forn = 3 there are two positive constants € and «, depending on the Lipschitz
character of 92 such that:

(i) ifa € L1(3RQ), g € [2, +0o0], then u € WY/99(Q) and (2.2) holds;
(iii) ifa € W'=199(3Q), g € [2,3 + €), then

lullwiaq) < cllallyi-1qaq@pa):; (2.3)
(iv) ifa € CH*(3Q), « € [0, ap), then

el cow gy = cllallcoagagy)-
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o Ifn=4anda e L3(3Q), then

lullze@) < cllallpzoo)- (2.4)
If Q is of class C', then properties (i)-(iv) are satisfied for all n > 2 with g €
(1, 400), € = +00 and g = 1. In particular, ifn > 5 and a € L~ (9Q), then

lwllr @) < cllalln-15q)- (2.5)
(0%2)

Theorem 2.2. Let Q be a bounded domain of R" of class C*' and let a €
W(,jl/q"f(asz), with g € (1, 400). Then system (2.1), admits a solution (u, p) €
CX(2) x C*°(2) such that u takes the boundary value a in the sense of the space
w-lVaa@Q)! and

lullLe@) < cllally-1/a.050)- (2.6)

Theorem 2.3. Let Q be an exterior domain of R3. If a € L®(3R), then system
(2.1) admits a solution (u, p) € [L (2, r) NC>(2)] x [L®(CSk, r2)NC>®(Q)],
u s a and

ullLe@.r) =< cllallLe@e)- (2.7

Moreover, property (iv) in Theorem 2.1 holds unchanged.

3. Existence theorems for the Navier-Stokes system
Thanks to the results just recalled concerning the Stokes problem (2.1), we are in
a position to extend the existence results of Fujita-Morimoto [3] to data in Lg(a Q)

for Lipschitz domain and in W¢_ Va-q (3Q2) for domains of class C*!, for suitable ¢.

Moreover, we also prove an existence theorem in Lipschitz exterior domains with
data in L°°(0L2).

Theorem 3.1. Ler Q be a Lipschitz bounded domain of R® and let
a = puope + Y, 3.1

where i € R, ug = VB, with B € W24(Q) (g > 3/2) harmonic function, and
y € Lé(E)Q). Then, for every u/v € R\ G, with G countable subset of R, there
exists a constant k = (2, v, ug, W) such that, if

7200 <«
then system (1.1)-(1.3) has a solution
(w, p) € [Wy/>2(2) N C™(Q)] x C®(Q).

 See [107].
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Proof. Recall that the fundamental solution to the Stokes equation is expressed by

11 G=-n®r—y)

Ut y)_87W[|x—yI e —yP? }
1 x—y
P(X—Y)=E|x_yl3,

where 1 denotes the unit second-order tensor.
Letu € L?, (£2). By classical results the linear operator

Llu)(x) = — /le(x —Wluo - Vu+u - Vuol(y)

maps Lg (Q) into WH(Q) for some r > 3/2. Let Lo[u] be the solution to the

Stokes problem with boundary datum —tr L[u] € W!=/41(3Q). Since by (2.3)
and the trace theorem

1 Lolulllyiq) < clltr Llulllyi-1/m o) < 1Llulllyri g

we see that also the linear operator Ly maps Li () into WL(Q). Therefore, by
Rellich’s compactness theorem, the operator

L=L+L
maps compactly Lf;(Q) into itself and tr L[u] = 0 on 0<2.
Set
F=9-"g,
%

where J denotes the identity map. By classical results there is a countable subset G
of R, with a possible accumulation at 0, such that F is invertible for all u/v ¢ G.
The nonlinear operator

A 1
Nlul(x) = -3 /QU(X — (- Vu)(y)

maps Li (2) into WJ’3/2(Q) and it holds

INC 1320y < €l g, - (3.2)

Let Noy[u] be the solution to the Stokes problem with boundary datum — tr f\f[u].
By the trace theorem and (3.2) we have

HNO[U]H L@ = cll tI'ZN[u]||W1/3,3/2(352) = HN[M]HWLM(Q) = C||”||23(Q)-
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Of course, the operator
N=N+Np

maps L3 () into itself and tr N[u] = 0 on <.
For /v ¢ G consider the map

-1
u' = F[u, + Nul] (3.3)

from Lf, (£2) into itself, where u,, is the solution to the Stokes problem with bound-
ary datum p. Since

—1
H E[N[u]] HL3(Q) = CO”u”iB(Q),

taking into account (2.2), if ||y || 12(35) 18 chosen such that

—1 1
I fTr[uy]”m(sz) < 4co’

then (3.3) is a contraction in the ball

1
3 .

Therefore, by a classical theorem of S. Banach, there is a unique field # € S such
that

u= S’"[uy + N[u]].

Hence it follows that u is a solution to the equation
I
u=u,+ ;L[u] + Nu].

Since ug is a solution to both Stokes and Navier-Stokes equations, by taking also
into account standard regularity theory we see that the field puug +u € C°°(Q2) is
a solution to equations (1.1)-(1.2) for a suitable pressure field p € C°°(£2). This

. . nt nt
solution assumes the boundary datum in the sense that uy — ug3q, #,, —> y and

NTlu], L[u] have zero trace on 92 as elements of the Sobolev space WO1 3/ 2(Q) (see
also Remark 3.2). L]

Remark 3.2. Assume for simplicity that g is a regular harmonic function. By the
regularity results for the Stokes problem we have, in particular, that if the norm of
y is small in the corresponding function space, then

o ify € L1(3Q),q > 4, and ug € WH(Q),t > 3, then u Lt>a;
e if y € L®°(0Q), thenu € L®°(RQ)
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and there are two positive constants € and «o(< 1) depending on €2 such that

o ify € L5(0Q),s € [2,2 4 €), thenu € W/55(Q),
o ify € WITV/55(dQ), 5 € [3/2,3 +¢), thenu € W (Q),
o if y € CO*3Q), o € [0, ap), then u € CO¥(Q).

If Q is of class C!, then the above constants € and g can be taken arbitrarily large
and equal to 1 respectively. Standard regularity results also hold for the pressure
field p.

Remark 3.3. In virtue of Theorem 2.1 and estimates (2.3), (2.4), (2.5), existence
theorems like the above one can also be established for all n > 2. If n = 2 we can
take @ € L2 €(92) with € depending on Q2 (@ € L9(0R2), g > 1, for Q of class
Cl); if n = 4, we have to require a € L3(852); if n > 4, Q must be of class C! and
acl''Q).

Taking into account Theorem 2.2 and estimate (2.2), following the argument
in the proof of the above Theorem it is not difficult to get:

Theorem 3.4. Let Q be a bounded domain of R" of class C*' and let a be given
by 3.1) withu € R, ugp = Vg, B € W24(Q) (g > n) harmonic function and
y € W;]/"’"(BQ). There is a countable subset G C R such that, for u/v ¢ G,
there is a constant k = k (2, v, ug, () such that, if

1Y lw-1/mnq) <«
then (1.1)-(1.3) has a solution
(, p) € [Ly(2) NCT(R)] x C7(Q).

Taking into account the result of H. Morimoto recalled in the introduction, we also
have:

Theorem 3.5. Let Q be the annulus
Q={xeR’: R <|x| <Ry,

and let a be given by (3.1), withug € WH4(Q), ¢ > 1,y € L{(Q). If |y le69)
is sufficiently small, then (1.1)-(1.3) has a solution

(u, p) € [Wy/T(Q) N C®(Q)] x CX(Q).
Let us pass to treat the case of an exterior domain. The following theorem holds.

Theorem 3.6. Let Q be an exterior Lipschitz domain of R and let a be expressed
by (3.1) where ugjpq, y € L*°(02) and ug = O(r—2). There is a countable subset
G C R such that, for w/v € G, there is a constant § = £(2, v, ug, () such that, if
¥y < &, then the Navier-Stokes problem admits a solution

(u, p) € [LE(Q2,r)NC®(Q)] x [L>®° Sk, rzlogr) N C>®(Q)]

nt
and u — a.
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Proof. By well-known results about the behavior at infinity of volume potential
(see, e.g., [6] Lemma I1.7.2), the operator

VIu](x) = —Vfgu(x — V@ ®uo+uou)(y)

maps boundedly L (2, r) into L*°(£2, r271) for every n € (0, 1). Hence \A7[u] €
L9(%2), for every g > 3/2. Moreover, by Calderén-Zygmund’s theorem \aY% maps
boundedly L*°($2, r) into L4(2), for every g > 3/2.

Let {ux}ren be a bounded sequence in L2°(S2,r). By what we said above

f?[uk] is bounded in W4(Q) for every ¢ > 3/2 so that we can extract from it a
subsequence, we denote by the same symbol, which converges uniformly to a field
u in Cioc(£2). On the other hand

H\A7[uk —up]| L™(Q.r)
= R|W["k - ”h]||c(§msR) + R ||r2_nf7["k - uh]||L°°(CSR)

< R|Viuy - 4+ cRM!

upl ”c@ms,g)

Let € > 0 and let m be such that for every h, k > m,

— il c@nsy <
€ / (2R), with R'™" > 2c/e. Therefore, from the above relation it follows that
||\7[uk —uplllze@,r) < € forall h,k > m so that V[uk] is a Cauchy sequence in
LS°(2, r) and the operator Vis compact from L3° (2, r) into itself. Let Vo[u] be

the solution to the Stokes problem with boundary datum — tr \A7[u]. It is not difficult
to see that Vy maps compactly L>°(€2, r) into itself. Set

g=7-Ly
v
with V =V + V. Since G is compact, there is a countable subset G C R such that

G is invertible for all u/v € G.
The operators

N 1
Wia] = —GV/Quu — @)

and Wy[u], solution to the Stokes problem with datum — tr W[u], map L®(2,r)
into itself. Consider the map

-1
u' = Glu, + Wiul| (3.4)

for u ¢ G, where W = W + Wy and u,, is the solution to the Stokes problem with
boundary datum y. It is not difficult to see that

—1
| SIWI] | Loy < OllEellZ e
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Therefore, taking into account (2.7), if ||y || L35 is chosen such that

—1 1
IS [u}’]”L3(Q) < 4—06’
then the map (3.4) has a fixed point u and the field u + pug is a solution to the
Navier-Stokes problem. O

Remark 3.7. Of course, if ug and y are more regular, then so does the solution
(u, p). In particular if ug, y € C(92), thenis u € C(£2).

Remark 3.8. In virtue of the result in [13] the derivatives of u have the following
behavior at infinity

V...Vu=0r""%
—_———

k times
and
p=00""logr), Y..Vp=00""5,
k times
with k € N.

Remark 3.9. As far as uniqueness of the solutions in the above theorems are con-
cerned, we quote [10], and [6, Chapter IX]. The existence of a solution to system
(1.1)-(1.3) in a Lipschitz exterior domain, with @ € L°°(9S2), which converges at
infinity to an assigned nonzero constant vector has been recently proved in [11].
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