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Hypersurfaces with free boundary and large constant mean
curvature: concentration along submanifolds
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Abstract. Given a domain © of R”*! and a k-dimensional non-degenerate
minimal submanifold K of 92 with 1 < k < m — 1, we prove the existence
of a family of embedded constant mean curvature hypersurfaces in & which as
their mean curvature tends to infinity concentrate along K and intersecting 92
perpendicularly along their boundaries.
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1. Introduction

Let © be an open bounded subset of R™*!, m > 2, with smooth boundary 3.
Recall that the partitioning problem in €2 consists on finding, for a given 0 < v <
meas (£2), a critical point of the perimeter functional P(-, ) in the class of sets
in € that enclose a volume v. Here P( E, 2) denotes the perimeter of E relative
to 2.

It is clear that whenever such a surface exits it will meet 02 orthogonally and
will have a constant mean curvature, see Paragraph 2.3.1. In the light of standard
results in geometric measure theory, minimizers do exist for any given volume and
may have various topologies (see the survey by A. Ros [17]). Actually, up to now
the complete description of minimizers has been achieved only in some special
cases; one can see for example [1, 16, 19] and [21]. However, the study of exis-
tence, geometric and topological properties of stationary surfaces (not necessarily
minimizers) is far from being complete. Let us mention that Griiter-Jost [4] have
proved the existence of minimal discs into convex bodies, while Jost in [6] proved
the existence of embedded minimal surfaces of higher genus. In the particular case
of the free boundary Plateau problem, some rather global existence results were ob-
tained by M. Struwe in [22,23] and [24]. In [2], the first author proved the existence
of surfaces similar to half spheres surrounding a small volume near non-degenerate
critical points of the mean curvature of d€2. Here we are interested in the exis-
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tence of families of stationary sets E, for the perimeter functional relative to
having small volume meas E. proportional to €. Our result generalizes to higher
dimensional sets the one obtained by the first author in [2]. Before stating it some
preliminaries are needed. We denote by )V the interior normal vector field along
d€2. For a given smooth set E C €2 with finite perimeter, let ¥ := 0 E N €2 satisfy
0% C 02 and denote by N its exterior normal vector field. For a smooth vector
field ¢ in R™, the flow of diffeomorphism {F;},c(0,+) of ¢ in 2 induces a variation
{E; = F;(E)}; of E. Set A(t) = P(E;, 2), V(t) = meas(E;) and

¢(p) = ar 1(p) lr=0 .

It is well known that by the first variation of the perimeter and volume functionals,
one has

A’(O):—/mHg ({,N}dA—i—% (¢, N)ds; (1.1)
z

%
V/(0)=/(§, N)dA, (1.2)
b3

where Hy, is the mean curvature of X, N its exterior normal vector field and N
the exterior normal to 0¥ in X. A variation is called normal if { = w N for
a smooth function w, admissible if both F;(intX) C Q and F,(0X) C 02 and
volume-preserving if V(1) = V(0) for every ¢. Since for any smooth w satisfying
fz wdA = 0 there exits a volume-preserving admissible normal variation of E
with £ = w N, then E is stationary for the perimeter functional (A’(0) = 0) for any
volume-preserving admissible normal variation of E, if and only if

mHy =const. in X and N(o) L T,9Q foreveryo € dX.

Up to a change of variable, we can reformulate our question to the following free
boundary problem: for a given real number H, find a hypersurface ¥ C €2, satis-
fying the following conditions

HZ = H in E,
0x C 092, (1.3)
(N,V¥) =0 ondX,

where €, := ¢! Q and V* the interior normal vector field on 9<2,.

If K is a k-dimensional smooth submanifold of 92, we let n := m — k and
define K, := ¢! K. Consider the “half’ ’-geodesic tube contained in €2, around K,
of radius 1 _ B

Se(Ke) :={q € Q:: d(q,Ke) =1},

with

d(g, Ke) 1= 1dist"® G, KPR + lg — P
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where g is the projection of ¢ on 92, and

dist?? (g,K.)
=inf{1ength(y) Ty eCl([O, 1]) is a geodesic in 0€2;; ¥ (0) € K,; y(l):c}} .

By the smoothness of €2 and K, the tube is a smooth, possibly immersed, hy-
persurface provided ¢ is sufficiently small. This tube by construction meets 9€2,
perpendicularly. Furthermore the mean curvature of this tube satisfies (see also
Paragraph 3.0.5)

mH(S:(K,)) =n+ O(e) (1.4)

as ¢ tends to zero and hence it is plausible under some rather mild assumptions on
K that we might be able to perturb this tube to satisfy (1.3) with m H = n. It turns
out that this is not known to be possible for every (small) ¢ > 0 but we prove the
following theorem :

Theorem 1.1. Let Q be a smooth bounded domain of R, m > 2. Suppose that
K is a non-degenerate minimal submanifold of 0<2. Then, there exist a sequence of
intervals I; = (g, s;r), with e, < ‘91‘+ and lim; _, 4 o 8i+ = 0 such that, for all € €
I := U;I; the “half” geodesic tube ¢ S¢(K,) may be perturbed to a hypersurface
eSe satisfying (1.3) with mean curvature Hys, = % e~ L. Namely there exists a
Sfamily of embedded constant mean curvature hypersurfaces in 2 with boundary on

0S2 and intersecting it perpendicularly.

Remark 1.2.

e We emphasize that our argument provides also a stationary area separating of
R™+1\ & when considering the lower hemisphere parameterized by the stereo-
graphic projection from the north pole over the unit ball, see Section 3.

e Notice that the surfaces we obtained might have interesting topology. In fact as

far as ¢ tends to zero, our solutions concentrate along K hence inherit its topo-
logical structure. Furthermore we notice that some existence result of various
minimal immersions were obtained in [9] and [20].
We believe that the minimality condition on K should also be necessary to ob-
tain a result in spirit of Theorem 1.1, see the last paragraph of [15]. The non-
degeneracy condition might fail in some interesting situations, for example when
a symmetry is present. In this case however, one can take advantage of it work-
ing in a subclass of invariant functions: this might also guarantee existence for
all small ¢, see [15, Section 5]. B

e The hypersurface S; is a small perturbation of S.(K;) in the sense that it is the
normal graph (for some function whose L* norm is bounded by a constant times
&) over a small translate of K, in Q2. (by some translation whose L°° norm is
bounded by a constant), we refer to Section 4 for the precise formulation of the
construction of S,.
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o This result also remains true for the existence of capillary hypersurfaces in 2
namely those with stationary area which intersect d€2 in a constant angle y €
(0, ) along there boundaries. For more precise comments see Remark 6.3.

To prove the latter theorem, following [10, 15] and [25], we parameterize all sur-
faces nearby S¢(K.) having boundaries in 0€2; by two parametric functions & :
K — R"'and w : 8} x ¢ 'K — R. Here

si=fr=0l ot e R = Tand ! > 0],

This yields a perturbed tube S, (w, ®). A standard computations show that the mean
curvature H(w, ®) of Sg(w, ®) is constant, with the right boundary conditions, is
equivalent to solve a system of nonlinear partial differential equations where the
principal part is the Jacobi operator about a hypersurface close to S¢(K.). The
solvability is based on the invertibility of this linear operator depending on ¢ (small
parameter). As we will see later, it turns out that this is possible only for some
values of ¢ tending to zero. Once we have the invertibility our problem becomes
readily a fixed point problem that we can solve provided our approximate solution is
accurate enough. Our method here is similar in spirit to the one in [10]. It goes back
to Malchiodi-Montenegro in [13] (see also [11, 12] and [14], for related issues).

To begin the procedure, we construct first an approximate solution in the fol-
lowing way: let (y!, y% ..., y¥) € R¥ (respectively (z',z% ... ,7") € BY') be the
local coordinate variables on K, (respectively on S7}). Letting ® : K — R" and
w : B x K¢ — R, consider

So (v, 2) P>y x e @(ey) + (1 +w(y, 2) O®).
The surfaces nearby S, (K ) are parameterized (locally) by
G(ys Z) : (ya Z) — SO()’» Z) — FS(SO()’, Z))

where F¢ : RF x R*1 — Q is defined in (2.6) is “an almost isometry” which
parameterize a neighborhood of K in ., By is the unit ball centered at the origin
and ©® = (@1, e, OF @”“) is the inverse of the stereographic projection from
the south pole. Call the image of this map S (w, ®), so in particular

Ss(()’ 0) = Ss(Ks)-

Notice that since ®@" 11| . = 0, it follows that all these surfaces close to Sg(K)

parameterized in this way have boundaries on 9€2;.

One of the main features of this work is that we compute the mean curvature
of Sg(w, ®), in Paragraph 3.0.5, which can be done following [10] but in contrast
with that paper, we have to gather some new linear and quadratic terms involving
which will be relevant for the solvability. The linearized mean curvature operator
about S, (K,) splits into some linear operators on w and ®, given by

—Lew—e(JD,0) +elLlw+eT (@) + ¢ L(w, D), (1.5)
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where JJ is the Jacobi operator about K in the supporting surface 92, see Subsec-
tion 2.2;
Le = &2 Ag + ASi +n;
TJ'o = —GBn+1) 0" h(@) Dz, O) + O h(Dz)* + 20" h : (D)
and L', L(w, ®) are second order differential operators, see Subsection 2.5, here
h (respectively I') is the second fundamental form of 92 (respectively K) and % :

I' = haplap, where summation over repeated indices is understood. The quadratic
part of the mean curvature is given by

n ~
5 (ewa + (®a, ©))* — &(@z, Vsiwa) — 26*Viw : T(®)

n+2 = ~ 1 (1.6)
+— (R(®,0)D, B) — g(R(q), EN®, Ei)+ Q(w) +¢& Q(w, D),
where © = (G)l, N C LN 0). Finally the boundary condition reads
(N,V?) = (=1 +w) 2—':7) +O0@EH +e* Lw,®) +¢ Qw,®) on 3" x K,
where n = —E, 1 is the normal vector field of 957} in S’}

As we will explain later, the Jacobi operator about Sq(Ky) (very closed to the
operator (1.5)) has inverse norm which blows-up at rate ELR for some R > 0 and
then one do not hope to apply a fixed point argument at this state.

However, we can adjust the tube Se(K,) as accurate as possible, to a tube
Se (W, o )y satisfying (1.7) below. For that, letting » > 1 be an integer and
setting

r r—1
W = Zedw(d) and &) = stCI)(d),
d=1 d=1

we have solved

m ]—](ﬁ)(i’)7 é)(r)) =n+ O(8r+l) in SE(uA)(r)7 q’}(r))’
_ ) (1.7)
(N, V) = O(g"2) on 3w, "),

This leads to an iterative scheme, see Section 4. The term of order O(g) appear-
ing in the expansion of the mean curvature (Paragraph 3.0.5) depends linearly on
the tangential curvature of K which is in the kernel of A sn+n (spanned by ©'
withi = 1, ..., n) and normal curvature K which is perpendicular to this kernel.
Consequently by Fredholm theorem, we can kill these terms by w(! provided K is
minimal.

Now to annihilate the higher order terms with suitable couples (w(?), ®@=D),
d > 2, if we project on the kernel of A s+, there appears only J (the Jacobi
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operator about K) acting on ®“~1) because when we project, the term 7' d@—1
disappear by oddness. Moreover neither the nonlinear terms appearing in the ex-
pansion of H (w, ®) nor the perpendicularity condition will influence the iteration
as well. Therefore the non-degeneracy of K is sufficient for this procedure at each
step of the iterative scheme. In this way for any integer r > 1 we will be able to
have (1.7) yielding good approximate solutions. We notice that it is more conve-
nient to use the operator A st +n+ (3, ©) to accomplish this task because it is

invertible in LZ(Si x K). Unfortunately one cannot use it for full solvability of the
problem because w may not gain regularity. We refer to Section 4 for more details.

The final step (see Section 5) is more delicate and consists of the invertibility
of the Jacobi operator about S, (" ) o )) which we call Lg . Let us mention
that at this level all terms in the expansion depend on r except the model operator
—L.w—e{JD, @). At first glance one sees that the operator L, , is not so close to
the model one in the usual Sobolev norms because of the competition between the
operators (J @, ®) and ,C}. This is due to fact that if one consider a tube of radius
¢ in a manifold M with boundary sitting on 9 M, the mean curvature expansion
makes appear terms of order ¢ depending on the second fundamental form of d. M.
On the contrary, dealing with manifolds without boundary, as in [10], it turns out
that in this case the first error terms are of order £ and thus also in the expansion
of the mean curvature of there perturbed tube, there cannot appear terms like €L,
see [10, Proposition 4.1]. Having bigger error terms than those in [10], we need
more accurate approximate solutions and different spaces for the spectral analysis.
Since our operator L , acts on the couple (w, ®) almost separately, to tackle this
it is natural to adjust the norms used for w and ®. For any v € LZ(Si x K) we
decompose itas v = =2+ (D, @) where ®, i = 1, ..., n are the components
of the projection of v onto the Kernel of Agn + n for some s € (0, 1/2). With this

decomposition, in a suitable weighted Hilbert subspace of LZ(Si x K) we can see
L., as a perturbation of the model one, see Proposition 5.1.

As mentioned above the existence of families of constant mean curvature sur-
faces holds only for a suitable sequence of intervals with length decreasing to zero
and not the whole ¢ is related to a resonance phenomenon peculiar to concentration
on positive dimensional sets and it appears in the study of several class of (geomet-
ric) non-linear PDE’s. Concentration along sets of dimension k = 1,...,n — 1
has been proved here, and analogous spectral properties hold true. By the Weyl’s
asymptotic formula, if solutions concentrate along a set of dimension d the average
distance between those close to zero is of order 4. The resonance phenomenon
was taken care of using a theorem by T. Kato, see [7, page 445], which allows
to differentiate eigenvalues with respect to €. In the aforementioned papers it was
shown that, when varying the parameter ¢, the spectral gaps near zero almost do
not shrink, and invertibility can be obtained for a large family of epsilon’s. The
case of one dimensional limit sets can be handled using a more direct method based
on a Lyapunov-Schmidt reduction, indeed in this case the distance between two
consecutive small eigenvalues, candidates to be resonant, is sufficiently large and
working away from resonant modes one can perform a contraction mapping ar-
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gument quite easily. Here instead the average distance between two consecutive
eigenvalues becomes denser and denser, to overcome this problem one needs to ap-
ply Kato’s Theorem constructing first good approximate eigenfunctions, we refer to
Section 5. And finally following [10], one can estimate the size of the spectral gaps,
which determine the size of the norm of the inverse of L, ,. For suitable values of
¢ the norm of the inverse of L , is of order 0(8%) with a fixed R > 0 independent
of r. Now as far as r can be chosen arbitrary large, our fixed point problem can be
merely solved. This program is carried out in the last section.
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alization to capillary problems. They are supported by M.U.R.S.T within the PRIN
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to SISSA for their kind hospitality.

2. Preliminaries

Let K be a k-dimensional submanifold of (92, g) (1 <k <m—1)andsetn = m—
k. We choose along K a local orthonormal frame field ((E;)g=1,...k> (Ei)i=1,..n)
which is oriented and call V the interior normal field along 02 and Vix = E,41.

At points of K, R”*! splits naturally as T79Q @ RE, | with TdQ = TK @ NK,
where TK is the tangent space to K and NK := NK?® represents the normal
bundle in d€2, which are spanned respectively by (E,), and (Ej);.

2.1. Fermi coordinates on 02 near K

Denote by V the connection induced by the metric g and by V+ the corresponding
normal connection on the normal bundle. Given ¢ € K, we use some geodesic
coordinates y centered at g.

f:y— expé((i“Ea). (2.1

This yields the coordinate vector fields X, = f«(95¢). We also assume that at g
the normal vectors (E;);, i = 1,...,n, are transported parallely (with respect to
V1) through geodesics from ¢, so in particular

g2(Ve,Ej, E)=0 atq, ij=1,...,n,a=1,...k (22

In a neighborhood of ¢, we choose Fermi coordinates (y, ¢) on 0<2 defined by

F: (y.0) — exply, (Z 4"E,~>; 7. 0) = (@“)a,@")i). (2.3)
i=1
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Hence we have the coordinate vector fields
X = F*(a;,«) and X, = F_'*(a)’,a).

By our choice of coordinates, on K the metric g, g = (Xq, Yﬂ) splits in the
following way

8(9) = Zap(@) AV ® AV’ +8;;(q) d¢ @ ¢ gek. (24
We denote by FZ () the 1-forms defined on the normal bundle of K by
o(E) = 8(Ve, Ep, E)). 2.5)

The submanifold K is said to be minimal if the trace I'G () = 0.
We will also denote by Ryg,s5 the components of the curvature tensor with
lowered indices, which are obtained by means of the usual ones ng 5 by

Ropys = 8uo ngﬁ'

When we consider the metric coefficients in a neighborhood of K, we obtain a de-
viation from formula (2.4), which is expressed by the next lemma, see [10, Propo-
sition 2.1] for the proof. Denote by r the distance function from K.

Lemma 2.1. In the above coordinates (y, ¢), foranya = 1, ...,k and any i, j =
1, ..., n, we have

2,;(0,0) =8+ 3 Risij ¢ ¢ + O@Y);

8,;(0.2) = O@?);

8ap(0,0) = 8ap — 2T2(E) ¢ + [Ryant + TS(E) TE(ED] 581 + O@).
Here R;sj are computed at the point q of K parameterized by (0, 0).

The boundary of the scaled domain 92, := éBQ is parameterized, in a neigh-
borhood of e "!1q € K, := ¢~ 'K by

_ 1 - ,
Fe(y,x") := —F(ey, ex’) with x" == (x', - -+, x™).
€
Hence we have the induced coordinate vector fields

X;:=Ff@y) and X, = FE(dya).

By construction, Xq,-1, = Eq and Vé(e~lq) = Eny1. From Lemma 2.1 it is
evident that the metric g on (9€2, g) has the expansion given by the
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Lemma 2.2. In a neighborhood of K the following hold
8ij (0, %) = 8ij + § Ristj x* x' + O(e7r);
84j (0, x) = O(er?);
8ab(0,x) = 84p — 2T5(E) x' + & [Ryapt + TS(Es) TE(ED] xSx! + O(e?rY).

We can now parameterize tubular neighborhood of K, in €2,
1 -
Fé(y,x', x"™1 = —F(ey, ex) + x" TV (y, X)), (2.6)
€

where V2 (y, x') := V(é F(ey, ex’)). We denote by h the second fundamental form
of 92 so that:

(dV*(P)[Xal. Xp) = € ha,p(q) 2.7)

when ¢ = F%(p).

2.2. The Jacobi operator about K
The linearized mean curvature operator about K is given by

Ji=At-R'+B (2.8)
where the normal Laplacian A is defined as

1._ gl gl gl
AT = VEa an vaa E,’

with V1 denoting the connection on the normal bundle of K in dQ while B is a
symmetric operator defined by

gBX),Y)=T2x)r{(y) forallX,Y € NK,
where T is defined in (2.5) and R+ : Ny, K —> N, K is given by
R* = (R(Ea, ) Ea)™
where (-)* denotes the orthogonal projection on N K. The Ricci tensor is defined
» Ric(X,Y) = —g(R(X,E,) Y, E,) forall X,Y e T,M.

Finally, we recall that the submanifold K is said to be non-degenerate if the Jacobi
operator JJ is invertible, or equivalently if the equation J® = 0 has only the trivial
solution among the sections in N K.
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2.3. First and second variation of area for capillary hypersurfaces

Let ¥ be a smooth hypersurface in an (m + 1)-dimensional Riemannian manifold
(M, g) with smooth, nonempty boundary d M. Suppose that 0¥ C dM so that M
is separated into two parts, call A the boundary of one of these parts in d M.

2.3.1. First variation of area
Let F; be a variation of ¥ with variation vector field

JdF;
¢(p) = —t(P)n:o forevery p € X.

d
A variation is called admissible if both F,;(int¥) C M and F;(0X) C oM. Let N
be a unit outer normal vector along ¥; Hy its mean curvature and v (respectively
v) be the unit exterior normal vector along 0¥ in X (respectively in A).
An admissible variation induces hypersurfaces X; and A;. Let A(t) (respec-
tively T (¢)) be the volume of X; (respectively A;) and V(¢) the signed volume
bounded by ¥ and ;. For a given angle y € (0, ), we consider the total energy

E(t) .= A(t) —cos(y) T(?). 2.9)

It is well known (see for example [18]) that

E'0) = —f nHs (L, N)gd A +f (¢, v — cos(y) D)ds (2.10)
) X

and

V'(0) = / (2, N) dA. @2.11)
X

A variation is called volume-preserving if V(1) = V(0) for every ¢t. X is called
capillary hypersurface if T is stationary for the total energy (£'(0) = 0) for any
volume-preserving admissible variation. Consequently if X is capillary, it has a
constant mean curvature and intersect 0 M with the angle y in the sense that the
angle between the normals of v and v is y or equivalently the angle between N and
V is y, where V is the unit outer normal field along d M.

Physically, in the tree-phase system the quantity cos(y) T (0) is interpreted as
the werting energy and y the contact angle while cos(y) is the relative adhesion
coefficient between the fluid bounded by X and A and the walls 0M. Here we
are interested in a configuration in the absence of gravity. A more general setting
including the gravitational energy and works on capillary surfaces can be found in
the book by R. Finn [3].

2.3.2. The Jacobi operator about ¥

We denote by 1y and [T, the second fundamental forms of ¥ and d M respec-
tively. Assume that X is a capillary hypersurface. Recall that the Jacobi operator
(the linearized mean curvature operator about X)) is given by the second variation
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of the total energy functional £. For any volume-preserving admissible variation,
we have (see for the proof [18, Appendix])

£"0) = —/ (wAza) + | [*@? + Ricg (N, N)a)z) dA
z

(2.12)
w 9
—I—f (a)——qa) )ds,
E) adu
where
1 _
w=( N) and g=— Mym (v, v) —cot(y) [z (v, v).

sin(y)

Since for any smooth @ with [x wdA = 0 there exits an admissible, volume-

preserving variation with variation vector field w N as a normal part, we have now
the Jacobi operator about X that we define by duality as

Ly Nvw, o) = /

{VwVw’ - (|l'[z|2 + Ric, (N, N)) a)a)/} dA—{—f qwawds.
z a

z

Remark 2.3. Let us observe that any smooth transverse vector field N along ¥
induces admissible volume preserving variation. The linearized mean curvature
operators £3 y and £,  are linked by

Ly yo=~Lsn (N, N)g(f)) +mNT (Hs) &,

where N7 is the orthogonal projection of N on T'S. This shows that L is self-
adjoint with respect to the inner product

A

/&)d)’(N, Ny, dA.
D)

2.4. The stereographic projection

We will denote by p : R” — S” the inverse of the stereographic projection from
the south pole. p = (p1 o ph ptt! ) is a conformal parametrization of S and

for any z = Z',....7") eR",

p(@) = (2, D) u(@) — Epq

_ 27! 27" 1 —z)?
N2 L+ 22 1+ 22
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with conformal factor given by

7) = —. 2.13
w(@) =7 e (2.13)

We often use the projection of p on R” and denote it by
P() = (2, 0) u(2). (2.14)

We collect in the following lemma some properties of the function p which will
be useful later on, we omit here the proof which can be obtained rather easily with
elementary computations

Lemma 2.4. Foreveryi, j,l =1,...,n, there holds

pipj) =18 Pt =—ups Pi=-p P+ uEs;

(pii, p1) = w2 p' — 217 p' 8.

82p
19

‘ g op
Here p; and p;; stands for o and FRET]

respectively.

Recall that the Laplace operator on $” can be expressed in terms of the Eu-
clidean one by the formula

1
Agn = — (Arn — (pii» Px)0k) -
7
Moreover, it is easy to verify that
Agnp +np = 0.

It is clear that for any 0 < r < 1 the restriction of p on B parameterizes a spherical
cap S"(r), where B} is the ball centered at 0 with radius r.

{;Eﬁigi, the image by p of B is the spherical

cap S (y) which intersects the horizontal plane R"” + cos(y) E,+; and makes an
angle y with it. In particular we denote (henceforth define)

Given y € (0, ), if we let r =

O i=p|  —cos) Enpii  0:=0(%)

r(y)
Si:=5”(%)={x=(x1,...,x"+1)eR"+1 : |x|=1andx"+1>o}.

For any 0 < r < 1, denote by 7, the unit outer normal vector of d B, the normal
field (not unitary) of 5" (r) in S (r) expressed as follows
ap p
—E
o, P2 ”*‘)

= u|pl (p"“

B! IB!
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1—cos(y)
- 1+cos(y) ’

Now when r2
by

the unit normal in §"(y) of 35" (y) is given and denoted

)= —Eut @15)

1(y) = cot(y) O(y) = sin(y) Ey1. in particular n := 1 (3

o)
EER%]

and n(y) is y along

while the unit normal of 95" (y) in the plane R” + cos(y) E,+1 is

~(y)
1©0)

lagn.

Observe that the angle between the two normals

35" (y), namely since |@(y)| = sin(y) on 9B/,

O(y)
_ , = aS"(y).
<|®(y)| n(y)> cos(y) on )

Consider the eigenvalue problem, u : $"(y) — R,

Agn(y)u+nu =0 inS"(y);

u
—— =cot(y)u onadS"(y).

an(y)

It is well known that the only solutions to the interior equation are the degree one
homogeneous polynomials on S, spanned by the n + 1 components of p. By (2.15)

the boundary condition is satisfied only by ®(y),i =1,--- ,n

2.5. Notation

In the following, expressions of the form L(w, ®) denote linear operators, in the
functions w and @/ as well as their derivatives with respect to the vector fields
& X, and X; up to second order, the coefficients of which are smooth functions on
S"(y) x K bounded by a constant independent of ¢ in the C* topology (where
derivatives are taken using the vector fields Xz and X;). Also L(w, ®) are restric-
tions of expressions like L(w, ) on 35" (y) x K with L(w, ®) contains only one
derivative of w or ® with respect to the vector fields ¢ X, and X;.

Similarly, expressions of the form Q(w, ®) denote nonlinear operators, in the
functions w and ®/ as well as their derivatives with respect to the vector fields
e X, and X; still up to second order, whose coefficients of the Taylor expansion
are smooth functions on $”(y) x K which are bounded by a constant independent
of ¢ in C* topology (where derivatives are taken using the vector fields X, and
X;). Moreover, Q vanish quadratically in the pair (w, ®) at O (that is, its Taylor
expansion does not involve any constant nor any linear term). Also Q(w, ®) are
restrictions of expressions like Q(w, ®) on 95"(y) x K with Q(w, ®) contains
only one derivative of w or @ with respect to the vector fields ¢ X, and X;.

Finally, terms denoted (’)(ed ) are smooth functions on S"(y) x K, which are
bounded by a constant times £ in C* topology (where derivatives are taken using
the vector fields X, and X;). Also expressions like O(ed ) are restrictions of O(4)
on 958" (y) x K.
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3. Geometry of tubes

We derive expansions as ¢ tends to O for the metric, second fundamental form and
mean curvature of S, (K;) and their perturbations.

3.0.1. Perturbed tubes

We now describe a suitable class of deformations of the geodesic tubes (in the
metric induced by F¢ on R”™*1) §.(K,), depending on a section ® of NK, :=
S" x K¢ and a scalar function w on the spherical normal bundle (SN K,)4 in 92.
We recall that (y!, y2 ..., y¥) € R¥ (respectively (z!,z% ... ,7") € BY) are the
local coordinate variables on K, (respectively on S7}). Letting ® : K — R" and
w : B x K¢ — R, consider

So: (. 2) >y x e @(ey) + (1 +w(y,2) O®).
The nearby surfaces of S, (K) is parameterized (locally) by

G(y,2): (y,2) — So(y,2) — F*(So(y,2))

namely
1 3
G(y,z):=F° (y, g¢(8y) + 1+ w(y,2)0(), (1 + w(y, z))®"+1(z)) .

Since @"+!

= 0, it follows
9B}

G(y,2) € 082 for any y.

Al
B

The image of this map will be called S, (w, ®). In particular
5¢(0,0) = Sc(Ke).

It will be understood that for any fixed point p = F?(y,0) € K., ®(e y) € NK, C
T,0Q and ©(z) € S C NK; @ RE, | are in the tangent space at p of Rm+l
endowed with the metric induced by F¢. For more convenience we introduce the
following:

Notation. On K, we will consider
=D/ E; Dy 1= dya O E; Dyp = dyadyp O/ E

©:=0/E+0"E, =0 +0"E,,,
©; =00/ E; + 0,0 E, | =6; + O E, .
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For simplicity, we will write

wj = 0d,w,
Wy = dyaw;
wjj = Bzi szw;
Wap := Oya Bth;

Wgj := Oya 05w .
It is easy to see that the tangent space to S; (w, ®) is spanned by the vector fields

Za=G(Oy)=Xg+wa Y+ ¥+ (1 +w)O" 1D Ve, a=1,... k

Zi =G0, =+w Y, +w; T+ (1 +wODVe, j=1,...n, G
where
Vo= @/ X W, = dye D X j;
T = 0/ X; + ety Yi = 9,0/X;+0.0"TVE
and
DV (v, (1 + w(y,2)0 + &' ®(ey) = ¢ (haa + (Wa®' + Phia) Xas
(3.2)

DiVe(y, (1 +w(y,2)0 + &' P(ey) = ¢ (wj®’ +d+ w)@’j) hioXa-

3.0.2. The first fundamental form

In this paragraph we expand the coefficients of the first fundamental form of
Se (w, ®). Using the expansions in Lemma 2.2, one can easily get

(Xa» Xp)=8ap — 26 T2(@) —2T2 (®) + O(?) + & L(w, ®) + O(w, )

(X X;)=8; + %((R(@, E)®, E;) + (R(®, E) O, E}))

(3.3)
+ %(R(@, E)®, Ej) + O(?) + &> L(w, ®) + ¢ Q(w, ®)
(Xi, Xa) = O + e L(w, @) + Q(w, ).
These together with the fact that R(®, ) = 0 imply
€ ~a s 1 ~ ~
YT, YT;) == (R(P i)+ = (R(D D, 0;
(1, 75) 3( ( ,®)®,®/>+3( (,0)P,0;) (3.4)

+ O@E?) + 2 L(w, ®) + ¢ Q(w, D).
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Using similar arguments, and the fact that (Y, ) = 1 on K, yields

(Y, T)=1+ % (R(D,0) D, 0) + O@>) + > L(w, )+ Q(w, d). (3.5)

Moreover

1 .~ o~ -~ =
(Y, Y)) = (0;,0;) + 3 ((R(dD, 0;)0,0;)+(R(P,0;)06, @i)) (3.6)

1 . 3
+3 (R(®,0,) ®, 0;) + O(?) + &* L(w, ®) + Q(w, ).
Now, by (3.2) we have that

(D;VE, ) =e(1 +w)(h(®), B;) + ew;(h(®), O)

3.7
+ O@E?) + &2 L(w, D) + 0w, ®) G7)

and
(D;VE, ) = e(1 + w)(h(©;), O;) + ew; (h(®), O;)

3.8
+ O + &% L(w, ®) + 0w, D). -8

We are now in a position to expand the coefficients of the first fundamental form of
Se(w, ®). We have:

Proposition 3.1. Foranya,b € {1, --- ,k}andi, j € {1,--- , n}, we have that

(Za. Zb) = Sap + 260" hyy, — 2eT2(O) — 2T5(®) + O(e?)
+e L(w, ®) + Q(w, ®) 3.9

(Za Zj) = 260" (O )" + (®z, ©;)+O(e*) +eL(w,®)+Q(w,d) (3.10)
(Zi, Z;) = (0;,0;) (1 +2w) +2&(1 +3w)@" T (h(B;), )
+2:0"+! ((h((:)l-), ®)yw; + (h(®;), Oyw;
+§ ((R(é), 0,)®,0;)+ (RO, 0)) D, (:)i)) + wiw; (3.11)
+(0;, ©))w? + % (R(®, B;) ®, O;) + O(e?)
+&% L(w, @) + 0w, ®).

3.0.3. The normal vector field

In this paragraph we expand the unit normal to Sg(w, ®). Define the vector field

N:=-Y+a Z; +p°Z,,
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it is the outer normal field along S, (w, ®) if we can determine o/ and B¢ so that N
is orthogonal to all of the Z; and Z;. This leads to a linear system for o/ and 8.

We have the following expansions
(Y, Za) = wg + (Pz, O) + 0" (1(©)* + &2 L(w, ®) + & Q(w, ®); (3.12)
(Y, Zj) = wj +e(1 +2w)O" T (1(0), ©;) + 260" w; (h(O), O)
+§ (R(®,0)6,6,) + % (R(®,0) D, ;) + O (3.13)
42 L(w, ®) + ¢ Q(w, D),

These follow from (3.3) together with the fact that (Y, Z,) = 0 and (Y, Z;) =0
on K;.
Using Proposition 3.1, and some algebraic calculations, one can obtain

B¢ = we + (Pe, O) + 0" H(O) + O(e?) + ¢ L(w, D) + Q(w, D). (3.14)
and
ol (0], 0;) = w; + 0" (h(0), ©;) + 0" (h(©), O)w;
—260" 1 ((h(@)), Or)ws + h(©:)w, +h(B)) (@, B))
—|—§8(R(CD, 0) 0, 0;) — eO" T h(®) (d,, O;) (3.15)
—2ww; — we( Py, O;) — (P, O)(Py, O;)
+% (R(®, ©) ®, O;) + O(e?) + &% L(w, ®) + £Q(w, D).

Using these and the fact that (® ;, ©;) = w2 j» straightforward computations imply

INIT! = 140! (im(é), O;)w; + h(O)we + h(O) (D, é))

1 U 1

+= (R(®, 0) D, 0) + = | w} + —w] + 2w (P, O) + (P, O)?
6 2 w2/

+O(%) + &% L(w, ) + £ Q(w, P).

N

N

The unit normal to the perturbed geodesic tube is then given simply by N = Tk

We summarize this in the following lemma
Proposition 3.2. The normal vector field N to Sg(w, ®) is given by N = % where
Ni=-Y+4+al Z;+ B°Z (3.16)

and where the coefficients o’/ and B¢ are given by formulas (3.15) and (3.14).
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Using the fact that ©"F! = 0 we can easily deduce:
aB"

Lemma 3.3. The perpendicularity condition is given by

(N, VE) = (=1 +w)w;z/ + OED) + &2 L(w, ®) + 6 Q(w, ®)  on d(SNK) 4,

Proof. Since ®" ! = 0 it follows that (V*, =Y + B¢ Z;) = 0 on 0B} on the
287
other hand using the fact that R(E;, E;) = 0 with 88(;) = 0 (see Subsection 2.4)
83]1
we get :

(@) Z;, Vo) =(=14w) w; 0" +O0(e?)+&> L(w, ®)+¢ Q(w, ) on d(SNK).

The lemma now follows since @?H =—u®/ = —p’z/ and p =1. O

aph
B

3.0.4. The second fundamental form

In this paragraph we expand the coefficients of the second fundamental form. Recall
that V is the Levi-Civita connection on 02 and # its second fundamental form, the
derivation for vector fields on 92 yields

d -
o7 Xa O (1w (y, 2)0+e ' d(ey)) =e(w; O +(1 + w)O) (Vy, X — e VY,

d ~ _
Wxa(y,(l +w(y,2)0+e " D(ey)) = e8ap (Vx, Xa — hpaVF)

+e (wa®l + c1>;) (Vx, Xo — hia V7).

Proposition 3.4. The following expansions hold

a ~
<N, WZQ> = —el'9(©) + 0" M hyy — way — & (Paq, O)

— & (R(®, E,) Eq, ©) + £ TS(O) T (D)

- ) L (3.17)
— 20" w, h(©)* + kL (FZ(@[) - haa®7’+1)

+ OE?) + &% L(w, ®) + £ Q(w, ®);
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0 ~ o~ ~ o~
<N,gzj>zu2(1+w)—wjj—s®"+l<h(®),®>w]~,~—25@§+1<h(®),®>wj
+e(1+2w)(®”+1<h(®j),®j>—2®;%+‘(h(é),é)ﬁ—@”“(h(@),@ﬁ)
+ k2O (B, 81)+26] (1B, 61) + 6] (6. 6,)

2

o~ = €
+-¢e(R($,0;)0,0;) — =

3 (R(®,0)0,0;;)

w

+ 26w, (O h(6 ) + O (B )
+ 2¢(Dz, O) (@'}‘f‘lh(@j)c n ®n+1h(@jj)c> (3.18)
+ 0@ (@, 6) + 12 (e, )
+ 60" h(©)° (wc@, ©j;) + ;ﬁwc) — é/f(R(cb, ©) ¢, ©)
1

= = L, 15 =012
- z(R(?,0)®,0/;) — FHTwe +§M (D, O)

w

1 N . .
—~ Ew,% + 205 + (D, O we + (e, O) (D, O ;)

+ (14 2w)ak(©;, ) + O?) + &2 L(w, ®) + £ Q(w, d);

<N,%zb>=—F3<é>+s@"+1hah—wab+0<sz)+sL(w,<1>)+Q(w,cb» a#b;
y

d N .
<N, sz>=e®7“h(®)“ +e0" (O )" —waj+O(e?) +eL(w, )+ Q(w, P);
a

9 - .
<N,a—zzj> = —w;; — 0T (h(©), 0;) — 0" (h(6), 6;)
4

+ b0y, Or) + O(e?) + eL(w, @) + Q(w, D), i # j.
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Proof. The proof is similar in spirit to the one of [10, Proposition 3.3]. So we will
be sketchy here referring to the aforementioned paper for more details. We have
that

d
5 Za =& (Vx,Xa — haaV) + Waa T +20"  w, D, V¢ + e, X,

+ O D, D,V + (0(82) + &2 L(w, ®) + 0w, q>)) X,
+ (O(sz) + &2 L(w, ) + £ 0w, cp)) Ve
and fora # b

d
7y Zp =& (Vx,Xa — hapV®) + wap Y

+ (0(82) +eL(w, D)+ O(w, <1>)) X,

n (0(82) + 2L (w, D) + £ 0w, cp)) Ve

3 v
oz =wi Y + 2w + 260' O w; (Vx, X; — hyV?) + 20" DV w;
Z

+ (4w + (1 +w) (20771 DV + 0" Dy DY)
+e(1+2w)@!0F (Vx, X; — hyVF)
+(0E) +£2L(w, ®) + 0w, ®) ) Xe

¥ (0(82) + 2L (w, D) + £ O (w, q>)) Ve,

and for i # j

3
a_ZiZj = wijT + wiTj + ij,‘ + @?—HD]'VE + @?—HDI'VS + (1 + w)Tij
+£010% (Vx, X1 — hgVF)
+ O DDV + (O + e L(w, ) + O(w, ) ) Xa

n (0(82) + 2L (w, ) + £ 0w, <1>)) Ve
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0
Zj= gza = 60" (Vx,Xa — has V) + we; T+ wa Y + @;f“Dan
J

n ((’)(82) +&2L(w, D) + 0w, cb)) X,
n ((’)(82) +&2L(w, D) + 0w, cp)) VE.

Recalling the expansions, see [10, Lemma 2.1].

Vx. Xj

1

(O(e) + L(w, ®) + Q(w, ®)) Xy,
3.19)
Vx, Xi = —T2(E;) Xp 4+ (O(e) + L(w, ®) + Q(w, ®)) X,,.

a

We will also need the following expansion which follows from the result of [10,
Lemma 2.2] (with obvious modifications).

Yy, Xp=TY(E)X; — (R(e ® + ®, E,) Ej. Ep) X
1 . o . 4
4—2((R(Ea,Eb)(e®+c1>),Ej>—r;(e®+d>)rf(Ej)—rf(s®+¢)r;(5/))xj (3.20)

+(O(e) + L(w, ®) + Q(w, D)) X + (O(e?) + & L(w, ®) + Q(w, b)) X;.

These implies in particular

(T, Vx,Xa) = O'TH(E) (8 +2:0" Iy ) — £ (R, E)O, Eo)

—(R(©, E,)®, E,) — eTS(®)TY(O)
—T5(O)T4 (D) + O(e?) + eL(w, D) + Q(w, D).
On the other hand we have that
DaDV* = ewaah(®) Xy + (O + £2L(w, &) + £0(w, )) Xy
+(06E) + 2L, &) +£0(w, ®)) V*,
which implies
(DyDVE, Y) = ewaq (W(O), O) + O(e?) + > L(w, ®) +£Q(w, d).  (3.21)

Using these together with (3.14), (3.15) and Lemma 2.2, the first estimate follows
at once. For the other estimates one can proceed similarly. O



428 MOUHAMED MOUSTAPHA FALL AND FETHI MAHMOUDI

3.0.5. The mean curvature of perturbed tubes

Collecting the estimates of the last subsection we obtain the expansion of the mean
curvature of the hypersurface Sg(w, ®). In the coordinate system defined in the
previous sections, we get

mH(w, ®) =n — e T4(0) + £ 0" hag +2 0" [ 1+ 3)(1(8), 6) — hy |
+ O(?) — (AKSw + Agnw + nw)
- s(< Ag® + R(®, Ey) Eq, O) — T(D) rg(®)>
— @ h(©), O) Agrw — 2e(n + 3) O" T (W(O), Vgnw)
260" Vi h— e ((h(@), O) +hjj + haa> (Verw, Ens1)
— (14 3@ h(©) w, — 26" h(Vsnw,)* + e T4(Vsnw)
— 26V w: T(0)+260"  hyqwag — Bn+1)e0" T h(©)* (d5,0)
+e @M h(@z)" + 260" h : T(®)
Fnw?+ 2%" IVsnw|? + 2w Agnw — %(wa + (Dz, ©))>

2 n—+2 ~ ~
—(®a, Vsnwa) =2V w : I'(P) + T(R(‘D, 0), 0)

1
— 3(R(®, EN®, Ei) + O(?) + &% L(w, ®) + & Q(w, D).
Here we have used the formulas in Lemma 2.4, the fact that
1
Asn = — (Arn — (Bii, Or) ) .
n

and the notation A : B = Ay By for two linear operators A and B. Where summa-
tion over repeated indices is understood.

Let us emphasize the use of the variables y; = €y, on K. With an abuse of
notation, we call w the function w(y) = w(y) = w(e™! y) defined on K so that
cwz = w, and e2wz; = wa,. We first define the following operators appearing in
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the above expansion

Ll(w): = —(h(®), ®) Agiw — 2(n + 3) O (W(O), Vgnw)

+20"VEw b ((h(é),@» +hjj+ haa) (Vsrw, Enti)
(3.22)

—e(1 43O 1(@®), Vkw) + eO" T h(Venwz)?
— 282V12(w ‘T(O) + 220", waa,

T'® = —Gn+ 10" h(©)(d;z,0) + O (D) +20" T h : T(®), (3.23)

and the quadratic term

2—n n -
Olw, ®): = nw?+ — |V5nw|2 +2wAgrw — E(swg + (P4, @))2

—&(®gz, Vsnwz) — 262V w : [(®) (3.24)
n—+2 ~ ~ 1
+ (R(®,0)0, O) — g(R(CD, E)®, E;).
Next, we define
L :=82A](—|—Asn +n, Lo:=Asn +n

and the Jacobi operator about K in (9€2, g), see Subsection 2.2
J:=At —Rt+B.
Recall that (see Subsection 2.4) the outer unit normal to the boundary of 35’} in S}
isn=—Euq1,
ow _
o —(Vgr w, Epy1).
Using these definitions, we obtain the following result:

Proposition 3.5. Assume that K is a minimal submanifold, then the mean curva-
ture of Sg(w, ®) can be expanded as

mHw, ®) =n+e0" " hy, +e0"! [(n +3)(h(©), ©) — hjj] + 0O
~Low—e(JP,0)+eLl'w+eT (D) + Q' (w, D)

+ &> L(w, ®) + ¢ O(w, D) in Se(w, ).
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where L' is defined in (3.22), J" is given in (3.23), while Q' is a quadratic term
defined in (3.24). Moreover, the orthogonality condition is equivalent to the follow-
ing boundary condition on the function w:

a a
(N V) = -2 g w2

+OED) + 2 L(w, ®) +6 Q(w, @) on dSs(w, D).
an an

(3.25)
Proof. The expression of the mean curvature can be obtained rather easily taking
into account the above definitions (with obvious modifications) and the minimality

of K which implies
ré=0o. [

With these notations finding w and @ such that the equation m H = n and
(N, V?) = 0hold is equivalent to solve

Low+e (3P, 0)
= £ 0" hgq + 0" 1+ 3)(1(8), ) — hy; ]

+0@E) +e TH(@) + eL'w + QY (w, D)

3.26
+e2 L(w, ®) + ¢ Q(w, D) in $" x K, (3.26)

ow
an

dw 5 9 27 A
=w-—+0@E") +e Lw, ®) +2 0w, P) on Sy x K.
n

4. Adjusting the tube S, (K,)

In this section we annihilate the error terms (O(¢)) appearing in (3.26) at any given
order. The non-degeneracy of the submanifold K will play a crucial role in such
a construction. We denote by IT the L? projection on the subspace spanned by the

®,i=1,---,nandset (SNK); := S" x K.
We set

r r—1
W) = Zedw(d) and " = stCD(d).
d=1 d=1

Construction of w

We first want to kill the term (O(¢). This is equivalent to have
mHW", M) =n 4+ O0@E?)  inS. (", M),

(N, V) = O(e?) on 38, (D™, M),
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This gives the following equation in w")

ﬁow(l) — @ntl haa + @ntl [(n + 3)(]1(@), (:)) — hjj] in (SNK);
dw®
an

=0 ond(SNK),.

By the result from Subsection 2.4 (with y = %) and Fredholm alternative theorem,
the solvability of the above system is possible provided

/<®n+l haa +©" 7 [0+ 3)(1(®), 6) — hj;]) ©'d6=0 foralli=1, - .n
st

which is the case by oddness, here d6 denotes the volume element on Si.

Notice that the variable y is being considered as a parameter so that w(! is as
smooth as the right-hand side in this variable.

Constructing w?

We turn now to the term of order €2. We have

mH@®, M) =n 4+ O@E?)  inS,@", d0),
(N, V) = O(e?) on 38, (", ")y,

Since the terms involving & in Al (cw®, edD) are of the form &3L(®D) and
Q(®"), &), we are led to a system in w® and &) given by

Low® = (3o, 8) + O) + L1wD+ T (@D) +0(dM), &M in (SNK) 4
duw®

= O() ond(SNK),.
an

Note that IT 7' = 0 and IT Q(®V, ®() = 0 so the above problem is solvable if
and only if

J

GoD, &) e’ do +/ (0(1) +£1w<1>) O do

4 Sy
+ OO dd=0 foralli=1---n,
ast

where d6 and d6 are the volume elements on S and 98} respectively. This gives

an equation on ®) which can be solved using the non degeneracy of the subman-

ifold K because in this case JJ is invertible. Once this is done, we obtain readily
(@)
w'),
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Constructing v

We want to construct an approximate solution as accurate as possible, and to do
so we will use an iterative scheme. Suppose the couple (w1, @) is already
determined. To find (w™, ®~D), it suffices to check that when we project on
the Kernel of L, the operator involving ®~1 should be only the invertible Jacobi
operator JJ. This is the case since the only term that can bring ® 1 at this iteration
step is Q}il(w, ®) which gives only terms of the form e2® and Q(ﬁ)(’), CTD(’))
moreover I1.7! (®¢~D) = 1 0", &™) = 0.

The index r appearing in the linear and quadratic terms means that they depend
on the iteration step while the operator j,l keep its same properties because it is
influenced only by the even quadratic terms in Q@) + @, ") 4 @) appearing in
'™ +w, M) + @).

By induction, in the same argument, for every r € N, we can find (w(d), dD(d)),
d =1, --,r smooth such that

r r—1
") = stw(d) =0() and OV = stcb(d) = O(e) 4.1
d=1 d=1

and that

mHG?, )y =n+0ETH in S.0", 1),

(N, V) = O ?) on 3S. (", dM).

Remark 4.1. Notice that as in [11] we omitted the terms involving derivatives with
respect to y of the function w (by considering Ly instead of L), this is due to
the fact that since w is slow dependent on y,, when differentiating with respect to
vz we pick up an ¢ at each differentiation, this gives us smaller terms. However,
when applying elliptic regularity theorems we might loose two derivatives at each
iteration. This indeed is not a problem since one needs just a finite number of
iterations. We refer the reader to [11], where a more explanation is given.

We are left to find w and ® such that

mHBD +w, ® +®) =n  in S, 4w, " + ),
R 4.2)
(N, V&) =0  on 38 (0" +w, d" + ).

We define the linearized mean curvature operator about Sg (", " )

1 -
Lo, @) = = (Lo w + L} @) + (30, 6) + T, (@) + oL, (w, ©).

The index r appearing in the constant, linear and quadratic terms means that they
depend on the iteration step but keep there properties.



CONSTANT MEAN CURVATURE HYPERSURFACES 433

We notice that L, , is not precisely the usual Jacobi operator because we are pa-

rameterizing this hypersurface as a graph over Sy (w", ) using the vector field
—Y rather than the unit normal N. . )

Using Remark 2.3 (with y = 7), suppose that ¥ = S (0", ®") and N = —T.
From (4.1) and Proposition 3.2 we have

(N,=T) =1+ O().

Furthermore, from Proposition 3.1 and (4.1), the volume forms of the tubes
Se(w", ®") and (SNK) are related by

deZSg(zi)’,ci)') = (14 0O()) dUOl(SNK)+.
We define §; , > 0 by

(N, =T) dvolss(w,’&,) = 8¢, dvolsyk), - “4.3)

Multiplying by &, ,, the system (4.2) will change the terms £}, L., L,, the constant
and quadratic terms will keep there properties and there will be a new linear operator
,C} (w) on the boundary. We keep the same notations for these terms and call L, ,
the new selfadjoint operator §, » L » with respect to the standard L2*(SNK )4-inner
product. ~

Now since L,(w, ®) and E} (w) involves only terms of the form w, d,iw,
we may extend L, (w, ®), E} (w) and O, ("1 in (SNK), and this will just add
some terms in L, (w, ®), £ (w) and O, (¢") respectively which will maintain there
properties.

Without loss of generality we may replace the solvability of (4.2) with the
following equation.

Le, (w, ®) = éQAw, ®) + O, (¢")  in (SNK)4,

S (4.4)

an

éQr(w, D) on d(SNK).

We will try to invert the linear operator on the left-hand side and this will lead us to
study the spectrum of the operator by selfadjointness.

5. Spectral analysis

Function space

Fix % > s > 0. Forany v € LZ(SNK)Jr = LZ(Si x K), set

(®,0) :=Tv, e 1425y .= ity
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so that )
v=2¢"Fw+ (P, O). (5.1

It will be understood that &' fori = 1, --- , n are the components of [Tv on NK.
Conversely if couple a (w, ®) € nt LZ(SNK)Jr x L*(K,NK) is given, we asso-
ciate to it a function v as in (5.1).

Later we will often decompose
w = wo + wi (5.2)

where wy is a function on K and w1 has zero mean value with respect to the angular
integrals.

The volume element of (SNK); = S} x K will be denoted by d6 dy.
As it will be apparent later, we will consider the following weighted Hilbert sub-
spaces of L2(SNK)

L? .= {v =l w4+ (9, 0) e LEASNK);, : &% / lw|>d6 dy
(SNK)4

&
+/ |1 dy < oo}
K

with corresponding norm
Ioll?; := s—”f |w|2d9d&+f |2 d5.
‘ (SNK)4+ K
We also define
H! = {veLg : SZS/ @ |Vgwl* + Vg w]* + [w[?) do d
(SNK)4
+ [ aveer + o) a5 < oo}
K
with corresponding norm
Kl :=e—2‘f(s (| Vw Vgl +wl) d6 d5+ | (Vk @ +F)d5.

NK)+

Let |8’} | denote the volume of S’} . Notice that

in2 |4 ,
(®H“do = 1 foralli =1---n.
n

n
S+

S|

We define 0, := ;5.
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With these definitions in mind we redefine L, , by duality as follows

/ vLs,r v’ db dy := _8_%/ 2w’ AgwdbOdy
(SNK)+ (SNK)+

&% /(SNK) (Vor wVgr w' —nwuw')do dy
+

o / (3P, ¥y di
K

+/ (TH®) + LLw) + L, (w, D)) (17w + (P, ©)) do dy.
(SNK)+
We associate to L , its quadratic bi-linear form
Cer(v,V) := f vl v dody,
(SNK)4

and the associated quadratic form Q; ,(v) := C¢ (v, V).

As mentioned in the first section, following [11], we want to find the values
of ¢ for which the operator L, , is invertible. By selfadjointness this leads to find
the values of ¢ for which the eigenvalues of the form Q; , are bounded away from
zero. Such techniques requires first that our form should be very close to a model
one that we can characterize its spectrum (just the small eigenvalues). Secondly, to
understand the behavior of small eigenvalues seeing as “set” valued functions in €.
We will estimate the Morse index of Q; , and prove the monotonicity of its small
eigenvalues. The former can be done using Weyl’s asymptotic formula and the latter
can be obtained by applying a result by Kato. We shall do this in the remaining of
this section.

We define the model form, by duality, as

Co(v, V') = —8—25/ 2w’ Agwdody
(SNK)+

472 f (Vgn wVgn w' —nwuw')dody
(SNK)y "
+on f (39, ') d5
K

and the associated quadratic form Qg (v) := Cy(v, v).

Proposition 5.1. There exists a constant ¢ > 0 (independent of r) such that

|Ce.r (v, v') = Cow, V)| < c&® vl g 1Vl gy (5.3)
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Proof. Firstof all we notice that in £! (w) their may appear expressions of the forms
w, eayuw, g2 %a 87; w, 0,5w, 9, BZ 7 w. Nevertheless after integrating by parts and
using Holder inequality there holds

/ e =% w' L1 (w) do dy
(SNK)4+

< eclvll gy 101

and by definition of the H.! norm

A

‘ / (@', 0) L} (w)db dy' < ce*lle" = wll g 191l 2k N k)
(SNK) ‘

IA

ce* vl gy 101y

Furthermore I1.7!(®) = 0. Now it is clear that even if jrl (®)+Ly(w, ) involves
terms of the form w, edyew, & Byaaybw, 0w, 9, azj/w and also @/, 9y« P/ and

Oya Byb &/, in any case after integration by parts and using Holder inequality we get

/ (e L TN®) + L (w, ®)) (72w’ + (', 0)dodF| < cllv] g1 1V | 1.
(SNK)+ € e

The result follows at once. O
The Morse index of Q. ,
Define the two quadratic forms
Q* () := Qo) £y £ Ivll7,;-
From (5.3), if y > 0 is sufficiently large and ¢ small enough, then
Q < Q<09

so that the index of Q. , is bounded by those of QT and Q™.
Given any function w defined on (SNK) ., we set

Dy (w) := (H:yeﬁfksz|vz<w|2dy—<n¢yes>/K|w|2dy,

Df(w):=(1+ye') (& |Vkw|* + |V w|?) dO dy
(SNK)4+

—(nFye) lw|?dé d5,
(SNK)+
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and finally,
DY (@) = —(1+ y &%) / (Jo, d)dy.
K
With these definitions in mind, we have

Q*(v) = (n + Doy e Dy (wo) + &% DF (w1) + 0, DE(®),

if we decompose v = =2 yw + (&, ©) and further decompose w = wg + wi
as usual. Following [10, Section 6.3] it is easy to see that if (1 &= y &*) > 0 then
the index of D7 is the index of K. Moreover the index of DljE is equal to zero if
2m+ 1) (A —ye’)—(m+ye®) > 0because

Mw; =0 and / w;dd =0
Sy
hence
/ Vspwi?do =2+ 1) [ |wi*de.
st

sy
This shows that the asymptotic behavior of the index of Q, , should be determined
by Dgt. It is the case since its index is given by

g ¢ (Axye)rj <mFyed)}

where A; are the eigenvalues of —e2A counted with multiplicities. Now using
Weyl’s formula one obtain its index,

Sk

" n
Ind D ~ cx (8—2)
Collecting these estimates, one obtains the following:

Lemma 5.2. The Morse index of Q. , is asymptotic to ce K when & tends to zero,
where ¢ depends only on m and K.

Approximate eigenfunctions

In order to apply Kato’s theorem [7] we need to characterize the eigenfunctions
(eigenspaces) corresponding to small eigenvalues. We prove:

Lemma 5.3. Let o be an eigenvalue of L, and v = &'~ w + (®, ©) a corre-

sponding eigenfunction and '~ wo = f gn v dO is the decomposition from (5.2).
+

There exist constants c, co > 0 such that if |o| < co, then

1—

2s 2 K} 2
v—¢ w <cée v ,
|| ol = et vl

forall ¢ > 0 small enough.
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Proof. Forany v’ = ¢!~ w' 4+ (', ®), we have
Cer(v,0)) = 0/ T Pwuw' + (@, O)(P', ©) do dy
(SNK)+

=0 2w w’dedy+o,gn/ (@, D) dy.
(SNK)4 K

In addition, (5.3) gives

/ £ (e? Vew Vgw' + VerwVgrw' — (n+ 0 e ") ww') d dy

(SNVE)+ (5.4)

+ o / (30, ') — 0 (&, &) d5
K

<ce vl 1Vl -

Step 1. Let @ = 0 and w’ = w to get

/ 8—23‘(82 |VKw1|2 + |VSiw1|2 — (n —0 82_4S) |'LU1|2) do di
(SNK)+

1-2s

< ce ull g e will -

Howeyver, since
Mw; =0 and / w; dé =0,
N

n
+

we have
[ W5y dvolsy =241 [ wnas
sno F " sy

hence

. | . ]
[ e TP 4 g VP (= ol ) do d
(SNK)4

2
<ce' ol

This implies that
” e 1-2s

il < ce* vl

forall ¢ € (0, 1), provided |o| < 1/2.

Step 2. Now let w’ = 0 and ' = ®™ (respectively ®' = ®7) in (5.4), where ®*
(respectively &) is the L? projection of ® over the space of eigenfunctions of J
associated to positive (respectively negative) eigenvalues. This yields

/ (3P, DF) — 0 (D, D)) dF| < c& vl (DT, Ol .
K
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Since J is invertible, there exists ¢; > 0 such that

c1 (%, O) I3, <

/ 3o, d)i)dy‘ .
K
Hence
(c1 = lo D) (@™, O) 17, < ce® vl
This conclude the proof with ¢¢ := min{1/2, ¢1/2}. O

Remark 5.4. If v is an eigenspace corresponding to an eigenvalue given by the
above lemma, then it satisfies

‘/ 8—2S(82 |VKw|2 + |Vsiw|2 — (n + 0’82_4“‘) |W|2) do d)_)
(SNK)4

2

<ce' vl

+ on /K<<:sc1>, ) — o (@, D)) d7

and

V e (e |Vxkwl* + [Verw> —n|w|) dody| <ce’lvll},. (5.5
(SNK)+ '

Notice that VSiw = Vgnw) if w is decomposed as w = wy + w; one has

‘/ e (e |Vgw|* —n|wl?) do dF| < c& vll3,,
(SNK)+ '

so that
SZS/ 2 |Vkwl*do dy < c&* |vll3, —I—nSZS-/ lw|>dé d5y.
(SNK)+ ¢ (SNK)+

In particular we have
ol < cllvll .

Variation of small eigenvalues with respect to ¢

To understand the behavior of small eigenvalues of the symmetric quadratic form
Q,.r, we need to apply a result by Kato, see [7]. Considering the eigenvalues o (¢)
as differentiable multivalued function in &, the result states that

0,0 € :/ v(0:Le)vdody : Ley,v=0v, |v|p2= 1}. (5.6)
(SNK)+

An good estimate of a bound for the set on the right of (5.6) allows one to estimate
the spectral gaps of the linearized operator when the parameter ¢ is small, see [10,
Section 6.3].

This is indeed given in the following lemma.
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Lemma 5.5. There exist constants c1, ¢ > 0 such that, if o is an eigenvalue of L ,
with |o| < ¢y, then
€00 >2n—cée’,

provided ¢ is small enough.

Proof. We have just to provide bounds for the set on the right of (5.6) using the
above remark.

Assume that L, ,v = o v, but rather than normalizing the function v by
lvll;2 = 1, assume instead that ||U||L§ = 1. In order to compute 9L, ,, recall
that

w=¢ >y and that (3P, 0) =TI,

SO we can write

! EO(I—ILU)—i-l'Iv—i-%ﬁl(Hlv)

Le,v = —¥Ag (IT1v) + e o]

+7' Gy ) + e Le(e 2 T, 37 o).
Since IT and T+ are independent of e, we have
9:Le v = —25e B A (T v) + (=2 4+ 28)e 34 Lo (MTHv)
+(—1+25)72H% ﬁ; (Mt v) + Ly~ 1ho, 37 ' v),

where the operator L, varies from line to line but satisfies the usual assumptions.
This now gives

f V(0L )vdody — 25—1—%] &2|Vxw|*do dy
(SNK)4 (SNK)+

2-2
+ ( S) 8—2s

/ <82|va|2+|vs¢w|2—n|w|2)d9dy‘
€ (SNK)+

1—2s
£

<c IIz)llfH,g1 +‘ f(SNK) (@, O)L! (w)do dy‘
+

=
gl—s

2
o3,

Consequently if v is an eigenfunction of IL, , with corresponding eigenvalue |o| <
cp, where cq is given in the previous lemma, by the inequality (5.5), see the above
remark, we have

V v (0:Le.,) vdO dy — 2.9—1—25f e2|Vgw|?do dy| < ]L_S 1vll3,:-
(SNK)+ (SNK)4 2 ¢
(5.7)
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Again from the above remark, one gets

s—l—ZSf |Vkw|*dody < e |lull3, +n s‘l‘”/ w|*d6 d5.
(SNK)+ ‘ (SNK)+

If we normalize v by ||v|| 2= 1 then inserting this into (5.7) we get

c
=

(5.8)

_ 2
/ v (0:Le)vdody — —n
(SNK)y €

Sl—s

for all eigenfunction v such that I, ,v = ¢ v which is normalized by ||v|| 2= 1.

Now since [[v][z2 < [lv]| 2, we conclude that

Lev=ov Lgv=0ov
vl 2=1 il 2=1

inf/ v(0:Lo)vdody > inf/ v (0:Le)vdody,
(SNK) 4+ (SNK)+

and (5.8) implies that
c

> _n —
0,0 > 8n pRpe

This completes the proof of the result. O

6. Proof of Theorem 1.1

Using Lemma 5.2 and Lemma 5.5, reasoning as for the proof of [10, Lemma 6.3]
we can find a sequence of open interval /;, i € N such that the smallest eigenvalue
of L , is bounded away from zero for any ¢ € U; I;. More precisely we have:

Lemma 6.1. Fix any g > 2. Then there exists a sequence of disjoint nonempty
open intervals I; = (&; , s;“), sl.i — 0 and a constant c¢; > 0 such that when
e € 11 := U; I, the operator L , is invertible and

(]Lg,r)_1 : L? — Lg,

—k—q+1

has norm bounded by c, & , uniformly in ¢ € I. Furthermore, 11 := U;I;

satisfies
HY((0,6)NT19) —¢g| < cel, e\ 0.

For p e Nand 0 < « < 1, we denote by C”“ the usual Holder spaces on the
closure of (SNK) .
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Lemma 6.2. Let f € C%% and v satisfy
Lerv=f.

Then there exit a constant ¢ > 0 (independent of € but depend on r) and R > 0
depending only on q, o, s and k such that

—R
lvllcze <ce™ " [ fllgoe
foranye € 11.

Proof. Fix ¢ > 2. Observe that by definition of the weighted norm of Lg, from
Lemma 6.1 we have

—k—g+1—
Il 2 < cqg e I fll 2

By standard elliptic regularity theory, there exists ¢ > 0 (depending on r) such that
the following Holder estimate holds

_k
2]l e < & | fllcow +ce™2 vl 2.

From these last two inequalities, we can choose R > % +qg+a+1+s. O

We end the proof of the main theorem by finding a fixed point for the mapping
Ter () = —(Le,) " {Or () + Ney (0},
where
/ Ne,r(0)v' dody = / e O e It v, M) v do dy
(SNK)+ (SNK)+

+ el 0 (e 1t v, Tv) v db dy.
A(SNK) 4

Since by definition, Q, and O, are (at least) quadratic we have

INe,r ()l o

—242 2,
e~ O(Ivlle2e) 101Gz

—242
INe (1) = Ner02)llgoa = €727 O(Ivillg2es Iv2llc2a) o1 = 2]l 2

Now we fix r > 2 R+2 —2s. By Lemma 6.2 and the above inequalities, for every
¢ € I, T, ,(v) maps the ball

{v eC ¢ |l < Ce’+1_R}
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into itself moreover it is a contraction. Therefore it has a unique fixed point v =
e!=2% w 4 (®, ©) in the ball yielding

mHOD +w, ® +®)=n in Se@” +w, & +d) CQ,
(N,VEy =0 on 3S,(0w") +w, d" 4+ @) C 992,.

If ¢ € 11 is sufficiently small then rescaling back, the tube ¢ Se (™ +w, o + D),
is an embedded hypersurface of €2 with constant mean curvature equal to %8_1 and
intersecting the boundary of €2 perpendicularly along its boundary.

Remark 6.3 (Existence of stationary capillary hypersurfaces). Letting y< (0,7)

be an angle, recall from Subsection 2.1 that (y!, y> ..., y*) € R* (respectively
(' 22....7") e B/ () are the local coordinate variables on K, (respectively on

S"(y)), where r(y) = 11_;0225(;:) (see Subsection 2.4) and

O):=p|,, —cos(y)Enn

r(y)

parameterizes the spherical cap S"(y) which intersects the horizontal plane R
with angle y.

As in the case where y = % we can use the same class of deformations letting
®:K —> NK;and w : B; x K. — R, consider

S, 1 (y,2) >y x e 1 @(ey) + (1 4+ w(y, 2) O).

The surfaces nearby a geodesic tube around K, which make an angle almost equal
to y with d€2, can be parameterized (locally) by

Gy(y,2): (y,2) — S, (y,2) — F°(S)(y,2)),

namely
1 ~
Gy(y,2):=F° (y, ECD(Sy) + (1 +w(y, 2)0), (1 +w(y, Z))®n+l(7/)) :

Notice that @"+! (y)‘aBn = 0, so there holds
r(y)

Gy(y,z)‘[ . E0%2% for any y
dBr(V)

The image of this map will be called S} (w, ®).

Observe that the hypersurfaces close to 57 (0, 0) are parameterized using the vector
field = Y(y) = ©/(y) X; + ©®"*t1(y)V? rather than the normal E := p/ X;+
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p"T1V?¢ because it is more reasonable if we want the boundary of S} (w, ®) to
be on 92, without imposing simultaneously a Neumann and Dirichlet boundary
condition on w. Suppose Z;(y), Z,(y) span the tangent space of Sy (w, ®) as in
Paragraph 3.0.3, we can obtain the normal fields N (y) by finding ./ (y) and B¢ (y)
so that

N@y)=—-E+d’()Z;y) + B W) Za(y).

As we did in Section 3, the mean curvature at every point of SY (w, ®) can be
obtained:

m H(w, )
=n— e(FZ(f)) + 0" haa + " [3(h(B). B) — hjj ] + n O (y) (h(P), f)))

+0(e?) - (82AK (O), p)w) + As: ((O(y), p)w) +1n ((O(y), p)w))
—8<(AK<I> + R(®, Eq) Eq, P) — I'g(P) F?(f)))

—e((3n + 1) O ()R (Pa, B) + P (Pa) +2p" F(@))

n ~
— 5 (ewa + (®a, P)? — (s, eVsnwa) — 26°Viw : ['(P)

n-+2 - N 1
+T<R((D’ pe, p)— g(R(CD, E)D, E;)
+e L(w) + €2 L(w, ) + Q(w) + ¢ O(w, P).

Moreover (recall that V¢ is the interior normal of 9€2.) using the fact that

e"tl(y) =0, the equation ( — V¥, N) = cos(y) is equivalent to
r(y)

Jw

_ A2 27
) OE”) +¢e” L(w, P)

(©(y), p)(1 —w)

+0'(w, @)+ Qw,®)  ondS"(y) x K,
which is again equivalent to

0((O(y), p)w) W {O(y), p)
an(y) an(y)

+ 0@ +&* Lw, ®) + Q' (w, ®) + O(w)

+e O(w, ®) on 35" (y) x K

w cot(y) + @(82) + &2 L(w, ®) + Ql(w, D)

+0(w) + & Q(w, @) on 95" (y) x K,
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where
_ 1
Ql(wa CI)) = COt()/) (811)&((1)&, f,) + (cDL_la f’)(q)(}’ ﬁ) - 5 <R(q)a f’) CI), f’)) .

Using the results from Section 2.4 and from Section 4, one can adjust the tube
to S (™), M) accurately. Moreover with the decomposition of the functions
v=¢""2 w4 (d,p) € L>(S"(y) x K) as in (5.1) we conclude that the spectral
analysis of the linearized mean curvature operator over Sy ", é(’)) carried out
as we obtain in Section 5 in the new weighted Hilbert subspaces of L?(S" (y) x K)

12, = fo=et 2w 0 e 260 < )

e—ZSf <®<y>,p>|w|2d9(y>dy+/ @2 d5 < oo}
() xK K

{veLzy : 8—2"‘/5() (©(), p)(E* Vg w*+ [Vsnpwl*+ [w[?) dO(y) dy
T(y)xK

+/ (Vk P + [0 d < oo}.
K

Under the usual assumptions on K, if ¢ € 7 is sufficiently small then rescaling
back, we can find a couple (w, ®) so that the tube ¢ SZ(W) + w o+ ®),isan
embedded hypersurface of 2 with constant mean curvature ;-e™ ! and intersecting
a2 with and angle y. This yields a set of stationary caplllary hypersurfaces in 2
with constant “contact angle” y and condensing to the submanifold K.
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