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1. Introduction

This paper is devoted to a basic open problem about surfaces: the classification of
surfaces of general type and their automorphisms. We will work over the complex
numbers. Complex surfaces have been classified by Enriques and Kodaira in terms
of their Kodaira dimension «.

While surfaces with k < 1 are quite well-known, we have much less informa-
tion about surfaces of general type, i.e. those for which k = 2. Their complete
classification is still an open problem even though there are important contributions
from many mathematicians (for a general reference see [2]).

We know that minimal surfaces of general type are subdivided into classes
according to the value of three main invariants: the self-intersection of the canonical
divisor K é the holomorphic Euler characteristic x (S, Og) and the geometric genus
Pe(S) == ho(S, Os(Ks)) = h*(S, Og). Here we are mainly interested in those
surfaces with the lowest invariants:

Definition 1.1. A numerical Godeaux surface is a minimal complex surface of
general type S with p,(S) =0, K§ =1, x(Oyg) = 1.

The first example of such a surface can be found in [9] and it is the quotient
of a smooth quintic in P?> with a free Z/5Z action. This example turns out to have
non-trivial torsion, and in fact it has Z/5Z as a torsion group.

Much information about the torsion group of numerical Godeaux surfaces can
be obtained by the study of the base points of the tricanonical system |3Kg|. This is
an important result by Miyaoka (see [12]). It is known (see [12,15]) that the moduli
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spaces of numerical Godeaux surfaces with torsion group Z /37, Z./4Z and Z /57
are irreducible of dimension 8.

As for every surface of general type Auz(S) is a finite group (see also [18-20]).
It is still a quite difficult problem to determine the group Auz(S).

The simplest case is that of a surfaces S admitting an involution, i.e. an auto-
morphism of order 2. For Godeaux surfaces in [10] Keum and Lee study the fixed
locus of the involution under the hypothesis that the bicanonical system [2Kg| of
the surface has no fixed component.

In their work [5] Calabri, Ciliberto and Mendes Lopes complete the above
study by removing this hypothesis. Their result is the following:

Theorem 1.2. A numerical Godeaux surface S with an involution is birationally
equivalent to one of the following:

1. a double plane of Campedelli type;
2. adouble plane branched along a reduced curve which is the union of two distinct
lines ry, r1 and a curve of degree 12 with the following singularities:

e the point gy = r1 N rp of multiplicity 4;

e apointq; € ri, i = 1,2 of type [4, 4], where the tangent line is r;;

e further three points q3, qa, q5 of multiplicity 4 and a point q¢ of type [3, 3],
such that there is no conic through q1, . . ., qe;

3. a double cover of an Enriques surface branched along a curve of arithmetic
genus 2.

In case 3 the torsion group of S is Tors(S) = 7. /47, whilst in case 2 is either 7./27.
or Z]47.

We recall that a double plane of Campedelli type is a double plane branched
along a curve of degree 10 with a 4-tuple point and 5 points of type [3, 3], not lying
on a conic. An example of such a double plane can be found in [16].

We want to extend the method used in [5] in order to classify such numerical
Godeaux surfaces S having an automorphism o of order three. Our main result is

Theorem 1.3. A numerical Godeaux surface S cannot have an automorphism of
order 3.

It is possible to construct (see also [3,17]) a minimal smooth resolution of the
cover p: S — ¥ = §/o, i.e. acommutative diagram

X —* ., §

nl lp (L.1)

Y—n>2

where X and Y are smooth surfaces and w : X — Y is the triple cover induced
by o. The main idea is then to apply the theory of Abelian covers following [13].
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We start our analysis, using Hurwitz formula and the topological Euler char-
acteristic e to estimate the number of isolated fixed points of the action of ¢ on
S. Such points can be mapped either to ordinary triple points or to double points
of type A,. We determine some basic properties of the invariant part A of the tri-
canonical system |3Kg|, which can be either a pencil or a net and it is mapped to
a system |N| over the quotient surface Y. Moreover we study the adjoint systems
to |N| with the help of [4, Lemma 2.2]. All the relevant numerical properties are
collected in Proposition 4.12. We also have a subdivision in three major cases (see
the list of page 490) according to the intersection number RoKs and h,, where Ry
is the divisorial part of the ramification locus of o while A, is the number of isolated
fixed points of o mapped to As-singularities.

A numerical analysis of these three cases is worked out in Sections 5, 6, 7
where using some properties of nef divisors and fibrations it is shown (see Theorems
5.17 and 6.2) that the first two cases cannot occur. In the third case the system |N|
on Y (and also A on S) is a pencil and its movable part induces a fibration over Y.
An analysis of the singular fibres determines the possibilities listed in Theorem 7.7.
It is quite easy to see, although it is a very important information, that Y is a smooth
rational surface (Proposition 7.1).

Sections 8 and 9 are devoted to a deeper study of the adjoint systems to the
pencil |N| and to exclude some of the cases coming from Theorem 7.7. We also
divide the remaining group of cases between Del Pezzo cases and ruled cases (see
Definitions 8.3 and 8.4), since either Y is a blow-up of P2 at a certain number of
points, or Y has a rational pencil with self-intersection 0. Moreover we show that
the divisorial part Ry of the ramification locus of the order three automorphism
o on the numerical Godeaux surface S is either O or it has only one irreducible
component.

Last sections deal with a more geometric study. We first analyze the ruled
cases. We show that Y after contraction of suitable curves can be mapped onto
Fo, | or IF, and that, by blowing up a point and contracting again, we can always
reduce to F;. Then we can actually see, birationally speaking, our surface S as
triple plane.

A computation of the movable part |A’| of the pencil |[N| on Y allows us to
show that ruled cases cannot actually occur.

Finally we study the Del Pezzo cases where the rational surface Y is mapped
to the projective plane blown-up at seven, eight or thirteen points. The computation
of the exceptional curves coming from the blow-up of the isolated fixed points on §
tells us that also Del Pezzo cases do not occur.

One might now ask whether there are numerical Godeaux surfaces with auto-
morphisms of order p > 3 and, if so, might want to classify them. As we have
seen, this is not an easy problem in general. However we notice that Stagnaro’s
construction (see [16]) gives us an example of a numerical Godeaux surface S with
an order 5 automorphism. In fact in this case the surface S is birationally equivalent
to a double plane

22 = fio(x,y) (1.2)



486 ELEONORA PALMIERI

where f1o(x, y) is an irreducible polynomial of degree 10 which is invariant under
the plane transformation (x, y) —> (Ax, A2y) where A = ¢>"'/3. One can easily
show that

(¥, y,2) —> (x, 2%y, 2)

is an automorphism of order 5 on (1.2) hence on the numerical Godeaux surface S.
Thus the non-existence of order 3 automorphisms on numerical Godeaux surfaces
appears as a quite surprising result.

The results contained in this paper are part of the author’s Ph.D. thesis [14]
which can be also found at the following web address

http://ricerca.mat.uniroma3.it/dottorato/Tesi/tesipalmieri.pdf.

Notation

Throughout the paper linear equivalence of divisors is denoted by =, whereas nu-
merical equivalence is denoted by ~. The intersection product of two divisors A and
B on a surface is denoted by AB. The remaining notation is standard in algebraic
geometry.

ACKNOWLEDGEMENTS. I would like to heartily thank Prof. Ciro Ciliberto, who
introduced me to this problem, for his guidance and his constant encouragement
during the preparation of [14]. I also wish to thank Prof. Margarida Mendes Lopes
and Prof. Fabrizio Catanese for their careful reading and for many useful sugges-
tions and remarks.

2. Preliminary results

Let us consider a numerical Godeaux surface S (see Definition 1.1) with an order
3 automorphism o and let p : S — X be the projection of S to its quotient
Y =S/ <o >. Letalsomr : X — Y be the resolution of the cover § — X
with X and Y smooth as in [3, 17]. So we have the commutative diagram (1.1).

Let us fix the notation: Ry is the ramification divisor of p, h; is the number
of isolated fixed points p; of o which descend to triple point singularities of X,
whereas 5 is the number of isolated fixed points g; of o which descend to double

point singularities of ¥. We also set £ = Zf’; | Ei where E; is the exceptional
curve corresponding to the point p;. We will denote the reducible (—1)-curve which
contracts to a point g; by F; + G; + H; where F;, H; are (—1)-curves and G is
a (—3)-curve with F;G; = H;G; = 1, F;H; = 0. The sum of the curves F;, G;
and H; will be similarly denoted by F, G, H. Let finally By = 7w (¢*(Rp)) and El/ ,
F etc. be the images of E;, F;,... via.

So we have R = Ram(w) = ¢*(Ro) + E + F + H and, by Hurwitz formula,

Kx = 7*(Ky) + 2R = n*(Ky) + 2¢*(Ro) + 2E + 2F + 2H 2.1
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while since X is a blow-up of §
Kx =¢*(Ks) + E+2F +G +2H . (2.2)
Lemma 2.1. We have
e*(Ro)Kx = RoKs, &"(Ro)m*(Ky) = BoKy (2.3)
BoKy = RoKs — 2Rj. (2.4)

Proof. Let us compute £*(Ro) K x using formulas 2.1 and 2.2. We notice that, since
7*(By) = 3¢*(Ro), e*(Ro)m*(Ky) = BoKy. By (2.1) we obtain

e*(Ro)Kx = £*(Ro)(*(Ky) +2¢*(Ro) + 2E + 2F + 2H) = BoKy + 2R} .
Instead, by (2.2) we find
e*(Ro)Kx = e*(Ro)(e*(Ks) + E +2F + G +2H) = RyKs .
The desired result follows. O

Proposition 2.2. Let S, o, X, Y be as above. Then the number of isolated fixed
points of o satisfies

hi +2hy = 6+ W’Lz_le%. (2.5)
Moreover we have
Ki = %[Kg — (h + 3h2) + 4R} — 4RoK s]. (2.6)
Proof. Computing the Euler numbers of X and Y we obtain
e(X) = 3e(Y) — 2e(R). 2.7
Now,
—e(R) = —e(¢*(Ro)) — 2(h1 + 2h2) = RG + RoKs — 2(h1 + 2hy)
e(X)=12—-K%, e(Y)=12—-Kj
so from (2.7)
12— K% =3(12 — K3) + 2(R + RoKs) — 4(h1 + 2h2) . (2.8)

Again from (2.1), (2.3) and (2.4)

K% = (7*(Ky) +2¢*(Ro) + 2E + 2F +2H)> = 3K} — 4R} +4RoKs (2.9)
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hence

1 1
K2 = §[K§ +4R2 — 4RoKs] = 5[Kg — (hy +3h2) + 4R% — 4RoKs] .

Putting all these together and substituting (2.9) in (2.8) we obtain
12— 3K} + 4R} — 4RoKs = 36 — 3Ky + 2(R} + RoKs) — 4(hy + 2hy)

from which we infer
3RoKs — R}
2
as wanted. O

hi+2hy =6+

Remark 2.3. Using the above proposition we immediately have

1 9 11
ngg[K§—6—hz+§R8—7RoKs] (2.10)

‘We have

2Kx — R =2(7"(Ky)+2R) — R =7"(2Ky) + 3R = n*(2Ky + B)
3Kx =3(n*(Ky) +2R) = 7n*(3Ky + 2B)

and from the theory of Abelian triple covers (see [11, 13])
1.Ox = Oy ® Oy(=L1) ® Oy(—Ly). (2.11)
Then

7.(Ox(2Kx — R)) = Oy(2Ky + B) ® (Oy ® Oy(—L1) ® Oy(—Ly)) (2.12)
= OyQRKy+B)@® Oy(QKy + L) ® Oy(2Ky + L1)

1.(Ox(3Kx)) = Oy(3Ky + 2B) ® (Oy & Oy(—L1) ® Oy(—L2)) (2.13)
=0OyBKy+2B)®Oy(BKy +B+ L)) Oy(BKy +B+Ly).

In particular
2 =h%X, Ox(2Kx)) > h°(X, Ox2Kx — R)) > h°(Y, Oy 2Ky + B)) > 0

4 =h%X,0x(3Kx)) = h°(Y, Oy(3Ky +2B)) > 0

Remark 2.4. We note that 1°(Y, Oy (3Ky + 2B)) = 4 cannot occur, because if
so, then each curve of the tricanonical system |3K x| would be invariant under the
action of o, hence the tricanonical map ¢3x,| would be composed with o: this is
not possible since @3k is a birational map (see [12]).
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Lemma 2.5. The divisor N = 3Ky + 2By + E' — 3G’ on Y is nef and big with
N?=3,NKy =1 —2RoKs.

Proof. We just observe that 7*(N) = ¢*(3Ks). which is nef and big since S is of
general type. O

We now want to apply Kawamata-Viehweg theorem (see for example [1]) to
compute the dimensions of HO(Y, Oy (3Ky + 2B)) and H*(Y, Oy 2Ky + B)) as
vector spaces. We obtain the following

Proposition 2.6. In the above setting we have

(a) h°(Y, Oy(3Ky +2B)) = h°(Y, Oy (N)) = 2 + RoKs;
(b) BO(Y, Oy (2Ky + B)) = $(2ha — 2 — RoKy).

Moreover, we have 0 < RoKs < 1 and it can be RyKs = 1 if and only if
ho(Y, Oy 2Ky + B)) = 1 and hy = 3.

Proof. (a) We determine some curves in the fixed part of |3Ky +2B|. We can write
3Ky +2B| = |[N|+ E'+2F'+2H' +3G’. So we have h°(Y, Oy 3Ky +2B)) =
hO(Y, Oy (N)). Moreover, since 7*(N) = ¢*(3K), using the formula

7 (Ox(e*(3Ks))) = Oy(N) ® Oy (N — L1) ® Oy (N — Ly)

and the fact that 4’ (S, Os(3Ks)) = 0 for all i > 0, we find 1’ (Y, Oy (N)) = 0 for
all i > 0. Then, using Lemma 2.5 one has

0 < KO(¥, Oy (N)) = x (Y. Oy(N)) = 1 + M — 2+ RoKs.

(b) Again we determine some curves in the fixed part of 2Ky + B|. We have
WY, Oy @Ky + B)) = h°(Y, Oy 2Ky + Bo + E' = G))

But we can also write

1 1 2
2Ky+Bo+E’—G’=Ky+(Ky+Bo+E’—G’)=Ky+§N+§Bo+§E’

and by Kawamata-Viehweg theorem
R (Y, Oy(2Ky + Boy+ E'—G')) =0 foralli > 0.
Then, as in (a), using (2.4), (2.5), (2.6) we have
0 < h°(Y, Oy 2Ky + Bo+ E' = G") = x (Y, Oy 2Ky + Bo + E' — G'))

14 2Ky +By+E —G)YKy+By+E —G)
2

1 1
=3B+ K3 —6+42hy — RoKs] = 3 (@h2 =2 = RoKs).

The last assertion follows by Remark 2.4 and 0 < oY, Oy2Ky + B)) <2. O



490 ELEONORA PALMIERI

So we are left with only three possible cases, according to the values of RoK s
and of hy:

(i) hO(Y, Oy(N)) =3, h°(Y, Oy 2Ky + B)) = 1, RoKs = 1, hy =3
(i) h°(Y, Oy(N)) =2, h°%(Y, Oy 2Ky + B)) =2, RoKs =0, hy = 4
(iii) hO(Y, Oy (N)) =2, hO(Y, Oy 2Ky + B)) =0, RoKs =0, hy = 1

Lemma 2.7. Forany 1 <i < 2,0 < j < 2 we have hj(Y, Oy(—=L)) =0. In
particular Ll.2 + LiKy = —2fori =1,2.

Proof. Tt is immediate from (2.11) since X is birational to a numerical Godeaux
surface and Y is smooth. ]

Proposition 2.8. Assume case (iii) above holds and ¢ = 1. Then Ry is an irre-

ducible (=2)-curve and hy = 4+ € = 5. Let o = e2_73” be a primitive third root
of unity and let h\1 and h1y be the number of curves E; such that the eigenvalue
of the action of 7./37 on E; is w and w* respectively. Then if w is the eigenvalue
corresponding to Ry then h1y =2, hjp = 3.

Proof. Since case (iii) holds from (2.5) we infer hy =4 4+ ¢ = 5.
We now write as E/, and E’_ the sum of the curves E; associated to the same

eigenvalue w and w? respectively. Since h| = 5 = hyj + hj, from the theory of
Abelian triple covers we have

3Ly =By+E/| +2E + F +2H

and we find

1 / -/ / / 14'_hll
Lle=§(Bo+E++2E_+F +2H)Kyzf+1

hence h1; = 2 mod 3 that forces i1} =2, hjp =3 orh;; =5, hi1p = 0. Further-
more
2 _ 1 -/ 2‘/ "1oH' 2 _ 9O+ h
L1_§(BO+E++ E_+F +2H)" =-94h
From Lemma 2.7 we know that L% + L1 Ky = —2 hence

14—h 2h11 — 10
M-hy 2k - 10

—2=L}+LiKy=-9+h;+ 3 3

andh11 =2. ]
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3. The invariant part of the tricanonical system

Before going on, we want to better understand the properties of the curves in |N|
(which is always non-empty). In particular, in Lemma 2.5 we have seen that N2 = 3
and NKy = 1 — 2RgK g so that

N>+ NK 341—2RoK
Pa(N)=1+fY=l+f“=3—RoKs.

Lemma 3.1. Let S be a numerical Godeaux surface and let A be a linear subsystem
of 13Ks| withdim A > 1 and A = A + ® where A is the movable part and ® is
the fixed part of A. Then the general member A € A is reduced and irreducible
and one of the following conditions is satisfied:

a) AKg =2 ®Kg=1 A42=0,2,4, p,(®) <2;
b) AKgs =3, ®Kg5 = 0 and either Az = 1,3,5,7, pa(®) <0o0r ® =0.

Moreover, ifA2 =4 then A ~ 2Kj5.

Proof. We have 3 = 3K§ = AKs = AKg + ®Kg. Moreover, by Miyaoka [12],
we know that AKg > 2. This implies either AKs = 2, PKg = 1 or AKg = 3,
® K5 = 0. In the former case by the Index theorem (see [1])

0>(A—2Kg)>=A>+4-8=A%—14

and
0> (D —Kg)>=d>+1-2=0d%—1

which proves a). A similar argument shows b). To see the irreducibility of A simply
observe that if A = A{ + A, was reducible then A{Kg, A,Ks > 2 and AKg > 4.
Contradiction. O

Proposition 3.2. If the linear system |N| has fixed part, then |N| = |A’| + @ with
A? = 0,1,2 and the general curve of |A’| is smooth. Moreover AN = AKg,
A’By = ARy,

Proof. Since 7*(N) = £*(3K) there is a linear subsystem A of |3Kg| such that
e*(A) = n*(IN|) and dim A = h°(Y, Oy (N)) — 1 = 14 RoKs. Thus we can
apply Lemma 3.1 to A. Moreover the strict transform A of A is the movable part of
7*(|N|), so A = w*(A’) where |A’| is the movable part of |N|. Then

9> e*(A)? > A% = ¥ (A))? = 34"

This forces A2 to be 0,3,60r9. If A2 =9then A = £*(A) and the linear system
A, hence |N|, has no fixed part. The last assertion is an easy computation. O

We now focus our attention on the case dimA = 1 + RgKs = 1 or equivalently
RoKs = 0. Then A is a pencil and A? is the number of base points of A.
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Remark 3.3. We note that, if RgKs = 0, since A = A + & = 3Ky, for each
irreducible component Ry; of Ry, we have either ARy; = 0 or Ry; < ®. Then

ARo = Y_f_, ARy < A®. On the other hand
9=A%=A%1+2A0 + ®*

and
30Kg = DA = AD + D>,

Therefore
0< ARy < AD =9 — A? — 3DKj.

Moreover the A® intersection points between A and ® form an invariant set for the
action of Z/3Z on S.

Let us write ¢*(A) = A+ D with D a sum of exceptional divisors with certain
multiplicities.
Remark 3.4. Let us write £*(®) = ) 4 D'. Then there exists a divisor ®” on Y
such that 7*(®”) = ® and 7*(®’) = ® + D + D’. This implies (D + D')?> =0
mod 3. Moreover, the multiplicity of each curve Ej, F or H in D+ D’ is a multiple
of 3, since they appear in the branch locus of the cover7 : X — Y and D+ D" =
7*(P" — @) is a pull-back of a divisor on Y.

We also remark that if ® = 0 we have ® = D’ = 0 hence 7*(®') = D.

Lemma 3.5. For each simple base point of A which is an isolated fixed point q ; the
self-intersection A* of A drops exactly by 2. Moreover either ¢*(A) = A + 2F; +
Gj+Hjore*(A)=A+F; +G; +2H,.

Proof. We simply blow up g; as shown in [3] or [17] and compute £*(A). O
Similarly one can show:

Lemma 3.6. For each double base point of A which is an isolated fixed point q;
the self-intersection A2 of A drops at least by 5. In any case this can only happen
when A% > 6. Moreover, ifq; is a node then e*(A) = A+3F; +2G; +3Hj, ifq;
is a cusp then e*(A) = A+ 3F; +2Gj +2H;. Finally if q; is neither a node nor
a cusp then A*> =9 and *(A) = Z+4F,- +2G; +2H;.

Lemma 3.7. [f the general A € A has a triple point singularity at one of the
isolated fixed point q; we have A%2=9andq j is an ordinary triple point. Moreover

e*(A) = A+3F; +3G; +3H,.

Remark 3.8. From Remark 3.4 when A% = 9 (or equivalently ® = 0) we have
D’ = 0 and each component of D different from G has multiplicity m = 0 mod 3.
In particular if we look at the multiplicities o ; of A at the points ¢; we find, using
Lemmas 3.5, 3.6 and 3.7, the following possibilities:
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I.aj=0
2. aj =2 and g; is anode
3. aj = 3 and g; is an ordinary triple point.

Moreover the multiplicity m; of the general curve A at any of the points p; can be
different from O (hence m; = 3 since m; =0 mod 3) only when «; = O for all the
points g ;.

Remark 3.9. Assume p,(A’) = g. Then A’Ky =2g—2— A’?. On the other hand

34Ky = n* (A" (Ky) Z A(Ky — 26%(Roy) — 2E — 2F — 2H)

= (¢"(A) — D)(e*(Ks —2Ry) + G — E)
= AKg—2ARy— DG + DE .

Therefore
AKg—2ARy — DG + DE = 6g — 6 — 34" 3.1)

Lemma 3.10. In the above setting we have DG = 0 unless A> = 9 and the general
A € A has an ordinary triple point at q. In the latter case DG = —3. In particular
the general A € A cannot have a cusp at q.

Proof. If mult;A = 0 then obviously DG = 0. Therefore we can assume o :=
mult; A > 1. We notice that

3A4'G' = n*(A)7*(G') = AG = (¢"(A) — D)G = —DG (3.2)

and then DG = 0 mod 3. Then simply compute DG when « = 1,2, 3 using
Lemmas 3.5, 3.6 and 3.7. O

As an immediate consequence of Lemma 3.10 and of equation (3.2) we have:

Corollary 3.11. In the above setting we have A'G’ = 0 unless A> = 9 and the
general A has an ordinary triple point at q. In this latter case A'G’ = 1.

We now concentrate our analysis on the case dim A = 1 and A, = 1, which is
case (iii) of the list at page 490.

Proposition 3.12. Assume dim A = 1 and h, = 1. Then when A’ 2 = 0one of the
following possibilities holds:

(0a) A2=2, ARy=0,g=1 A'Ky =0, D= E| + E»;

(Ob) A2=2, ARy=1,g=1,AKy=0D=2F+G+H;

(Oc) A2=3,ARy=0,g=1 A'Ky =0, D= E| + E» + E3;
(0d) A2=3,ARy=1,g=1,AKy=0D=E| +2F+G+H;
(0e) A2=4, ARy=0,g=1 AKy =0, D=2E;
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(0fy A>=5 ARy=0,g=1 AKy =0, D=2E| + E>;
(0g) A2=9, ARy =0,g=2 AKy =2, D=3F+3G+3H;
(Oh) A2=9, ARy=0,g=1, A’Ky =0, D = 3E|.

Moreover when cases (0g) or (Oh) hold we have ® = 0, i.e, the invariant pencil
A < |3Kgs| on S has no fixed part.

Proof. Let us assume A’ 2 = 0. We start by considering A2 < 7. From Lemma 3.10
we have DG = 0. Then, if D = uF +vG +wH + Zf’;l a; E;, (3.1) becomes

hy
AKs—2ARy— ) a;j=6g—6. (3.3)

i=1

Let us begin with A2 =0.Then D = Oand A = £*(A). Moreover from Lemma
3.1 AKs = 2 and from Remark 3.3 we have 0 < ARy < A® = 6. Hence by (3.3)

2—2ARy=6g—6

and then ARy = 1,4 since ARy = 1 mod 3. The intersection cycle A - ® is
composed of six points with multiplicities. From Remark 3.3 (we recall that we are
assuming RgKs = 0) these points are organized in orbits for the action of Z/3Z.
Each orbit contains either three distinct points or only one fixed point, which can a
priori be an isolated fixed point. The latter case cannot actually occur since A and
@ have no isolated fixed point in common. Then we should have ARy =0 mod 3.
Contradiction.

When A2 = 1 we have AKs = 3, ARy < A® = 8 and from Lemma 3.5
D = E|. Then from Remark 3.4 we have D’ > 2E|. Since A - ® is composed by
8 points with multiplicities and the only isolated fixed point in A N & is p;, which
is double for the O-cycle A - @, from Remark 3.3 we have ARy = 0 mod 3. From
(3.3) we have

2—2ARy=3—-2ARy—1=6g —6.

Then ARp = 1 mod 3 and this is impossible. The rest of the proof when A2 <7
is similar.

Finally we consider A2 = 9. We know from Lemma 3.1 that ® = 0. Using
Remark 3.3 we find ARy = 0. Moreover from Remarks 3.4 and 3.8, D’ = 0 and the
general A has either multiplicity O or 3 at each of the isolated fixed points p;, and it
can be 3 only if the multiplicity at g is 0. Then we have the following possibilities
for D:

a) D = 3F+3G+3H: in this case from Lemma 3.10 DG = —3 and (3.1) becomes

6=3-0+3—0=AKg—2ARy— DG + DE = 6g —6 —3A"> = 6g — 6

which has the only solution g =2, A’Ky = 2.
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b) D = 3E;: equation (3.1) becomes
0=3-040-3=AKs—2AR0— DG+ DE =6g—6
which forces g =1, A’Ky = 0. O
With a similar argument one can show (see [14, Proposition 2.2.14, 2.2.15]):

Proposition 3.13. Assume dim A = 1 and hy = 1. Then when A% =1 one of the
following possibilities holds:

(la) A2=3,ARy=0,g=2 AKy=1 D =0;

(1b) A2=3 ARy=3,¢g=1AKy=—-1,D=0;

(Ic) A>=3,ARy=6,g=0, AKy =—-3,D=0;

(1d) A>=5ARy=0,g=2 AKy=1,D=2F+G+H;

(le) A2=5 ARy=3,¢g=1 AKy=—1,D=2F+G+ H;

(1f) A2=9, ARy=0,g=2 A'Ky =1, D=3F +2G + 3H.

Moreover when case (1 f) holds we have ® = 0, i.e, the invariant pencil A < |3Kg|
on S has no fixed part.

Proposition 3.14. Assume dim A = 1 and hy = 1. The case A’ 2 = 2 cannot occur:

Remark 3.15. There is only one possibility left out by Propositions 3.12, 3.13 and
3.14. This is the case A2 =9, D =0 or, equivalently, A" = N. Then from Lemma
2.5weknow g =3,A'Ky = NKy = 1.

Corollary 3.16. In the above setting, when D = 2F + G + H + ) _; a; E; we find
A'H = 0.

4. Adjoint systems to the pencil |N|

We also state here some properties of the adjoint system |Ky + N| which will be
useful later. We know that hz(Y, Oy) = 0, Y is a regular surface, and that we have
a linear system |N| of nef and big curves on Y. Let us consider the short exact
sequence

0— Oy(—N)—) Oy — ON—>0

Since N is nef and big we have h°(Y, Oy (—=N)) = h' (Y, Oy(=N)) = 0 and
h(Y, Oy (Ky + N)) = h*(Y, Oy (=N)) = h' (N, Oy) = pa(N) = 3 — RoKs

Then |N + Ky| is a linear system of curves with arithmetic genus given by the
formulas (see also Lemma 2.5)
(N +Ky)> =N>+ K} +2NKy =5+ K3 — 4RoK
(N4 Ky)Ky = K2 + NKy = K2 +1—2RoKs @1
(N 4+ Ky)(N + 2Ky)

pa(N+Ky) =1+ 5 =44+ K2 —3RoKs.
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Remark 4.1. We observe that N+-Ky is not nef. In fact (N+Ky)G;=KyG;=—1.

From [4, Lemma 2.2] if N + Ky is not nef then every irreducible curve Z such
that Z(N + Ky) < 0O is a (—1)-curve with ZN = 0. By contracting the curves
and repeating the above argument we can see that after contracting each (—1)-cycle
on Y such that ZN = 0 we get a surface on which N and its adjoint are both nef
divisors.

Lemma 4.2. The number n of (—1)-cycles Z on Y different from the ones of G’ for
which ZN = 0 is greater or equal than

35 3, 1042
P RoKg — ~R2 — — 2
6 0nS T %0 3

Proof. Let Z be such a cycle. Then for any other (—1)-cycle Z’ that does not
intersect N we have ZZ' = 0 by the Index theorem. In particular Z does not
intersect any curve G'. Then

0=ZN =ZQ3Ky +2By+ E —3G)=—-3+2ByZ+E'Z  (4.2)

and there is a (—3)-curve E; intersecting Z positively. Moreover since E/N = 0
we have (Z + Elf)2 <Ohence —1 < ZE! < 1foralli =1,...,hy.

We know that N+ Ky — >+, Z; — G’ is nef and, by Lemma 2.5 and equation
(2.10),

- 104+ 2h 3 35
0<(N+Ky =3 Zi—G) = ="+ R — CRKs+n O

i=1

Letusset Ny :=N+ Ky —G' =)/, Z;.

4.1. The (—1)-cycles Z;

We now analyse the irreducible components of the above (—1)-cycles Z;. From the
nefness of N and N; we find

Proposition 4.3. In the above setting each irreducible component of the (—1)-
cycles Z is a curve C such that CN = CNy = 0.

Corollary 4.4. The curves F ]’ and HJ’- satisfy F ]’-Nl = H ]’-Nl = 0 forany j =
1,..., hy. In particular F]’ Y Zi= HJ’. Y1 Zi=0.

Proof. Simply compute F J/ Ny (respectively H J/ N1) using the above proposition and
recalling that FJ/ and H]/. are (—3)-curves such that FJ/.N = H]’.N =0. O
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Corollary 4.5. For any irreducible curve E; or Boy we find

n n
E,szizo, BOkEZizO.
1= 1=

Proof. The statement is obvious if E; or By are not contained in any of the (—1)-

cycles Z;. On the other hand if E; is contained in some (—1)-cycles, from Proposi-
tion4.3wefind0 = E_N; =1—E; Y i, Zi hence E, >}, Z; = 1. Analogously
if Boy is contained is some cycle Z;, then Box N = 0 and By is a (—6)-curve on
Y. Hence we find 0 = Box Ny =4 — Box y_+_; Z; as wanted. O

Let us now consider an irreducible (—1)-curve C in a cycle. Recall, from the
proof of Lemma 4.2 and from (4.2), that there is a curve E; such that CE] = 1.
On the other hand, (7*(C))? = 3C? = —3 and, for each E; with CE| = 1 and
C as above, 3 = 7*(CE}) = 37*(C)E; which implies 7*(C)E; = 1. Moreover
both C and E! are irreducible and C? = —1 while E;Z = —3. Thus it cannot
be E; < n*(C). In particular 7*(C) cannot be singular at the point 7*(C) N E;
(otherwise we should have 7*(C)E; > 2).

Lemma 4.6. If C is an irreducible (—1)-curve such that CN = 0 and CF]’- =
CHJ/. =0(j=1,...,h)then w*(C) is a rational curve and w*(C)? = —3.

Proof. Suppose that 7*(C) = C|+ C,+ Cj3 is the union of three distinct curves and
consider the curve E; above. Then C;C; > 1 fori # j since the point 7*(C) N E;
is fixed for o. Each component of 7*(C) is a rational curve, so —2 = 2p,(C;) —
2 = C;(C; + KYx). Since the intersection of the components C; is fixed under the
action of o, we should have, for each i such that E l’ intersects C, 1 = 7#*(C)E; =
(C1+ Cr + C3)E; = 3C, E;. Contradiction. It follows that 7 *(C) is an irreducible
curve. We now want to show that pe(7*(C)) = 0. From Hurwitz formula we have

2pe(T*(C)) —2=—2-342r

where r is the number of ramification points of the triple cover 7*(C)" — C. We
have 2r = 2p,(n*(C)) +4 > 4, sor > 2. On the other hand r is not greater
than the number of intersection points of C with By + E’ + F’ + H’. We have
CF' = CH' = 0 and from (4.2) either CB) = CE' =1 orCBy = 0,CE’ = 3.
Furthermore

n*(C)Kx = n*(C)(7*(Ky) + 2R) = =3+ 2CBy + 2CE".

In the former case, r = 2 and 7w*(C)" is a smooth rational curve. In the latter case
r =2,3. If r = 2 then 7*(C) has geometric genus 0 and it has a singular point in
7*(C) N E. This is a contradiction since 7*(C)E; < 1,i =1, ..., h;.

When r = 3, instead, since p,(m*(C)) = py(n*(C)) = 1, n*(C) should be
a smooth elliptic curve. When we look at the image &(;r*(C)) of this curve on S,
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since CE’ = 3 (recall from the proof of Lemma 4.2 that 0 < CElf < 1 for any

i =1,...,h1) we would have &(m*(C))?> = 7*(C)?> — 3 = 0, and since it is an
elliptic curve, Ks e(w*(C)) = 0. This is impossible since S is a minimal surface of
general type. O

Corollary 4.7. For any curve C as above CBy = CE' = 1.
We now want to determine the composition of the reducible (—1)-cycles.

Lemma 4.8. The curves G’j cannot be contained in one of the cycles Z;, i =
1,...,n.

Proof. If one of the cycles Z;, say Z;, contains a curve G//. then from Corollary 4.4
we have, since F]/G/j =1,

n
O:FJ’.ZZi = 1+F;(z,-0—G’j)+FJ’.Zz,-
i=1 iig

hence FJ’ is contained either in Z;, or in another cycle Z; with i # io. In this latter
case we have

N N Y R
O—GjZ,—Gj(Z, Fj)+Gij—Gj(Z, Fj)+1

hence G/j is also contained in Z;. Then there exists a cycle containing both G’j and
F}. The same argument holds for 4. In particular F; and H are both contracted
to make the adjoint divisor to N a nef divisor.

When we contract the curve G//. the images of F // and H ; are two (—2)-curves
meeting at one point. Since they are both contracted there is a (—1)-cycle C inter-
secting at least one of them at one point. If C passes through the intersection point
of the (—2)-curves, then by contracting C we obtain a cycle which is composed of
two (—1)-curves meeting at one point. In particular this cycle is effective with self-
intersection 0 and it does not intersect the image N of N contradicting the Index
theorem. This implies that C is a (—1)-cycle intersecting at one point only one of
the curves F j’ or H j/ We will assume without loss of generality C F j/ =1.

We show the lemma by reducing ourselves to the case when C is an irreducible
(—1)-curve hence C = Z;. This is always possible after the contraction of a suit-
able number of (—1)-curves. In this case we have the configuration of Figure 4.1
hence n > 3. Moreover we have

ZIN =27, 3Ky +2By+ E —3G')=-3+2ByZ| + E'Z;.

Since Z is irreducible then either BoZ; =0, E'Z; =3 or BgZ1 =1, E'Z; = 1.
By the Index theorem, since E,/(N =Z;N=0forallk=1,...,h,i=1,...,n,
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Z Z G

Z G

Figure 4.1.

we have —1 < E; Z; < 1. For any curve E} such that E; Z; = 1 we find (see also
Corollary 4.5)

n
0<E Y Zi=1-EN <1
i=1
and
n
E, Y Zi =3E,Z + E} (Zzi) =3+E, (Zz,-) <1.
i=l1 i>4 i>4

Thus E ,/( is contained in some (—1)-cycle Z; i > 4. Then E ,/C is contracted too and
one of the cycles has the configuration of Figure 4.2.

!
E} Hj

Figure 4.2.

When we contract the curves Z; and G/j the images of E; and H ]’ are (—2)-curves
while the image of F ]’ is a (—1)-curve intersecting them at one point. Hence when
we contract that (—1)-curve we obtain two (—1)-curve meeting at one point. This
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new configuration has self-intersection 0 and cannot be contracted to a point. Thus
we get a contradiction and the curve G;. cannot be contained in a cycle. O

Corollary 4.9. The curves F J’ and H]’. are not contained in any of the (—1)-cycles Z;.

Proof. If a curve FJ’ (or H]() is contained in a cycle Z; then, since G’j Z; =0, G’j is
also contained in Z;. This contradicts Lemma 4.8. ]

Lemma 4.10. There is no cycle Z;, 1 <i < n containing at least two curves E ,’(

Proof. Let us assume that two of the curves E;, say E| and EJ, are contained in
a reducible cycle Z;,. Then E; N; = 0 implies E; )", Z; = 1 and there are two
(—1)-cycles Zy and Z; such that E1 Zy = 1, E} Z = 1.

Then we have the configuration of Figure 4.3 where C is a suitable cycle. One
can easily see that, in order to contract E| (and analogously E), the configurations
of Figure 4.4 are (—1)-cycles. Then we have

1 =(CH+E,+22)*=C*-3—-14+2CE, +2=C>+2CE;) -2

hence
C>+2CE, =1 (4.3)

2 _
and, analogously, C~ + 2CE1 =1.

Figure 4.3.

Figure 4.4.
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Moreover from (4.3)
~1=23=(Z1 + E{ +C+ Ey+ Z3)* = =3 + 2CE}.

Thus CE;, = 1 = CEj, C? = —1. Then C is a (—1)-cycle not intersecting N
hence by the Index theorem we should have CZ3 = 0. But CZ3 = C(Z; + E; +
C + E} + Z>) = 1 and we get a contradiction. O

Corollary 4.11. Ifthere is a reducible cycle Z;,, then n > 3 and for n = 3 we have
one of the following possibilities:

1. two irreducible (—1)-curves Z\ and Z» and Z3 = Z1 + Z + E; where E; Z| =
E]/(ZQ =1,

2. only one irreducible (—1)-curve Z|, Zo = 7Z1+C, Z3 =C +2Z1 + E,/( where
C is a (=2)-curve intersecting Zy at one point and E;_is such that E; Z1 = 1.

Proof. From Lemmas 4.8 and 4.10 if n < 2 a reducible (—1)-cycle can contain at
most one curve E; and it does not contain any curve G’;. Hence there is at least an
irreducible curve Z;. Then for n = 1 the result is proved. For n = 2 if Z, was
reducible then Z> > Z;. Then there exists a curve E} intersecting Z| at one point
and

E(Z1+Z2) = E,QZ1+ (Zo— Z1) =2+ E(Zr — Zy) < 1.

This is only possible when E| is contained in Z. But then there is at least another
(—1)-cycle Z3 intersecting E; at one point and such that Z3N = 0 contradicting
the assumption n = 2.

When n = 3 we can apply the above argument and we can see that if Z3 is a
reducible cycle then there is at least an irreducible (—1)-cycle Z;. Hence, we have
one of the following configurations

Zy Z; Zy Z

Z Z C E;(

where C is an irreducible (—2)-curve. ]
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4.2. The linear systems | N, |

We now compute the arithmetic genus of Ni: from equation (4.1) we know that
le =5—4RoKs + K% + n + hy while from Lemma 2.5

n
NiKy = (N—f'Ky—ZZ,'—G/) KY:I—ZR()Ks—i-K%;—I—n—i—hZ

i=1
SO

N? + NiKy ) )
PaN) =14+ "2 —4_3RKs+Ki+n+hy <N}  (44)
since 0 < RgKgs < 1. |Np]|is again a linear system of nef curves, so when p,(N1) >
1 we can apply the same argument as in page 496 to study the adjoint system | N +
Ky|. Under this hypotheses N is nef and big and we find oY, Oy (N; + Ky)) =
pa(N1) > 1. N1 + Ky is not nef since the curves Z; and G; do not intersect Ny,
but there could be some other (—1)-cycles Zlf such that Zlf N1 = 0 (see [4, Lemma

22]). Then Ny := N1 +Ky—> ;| Zi—G' — Z';;l Z;. is nef and we can compute
N3, N2Ky, pa(N2).

By repeating the same argument again (if p,(N2) > 1) we obtain the following
proposition (see [14, Section 2.3.2]):

Proposition 4.12. In the above setting let us set No := N. Then the numerical data
of the curves N1, N, N3 are:

N? | 5—4RoKs+ Ky +n—+hy | 7—8RoKs+4K; +4n+4hy +n'
NiKy | 1—=2RoKs+ Ky +n+hy | 1 —2RoKs+ 2Ky +2n+2hy +1n
Pa(Ni) | 4—3RoKs+ Ky +n+hy | 5—5RoKs+3K; +3n+3hy+n'

Ni_1N; 4 —2RoKs 6 — 6RoKs + 2K3 + 2n + 2h;

i=3
N? | 9—12RoKs + 9K + 9hy + 9n + 4n’ +n"
NiKy | 1—=2RoKs+3K3+3hy+3n+2n +n"
Pa(N;) | 6 —TRoKs +6K2 + 6hy + 6n +3n’ +n"

Ni_iN; | 8—10RoKs + 6K + 6hy + 6n + 2n’

5. Case (i): RoKs =1,hy =3

‘We now prove the non-existence of case (i) (cf. the list of page 490) by studying the
pencil |[N1| and by showing that the induced map ¢y, : ¥ --» P; has too many
singular fibres.
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Lemma 5.1. In case (i) we find

(@ h =L
(b) no positive multiple of Ks — 2Ry is an effective divisor.

Proof. (a) Since RyK g = 1, there exists a unique irreducible component I" of Ry for
which I'Kg = 1. Using the Index theorem we find 2 < 1. The other irreducible
components of Ry are (—2)-curves. Then RS < TI'? < 1. Since hy = 3 from (2.5)

_p2
we find iy = 20K 5 .
To prove (b) note that Ks(Ks — 2Ro) = —1 while K is nef. ]

Lemma 5.2. Suppose case (i) holds and Ry is the disjoint union of an irreducible
component I' with ' Ks = 1 and of £ (—2)-curves. Then

(a) K2 =—4—3¢+3=1 < _3
(b) 0<€=<(5+T%/2;

() Ki > —12;

(d) hy <4

Proof. (a) It is an easy computation which uses formula (2.10) of page 488:

A 11 9 ,
K} = S(K§ 6 —hy— —-RoKs + SRj) = —4 -3+

3r2 —1

(b) Since m : X — Y is a surjective map we have an injection
H?(Y,C) — H?*(X,C). In particular we find e(X) = 12 — K > e(Y) =
12 — K,z, hence K}z, > K}z(. Thus from Lemma 5.2 and Lemma 5.1

3r2 —1 3172
—4 =3+ — =K} >Ky=K:—(h1 +3h)=1- —£-9
hence
arr—-1  3-r? 5
2<-44+9-1+ + =54T
2 2

as wanted.
(¢) and (d) follow from (a), (b) and Lemma 5.1. ]

Proposition 5.3. Assume case (i) holds. Then Y is a rational surface.

Proof. By Castelnuovo’s criterion, since ¢(Y) < g(X) = ¢q(S) = 0, we need to

show that P,(Y) = h°(Y, Oy (2Ky)) = 0. Since R = ¢*(Ro) + E + F + H, from

(2.2) we have m*(2Ky — 2G’') = 2Kx — 4R — 2G = ¢*(2Ks — 4Ry) — 2E.
Moreover since K yG; = —1 <0, we find

0< PyY) =h(Y, Oy 2Ky — 2G")) < h°(X, Ox(¢*(2Ks — 4Ry) — 2E)).
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But using Lemma 5.1 we find
RY(X, Ox(e*(2Ks — 4Ro) — 2E)) < h°(S, Os(2Ks — 4Rg)) = 0
and then (Y, Oy 2Ky)) = (Y, Oy 2Ky — 2G")) = 0. O

From now on we use the same notation as in Lemma 4.2. From Proposition
4.12 we have

Pa(N1) =4 —3RoKs+ Ky +n+hy=4+Kj+n=N{ (51
NNy =4 —-2RyKs =2. (5.2)
Lemma 5.4. In the above setting we have N 12 =0,1

Proof. Since N?> = 3 we have by the Index theorem and (5.2) 0 > (3N| — 2N)? =
9N} — 12 which implies N7 =0, 1. O

Let us write |[N1| = |A| + T, where |A| is the movable part and T is the fixed
part of |N1|. Since Ni, A, N are nef divisors, we have 0 < AN < NN =2. In
particular it cannot be AN = 0 otherwise, by the Index theorem and the rationality
of ¥, A = 0 whereas h°(Y, Oy (A)) = h°(Y, Oy(N;)) = 2. Thus actually 1 <
AN < NN =2.

Lemma 5.5. Suppose N 12 = 0. Then |N1| has no fixed part.

Proof. Wehave 0 = N 12 = N1A + N T or, equivalently,

0=NA=A>+AT
0=NT=AT +T?

which implies A> = AT = T? = 0.

It cannotbe NA = 1 = NT: we obtain by the Index theorem 0 > (A — T)? =
A% + T2 —2AT = 0 which implies A ~ T. Hence, since Y is a rational surface,
A = T which is impossible.

So NA = NN; = 2 and then 0 > (N; — A)? = T? = 0. Again, by the
rationality of Y we have T = 0 and | N | has no fixed part. O]

Lemma 5.6. Suppose le =1. Then |N\| has no fixed part unless A>=0, pa(A) =
pa(N1) =1 and either AN =1, N = Ni + Aor AN =2, N| = A + Z; for some
reducible (—1)-cycle Z;.

Proof. We know that 1 = le = N1 A + NiT. It cannot be N]A = 0, otherwise by
the Index theorem and the rationality of Y it should be A = 0, which is impossible.
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Then we have N1A = 1, N1T = 0, and this implies T2 < 0. When 72 = 0
we see that | V1| has no fixed part, as wanted, whereas when T?is strictly negative,
by

1=NA=A>+AT (5.3)
0=N,T = AT +T? (5.4)

we find AT =1,7> = —1, A2 =0. Thenby (5.1) N} = A’ 4+ T? +2AT =1 =
pa(Np) and N Ky = —le = —1. We now look at NA.
If NA =2 we have

n n
1=N1A=(KY+N—ZZ,-—G/)A=AKY—|—2—(Zzi—i-G/)A

i=l1 i=1

which amounts to say 0 < (}_"'_, Z; + G')A = 1 + AKy. So the followings are
true:

a) AKy >0
b) there exists a (—1)-curve C (which can be either one of the Z;’s or one of the
G'!’s) intersecting A positively.

Using b) and the fact that CN = TN = 0, the Index theorem implies 0 > (7" —
C)2 = —2—2TC. Then TC > —1, whereas CN| = 0 implies CT < —1. This
forces TC = —1, T = C. But for any irreducible such curve C there is a curve D
such that DN = 0 intersecting C at one point, i.e. D = E ; for the Z; and D = F/

for G; (see Corollary 4.7), so that 0 = DNy = DA 4+ DC = DA + 1 which
contradicts the nefness of A. Then Ny = A + Z; with Z; areducible (—1)-cycle.

We are now left with the case NA = 1. Since NN; = 2 we have NT = 1.
Moreover NjA = 1 and A% = 0 by (5.3) and (5.4). From (N + A)N =3 = N?
we have

0> (N1 +A—N)> =N} +A>+ N> +2N;A - 2NN —2NA =0

hence N = N1+ A =2A+T. Then AKy = (N — N1)Ky = Oimplies p,(A) =1
as wanted. ]

Corollary 5.7. We have n = N{ + 3¢+ (1 —3I'?)/2 < N{ +8 <.

Proof. From Lemma 5.2 we know that K )2, > —12. From (5.1) and Lemma 5.4 we
find n = N12 —4 — K}z, < le -4+ 12 = N12 + 8 < 9. Moreover, again from
Lemma5.2,n = N} —4 — K} = N} + 3¢+ (1 —3I'%)/2. O

Remark 5.8. From the above corollary n = N12 +304+(1-3r%)2 = N12 -1
mod 3. In particular when N2 =0wefindn =2 mod 3 hence n = 2,5 or 8,
while when N12 =1wehaven =0 mod 3 hencen =3,60r9.
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Lemma 5.9. In the above setting the pencil |A| determines a fibration p|a| : ¥ --»

P, Let us set § := > (e(Ay) — e(A)) where the sum is taken over all the singular
curves Ag € |A|. Then § satisfies

18 <8 =12+3N} +n+ A% <16+n.

In particular sz]2 = 0thenn = 8.
Before proving the above lemma we need the following

Lemma 5.10. Let |C| be a pencil on a complex surface with C* = 0 and let oltell

be the induced fibration. An irreducible curve C1 with C 12 = —n in a singular fibre
contributes at least n to the Euler number § :=)_ (e(Cy) — e(C)) of the fibration
(see [1, Proposition 111.1.4]).

Proof. Let us consider a reducible curve of the fibration C = Zﬁ:l h;C;. As shown
in [8] (see also [7, Section V.1]) C is equivalent to g curves with a node where

l
8= ) (hi = D2pa(Ci) =2) + Y (hi +hj — DCiC;. (5.5)
i=1 i£]
Let us consider one of the curves C;, say Cy, with C% = —n. Then 0 = C{C =

—nhy 4+ C4 Zé:z h;C; hence C; Zgzz h;C; = nhy. Since C is connected we also
have C; Y!_, C; > 1. Then

&)Z(h1—-1X2pa«h)—-2)+—§:(h1+lu-—l)Clcj
j=2

> (h1 = 1)(=24 ) _CiC))+C1 Y _h;C;
j=2 j=2

> —D(-)+nhy=mw—-1Dh+1>n

as wanted. Since each node of a curve increases the Euler number by 1 the result is
proved. 0

Proof of Lemma 5.9. Off its A2 base points, the pencil |A| determines on Y a fibra-
tion over P! of curves of genus 0 < p,(A) = le < 1. Computing Euler numbers
from [1, Proposition I11.11.4] we find
12— Kj + A% =e(Y) + A% =22 —2N7) + ) _(e(A) — e(A))
S
where Ay are the singular curves of |A|. Letus set § := ) (e(A;) — e(A)). Then

since from (5.1) K2 = Nl2 —4—n

8=12—KZ+ A2 —44+4N} = 124 3N2 +n+A> < 16+n.
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Let us first consider the curves F/ and H;. From Lemma 4.2 we find F/ N1 = 0
and the same holds for H/.

Moreover if N = Ni + A (see Lemma 5.6) we also find 0 = F/N = F/(N; +
A) = F!A and, again, the same holds for H/.

If N = A+ Z; instead we find from Corollary 4.9 0 = F/N| = F/(A+Z;) >
F/Ahence F/A = H!A = 0inany case. Thus from Lemma 5.10 each of the curves
F/ and H/ contributes 3 to §, hence § > 6hy = 18.

If N2 = 0 then A = N; and
1I8<8=12+43N}+n+A*=12+n
hence n > 6. In particular from Remark 5.8 we can deduce n = 8. O
Proposition 5.11. Case (i) cannot occur with N 12 =0.

Proof. Let us assume le =0. Then from Lemma 5.9 18 <§=12+n=1248=20.
If all the eight cycles Z; were irreducible then we should have Z; Ny = 0 hence
from Lemma 5.10 each of them would contribute 1 to §. Thus 18 +n =26 < § =
20. Contradiction.
If one of the cycles is reducible, then from Lemma 4.8, Corollary 4.9 and
Lemma 4.10 there is a curve E; contained in that cycle and from Lemma 5.10 E},
increases 6 by 3. Then 18+3 = 21 < § = 20 and, again, we get a contradiction. [J

Proposition 5.12. The case |N{| = |A| + Z; with Z; reducible (—1)-cycle cannot
occur.

Proof. From the proof of Lemma 5.6 we know that AN = NN; = 2, AG' =0
and A2 = AKy = 0. Hence, from the definition of N,

2=NA=AQBKy +2By+ E —3G') =2ByA + E'A.

Since A is nef we find either BgA =1, E‘'A = 0or ByA =0, E'A = 2. We recall
that By = I + Y°/_, Bo; with B}, = —6, Boy; = P'.
We have to analyse separately the two cases

Casel BpA=1,E'A =0;
CaseIl BopA =0, E'A = 2.

We only write the proof for case I. The other one is similar (see also [14, Proposition
3.1.16)).

Case 1. Since none of the (—3)-curves E ,’( intersects A, each of them contributes 3
to § (see Lemma 5.10). Moreover there is only one irreducible component of By
intersecting A.
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If I A = 1 then we also have the contribution of £ irreducible (—6)-curves of
By. Then, using Lemma 5.10 and Corollary 5.7,

2

18+3h1+6£:18+3< +(Z>+6E§8:12+3N12+n+A2

) 1-31r2 1-31r2
=15+n=15+ Ny + 34+ =16+4+3¢+
hence 5 )
1-3r ar<-9
2460 < =4
toc= 2 + 2

and we get a contradiction.

If I'A = 0 we have necessarily I'/ 2 < 0 (hence I'? < —1 on the numerical
Godeaux surface S) and there is a (—6)-curve B in By such that BjzyA = 1. In
particular £ > 1. Then I’ contributes —I"/ 2 = 372 t0 & and we can also consider
£ — 1 (—6)-curves By;, i # k, plus the i curves E,’( Thus

18—3Ir“+6({—1)+3h; =124+6¢ —3I'" + +30<34
1 —3r?
=15+n=16+30+
hence
1-3r2 3rz2-o9 ) 5
60 <4+ ) + 2 +3r-=3r-<o.
Contradiction. O

Proposition 5.13. The case N = N| + A cannot occur.

Proof. From the proof of Lemma 5.6 we know that AN = 1, NN| =2, AG' =0
and A2 = AKy = 0. Hence

1=NA=AQBKy+2By+ E —3G") =2ByA + E'A.

From the nefness of A we find ByA = 0, E‘'A = 1. Since ['A = 0 we find

2 <OhenceI'2 < —1onS.In particular i = % + £ > 2. All the irreducible
components of By and h; — 1 curves E; contribute to §. Thus from Lemma 5.10
and Corollary 5.7

9 — 312
18 =32 +60+3(h; — 1) =15+ 60 — 32 +

+30<$

=124+3N] +n+A*=15+n

1 —3r2 1 —3r2
=164+3¢+

=15+ N} +3¢+
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hence 5 5
1—-3r2 3r2-9
60 <1+ >+t —3l%=-343r%<0

and we get a contradiction. O

Thus from Lemma 5.6, Propositions 5.12 and 5.13 we immediately find:
Corollary 5.14. In the above setting the pencil |N1| has no fixed part.

We recall that from Remark 5.8 when N12 = 1wehaven =3,6,9.

Proposition 5.15. Case (i) with le = 1 can only occur when n = 6 and either

' = 3and € =00rT? = —1 and £ = 1. In particular T'> = 1 cannot occur.
Moreover all the curves E,_intersect N\ at one point.

Proof. From the above corollary we have A = Nj. Since from (5.1) p,(Ny) =
N12 = 1 we know that NN|; =2, NG’ =0 and N12 =1, NiKy = 0. Hence

2=NN; =N (BKy +2By + E — 3G/) = —-342BgN; + E/Nl.
Moreover, from Proposition 4.3,

0<ENi=E(N+Ky+G =Y Z)=1-E Y 7 <1
i i

hence from Lemma 5.2 0 < E’N; < h; < 4. Then either BNy =2, E'Ny = 1 or
BoN| = 1, E'N; = 3. As in the proof of Proposition 5.12 we only prove the first
case (see also [14, Proposition 3.1.19]).

Case I

All the (—3)-curves E,, except for one, have no intersection with N hence from
Lemma 5.10 each of them contributes 3 to §. Moreover there are at most two
irreducible components of By intersecting Nj.

If "Ny = 2 then we have the contribution of £ irreducible (—6)-curves of By.
Then, using Lemmas 5.9, 5.10 and Corollary 5.7,

2

18 +3(hy — 1) +6£ = 18 + 3( +L—-1)+6L <4

= 124+3Nf +n+A*=16+n

1 —3r2 1 —3r2

=16+ N} +3¢+ =17+3¢+

hence
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and we get a contradiction.

If "Ny = 1 then there is a (—6)-curve By intersecting Ny at one point. Hence
we have the contribution of £ — 1 irreducible (—6)-curves of By. Thus, using Lem-
mas 5.9, 5.10 and Corollary 5.7,

2
18+3(h; — 1) +6(£—1) =18 + 3( +l—1)+60—-6<8
1 —3r2
=164n=174+3¢ +
hence
or<gy 0 9,
- 2 2

which forces £ = 0 while we know £ > 1. Contradiction.

If I'N; = 0 we have necessarily I/ 2 < 0 (hence I'? < —1 on the numer-
ical Godeaux surface §) and there is at least one (—6)-curve By, in By such that
Box N1 > 1. In particular £ > 1. Then I'” contributes 1% = 3120 8. If ¢ > 2
we can also consider £ —2 (—6)-curves By;, i # k, plusthe h; — 1 curves E ,’( Thus

2 ,  9-3r?
18—3T%4+6(({ —2)+3(h;— 1) =34+60—-3I%+ +30<3$
1 —3r?
=164+n=17+30+ 5
hence 5 )
1—-3r2 3r2-9
60 < 14 + s+t +3r2=10+3r2<7

which forces £ < 1 contradicting the assumption £ > 2.
If £ = 1 then we only have the contribution of I'" and of /| — 1 curves E.
Then

a2

18 —3r2 +3h; —3 =18 — 3T + +3¢-3

5  9-3r? 1—3r2 1 —31?

=18 —3r% + <§=17+30+ =20+

which forces
1—-3r 3rz—-o9
0<2+ T+t +3r% = -243r% < -2.

Contradiction. O

We now show the following:
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Proposition 5.16. Case (i) with N 12 = 1 and n = 6 cannot occur.

Proof. Let us assume le =1 and n = 6. Then from Lemma 5.9
18<8=12+3N} +n+A><16+n=16+6=22.

If all the six cycles Z; were irreducible then each of them would not intersect Ny
and A. Then from Lemma 5.10 they would contribute 1 -6 = 6 to § hence 18+ 6 =
24 < § <22 and we would get a contradiction.

Let us assume there is at least one reducible cycle. Then one of the irreducible
(—1)-curves, say Zi, appears with multiplicity m; > 2in )", Z;. For any curve E;
such that E; Z; = 1 we find

EI/CZZ,' = E]/( (mlzl + (Z Z; —mlzl)) =m + El/c <Z Z; —m121> .
i i i

It follows that E} is contained in some cycle Z;, i > 2 and then from Proposition
4.3 E; N1 = 0 contradicting Proposition 5.15. O

Propositions 5.11, 5.12, 5.13, 5.15 and 5.16 can be summarized in the follow-
ing theorem.

Theorem 5.17. Case (i) cannot occur.

6. Case (ii): RoKs =0,hp, =4

In this section we show that also case (ii) cannot occur by studying the map ¢y :

Y —> P! where |M’| is the image on ¥ of the movable part of [2K|.
Assume case (ii) holds. From Proposition 2.6 and formula (2.12) we have

2=h%Y,Oy2Ky + B)) < h°%(X, Oy 2Kx — R)) < hi°(X, Ox(2Kx)) =2

which implies that Ry is in the fixed part of |2Kg|. Then the number £ of disjoint
(—2)-curves that form Ry is greater or equal than 2. In fact

3RoKs — R}

hi+8=h1+2h =6+ 2

=6+¢
forceshy =€ —2and £ > 2.

Let M be an effective divisor in the movable part of the pencil |2Ks — Ry|.
Then M is in the movable part of the bicanonical system [2Ks| = |M| + T and,

by [12], either M?> = 0 or M? = 2. In any case the general curve of |M| is smooth,
From [6, Theorem 5.1] we can exclude the case M2 = 0.
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The strict transform M of M satisfies M = 7*(M') for some pencil |M | on
Y. This implies M? =0 mod 3. Therefore M2 = 0. We have eM)y=M+ D
where D is a sum of exceptional divisors.

Since M2 = 2 then D # 0 and the general curve M, see Lemma 3.5, passes
either through one of the 7, = 4 points g; (without loss of generality we may
assume it is ¢1) with multiplicities m; = 1, my = m3 = m4 = 0 or through two of
the points p; (if £ > 4). In the former case D = 2F + G + H whereas in the latter
case D = E1 + E3. In any case pa(ﬂ) = pa(M) = 3 and we have AZKX =4,

Lemma 6.1. |M'| is a pencil of elliptic curves with M'> = 0.
Proof. We have
IM' Ky = 75 (M) (Ky) = M(Kx — 26*(Ro) — 2E — 2F — 2H)
4 —2MRy—2=2—-2MRy ifD=2F+G+H
4 —-2MRy—4=—-2MRy if D=FE1+ E»

and then MRy = 0,1 mod 3. Since 0 < MRy < MT =2 weget MRy =0, 1
hence M'Ky = 0. Since M’> = 0 this proves the lemma. O]

Theorem 6.2. Case (ii) cannot occur.

Proof. Let us consider on Y the fibration over P! given by the elliptic pencil |M’|.
From [1, Proposition II1.11.4] we have

e(Y) = e(M)e(P') + ) (e(M]) — e(M')) = e(M)e(®') +5  (6.1)

where the sum runs over all the singular curves M, in |[M’| and we set § :=
> (e(M]) — e(M)). Since e(M") = 0 and from (2.6) e(Y) = 12 — K3 = 15+ 3¢
we find § = 15 + 34.

The general M on S passes only through at most one of the points ¢ ;. Then we
have F;M' = FiM' = F;M' = HyM' = H{M' = H;M' = 0 and each of these
disjoint curves contributes 3 to § by Lemma 5.10. Moreover since 0 < MRy < 1
(see the above proof) we have at least £ — 1 irreducible components By; of By not
intersecting M’. Each curve By; contributes 6 more nodes to §. Therefore

6-3+6((—1)=12+6<5=1543¢

which forces £ < 1 and we get a contradiction since we know £ > 2. O

7. Case (iii): RoyKs =0,hr =1

In this case, from formula (2.5), i1 = 4 + £ where £ is the number of irreducible
components of Ry. Since oY, Oy 2Ky + B)) = 0, from Castelnuovo’s theorem
(see for example [1]) it is immediate to see
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Proposition 7.1. If case (iii) holds then Y is a rational surface.

We still have the pencil |[N| = |A’| + @ which is composed of curves of

arithmetic genus 3. Off the A’ % base points ¢ 4| is a fibration over P! of curves of
genus 0 < p,(A’) < 2. Computing Euler numbers we obtain

(V) + A% = e(A)e(P') + D (e(A}) — e(A) = e(A)e®) +5  (1.1)

where the sum is taken over all the singular curves A/, in |A’| and we set, as before,
§:=) (e(A}) — e(A")). From Lemma 5.10 we have

Lemma 7.2. In the above setting each of the exceptional curves E;, F' and H'
which does not intersect A increases § by 3. Moreover each component Bo; of By

for which Bo; A’ = 0 increases § by 6.

Lemma 7.3. In the above setting we have § = 14 + 3£ + 347 + 2A'Ky.

Proof. Let us compute, using (2.10), e(Y) + A”> = 12— K2+ A”> = 144 A”* 4 3¢
while e(A)e(P!) = (2 =2 pa(A))2 = 2(—A’2 — A’Ky). Therefore we have

5= (e(A)) —e(A) = 14+ 30 +3A7 + 24Ky
N

as wanted. O

Proposition 7.4. Assume A’ 2 =0. Then 0 < ¢ <1 and we have £ = 0 only when
(0a), (Oc), (Of) or (0g) holds and £ = 1 only when (0d) holds. Moreover cases
(Ob), (Oe) and (Oh) of the list of Proposition 3.12 cannot occur.

Proof. We refer to the list of Proposition 3.12. From Lemma 7.3 we find
§=14+3¢+2A'Ky.

We have A’Ky = 0 in all cases of the list except for (0g).
In case (0a) we have to consider F/, H and h; —2 = 2+ £ curves E,/(, plus all
the components of By. Then

6+32+40)+6L6=1249<5=144+3¢

which forces £ = 0.
In case (Ob) we find £ > 1 and we have the contribution of the curves E ,/(, H’
(see Corollary 3.16) and of £ — 1 components of By. Then

344+0)4+34+6(l—1)=9+90<65=144+3¢L

which implies 6¢ < 5. Impossible.
In case (Oc) we have the contribution of F’, H and h; — 3 = 1 + £ of the
curves E}, plus all the components of By. Then

6+301+0)+60=9+<5=14+3¢

which forces £ = 0. The rest of the proof goes similarly. O
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A similar argument to Proposition 7.4 shows (see also [14, Proposition 3.3.6,
3.3.7]):

Proposition 7.5. Assume A% = 1. Then 0 < £ < 3. If (1f) holds then £ = 0, 1. If
(1e) holds then £ = 1,2, 3. If (1a) or (1d) holds then £ = 0. Cases (1b) and (1c)
of the list of Proposition 3.13 cannot occur. Moreover when case (1e) holds for any
irreducible component By of By we find By A’ > 1.

From Proposition 3.14 it cannot be A’ 2 — 2. Then (see Remark 3.15) we are
left with the case A’ = N.

Proposition 7.6. Assume A’ = N. Then0 < £ < 1.

As a consequence of Propositions 3.12, 3.13, 3.14, 7.4, 7.5, 7.6 and of Remark
3.15 we obtain

Theorem 7.7. Case (iii) of page 491 can only occur when one of the following
conditions is satisfied:

1. £=0: Cases (0a), (0c), (0f), (0g), (1a), (1d), (1f), A’ = N;
2. £=1: Cases (0d), (1e), (If), A’ = N;
3. £ =2,3:Case (le).

Moreover in cases (0g), (1f) and A’ = N we have ® = 0, i.e. the invariant pencil
A < |3Kg]| has no fixed part.

8. More on the case RgyKs =0,h, =1

In the above setting from (2.5) h; = 4 + £ and from (2.10) we have

9 11 1
KZ——|:K§—6—h2+—R§——R0KS]:5[1—6—1—96]:—2—36.

2 2
8.1)
From now on we refer to the formulas of Proposition 4.12 when computing the
arithmetic data of the curves in the linear systems |N|, |Ny|, |N2|, |N3|.
We start by computing N 12 and p,(Np):

N} =5—4RoKs+Kj+n+hy=5-2-30+n+1=4-3+n>0 (8.2)
Pa(N1) =4 —3RoKs+ Kj+n+hy=4—2-30+n+1=Nj —1 (83)

We have the following:

Lemma 8.1. In the above setting we have 3¢ —4 < n < 3¢.
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Proof. Let us consider the short exact sequence of sheaves
0 — Oy(N — Ni) — Oy(N) — Opy,(N) — 0. (8.4)
Then, since Y is a rational surface, from the definition of N,

h2(Y, Oy (N — Ny)) = h°(Y, Oy (Ky — N + Ny))

=n' (Y, Oy <2Ky -G - Z Z,-))
i=1

< (Y, Oy(2Ky)) = 0.

The divisor N—N; cannot be effective, otherwise 3 =h% (Y, Op(N; )<h® (Y Op(N)) =
2. The long exact sequence of (8.4) yields therefore

0— HO(Y, Oy(N)) — HO(N, On,(N)) — H' (Y, Oy(N — Ny)) = 0.

0 — H' (N1, On,(N)) — 0.

This forces H'(Ny, On,(N)) = 0. Since Nj is big and nef, hence 1-connected,
hO(N1, Ony (N)) = x(Ony(N)) =1+ NNi — pa(N1) =2+3C —n.

Then 2 = KO(Y, Oy (N)) < hO(N,, ON(N))=24+3¢—nand3¢ —4 <n <3¢
as wanted (see formula (8.2)). ]

Remark 8.2. When ¢ = 0 one can easily see that n = 3¢ = 0 is the only possibility
for n.

We will see in the following sections that a deeper study of the adjoint linear
systems |N;| to the pencil |N| on Y allows us to collect the cases listed in Theorem
7.7 into two main groups.

Definition 8.3. We call ruled cases those for which one of the linear systems |V; |
induce a morphism ¥ — [F, for some a > 0.

Definition 8.4. We call Del Pezzo cases those which are not ruled cases.

In Section 9 we will show that not all the cases listed in Theorem 7.7 can
actually occur.

81. n=3¢0—-4

Proposition 8.5. In the case n = 3£ — 4 the net |N1| has no fixed part and we have
IN1| = [20©]| where |®| is a pencil of rational curves with ®* = 0.
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Proof. Assume n = 3¢ — 4. Then |Nj]| is a net of curves with N> = 0. Let us
write |[N1| = |A| 4+ T where T and |A| are the fixed and the movable part of | N{|
respectively. Then 0 < A% < AN; < N12 hence AN; =0 and

0=NA=A24+TA
0=NT =AT + T2

It follows A2 = AT = T2 = 0. Therefore there exists a pencil |®] such that
|A] = |20|. Then4 = NNy = 2N® + NT and N® > 1 otherwise by the Index
theorem and the rationality of ¥ we have ® = 0.

If NO =1, NT = NA =2 then (A — T)?> = A> + T> — 2AT = 0 hence
A = T which is impossible. Thus N® = 2 and NT = 0 which forces T = 0 by
the Index theorem. Therefore we have N = A and

2020 4+ Ky)
—1 = pa(N1) = pa(A) = p,(20) =1+ f =1+ OKy
forces ® Ky = —2. Then |®)] is a pencil of rational curves. ]

Theorem 8.6. The case n = 3¢ — 4 cannot occur.

Proof. If n = 3¢ —4 > 0 we have £ > 2 and case (le) of Proposition 3.13 holds
(see also Theorem 7.7). Therefore we have a pencil of elliptic curves |A’| for which
A% = 1. Then, from Propositions 3.2 and 8.5, Lemma 3.1 and Corollary 3.11,
24’0 = A'Ny =2—A'Y"" | Z; <2and A’N; > 1 by the Index theorem, whence
A'Ny =2and A’'® = 1.

We have h%(A’, O4/(©)) = 2 since otherwise the point A’N® should be a base
point for the pencil |®|, whereas ®% = 0. Then we get a contradiction since for any
divisor D of degree 1 on the smooth elliptic curve A’ h°(A’, O4/(D)) = 1. O

82. n=3¢-3

In this case we have 1 < £ < 3 and from equations (8.2) and (8.3) we find N12 =1
and p,(N;) = 0.

Lemma 8.7. Ifn = 3¢ — 3 then |N{| has no fixed part. Then the general element
of | N1| is a smooth rational curve.

Proof. We can use the same argument as in Lemma 5.6 and we find that |N{| has
no fixed part unless [Ni| = |A| + T with A2 = 0, AN = AT =1, T? = —1.
Since A% = 0 and |A| is a net, there exists a pencil |®| such that A = 20. But then
1 = AT = 20T and we get a contradiction. O

In this setting |Ny| is base point free and ¢y, : ¥ —> IP? is a birational
morphism.
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When n > 3¢ — 2 it makes sense to consider [N3| = |N| + Ky — 2?21 Zi —
G — Z’}/:l Z;.| which is a linear system of dimension 3 — 3¢ +n = p,(N;) < 3
and 3 — 3¢ +n > 1 and from Proposition 4.12
N3 =7—8RoKs +4K3 +4n+4hy+n' =3 — 120 +4n+n'
Pa(N2) =5 —5RoKs +3K3 +3n+3hy+n' =2-90+3n+n"  (85)
NiN» =2p,(N1) —2=2B3-3+n)—2=4—-6{+2n.

83. n=30-2

In this case 1 < ¢ < 3 and we have N1 N, = 0 and by the Index theorem we infer
N, = 0. Then from (8.5) n’ = N7 —3 + 12¢ —4n = 5 and

n 5
N Ez;Zi—i-G/—i-X;Z}—KY
i= j=

n 5
N=2) 7 +2G'+) 7, -2Ky (8.6)
i=1 j=1
n 5

2By+E' =2) Zi+5G' +) 7 —5Ky.
i=1 j=1
84. n=30—1

This case can occur for 1 < £ < 3. We have N1Np = 2, le = 3 (¢f. equations
(8.2), (8.3) and (8.5)) and since N1(3Ny — 2N1) = 0 then

(3N —2N1)* = 9N3 +4N7 — 12N{Ny = 9N3 + 12— 24 =9N7 — 12 < 0.
Hence from (8.5) 0 < N22 =n"—1<1landn =1,2.

Lemma 8.8. IfN22 = 0 (i.e. n’ = 1) then |N3| has no fixed part. In particular the
general member of |Na| is a smooth rational curve with self-intersection 0.

Proof. Let us write |[N2| = |A| 4+ T with |A| and T the movable and the fixed part
of N respectively. We have 0 = N22 = N2A + N, T or, equivalently,

0= NA=A>+ AT
0= NyT = AT +T?

which implies A?> = AT = T2 = 0.
We know that NNy = 2. Then0 < N;A < Ni{Np = 2. It cannotbe NyA =0
otherwise, by the Index theorem and the rationality of Y, A = 0.
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It cannot be NJA = 1 = N;T: we obtain by the Index theorem
0>(A-TY?=A*4+T?-2AT=0 = A~T.

Since Y is a rational surface, this implies A = T which is impossible.
So Nj{A = NiN, = 2 and then 0 > (N, — A)?> = T? = 0. Again, by the
rationality of Y we have T = 0 and | N,| has no fixed part. O]

Then if n’ = 1 there exists a morphism ¥ — T, for some a > 0.
If n’ = 2 then |N;| is a pencil of curves with arithmetic genus 1 and therefore
N3 = 0. But now from Proposition 4.12

N3 =9 — 12RoKs +9K5 +9hy +9n+4n' +n" =n" —1=0.
Then, recalling the definition of N := 3Ky + 2By + E' — 3G/,

n 2
Ny=G'+) Zi+Y Z/+Z'—Ky
i=1 i=1
n
NI =2G'+2) Zi+2) Zj+27" 2Ky
i=1 i=1
2

2

n
N=3G'+3) 7 +2) Z+Z'-3Ky

i=l1 i=1

n 2
2Bo+E' =6G'+3) Z;+2) Z]+ 7' —6Ky.

i=1 i=1

85. n=3¢

In this case we have 0 < £ < 3. Now le =4 = N{N; and N22 =n"+3>3. By
the Index theorem (N; — N2)2 = n’ —1 < 0. Moreover if n’ = 1 we have N| = N
and then Ky = G’ + Y '_, Z; + Z’ which is impossible since Ky is not effective.
This implies n’ = 0, N3 = 3 and p,(N>) = 2.

If we look at N3 we have (see also Proposition 4.12)

N3 =9 — 12RoKs 4+ 9K§ + 9ho +9n +4n’' +n" = n”
Pa(N3) = 6 —TRoKs + 6Ky + 6hy + 6n +3n' +n" =n".

Since NaN3 = 2p,(N») — 2 = 2 we have (3N3 — 2N;)? = 9n” — 12 < 0 hence
n” = 0, 1. In the former case |N3| is a pencil of rational curves of self-intersection
0 (see also Proposition 4.12), whereas in the latter case we have a pencil of curves
with arithmetic genus one. Again we infer

"
n

n
N4=N3+Ky—G/—ZZ,~—z”—Zz;”

i=1 i=1

0.
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Then Nf = N32 —|—K)2, +2N3Ky +1+n+n"+n"+n" =n" —1 = 0. Therefore

n
N3EG/+ZZI'+ZN+ZW—KY
i=1

n
N> =2G + 22 Z: +27"+ 7" — 2Ky

i=1

n
N; =3G +3 Z Z: +27"+ 27" - 3Ky
i=1

n
N=4G'+4) 7, +22"+ 7" - 4Ky

i=l

n
2By + E = 7G/+42Zi +27"+ 7" — 71Ky .
i=1
In case | N3] is a pencil of rational curves we can show arguing as in Lemma 8.8
that | N3| has no fixed part. Therefore we have a map ¥ — [, for some a > 0.

9. Further results

Proposition 9.1. Case (1e) of Proposition 3.13 cannot occur.

Proof. Assume case (le) holds. Then Y has an elliptic pencil |A’| with A’ 2o 1.
From [4, Lemma 2.2] if A" + Ky is not nef then there exist (—1)-cycles D j such
that D;A” = 0. By the Index theorem we have

Ai=A+Ky—-) D;=0. 9.1)
j

We now look at the intersection number s := A’N;: we have (¢f. Corollary 3.11)
AN =A(N+Ky—-G =7 ,Z)=2—-A"Y"_,Z > 1otherwise N| = 0.
Moreover from Theorem 8.6 we have 1 < le < 4 (cf. Sections 8.2, 8.3, 8.4 and
8.5). Then by the Index theorem we have A’(N] — sA’) = 0 and (N| — sA")? =
le — 52 <0.

If it was s = 1 we should have N 12 = 1 and, from the rationality of Y, N| = A’
which is impossible since |A’| is a pencil whereas |N1| is a net. Hence A’Ny = 2
and A’Y7_ | Z; = 0. Moreover, when le = 4 (or, equivalently, n = 3¢) we
get, because of the rationality of ¥, Ny = 2A’ which is impossible since then (see
Lemma 2.5 and Proposition 3.13) 4 = NN} =2NA' = 6.

Hence in case (le) we canonly haven =3¢ —1,n =3¢ —2orn =3¢ — 3.

Since A’N; = 2, none of the curves Z; intersects A’. Therefore from (9.1)

n m
Al :A/—i—Ky—G/—ZZi—ZCjEO
i=1 j=1
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and
0=A2= A+ K} 424Ky +1+n+m=n—2-30+m 9.2)

hence m =3¢ —n + 2.
We also know that in case (le) for any irreducible component Bo; of By we
have Boy A’ > 1 (see Proposition 7.5). Moreover A’N = 3, &’ N = 0. Then

0= By N = BOk(A/ + q)/) > 14 By’

forany k = 1,..., ¢ forces By < ®'. We recall that NyKy = (N + Ky — G’ —
Y i1 Zi)Ky = n — 3¢. Then we find

n m
0=A N =N (A/+KY—G/_ZZi—ZCj>
. o

i=1

m
=24n-3t—-N Y Cj<n-(3L-2).
j=1

This excludes n = 3¢ — 3.
When n = 3¢ — 2 none of the m = 3¢ —n + 2 = 4 curves C; intersects Nj.
Hence they are 4 of the n’ = 5 curves Z!. Since N» = A| = 0 we find

n
Ni=>Zi+G+) Z,—Ky=A'+ 7§

5
i=1 j=1

Thus we get a contradiction since 0 = F'Ny = F'A" + F'Z; = 1.
When n = 3¢ — 1 we have m = 3¢ — n 4+ 2 = 3 and, using Proposition 4.12,

n m m
0= AN = N (A’—I—Ky—G’—ZZ,-—ZCj) =1-N1) Cj.
i=1 j=1 j=1

Thus there is exactly one curve C; with C; N1 = 1 whereas the remaining two have
to be chosen among the n” < 2 curves Z!. This also excludes the case n’ = 1.

When n’ =2 wehave A'Ny = A'(N1 + Ky —G' =Y }_ Zi =Y "_ Z}) = 1
and (A’ — N)?> = 0. Thus A’ = N, but we get a contradiction since

SN, =dA=(N-AYA' =3-1=2
and 2 > ByN, = B()A/ = 3. ]

Proposition 9.2. The case (0d) of Proposition 3.12 cannot occur.
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Proof. Assume case (0d) holds. Then we have £ = 1 (see Theorem 7.7) and K )2, =

—2 — 3¢ = —5. Moreover |A’| is a pencil of elliptic curves such that A’ 2 =
0 = A’Ky. If we look at the adjoint system A’ + Ky we find A’(A’ + Ky) = 0.
From [4, Lemma 2.2] there are (—1)-cycles D; such that A} = A'+Ky —Z;-"zl D;
isnefand D;A" = 0. Since A’A; = A’(A’+ Ky) = 0 we necessarily have A% =0.
Hence (recall that G’A” = 0 from Corollary 3.11)

2
0=A%=<A/+Ky—G’—ZCj> =04+K2+0+14+m=—4+m
j

and

A1Ky = Ky (A/—I-Ky—G/—ZCj):O—S—I—l—l—m:A%:O.
=1

Since from Proposition 3.2 A’N = 3 we can write

m m
0§A1N:N<A/+Ky—G’—ZCj) =3+1-N) C;j=<4
Jj=1 Jj=1
Assume now 1 < A|{N = s < 4. Then we have N(3A|; — sA’) = 0 and by the
Index theorem and the rationality of ¥ (3A| — sA)? = 0 and sA’ = 3A,. Thus
1 <s =s5A"By = 3ABg forces s = 3 and A’ = A which is impossible since
otherwise Ky would be effective. Thus A{N = 0 hence A; = 0 and

4 4
0=A;1By = By (A’+KY -~ G’—ZCJ-) =5-Byy C;.  (93)
j=1 j=1

We note that By cannot be contained in any singular fibre of |A’| since BgA’ = 1 >
0. In particular it is not contained in any of the (—1)-cycles C;. Then BoC; > 0 for
any j =1, ..., 4 and from (9.3) there exists a cycle C, say Cy such that C1 By > 2.
But C1A’ = 0 forces C1 < A’ and 2 < C1By < A’By = 1. Contradiction. O

Proposition 9.3. Case (0a), (Oc) and (0f) of Proposition 3.12 cannot occur.

Proof. Let us begin with case (0a) of Proposition 3.12. Thenn =3¢ =n’ = 0,

A'N=2and AN =A'(N + Ky — G')=A'N=2hence &’ N;=(N — A )N =2.
Moreover A’No = A/(N1+Ky —G') = A’/Ny =2and NN, = N(N1 +Ky —

G') = 4+ 1 = 5 which implies ® N, = 3. But we know, from Proposition 3.12,

E!®" = E/(N — A") = —1fori = 1,2 which forces E| + E), < ®'. Moreover

E;Ny = E (N +2Ky —2G') =2forallk =1, ..., hy.

Then we get a contradiction since 4 = (E| + E})N2 < ®'Np = 3.
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Assume now that either case (Oc) or case (0f) of Proposition 3.12 holds. Then
n=3=0,,AN =3,®N =0and A’N; = A’N = 3. Then &Ny = (N —
A)N; = 1. Since Nj is nef there exists exactly one irreducible component D of
@’ such that DN; = 1. We also know, from Proposition 3.12, E/®" = E/(N —
A’) < —1fori = 1,2 and then since E;N; = 1 forallk = 1,...,h we geta
contradiction. O

From Theorem 7.7 and Propositions 9.1, 9.2 and 9.3 we obtain the following:

Theorem 9.4. Case (iii) of page 491 can only occur when one of the following
conditions is satisfied:

1. £ =0: Cases (0g), (1a), (1d), (1f), A’ = N;
2. £ =1:Cases (1f), A’ = N.

Moreover in cases (0g), (1f) and A’ = N we have ® = 0, i.e. the invariant pencil
A < |3Kg]| has no fixed part.

10. Ruled cases

10.1. n =3¢

By Definition 8.3 and the results of Section 8.5 we know that | N3| induces a mor-
phism g : W — [F, for some a > 0 with K%V = K,z, + 14 3¢ = —1. Then we
have _

Ky, =-2c—(a+2)f, &(f)=Ns

where c is the (—a)-section of IF, and f is a fibre of the ruling F;, — IP;. Then
Kw = —2g*(c) — (a + 2)N3 + A where A is the exceptional divisor of g.
Therefore

Ny = N3 — Ky =2g*(c) + (a +3)N3 — A
Ni =Ny — Ky =4g*(c) + 2a + 5)N3 — 2A
N =N; — Ky = 6g*(c) + Ba+T)N3 — 3A.

Lemma 10.1. In the above setting 0 < a < 2.
Proof. Since N is nef we find g*(c)N =7 —3a > Oand then 0 < a < 2. O
We look at 2By + E’: from the definition of N on the surface ¥ one has
2By + E' = N — 3Ky = 12g*(c) + (6a + 13)N3 — 6A (10.1)
whence g(2By + E') = 12¢ + (6a + 13) f. Furthermore
g¥(©)2Bo+E")=g*(c)(12¢*(c)+ (6a+13)N3—6A) = —12a+13+6a =13 —6a.

From Theorem 9.4 we have £ =0, 1.
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10.1.1. £ =0

Let us assume £ = 0. Then 2By + E’ = E’ and we can write El/ = o;8%(c) +
BiN3 + Zi yjiAj. We also recall that h; = 4 4 £ = 4 from (2.5). Then

3= N3E = N3 |:Olig*(6) + BiN3 + ZyjiAjj| =q;.
J

This implies

g (O)E] = g*(c) |:Olig*(c) + BiN3 + Z)/jiA]} = —au; +pi =pi —3a.
J

Lemma 10.2. In the above setting we have g*(c)Elf > 0. In particular we have
Bi >=3aforalli=1,..., 4.

Proof. 1t is obvious since g*(c)Elf < 0 and the irreducibility of El’ would imply
El’ < g*(c¢) and therefore El’ = c the strict transform of ¢. Then we get a contradic-
tion since 3 = E;]\_/3 =¢N3 = g*(c)N3 = 1. O

Moreover from equation (10.1) we have Z?’Z 1 Bi =13+ 6a.

Lemma 10.3. Each irreducible component C in the singular fibres of Py W —

P! is a rational curve with C* = —1, —2.

Proof. Use that N3 and N, = N3 — Ky are nef divisors and apply Zariski’s lemma
and the Index theorem. O

Remark 10.4. For any (—2)-curve C" which is contained in a singular fibre we
have C'E’ = C'(N3 — 6Kw) = 0 so C’ does not intersect any of the curves E.
Therefore the intersection of E . With the singular fibres is only given by the points
of intersection with the (—1)-curves.

Lemma 10.5. Any singular fibre contains two irreducible (—1)-curves with multi-
plicity 1.

Proof. Assume that there are m irreducible (—1)-curves appearing with multiplicity
b, > l_i = I,...,m. Then from Lemma 10.3 and the rationality of |N3| we find
—2=N3Kw =—Y7_, bi henceeitherm = 1,by =20orm =2,b; = by = 1.
Since E_,/( N3 = 3 for any k = 1, ..., 4 and since the curves E ,/c cannot intersect
the (—2)-curves in each singular fibre (see Remark 10.4) there cannot be a fibre
with only one (—1)-curve of multiplicity 2. O

Lemma 10.6. For any singular fibre the curve E' intersects the exceptional curves
of that fibre.
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Proof. Assume there is a singular fibre ¥ of g : W — [, such that E’ does not
intersect any of the exceptional curves of that fibre. Then there exists a curve I' in
Y such that TE’ = E’N3 = 12 and T" is not contracted by g : W — . Hence

12=TE =T(12g*(c)+ (134 6a)N3 — 6A) = 12I'g*(c) — 6T A.

Since’'A > 1andT’A =0 mod 2 wefind 12 < 12I'g*(c)—12 hence I'g*(¢) > 2.
Let g(I') = f be the fibre of the ruling of F, obtained by I'. Then 1 = fjc =
g*(f1)g*(c) =Tg*(c) = 2 and we get a contradiction. O

Lemma 10.7. In the above setting we can reduce to the case a = 1 unless a = 2
and Ay W — P! has at most two singular fibres.

Proof. We know that F'N3z = H'N3 = 0 and the two (—2)-curves are contained in
a singular fibre of }| 5, - We can choose the map g so that it contracts these curves

to a point which is now on a nonsingular fibre fy of the map F, — P!.

If a = 0 and we blow up the above point and we consider the section c¢ inter-
secting fo at that point, the strict transform of ¢ is a (—1)-curve. By contracting the
strict transform of f the exceptional divisor becomes a curve with self-intersection
0. Therefore the surface now obtained is F;.

We can do the same for a = 2 if the point is not the intersection point between
fo and the (—2)-section ¢ on [F;.

Assume now that @ = 2 and ¢ passes through the above point Py. We can
reduce to a = 1 if we find a singular fibre f; such that ¢ does not pass through the
point obtained by contracting all the exceptional curves of g : W — [F, in that
fibre.

Let us suppose such a fibre f] does not exist. Then for any singular fibre f’
the (—2)-section ¢ passes through the point P” which is the contraction of all the
exceptional curves in that fibre. From Lemma 10.6 we can deduce that P must be
a point in E’. Since g*(c)E’ = 13 — 6a = 1 there can be at most one such fibre.
Thus, if the number of singular fibres is at least 3 we are done. O

Lemma 10.8. Foranyi =1,...,4and j =1,...,9 we have

AcY A =0 it A2 =2
j

0< ALY yh; <3 ifAa7=-1.
j

Proof. Since El’ =3g*(c) + BiN3 + Zj YjiAj we have
0<E{Av=Ar) yjihj < E[N3 =3.
J

From Lemma 10.3 the curves Ay have self-intersection —2 < A,% < —1.
Furthermore, from Remark 10.4, if A,% = —2 then El’ Ar = 0. Hence 0 =
E;Ak = Ay Zj yjiAj which proves the lemma. O
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Corollary 10.9. Foranyi = 1,...,4 we have A Z,/ Vjij < 6r where r is the
number of singular fibres of g : W — .

Proof. Letusset V := {v| A% = —1}. From the above proposition we have
AD yjiNi =Y Ayyjid; <3|V
j veV

where |V| is the cardinality of the set V. From Lemma 10.5 there are two simple
(—1)-curves in each of the r singular fibres then | V| < 2r as wanted. O

We are now ready to show that the reduction to a = 1 it is always possible.
Proposition 10.10. The case a = 2 cannot occur with r < 2 singular fibres.

Proof. We know from the formulas of page 522 that Ny = 2g*(c)+ (a+ 3)N3; —A.
Then

2=E/N,=E/N, = <38*(C) + BiN3 + Z )/jiAj> (2g*(c) + (a +3)N3 — A)
J

=—6a+3a+9+28 —A)_ yjiA,
j

hence A Zj vjiAj = 2B; +7 — 3a. Thus, from Lemma 10.2 and Corollary 10.9,
7+4+3a <28, +7—3a <6r

where r is the number of singular fibres of g : W — [F,. When a = 2 we get
6r > 13 and then r > 3 as wanted. O

From now on we assume a = 1. The pencil |N3| is mapped to the pencil of
lines of P? through a point P. Then | N>| maps to the net of quartics with 1 double
point and 9 simple base points, |N1]| to the net of curves of degree 7 with 1 triple
point and 9 double points (with no other simple base points), and |N| to the pencil
of curves of degree 10 with one quadruple point, 9 triple points and no other base
points.

Theorem 10.11. The case n = 3¢ = 0, n’ = n” = 0 cannot occur.

Proof. We compute the plane image of |A’|. From Theorem 9.4 we know that
£ = 0 can only occur in case (0g) of Proposition 3.12, in cases (1a), (1d) or (1f) of
Proposition 3.13 and when A’ = N. Then, using also Proposition 3.2 and Corollary
3.11, A? = 0,A’Ky =2,A’N = 3, A’G’ = 1 in the former case while we have
A'Ky = 1,A’N = 3, A’G’ = 0 in the latter cases with A = 1 unless A’ = N.
Hence we find

A'Ns = A'(N +3Ky —3G') =3+3A'Ky —3A'G' =6
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in all the above cases. Then A’ is mapped onto a plane curve of degree d with a point
of multiplicity d — 6 at P and, denoting by s; the number of points of multiplicity
jamong Py, ..., Po,
3=A'N=A'N=10d -3 js; —4(d —6)
J

hence
D isj=2d+7. (10.2)
j

We also have A/z =1, ps (A") = 2 in all the above cases except for A’ = N. Then,

if A" # N,
1=A7=d> =Y j%;
j
hence
Y o iksj=d* -1 (10.3)
j
and
= (d—-1)(d-2) JG—=1D (d—-6)(d-T7)
— / — . [—
2—pa(A)—f_;s] 5 5
d?> —3d+2—d*+13d — 42 jiG =1
= —Zsji
2 - 2
hence

> s — 1) =10d — 44. (10.4)
j
Then comparing (10.2), (10.3) and (10.4) we get
10d —44=d*>-1—Q2d+7) =d*>—2d — 8

hence
d>—12d+36=(d —6)>=0

which forces d = 6. In this case (10.2) and (10.3) become
Zj jsj =19
> j%sj =35

We now easily infer j < 5. Subtracting the first equation from the second one we
find

16 =35 — 19 = (2555 + 1654 + 9s3 + 452 + 51)+
— (555 + 4s4 + 353 + 250 + 51) = 2055 + 1254 + 653 + 255.
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Hence s5 = 0,54 < 1. Then we find 6s3 + 2so = 16 — 1254 or equivalently,
3s3 + 5o = 8 — 654 and substituting in (10.2)

S1+85=19—4s4 — 3Bs3+ ) =19 —4sq4 — (8 — 654) = 11 + 254

which gives a contradiction since ) isi=9.

We now discuss the case A’ = N. Then A/z = N? =3 and p,(A’) = 3. Then

3=A7 ==Y %,
j

forces
> jsj=d*=3 (10.5)
j
and
= (d—-1)(d-2) JjG—=1D (@d—-6)(d-"7)
li
3=pa(A)=f—;sj s 5
_d*-3d+4+2-d*+13d-42 JG =1
- 2 ZSJ 2
J
hence

Y sjj(G—1) =10d — 46. (10.6)
J
Thus comparing (10.2), (10.5) and (10.6) we find

10d —46 =d* —3—2d+7) =d*—2d — 10

hence d? — 12d + 36 = (d — 6)> = 0 forces d = 6 while we know d = 10 since
A'=N. O

10.1.2. £ =1

Let us now assume By # 0. For any curve E; on the rational surface Y there is at
most one of the curves Z; intersecting E’ (see Corollary 4.7).

Assume n = 3¢ = 3. If all the cycles Z; are irreducible then there are exactly
3 of the 5 curves E; (we can suppose they are E}, E; and EY) intersected by one
(and only one) of the curves Z;: we have E l’ N3 = 0 for each of them. Hence they
are contained in singular fibres of the map ¢y, : ¥ — Py.

If one of the cycles Z; is reducible then, from Corollary 4.11, either Z;, Z5 are
irreducible and Z3 = Z; + Z» + E,/( forsome 1 < k < h; = 5 or Z; is irreducible,
Zr, = Z1+C (with C a (—2)-curve) and Z3 = Z; +Z2—|—E,/< for some k < 5. In any
case we have E,’CN 1 = 0 (see Proposition 4.3) hence E,/{N3 = 0. Moreover since
¢ = 1 from Lemma 4.6 and Corollary 4.7 By Y}, Z; = 2BoZ) + 2BoZ, = 4
hence ByN| = 0 forces BoN3 = 0.

We now can show the following
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Theorem 10.12. The case n = 3¢, n’ = n" = 0 with £ = 1 cannot occur.

Proof. Let us now consider the fibration given by the rational pencil | N3|. If we set
8 :=) (e(N3; — e(N3)) from [1, Proposition III.11.4] we have

§=e(Y)—e(Na)eP) =12 — K2 -4 1242430 -4=13,

From Lemma 5.10 every curve C in a singular fibre contributes —C? to 8. If all the
cycles Z; are irreducible then the (—3)-curves F’, H', E}, E}, E; are disjoint and
they are contained in singular fibres.

If Z3 is reducible then the (—3)-curves F’, H', E; and the (—6)-curve By are
contained in singular fibres. In any case we find a contradiction since 13 = § >
15. O

10.2. n =3¢ -1

From Section 8.4 we know that |N>| gives a morphism g : W —> F, for some
a > 0with K3, = K + 14+ 3¢ — 14 1 = —1. Then we have

Kp,=—-2c—(a+2)f, g(H=M

and Ky = —2g*(c) — (a + 2)N> + A where A is the exceptional divisor of g.
Therefore

Ni = Ny — Ky =2g*(c) + (@+3)N, — A
N = Ny — Ky =4g%(c) + Qa + 5N, —2A..

Then similarly to the case n = 3¢ = 0 one can show (see also [14, Section 5.1.2])

Theorem 10.13. The casen =3¢ — 1 =2, n’ = 1 cannot occur.

11. Del Pezzo cases

We now treat separately those cases with £ = 0 from those with £ = 1. We refer
then to the list of Theorem 9.4. Since the ideas of most proofs are quite similar we
only write here two of them, i.e. we fix £ = 1 and we study the cases n = 3¢ and
n=73¢—1.

When £ = 1 from Theorem 9.4 we always have ® = 0 and either case (1 f) of
Proposition 3.13 or A’ = N holds. Moreover we have 0 = 3¢ — 3 <n < 3¢ = 3.

11.1. n =3¢

From the results of Section 8.5 when we contract the (—1)-cycles G', Z1, Z», Z3,
7", 7" we get a rational surface W which is isomorphic to the projective plane P2
blown up at eight points Py, ..., Pg.
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Case 1. The cycles Z1, Z,, Z3 are irreducible

In this case BgN; = Bo(N + Ky — G' — Zy — Zy — Z3) = 1 and ByN, =
Bo(N 4+ 2Ky —2G' —=2Y3_,Z) =2.

In particular, since Z”N, = 0 and Z”” N, = 1, from the nefness of Ny one can
see that By cannot be an irreducible component of any of these cycles, i.e. By is not
contracted on W. Let us compute (recall that Ns = 0)

3
0 = BoNs = By <N +4Ky — 4G’ — 42 Z; —27" — Z”’)
i=1

2
=4— By (222; + z”)
i=1
hence 0 < ByZ” < 2 and we have

2
BoN3 = ByN3 = By <N+3Ky—3G/—3ZZi —z“> =3—-ByZ" > 1.

i=1

Thus we can write the following table

| BoZi  BoZ, BoZs BoZ' BoZ" BoNs

a) | 1 1 1 2 0 1
by | 1 1 1 1 2 2
ol 1 1 1 0 4 3

We now apply the Index theorem. Since Ng = 1and ByN3 = s > 1 we find
Bg < 52 which excludes case ¢) and forces By = N3 in case a). We also note that
in case b) we have BS =2.

Lemma 11.1. Case a) cannot occur.

Proof. Assume case a) holds. Since By = N3, ByZ = BoZ>» = BoZ3 = 1 and
E.Z| = E;Zy = 1 = E}Z3, if E%, E}, E5 were not contracted on W we should
have

2
| < E{By= E,N3=E,N;=E, (N +3Ky —3G' =3) 7 - z”) =—E 7"

i=1

for k = 3,4,5. Then we should have E; < Z” and 0 < E;N3 < Z'N3 = 0.
Contradiction. Thus E,’( is contracted on W and, from the nefness of N3, E,/CZ” =
E,Z" =0 (k = 3,4,5). From the definition of N and from Z"’N = 3 we find

6=2ByZ" +E'Z" =E'Z" = (E|, + E)Z". (11.1)
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Moreover, fork = 1,2

2

0=E,Ns=E, (N +4Ky —4G' —4> "7, -27" - z/“) =4—E 22"+ 27")
i=1

and

2
E,N; = E, (N+3Ky —3G'-3) 2z —z”) =3-E 7" >0.
i=1
Since E; N> = 2 while Z"N> = 0,Z""N, = 1, it cannot be E; < Z", Z" for
k =1, 2. In particular E; Z", E; Z"" > 0. Thus
2E|Z + EZ7" =4 (11.2)
forces 0 < E; Z" < 4 and from (11.1) there should be at least one of the curves E;
(say E}) such that E; Z"" = 4, E,/{]\_/3 = 3. We get a contradiction since from the

Index theorem we should have (E_é — 3N»)? < 0 or equivalently E’ § <0. O

We now study case b). Let us denote by dj the degree of the plane image of By.
Since 2By + E’ = N — 3Ky the curve 2By + E’ is sent to an element of | — 7Kp2|.

We note that a quadratic transformation leaves the plane image of [2Bg + E’|
unchanged. In particular even after any quadratic transformation the equation

5
2d0+2d,- =21 (11.3)
i=1

holds, where dy is the degree of the image of Bo while d;,i = 1,...,5 are the
degrees of the plane images of the curves E;. In particular we have dy < 10.

The curve By satisfies the linear system

> jsj=dy— By =dy—2
J
> " jsj =3do— BoN, = 3dp — 2 (11.4)
J
ZS]' <8
J
where s; is the number of points among Py, ..., Pg of multiplicity j for By. By

an easy computation one can see that dy > 3 and we have the following list of
solutions:

1)do=3,51=7 5)do=7,53=3,50=5
2)dyp=4,50=2,51=6 6) dop =8,53 =6,50 =2
3)dyo=5,50=5,51=3 7do=9,5a=1,853=T7.

4)dy=6,53=1,50=06,51 =1
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Proposition 11.2. All the above solutions are equivalent up to a finite number of
Cremona quadratic transformations of P based at Py, . .., Pg.

Proof. Let us consider a curve of degree 9 as in 7) and let us take the quadruple
point Q1 and two of the seven triple points Q;, Q3. Then they are not collinear
otherwise there should be a line meeting the above curve at 10 points. Moreover
Q1 is on P2, i.e. it is not infinitely near to any other point, since is the unique
point of maximal multiplicity for the curve. Since E is an irreducible curve if both
Q2, O3 were proximate to P from the proximity inequalities (see [3]) we should
have4=mp1 >mp, +mp;, = 3+3=6.

If Q> or Q3 are not infinitely near to Q1 we can choose them to be on P2. Then
a quadratic transformation (see [3]) based at Q1, Q», Q3 is well-defined and takes
the curve of degree 9 onto an octic as in 6).

Let us consider the octic in 6) and let us take three of the six triple points Q1,
Q»>, Q3. Then they are not collinear otherwise there should be a line meeting the
octic at 9 points. Moreover we can choose the points in such a way that one of
them, say Qj, is on P2, i.e. it is not infinitely near to any other point. Since E;
is an irreducible curve if both Q», Q3 were proximate to P; from the proximity
inequalities we should have 3 > 3 43 = 6.

If Q> or Q3 are not infinitely near to Q| we can choose them to be on P2. Then
a quadratic transformation based at Q1, 0>, Q3 is well-defined and takes the octic
onto a septic as in 5).

With a similar argument one can see that we can choose two triple points and
one double point for the septic such that there exists a quadratic transformation
based at those points sending the septic to a sextic as in 4). To get 3) we consider the
triple point Q1 and two double points Q2, O3 of the sextic. Then we can consider
three double points for the quintic such that a quadratic transformation based at
those points sends the quintic onto a quartic as in 2). Eventually, if we base a
quadratic transformation at the two double points of the quartic and at one of the
six simple points, we can take the quartic onto the cubic in 1). The result is then
proved. O

From the above proposition, up to Cremona transformations, we can set dy =
9. In particular we can assume that the quadruple point of the curve By is Pg. Then

we find
5

Zdl- =21 —2dy =3
i=1

andd; <3foranyi=1,...,5.
Proposition 11.3. In the above setting case I cannot occur.

Proof. Letus consider the curves E;, i = 1,2. Then E!N, = E[(N +2Ky —2G' —
2 Z?:l Z;) = 2 while Z"N, = 0, Z""N, = 1. In particular, from the nefness of
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N, E' and E/, cannot be contained in Z” or Z" and they are not contracted on W.
Thus

E/Z; =0, 2EZ'+EZ"=4 (i=12j=123). (11.5)

Since (11.5) holds we have a priori three possibilities. In the former case E/Z" =
2, E!Z" = 0 and then E/? = 1 hence E_;BO =2and d; = 3, s1 = 8. In the second
case E/Z" =1, E/Z"" = 2 and then E’iz = 2 hence E;E’o =5andd; =3,5s1 =17.
In the latter case E/Z” = 0, E;Z” = 4 hence E/N3 = 3 and E_’i2 = 13 contradicting
the Index theorem as in the proof of Lemma 11.1.

Thus, since Zle d; = 3, one among E| and E/, is necessarily contracted on
W and we get a contradiction. O

Case II. At least one of the cycles Z; is reducible

We know from Corollary 4.11 that either Z;, Z, are irreducible and Z3 = Z;+Z>+
E; forasuitable | < k < 5or Z; isirreducible Z = Z1 +C, Z3 =221+ C+ E;
for a suitable 1 < k < 5 where C is a (—2)-curve.

Let us look at the (—6)-curve By. In any case we have BoZ; = BypZ; = 1,
ByZz = 2.

Proposition 11.4. In the above setting case Il cannot occur.

Proof. If By was contracted on W, then it should be contained either in Z” or in
Z'"". But when we contract the cycles Z1, Z,, Z3 the self-intersection of the image
B(’) of By is B% = Bg + 14144 = 0. Since By, hence B, is irreducible, it cannot
be a component of a (—1)-cycle.

Computing BoN3 and ByN4 and recalling that N3 is nef whereas N4 = 0, one
can easily see that ByZ” = BoZ" = 0. Thus the image By of By on the rational
surface W is a curve of self-intersection 0 having a node or a cusp (depending on
the structure of the cycles Z;) at the point obtained by contracting Z1, Z», Z3.

In particular we note that éoN’j = BoN3 = 0. Hence by the Index theorem
and the rationality of W we infer By = 0. Contradiction. O

Hence from Propositions 11.3 and 11.4 we obtain:

Theorem 11.5. The case n =3¢,n’ =0,n"” = n"" = 1 cannot occur with £ = 1.

11.2. n =3¢ -1

From the results of Section 8.4 when we contract the (—1)-cycles G', Z1, Z3, Z’l,

Z),, Z" we get a rational surface W which is isomorphic to the projective plane IP?
blown up at eight points Py, ..., Ps.



AUTOMORPHISMS OF ORDER 3 ON GODEAUX SURFACES 533

We also recall that from Corollary 4.11 the cycles Z; and Z, are irreducible
(—=1)-curves and BoN; = Bo(N + Ky — G’ — Z| — Z») = 2. In particular, since
Z|Ni = Z,N; = 0 and Z"N; = 1, from the nefness of N; one can see that By
cannot be an irreducible component of any of these cycles, i.e. By is not contracted

on W. Let us compute (recall that 0 = N3 = N + 3Ky — 3G’ — 3 21‘2:1 Z; —
257, Z - 7"

2
0= ByN3; =6 — By <2Zzg+z”>

i=1

hence 0 < By 21-2:1 Z! < 3 and we have

2 2 2
BoN,=ByN, =By (N+2Ky —2G'-2) "7 - Zz;>:4— BoY Zj>1.
i=1 i=1 i=1

Thus we can write the following table

BoZi BoZ, BoZ, BoZ, BoZ' ByN,
a) 1 1 3 0 0 1
b) 1 1 2 1 0 1
c) 1 1 1 1 2 2
d) 1 1 1 0 4 3
e) 1 1 0 0 6 4

We now apply the Index theorem. Since NZZ = 1and ByN, = s > 1 we find
Bg < 52 which excludes cases a), d), e) and forces By = N in case b). We also
note that in case c¢) we have Bg =2.

Lemma 11.6. Case b) cannot occur.

Proof. Assume case b) holds. Since By = N», BoZ, = ByZ» = 1 and EgZ1 =
E,Z, = 1, if E}, E were not contracted on W we should have

2 2 2
| < E}By=E,N,=E, (N +2Ky —=2G' =2) Zi - Zz;) =—E. Y 7
i=1 i=1 i=1

for k = 4, 5. Then we should have E; < Z; forsomei and0 < E; N, < Z!N, = 0.
Contradiction.

Thus E; is contracted on W and, from the nefness of Np, E; >, Z! = E; 7" =
0 (k = 4, 5). From the definition of N and from Z”N = 2 we find

5=2ByZ"'+E'Z' =E'Z"=(E| + Ey+ EpZ". (11.6)
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Moreover, fork = 1,2, 3, since N3 = N +3Ky —3G' -3 Z%zl Zi —221.2:1 Zlf —
Z'0=E,Ny=3—E,QY",Z +Z") and
2 2 2
E\N, = E| <N+2Ky—2G/—ZZZl- —Zzg) :2—E;Zz; > 0.
i=1 i=1 i=1
Thus

2
2E, Y Z]+EZ" =3 (11.7)
i=1
and E; Ziz:l Z! <2forces —1 < E; Z" < 3.
Thus E ,/CZ’ "'is odd and from (11.6) there should be at least one of the curves
E} (say E) such that E; Z" = 3, E,/c]\_fz = 2. We get a contradiction since from the

Index theorem we should have (E_g — 2N»)? < 0 or equivalently E’ g <4. O

We now study case c). Let us denote by dy the degree of the plane image of By.
Since 2By + E' = N — 3Ky the curve 2Bg + E’ is sent to an element of | —6Kp2|.

We note that a quadratic transformation leaves the plane image of [2By + E’|
unchanged. In particular even after any quadratic transformation the equation

5
2do + Zdi =18 (11.8)
i=1

holds, where dj is the degree of the image of Bo while d;,i = 1,...,5 are the
degrees of the plane images of the curves E.. In particular we have dy < 9.

The curve By satisfies the linear system

> jsj=dy— By =dy—2

J
> " jsj=3dy — BoNy = 3do — 2

J

ZSJ'ES

J

where s; is the number of points among Pj, ..., Pg of multiplicity j for Bo. Then,
as for (11.4), dp > 3 and we have the following list of solutions:

1)do=3,51=7 5)do=7,53=3,5p=5
2)dy=4,50=2,51=06 6) dp=8,53 =06,50 =2
3)dy=5,50=5,51=3 7 do=9,5a=1,53="17.

4)dy=6,53=1,50=06,51 =1
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Proposition 11.7. All the above solutions are equivalent up to a finite number of
Cremona quadratic transformations of P based at Py, . .., Pg.

Proof. See the proof of Proposition 11.2. O

From the above proposition, up to Cremona transformations, we can set dy =
8. In particular we can assume that the two double points of the octic are Py, Pg.
Then we find

di =18 —2dp =2
i=1

andd; <2foranyi = 1,...,5. If one of the curves El/ is contracted on W then it
has d; = 0 and the multiplicity at each of the points Py, ..., Pgis 0.
If E is not contracted on W we have two different numerical possibilities:

2
E}Y Z;=1E[Z{ =E[Zy=0,E[Z' =0 (i=4,5) (11.9)
j=1

2
E|Z\ =E|Z, =0, 2E;ZZ; +EZ'=3 (i=12,3). (11.10)
j=1

When (11.9) holds we find E’l-z = —2 hence, since d; < 2, eitherd; = 1,51 =3 or
d; = 2,51 = 6. Moreover E/By = 1.
When (11.10) holds we a priori have two possibilities. In the former case

E; Zi:l Z, = 1,E{Z" = 1 and then E/l-z = —1 hence E/By = 3 and either
di = 1,51 =2ord; = 2,51 = 5. In the latter case E] Z?:l Z} =0,EZ"=3

hence E ! N> = 2and E’ 12 = 6 contradicting the Index theorem as in the proof of
Lemma 11.6. o
We now fix i = 4, 5. Then since Elsz = 0 we have Z§:1 mj = 3d; where

m j is the multiplicity of E] at P;. Moreover

1 = E[By=8d; —3(my + -+ -+ mg) — 2(m7 + mg)

8
=8d,-—3ij+(m7+mg)=—di—|—m7+mg

j=1
hence
di+1=m7+mg<2 (11.11)
since there are no singular points among Pi, ..., Pg. Hence d; < 1 and when

d; = 1 the line Elf must pass through P; and Ps.
_ This excludes the 6-tuple (do, di, d2, d3, d4, ds) = (8,0,0,0, 1, 1) since both
E}, and E5 would be lines through the points P7 and Ps.
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Then we have the following list of 6-tuples (dy, d1, d2, d3, da, ds):
8,2,0,0,0,0), (8,1,1,0,0,0), (8,1,0,0,1,0).
Fori =1, 2, 3, since E;]\_Iz =1 (hence Z?’:l mj = 3d; — 1), we have
3=E;By=8d; —3(m) + -+ mg) — 2(m7 + mg)

8
= 8d; —Sij + (m7 +mg) = —di +3 +m7+mg
j=1
hence
m7+mg=d; <2. (11.12)
We now study the 6-tuple of degrees (8, 2,0, 0,0,0). Using (11.11), (11.12) and

the fact that 2B + E’ has total multiplicity 6 at each of the points Py, ..., Pg we
find the following configuration

P P P3 Py Ps Ps P1 P
8 3 3 3 3 3 2 2
2 1 1 1 0 0 O 1 1
0] -1 0 0 0 O o0 o0 o0
0 0 0 0 0 O o0 o0 o0
0 0 -1 0 0 0 o0 1 0
0 0 0O -1 0 O 0 O 1

For the 6-tuple (8, 1, 1, 0, 0, 0) we find

P P, P3 Py Ps Ps P Pg
8 3 3 3 3 3 3 2 2
1 1 O 0 0 o0 0 1 0
1 0 1 0 0 O 0 0 1
0 0 O 0 0 o0 0 0 0
0] —1 O 0 0 o0 0 1 0
0 0O -1 0 0 O 0 0 1

For the 6-tuple (8, 1, 0, 0, 1, 0) we have

P P, P3 P, Ps Ps P; Pg
8 3 3 3 3 3 3 2 2
1 1 O 0 0 o0 0 1 0
0] —1 O 0 0 o0 0 0 0
0 0 0O 0 0 o0 0 0 0
1 0 1 0 0 O 0 1 1
0 0O -1 0 0 O 0 0 1
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Remark 11.8. The conditions (11.11) and (11.12), the total multiplicity 6 of 2Bo+
E’ at each of the points Py, ..., Pg and the computation of the intersection numbers

0 i=4,5 i#]
>1 i#j,1<i,j<3
-1 1<i=j<3

BB =

are sufficient to uniquely determine the configuration of points for each 6-tuple of
degrees (do, d1, d>, d3, d4, ds).

Lemma 11.9. The three above configurations are equivalent up to a finite number
of quadratic transformations.

Proof. We consider the 6-tuple (8, 1, 1,0, 0, 0). Let us apply a quadratic transfor-
mation based at P;, P», Pg. Since P; is a point of maximal multiplicity for both
By and E { while P; is a point of maximal multiplicity for both Bo and Eé, they
cannot be infinitely near to any other point. Moreover Pg is proximate to P, since
the line EY joins the two points and does not pass through any of the other points.
Hence a quadratic transformation based at Py, P», Pg is well-defined and we obtain
(8,1,0,0,0,1).

We now show that (8, 1, 1, 0, 0, 0) is equivalent to (8, 2, 0, 0, 0, 0). We know
that Pg is proximate to P,. A similar argument shows that P; is proximate to P;.
Let us now consider the points P3, P4, Ps, Ps. We claim that none of them can be
proximate to Pj or to P,. If this was the case, in fact, the octic should satisfy the
proximity inequalities (see [3]) 3 > 342 = 5 and we get a contradiction. Hence at
least one of them, say P, has to be a planar point and we can perform a quadratic
transformation based at P,, Pz, Pg obtaining the 6-tuple (8, 2, 0, 0, 0, 0). O

Thus all the 6-tuples are equivalent up to quadratic transformations and we
can reduce to one of them, say (8, 2, 0, 0, 0, 0). We also note that the curve Eé 18
contracted on W. In particular we have Eé 23:1 Z;. =2, EéZ” =—1.

Moreover since E5 < Z” we find E5N, = 0 and then from the Index theorem
we have (E§+Z;-)2 =-3-1 +2E§Z; < 0 (recall that Z;-Nz =0forany j =1, 2)
hence E{Z| = E{Z), = 1.

We now look at the surface ¥ which is isomorphic to the plane blown up at 14
points. Let us denote by Py the point obtained by contracting Z”, Pjg and Py the
points obtained by contracting the cycles Z;., P17 and Pj3 the contractions of Z;

and Z, and, finally, P4 the contraction of G’. From Section 8.4

n 2
2By+ E'=6G'+3) Zi+2) Z+Z" 6Ky

i=1 i=1

hence the total multiplicity of 2By + E’ at Py is 5, at Pjg and Py is 4, at P15 and
P13 is 3 and it is O at Pj4. Therefore we can write the following table
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P Pb P Py Ps Po PP Pg Po P9 P P P13 Pu
8 3 3 33 3 3 2 2 2 1 1 1 1 0
2 1 1 1 0 0 0 1 1 1 1 0 0 0 0
0|—1 0 O 0 0 o0 o0 o0 1 0 1 0 0 0
0 0 0 o 0o 0o o o0 0 -1 1 1 0 0 0
0 0 —1 o 0 0o o0 1 O 0 O 0 1 0 0
0 0 0O -1 0 0 0 0 1 0 O 0 0 1 0

Let us now see what the images of F" and H' are. We know that F'G’' = H'G' = 1
hence their images pass through the point Pj4. We also know they have no inter-
section with By and with any of the curves E;.

Let us now consider F’. The computation for H' is similar. Its plane image is a
curve of degree d with multiplicities my, ..., m14 at the points Py, ..., Pi4. From
the above remarks we find the following relations

miyg =1
6

9 13
3Zm,~+22mi+ Zm,- = 8d
i=7

i=l1 i=10
3 10
>omityomi =2
i=1 i=7

—my+mg+my; =0

(11.13)

—mg +mig+mp; =0

—my +m7+mpp =0

—m3+mg+m3=0.

One can easily see that F’ (hence H’) is not contracted on W. Since F'N; =
F'N, = 0 we have F/Zl-zzl Z = F/Z?ZI Z. =0 = F'Z". This forces F'Z; =
F'Z; =0fori = 1,2, hence m; = 0for9 <i < 13. We can then rewrite (11.13)
as

mig =1
m; =0
my+m3=d
(11.14)

m7 = m3

mg = m3

mg+ms+mg=d.
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Since F’ is a (—3)-curve from (11.14) we have
14
—3=d2—2m?= —(d—2m2)2—mi—m§—mé—l
i=1

hence (d — 2m»y)? + mi + mg + m% = 2. First of all we note that
2> mi4+mi+mi>mg+ms+mg=d

forcesd < 2. If d = 2 we find mp = 1 and (my4, ms, mg) = (1, 1,0), (1,0, 1) or
(0,1, 1). Using (11.14) we find my = m3 = m7 = mg = m4 = 1. Hence F’
and H' cannot be both sent to conics, since otherwise they should have at least 5
common points while F/H' =0on'Y.

Whend =1 we find —1 < 1 — 2my < 1 hence either my = m7 = 0, m3 =
mg =1ormy =my=1,m3 =mg =0. F/' and H' cannot be sent to a conic and
a line respectively, since they should have at least 3 common points (P,, P7, P4 or
Ps3, Pg, Pi4). Contradiction.

Ifd = 0then —1 < —2m; < 1 forces my = 0. Hence from (11.14) we get
my =m3 =m7 =mg =0, myg + ms + mg = 0. Thus {myg, ms, mg} = {1,0, —1}.

From the above analysis either F” and H' are both sent to lines or one of them
is contracted on P2. In the former case we have the configuration

Pp Ph Py P4 Ps Po PP P3 Py Pio Pu P Pz Pu
8 3 3 33 3 3 2 2 2 1 1 1 1 0
2 1 1 1 0 0 0 1 1 1 1 0 0 0 0
0|—1 0 O 0 0o o0 o0 o0 1 0 1 0 0 0
0 0 0 o 0o 0o o o0 o0 -1 1 1 0 0 0
0 0 —1 o 0 0 o0 1 0 0 O 0 1 0 0
o o0 O -1 0 O O 0 1 0 O 0 0 1 0
1 0 1 o1 0 0 1 0 0O 0 0 0 0 1
1 0 0 1 0 1 0 0 1 0 0 0 0 0 1

In the latter case we can assume that the contracted curve (respectively one of the
contracted curves) has mq = 1, ms = —1, mg = 0. If the second curve is a conic
we find the configuration

P Pb P3s P4 Ps Ps P; Pg Py Pig Py P2 P13 Puy
8 3 3 3 3 3 3 2 2 2 1 1 1 1 0
2 1 1 1 0 0 0 1 1 1 1 0 0 0 0
0|-—1 0 0 0 0O 0 0 O 1 0 1 0 0 0
0 0 0 0 0 o o0 0 o0 -1 1 1 0 0 0
0 0 -1 0 0 0O 0 1 O 0 O 0 1 0 0
0 0 0O -1 0 0O 0 0 1 0 O 0 0 1 0
0 0 0 o1 -1 0 0 O 0 0 0 0 0 1
2 0 1 1 0 1 1 1 1 0O O 0 0 0 1
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If it is a line we find

P P, P3s Py Ps Po P Pg P9 Po P11 P P13 Py
8 3 3 3 3 33 2 2 2 1 1 1 1 0
2 1 1 1 O 0 0 1 1 1 1 0 0 0 0
0]-—1 0 0 O 0O 0 0 O 1 0 1 0 0 0
0 0 0 0 0 o 0 0 0 -1 1 1 0 0 0
0 0 —1 0 0 0O 0 1 O 0 O 0 1 0 0
0 0 0 -1 O 0o 0 0 1 0 O 0 0 1 0
0 0 0 o1 -1 0 0 O 0 O 0 0 0 1
1 0 0 1 0 1 0 0 1 0 O 0 0 0 1

while if they are both contracted we have

P P Ps Py Ps Ps Pr Pg Py Po P11 P Pi3 Py
8 3 3 3 3 3 3 2 2 2 1 1 1 1 0
2 1 1 1 O 0 0 1 1 1 1 0 0 0 0
0 (-1 0 0 0 0 0O 0 O 1 0 1 0 0 0
0 0 0 0 0 0 O 0 0 -1 1 1 0 0 0
0 0 -1 0 0 0 0 1 O 0O O 0 1 0 0
0 0 0 -1 0 0 0O 0 1 0O O 0 0 1 0
0 0 0 0o 1 -1 0O 0 O 0 O 0 0 0 1
0 0 0 0 0 1 -1 0 O 0 O 0 0 0 1

Lemma 11.10. The configurations given by the 6-tuples (8,2,0,0,0,0, 1, 1) and
8,2,0,0,0,0,0, 1) are equivalent up to quadratic transformations.

Proof. Let us study the configuration with two lines. One can easily see that P, and
P5 are planar points since they are of maximal multiplicity for the octic, the conic
and one of the two lines simultaneously. Moreover P; is proximate to P, while P3
is proximate to Pg. Thus P; cannot be proximate to P, or to P3 since otherwise the
octic would contradict the proximity inequalities (see [3]) 3 > 342 = 5.

With a similar argument one can show that P4 and Ps are planar points too. If
we base a quadratic transformation at Pz, P4, Pg we obtain the configuration with a
line and a contracted curve. O

We look at the eigenvalues of the curves By, E/,1 < i <5, F' and H’ for
the action of the automorphism of order 3. We know that F’ and H' correspond to
different eigenvalues since they come from the blow-up of a singularity of type A,
(see [3,17]). From now on let us set w := e2mi/3 1f By corresponds to the eigen-
value w then it appears with multiplicity 1 in the branch locus of the simple triple
cover associated to X — Y = X/(Z/37Z). Let us assume that E corresponds to

the eigenvalue w"i, F’ corresponds to the eigenvalue w" and H’ to w?"F.

Proposition 11.11. The case n =3¢ —1,n’ =2,n" =1 cannot occur with multi-
degrees (do, dy, d, d3,ds, ds, dr,dy)=(8,2,0,0,0,0,1,1) and (8, 2,0,0,0,0,1).
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Proof. We have already shown that the two configurations in the statement are
equivalent up to quadratic transformations. Let us consider

P P, P3 Py Ps P P P3 Py P9 Pii P2 P13 Py
8 3 3 33 3 3 2 2 2 1 1 1 1 0
2 1 1 1 0 0 0 1 1 1 1 0 0 0 0
0 -1 O 0 0 0 0 0 o0 1 0 1 0 0 0
0 0 0 o 0o 0o 0 0 0 -1 1 1 0 0 0
0 0 —1 O 0 0 0 1 O 0 O 0 1 0 0
0 0 O -1 0 0 0 0 1 0 O 0 0 1 0
1 0 1 o1 0 O 1 O 0 O 0 0 0 1
1 0O 0 1 0 1 0 0 1 0 O 0 0 0 1

Since the total degree of the branch curve on P? has to be a multiple of 3 and since
the two lines correspond to different eigenvalues, the conic appears with multiplicity
2 in the branch divisor, hence vy =2 mod 3.

The points P,, P3 are not infinitely near to any other point since they are the
only points which are triple for the octic and simple for both the conic and one of
the two lines. The total multiplicity at P3 of the branch divisor has to be a multiple
of 3. Then we obtain the equation

34+ vi+vs+vg=3+2+v5+vyg =0 mod3

which forces vy + vs = 2vg +v5 =1 mod 3.
On the other hand the same computation for P, gives us

34vi+wvy+vi=34+24+v44+veF=0 mod3

which forces vp + v4 = 1 mod 3. Then since v;, vp = 1,2 mod 3 we find
vF =v4 =2 mod 3 hence vs =0 mod 3. Contradiction. ]

Proposition 11.12. The casen = 3¢4—1,n" =2, n” = 1 cannot occur with degrees
(do, d1,dr, d3,ds, ds, dp,dp) = (8,2,0,0,0,0,0,2).

Proof. Let us consider the points Pj, P>, P3. They are of maximal multiplicity for
both the octic and one of the two conics hence they cannot be infnitely near to any
of the points P;, j > 4. Since there is an irreducible conic passing through all the
three points, we can perform a quadratic transformation based at P, P,, P3 and we
obtain the following configuration

P Phb Py P Ps P P Pg Py Pyo Pi1 P Pi3 Py
712 2 2 3 3 3 2 2 2 1 1 1 1 0
110 0 0 O 0O 0 1 1 1 1 0 0 0 0
1710 1 1 0 0O 0 0 O 1 0 1 0 0 0
00 0 0 O o 0 0 O -1 1 1 0 0 0
1{1 O 1 O 0O 0 1 O 0O O 0 1 0 0
11 1 0 O 0O 0 0 1 0 O 0 0 1 0
ofo o o0 1 -1 0 O O 0 O 0 0 0 1
210 1 1 0 1 1 1 1 0O O 0 0 0 1
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We now show that this new configuration cannot occur.

Let us consider the points P4, Ps, Ps. Since they are triple points for the septic
they cannot be infinitely near to any other point P;, j < 3 or j > 7. Moreover the
conic H' passes through Ps and Pg but not through P4. Hence one among Ps and
Pg has to be a planar point.

If Ps was planar, then the total multiplicity of Pg in the branch divisor of the
simple triple cover has to be a multiple of 3. Thus 34+ vy =0 mod 3 which forces
vy =0 mod3. We get a contradiction since H’ is an irreducible component of
the branch divisor. Thus Ps is a planar point and Pg is proximate to Ps. But then
when we blow up Ps the exceptional divisor F’ should pass through Pg. Contradic-
tion. O

Proposition 11.13. The casen = 3¢—1,n" = 2,n” = 1 cannot occur with degrees
(do,d1,dor,d3,ds,ds,dr,dn) = (8,2,0,0,0,0,0,0).

Proof. Let us consider the points Py, P, P3. They are of maximal multiplicity for
both the octic and one of the two conics hence they cannot be infnitely near to any
of the points P;, j > 4. Since there is an irreducible conic passing through all the
three points, we can perform a quadratic transformation based at Py, P>, P3 and we
obtain the following configuration

P Pb P Py Ps Ps Pr Pg Po Po Pu P P13 Pu
712 2 2 3 3 3 2 2 2 1 1 1 1 0
110 0 O O 0 0 1 1 1 1 0 0 0 0
110 1 1 O 0 0O 0 O 1 0 1 0 0 0
0j0 0 0 O 0 0O 0 0 -1 1 1 0 0 0
1{1 0 1 O 0 0O 1 O 0 O 0 1 0 0
111 1 0 O 0 0 0 1 0 O 0 0 1 0
ofo o o0 1 -1 0O 0 O 0 0 0 0 0 1
0oj0 0 0 O 1 -1 0 O 0 0 0 0 0 1

We now show that this new configuration cannot occur. Let us consider the points
P4, Ps, Pg. Since they are triple points for the septic they cannot be infinitely near
to any other point Pj, j < 3 or j > 7. Moreover Py is proximate to Ps which is
also proximate to Pg. In particular Pg is a planar point.

Since Pg is planar, the total multiplicity of Pg in the branch divisor of the
simple triple cover has to be a multiple of 3. Thus 34+ vy =0 mod 3 which forces
vy = 0 mod 3. We get a contradiction since H' is an irreducible component of
the branch divisor. ]

Hence we obtain:
Theorem 11.14. The casen =3¢ — 1,n’ = 2,n” = 1 cannot occur.
With analogous computations we can prove (cf. [14, Sections 5.2.1, 5.2.2]):

Theorem 11.15. The cases n = 3¢,n’ = 0,n” = n"” = 1with = 0, n =
3¢ —2,n' =5 andn = 3l — 3 cannot occur.
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Collecting the proofs of Theorems 5.17, 6.2, 9.4, 10.11, 10.12, 10.13, 11.5,
11.14 and 11.15 we eventually obtain Theorem 1.3.
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