Ann. Scuola Norm. Sup. Pisa Cl. Sci. (5)
Vol. VII (2008), 241-270

A Monge-Ampere equation in conformal geometry

MATTHEW J. GURSKY

Abstract. We consider the Monge-Ampere-type equation det(A + Ag) = const .,
where A is the Schouten tensor of a conformally related metric and A > 0 is
a suitably chosen constant. When the scalar curvature is non-positive we give
necessary and sufficient conditions for the existence of solutions. When the scalar
curvature is positive and the first Betti number of the manifold is non-zero we also
establish existence. Moreover, by adapting a construction of Schoen, we show
that solutions are in general not unique.

Mathematics Subject Classification (2000): 53A30.

1. Introduction

Fully nonlinear equations arise naturally in differential geometry when studying
equations of prescribed curvature, for example of hypersurfaces in Euclidean space
or Riemannian manifolds under conformal changes of metric. Typically one im-
poses a constraint on the solution space, often referred to as admissibility, in order
to guarantee that the equations are elliptic. For example, when studying the Monge-
Ampere equation one considers convex solutions.

While technically advantageous this condition can sometimes be geometrically
unnatural, or at least overly restrictive. To give an example which is relevant to the
main results of the present paper, consider the so-called k-Yamabe problem: given
a compact Riemannian manifold (M", g), find a conformal metric g = e~ g € [g]
so that

ak(g) = const ., (1.1)

where A = A(g) is the Schouten tensor of the metric g, and ox(-) is the k-th
elementary symmetric polynomial applied to the eigenvalues of A(g). Equation
(1.1) is equivalent to the fully nonlinear PDE

1
Ok (A(g) +Vu+du®du— §|du|2g) = ce 2k, (1.2)

Research supported in part by NSF Grant DMS-0500538.
Received July 31, 2007; accepted January 15, 2008.



242 MATTHEW J. GURSKY

This equation is elliptic if the Schouten tensor A = A(g) of g is k-convex at each
point and ¢ > 0. When this holds we say that the metric g is admissible, or k-
admissible. There is now an extensive literature on the k-Yamabe problem, and we
refer the reader to the recent survey in [13].

In low dimensions admissibility is a very strong condition: for example, if
(M?3,g) is admissible then g has positive sectional curvature (see [4, Proposition
1.1]). This excludes the possibility of even studying, let alone solving, the k-
Yamabe problem on many smooth 3-manifolds. For example, the product manifold
M3 = 5% x S! does not admit an admissible metric. Indeed, by Hamilton’s theorem
the only 3-manifolds which admit admissible metrics are quotients of the sphere.

Another technical anomaly of the k-Yamabe problem is the lack of any exis-
tence theory for manifolds of negative curvature. Equation (1.2) is also elliptic if
(—A) is k-convex and (—1)¥c > 0; i.e., negative admissible metrics. However, as
in the positive case, this is a strong geometric condition in low dimensions. An-
alytically, the situation is even worse: when k > 2, there are counterexamples to
local C2-estimates for solutions (see [11, Section 3]), rendering the usual existence-
from-estimates approach ineffectual.

Our goal in this paper is propose a generalization of the k-Yamabe problem
which retains some of the geometric flavor of the original, while bypassing many
of the non-essential technical deficiencies. To this end, let (M", g) be a compact
Riemannian manifold without boundary. Our goal is to find a conformal metric
2 = e 2" g such that

det (A +12)"" = 1, (1.3)

where A, i > 0 are constants. This is equivalent to solving the fully nonlinear PDE

det (A + ke_zug +Vu+duQdu— §|du|2g> = pe . (1.4)

Here are some reasons for viewing (1.3) as a natural generalization of (1.1):

o The equation (1.3) is conformally invariant: i.e., if (M", ) is a solution of (1.3)
and ¢ : M" — M" is a conformal map, then ¢*g is also a solution.

e Equation (1.3) can be studied on any smooth manifold. Indeed, for reasons of
scaling to be discussed below the choice of A > 0 is essentially arbitrary, and
for an appropriate scaling of the background metric our equation will always be
elliptic.

e The term Ag is only a zeroth-order perturbation of the metric. In particular, we
have not “gained” ellipticity by changing the highest order nonlinearity in the
equation, as is sometimes done in the k-Yamabe problem (see for example [5,6]).

e The semilinear version of (1.3) reduces to the usual Yamabe problem. That is,
the equation

01(2—{—)@) =pu
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is equivalent to
R(g) = const.

e Certain geometric structures are preserved by the addition of the lower order
term Ag. For example, if g is Einstein then A is pure trace, and the same is true
for A+ 1g. Or, if g ' is locally conformally flat then A is a Codazzi tensor, and
the same is true for A + Ag.

Before stating the main existence results for equation (1.3) we need to make a defi-
nition:

Definition 1.1. We say that the metric g is A-admissible if A > 0 and
A+ g >0, (1.5)

where A = A, is the Schouten tensor of g.

Of course, every Riemannian metric is A-admissible for some A > 0 suffi-
ciently large. Moreover, given A > 0 and a metric g, by a simple homothety we
can make the new metric (which is conformal to g) A-admissible. Actually, in this
context it is worth pointing out how equation (1.3) scales: If g is a solution of (1.3),
then 4 = 1% is a solution of

det (A(h) + 1h) " =

where

)"t = t_z}\,, My = Z_Z/.L.
In particular, A and u scale in the same way. As we shall see, the conformal structure
imposes certain necessary conditions on the ratio A /.

For our first existence result we assume the conformal class of g admits a
metric of non-positive scalar curvature. As we show in Section 2, in this case a
necessary condition for the existence of a A-admissible solution of (1.3) is that A >
w; moreover, equality holds if and only if g is Ricci-flat and g is a homothety of g.
This condition is also sufficient:

Theorem 1.2. Let (M", g) be a smooth, closed Riemannian manifold of dimension
n > 3. Suppose g is A-admissible for some ). > Q.
If the scalar curvature of g is negative; or if g is scalar-flat but not Ricci-flat,

then for each 0 < w < A there is a A-admissible conformal metric g = e g

satisfying
det (A +12)"" = 1. (1.6)

Moreover, the set of all h-admissible solutions of (1.6) is compact in CK(M™), for
any k > 0.
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Somewhat surprisingly, a solution of (1.6) may not be unique. In Section 6
we show how a construction due to R. Schoen can be adapted to our equation to
construct multiple solutions on certain product manifolds.

In view of the scaling properties described above we can state our existence
result in more general terms:

Corollary 1.3. If [g] admits a metric of negative scalar curvature, or a metric
which is scalar-flat but non-Ricci-flat, then there is a A-admissible solution g € [g]
of (1.6) ifand only if 0 < u < A.

Proof. Suppose go € [g] has negative scalar curvature, or is scalar-flat but not
Ricci-flat. Given A > 0, we can always choose t > 1 so that h = t2go is A-
admissible. The existence of g € [g] then follows from the preceding theorem. For
necessity, see Proposition 2.1 in Section 2. O

1.1. The case of positive scalar curvature

If the conformal class of g is positive! then there may be no relationship between A
and u, and the existence theory seems more complicated (see Section 2.2). More-
over, the conformal invariance of equation (1.3) allows the possibility of bubbling,
and consequently the failure of a priori estimates for solutions. Of course, bubbles
are spherical appendages, and the Schouten tensor of the sphere is strictly positive.
Therefore, if our conformal class does not admit a metric whose Schouten tensor
is “mostly” positive it should be possible—in principle at least—to rule out bubbling.
This heuristic argument is made precise in Section 5. Since the statement is rather
technical, we only state a corollary of the more general result (Theorem 5.3):

Theorem 1.4. Suppose M" is a smooth, closed manifold of dimension n > 3 whose
first Betti number by (M™) # 0. Then given any positive conformal class of metrics
[g] on M™, and any pair of numbers 0 < u < A, there is a A-admissible solution

g elglof (1.3).

Remark. Of course, if [g] is a negative conformal class on M”, or a zero conformal
class but without a Ricci-flat metric, then existence follows from Theorem 1.2.

This result is a striking contrast to the k-Yamabe problem. For example, any
oriented four-manifold with x (M 4) < 0 cannot admit an admissible (or negative
admissible) metric, but since b; (M*) > 0, every conformal class admits a solution
of (1.3) for an appropriate choice of A, u.

1.2. Other symmetric functions

One can also consider more general versions of (1.3), such as

1/k
=y, (1.7)

ok (A + 1g)

1 By a positive, negative or zero conformal class we will mean a conformal class which admits a
metric of strictly positive, strictly negative, or identically zero scalar curvature.
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which is equivalent to

! 1/k
o (A +re g+ Viu+du®du— 5|du|2g> = pe 2, (1.8)

Additionally, one could consider equations involving the Ricci tensor in place of
the Schouten tensor; for example,

det (lil\C + k§)1/n = /L.

Many of the techniques of this paper apply to these equations as well. In particular,
one can prove an existence result analogous to Theorem 1.2 with the obvious mod-
ifications. However, to simplify the exposition we will restrict our attention to the
determinant equation, and with the Schouten tensor.

1.3. An application

In a subsequent paper we plan to pursue various geometric applications of the equa-
tions considered here. However, since it follows in a rather straightforward manner
from the proof of Theorem 1.2, in the final section of the paper we present a small
application. This application was inspired by recent work of Guan-Wang [8], who
proved that any manifold of strictly negative Ricci curvature is conformal to one
with ppin[Ric] = —(n — 1), where ppin[-] denotes the smallest eigenvalue. More-
over, the regularity of the conformal factor is C>¢ for some « > 0. Using our main
existence result Theorem 1.2 we can prove an analogous result under much weaker
assumptions, but with weaker regularity conclusions:

Theorem 1.5. If g has negative scalar curvature, or if g is scalar-flat but not Ricci-
flat, then there is a C''-conformal metric g = e~ g with

pmin[Al = —1/2  a.e. (1.9)

The loss of regularity is due to the loss of uniform ellipticity of (1.4) as © — 0. As
indicated above, one can prove a corresponding result for the Ricci curvature. Note
that the eigenvalues of the Schouten tensor on hyperbolic space are all —1/2.

As a final remark, we point out that one could alternatively subtract a multiple
of the metric and consider negative A-admissble metrics; i.e., metrics for which

A—Aig <0, (1.10)
and attempt to solve
det (A —28) = (=1)"u" (1.11)

for some p > 0. Unfortunately, this equation behaves much worse than (1.3) and
seems to share many of the same difficulties with the negative cone equation for
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the k-Yamabe problem. Nevertheless, some of the techniques in this paper are still
applicable.

ACKNOWLEDGEMENTS. The research for this paper was carried out while the au-
thor was visiting the Institut des Hautes Etudes Scientifique. The author gratefully
acknowledges the support, both material and intellectual, of the Institute.

2. \- and weak admissibility

In this section we prove some facts about A-admissible conformal metrics § =
e~ g satisfying

det(A +29)V/" = p, 2.1
where i > 0 is a constant. As we shall see, the conformal structure may impose

necessary conditions on the value of . To simplify the exposition we will consider
the case of non-positive and positive scalar curvature separately.

2.1. Non-positive scalar curvature

The case of non-positive scalar curvature is easily described:

Proposition 2.1. Suppose 3 = e~*"g is a r-admissible solution of (2.1).
() Ifo1(Ag) <O, then A > p.
(ii) If 01(Ag) = 0, then & > p, and . = p if and only if g is Ricci-flat and u is

constant.

Proof. Both statements are consequences of the Arithmetic-Geometric-Mean in-
equality along with the maximum principle. First, rewriting equation (2.1) in terms
of u we have

det (A +re g+ Viu+du @ du — 5|du|2g> = pe 2, (2.2)

By the A-G-M inequality,

e—2u

IA

1 1
7 -0 <A+Ae‘2“g+V2u+du®du — 5|du|2g>
n

1 o 1 n—2 5
= —01(A) +re” " + —Au — | —— ) |du|”,
n n 2n



A MONGE-AMPERE EQUATION IN CONFORMAL GEOMETRY 247

hence
oy 1 1
(h—A)e ™ < —01(A) + —Au. (2.3)
n n
Let x; be a point at which u attains its maximum; then
“u(e) 1
(n— e < ;ol(A)(m)- 2.4)

Therefore, if 01 (A) < O then u < A, while if o7 (A) = 0 we have © < A. Moreover,
if 61(A) = 0 and u = A, then by (2.3) we see that u must be subharmonic, hence
constant. Moreover, we have equality in the A-G-M inequality, so A is diagonal
and g is Ricci-flat. O

2.2. Positive scalar curvature

In general, when the scalar curvature of g is positive there is no obvious relationship
between A and u. For example, let M" = §"~! x S! endowed with the product
metric g. Since the Schouten tensor can be diagonalized at each point as

1/2
By
~1/2

it follows that (M", g) is A-admissible for all A > 1/2. Take A = 1/2 + §, where
S > 0; then

l/n 1 (n—1)
w=det(A+Arg) /" =86 (14+8) =

Consequently, if 6 > 0 is small, then u < A, while if § >> 1, then u > A.

On the other hand if we impose a “weak admissibility”” condition on the con-
formal class of g then one can say something about p. To this end we make the
following definition:

Definition 2.2. We say that w € W, ([g]) if w is continuous, and there is a se-
quence of smooth functions {w;} converging uniformly to w with the following
property: Given § > 0, there isa N = N(§) such that

A(e™g) +8e™g = A(g) + Vui

1 (2.5
+dw; @ dw; — zldw,-lzg +8e Mg >0

foralli > N.
A function w € W, ([g]) will be called weakly admissible.
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To provide some motivation for this definition, first recall that the set of k-
admissible metrics in the conformal class of g is usually denoted Ci([g]). In par-
ticular, when k& = n this is the set of n-admissible metrics—i.e., metrics whose
Schouten tensors are positive definite. Clearly,

since if § = e g € C, then we can take w; = w for each i in Definition 2.2.
One can extend this definition to other symmetric functions in the obvious way:
w € Wh([g]) iff w is continuous, and there is a sequence of smooth functions {w; }
converging uniformly to w such that for each § > 0, there is a N = N(§) with

Ae™Vig) + e ig e T} (2.6)
for all i > N. Again, we have the obvious inclusion

Cr([g]) € We(lgD.

The precise relationship between W and C; seems to be a delicate question. For
example, consider the product manifold

M* = $2(1) x $2(V2),
whose Schouten tensor is given by

1/4

Clearly W, # (. However, since det(A) = 0, by the maximum principle it follows
that C4 = ¥ (see [7, Lemma 3]).

The preceding definitions may appear somewhat technical but will be seen to
be natural in view of the estimates of Section 4. Here, we just want to observe
that the existence of weakly admissible functions imposes a necessary condition on

Al

Proposition 2.3. Suppose W, ([g]) #%0. Let g=e""g be a (smooth), -admissible
solution of (2.1). Then . < .

Proof. Since W, ([g]) # @ there is a uniformly convergent sequence of smooth
functions {w;} satisfying the conditions in Definition 2.2. Denote

uj =u — wj,

—2w;

8i =¢ 8-
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Then g = e~ i g;, and we can rewrite equation (2.2) as

A 1 l/n A
det <A(g,~) +he g + Vi ui + du; ® du; — 5ldui |2g,~> = pe 2. (2.7)
Let xq be a point at which u; attains its minimum; then du; (xg) = 0, so

det (A(g1)(x0) + Ae 2100 g; (x0) + V2 u(xp))/" = pe™24100),

Since {u;} is uniformly bounded, we can choose a number § > 0 small enough so
that

Le2uixo) o 5
for all i. Then, by the properties of the sequence {w;} we can also assume that
A(gi)(x0) +8gi(x0) >0 (2.8)
for i large. Therefore,

det ([A(g:)(x0) + 8gi (x0)] + [Ae 2400 — §]g; (x0) + V2 u(x0)) "

—2u; (x0)

(2.9)
= I,Le

Using (2.8), the concavity of the determinant, and the fact that ngiu(xo) > 0,
from (2.9) we conclude

re 20 _ 5 < ’ue—Zui(XO)

for all i large enough. Since § was arbitrary and u;(xp) is bounded, we see that
A< L. O

To summarize our results so far: if [g] admits a metric of non-positive scalar
curvature then A > u, while if [g] admits a weakly admissible function then A < p.
These are necessary conditions: they show that certain assumptions on the confor-
mal class imply certain inequalities between A and p. The final result of this section
is in the opposite direction. It says that a certain assumption on the ratio A/ im-
plies that positivity of the Ricci curvature. Therefore, it provides an obstruction to
solving (2.1) in certain cases when A/ is small.

Lemma 2.4. Suppose (M", g) is a A-admissible metric satisfying
det(A + a9)'/" = .
If
A< LM,
2(n—1)

then g has positive Ricci curvature:

. 1 n—1
R]CZ—[M—Z( )){|g. 2.11)
n n

(2.10)
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Proof. By definition,
Ric=mn—-2)A+o01(A)g. (2.12)

By the A-G-M inequality,
1
n= ;Ul (A + )\g)
1
= —01(A) + 2,
n

hence
o1(A) = n(n —A).
Substituting this into (2.12),
Ric > (n —2)A +n(u — A)g.
Since g is A-admissible,

Ric > (n —2)A +n(n — 1)g
= —2)(A+2rg) + (npe —2(n — HAr)g

()]

as claimed. O

3. Preliminary estimates

In this section we give an overview of the strategy and provide technical results for
proving the main Theorem 1.2. It is important to emphasize that these results are
independent of the sign of the scalar curvature, and are valid as long (M", g) is
A-admissible and u satisfies

0<p<A.
To begin, define fo € C*°(M") by
det(A +29)Y" = fo(x) > 0.

The goal is to use the continuity method to prove the existence of u € C** satisfy-
ing

1
det <A +re Mg+ Vu+du®du— 5|du|2g) = pe 2", (3.1
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To this end, for ¢ € [0, 1] consider the operator

1 1/n
W, [u] = det <A +re g+ Viu+du Qdu — 5|du|2g)

(3.2)
—tpe™ ™ — (1= 1) fo(x).
Note that u € C? satisfies ¥,;[u] = 0 if and only if u is a solution of
det (A +re g + VU +du®du — 5|du|2g> (33)

= tpe™ + (1 — 1) fo(x).
Define
S={r € [0, 1]|3 » — admissible g=¢ g, u € C**, with ¥,[u]=0}. (3.4)
Since ¥y[0] = 0, we see that & £ @.
Proposition 3.1. G is open in [0, 1].

Proof. Denote

— —2u 2 _1 2
W=A4+xe g+ Vu+du®du 2Idul g,

F(W) = det(W)/",
OF

FlU = :
3Wij

With this notation, we compute the linearization of W;:

d
W luly = g‘lb[u + s@]

= FI{ = 2re ™ @gij + ViV + VioV,u + ViuV;p — (Vu, Vo)gi;}
+ 2tue_2u§0

= FU{ViVjg + VigVju + ViuVip — (Vu, Vo)gi;}
22 (= AFM 1)

= a (WIV; Vg + b (W) Vig + c(x)g.

§=

where a’/ > 0 and c(x) is given by

c(x) = 2¢7 (= AF* 4 1p).
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By elementary properties of the determinant,
FY > 1
and hence
c(x) < 26_2”( — L +1p)

<2eH(u— 1)
< 0.

By the maximum principle the linearization of W, is surjective, and the openness
of & follows from the implicit function theorem. O

To prove the closedness of G we first need to derive upper and lower bounds
for solutions of W;[u] = 0. We begin with the lower bound:

Proposition 3.2. Suppose u € C? is a solution of (3.3) with t € [0, 1. Then there
is a constant C = C(g) > 0 such that

1

u > > log(h — u) — C. 3.5)

Proof. Let xo € M" be a point at which u attains its minimum; then V2u(xg) > 0.
Since du(xg) = 0, by (3.3) we have

det (A(xo) + Ae 200 g + V2u(x)) " = 11e™00 4 (1 — 1) foxo).  (3.6)
Let
aop = max{0, —pmin[A(x0)1},
where pmin[A(x0)] denotes smallest eigenvalue of A(xp). Now write

A(x0) + re 20 g 1+ V24 (x0) = (A + apg)(xo) + (he ™20 — ag) g (xp)

) 3.7
+ VZu(xop).
First, suppose
A0 _ gy <0, (3.8)
Then
) 1 1
minu = u(xg) > Elog)\ — Elogao
1
> Elog(/\ —pn) —C,

as claimed.
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If (3.8) does not hold, then each of the three terms on the right-hand side
of (3.7) is positive definite. Therefore, by the concavity of (det)!/” and equation
(3.6) we get

det(A + apg) /" (x0) + (he >0 —ap) < 1pue™V + (1 = 1) fo(xo).
Hence,
(L= tw)e 200 < ag + (1 = 1) fo(xo),
which implies (3.5). O

Having established an a priori lower bound for solutions of (3.3), we can now
appeal to the C2-estimates in the appendix to conclude

Proposition 3.3. Suppose u € C* is a solution of (3.3) with t € [0, 1. Then there
is a constant C = C(g), independent of t, such that

max [|Vul* +|V2u]] < C. (3.9)

To prove an upper bound for solutions we will need to make an assumption about
the conformal class of g. For example, when the scalar curvature of g is non-
positive an upper bound is relatively easy to prove; this will be explained in the
next section. The case of positive scalar curvature (Theorem 5.3) is discussed in
Section 5.

4. The proof of Theorem 1.2

If one scrutinizes the proof of Proposition 2.1 (especially inequality (2.4)), it is easy
to see that a solutions of (3.3) are bounded above when the scalar curvature of g is
negative:

Proposition 4.1. Suppose u € C? is a solution of B3) witht € [0, 1]. Ifo1(A) <
—eg < 0, then there is a constant C = C(n, f, g, €0) > 0 such that

1
u < Elog()\—,u)—i—C. 4.1)

Proof. Let x| be a point at which u attains its maximum. Since V2u(x1) < 0,
by (3.3) and the A-G-M inequality

tiee” 20 4+ (1 —1) fo(x) = det (A(xy) + re 200 g + Vzu()q))l/"

1
< —o1(A) +Ae Vg 4 Viulx)

IA

1
—o1(A)(x1) + 2
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Therefore,

(O — e 2400 > —%ol(mm). 4.2)

Combining the results of Propositions 4.1 and 3.2 we have
Corollary 4.2. Suppose u € C? is a solution of 33)witht € [0,1]. Ifo1(A) <
—eg < 0, then there is a constant C = C(n, f, g, €0) > 0 such that

1 1

Elog(k—,u)—CfufElog(k—u)—i—c. 4.3)
When g is scalar-flat then the estimate (4.2) is useless, and we need to argue more
indirectly:

Proposition 4.3. Suppose u € C? is a solution of B3) witht € [0,1]. Ifo1(A) =
0 but g is not Ricci-flat, then there is a constant C = C(g), independent of t, such
that

u<C. (4.4)

Proof. Assume to the contrary that we have a sequence of solutions {u;} of (3.3)
witht =1, — 19 € [0, 1], and

max u; — oQ. 4.5)
Mn
By Proposition 3.3, {u;} satisfies
max [IVu,'I2 + |V2Mi|] <C, (4.6)

for some constant C which is independent of i. In particular we see that

u; — +oo uniformly. 4.7
Choose xg € M", and let
w; (x) = uj(x) — ui(xo). (4.8)
Since
wj (xo) = 0, (4.9)

by (4.6) w; satisfies the bounds

%x[lwil + [Vw;|* + [V2w;|] < C. (4.10)
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Therefore, a subsequence of {w;} converges in C Lapmy, any ¢ € (0,1),tow €
C1(M™). Moreover, since w; differs from u; by a constant, it is a solution of

det (A +re Mg 4 V2w +dw; ® dw; — Eldw5|2g> @11)

= tpe 2 4 (1 — 1) fo(x)

with
1
A+ re Mg 4 Vi + dw; @ dw; — 5|dwl-|2g > 0. (4.12)

Tracing this inequality (or, equivalently, applying the A-G-M inequality to (4.11))
and using the fact that 01 (A) = 0 we find

—2u; n—-2 2
nie 4+ Aw; — 5 [Vw;|* = 0. 4.13)
Therefore, by (4.7), in the limit w = lim; w; satisfies
Aw > 0,

say, in an H'-sense. It follows that w is constant; in fact, by (4.9), w = 0. Taking
the limit in (4.12) we actually conclude A > 0. A little more precisely, let X €
X(M™) be a smooth vector field on M"; then by (4.12) we have

/ |:Ak1Xle + e 2ig(X, X) + (ViViwy) X* X!
| (4.14)
+ 1dw; O = SldwiPg(X, X)} > 0.

After integrating by parts we can write the Hessian term as
/(vkvlwi)xkxl = —/V;wivk(Xle) -0, i— 00
since {w;} converges to zero in C L Letting i — oo in (4.14) we find
/AHX"XZ >0, VXeXWM".

Therefore, A > 0.
Since A is trace-free and A > 0, it follows that A = 0, i.e., g is Ricci-flat.
However, this is a contradiction, so in fact (4.4) must hold. ]

Combining the results of Propositions 3.2, 3.3, 4.1, and 4.3, we have
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Proposition 4.4. Suppose u € C*% is a solution of (3.3), with t € [0, 1]. If the
scalar curvature of g is negative; or if g is scalar-flat but not Ricci-flat, then for any
k there is a constant C = C(k) such that

lullcr < C. (4.15)

Proof. Under the assumptions of the proposition we have established that any solu-
tion u € C* of (3.3) satisfies

r%xﬂm +|Vu| + |VZu|] < C. (4.16)

It follows that u is the solution of a uniformly elliptic, concave equation. By the
results of Evans [3] and Krylov [9], we have the uniform estimate

lullc2e = C.

Therefore, estimates of higher derivatives follow from classical elliptic regularity
and the Schauder estimates. O

Proposition 4.5. If the scalar curvature of g is negative, or if g is scalar-flat but
not Ricci-flat, then G is closed.

This concludes the proof of Theorem 1.2. [

5. The case of positive scalar curvature

The proof of Proposition 4.3 can be adapted in order to prove a more general result:

Proposition 5.1. Suppose u € C? is a solution of (3.3) witht €[0, 11. If W, ([g]) =
@, then there is a constant C = C(g), independent of t, such that

u=<CcC. (5.1

Proof. As in the proof of Proposition 4.3, suppose to the contrary that we have a
sequence of solutions {u;} of (3.3) witht =¢#; — 1y € [0, 1], and

max u; — oQ. (5.2)
Mn

By Proposition 3.3, {u;} satisfies

max [|Vu;|* + [VZuil] < C, (5.3)

for some constant C which is independent of i. In particular we see that

u; — +oo uniformly. 5.4
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Choose xg € M", and let
w; (x) = uj(x) — ui(xo). (5.5
Since
wj (x0) =0, (5.6)
by (5.3) w; satisfies the bounds

max [Jw;] + |V |* + [VZwil] < C. (5.7)

Therefore, a subsequence of {w;} converges in clapmm, any ¢ € (0,1),tow €
C'(M™). Moreover, since w; differs from u; by a constant, it satisfies the equation

1 1/n
det (A +re g 4 V2w +dw; Q@ dw; — 5|dw,-|2g>

(5.8)
= tpe 2 + (1 — 1) fo(x).
In particular, for each i we have
1
A+ re g+ Vi +dw; ® dw; — 5|dw,'|2g > 0. (5.9)
However, it easily follows that w € W, ([g]), since re i 5 () uniformly. O

Corollary 5.2. If W, ([g]) = @ then G is closed.
This immediately gives

Theorem 5.3. Let (M", g) be a smooth, closed Riemannian manifold of dimension
n > 3. Suppose g is A-admissible for some )\ > 0.

IFW,([g]) = 9, then for each 0 < u < A there is a h-admissible conformal
metric g = e~ g satisfying

det (A +12)"" = . (5.10)

Moreover, the set of all A-admissible solutions of (5.10) is compact in CK(M™), for
any k > 0.

Remarks.

(1) Recall from Proposition 2.3 that when W, ([g]) # @, then A < u. Therefore, if
we seek a solution to (3.1) with A < u then W, ([g]) = @ is in fact a necessary
condition.



258 MATTHEW J. GURSKY

(2) The proof of Proposition 4.5 can be subsumed into the proof of Proposi-
tion 5.2. That is, if we assume o1(Ag) < 0 then it is not difficult to see
that W, ([g]) = @. However, the proof of Proposition 5.1 is quite indirect. In
addition, when the scalar curvature is negative we have an effective bound for
solutions in Corollary 4.2.

If the scalar curvature is positive, then one can verify W, ([g]) = @ by a topological
criterion:

Proposition 5.4. Suppose M" is a smooth, closed manifold of dimension n > 3
whose first Betti number by (M"™) # 0. If[g] is a positive conformal class of metrics
on M", then W, ([g]) = 0.

Proof. We can assume without loss of generality that g itself has positive scalar
curvature.

Assume to the contrary that w € W, ([g]) # @, and let {w;} be the sequence
of functions converging to w as described in Definition 2.2. Denote g; = e *¥ig,
and to simplify notation let Ric;, A;, and R; denote respectively the Ricci tensor,
Schouten tensor, and scalar curvature of g;.

Since by # 0, for each g; there is a harmonic one-form o; € H'(M", R). By
the Weitzenbock formula,

1 .
5 Aileily, = Vgl + Rici(e, o)

. (5.11)
= |Vgailg, + (n = 2) A (e, ;) + Z(H—_I)Rnan;.
By the properties of {w;}, given any 6 > 0, for i sufficiently large we have
S8l = Va4 | 5——Ri = 51 = 2) | a2 (5.12)
S Ailetily, = Vg aily, TR n iy, - .
Writing R; in terms of R = R(g),
1 1 2w (I’l _2) 2
R; = Re™™i + A, w; dw;|s;..
2D T g e A T ldwily,
Therefore,
1 2 2 2w; 2
EAi|Oli|g,. e |vgi01i|g,- + [mRe Y= 8(n — 2)] |ai|gi 513
n—2) 5 5 '
+ Agiwi+T|dw,-|gi |ai|g,-'

If we fix § = §(min R, minw) > 0 small enough, then for i sufficiently large we
have

1

— —  ReMi—§(n—2) >4,
2 — 1)



A MONGE-AMPERE EQUATION IN CONFORMAL GEOMETRY 259

and consequently

1 (n—2)
S Ailailg, > [Vgailg + [Agi wi + ———ldwilg + 5} il (5.14)

Next, we multiply both sides of this inequality by e?¥i, where § = 6(n) will be
specified momentarily, and integrate by parts to get

1 (n—2) .
0>/{—5Ai|ai|§,.+|vgia,~|§,.+[Ag,.wi + 5 ldwilg +a} i [, } ¢ dvy,

0
- / {ng“i@i + (E a 1) (Vg wi, Vgi|“i|§;>8i .15
n—2 ;
+ (T - 0) ldwi [g, o 5, + Sl 3, } M dVy,.

We need to consider two cases. First, suppose the dimension n > 4. Taking 8 = 0
in (5.15), using Kato’s inequality

IVgaily, > Vg lagll, . (5.16)

and completing the square, we find

0> / {lvg,-lai||§i _2<vgiwi’Vgi|ai|gi>gi|ai|g,-

(n—2)
2

(n—4)
> / { ldwi 3 |3, + 8lai 3, ¢ d Ve,

+

|dwi|§i|ai|§i +8|ai|§,i} dVy, (5.17)

2

a contradiction.
When n = 3 we need a refined version of (5.16):

n
Vg aily, = nj|vg,~|0‘i||§, (5.18)

which follows from the Cauchy-Schwarz inequality (see [1] for a more general
perspective). Taking & = —1 in (5.15) and using (5.18), we get

3
0> f {§|V&'|"‘i“§,~ = 3{(Vgwi, Vg latilg; ) g letilg;
3 .
+ §|dwi|§i|ai|§i + Slai 2, }ew’ dVy, (5.19)

> /(Slaili,ie_wi dVyg,,

which is once again a contradiction. Therefore, we must have W, ([g]) = @. O
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5.1. The proof of Theorem 1.4

To prove Theorem 1.4, suppose g is a metric of positive scalar curvature on M",
where b1 (M™) # 0. Given numbers 0 < u < A, we can (if necessary) rescale g to
make it A-admissible. Then Theorem 5.3 and Proposition 5.4 imply the existence
of a A-admissible solution g = e~ 2*g of

det (;l\—l- )»:g\)l/n =pu,

as claimed.

6. Non-uniqueness

Because equation (1.3) is invariant under the action of the conformal group, solu-
tions are in general not unique. In this section we show that uniqueness also fails
in for negative conformal classes. Our construction is an adaptation of Schoen’s
construction of the Delunay metrics on §”~! x S! [10], and it is rather surprising
that for our equation one can replace the sphere factor with a hyperbolic factor.

To begin, let (H"~!, ds?) denote a compact hyperbolic manifold of dimension
n—1, where n > 3. Assume the Ricci curvature of ds? is normalized to be —(n-=2).
Let (M", g) be the product manifold,

M'=H""'xR, g=ds*+d:i’. (6.1)
Then the Schouten tensor of g is given by
—1/2
A= : (6.2)
—1/2
1/2

Note that g is A-admissible for any A > 1/2.
Suppose g = ¢~ g is a solution of (1.4):

det (A +re Mg+ VU +du®du— §|du|2g> = pe .
Let w = e, then w is a solution of
1/n
2 2 1 2
det| w"A + Ag +wV w—5|dw| g = U. (6.3)

Note that wg = 1 is a solution of (6.3) with A = 1 and u = (1/2)31/”. Our goal is
to find other solutions w = w(¢) which are periodic, and therefore descend to give
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solutions on H"~! x S!. To this end, suppose w = w(t); then (6.3) is equivalent to

1 1
_5w2+1_5(w/)2
det 2 N2
- 1—
W =5 @) (6.4)
Swilww” — > (w')?
1 n
=3(3)
2
which gives the ODE
1 1 =g 1 1"
!_5“’2 +1-— 5(w’)z} {5w2 +14ww’ — E(w/)z} =3 <5> . (6.5

Interestingly, there is a conserved quantity associated to the flow (6.5). For peri-
odic solutions of the k-Yamabe problem on S"~! x S! a conserved quantity was
written down in [12] by using the variational structure of the PDE and Noether’s
Theorem. Here, however, there is no obvious variational structure, and our quantity
was discovered more or less by trial and error:

Lemma 6.1. Let x = x(t) > 0, and define

Dt—_"31n 1121/2” 6.6

Then D(-) is constant if and only if w = x(t) is a solution of (6.5).

Using this lemma we can reduce the second order equation to first order one
and study its phase portrait. As we observed above, (1, 0) is a stationary point
of the phase flow. Nearby, there are two families of orbits. Points on the x-axis
(x0, 0) with xo < 1 lie on orbits which approach the x’-axis, and therefore do not
correspond to conformal metrics. Points with xo > 1 (but close to 1) lie on closed
orbits with x(¢) > O for all time, and therefore give non-trivial solutions of (6.4) on
H"—1 x S1: see Figure 6.1 below.

7. An application

In this section we prove

Theorem 7.1. If g has negative scalar curvature, or if g is scalar-flat but not Ricci-
flat, then there is a C'-conformal metric g = e~ g with

pmin[Al = —1/2  a.e. (7.1)
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Figure 6.1. Some closed orbits for n = 3.

Proof. Suppose g satisfies the hypotheses of the Theorem. Let A = 1/2,and 1/2 >
;i ¢ 0 be a sequence of positive numbers converging to zero. By Theorem 1.2,
for each j there is a 1/2-admissible solution g; = e g of

det (A + 5e—z“f'g +Vuj+du; @du; — 5|duj|2g> =pje . (12)
By Proposition 3.2, there is a constant C = C(g) > 0 such that
> 11 ! C
uj>=log|\=-—puj|—
p=p8\p T (7.3)
> —C.

Therefore, by Corollary 8.3 in the Appendix we have bounds on the gradient and
Hessian as well:

max [ [9%u;] + Vu; 2] < C.

If g has negative scalar curvature, then by Proposition 4.1 {u ;} has a uniform upper
bound, hence

maX[|V2Mj|+|VMj|2+|Mj|] <C. (7.4)

On the other hand, if g is scalar-flat but not Ricci-flat, we can argue exactly as in
the proof of Proposition 4.3 to show that u; is bounded above in this case as well.
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Therefore, there is a subsequence (also denoted {u;}), and u € C1(M™), such that
uj — uin cle, for any o € (0, 1). Moreover, by (7.2) the limit u satisfies

1 1 1/n
det (A—i— 56_2”g+V2u+du®du — 5|du|2g> =0 a.. O

8. Appendix: C>-estimates

In this Appendix we prove local estimates for solutions of

1 1/n
det (A +re g+ Viu+du®du — E|du|2g> =tpe M + f(x), (8.1)

where f is a smooth positive function and ¢ € [0, 1]. Note that (3.3) is an example
of this equation, as is (1.4).

Our proof is based very closely on the work of S. Chen, who established local
estimates for a fairly general class of fully nonlinear second order equations [2]—
though none include the additional exponential nonlinearity as in (8.1). Therefore,
we need to make some minor adaptations of her argument. The proofs we give also
apply to the generalizations of (8.1) mentioned in the Introduction; for example,
by replacing the determinant with another elementary symmetric function or the
Schouten tensor with the Ricci tensor.

Our main estimate is the following:

Theorem 8.1. Suppose u € C* is a solution of 8.1) in B(O,r) C M", and that
g = e g is A-admissible. Then there is a constant

C=Cwrn lgles 1fllc2) (8.2)

such that

max_ [|Aul + |Vul*] < C(1 + |x —ru| max e ). (8.3)
B(0,r/2) B(O,r)

Proof. We first note that, by the A-G-M inequality,

1 1
fx) + tueiZ” < —o] (A + )»efzug + V2u +du @ du — 5|du|2>
n

1 1 (n-=2) 2
= —01(A) + —Au — ——|Vul",
n n 2n

hence

(n—-2)

Au > IVul> + n(ti — 1e " — C(g, f). (8.4)




264 MATTHEW J. GURSKY

Given this lower bound, to prove (8.26) it suffices to prove

max [Au + |Vu|2] < C(l + |A — tp| max 672”).
B(0.r/2) B(O.r)

(8.5)

Moreover, by a simple scaling argument we can recover the result if we first prove

the estimate on a ball of radius 1.

To this end, let n € C* be a smooth cut-off function withO <n < 1,n = lin

B(0,1/2), supp n C B(0,3/4), and |Vn|?/n < C. Denote
H = (Au+ |Vu|*)n.
Then
ViH = nV;(Au+ [Vul*) + (Au + [VulH)V;n.

At a critical point of H,
v‘
Y (Au+ [Vul?) = —(Au + [Vu)~LL.
0

Differentiating again,
V;V;H = nV;V;(Au + |Vul|?) + Vi(Au + |Vul)V;n + Vi (Au
+1VulHVin + (Au + |Vul*)V; V1.
At a point where H attains its maximum, using (8.7) this becomes

0>n"'V;V;H = V;V;(Au + |Vul?)

V;V; VinV;
+< ’n”"—z ”’772’”><Au+|vm2>.

Consider the highest order terms in (8.8):

ViVi(Au+|Vul*) = V;V;(Au) + V; V;|Vul*
=1+1I.

We will calculate I and /1 separately.
For I, after commuting derivatives we find

I =V;V;(Au) = AV;Vju + O(|V?u| + |Vu)),

(8.6)

(8.7)

(8.8)

(8.9)

(8.10)

where O(x) will denote a quantity which can be bounded by C|x|, with C =

C(n, g, f). Denote

1
W,'j = Aij —I—)»e_zugl'j + V,-Vju + V,-uVju — §|Vu|2g,-j.

8.11)
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Then the main term in (8.10) is
1
AV;Viu = A |:Wl~~ — Ajj —re g — ViuViu + §|Vu|2gi,-]

= AW;j — AA(e ™) gij — A(ViuVju) + %(A|Vu|2)gij + O0(1).
Applying the Leibniz rule and commuting derivatives again, we find
I=AW;; —AA(e_Zu)gij —Vi(Au)Viju—V;(Au)Viu+(V(Au), Vu)gi;
— 2V ViuV; Viu + |Vl gi; + O(IVZu| + [Vul* + 1). (812
Next, we estimate /1:
11 =V;V;|Vul?
=2V;ViuViViu + 2V Vi ViuViu.
For the second term, we commute derivatives and use (8.11) to write

2V, Vi ViuViu = 2Vi (Vi Vju) Viu + O(|Vul?)
1
= 2V; |:Wl'j — Al‘j - Ae_zugij — ViuVju + §|Vu|2giji| Viu

+0(Vul?
=2VkW,-iju—2k(V(e_2”), Vu)gij—2V;ViuV;ijuViu
— 2V ViuViuViu + (V|Vul?, Vu)gij + O(|Vul* + 1)
= DV Wi Viu—22(V (e ), V) gi;j — Vi | Vu|*Vju—V;|Vul*Viu
+(VIVul?, Vu)gij + O(IVul* + ).
Hence,
1T =2V WijViu — 24(V(e™*"), Vi) gij + 2V; ViuV; Viu
— Vi|Vul*Vju — V;|Vu|*Viu (8.13)
+(V|Vul*, Vu)gij + O(|Vul* + 1).
Adding (8.12) and (8.13), we have
I+ 11 =AW;j +2ViWi;Viu — A[Ale™) +2(V(e™ ™), Vu)]gi;
— Vi(Au+ |Vul)Vju — Vi(Au + |[Vu*)V;u
+ (V(Au+|Vul?), Vu)gij+|V2ulgij+ O (| V?u|+|Vul*+1)
= AW;j + 2V Wi Viu — A[A(e™) +2(V(e ), Vu)]gij (8.14)
V);n — (Vu, %)gij]

+1V2ulgij + O(V?ul + |Vul* + 1).

2 Vin
+ (Au + |Vul|?) ViuT + Vju
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As in the proof of Proposition 3.1, let

F(W) = det(W)/",

Fii = OF
8Wij
At the maximum point of H,
0> FYV;V;H. (8.15)

Therefore, substituting (8.14) into (8.9) and (8.8) and using (8.15), we have
0>n"'FIV;V,H = Fij{AWij + 2V W;; Vi

—A[AE™H) +2(V(e ™), Vu)]gi

V; \% \%
+ (Au + |Vu|2)|:V,'u#n + Vju a_ <Vu, Tn>8ij

n (8.16)

V;V; VinV;
n i 177_2 1772/77:|
n n

+|V2ul?gij + O(1V?u| + |Vul* + 1)}.

The dominant term in (8.16) is the Hessian term, which we estimate (along with the
corresponding lower order term) as

1
1V2u? + 0(|Vul) > 5|V2u|2 +0(1)

| (8.17)
> —(Au)? + 0(1).
2n
Now,
(Au+|Vul)? < 2(Au)? +2|Vul*,
while (8.4) implies
IVul* < cp(Au)? + Cltu — M)2e™ + C,
where ¢, is a positive constant depending only on n. Therefore,
(Au+ |Vul)? < ¢ (Au)> 4+ C(tp — 1)>e™ + C. (8.18)

Combining (8.17) and (8.18) we find
IV2ul?> + 0(|V?u|) > en(Au+ |Vul>)> = Ctp — M2 ™ + 0(1), (8.19)

for some €,, > 0 which only depends on the dimension.
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Next, we estimate those terms in (8.16) involving derivatives of W. First, by
the concavity of F,

FlUAW;; > AF(W)
= A(tpe > + f)
=tuA(e )+ 0(1).

Also, by differentiating equation (8.1),
2FIN W, Viu = 2V F (W) Viu

= 2Vi(tpe 2 + f)Viu
= 2tu(V(e "), Vu) + O(|Vu| + 1).

Substituting these along with (8.19) into (8.16) we get
0= (tpe = AFF)[A@E™) +2(V (™), Vu)]

+FY {enmu +[Vu?)?gij — Clep = 2)%e Mg

\ Vi \Y
+ (Au + |Vu|2)|:V,~u#n + Vju :’77 — <Vu, —n>gij

V;V; VinV;
n i 177_2 1772j77]
n n

(8.20)

+ 0(|Vu|2+1)}.
Since F¥* > 1,

(tp = AF) < (1 = ).
Also,
Ale™ ) + 2(V(e™2), Vu) = —2Aue .
We may assume Au > 0; otherwise by (8.4) we would be done. Therefore,

(ti — AF*)[Ae™) +2(V(e ™), V)| = —2(tp — 1) Aue™

v

2t — Me 2 (Au + |Vul?).
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Substituting this into (8.20) gives
0> =2ty — Ale 2 (Au + |Vul?)

+ Fi {en(Au + |Vu?)?gij — Cti — 1)2e g

v, v, v
+ (Au+ |Vu|2)|:V,-u#n +Vut <W, T">g,-j

n
L Yivin zvmjﬂl]
1 n
+O0(|Vul|* + 1)} (8.21)

> —2/tp — Ale 2 (Au + |Vul?)

+ Fi {enmu +|VulP)?gij — Cr(ti — 2)2e Mg

\Y v?2 v
— Ca(Au + |Vul?) [|w|| n”' 4 ol Tl }

] n?

+0(|Vu|2+1)}.

Multiplying this inequality by n? and estimating the lower order terms in the obvi-
ous manner, we end up with

0> —2nH|tp — Ale
+ F :EnHzgij — Ci*(tp — A)2e Mgy

|Vn|?
— CH |:|Vu||V77| + V2| + Y

(8.22)
+ O(*|Vu|* + 1)}

> —2nH|u — rle™

(1
+ FU {EEnHzgij — CnP(tp —1)%e™ Mg + 0(1)} :
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If the term inside the braces is negative, then we are obviously done. Otherwise,
using the inequality F** > 1 again we have

1
0> —2nHlip — Ale™™ + SenH’gij — Cn*(t = 1% gij + O (1),
which clearly implies (8.5). O

‘We note two Corollaries of Theorem 8.1:

Corollary 8.2. Suppose u € C* is a solution of (8.1) in B(O,r) C M", and that
g = e g is A-admissible. Then there is a constant

C=CO, pu,r,n lgllcs 1 fllc2) (8.23)
such that
max_ [|VZu| + |Vul*] < C(1+ max e ). (8.24)
B(0.r/2) B(O.r)

Proof. Since g is A-admissible it follows that
0<oy (A +re " + V32U +du ®du — %Idulzg) .
Expanding the expression for o7 one quickly finds
V2l = C[(Aw? + |Vul* + 2274 1]
The result now follows from (8.26). ]

Corollary 8.3. Suppose g = e~ g is a A-admissible solution of (8.1), where u €
C*(M™). Then there is a constant

C=C@n lgles: 1flic2) (8.25)

such that

1
max o (A+V2u+du ® du—§|du|2g> <C (1+|x—m| %xe—2"> . (8.26)
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