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Taylorian points of an algebraic curve
and bivariate Hermite interpolation

LEN BOS AND JEAN-PAUL CALVI

Abstract. We introduce and study the notion of Taylorian points of algebraic
curves in C2, which enables us to define intrinsic Taylor interpolation polyno-
mials on curves. These polynomials in turn lead to the construction of a well-
behaved Hermitian scheme on curves, of which we give several examples. We
show that such Hermitian schemes can be collected to obtain Hermitian bivariate
polynomial interpolation schemes.

Mathematics Subject Classification (2000): 41A05 (primary); 41A63, 46A32,
14Q05 (secondary).

1. Introduction

In classical univariate Lagrange interpolation theory, we know the values of a func-
tion at finitely many points and we construct the polynomial of smallest degree
which takes the same value at these points. But we may know more than the mere
values of the function, we may know its local behavior around the points, that is,
its Taylor polynomial at each of the points, each one to a certain order. When we
collect these pieces of (local) information and look for the polynomial of smallest
degree that matches the same local behavior we find exactly the classical Hermite
interpolation polynomial. When working with multivariate functions, apart from
the (fundamental) fact that we must now choose the location of the points more
carefully, we can follow the same processes. However, knowing the Taylor polyno-
mial, say of degree d, of a function of n complex variables f requires the knowledge
of all the partial derivatives of order < d, or, equivalently, the total Fréchet deriva-
tives ), j = 0,...,d, of f which is a symmetric j-linear form on (C")/. In
many cases, it seems more realistic to know ) on a subspace of (C")/, for exam-
ple on the product of j copies of a hyperplane in C", which amounts to knowing
the local behavior of the restriction of the function to that hyperplane. Likewise, in
the bivariate Hermite interpolation theory that we introduce and study in this paper,
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the information which is at our disposal is not the local behavior of the whole func-
tion but rather the local behavior of its restrictions to (irreducible) algebraic curves.
There is no obvious definition of how such local behavior should be measured. We
use the local Taylor polynomials on curves that we defined in [4]. The construction
is recalled below. The point is that the computation of theses polynomials requires
the use of a parameterization of the curve in a neighborhood of the point we con-
sider and, in general, depends on the parameterization we choose. The first part
of this paper studies for what conditions (on the point) our local Taylor polyno-
mial are parameterization-free. This leads to our definition of Taylorian points on
curves. We show for example that all but finitely many points have such a property.
As often occurs in mathematics, what is required for the elegance of a theory turns
out to be useful for its applications. Thus, in a second part, our notion of Taylorian
points permits us to define well-behaved Hermitian schemes on curves — of which
we give various examples — which are collectable, in a sense to made precise, in
C? to construct bivariate Hermitian interpolation schemes. Although the principle
is similar, the higher dimensional case (n > 2) requires a somewhat different and
more technical treatment that we shall present in another paper.

We work exclusively with functions of complex variables. However, with sim-
ple adaptations, everything remains true in the real variable case. The passage to
the real case is explained in detail in [4].

We use standard notation. The letter IP is reserved to spaces of polynomials.
In particular, P(C") denotes the space of polynomials in n complex variables and
P4 (C™) the subspace of polynomials of (total) degree at most d.

Let us conclude this introduction by pointing out a few other works in multi-
variate polynomial interpolation which has been a very active field of research in
the last decades. The survey paper of Gasca and Sauer [10] gives an account of the
many roads along which it evolved, including the ideal theoretic approach initiated
by Moller in [17] and subsequently developed as for instance in [16]. The works
of Lorenz [14, 15] is more particularly dedicated to Hermite interpolation. Recent
interesting results around Bojanov-Xu schemes include [1, 11, 12]. The remarkable
work of de Boor and Ron [7,8] deserves particular attention. We learn from them the
concept of least space which stands at the basis of our own work. Finally, we men-
tion another fruitful but radically different approach (the interpolation conditions
are no longer discrete) associated with the names of Kergin and Hakopian which
gives rise to various interesting mean-value interpolations see e.g. [2,9] and [5] for
a recent contribution.

ACKNOWLEDGEMENTS. The research for this paper has been done, in part, when
Len Bos was visiting professor at the University Paul Sabatier of Toulouse in May
2007. Several results have been conjectured with the help of the computer algebra
systems MAPLE and MAXIMA.
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2. Taylor interpolation on an irreducible curve

2.1. Irreducible algebraic curves

We denote by V an irreducible algebraic curve in C* and write V (¢) when we want
to specify an irreducible polynomial g (which is unique up to scalar multiplication)
that defines V, that is, V = {g = 0}. The degree of V(q) is the degree of any
defining polynomial g. We denote by P(V) the ring of polynomial functions on V
and by P4(V) the subspace of polynomial functions on V of degree at most d,

PY(V) = {py : p e P/CH). (2.1)

An application of the simplest form of the Nullstellensatz (which only requires g to
be square free) shows that the kernel of the linear map

PY(C?) 5 p — pyy € PYV)

is given by P4(C?) N g - P(C?). It follows that if the degree of V is equal to r, the
dimension Ny (V) of P4(V) is given by

d+2 d—r+2
Nd(V):<;r)—< ;+ ) (2.2)

with the convention that (d_£+2) = 0 whend < r. The functiond — Ny(V) is the
Hilbert function of the principal ideal generated by q.

In Table 1.1, we collect the values of Ny (V) that we shall repeatedly use in the
sequel.

Table 1.1. The values of the Hilbert function d — N4 (V) as a function of degg.

degq Na(V)
1 d+1
2 2d + 1
3 3d d=1
4 4d -2 d=>?2)
r rd+@r—r?)/2 (d=r-2)

The complex analytic curve defined by the regular (smooth) points of V — the points
a in V for which Dg(a) # 0 — is denoted by V°. The irreducibility of g im-
plies that V° is connected. This property is essential in the construction of the
local Taylor interpolants (see below). A (local) parameterization of V (and of V)
ata € VOisa 3-tuple £L = (b, 2, R) where b € C, Q is an open connected
neighborhood of »in C and R = (R, Ry) : @ — C? an analytic function such
that R(b) = a, R(2) ¢ V? and R is an homeomorphism from 2 to R(€2) (in
particular (R} (b), R}(b)) # (0,0)). The complex number b is called the base
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point of the parameterization £. Two parameterizations at a differ locally by a
complex diffeomorphism. Precisely, if (¢, D, §) is another parameterization of V
at a then there exist an open neighborhood U of ¢ in D and a diffeomorphism
h:U— h(U) C Q such that S = R o h on . Most concrete local parameteriza-
tions are obtained via a use of the implicit function theorem. When V (gq) is a graph,
that is, ¢(x, y) = y — s(x) with s € P(C), then V? = V and, for every b € C, the
parameterization (b, C, z — (z, s(z))) is called the trivial parameterization of V
at (b, s(b)).

2.2. Local differential operators

Let £ = (b, 2, R) be a parametrization of V at a € V". We denote by Pdﬁ the
space of functions on €2 induced by the polynomials of degree at mostd on V,

P :=PYC? o R =P!(V)oR. (2.3)

A monomial (z — b)¥ is called a least b-monomial for P‘é if there exists f € IP’%
such that, in a neighborhood of b, f(z) = (z — b)* + o((z — b)¥), equivalently if
there exists p € P4(C?) such that,

(p o R)(z) = (z — b)* + (terms of b-order > k + 1). (2.4)
By the expression ‘terms of b-order > k + 1’ — that we shall often abbreviate to
‘terms of higher b-order’ — we mean an analytic function of the form io: cj(x—b)/
in a neighborhood of b. =
We define the set of integers pow(L, d) as
pow(L,d) = {k € N : (z — b)X is a least b-monomial for P‘é}. (2.5)

The subspace of P(C) spanned by the least b-monomials is called the least space
of P’é and is denoted by P% v

IP’% L= span({least b-monomials for IP’dﬁ} (2.6)
= span{(z — b)* : k € pow(L,d)}. 2.7)
By selecting p = 1 in (2.4)), we see that the least space always contains 1 =

(z—b)" ie 0¢€ pow(L, d). The definition also immediately implies
pow(L,d) C pow(L,d +1), d=>1. (2.8)

It is known [7] that least spaces have the same dimension as their original space.
Specifically,, see [4] for the third equality,

fpow(L, d) = dimP%| = dimP} = dimP/(V). (2.9)

In particular, the inclusion in (2.8) is always strict.
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A polynomial Q in IP"Z: ! induces a (local) differential operator Q (D) defined

on the space A(a) of analytic functions on a neighborhood of a in C2 by

0 (D)(f) = Q(D)(foR) (2.10)

where the right hand term is

Y aj(foRVb), if Q@) =) ajz—b). @2.11)
j j

In particular, taking Q(z) = (z — b, k € pow(L, d), we obtain the operator DZ
defined by

DE(f) = (f o AP (b). (2.12)

When k = 0, the corresponding operator is the Dirac functional f — f(a). Several
examples of such differential operators are given in [4]. Let us just briefly recall the
simplest case of a line. If V = {—Bx + oy = 0}, using the parameterization
L= (t0,C,z > z-(a, B)) ata = (to, 1pB), the differential operators DZ are the
usual directional derivatives in the direction of the spanning vector (o, 8) of V,

(2.13)

k d*
Dp(f) = d_zkf(z (@, B)) —t
It is natural to consider (2.12) as it clearly reflects the (local) behavior of f on
the curve V. However, it is important to note that the operators DE (f) are linear
combinations of partial derivatives of f at a and of order < k. The computation
of these operators only requires knowing the first k derivatives of R which, in the
usual case, is a simple computational problem. We shall turn to this question later.
As follows from the definition (2.10), O (D) is well defined on P(V). Indeed,
two polynomials p; and p, which coincide on V only differ by a multiple of ¢
hence, since g o R =0, p; o R = py o R. This is used in Theorem 2.1 below.
Details and more general results on these differential operators can be found
in [4].

2.3. Local Taylor interpolation

The following theorem is proved in [4]. The proof uses the principle of uniqueness
of analytic continuation and this is the reason why we need the connectedness of
VO, that is, the irreducibility of V.

Theorem 2.1. Let L be a parameterization of the irreducible curve V ata € V°.
For every f € A(a), there exists a unique polynomial p € P*(V), d > 1, such that

0, (D)(f) =0, (D)(p), QePf,. (2.14)

This polynomial p is called the L-Taylor polynomial of f and is denoted by T‘Z:( ).
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In particular, the linear map T% : f €A@) - T%( f) satisfies
T¢(p) = pv, p € P(C). (2.15)

To check whether a given polynomial pjy € P4(V) is equal to T‘é( f) it suffices to
verify that

D(f) = Di(p), k€ pow(L, d); (2.16)

this is because every aL(D) is a linear combination of the DZ’S.

Since T”é( f) depends only of the restriction of f to V, we may speak of Tdﬁ (p)
for p € P(V). It is then clear that the content of Theorem 2.1 is purely algebraic. It
may be rephrased as follows.

Given complex numbers Ay, k € pow(L, d), there exists a unique P € P4(V)
such that D%(P) = Ay, k € pow(L, d).

As is emphasized in the notation, the construction of the projector T‘é depends
on the particular parameterization £ we use. We shall now see that, in many cases,
the projector is actually independent of the parameterization.

3. Parameterization-free interpolation

3.1. Changing parameterizations

Let £! = (o', @', R") and £? = (b*, @2, R?) be two parameterizations of V° at a
and & be a local diffeomorphism such that R = R! o & on a neighborhood of b
If (z —bH)k e IP"Z:1 . then there exists p € P?(C?) such that

(po RN = (z—bH +o((z—bH)
— (po RH)(2) = (h(z) —bH  +o((h(z) — Y. 3.1)

Since h(z) — b' = h(z) — h(b*) = Az — b*) + o((z — b)) with & := W' (b*) # 0
it follows that
(p o RH)(2) = 2z — bH* + o((z — bH5). 3.2)

Hence the monomial (z — b%)¥ belongs to Pdcz . Thus, different parameterizations

0
produce monomials of the same degree. In particular, we have proved the following:

Lemma 3.1. Two parameterizations L' and L* of V at a € VO with the same base
point b have the same least spaces, P‘él = P‘éz v d>1.

In any case, the set pow(L, d) does not depend on £ but only on a. From now
on, we shall denote it by pow(a, d).
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3.2. The kernel of T‘é

The crucial property of a € V° will be of producing a set pow(a, d) which is gap
free. Since 0 € pow(a, d) and, see (2.9), fipow(a, d) = N;(V), this means that

pow(a,d) =1{0,1,..., Na(V) — 1}, 3.3)
which is equivalent to
P%, =span{(x —b)* :k=0,..., Ng(V) — 1} = PMV~1(C). (3.4)

As will be apparent from the proofs below, the reason why this property is so im-
portant is that, when it holds, we may make use of the Leibniz formula and show
gat, given a function g, the operator f — D’E( fg) is still an operator of the form
0, (D) with Q e P}, .

Our first theorem relates this property to the nature of the kernel of T‘Z:.

Theorem 3.2. Letd > 1. Let V = {q = 0} C C? be an irreducible algebraic
curve, a = (ay, ap) a regular point of V, and L = (b, W, R) a local parameteriza-
tion of 'V at a.

(A) Ifpow(a, d) is gap-free then ker Td£ is an ideal (of A(a)).
(B) Conversely, if ker T[é is an ideal then pow(d, a) is gap-free.

Thus, when ker T‘é, is an ideal for one parameterization then it is an ideal for every
parameterization.

Proof. (A) Let f € kerT% and g € A(a). We must prove that fg € ker T‘é or,
equivalently, that the relations DF(f o R)(b) = 0for0 <k < Ng(V) — 1 imply
D¥( fg o R)(b) = O for the same k. This is an immediate consequence of the
ordinary Leibniz formula for

Kk /k . .
DE(f8) = (fgo AP ®) =) (J.)(f o RV ®B) (go B (b)) =0. (3.5

j=0

Indeed, since pow(a, d) is gap-free and T%(f) = 0, all of the (f o R)Y)(b)’s in
(3.5) vanish.

(B) We show that if pow(a, d) is not gap-free then ker T‘é fails to be an ideal. We
define s to be the largest integer s such that s ¢ pow(a, d) buts + 1 € pow(a, d).
We write R(z) = (R1(z), Ry(z)). Recall that at least one of the two numbers
p1 := R(b) and py := R/ (D) is different from 0. We assume that ;1 # 0. The
case up # 0 is similar. Consider the polynomial po(x, y) = (x — ap)®. Since,
Ri(z) —a; = u1(z—b) + 0((z - b)), we have

(PooR)(2) = (R1(2) —ay)’

l
; 3.6
=uy(z—b)’ + Z G,Q(z — b)**' 4 (terms of higher b-order) (36)

i=1
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where s + i € pow(a,d) fori = 1,...,/ and s 4 [ is the greatest element of
pow(a, d). Since (z — b)**! Pbéi there exists g (x, y) such that

(91 0 R)(2) = 6 (z — b)* ! + (terms of higher b-order). (3.7)

Setting p1(x, y) = po(x, y) — q1(x, y), we have

!
(p1oR)(2) = puj(z —b)’ + Z Gil (z — b)* T + (terms of higher b-order). (3.8)
i=2

Continuing in this way, by eliminating successively the coefficients of (z — b)**%,
i =2,3,...,1, we construct a polynomial p;(x, y) (obviously an element of A(a))
such that

(p1 o R) = pj(z — b)* + (terms of b-order not smaller thans +7+1)  (3.9)
=iz —b) + E() with E(z) = o((z —b)'")). (3.10)

Now, we claim that p; € ker T‘é. Indeed T‘é (p1) = 0 follows from the fact that for
every 1 € pow(a, d) we have D.(p;) = 0 and this since,

t

Dt = 4 (2= b)’

t

d
E(z)

+ -
z=b dz! z=b

with £, (z — b)*|.—p = 0 (because s & pow(a,d) = s # 1), and L E|.— =0

since ;—Z[,(z —b)|;=p =0,whenr >s+1(>1).
On the other hand, the polynomial P(x, y) = (x — ay) p;(x, y) satisfies

(P o R)(z) = (Ri(z) —a)(uj(z —b)* + (terms of b-order > s +1 + 1))
= ,uiﬂ(z — byt 4 (terms of b-order > s + 2).
Hence (P o R)“TV(b) = (s + D!uj™! # 0 which implies that D' (P) # 0 and

hence T‘é(P) # 0. We have therefore shown that P ¢ ker T‘é although it is the
product of (x — ap) by an element of ker Tf; which is therefore not an ideal. O

Remark 3.3. It follows from the proof that the integer s cannot be smaller than
d + 1. Otherwise the polynomial p; would define a nonzero element of P4(V) and
T% (p1) = 0 would contradict the fact that T% is a polynomial projector on P4 (V).
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3.3. Taylorian points

Let a be a regular point of the irreducible algebraic curve V and let d > 1. When
every parameterization £ of V at a gives the same projector T%, this projector is
simply denoted by TZ. We then say that the (parameterization-free) Taylor projector
at a is well defined and that a is a d-Taylorian point (for V). When Tg is well
defined for every d > 1, we say that a is co-Taylorian.

Note that, as in the case of T‘é, when TZ is well defined, it is also well defined
on P(V).

Theorem 3.4. Let V be an irreducible algebraic curve and a € V°. Then a is
d-Taylorian (d > 1)) if and only if pow(a, d) is gap-free, that is pow(a,d) =
{0,1,..., Ng(V) —1}.

Proof. We first prove that the condition is sufficient. Let £ = ', Q' R") and
L2 = (b2, Q2 R2) be two parameterizations of V at a. We show that for every f €
A(a) we have T‘ZL1 (f) = Tdﬁz( f). To simplify the notation, we write P; = T‘zl (f).
Let 5 be a complex diffeomorphism defined on a open neighborhood O? in 2 such
that R = R'on on O%. Now, for k € pow(a, d)\{0}, thatisk = 1, ..., Ng(V)—1,
we have

D, (Py) = (P o RV (b7 3.11)
= (PioR' o )®P@? (3.12)

k
=) C; (P o RHYD(by), (3.13)

j=1

where the C;’s depend only on the derivatives of 7 at b%. Equality (3.13) comes
from (3.12) by repeated applications of the chain rule (or, for those who know it,
from a direct use of the Faa di Bruno formula). Now, since P; = Tf:, (f), we have

(PloRYY (by) = D, (P) =D, (f)

, (3.14)
=(foRHD(by), j=1,...,Na(V)—1.
From (3.13) and (3.14) we deduce that, fork € {1, ..., Ng(V) — 1},
k
DY, (P =) Cj (f o RH(by) (3.15)
j=1
= (f o RHWb? (3.16)
= D (/) (3.17)

As for k =0,
DX (Py) = Pi(a) = f(a) = DR(F).
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Therefore we must have P| = T‘éz (f), as was to be proved.

To prove that the condition is necessary, we show that if pow(a, d) is not gap-
free then we can find two parameterizations £! and £2 and a function f € A(a)

such that T4, () # T%,(f).

Let L' = (b', @', R!) be any parameterization of V at a. We use the same
construction (and notation) as in the proof of Theorem 3.2 (B). In particular, we use
the same integer s and the same polynomial p; satisfying (3.10) for which we have
T‘él (p1) = 0. Now take

n(z) =b' +az — b)) + Bz — b"H)? (3.18)

where o and B are both nonzero complex numbers and define a new parametriza-
tion £2 = (b', @2, R?) where Q2 is a sufficiently small disc centered at b! (so that
n(2%) c Q') and R? = R' o 5. Since a # 0, 1 is a local diffeomorphism and £>
is therefore well defined. From (3.10), we have

(pro R)(@)=(pio RH(1(2)) (3.19)

=1 (n(z) — b + o((n(z)—b")* ™) (3.20)
='uljl‘as(z_b1)s+ (S_l)as—lﬂ(z_bl)s‘-i-l_{_ O((Z_bl)s+l). (321)

In the last equality, we used the fact that s +-/ 41 > s 4+ 1. Now the operator Dgl
is used in the definition of T‘éz but, in view of (3.21),

D (p) = (pro RHTVB) =+ D! (s =) -a*" - B. (3.22)

Hence, since s # 1 (see remark 3.3) and both « and 8 are different from zero,
thl(pg) # 0. This makes it impossible that T ,2(p;) = 0 and hence T‘él (p1) #
Tr2(pr). O

Remark 3.5. To say that T‘é does not depend on £ does not mean, of course, that

the differential operators DE or more generally the operators Q (D) do not depend
on L. It only means that their linear span depend only on a and d and not on L.

We omit the proof of the following corollary which is again a simple conse-
quence of the Leibniz formula.

Corollary 3.6. Let f, g € A(a). If Tg is well-defined then
T4(fg) = T4(/) T4(g) mod kerTg. (3.23)

Equivalently, , e y
T, (fg) = Tg(T4(f) Ta()). (3.24)

Here, on the right hand side of (3.24) we used the extension of TZ to P(V).
The following corollary will play a fundamental role in the construction of our
bivariate interpolants in Section 6.
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Corollary 3.7. Let f, g € A(a). We assume that TZ is well-defined. If f(a) # 0
and T4 (fg) = 0 then T¢(g) = 0.

Proof. Tn view of (3.24), we have T¢(T4(f)Td(g)) = 0 with T¢(f) # O (for
Tg(f)(a) = f(a) # 0). An application of [4, Lemma 5] yields TZ(g) = 0. Let
us sketch a direct proof. Choosing any parameterization £ = (b, 2, R) of V at a,
to show that Tg (g) = 0, it suffices to check that Dﬁ(g) = 0 fork € pow(a,d) =

{0,1,..., Ng(V) — 1}. This is easily seen by induction on k. First, from Tg(fg) =
0, we have (fg)(a) = 0 and, since f(a) # 0, we have 0 = g(a) = D%(g). Now,
we go from k to k + 1 by observing that, for some A ;’s,

k .
D (fe) = fF@DE () + > 2 D(g).
j=0

Hence we get Di''(g) = 0 from DX (fg) = 0, f(a) # 0 and the induction
hypothesis. 0

The following example shows that the property is not true in general when a is
not d-Taylorian, that is, when TZ is replaced by T%.

Example 3.8. Let V = {y = x3}. We use the trivial parameterization £ of V
at 0 = (0,0). Since P} = span{l,x, x>}, we have pow(0, 1) = {0, 1, 3} and
0 is not 1-Taylorian. Define f(x,y) = 1 — x and g(x,y) = y + x%. We have
f(0) =1 % 0and TL(fg) = 0. Indeed to say that D%(fg) = 0,k = 0, 1,3,
means that the coefficients of x¥, k = 0, 1,3 in f(x, x3) - g(x, x3) vanish. This
is true since f(x, x3) - g(x, x3) = x2 — x*. On the other hand, it is not true that
Tlﬂ(g) = 0 since g(x, x3) = x3 4+ x2.

4. The set of d-Taylorian points

We give a few properties and the main algebraic criterion to decide whether a given
point is d-Taylorian.

4.1. Changes of coordinates

Changes of coordinates systems have no effect on the property of being d-Taylorian.
Here is a precise statement of this basic but useful property.

Proposition 4.1. Let V = V(q) be an irreducible algebraic curve and let A be an
affine isomorphism of C*. A point a € V°(q) is d-Taylorian for V(q) if and only if
A(a) is d-Taylorian for V (q o A~ h.
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Proof. If L = (b, 2, R) is a parameterization of V (¢) at a then £4 = (b, Q, A o
R) is a parameterization of V(g o A~ at A(a). Since P4(C?) is invariant under
A, we have ]P"é = IP"[J: .- Hence the least spaces are identical and the conclusion
follows. [

The property of being d-Taylorian really depends on d and not solely on a.
The following example shows that a point may be d-Taylorian without being d + 1-
Taylorian. Another example will be given later showing that a point which is not
d-Taylorian may be d’-Taylorian for some d’ > d.

Example 4.2. Let V = {y = x>+ x% anda = 0 = (0, 0). Then a is 1-Taylorian
but not 2-Taylorian.

Proof. We use the trivial parameterization (R (z) = (z, z> + z%)). Since N (V) = 3
and ]P’1£ = {1, z, 2> + z%), we have P}n = span{l, z, z2} = P3~1(C) hence 0 is
1-Taylorian. On the other hand, since

IP’Z(V) = span{l, x, y, x2, Xy, yz},
we have

]P% ={1,2,22+ 2% 2%, 2> + %, > + 5%

= P, Dspan{l,z,z%,2°, 2%, % @)

where the monomial z% is seen to be a least monomial on taking the combination
(z2 + 2% — z2. Since the dimensions of both sides are equal, the inclusion must
an equality. There is therefore a gap in pow(0, 2) (5 is missing) and O is not 2-
Taylorian. O

4.2. Some examples

It is readily seen that if every point of a line in C? is co-Taylorian. The same is true
for a curve of degree 2.

Proposition 4.3. Every point of an irreducible quadric in C? is oo-Taylorian.

Proof. This can be found in [4, Section 3.4.4]. O

As shown by the next result, there is a simple geometric characterization of
1-Taylorian points.

Proposition 4.4. A regular point of an irreducible algebraic curve of degree g > 2
is 1-Taylorian if and only if it is not an inflection point. In particular, at most
3q (g — 2) points are not 1-Taylorian.
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Proof. Leta = (a1, ap), € V9. We assume without loss of generality that d,q (a) #
0 and use the parameterization given by the implicit function theorem, R(z) =
(z,r(2)). We have

Plﬁ = span{l, z, r(z)} = span{l, z — ay, r(z) — r(a1)}.
Since r(z) — r(ay) = r'(a1)(z — ay) + %r”(al)(z —a))* + -+, we have
Py, =span{l,z —aj, (z — a)"}

where n is the smallest integer > 1 such that 7™ (a;) # 0. It follows that IP’IE L=

IP%(C) if and only if n = 2, that is #”/(a;) # which occurs if and only if a is not an
inflection point of V. The classical estimation on the number of inflection points
may be found in [13, Proposition 3.33, page 73]. O

4.3. The Wronskian criterion

We now give the basic computational criterion to decide whether, given V and
d > 1,apointa € VOis d-Taylorian for V.

Theorem 4.5. Let V be an irreducible algebraic curve. Letd > 1 and (B; : i =
0,---, No(V) — 1) a basis of P*(V). Leta € V° and let L = (b, 2, R) be a
parameterization of V at a. Then a is d-Taylorian if and only if

det W(V,a) 20 4.2)
where W(V, a) is the Ng(V) x Ny(V) matrix defined by
Wij(V,a) = (Bio R)\V(b), i,j=0,....Na(V)— 1. (4.3)

The matrix W(V, a) depends on V, d, a, R (and £)) and the basis of P4(V) we
choose. However, as follows from Theorem 3.4, the condition (4.2) is independent
of R. We may write W(V, a, d) if we need to emphasize the dependence on d.
Note that W(V, a, d) is a sub-matrix of W(V, a, d + 1) provided that we work with
a basis of P41 (V) which extends that of P4 (V).

Proof. To say that a is d-Taylorian means that the following linear problem has a
solution

Vi=0,...,Ng(V)—13cY i=0,...,Na(V) =1, suchthat
Ng(V)—1

> B o R = (2= b) +o((z—b)). (44)
i=0
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If this problem has a solution so does

Vi=0,...,Ng(V)—13cY i=0,...,Ng(V) — 1, suchthat
Na)-1 .
> BoR@ =@ +o(@ - @s)
i=0

Indeed having (all) the solutions of (4.4), we obtain (all) the solutions of (4.5) by
using the same elimination process as we did in the proof of Theorem 3.2 (B). Since
the converse is obviously true, both problems are equivalent. But the equation

Na(V)-1 '
> o R@ = —b) +o(@ - M) 4.6)
i=0

in turn is equivalent to

Ny(V)-1 _
Yo I B o R () = 2 - b, (4.7)
i=0
where Tg" =1 denotes the ordinary (univariate) Taylor projector at b and to

the order N4(V) — 1. Hence, (4.5) will be solvable if and only the polynomials
Ty~ (BioR),i = 0,..., Ng(V) — 1, form a basis of PN¢()=1(C). Now, it
suffices to observe that W (V, a) is the matrix of the coefficients of these polynomi-
als in the basis of PV¢(Y)=1(C) formed by the monomials (z — b)/ /j!. O

Remark 4.6. It is sometimes preferable to normalize W in another manner and
choose

Wi (V,a) = coeff. of (z — b)j in the Taylor expansion of (B; o R). 4.8)

(This amounts to working with (z — b)/ in the very last step of the previous proof.)

In view of Theorem 4.5, the problem of deciding whether a given point is d-
Taylorian requires only to know the first N;j(V) — 1 derivatives of R at the base
point b. Using the expression (4.8), We actually have

Wij(V,a) = Wi;(V, a) = coeff. of (z — b)/ in (Bi o Tp* "N (R)).  (4.9)

In practice, say when d>q(a) # 0, the first k£ values of the derivatives of R at a; are
obtained by looking for coefficients o;, 7 = 1, ..., k such that

q (al +z,a0+t o1z +.. .akzk) =0(Z") (z—0). (4.10)

The coefficients «; are solutions of a triangular system. Another approach would
be to use implicit differentiations of g, but this is probably a much less efficient
method.
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4.4. Examples

Example 4.7. If V is an irreducible curve of degree > 3 with a symmetry axis
through a € V? then a is not 2-Taylorian.

Proof. In view of Proposition 4.1, we may assume thata = (0, t) and the symmetry
axis is x = 0. Since degqg > 3, we have N(V) = 5 and a (conveniently ordered)
basis of P2(V) is (1, y, y2, x, xy, y?). By expressing x as a function of y, the
implicit function theorem gives a parameterization with base point O and, because
x = 01is a symmetry axis, an even function R : z — (r(z), z) such that

Tor(z) = v +az? + 2% (4.11)

where o and B are certain complex numbers. The coefficients of the corresponding
matrix W(V, a) in the form (4.8) are given by the following table

1yy>xxy x?
1][100 <t 0 2
2101007 O
21001 a 0 2art- 4.12)
210000« O
2100080 o
2100008 0
It follows that
Oa O
detW(V,a)=[B 0 a? =0
080
and a is not 2-Taylorian. O

Example 4.8. Let V = {x> — x2 = y2}. The point a = (1, 0) is 3-Taylorian
(although, according to the previous example, it is not 2-Taylorian).

Proof. We have N3(V) = 9. A basis of P3(V) is
(L y, %, v, x, xy, xy%, 2%, x2y).

Let r denote the function expressing x as a function of y in a neighbourhood of the
origin. We readily find that the Taylor expansion of r at 0 to the order 9 — 1 = 8 is

TS(r)(2) = 1 + 22 — 22% 4+ 72° — 3025, (4.13)

A simplification similar to that of the previous example occurs so that, to compute

det W(V, a), it suffices to know the coefficients of x, xy, xy2, x2, x2y on z*, 2°, 25,
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27,28 (with y = z and x = T§(r)(z)). We find

-2 0 1 -3 0
0-2 0 0-3
detW(V,a) = 7 0-2 10 0|=-5#0
0 7 0 0 10
=30 0 7-42 O
and a is 3-Taylorian. O

Another method is available here because the curve has a simple useful poly-
nomial parameterization. We use this parameterization in a slightly more general
case. We define the following family of elliptic curves,

Vei={Y?=cx*—x%, ceC.

Theses curves are parameterized by the polynomial map Q(z) = (x(z2), y(z)) with
x(z) =c — 7% and y(z) = z(c — 72)), see [6, Example 8 page 24 and 11 page 26].

Example 4.9. If ¢ # 0, there are exactly 5 points on V. which are not 2-Taylorian
and 9 points which are not 3-Taylorian, two of them not being 2-Taylorian either. If
¢ = 0, all points but (0, 0) are 2-Taylorian and 3-Taylorian.

Proof. We use the parameterization £ = (b, C, Q) of V. at a = Q(b) with Q as
above. Using the expression (4.3), a calculation shows that

det W(Ve, a,2) = K b(b* + 3¢)(3b* + ¢) (4.14)
where K is a constant independent from c¢. Thus when ¢ # 0, the five points which
are not 2-Taylorian are (c, 0), (4c, £4c/—3¢), 2c/3, =(2¢/3)s/—c/3) and when

¢ = 0, det W(V,, a, 2) vanishes only for b = 0, that is a = (0,0). As for the
3-Taylorian points, we have

det W(V,, a,3) = K' (3b% + ¢)(3b% + 27cb* + 33c2b* + %) (4.15)

which have 3b2 + ¢ as a common factor with det W(V,, a, 2). ]

4.5. Most points are co-Taylorian

We show that the generic situation for a regular point on an irreducible algebraic
curve is to be oo-Taylorian.

Theorem 4.10. Let V be an irreducible algebraic curve and d > 1. All but finitely
many points of V are d-Taylorian.
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Proof. LetV = V(q). Let E, be the set of (regular) points of V such that dg;(a) #
0. Fora = (a1, a2) € 8y, weuse L = (a;, 2, R : z = (z,7(2))), the parame-
terization given by the implicit function theorem, so that ¢(z, r(z)) = 0 on 2. By
differentiating the relation r'(z) = —(91¢/02q)(z, r(2)), it is not difficult to see that
the derivatives of r at a; are of the form

Qu(a)

(d) _
) = @y

(4.16)

where Qg is a polynomial whose coefficients depends only on ¢, i.e., are inde-
pendent of a € E,. In fact, a straightforward calculation shows the following
recurrence relation:

Qa+1 = [0q] - [01 Q4] — [32q] - [319] - [3204)
+ 2d —1)[019] - [0229] - Qa — (2d — 1) [02q] - [0129] - Q4. (4.17)

Now, the entries of the matrix W (V, a) are rational functions of ¢ whose denomi-
nators are powers of d>q (a), and hence the same can be said of det W (V, a). We let
®, denote the numerator of det W (V, a) (choosing, say, as denominator, the small-
est possible power of d2¢q (a). Likewise, starting from E; the set of (regular) points
such that g (a) # 0, we construct a polynomial ®;. A point a € V? is not d-
Taylorian if it lies on V N Z where Z = {® 10, = 0}. Hence, by Bezout’s theorem,
either the set of points which are not d-Taylorian is finite or ¢ (which is irreducible)
divides ®10®,, in which case no point is d-Taylorian. It remains to show that the
second alternative cannot occur. Let a be any regular point and (b, €2, R) be any
parameterization of V9 at a. We observe that for o € Q, (o, 2, R) is a parameter-
ization of VO at R(«). This means that the function « € Q — det W(V, R(x)),
which is the Wronskian of the functions B; o R (0 < i < Ng4(V) — 1) identically
vanishes on 2. By a well-known property of the Wronskian, this implies that the
Bi(R(x))’s are linearly dependent on €2, that is, for some A;’s, not all equal to 0,

Zf‘ﬁf“ LiBi(R(@)) =0, « € Q. Since V? is connected, a use of the principle
of unique continuation of analytic functions (see [4]) shows that Zi :‘ll(v) AiB; =0
on V and this contradicts the fact that the B;’s form a basis of P (V). ]

4.6. Taylorian points on graphs of degree 3 and 4

We have already seen in the proofs of Examples 4.7 and 4.8 that the choice of a con-
venient basis of P4 (V) may considerably simplify the computation of det W (a, d).
A careful examination of this idea in the case of graphs leads to the following re-
sults.

Theorem 4.11. Let V = {y = s(x)} with degs = 3. The inflection point of V is
the unique point which is not oo-Taylorian and it is d-Taylorian for no value of d.
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Theorem 4.12. Let V = {y = s(x)} with degs = 4 and s monic. A point a =
(t,s(t)) € Visd-Taylorian, d > 2, if and only if

F(1) — (d+1)d —2) (s" ) #£0 (4.18)

40 - 64
with
1 Vi " 3 1 "2 "
F(t) = o () (s"(0) —I-?(s ) @) s" (@). (4.19)

In view of Proposition 4.1, there is no loss of generality in supposing that s is monic.
Recall that the case d = 1 is treated in Proposition 4.4.

Corollary 4.13. On a graph V = {y = x* 4 c3x% + c2x? + c1x + ¢} of degree
4, for every d > 2, there is a maximum of 5 points which are not d-Taylorian. The
point with abscissa x = —c3/4 is d-Taylorian for no value of d > 2. Any other
point may fail to be d-Taylorian only for one value of d, d > 2.

Proof. This follows from the fact that s”’(r) can be factored out from the polyno-
mial (of degree 5) on the left hand side of (4.18) and when s”’(¢) # 0, (4.18) cannot
hold for two distinct values of d. ]

The proof we give below, in principle, can be used for a polynomial s of any
degree (we shall make this obvious in the proof). But as soon as degs > 5, the
condition is complicated and seemingly difficult to use. It should be possible, how-
ever, to obtain a precise bound on the maximal number of points which are not
d-Taylorian on a graph of degree k, k € N*.

Proofs of Theorems 4.11 and 4.12. First of all we observe that, again in view of
Proposition 4.1, to say that a = (g, s(fy)) is d-Taylorian for {y = s(x)}, is equiva-
lent to saying that 0 = (0, 0) is d-Taylorian for {y + s(tg) = s(fo + x)}, that is, for
{y = S(x)} where

degs ()

s (1)
5=
j=1

J!
Thus, to establish Theorems 4.11 and 4.12, we just need to prove the following two

statements.

(A) If S(x) = c1x + cax? + x3 (we may assume that S is monic) then 0O is d-
Taylorian for {y = S(x)} if and only if ¢; # 0.

(B) If S(x) = c1x +cax2+c3x3+x% then 0 is d-Taylorian, d > 2, for {y = S(x)}
if and only if

6
F— 5@+ - 2)¢ with F = —2¢ac3 + 3c3es. (4.20)
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We begin by discussing the general case for which deg S = k, k > 2 and d > k.
The standard basis of P4(V), V = {y = S(x)}, consists of the monomials xJ yl
withl =0,...,d,j=0,...,k—1andi + j < d. In the table below, we arrange
the elements of this basis in a sequence (B;) such that n; := deg(B;(x, S(x))) is an
increasing function of i.

1 X x2 xk-1 Ly
y Xy xzy xk_ly Ly
yd—k—H xyd—k-i-l x2yd—k+1 o o o xk—lyd—k—H Ly—i
—k42 —k4+2 2. d—k+2 -2 d—k+2
yd k+ xyd k+ X yd k+ . xk yd k+ Ld—k+1
—k+3 —_ — — —
yd k+ xyd k+3 x2yd k+3 . xk 3yd k+3 Ld—k+2
-2 2 2.,d=2
ye xy? x2y4 La—
d—1 d
y J Xy Ly
y Lit

Thus, for example, we have Bo(x,y) = 1, Bx_1(x,y) = xk=1 Biyi1(x,y) =y
and By, v)—1(x,y) = y?. Any missing entry in a line of the above table repre-
sents a gap in the sequence n;. The first gap occurs at the line Ly_x1, between
xKk=2yd=k+2 and y4=k+3 for which we go from degree n = k(d — k + 2) + (k — 2)
to degree k(d —k+3) =n + 2.

Using this basis (and the trivial parameterization of V = {y = S(x)} at 0)
together with the definition (4.8) we obtain a matrix W (0, d) of the form

WO, d) = (g ]‘j)

where U is a upper triangular matrix of dimension t = (k —2) +k(d —k+2) + 1
withs ones on the diagonal — its entries are the coefficients of the B;(x, S(x)),
i=0,...,(k—2)4+k(d—k+2)inthebasis 1, x,...,x" — and A is a square
matrix of dimension

k—-2)k—1

Nyg(V)—1 3

(4.21)

Since
det W(0,d) = det A,

the problem of computing det W (0, d) has been reduced to that of computing the
determinant of a matrix whose dimension no longer depends on d.
We now turn to the particular cases for which k = 3 and k = 4.

(C) When k = 3, Ng(V) = 3d and, in view of (4.21), A is of dimension 1 and is
given by
A=Cu¥! sdx)), (4.22)
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that is, A is the coefficient of x3¢~1 in §9(x).
(D) Whenk =4, Ngj(V) = 4d — 2, A is of dimension 3 and is given by

yd—l xyd—l yd
x4d—5 C x4d—5’ yd—l C(x4d—5, xyd—l) C(x4d—5, yd
x4d—4 C(x4d_4, yd—l) C(x4d—4, xyd—l) C(x4d_4, yd) , (4.23)

x4d—3 Cx4d—3, yd—l) C(x4d—3, xyd—l) C(x4d—3, yd)

where C(x*, x/ yl ) denotes the coefficient of x’ in x/ S'(x).

The computation of the entries of the matrices is a problem of elementary combi-
natorics.
To compute (4.22), observe that
C(x3d_1, 3+ ex? + clx)d) = C(de_l, (x% + cax + cl)d) =dc; (4.24)

from which follows the assertion (A). The computation of the coefficients of A in
(4.23) is somewhat more cumbersome but five of them are easily obtained. From

Y = (c* 4 e3x® + eax? 4 )]

4d—4 4d—5 (4.25)
=x"T"+(d = Dezx™ T 4

we have

Cux*2 yh =0, Cu™* )y H=1 and C*7, y"™!) =(@-Des.

From the relation C(x?, xy4~1) = C(x’~!, y¢=1), we further get

C(x*—3, xydfl) =1 and Cx**, xydfl) =(d — 1cs.
Next,

CEH™, xy?™h) = Cx* 0,y = C™ 7, (6 + cax® + cax + ).

To compute this number we must look for partitions [ = (U3, L», [y, L) such
that

3d—5=03-340,-24+0,-14+0y-0 and
d—1=03+0, 4+ 0 + 0.

Every such partition induces the term

d-1 O, O Do Mdes  de1
<D3’D2’D1,DO> 032021c10 in C(x ,xydh.
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The following table gives the two possible partitions and the corresponding terms

3d-5=d—-2-34+0-24+1:-140-0 — (d — 1cy,

d—1 4.26
:d—3-3+2-2+0-1+0-o—>( 5 >c§. (420
Thus we have proved
4d-5 _ d—1 d—1Y
Cx ,xy' T = 5 3+ (d—1ea. 4.27)

All the other coefficients are computed in a similar way. We give the corresponding
arrays without further details.

o C(x*3 yd)y = C(x33, (x3 + c3x2 + cox + ¢1)%). From
3d—-3=d—-1-340-240-14+1-0 — dcy,
d

=d—2-3+1~2—|—1-1+0'0—>22C2C3, (4.28)

=d—-3-3+3-2+0-14+0-0 — (‘;)cg.
we deduce that
C(x*73, vy =dey + 2<621)C2C3 + (Z)cg
o C(x*=4 ydy = C(x3¥*, (x3 + c3x% 4 c2x + ¢1)?). From

d
3d—4:d—2-3+1-2—|—0~1+1-0—>2(2)C1C3,
d\
=d—-2-34+0-24+2-14+0-0 — 5 5, (4.29)

d
:d—3-3+2.2+1-1+0.o—>3<3>C§C2.

we deduce that

d d d d
C*=4 ydy = <2>c% + 2<2>C1C3 + 3<3>C§Cz + <4>c‘3‘.
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o C(x*=3 ydy = C(x3¥73, (x3 + c3x2 4 cox + ¢1)?). From
3d—5=d—2-3+0~2+1-1+1~0—>2(d>
=d—3~3+2-2+0~1+1-0—>3<>
:d—3‘3+1-2+2-1+0~0—>3(>
=d—4-3+3-2+1-1+0-0—>4(>
—d—5-3+5-240-140- 0—><>

we deduce that
CH3, yh) = 2(?)6162 + 4( >(61c3 +c5c3) + 3(
)

Hence the matrix A is

d — 1)cs (d N

1 2
, Ja+d-De

Czc‘g +

()

(d = De3

0 1

An easily automatized computation yields

2( )clcz +4( (c1c3 +CZC3)

c
5
d\ , d d\ , d\ 4
5 5 +2 ) ciez+3 3 c3c + 463
d d
dci + 2(2)C2C3 + <3)cg

€162,
C1C3,
(4.30)

C2C3,

C2C3,

5
3.

i ()

5
3

1 6
detA = cd(d—1)(Qd -1 :E(d ~2)(d+1) 3 +2¢03 —3c§c3}.

The assertion (B) follows. The proof we gave works for d >
of the remaining cases shows that the statements remains true
k=3,andd = 2,3 whend = 4.

k. An examination
ford = 1,2 when
O

Corollary 4.14 (to the proof). When V is graph of degree k then for everya € V

andd > k,
pow(a,d) D {0,1,2,...

,dk — k* 4 3k — 2},

that is, no gap occurs before dk — k? 4 3k — 2. Moreover, the property that a is a

d-Taylorian point depends only on the computation of a matrix
independent of d, namely of dimension (k;l).

whose dimension is
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5. Hermitian schemes on curves

5.1. Definition

Let V be an irreducible algebraic curve in C? and, fori =1,...,k,letd; € Nand
a; be a d;-Taylorian point of V. We say that

S={(ai,d;) :i=1,...,k} (5.1

is a Hermitian scheme for P4 (V) — we shall also speak of a Hermitian scheme of
degree d (for V) — if, for every function f suitably defined, there exists a unique
polynomial p € P4(V) such that

Té(p) =TA(f), i=1,....k (5.2)

The unique polynomial p in (5.2) will be denoted as Hg(f). The integer d; in
(5.1) is called the order of a; in S. Here, we may have d; = 0. In that case, no
assumption is made on a; apart from being on V and Ta? (f) simply means f(a;).
In fact, when every d; equals 0, then Hg( f) is the ordinary Lagrange interpolation
polynomial of f on the curve V. On the other hand, when & = 1 then d; must equal
dandHg(f) = TZ1 (f). An immediate necessary condition for S to be a Hermitian
scheme of degree d is that

Ng, (V) + Ng,(V) + -+ + Ng (V) = Nag(V). (5.3)

This arithmetic condition sets some limitations on the structure of an Hermitian
scheme.

Example 5.1. The following table gives the possible structure of a Hermitian
scheme of degree 1 and 2 on a curve of degree 4.

S={(ar,dv), ..., (a, di)}
k = 1 (Taylor interpolation),

d=1
k = 3 (Lagrange interpolation)
k = 1 (Taylor interpolation),
k =2 (with {(a1, 1), (a2, D}),
s (with {(a1, 1), (@2, D)

k =4 (with {(a1, 1), (a2, 0), (a3, 0), (a4, 0)}),
k = 6 (Lagrange interpolation).

If V is a line, any scheme satisfying the arithmetic condition (5.3) — in that case

Zi'(:l(di + 1) = d + 1 — is a Hermitian scheme. More interesting examples are
given below.
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As usual to decide whether a given scheme H is Hermitian, we must show that
certain linear functionals are linearly independent, and, when this is the case, Hg
is a linear map from A({a;, i = 1, ..., k}) to P4(V) which extends to P(V). The
extension is then a projector on P4 (V).

A scheme § satisfying (5.3) is not Hermitian if and only if there exists a
nonzero p € P4 (V) satisfying TZ; (p) =0fori =0,...,k. Observe also that the
property of being a Hermitian scheme is invariant under coordinate changes, that
is, if A is a bijective affine mapping of C? then S = {(a;,d;), : i =1,...,k}is
Hermitian of degree d for V (¢) if and only if A(S) = {(A(a;),d;), : i =1,...,k}
is Hermitian for P4(V (g o A™1)).

Lemma 5.2. Let S = {(a;,d;) : i =1,...,k} be aHermitian scheme of degree d
for V. Let f and g be analytic on a neighborhood of the points in S. If f(a;) # 0
fori=1,...,kand Hg(fg) = 0 then Hg(g) = 0.

Proof. The assumption Hg(fg) = 0 simply means Tgﬁ (fg),i =1,...,k. Since

f(a;) # 0, k applications of corollary 3.7 gives TZﬁ (g) = 0 for every i, hence
Hs(g) = 0. O

5.2. The case of a quadric

Every scheme satisfying the arithmetic condition is Hermitian when V is a quadric.

Proposition 5.3. Let V be an irreducible curve of degree 2, every scheme S =
{(a;j,d;) : i =1,...,k}is Hermitian provided that

k
k+22d,:2d+1. (5.4)

i=1
Recall that, in view of Proposition 4.3, every point of a quadric is co-Taylorian.

Proof. By performing a change of variables we may assume that V = {y = x?} or
V = {x*+ y2 = 1}. We only treat the second case and take S as in the theorem.
We consider the classical rational map

R= (R Ry 1eC\ (e} (L2082
= . —_— —_—, /&
b2 ! 141627 14¢2

which is obtained by considering the intersections of V with the lines through
(—1,0). We have R(C \ {%i}) = V \ (—1,0) and, if every q; is different from
(—1, 0), for some #; we have a; = R(;) and L; = (¢;, C\ {=£i}, R) is a local param-
eterization of g;. In the case where some of the g;’s equals (—1, 0), we merely use
a similar rational parameterization using line through a point P different from all
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the a;’s. Now, we assume that S is not Hermitian, that is, there exists p € P4(C?),
with p;y # 0, such that

Tdi _ ©
a (D) =0, i=1,...,k.
This means that
DL (p)=0, j=0....2d i=1,.k

which is equivalent to

o (1-12 2 _ ,
Ep m,m =O, ]=0,...,2dl’, l=0,...,k. (55)
=t

Now, there is a polynomial g € P>¢(C) such that

1-2 20\ q0
P\TF2 152 (1412

We claim that (5.5) is equivalent to

d’
—q(1)

00 =0 j=0,...,2d;, i=1,... k. (5.6)

1=t;

Since degg < 2d, classical Hermite interpolation theory then implies that ¢ = 0
contradicting the fact that p is nonzero on V. To see that conditions (5.5) and (5.6)
are identical, it suffices to observe that p(R(#;)) = 0 if and only if g(¢;) = 0, then,

since
d _ 2 —a 4
= (P(r®)) L Se ROl
we have
d . o d
E(P(R(r))) - 0 if and only if E(q(t)) =0
and so on. ]

5.3. Graphs of degree 3

The above result is no longer true for curves of higher degree. But the property of
being Hermitian remains extremely simple in the case of a cubic graph.
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Proposition 5.4. Let V = {y = o (x)} witho (x) = x3+cox>+ci1x+co, d > 1 and
a scheme S in which we separate the points of order zero (d; = 0) and of positive
order (d; > 0),

S ={(a1,0),..., (@}, 0), (@j+1,dj+1), ..., (ak, di)}, (5.7)
where a; = («;, s(¢;)) is a di-Taylorian point of V,i =1, ..., k, and

d

j+3 ) dj=3d (5.8)
i=j+1

Then S is Hermitian for P4(V), d > 1, if and only if
ay+ - +oj +3djajer + - Fdrog) +dey # 0. 5.9)

We arranged the points of A in such a way thatd; = 0for1 </ < j andd; > O for
J <l < k. Note that (5.8) is the arithmetic condition (5.3). This condition implies
that the number of points of zero order must be a multiple of 3. The following is an
immediate rewriting of the previous proposition.

Proposition 5.5. We make the same assumptions as above and define Ps € P3?(C)
as

3djy1 .

P(x) = (x —ag) - (x —@j)(x — 1) (= ), (5.10)

d

Then S is Hermitian if and only if the polynomial Ps — o? is exactly of degree

3d - 1.

To see that Propositions 5.4 and 5.5 are equivalent, it suffices to observe that
the left hand side of (5.9) is the (negative of the) coefficient of x3=1in Py — o4,

Proof. Recall that, given two polynomials P and Q, Q # 0, we may uniquely

expand P in powers of Q, thatis, if deg P = kdeg Q + r with 0 < r < deg Q,
there exist unique polynomials P;’s with deg p(;y < deg Q such that

P=P Q" +P Q" "+ + PO+ Py (5.11)
The polynomials P; are obtained by using repeated Euclidean division by Q. We
use the expansion (5.11) with P = Ps and Q = o. Since deg Ps = deg o4 and
both polynomials are monic, we have Ps o = 1 and the expansion is of the form
Pg =o* + Ps 1 od-1 +--++Ps 40+ Psgy1, degPs;<2, 1<i<d+1. (5.12)
Define ¢ € P(C?) by

g, y) =y + Ps1(x) y* 4 Poa(x) y + Ps.ap1(x). (5.13)
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The crucial observation is that this polynomial ¢ belongs to P4(C?) if and only if
the coefficient of x2 on Pg 1 equals O, that is, if the coefficient of x34=1 i Pg —o?
equals 0. Now, supposing that this is true and using the trivial parameterization £;
at «;, we have
j o d
Da = J7alx o)

x=a;

(5.14)

d/
= WPS(X)

The last inequality follows from the definition of Ps.

=0, 0<j<N4i(V), i=1,....k

=

We have therefore find a nonzero polynomial gy such that Tij (g) = 0 for
i =1,...,k and this shows that S is not Hermitian.

Conversely, if § is not Hermitian, we may find a nonzero polynomial ¢ €
P4(V) such that Déiq forO0 < j < Ng(V)andi =0, ..., k. Using the standard
basis of P?(V) we may write this polynomial ¢ as

d—2
g, y) =y + (el x+ 9y + Z(c,-zx2 +clx 4Ny (515
i=0

That the Diiq’s equal 0 means that the univariate polynomial ¢ (x, o (x)) van-
ishes at every «; and to the order 3d; for i > j. Hence Ps divides p and, since
degq(x,o(x)) < 3d, we must have g(x,o0(x)) = K Pgs(x) where K # 0 since
q)v # 0. We may assume that K = 1. It follows that

d
Pg(x) = cjo (x) + (cj_1x + c§_ Do’ (1) Y (x> +c/x + ) o' (x) (5.16)
i=0
and, because of the uniqueness of the expansion of Pg in powers of ¢, the compar-
ison of (5.12) and (5.16) shows that the coefficient of x? in Pg 1(x) which is the
coefficient of x>~ ! in Pg — o equals 0. O

As in the classical case, the property of being Hermitian is equivalent to the
non-vanishing of a Vandermonde-like determinant. We mention without proof the
value of this determinant in the case of pairwise distinct points. A general formula
may be obtained using continuity properties.

Proposition 5.6. Let V = {y = o (x)} with o (x) = x> + cox% + c1x + co and let
a; = (aj,0(a;)), i =0,...,3d —1 be 3d pairwise distinct points. If B = (B;, i =
0,...,3d—1) denotes the basis of P4 (V) used in the proof of Theorem 4.11, that is

B =, x, x2’ y, yx, yXZ7 o yd—2’ yd—2x’ yd—2x2’ yd—l’ yd—lx, yd)’

then

3d—1
det(Bl-(aj)) = { Z o +d02} . 1_[ (bj —b;).

Jj=0 0<i<j<3d—1
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5.4. Graphs of degree 4

In principle, the method we used in the proof of Proposition 5.5 works for a graph
of every degree. The condition on S, in general, is much more complicated, but the
method should enable one to derive qualitative results on the structure of Hermitian
schemes on any graph. We hope to turn to this question in a future paper. Here,
we shall limit ourselves to give some elements regarding the case of a graph of
degree 4.

Proposition 5.7. Let V = {y = o (x)} with o (x) = x* + ¢3x° + c2x2 + c1x + ¢,

d > 2 and a scheme S = {(a1,d1), ..., (ax, dy)} where a; = (a;, s(®;)) is a d;-
Taylorian point of V, i = 1, ..., k, and

fi 1 di =0y +3-8li 1 di=1}+ Y (4d; —2) =4d — 2. (5.17)
di>2

We associate to S the polynomial Ps € P**=2(C) defined by

Ps():=[[er—a) [ -’ [Jx—a* 2, (5.18)

d;=0 di=1 di>2

and the polynomial Qg € P*(C) defined by

QOs(x) ;= Ps- (x> — Ax — T, (5.19)

where
A =CuxM3 ) pg) —C(x¥ 1 o) (5.20)
I'=-CGx* 2, o%)+Cu**, Py)— ACx™3, Py), (5.21)

where as usual C(x', P) denotes the coefficient of x' in P. Then S is Hermitian
if and only if the third polynomial Qs > in the expansion of Qg in powers of o is
exactly of degree 3.

Of course, we have
—A=des+ Y @ +3) ai+ Y (4d— 20,
d; =0 di=1 d;>2

and it is not difficult to also express I' as a function of the roots of Pg and of the
coefficients of 0.

Proof (sketch). We have

Os =094+ 05107+ 052072+ 4+ Q540 + Q5411 (5.22)
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where, a priori, deg Qs ; < 3. The definition of A and I" gives deg(Qs,1) = 1.
Thus if the assumption on Qg 2 is not true, that is, deg Q52 < 2, we have

0s(x) = q(x, o(x))

with g € P4(C?) (and q)v # 0). We then show as in the proof of Proposition 5.5
that )
D;q=0, 0<j<dj, i=0,...k (5.23)

and this proves that S is not Hermitian.

Conversely, if S is not Hermitian then there exists a nonzero ¢ € P4(V) of the
form

q
qx.y) =Y qi(x)y', degqi <3, degq; +i <d. (5.24)
i=0
such that (5.23) holds true. From the relations

d’ . ,

Eq(x,a(x))‘x:ai =0, 0<j<d, i=0,... .k (525
we deduce that Pg(x) divides (the nonzero polynomial) g (x, o (x)). Now, observe
that the constant gg in (5.24) cannot be equal to 0 because otherwise the degree of
q(x, o(x)) would be not greater than 4d — 3 which, together with (5.25) would
imply ¢g(x,o(x)) = 0 which is contrary to our assumption. We may therefore
assume that gg = 1. In these conditions, the comparison of the degrees of Pg(x)
and g (x, o (x)) shows that, for some coefficients § and y,

q(x,0(x)) = Ps(x) - (x* — 8x — y).

On the other hand, since deg g1 (x) < 1, we have deg g (x, o(x)) — od(x) <4 —
1)+ 1 = 4d — 3. It follows that the coefficients of x**~! and x**=2 in ¢ (x, o (x)) —
o (x) must be equal to 0 which is easily seen to imply § = A and y = I". We thus
have g (x, 0 (x)) = Qs and it only remains to note that the condition ‘deggy < 2’
is now equivalent to the condition ‘Qyg 5 is not of degree 3’. O

Example 5.8. Let V = {y = x*}. We want to study on what conditions the scheme
S={@ 1,0, D), a=(@ah b= ph eV (5.26)

is Hermitian (for P?(V)). The arithmetic condition is plainly satisfied (3 + 3 =
N>(V)) and, in view of Proposition 4.4, to be 1-Taylorian, a and b must simply be
taken distinct from 0. Using the notation of the above proposition, we have

Os(x) = (x —a)*(x — B)*(x* — Ax —T).
A calculation shows

A=38+3a and T =68+ 9ap+ 6a°.
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Next, since in that case d — 2 = 0, the condition that Qg > is exactly of degree 3
means that the coefficient of x3 in the remainder of the division of Qs(x)—o2(x) =
Osx) — x8 by x* is different from 0. This condition is easily shown to be

(B +a)(B* + 8> + 100282 + 8B + o) # 0.

Interestingly enough, since

(B* + 8> + 1002 8% + 8028 + %)

= {(2—I—M)ﬂ+a}{<2—ﬁ+m)ﬁ+a}
x {(fz+2— 4x/§+5>ﬂ+a}{(m+\/§+2)ﬁ+a}

the (abscissae of the) singular points for the scheme (5.26) are located on five lines
intersecting at the origin.

6. Application: bivariate Hermite interpolation

6.1. Collecting schemes

LetV; = {q; = 0},i = 1,...,m be a family of m pairwise distinct irreducible
curves in C? and, for each i, let S; be a Hermitian scheme of degree s; on V;. We
say that the family of schemes {S;, i = 1, ..., m} is collectable of degree d if for
every suitably defined function f, there exists a unique polynomial p € P?4(C?)
satisfying

Hs (p) =Hg (), i=1,...,m. (6.1)

As usual, there is an immediate arithmetic condition in order that {S;, i =1, ..., m}
be collectable. We must have

2 d+2
ZNsi(vl->=( ; ) (62)
i=1

There must therefore be some connection between d, the degree s;’s of the schemes
S;’s and the degree r; of the curve V;. The following theorem gives a simple way of
correctly combining these numbers. It contains as particular cases, on one hand, the
configurations of points introduced in [3] (for which all the collected scheme are
lagrangian) and, on the other hand, a result established in [4, Theorem 4] for which
all the collected scheme are Taylorian).

Theorem 6.1. Letm > 2 and, fori = 1,2,...,m, let V; = {q; = 0} where q; is
an irreducible polynomial of degree r; > 1 in P(C?). Let d € N be such that

rn+rn+-Frmo<d<rn+rn+--+rm1+rm. (6.3)
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We define the integers s; by the relation

s1=d
{S,’:d—rl—rz_..._ri_l (i=2,...,m)' (64)
On the curves V;, we take m Hermitian schemes as follows. Fori =1,...,m,

(Al) §; = {(a’i, si), ey (a,ii , s,ii)} is a Hermitian scheme for P5i (V;);
(A2) the points of S; do not lie on V; for j < i.

In theses conditions, the following statements hold true.

Ccn I
ritrttrmor <d <ritratco A rmet + rm, (6.5)
then {S;, i =1, ..., m} is collectable of degree d.
c2) If

rtrtotrmer <d=ritroto A+ rm-1+rm, (6.6)
then {S;, i =1,..., m}U{Sp} is collectable of degree d where Sy = {(a, 0)}
and a is any point not lying on the union of the Vi, i = 1, ..., m.
In (6.6) we may consider So = {(a, 0)} as a Hermitian scheme of degree O for any
curve Vj distinct from the other V;’s.

Example 6.2. We give a few examples of possible configurations. Observe that to
any additive partition of d corresponds a configuration of type (6.6).

Degree Curves Schemes on curves

2m — 1 Viisaquadric(1 <i <m) §; is a Hermitian scheme of order
2m —i)+1onV;

3m —1 Viisacubic (1 <i <m) S; is a Hermitian scheme of order

3m — i) + 2 on V;, for example,
Si={(a;,,1<i<3(m—i)—1}

d =(d— Viisacurve of degreed — Sj is a Hermitian scheme of degree d
r)y—+r r and V, a curve of degree on V; and S; is Hermitian scheme of
r+1 degree r on V3.

6.2. Proof of Theorem 6.1

The proof of Theorem 6.1 is an adaptation of that of [4, Theorem 4]. It is based on
a simple division argument.
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We first compute the number N of conditions corresponding to the family
{Si,i = 1,..., m}. Since H5,(f — p) = 0 gives N, (V;) conditions, using
s;i —ri = sj41 fori <m — 1, we have

- (50 +2 Si—ri+2
N =) N,V ZZ( 5 )—( 5 ) (by (2.2)) 6.7)

i=1 i=1

_ (mgf S ;2> - (Sl'“; 2)) + (S’”;L 2) = (S’" ;r’") (6.8)
(

1
s1+2 Smo—TIm +2
= - 6.9
) () ©9
d+2 d—+2
( -2'_ )—O:( -2|- > if (6.5) holds true

(6.10)

d+2\  (2\ [d+2
< + >_<>=< + )—1 if (6.6) holds true
2 2 2

Thus, in both cases, the number of conditions equals the dimension of P4 ((Cz). To
establish the theorem, it is therefore sufficient to show that if p € P4 (C?) is such
Hg, (p) = 0 for every i — and also, in the case (6.6), such that p(a) = 0 —then p
must be the zero polynomial.

Let p be such a polynomial. Since p is of degree at most s;(= d) and
Hg, (p) = 0, we must have p|y, = 0. Since g is irreducible this implies by the
Nullstellensatz that g divides p, thus, p = g1k with degh; = deg p — degq; <
s1—r1 = sp thatis, h; € P2(C?). Now the second condition Hg, (p) = 0 translates
into Hg, (g1h1) = 0. Since no point of S, lies on V; — this is assumption (6.1) —
q1(a3) # 0, for j = 1,...,k and, in view of Lemma 5.2, Hg, (h1) = 0. Since

hy € P2(C?) and S, is Hermitian for P52(V5), we must have A; |Vo = 0 hence,
again by the Nullstellensatz h; = hpqp with hy € P ((C2). The third condition
now translates into Hg, (h2g192) = 0. Again, since g1g2 # 0 vanishes on no point
of 3, Lemma 5.2 yields Hg, (h2) = 0 and since deg i < s3 and S3 is Hermitian
for P*3(V3) we must have i, = 0 on V3, hence hy = h3gz Continuing in this way
we arrive at p = ¢q1q2 . . . ¢mh;, With some polynomial 4,,. When (6.5) holds, com-
paring the degree of both sides, we deduce at once that &, must be zero which gives
in turn p = 0, whereas when (6.6) holds, /,, must be a constant polynomial and the
use of the condition p(a) = 0 forces this constant to be zero (for no g; (a) vanishes)
which again permits us to conclude that p = 0 and this finishes the proof. O
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