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1. Introduction

In this paper we discuss existence/nonexistence and uniqueness of positive entire
(i.e. finite energy) solutions of the following semilinear elliptic equation on H =
H", the n dimensional Hyperbolic space:

Agu + du +u? = 0. (Eq)
Here Ap denotes the Laplace-Beltrami operator on H, A is a real parameter and
p>lifn=2whilel < p <2*—1ifn > 2, where 2* := nz_"z.

A basic information is that the bottom of the spectrum of —Ap on H is

Viu|*dV;
N _ J v H -1y
1(—=Ag) := inf = .
ueH(H))\0 /|u|2dVH 4
H

(1.1)

A straightforward consequence of (1.1) is the following non existence result:

2
Theorem 1.1. Letn > 2 and ) > @. Then (Eq;) has no positive solution. If
2
A= @ there are no positive solutions of (Eq,) in H'(H).
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So, in the sequel, we will assume A < %. Another consequence of (1.1) is

that if & < @=L then

1
2
lully = [/ <|VHu|2—ku2)dV:| . u e CXH)
H

is a norm, equivalent to the H'(H) norm. This is no longer true if A = %. A
suitable definition of entire (or finite energy) solution in this case can be given tak-
ing into account an inequality which can be derived from Hardy-Sobolev-Maz’ya
inequalities (see Appendix B).

A sharp Poincaré-Sobolev inequality and the space H

For every n > 3 and every p € (1, 23] there is S, , > 0 such that

2
41 — 1 2
Sn.p (/ |u|P+1dVH)' 5/ |VHu|2—uu2 d Vi (1.2)
H H 4

for every u € Cy°(H). If n = 2 any p > 1 is allowed.
Inequality (1.2) implies that [lu|| ,,_,2 is a norm as well on C3°(H) and we will

7
denote by H the closure of C2°(H) with respect to this norm.

Definition 1.2. We will say that a positive solution u of (Eg; ) is an entire solution
if it belongs to the closure of C2°(H) with respect to the norm ||.||.

Before stating our main results, let us recall what it is known in the Euclidean
case (H replaced by R”, n > 3): in the subcritical case, a positive entire solution
exists iff A < 0 ; for such A’s the solution is radially symmetric and unique (up
to translations); in the critical case a positive entire solution exists iff A = 0, it is
unique (up to translations and dilations) and it is explicitely known.

At our best knowledge, not much is known about (Eg,). It naturally appears
when dealing with the Euler-Lagrange equations associated to Hardy-Sobolev-
Maz’ya inequalities (see Section 6). It is also related (see [9]) to the Yamabe equa-
tion on the Heisenberg group and hence to the Webster scalar curvature equation
(see [14]-[19], and, for a more general setting, [7]).

A relation between differential operators with mixed homogeneity and hyper-
bolic geometry was earlier observed by Beckner [2] in dealing with sharp Grushin
estimates. In connection with Beckner work, and trying to extend previous results
by Garofalo-Vassilev on Yamabe-type equations on groups of Heisenberg type [15],
Monti and Morbidelli [23] enlightened the role of hyperbolic symmetry built in
Grushin-type equations.

Motivated by these papers, we started investigating, among other things,
uniqueness for (E¢g;) and the main result in this paper, already announced in [9], is
the following
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Theorem 1.3, Let o < =2 ifn > 3and 1 < 22 if n = 2. Then (Eqy) has

at most one entire positive solution, up to hyperbolic isometries.

We also establish sharp existence results:

Theorem 1.4. Let p > lifn =2and 1 < p <2* — 1 ifn > 3. Then (Eq)) has a

.. . . (n—1)2
positive entire solution for any A < ~——.

In the critical case the situation is more complicated. We have the following

2
Theorem 1.5. Letn > 4, p =2* — 1 and @ <A< @. Then (Eg;) has
a positive entire solution.

The restriction on A in Theorem 1.5 is in fact sharp:

Theorem 1.6. Letn >3, p=2*—land A < @. Then (Eq,) does not have
any entire positive solution.

We also observed a surprising low dimension phenomena
Theorem 1.7. Letn = 3 and p = 5. Then (Eq,) has no entire positive solution.

The paper is organized as follows.

In Section 2 we improve a symmetry result given in [1] as a first step towards
a sharp uniqueness analysis.

In Section 3 we establish decay estimates for positive entire solutions, a crucial
step to prove in Section 4 our uniqueness result.

Section 5 and 6 are devoted to existence/nonexistence and applications.

In Appendix A we recall notations and basic facts on the half space model R’
and the ball model B" for H"” and in Appendix B we derive the Poincaré-Sobolev
inequality in H".

Added in proof. After this paper was completed, we got to know from R. Musina
of a paper by Benguria, Frank and Loss [3] concerning critical Hardy-Sobolev-
Maz’ya inequality in the three dimensional upper half space, where the equivalent
formulation (1.2) is also given. Among other things, they prove that the best con-
stant in (1.2) is given by the Sobolev constant and it is not achieved. Theorem 1.7
above improves this result.

In addition, Yan Yan Li informed us that, in a recent work with D. Cao [11],
they obtained results on locally finite energy solutions for a related PDE, which
lead to conjecture uniqueness of such solutions. Indeed our result applies and the
conjecture turns out to be true.

ACKNOWLEDGEMENTS. This work was mainly done while the first author was
visiting TIFR, Bangalore, India. All the people there deserve gratitude for their
warm hospitality. The first author was supported by MIUR, national project ‘Metodi
variazionali ed equazioni differenziali non lineari’.
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2. Hyperbolic symmetry

The main purpose in this section is to prove symmetry properties of solutions of
(Eg,). The result we need, a refinement of a result in [1], is the following

2
Theorem 2.1. Let A < (%) ,n > 2. Let u be a positive entire solution of (Eq,).

Then u has Hyperbolic symmetry, i.e. there is xo € H such that u is constant on
hyperbolic spheres centered at x.

The proof relies on moving planes techniques in connection with sharp Sobolev
inequalities, and follows closely [1].

We start pointing out the main difference with respect to [1]. The proof therein
relies on the classical sharp Sobolev inequality in H L(H™), n > 3 (see [17]):

2 n=2
-2 n n n -2
u(/ Iu|f—2de) 5/ |VHu|2de—M/ w'dVer. 2.1
4 H H 4 H

This allows to get symmetry for H'(H) positive solutions of (Egy;) in case A <
nn-—2)
=7

To prove symmetry for any A < % (and n > 2) it will be enough to replace
Sobolev inequality with the sharp Poincaré-Sobolev inequality, which by density,
holds true in H'!(H), as well as in H.

2

To prove our theorem up to the limiting case A = (%) , we need first some

facts about H. Let Dgyl (R* x R"~1) be the closure in D! (R¥+"—1) of Cg° y-radial

functions u = u(|y|, z), y € R¥, z € R"~!. We have the following

Lemma 2.2 (An isometric model for H). Givenu € C5°(R"), let

1 n—1
(Tu)(y,z) = —|y|~ 2 u(lyl,2), (,2) e RZ xR"L.
y mlyl [yl y

Then ||Tullpign+1y = llulle and hence T extends to an isometric isomorphism
between 'H and Dclyl(R2 x Ry,
Moreover (H, ||ully) is a Hilbert space with the inner product {, )4 given by

1
(uy, upyy = — VTu1VTuy dx.
27'[ Rn+l1

Proof. Letv := Tu. Then

2
n—1 n—1
27|Vu|? = r =D v + r_("_l)uf (T) D2 Tr_”(uz)r.
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Integrating in polar coordinates and then by parts

[Vu|? n—1\?u? n-1 _
v 2d d — -z - n+l, 2 d d '
Ar1+l | vl yaz /R"’XR”‘I [ r"*Z + 2 rh 2 d (u )}’ rax

/ V() s =
= - — |drdz = |lull3,.
R+xRi-1 | #72 2 rr < "

Since T'(Cg°(IH)) contains all the cylindrically symmetric C* functions with com-
pact support in (R? \ {0}) x R*~! and they are dense in Dclyl(IR2 x R"1), by
density T extends to an isometry from H onto D Clyl (R? x R"™1). The same ar-

guments show that 7" preserves the scalar product. Finally, since convergence in
‘H and in Dclyl (R? x R"~1) imply, up to subsequences, pointwise convergence, we

can in particular conclude that any u € H can be written as r 2 v(r, z) for some
v e Dlyl(Rz x R, O

C

Lemma 2.3. Let u € H be compactly supported in H. Then u € H'(H).

Proof. Let u, € C°(H) such that ||u, — u||¢ — 0. We may assume that support
of u,,’s are contained in a fixed compact subset K of H. From the Poincaré-Sobolev
inequality (1.2), we get u,, is Cauchy in L? (IH)) and hence converges to « in L” (H)
for any p > 2. This implies u, — u in L?>(H) thanks to the assumption on the
support of u,,’s. Convergence in L? and convergence in ||.||3¢ together implies Vu,,
is Cauchy in L?(H) and hence the convergence of u,, to u in H"'(H). O

Lemma 2.4 (Poincaré-Sobolev inequality in ). Let p > 1 ifn = 2 and 1 <
p < % ifn > 3. There exists Sy, > 0 such that

2

+1 P 2
Sn,p / lulP™ dVy < ||u||H YueH. 2.2)
H

Equivalently, for every v € Dclyl(]R2 x R+~

p=2 |"U|‘D+l e 2
Q2m) ? S p I —T dx < IVIp1 a1y (2.3)
Rn+l1 |y|+

Remark 2.5. Notice thatn +3 — p(n — 1) < 0 if % <p=< %

Proof. (2.2) follows from (1.2) and (2.3) follows from (2.2), Lemma 2.2 and

_nzl p+l
() !
dydz =2n/ drdz
/R2XRnl Iylw Y R+ xRra-1 1"

:27r/ lu|PT! dvig.
H
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Furthermore, a direct computation gives

2
Lemma 2.6. Let u € H be a positive solution of (Eq;), A = (%) , n>2. Let

v := 27 Tu. Then v is a D' (R"t) solution of

P
AV D) = —  in REx R 2.4)

n+3—pn—1)
Iy~ 2

Proof of Theorem 2.1. The proof is in the same lines as in [1]; so, we will only give
an outline. The main difference is in the use of sharp Poincaré-Sobolev inequali-
ties (2.2) and (1.2) instead of sharp Sobolev inequality (2.1).

Let A; be a one parameter group of isometries of H which is C!' (R x H, H) and
I be a reflection (i.e., I is an isometry and /> = Identity) satisfying the invariance
condition A, 1A, = I, Vt € R. Define I, = A;I A_; and Let U, be the hypersurface
of H which is fixed by I,. We also assume that U, <;;,U; is open for all 71, 1 € R
and U;cpU; = H. For ¢ € R define

0 =U_ooes<1 Uy, and Q' = U o5 <00 Us.
Then I,(Q;) C Q' and I,(Q") C Q, forall t € R. Now define fort € R
u;(x) =u(l;(x)), x € H.
The theorem will be proved once we show the existence of a fgp € R such that
uy, = uin Qy, (see [1] for details.) Asin [1] we will prove this in three steps. We

will only give details for step 1; the other two steps follow as in [1]. Let

A={teR : Vs >t u>usin Q}.

Step 1. A is nonempty.

Proof of Step 1. Tt is enough to show that for ¢ large enough u, > u in Q'. Since
I, is an isometry, u; € H and solves (Egq;). Write, as in Lemma 2.2, v = V27 Tu,
v, = v27Tu;. From Lemma 2.2, they are in DI’Z(R") and, furthermore, they
solve (2.4). Now define

Q ={0,2 e R xR : (]y],2) € Q).

Then Step 1 will be proved once we show that v; > v in ;. Now, €2; is open in
R+ and v = v, on 9€2,. We also have

—AW—v) = |y|7T @ —vf)
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where T = w as in (2.4). Now multiplying the above equation by
(v — v;) T integrating by parts and applying (2.2) to (v — v,;)" we get,

p

/W(v—v,)ﬂzdx:/ PN (w2 dx
Q

Q, [yI*(v —vy)

-1
c /- Up+1 ﬁT ((U_vt)—i-)p—H #
Q IyI°F 2 Iyl*
11\
p p
c / - /|V(v—v,)+|2dx.
o Iyl N

Since [gu+i ly|"TvPt! < oo, th ly|"TvPt! — 0ast — oco. Hence there exist a

to such that th V(v — v,)T|?> dx = 0forall t > f. This proves Step 1.
To complete the proof, one can show, following [1], that

Step 2. A is bounded below.
Step 3. u;, = u in Q,, where fp = inf A. O

IA

IA

3. Decay estimates

The proof of our uniqueness result relies on decay properties of entire positive solu-
tions we are going to prove here. Let u be a positive symmetric solution of (Eg;,).

As a functionon B := B", u = u(|§]), & € R", |§] < 1 and

[1 2|§|} Au+(n—2)|:1 2|s|}<w,g>+m+up:o. 3.1

Setting |£| := tanh %, u(t) := u(tanh %), q = (sinh )71, it is easy to see that

J5ul?d Vi = o, [5° qlul?, [51VBul?dVs = w, [;° qlu’|* so that

o0
ue H' (B") & a)/o [|u|2+ |u’|2]q=/8 [|u|2 n |V3u|2]dV3 < +00. (32)

Poincaré-Sobolev inequality reads as follows: V p € (1,2* — 1], Jc¢(n, p) > 0:

2
+00 Esy +00 — 12 pto
c(n,p>[/ q|w|f’“}" 5/ q|w’|2——(” )/ qu*  (33)
0 0 4 0

Yw e Cgo([O, 400));if n =2 any p > 1 is allowed. In addition, (3.1) rewrites

1 n / /
u + ' +ru+uf =0, u(@0) =0 (3.4
tanh ¢
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as well as

(qu')' + rqu+qu” =0, u'(0)=0 (3.5)
and if u € H'(B) solves (3.1), then [;° g[|u'|* — au*] = [;° quP*!. The above
relations are no longer true if u ¢ H 1(B). However, we can derive an analogue

of (3.2) and (3.3) for functions in H possessing hyperbolic symmetry. As above,
and if there is no confusion, we will write u(tanh %) as u(t).

Lemma 3.1. Let u € 'H be a symmetric function. Then

0 -1 t \? — Du?

i = [ (u’+” tanh—u> + 2D <0 ()
0 <200$h—)
2

and hence the Poincaré - Sobolev inequality for u rewrites as

(n—1u?

2
0 1 00 -1 f 2
c(n, p) |:/ q|u|l’+l:|p f/ (u/+n2 tanh Eu) +—= |4 (3.7
t
’ ° <2cosh 5)

If u satisfies (3.4) and (3.6) then for every w satisfying (3.6), we have

[e¢) n—
| (e
Io

o
=/ quPw where either 1H=0 or w(t) =0.
fo

1 t —1 t —1
tanh Eu) <w’ + . > tanh §w> + (rli)btth q
(2 cosh 5) (3.8)

n—1

Proof. Letu € Cg°(B) and v := (2 cosh?(t /2)) u. Integrating by parts,

00 _ 2
el - =wn/0 |:(u/)2 — (%) u2i| (sinh )" " dt

_ 0 "o n—1 v 2 .
B wn/o {(v) 3 <cosh(t/2)> ](tanh(;/z)) dt.

Now, given u € H, there is a sequence of radial functions u,, € C fo (B) such that
n—1
T

(3.9

U, —m uin H and a.e. Hence, if v,, := (2 coshz(t/2)) Uy, then v, —, v =
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n—1

(2cosh?(¢/2)) 7 u and

Nl 13, = /OO w24t tm i (tanh(/2))"~" dt. (3.10)
il = @n | W 4 (cosh(t/Z)) anh(t/ S

Since u,, is a Cauchy sequence in H, we can then pass to the limit in (3.10) and
see that (3.9) actually holds for every u € H. Now (3.6) follows just substituting

v=(2 coshz(t/2)) 7 u in (3.9).

The Poincaré-Sobolev inequality (3.7) follows from (3.3) and (3.6).

As for (3.8), let w satisfy (3.6). Then there is a sequence w, € Cgo([O, 00))
with w;,(0) = 0 such that w, — w in the H norm given by (3.6). Since u satisfies
(3.5), multiplying this relation by w,, and integrating by parts we see that (3.8) holds

for wy,. Since w satisfies (3.6) we can pass to the limit proving (3.8). O
Now, let us notice that if u solves (3.4) and E, () := # + 24 ‘p-i-l , then
d 1
“E (z):—” W <0 Vi>0.

dr " anh

In particular, # and u’ remain bounded and hence u is defined for every ¢. En-
ergy considerations also lead to monotonicity properties and exponential decay of
positive solutions of (3.4) as can be seen below.

Lemma 3.2. Letn > 2, p > 1. Let v > 0 be a solution of (3.4). If » < 0 we also
assume that v satisfies (3.2). Then v'(t) < 0 for everyt > 0 and lim;_, ;oo v(¢) =
lim; , 150 v'(2) = 0.

Proof. If A > 0, equation (3.5) implies (qv)'(r) < 0 V¢ > 0 and then v/(r) < 0
V¢t > 0 because v'(0) = 0. In particular, it exists v(co) := lim;_, ~ v(f) and,
since E, is decreasing, v/ (00) := lim;_, 1 o, v’ (¢) exists as well and is zero because
v is positive. Finally, (3.4) gives v”(00) = —[Av(00) + v”(00)] with, necessarily,
v”(00) = 0 and hence v(o0) = 0.

If . < 0, v is not decreasing and does not vanish at infinity, in general. How-
ever, assuming (3.2), we have that liminf, 4 q(t)[vz(t) +v2()] =0. In partic-
ular, 0 = limy, ;o Ey(t) < E,(¢) Yt by monotonicity. Now, let by contradiction
v/(fg) = 0 for some 79 > 0. Then 0 < E,(fy) = 1)va(to) + |”| T (to) and hence
Av(f) + vP (1) > 0 and hence, by equation (3.4), v (¢9) < 0. Thus fy is the only
zero of v and v’ > 01in (0, fy). Since E,(0) > 0 and v'(0) = 0, Av(?) + vP(t) > 0
for ¢ small, and hence v”" < 0 for ¢ small and hence v’ is negative for ¢ small, a
contraddiction. This and (3.2) imply v(oco) = 0. As above, v'(00) exists and it is
necessarily zero. O

Remark 3.3. In case A < 0 and assuming v —;_, {» O instead of (3.2), the same
argument as above implies again v/(r) < 0 for r > 0 and v'(c0) = 0.
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Lemma34. Letn > 2, p > 1, A < @. Let v > 0 be a solution of (3.4)
satisfying (3.2). Then
/2]

1 2 1 2 1 2
im —2% — fim 2% _ fim M:—[n—w (n—1)2—4,\]

t—+oo t t—+oo f 1—+00 t

v n—1+4++(@m—12—4x
5 .

— t—>+o00 T
v

Proof. By Lemma 3.2, v —;_, 40 0. Then it exists £, > 0 such that
cotht <1+, VP () < ev(d), vVt > t..
Since, again by Lemma 3.2, v’ is negative, we have, for t > f,
V+m—DA+e)v +r<v'+0m—1Dcothtv +rv+0vP =0 (3.11)
V+m—1W+A+e)v>v"4+0m—1cothtv +rv+0vP =0. (3.12)

2 2 JZ—
Let ,U,i(é) —(n—1)(1+e)£ (Vl 12 (14€)>—4r i(E) —(n—1)£+/ (n—1)>—4(A+€) be

the characteristic roots of the dlfferentlal pohnomlals in the left hand side of (3.11)-

(3.12), respectively (notice that w*(€) are real and distincts for A < %, to have
vt (€) real and distinct we need to choose € < % — X and with this choice
w(e) < v (e€)). Let
w:=v — put (e, z:=v —vH(e). (3.13)
Then, from (3.11) and (3.12), we have, for t > .,
w-—pu @Ow=v'+n-DA+ev +rw<0 (3.14)
Z=v(Ez=V"+m—-—DV+A+e)v=>0. (3.15)

From (3.14)-(3.15) we derive (e™# ©w)" < 0 < (¢7 ©z)' for every t > 1 and
hence, integrating such inequalities in [z, t], t < T < t, we get, respectively,

V(1) — p () = w(r) < (e—/f(f)fw(r)) MO — (1)t O (3.16)
V@) = vHEOn) =20 = (7 OTz(m) e O i=d@e” O (B1T)
for every t > T > t.. Again by integration, we finally get, for every r > 7 > ¢,
et @1 _ o (@©—pT(eNT+ut (e
w=(€) — ut(e)

_ |:e“+(€)fv('c) @) e(u(e)/ﬁ(e»r] ARGY (3.18)
= (€) — ut(e)

V() < (e**”@’v(r)) O L e (1)

Ce (-g)elf(é)t
u=(€) — ut(e)
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v (et _ e(v_(e)—v+(e))r+v+(e)t
v=(e) —vt(e)

_ | ,~vT(er _ de(7) W= (e)—vT ()T | v (e 3.19
|:e v(1) @) = v*(e)e e 3.19)

v = (7O O 4 d (@)

de (.[)ev_(e)t
v=(e) —vt(e)’

Now, v positive, £~ (€) < ™ (¢) and (3.18) imply

L 2 (OB (T OEALC) L SV,
n(€) — ut(e) - -
that is
b(T) = ce(ne 7 w(t) _ V(@ —puHeu@) .
u(€) —ut(e) pu(e) —ut(e) w(€) — ut(e)
Hence
V(1) = pnT(ev(r), VT =t (3.20)
and integrating on [t., ¢] we find
v(t) > (u(te)e—“’@’f) O s g (3.21)

We notice, for future reference, that in case A > 0 (3.20) and (3.21) hold true for any
positive solution: assumption (3.2) is used, at this stage, to insure monotonicity and
decay properties of v and hence it is required just in case A < O (see Lemma 3.2;
accordingly with Remark 3.3, we might have asked, alternatively, to v to vanish at
infinity). We similarly infer from (3.19) that

de (1)

—e(\)i(G)—v+(€))‘[ S 0 VT Z tE'
v=(€) —vt(e)

d.(7) := e_”+(€)rv(r) -

Otherwise, since v~ (€) < v (€), (3.19) gives v(t) > %6?5 (f)e”+(€)’. But, since A <

% and hence n — 1 +2v™(€) > 0, this inequality implies that [;° gv* = 400,

violating (3.2) (in case A < 0, and hence vt (¢) > 0, it would even follow that v is
unbounded). Thus, dc(t) <0 V71 > ¢, thatis

de(r)e” ©O7 2(1) _ V(D) —vT(Eu(n)

v(7) = v(€) —vt(e) v (e)—vt(e) v (e) —vt(e)

Hence
V(T) <vT(v(r), VYT >t (3.22)



646 GIANNI MANCINI AND KUNNATH SANDEEP

and integrating on [z, ¢] we find

o) < (v(te)e—”’@’e) O Vi, (3.23)
We see from (3.21) and (3.23) that
_ . logv? . log v? _
21~ (e) < liminf < limsup <2v7(e), Ve=>0
1—+00 1 t— 00

and hence lim;_, 40 10%”2 =— [n —1+Jm—12= 4k].
From (3.20)-(3.22) and (3.21)-(3.23) we see that similar bounds hold true for
v’ as well and hence

"2 2 "2
im 28" _ M:—[ﬂ—l+\/(lz—l)2—4k].

t—+4o0 t t——+0o0 t

Finally, taking lim sup and liminf in (3.20)-(3.22) and then sending € to zero, we
/ —1 —1)2—4

see that & —, o —%. O

Remark 3.5. In case A < 0 assumption (3.2) can be replaced by lim;_, 5, v = 0.

Thus, if A < 0 a positive solution vanishes at infinity iff it is in H!.
12 .
Let us now consider the limit case . = %. Here we have more precise
estimates, which will be actually needed later on.

Lemma 3.6. Letn > 2, A = %, p > 1. Let v > 0 be a solution of (3.4). Then

1 2 1 N2 1 2 N2
lim 108V _ oy, log@W)T o leelt O gy 50

t—>+00 t t——+o00 t t——+00 t

Let, in addition, v satisfy (3.6). Then there is A > 0 such that

S T() > A and TV (1) — —”TA as t — oo. (3.25)

Proof. Since, i (see the proof of Lemma 3.4) are real and distinct, (3.14)-(3.18)
and hence the bound from below v(t) > ccet ©* given in (3.21), still holds true,
because, at this stage, it was just required that v decreases to zero, a property satis-
fied here (Lemma 3.2). For the same reason, an upper bound for v and (3.20) will
give a similar upper bound for —v’.

A bound from above for v can be obtained as follows. First observe that v ()
cannot be definitely negative and then it is definitely positive because, otherwise,
it has a sequence t; —; 400 of zeros, that is, denoted w := v/, then w < 0 and
w'(t;) = 0. Taking the derivative of (3.4), we get

n
w”+(n—1)cothtw’+<k— —
sinh” ¢

+pvp_]> w=0
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and we see that there is ¢ such that w”(¢;) > 0 for z; > ¢, while w” has to change
sign at two consecutive zeros of w’. In turn, v/ > 0 for large ¢ implies that v

(and v’) has exponential decay. In fact, if v/ > 0 for ¢+ > 7, then, using (3.4),

we see that 0 > (n — I)cothtv’ + Av for ¢ > 7 and hence ¥ < _%11}112 and

__ __ Atanhi? 7 ..
hence v(t) < v(t)e n-1 (=D Asa consequence, as observed above, a similar

upper bound holds true for —v’. Now, from (3.5) and (3.21), we get, for positive A,
—(qVu) (1) > —(qv) () + A (" ety > cee(%*e)’ and then —v/(¢t) >
q q 4

—1 —1)? . ..
cee*(nT“)’ . Here A = %, so we got, for any given € > 0, positive numbers
b, cc such that

_(n=1 _(n=1
bee (T T <y < e 7

n—1_

_ (o=l (=l
e)t’ bee (%5 +e)t5_v/§c€e (3 e)t'

Now, let V := (v,v'), F(V,t) := (0,(n — Dv'(1 — cotht) — vP) and A =

0 1 , ,
<—k —n— 1)). We can write (3.5)as V' = AV + F(V,1).
log V]

The above asymptotic analysis gives b := limsup,_, ;,, —=— < 0. Since
|F(V,t)| < €|V] for t large and V small, b has to be a non positive characteristic

root of A (see ( [11, Theorem 4.3]), i.e. b = % [—(n - D+ —-12%— 4A] =

—%. This proves (3.24).
To prove (3.25), note that using (3.24) we can rewrite (3.4) as

(n—1)>2
—

1 _1 /
v+ (n v+ )

=f

where | f(1)| < Ce ™, t > 0 for some @ > “5! and C > 0. Let w = v/ + .
Then

n— ! n— - 1 n—
(eTltw) = eTlt (w/ + nTu)) = eTltf(l‘). (326)

Since v satisfy (3.6), we have lim inf;_, o q(v/ + % tanh% v)2 = 0. Thus, there

exist a sequence t, — oo such that e mw(t,) — 0.Lett < t,, integrating (3.26)
from 7 to 1, and then taking the limit as n — oo we get

" Tw(t) = g(t) (3.27)
where |g(1)] < Ce(%_“” for some C > 0. This implies
e / e
(eT"v(z)) — T w(r) = g(0). (3.28)

Integrating from O to ¢ observing that g has exponential decay, we get

_ t
¢"Tu(t) = v(0) +/ ¢(s)ds — A>0, as t— oo.
0
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Suppose A = 0, then integrating (3.28) from ¢ to co we get
e"Thu(r) < Cel'T !

which contradicts (3.24) as « > ”Tfl Now the estimate on e"Z v/ (t) follows
from (3.27). This completes the proof of the lemma. O

Remark 3.7. Because of the asymptotic behaviour proved above, positive solutions

of (Egq,) cannot be in Hlifx = %.

The final argument just relies on some exponential decay of v, v/, which was
shown to hold true also in case fooo gl |2 = +o0. In this case, which is not covered
by the above lemma, we can conclude anyway that

log(v? + v
limsup 22 YYD b V=2,
t—400 t
Remark 3.8. Exact asymptotic behaviour can be observed explicitely. Given A <
0D fetp=l4— 2  _orp=1+—4 __Th
r P L n—np—an P T e o

n—1+ (;—1)2—4;\
c c
vi(t) = — and ut = [ ]
1+ cosht cosht

are solutions of (3.4) for suitable constants c. Notice that while v, u* are entire
solutions, v~ and u~ decay too slowly to have finite energy.

n—1£+// (=12 —41
2

4. Proof of the uniqueness result

We prove here uniqueness of positive entire solutions u of (Eg;) when n > 3 and

A< @ orn=2and A < %;Tg)lg By Theorem 2.1 u is a solution of (3.4). We

start proving a comparison lemma.

Lemma 4.1. Let A < %. Letp+1<2ifn>3andp > 1ifn=2.Letu, v
be distinct positive solutions of (3.4). Then

(1) Given R, M > 0, there is § = §(u, R) such that if v(0), u(0) < M then
ut) =vt), 0<t<np=<R, = n—1t >0
If, in addition, u satisfies (3.2) or (3.6) depending on A < % ora = %
respectively, and v(0) < u(0), then

(ii) there is t, such that u(t,) = v(t,) and there is t = t(u) such that

v(it) =u(), H =t = v@)>u@) Vt>1.



ON A SEMILINEAR ELLIPTIC EQUATION IN H" 649

Proof. We start proving that if 0 < #; < #, < 400, v(#;) = u(t;) then
15}
IC(p,n)>0:0<v<wu in [t,6]= / quPtt = C(p,n). (4.1)
5l

If , = 400, assumption u(t;) = v(f2) can be replaced by assuming u satisfies (3.2)

or (3.6) when A < % or A = % respectively.
To prove (4.1), let us write w := u — v. From (3.3) and (3.5) we get:

2

15} P+ 15} n
c(p,m[f qu“} s[ q|w’|2—)~f qw*
3l 31 n
1 1 1 = 2} ol
=/ q(u”—v”)wip/ qu”_lwzfp[/ qu”“] X[/ qw”“} :
1 ] f n

2
Ift, = +o00,and A < @ the argument works unchanged, because fooo glu')? <

+oo = fooo glv'|? < +oo; in fact, from (3.2) and Lemma 3.2 it follows that
u < 0and u(t) —;— 100 0 and then v(r) = 100 0 and, again by Lemma 3.2,

v/ < 0. Then, using (3.5), f5 q(v)? < [y q(@)? — (quv)(1) = — [ylgv'Tv =
Jo rqv? 4+ quPth < [T aqu? + quPtt + [ alqu? + quP T < too.
2
Let us consider the case 1, = 400, and A = @. The proof follows as above

with the help of (3.7) and (3.8) once we show that v satisfies (3.6). To prove this,
let t, > 0. Then from (3.5) we have

th In — 2
/ quPtt = —q ) v(t)V (1) + / T L i 3
0 0 4

n—1

= —qty)v(ty) |:v/(tn) + tanh%n v(tn)i|

/fn Con—1 t\*  (m—1n?
+ v+ tanh—v) + ———
0 2 2 t\?
<2cosh —>
2

Since v(t) < u(t),t > t1, and u satisfies (3.6) the left hand side is finite as
t, — oo. It remains to show that there exist a sequence t, — oo such that the
first term on the right hand side is greater than or equal to zero in the limit as

n — 00. Note that using (3.24) if lim inf;_, o e%’(v/(t) + % tanh% v()) >0

then lim inf,_, o ¢"Z ' (v/ (1) +"51v(1)) > Oand hence e"T " u(t) > "7 v(1) — oo
which contradicts (3.25) as u satisfies (3.6). Therefore we can find a sequence

. iy _
ty — 00 such that lim,_o0e > " (v'(t;) + "3 tanh 2 v(1,)) < 0 and hence

limy o0 q () 0(0) [0/ (10) + 251 tanh § v(5)] < 0.
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Proof of (i). Assume, by contradiction, that there exist u,,, v, with u,(0) < M and
0<tiy<tr, <Rwithtr, —t;, =, Osuchthat0 < v, <u,in[t] ,, t2,]. We
can also assume u, (0) —, «. Let u, be the solution of (3.4) with u,(0) = «. By

continuous dependence, ft " qub < tz " q[l +ub ] — 0, contraddicting (4.1).

Proof of (i1). Let first prove that there is 79 such that v(f9) = u(tp). Arguing by
contraddition, we can assume 0 < v < u for every ¢.

Consider the case A < ”_412. Then foooqu < fooo qu2 < o0 and, as
above, v/ < 0. In particular, liminf; , , » |gvu’|() = O while, from (3.5), 0 <
f(; quv (u”_1 — v”‘l) =gq [v/u - vu/] (t) < —(qvu’)(¢), a contradiction.

When A =2 > quv (up_1 —vl’_l)
which is possible only when u# = v. As for the second statement, just observe that
if v(t) < u(¢) for some t > tq, then there is t, > 1 with v(;) = u(#>) and either
v <ufort > 1y, orthereis 3 > t, with v(#3) = u(#3) and v < u in (,, #3). In both
cases, by (4.1), 1 cannot be too large. Il

An auxiliary energy

Let us introduce, following Kwong (see [18]),

2 -1

0 := (sinh® f)v,
p+3

. B=alp-1D. (4.2)

It results (sinh? £)9” + z[smhﬁ t1'Y" 4+ G()0 + 0P = 0 where

G := Asinh?t + Bsinh? 21 = (sinh’B_2 H[A sinh? ¢ + B]

a*(p+1) _, 2 D2(p+ 1) a (4.3)

A=XL— 5 = 13 , B:= 5[2—a(p+1)].

Notice that A = 1 — 2“2 ifp > 3, p =2* — 1 and

1
oe<nT and 2—1)>a(p+)>n—1 ¥p>1

B>0 if n=2 and B<0 if n>3 “4)
B<2 Vp<2*—1 while =2 if n>3 and p+1=2"%
A crucial role will be played by the auxiliary energy
S LI LARN PN
E(r) 1 = —(smhﬂ No? + ) + Esz
(4.5)

sinh*P+D ¢ o v\?  20P7! B
= v +— + +A+—|.
2 tanh ¢ v p+1 sinh” ¢
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Notice that
5 (t) = —G“2 [A,B sinh® 7 + B(B — 2)]0* sinh? 3 rcoshr.  (4.6)

We list below monotonicity properties of G.

Lemma 4.2.

(i) Letn =2. Then A < +3)2 ) = G't) <0 Vt>0.
(i) Letn = 3. If p < 2*—1 then
20— 1D%(p+1)
(p+3)?
20— DX+ D)
(p +3)?
If p=2*—1, then

=23F>0:GW)(F—1)>0 Vt>0,t#1

=G @) >0 Vit

_9 -2 -2
k¢¥:>G’[A—$}>O; x:%iG’EO-
Proof.
(i) Infact, B(8 —2) <0 Vp>landA <0ifi < (p+J;)12)
i) If 1 < p < 43 then BB —2) > Oand A < 0 & 4 < 20CIEED while if
P—ZJF% then B = 2 and hence G’ has the signof A = A — "(n4 23 [

We now derive asymptotic properties of &;.

Lemma 4.3.
Q) Ifn =2, E (1) = ST 2002102 L Blgo(lyart = 0. Ifn > 3, E(1) = o(1)
att =0. ,
(ii) Letn > 2. Then ) < 2= 0D — ey 5, 0
P +3)
Proof.

(i) Since a(p+1) > 1 we have & (1) = S 21,2162 4 B] 4 o(1) for £ close
to zero. Now just recall that «(p + 1) > 2 iff n > 3.

2
(i) Since A < (";1) , we derive from Lemma 3.4 that, as ¢ goes to infinity,

2
sinh®P+D ¢ ( n—1+yn—1)72— 4,\>
———V o — )

E(t)= +A+o(l) |. 4.7)

2
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The result follows because, by Lemma 3.4, v? < ce~ (€t~ 1+v (n=1)2—4h)1
2
whﬂea(p+1)<n—1+,/(n—1)2—4x¢>x<%. 0

We first prove a uniqueness result for a Dirichlet problems in [0, T].

Proposition 4.4. Let ). < @ and p+1 < 2%ifn > 3. Ifn = 2 assume

A< %;T;;Z) Then the Dirichlet problem

V' 4+ —1Dcothtv +Av+0vP =0

, (4.8)
vV(0)=0, v(T)=0, v(@)>0 VvVrel0,T)

has at most one solution and no solution ifn >3, p+1=2% A = @.

Proof. We prove this proposition in two steps.
Step 1. Let u be a solution of (4.8) and let v be a solution of (3.4) with initial value
0 < v(0) < u(0). Then

A1 €0, 7) :v(t) =u() and v(@) >0 Vrel0 1]

Step 2. If, in addition, v(T) = 0, then 3, € (1, T) : u(t2) = v(t2).

Conclusion. Assume, by contraddiction, that there are two solutions u# and v of
(4.8) with, say, v(0) < u(0). Let us denote by v, the solution of (3.4) such that
vy (0) = o < v(0) and set

A:={a e (0,v(0): Fty1 <ty2 in (0,7) suchthat v,(ty,;) = u(ty,;)
and vy (f) <u(t) Yt €[0,14,1), vo(@) >u®) Vt € (ta,1,142)}

In view of Step 2 and continuous dependence of v, on &, A is a nonempty open set.
In particular, inf A ¢ A and hence inf A = 0. In fact, infA > 0 = infA € A, by
continuous dependence and because, by Lemma (4.1)-(i), o2 — 4,1 = §(u) > O for
every a € A. Now, if o, — 0, by continuous dependence, ty, ; —, T fori =1, 2,
contraddicting Lemma 4.1-(1).

Proof of Step 1. It relies on a standard Sturm comparison argument: arguing by
contraddiction, we find fp < T with v(fp) = 0 and 0 < v(¢) < u(t) Vt € [0, 1p).
From the equation for # and v, we get:

[q(W'u —vu')] = quoP~" —vP7h) 4.9)

and hence 0 > (qv'u)(ty) = fot"quv(uf’_1 — v~ H(1)dTr > 0.
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Proof of Step 2. Let us assume, by contradiction, that v(¢#) > u(¢) in (#1, T). Set

y(t) = %; y(T) :=lim;_, 7 % = zig; We first claim that

y(t) is strictly increasing in [0, T'] 4.10)

and in fact v'u — vu’ > 0in (0, T). To see this, notice first that, since [u(z) —
v()](t —t) > 0Vt # 11, we have [q(v'u —vu'))(t; —t) > 0 VYVt # i thanks
to (4.9). If (v'u — vu')(f) = 0 for some 7, necessarily bigger than #;, then (v'u —
vu’)(T) < 0 while u(T) = v(T) = 0. This prove the claim.

Now, let, as above, 0 := (sinh#)%v, u := (sinh#)*u. Notice that £;,(T) =
%(sinh T)2+By2(T) because u(T) = 0 and similarly for £;(T). Now, for any
t € (0,T) and € > 0 it results

l(smh T PLA(T) — y2(Ou*(T)] = E(T) — y*(1)E(T)
2

LT 4.11)
= E(e) — Y2 () Ex(e) + 5 / G' (D)0 — y2(0)ia*1(t)dr.

€

We first deal with the case n > 3 where, by Lemma 4.3-(i), £;5(¢), &, (¢) go to zero
as € goes to zero. In addition, by Lemma 4.2-(ii) we know that if p + 1 < 2* there
ist € (0, +oo] such that G’ > 0in (0, 7) and G’ < 0if t > 7 while, if p + 1 = 2*,
then G’(r) # O for all # > O provided A # ”("sz).

Assume first 7 < 7, and hence 9%(r) < y*(T)a?(t) for every t € [0, T] and
G’ #0in [0, T]. Taking r = T in (4.11) and then sending € to zero, we get

T
0= %(sinh Ty P(T) — y2(Tu'*(T)] = % /0 G'[0* — y*(T)i?] # 0.

Iff < T, from y(f) < y(T), we get, as above, but choosing t = ,
0 < (sinh T)2*Pw2(T) — y*(Du'>(T)]
i T
= / G'[0* — y2(DHi*) + f G'[0? —y2(Hi*1 < 0
0 t

Now, let n = 2 and A < f;g;g so that G'(f) < 0 ¥t by Lemma 4.2-(i). Taking

t = € in (4.11) and using Lemma 4.3-(i), we see that

T
(sinh T)>* P [u(T) =y (Ou™(T)] = o (1) + / G'[v* (@) —y* (O’ (@)]xp, 1d.
0
Since the integrand is non positive, sending ¢ to zero we get (since y’ > 0),

T
0 < (sinh T)2**TP[2(T) — y2(0)u'>(T)] < / G'[v (1) — y2(0)u?(7)]ldT < 0.
0
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n(n 2)

Finally, in case A = , p+ 1 =2* we know that G’ = 0 and hence &; = 0.

N2
Since A = 0, this implies [(tal‘j‘hl + %) + 2;:11 + smh2 ] = 0if v(t) # 0.

Hence v cannot vanish. Il

Remark 4.5. The last argument above also shows that (Eg;) has no postive H'!
solution if A = @ and p + 1 = 2*. In fact it also implies that if v is a solution

of (3.4), with v(0) > 0, then ”7/ —> 4o —"T_z. Hence v cannot satisfy (3.2), oth-

n—l++/(n—1)2—4x _
=

. . . . . /
erwise, in view of Lemma 3.4, it should result lim;_, 1 % = —
n

5.

Corollary 4.6. Letn >3, p+1<2* A < % orn=2and} < %(;:;)12) Let

u, v be solutions of (3.4), u > 0and 0 < v(0) < u(0). Thenv(t) >0 Vt.
2 2
In addition, if u satisfies (3.2) or (3.6) depending on A < @ orix = %
respectively, then u — v has exactly one zero.

Proof. We argue by contraddiction, assuming v has a first zero #y. Hence, denoted
by v, the solution of (3.4) such that v, (0) = «, the set

={o € (0,u(0)) : v, has a zero}

is, by continuous dependence, an open set containing v(0). Let (¢, @) be the largest
open interval in A containing v(0). If we denote by ¢, the first zero of v,, then
o — t, is continuous in (¢, @). We claim that 7, — 400 as « goes to ¢. Assume,
by contradiction, that o, — a™ and ta, —> t < +00. Since vy, —> vy uniformly
on bounded intervals, it results vy (#) = 0 and hence, by the definition of o, & =
0. Now, we notice that, exactly as in the proof of Step 1 in Proposition 4.4, we
have that for every o € A there is 7, € (0, #) such that vy, (ty) = u(ty). For a
subsequence, 74, — Ty < t and hence u(ty) = lim, u(zy,) = lim, vy, (14,) = 0,
a contraddiction. Similarly, if «, — &~ then t,, — +o0. This implies that, for
large T, (4.8) has at least two solutions, contradicting Proposition 4.4.

Thus v(¢) > 0 for every ¢. In particular, if u € H'(B), it follows from Propo-
sition 4.1-(ii) that there is t,, a first zero of # — v and that ¢, is the unique zero if it
is large enough, say #, > t,,. We first notice that t, is large if v(0) is small. In fact,
since vy goes to zero uniformly on bounded sets as « goes to zero, clearly £, has to
go to infinity as v(0) goes to zero. Thus, for & small, u — v, has exactly one zero.
To prove that u — v has exactly one zero if v(0) < u(0), we argue by contraddiction,
assuming

o :=sup{ae(0,u(0)): VBe(0,a)Itg>0 suchthat u(tg)=vg(tp)} < u(0).

Then, there are o, > o converging to o such that u — v, has at least two zeros, say
0 < ty1 < ty2, withvg, (f) > u(t) in (t1 ,, t2,,). Since, by continuous dependence,
vz — u has exactly one zero, say 7, then t, | —, f and t, —, +00. But this
contradicts Proposition 4.1-(ii). ]
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Proof of Theorem 1.3. By contradiction, assume u and v are two distinct entire pos-
itive solutions of (Eg;) with, say, v(0) < u(0). By Corollary 4.6 u — v has ex-
actly one zero, say t, and v(¢) > u(t) fort > t,. As in Step 2, Proposition 4.4,

y(t) = % is strictly increasing; here, this follows from

lim g('u —vu')(t) =0. (4.12)
t——+00

When A < %, (4.12) follows from Lemma 3.4. When A = @, we have
from (3.25) that |y (t)| < M < oo for all t. Thus

liminfu =2 (uv’ — vu')(t) = liminfy'(r) = 0.
t—>00 11— 00

Then (3.25) implies liminf; o g(uv’ — vu’)(r) = 0 and hence (4.12) follows
as (4.9) shows that g (uv’ — vu’)(¢) is a decreasing function for ¢ > f,.

Now, write, as above, 0 := (sinh#)%v, u := (sinh#)%u and let £5(z), £;(¢) be
the related auxiliary energies. Forany 7 > 0, t € (0, T) and € > 0 we have

T
&(T)—yz(z)a;m=€a<e)—y2<r)&;<e>+% / G (D)0 —y*(1)a*](v)dt (4.13)

€

We first consider the case A < 2%
means A < @). Here the arguments are the same as in the proof of Step 2
in Proposition 4.4. If n > 3, by Lemma 4.3 £;(¢), £;(€) go to zero as € goes to
zero and as T goes to infinity and, by Lemma 4.2-(ii), G’(t) < 0 for all r > 0 if
p+1=2*%while,if p+1 < 2%, there is € (0, +00] such that G’ > 0in (0, f) and
G’ <0ift > t. Thus, taking in (4.13)t =0if p+ 1 =2%andt =7if p+1 < 2*
and then sending € to zero and T to infinity, we find

(incase n > 3, p + 1 = 2* this

0= %/ G (D[ = y2()ia*1(x)dT < 0
0

a contradiction. If n =2, G'(r) < 0 V7 by Lemma 4.2-(i) and, by Lemma 4.3-(ii),
E;(€), E;(€) go to zero and as T goes to infinity. Taking 7 = € in (4.13) and using
Lemma 4.3-(i), we see that

1 T
Ey(T) — y*(1)E(T) = o(1) + 5 /0 G'[v*(t) — y2(Ou* ()] xp.ryd.

Since the integrand is non positive, sending ¢ to zero and 7 to infinity we get

0< /oo G'[v () — y*(0)u?(v)ldT < 0.
0
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2
Let us now consider the case n = 2 and A = 2%. In this case A = 0 and

G’ < 0. Taking t = ¢ in (4.13), it rewrites, making use of (4.7), as

sinh®@+D 7 [ P41V s P+
— lv (T) {(ﬁ) +o(1,T) | —y2()u*(T) (ﬁ) +5(1,T)

1 T
=o(L,n+ 5 / G'[v () — y2(O)u* (). 11d T, o(1,T) = 7000, o(1,1) =40 0.
0

Since by Corollary 4.6 v(T) > u(T) for T large, taking the lim sup as ¢ goes to
zero, we get the contradiction

saha(p+1) 2 T
Mv%)[ﬂ—ﬁ@))(”—“) +o(1>] <L f G'[v* (1) —y*(0)u? (1)1d.
2 p+3 2 0

Finally, let & € [20-°@ D =12 5y > 3. Thus G > 0, and £,(0) = 0. So

T
E(T) — y*(T)E(T) = % /O G' (D)% (r) — yX(T)a*(t)ldr VT >0 (4.14)

where the right hand side is negative and decreasing in 7'; but this is impossible
because

E(T) — yHTENT) = 75400 0. (4.15)
]

Proof of (4.15). Notice first that (4.5) and || bounded give

1 ha([H'l) T / N\ 2 ) p—1 T
Ey(T) :sm—vz(T) a2—|—2av— +<v—> + 02Ty + 207 (1) +A
v v

2 p+1
sinh®®+D T 5 5 v/ v\
=fv M) |a“+A+ 20—+ | — +o(l) as T — +oo.
v v

(p+D(n—1
because a(p+1) — (n—1) < 2and v?*I(T) < Cse_[(%)_fﬁ and o < "5t
Similarly for £;(T). From this, Lemma 3.4 and Lemma 3.6 we derive

sinh®P*D 7 o(T)

. ) R _ r v'(T) u'(T)
Es(T) —y=(TYEHT) = 5 o) (uv' —vu') |:2a =+ ( (D) + o) ):|
—0 (e<%+“<P+1)>T) v’ — vu')(T) [Za =14V — 12— 40 + 0(1)]

[P

Now, (4.15) follows from 0 < u?(T)y'(T) = (uv’' — vu')(T) < cge

and q(uv' — vu')(T) = [;° quo@P™! —ur™h < [I° e 1T T gor T
large. O
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5. Existence and nonexistence
We start proving the non existence results stated in the Introduction.

Proof of Theorems 1.1 and 1.6. First, let . > % and assume, by contradiction,
that (Eg;,) has a positive solution. Recall that if Q@ C H is a smooth bounded
domain, then A1 (£2), the first Dirichlet eigenvalue of —Ap in €2, has the property
(see [4])

A1(2) = sup{r : Ag¢ + Lo < 0 for some ¢ > 0 in Q}.

Therefore A1(€2) > A for any smooth and bounded €2 and in particular for any
geodesic ball. This is a contradiction because the first eigenvalue of the geodesic

(n=1?
ball converges to ~—;

as the radius goes to infinity (see [10, Chapter II, Section

5, Theorem 5]). Non existence of H ! (H) positive solutions in case A = @ has
been discussed in Remark 3.7.

Next,letn >3, p=2*—1land A < and assume, by contradiction, that
(Eg,) has a positive entire solution. From Theorem 2.1 we know that the solution
has hyperbolic symmetry and hence (3.4) has a solution. Let & and &; be as in

Section 4. Then it follows from Lemma 4.2 and Lemma 4.3 that %E,; (t) < 0and
Eﬁ 0)=0= E,; (00) which is a contradiction.

Finally, whenn > 3, p = 2* — l and A = @, non existence of positive
entire solutions was derived in Remark 4.5 ]

nn—2)
p)

Proof of Theorem 1.7. Assume by contradiction that # > 0 is a solution of

u” + W +Au+u’ =0, u>0 u'0)=0 (5.1
tanh ¢

satisfying the estimates in Lemma 3.4 and 3.6 when A < 1 and A = 1 respectively.
In view of Theorems 1.1 and 1.6 we can assume that % <A<l

We will arrive at a contradiction by means of a Pohozaev type identity (cf. [26]
and [27]).

Let f : [0,00) — [0, 00) be smooth, with f(0) = 0. Multipling (5.1) by
(sinh? 1) fu’ and integrating on [0, T], T > 0, we get

2 2 6

T 2 6
- f [h(t)(u’(t))2+g<t> (“‘2(” Y 6(’))}
0

where g and & are given by

/ 2 2 6
sinh> T f(T) [(u () + Au(T) +2 (T)}

(5.2)

g(t) = fsinh2r + f'sinh?7, and h(r) = [ f'sinh®t — f sinth]. (5.3)

N =
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Multiplying (5.1) by hu and integrating by parts, we get

T h// h/ h 5 T 6 T 5
e + A |u”+ / hu® — / h(u'
/0 [2 tanhf  sinh?¢ } 0 0 @)

h'(T)u?(T) h(T)u*(T) e
u , u
=—- h(TYu(T)u/(T) — —
By substituting (5.4) in (5.2) we get
/ 2 2 6
sinh> T £(T) [(u (), @) (T)}
2 2 6
. (5.5)
()  hT)  hOuD7] 5 . 2 6
+[ R ]u (T) _/0 [A(t)u + B(t)u ]
where A and B are as follows
A(z)—h—”— " +L+Ah+§( inh 2z + f'sinh? 1) (5.6)
=3 anhi 27 2 f sin f’sin .
B(t) = é ( fsinh2¢ + f'sinh?¢ +6h>. (5.7)

Let us consider the two cases:

Case 1. 1 = 1. In this case we choose f(t) =¢. Then

1
h) = 5 (sinh2t — ¢ sinh 2:) . AN =0

2sinht

B(t) = — [tcosht —sinht] <0, Vi>0.

Now let us consider the left hand side of (5.5). We know from (3.25) that u'(T) =
—u(T) + o(1). In fact from the proof of (3.25) we observe that

W(T)=—u(l)+ 0™, a>1asT — oo.
Using this fact and (3.25), the left hand side of (5.5) reduces to
- r 2
T sinh“ T — EcoshZT u“(T) +o(l) =o(l) as T — oc.
Thus taking 7 — oo in (5.5) we get the left hand side to be zero while the right

hand side is negative, a contradiction. This complets the proof when A = 1.

Case 2. % < A < 1. Choose f(t) = sinhwt where w = 2+4/1 — A.
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Then we have f/(t) = wcoshwt, f"(t) = w?f and f"(t) = »’ coshwt =
w? f'. Direct calculation gives
1
ho =3 <f’ sinh? ¢ — fsinth), A) =0

2sinht
B(t) = —

[(sinh wt) cosht — w(cosh wt) sinh¢] < 0.

Now we will estimate the left hand side of (5.5). Using Lemma 3.4 we can estimate

5 @ (T)*  rw*(T) u®T)
sinh“ T f(T)|: > + 2 + 6

[1 VI A+ o(l)] WA(T)2IHVT=RT o1,

o | —

and

[h/('n (D) _h(T)u’(T)}ug(T)
2 tanh T u(T)

- é [1 — =T+ o(l)] WA(T)IHT=RT o1y,

Thus the left hand side of (5.5) becomes F[1 — A 4 o(1)]u?(T)e>IHVI=MT 4 o(1).
Taking 7 — oo in (5.5) we get the left hand side to be nonnegative while the right
hand side is negative, contradiction. This complets the proof. O

We end this section by proving the existence results.
We will prove in fact existence of ground state solutions. To this extent, given
2
A< @, let H, denote the completion of CZ°(H") with respect to the norm

llull = fi [IVeul* — Au?] d Vi (see Section 1). Denoted by || - ||; and (, ), the
norm and, respectively, the inner product in H;, let us define

2
oo ul 2

2

([oron)”
H

From (1.2) we have S, , > Ofor1 < p <2*—1ifn >3 and 1 < p < oo when
n = 2. 1f S, , is achieved at some u € H,, then, up to a constant multiple, u will
solve (Eq).)-

We now restate and then prove Theorem 1.4 and Theorem 1.5.

, ueH,,u#0, Sk,p=uierg I(w). (5.8)
A

Theorem 5.1. Let A < % Letp > lifn=2and 1 < p <2*—=1ifn>3.
Then S, is achieved in 'H;, and hence (Eqy) has a positive finite energy solution.

Theorem 5.2. Letn > 4, p = 2* — 1 and "2 < % < @12 Then s, , is
achieved in H and hence (Eq,) has a positive finite energy solution.
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Proofs of Theorem 5.1 and T heorem5.2. Let

N := {u €My :u#0, |jul? =/ |u|p+1dVH}
H

2(p—1)
be the Nehari manifold. We notice that S , = inf,en /(1) and I (u) = ||u||)herl =

-l
[fig lulPT1dVig] 77, Yu € N.
In order to show that S; , is achieved, it is enough to exhibit a minimizing
sequence u, € N such that u,(x) — u(x) for a.e. x for some u € N because

—1
then [ fH lu|P*1d VH]ﬁT < S,,p by Fatou’s lemma while the opposite inequality
follows from the definition of Sy, and the fact thatu € N.

So, let u, € N be a minimizing sequence. Clearly, u,, is bounded in H,. We
will show that, up to dilations and translations, u,, converges weakly, and pointwise,
to some u € N. To begin with, given zo € R"! and R > 0 let B(zo, R) :=

Pl
{(r,z) e H:r?+ |z —z0|> < R}. Let0 < 8 < (S3,,)7~'. Using the concentration
function Q,(R) = Sup, cgn-1 fB(zo,R) |un|l)+1 d Vi, we can find z, € R"! and
R, > 0 such that

5=/ lun|P Vg = sup / || P d V.
B(zy,Ry) ZOER”71 B(zo,Rn)

Define v, (r, 2) = u,((0, z,) + R, (7, z)). Then v, € N and is again minimizing,
1

p+1
i.e. [lvpll3 = [y lvalPT1d Vg — (S¢,p) 7~1, and, moreover,
3=/ loa Pl dVig =  sup / loa [P d Vi (5.9)
B(0.1) zoeR" =1 J B(z0,1)

By Ekeland principle we may assume vy, is a Palais-Smale sequence, i.e.
(Vn, )y, = / [val?~ vau d Vi + o(1) (5.10)
H

uniformly for u in bounded sets of H,. We can also assume v, — v for some
v € H,, pointwise and in L] (H") for every ¢ < 2*. Choosing u = v in (5.10),
we get, passing to the limit, ||v||§ = /H lv|P*! d V.

Thus, in order to prove that v € N, it remains to show that v # 0.

Assume, by contradiction, that v = 0. We claim that v = 0 implies that for
every zo € R"~! and every ¢ € C(B(z0,1)),0 < ¢ < litresults

/ lpva|PHdVig > 0 as n— oo (5.11)
H

(note that ¢ need not vanish on {(0, z) : z € R*~1}).
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Let us prove this claim. Using $*v, as test function in (5.10) we get
(n, $20a) = j;|zm|P—1<¢vn)24—o(1y 5.12)

Now, if 2 < =% then (v,, 9%vn)x = fix [(VErvw, Vi (62vn)) — A(¢v,)2] dVig =
Ji IVE(@v) 2d Vi — [ 72|V I?v2d Vig + o(1) = [ IVE(Pva) > d Vi + o(1), i.e.

(Uns @) = llpvnll3 + o(1). (5.13)

The same holds true if 1 = &= 1) because if Tv, is as in Lemma 2.2, (v, ¢2v, )y =
s Jgner VT U, V(T ($%0,)) dx = 5 fanst IV(T @va)* dx + o(1) = ||pv, |2 +
o(1).
Equations (5.13) and (5.12) give ||¢va|l7 = [iz [val? " (@va)2d Vi + o(1)
1

which in turn implies, by Cauchy Schwartz and Sf,p||¢vn p+1 < ll@vallr,

Sxp</ |¢vn|"“> (/ |pvn |P“> (/ |Un |P+1) +o0(1)
B(zp,1)

and (5.11) follows, in view of the choice of §.

Now, denoted by B((1, 0), R) the Euclidean ball of radius R and centre at
(1,0) € R x R*~! equations (5.9) and (5.11) clearly imply that

liminf/ la|PT'dVig >0 VR > 0. (5.14)
B((1,0).R)

n—oo

This is impossible if p + 1 < 2%, because we assumed v = 0 and then Theorem 5.1
is proved.

We are left with the critical case p + 1 = 2*.

To rule out (5.14) also in the critical case we need to study the sequence inside
H. To do this, let 0 < R < 1 and ¥ € C°(B((1,0), R)) be such that ¥ = 1 on
B((l, 0), g) and 0 < ¢y < 1. Proceeding as before we will get

2 2 1’_1
+1 +1 P
&m(/lwwW“)” s(/|www“>” (/ |vw“> +o(1).
H H B((1,0),R)
In view of (5.14), this implies

ptl
-T ' VR>0

n—oo

liminf/ lun P dVig > (S3.p) 7
B((1,0),R)
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and hence [y p(1.0).) |v,|P*! — 0 for any R > 0. In turn, this implies, in view
of (5.10),

[ (1900 = a2 avis = [ 1oar! o, Pavis + ot

= / [Yrva 1P d Vg + o(1)
H

where ¥ is as above. Therefore I (Yv,) — Si p, ¥ v, has compact support in H"
and hence Yv, € H'(H") (see Lemma 2.3) and ||[yyv,||» — O.

Let us observe that if w € CZ°(R’}) and we define w(r, z) = r%w(r, 2),

then
) 2
/ [IVwIZ - (A - M) w—z} drdz
B RI—}— 4 r
I(w) = .
. 2%
/ lw|* drdz
Ry
Since A > @, we obtain from [5]
Si,p= inf T(w)<S
weCX(RM)

where S is the best constant in the Euclidean Sobolev inequality in R”. But we have

_ 2
/n [|an|2 — (A _ 7”(”4 2)> ’:—2] drdz

2
7
2*
|w,| drdz)

Sip = lim [(Yv,) = lim

L

+

drdz

g
N|: )

n—2 .
where w, (r,2) =7~ 2 (Yva)(r, 2). Since [|[Yvall2 = 0, [[Yval3 = fR'i "

* ptl
and erjr lwn|? drdz — (S, p) 77T, we get

2
¥

Sy p = lim (/ |V, |? drdz) (f lwn)* drdz) > S
n—o0o ]Ri Ri

which is a contradiction. This proves Theorem 5.2. O
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6. Some related problems

As mentioned in the Introduction, (Eq), appears while dealing with critical elliptic
PDE with cylindrical symmetry. We start considering the Euler-Lagrange equation
associated to Hardy-Sobolev-Maz’ya inequalities (B.5):

)
M(X) + |u(x)|17 M()C) -0 x= (y,z) c Rk % Rh (61)

Au(x) + u
lyI? Iyl

where p > 2and p < %,N::k+h,ifNZ3andt ::N—%p,u eR.In
case k = 1 we also require u(0, z) = 0.

Existence of entire positive solutions is proved in [21] for u < (%)2 if p e
(2,2*) and for u € (0, (k—gz)z) and N > 4 if p = 2*. An existence result in case
0<pu:= (%)2 and p = 2* was established in [28]. These results extend (in case
k # 2) aresultin [6], where k > 1 and u = 0.

Equation (6.1) does not carry radial symmetry in general, but has indeed cylin-
drical symmetry; this might imply cylindrical symmetry of solutions (actually, ac-
cording to [16], ground state solutions are not cylindrically symmetric if u < 0).
This was in fact proved in case u = 0: existence of cylindrically symmetric min-
imizers was obtained in [6] and [25] by means of rearrengement techniques and
cylindrical symmetry of any minimizer was proved in [24]; finally, using moving
plane techniques, cylindrical symmetry of any positive entire solution of (6.1) was
proved in [13], as a first step towards the identification of positive entire solutions
in the special case t = 1.

Now, if w(y, z) = w(|y|, z) is a cylindrically symmetric solution of (6.1), then

the transformation u(r,z) := r 2 w(r, z) (an isometry between Sobolev spaces,
see Appendix B below) gives a solution of (Eg;) (in R".) with

h? — (k —2)2

=h+1, Xr=
n + w+ 1

and viceversa. So, we can derive from Theorems 1.4 and 1.5 existence of cylindri-
cally symmetric positive entire solutions for (6.1):

. forevery,ug(%)zikaZandpg%ork:]andp<%

e forevery u € (O, %]ifk:l,p:%andhzi

Our uniqueness/nonexistence results translate into uniqueness/nonexistence of
cylindrically symmetric positive entire solutions. In particular, in case k = 1,
there are no symmetric solutions if 7 > 3, p = % and n ¢ (0, %] orh =2,
p = 5 whatever is u. However, in case u = 0, where we know positive entire
solutions are symmetric, we can conclude that (6.1) has exactly one (up to dilations
and translations) positive entire solution, and this solution has cylindrical symmetry.
This uniqueness result was already proved in [13], but with a completely different
method.
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In some special cases we know explicit solutions for (Eg;) (see Remark 3.8)
and hence for (6.1). We thus obtain in some cases a complete classification of
(cylindrically symmetric) positive entire solutions. More precisely, given pu <

2 Jetp=2p— 2
vy sy

. We have the solution

y| V(k=2)2—4p—(k—2)
y 2

u(y,z) =c(u, h, k) o
[+ 1yD? + 22] 72

Ifu=0andk > 2,then p = 2%—:; and u is as in [13]: we recover the classification
result therein (in fact extended to the case k = 1).

Ifu:%,k23andh=k—2thenp=2+%=%;inthiscase

=

-2

b‘

u(y.2) = [ c(u, N) }

VLA + [yD? + [z]?]

is the extremal for a sharp Hardy-Sobolev-Maz’ya inequality (cf. [28]).
Another class of equations is given by critical Grushin-type equations

20120 g+2 k h
Ayo+ A +a) |y Ao+ 922 =0 (y,2) e R"* xR (6.2)
where ¢ > 0, Q = k+ h(l + ), k,h > 1 (see [23]). Solutions of (6.2) are

extremals of the weighted Sobolev inequality

-2
- 20 o0
S(/ |u|Q—2dydz> 5/ (IVyulz—l-(a—{—1)2|y|2°‘|VZu|2)dydz. (6.3)
RN RN

A cylindrically symmetric solution ¢ of (6.2) gives, via the change of variables
0-2
O(r, z) = r2i+o (p(r'%a, 7), ¥ = |y|, a solution of (Eg;,) (see [9]), with

1 k—2\2 2
n=h+1, A:—[hz—( )] p—Q+ <2 —1.

4 a+1 )

Notice that, when k = 2, solutions of (6.2) correspond to solutions of (Eg;) with
2
A = =15 (and similarly for (6.1)).
Again, if k # 2, extremals for (6.3) are in H L(H). This follows by

k=2\* [ u?
el P :=f (|Vyu|2+(a+1>2|y|2°‘|vzu|2)dydzz(—)/ .
RY 2 RV [V

(a Hardy type inequality, see [12]) and the easy-to-check identity

( +1)/|v A|2+( k-2 )2A2dv 1 |||+<h(“+1))2/ v
wi (X u _— u = u _— —_— .
: o 2@+ 1) i 2 e
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In particular, Theorem 1.3, with n > 3, yields uniqueness of cylindrically symmet-
ric positive entire solutions of (6.2) if k > 1 and 4 > 2. In case & = 1, it results

2p+h) _ 1y _ 1 171 _ (k=2)\2 - — 1
(1!7{13)2 = 5(1 (Q—1)2) > 4[1 ((Hl) ] unless k = 2, where A = 7 (a case

which is not covered by Theorem 1.3) and we get uniqueness also in case &7 = 1,
k # 2, thus improving the uniqueness result in [23].

A. Appendix

For convenience of the reader, we recall some basic facts on the models for H used
in this paper.

The half space model R,

. _ . . . & .
It is given by Rt x R”~! endowed with the Riemannian metric 3. The associated
distance is given by

1

o 2\ 2
|z —zol" + (r rO)) ’ (V,Z)ER+XR'Z_1.

|z — z0]? + (r 4+ 19)?

dgr ((r, 2), (r0, 20)) = 2tanh ™" <

Easily, the hyperbolic sphere Sg(rg, zo) centered in (rg, zg) and of radius R is the
euclidean sphere centered at (rg cosh R, zg) and radius rg sinh R. Also, it is given
by roSg + (0, zo), a dilation and translation of the hyperbolic sphere of radius R

and center at (1, 0), which writes as % =1+ coshR.

A function u on R/} has hyperbolic symmetry if its level sets are hyperbolic
spheres centered at some (rg, zo), or, equivalently, if up to dilations and translations
in z it is constant on hyperbolic spheres centered at (1, 0).

The hyperbolic gradient Vyy and the hyperbolic laplacian Ay write, in R';, as

Vg = rV, A = r2A — (n — 2)rd,.

In particular, since the volume form is given by dVp = %, the H'(H) norm

writes as
llull? / [vul® + “ N dra
u = e — raz.
- T

Let us now write some explicit (hyperbolically symmetric) solutions of (Eg;).

2
Givenh < 8= et p = 14 ——2
- 4 p + n—1++/(n—1)2=4x
can see that for some constant ¢ = c(A, n),

n—1++/(n=D2—4x
2

By direct computations, one

2cr

o ¢ =
= a5 2+ 122 ~ | T+ coshR
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is an entire solution of (Eg, ), only depending on the hyperbolic distance R of (r, z)

from (1, 0). Notice that u € H'(H) whenever A < %. By Theorem (1.3), it
is the unique entire solution, up to hyperbolic isometries. In the limiting case, i.e.

A_(” D ,u € H butis not in H'(H).

2
If, 1nstead, p =1+ n—1+J(i—1)2—4A’ A< ("_41) , we have, for a suitable

constant ¢, the solution

n—1++/(n—1)2—4x 1
i 2) 2cr 2 c p-1
ulr,z) =| ———— = .
. 14+7r2 422 cosh? R

As above, in case A = =1 1) ,u € H butis not in A (H).

The ball model B"

It is given by B" := {£ € R" : |&| < 1} endowed with the Riemannian metric
48;;
(152"

The associated distance is given by

1

_ & — & ’
dpn (€, &) = 2 tanh ‘( ) .
e V-2 <& .6 > +EL 6ol

The hyperbolic gradient Vi and the hyperbolic laplacian Ay write as

1— g -\ - g
Vg = Vv, AH:< > ) A+ (n—2) 2 <&,V >

2

The standard hyperbolic isometry M between the two models is given as follows.

Ifeg, e, j =1,...,n — 1is the standard basis in R x R"~!, then
1—r2—|z)? 2z X +ep
M(F,Z):: ) :27_603 x:(r,z).
((1+r)2+|z|2 (147)%+z? lx + eol?

M is a bijection of R” \ {—ep} onto itself, M(RT x R""!) = B" and M = M~
Notice that, if & := M (r, ), it results

A=r?+P 1P 2 1—lgP__ or
A+ 1P 2 T A+ P TR T+ 4

HEES

So, we see that M sends a hyperbolic sphere in R’ centered at (1, 0) into the
hyperbolic sphere in B" centered at 0 with (of course) the same radius. In particular,
a function on B" has hyperbolic symmetry iff, up to an hyperbolic isometry, is a
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radial function. Also, we see that the special solutions of (Egq; ) described above,
rewrite in the ball model as

n—l4+/ (=12 -4 n=14+/(n—1)2—41
2

1—|€)? : 1— |
u@)=[le0 E'} ,ﬁ@)=[v5@,m E'}

2 1+|€)?

B. Appendix

We derive here Poincaré-Sobolev inequalities (1.2) from Hardy-Sobolev-Maz’ya
inequalities (B.5). We will use here R”_, as a model for H", n > 2.

B.1. Isometric Sobolev spaces and Poincaré inequality in H"
Letu € Cg°(H"),k € Nand N := k + (n — 1). Define

-2

_N=2 -
v, D) = (Ta)(y.2) =y~ 7 ulyl.2),  yeRL zeR™L
Thus Tru € C3° (R™) , has cylindrical symmetry and is compactely supported by
RF x R*~1\ R*~!. Notice that, if k > 2, T (C5°(H™)) is dense in Dclyl(RN), the
closure in D' (R™) of cylindrically symmetric C5° (RY) functions.

We want to shaw isometric properties of 7.
Let p > 2. In addition, let p < % if N>3andsett :=N — NT_Zp. Then

1 vP
— —dydz = / u? d Vign (B.1)
i Jry [y[f n
1 — 1?2 — (k —2)?
— | v = / |:|VHnu|2 _mm k-2 u2i| dVin  (B.2)
oy JrN H” 4
(wy 1s the volume of the k dimensional unite sphere, w; := 2). From (B.1) (with

t = 2), (B.2) and Hardy inequality ( [20, 2.1.6 Corollary 3]) we derive

— 12
a)k/ |:|VHnu|2 — %uz} d Ve

) ) (B.3)
k—2
= [ welayae - E2 [ a0
R xRn—1 4 RExRn—1 ||
forallv e C§° (R* x R"), subject to the condition (0, z) = 0 in case k = 1.
In particular, we get the well known Poincaré inequality
2 (n— 1)2 2 1 mn
| Vi u|“d Vgn > u=dVyn Yu e H (H ). (B.4)
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Notice that & 41) is the best constant in (B.4) (i.e. (1.1) holds true) because G2 2)

is the best constant in the Hardy ineqaulity.

As a consequence of (B.4), the right hand side in (B.2) defines, for k # 2, an
equivalent norm on H 1(]HI”). Thus Ty, k > 3 extends to an isometric isomorphism
between H ! (H") and Dclyl(RN ). Similarly if k = 1, provided Dclyl(RN ) is replaced

by the closure in D'(RV) of Cy° (Rt x R* 1), Case k = 2 was considered in
Lemma 2.2.

B.2. HSM inequality implies Poincaré-Sobolev inequality in H", n > 2.
Let us first recall the HSM inequality.

Hardy-Sobolev-Maz’ya (HSM) inequality (cf. [20, 2.1.6 Corollary 3])

Letk,he NNN=k+h.Letp>2and p < %isz?a. Lett=N—NT_2p
Then there is ¢ = ¢(N, p) such that

vP ’ ) k—2\* v?
—tdydz <c Vo[ — [ —— — dydz (B.5)
RExRh |V Rk xR 2 Iyl

forallu € Cg° (RF x RM, subject to the condition u(0, z) = 0 in case k = 1.
Using the equality in (B.3) with £k = 1, (B.5) and then (B.1), we readily get

’ (n—1)
p —
Sn.p (f Iul”dVH) 5/ |:|V]HI”|2— — uz}dVH Vu e C§°(H)
H H

(p as in (HSM) inequality). This is Poincaré-Sobolev inequality (1.2).

Since in [20] inequality (B.5) is stated only in case N > 2, we indicate here
the arguments to obtain (B.5). Actually, we follow closely [20].

Let us start with a basic inequality

Maz’ya inequality ([20, 2.1.6 Corollary 1])

Givenh,k e Nlet N =k+ha>1-k1<qg<gq p=a—1+NL
Then

/ Iy1P4uldydz " < C/ IVI*|Vuldydz ~ Yu e CRM).
Rk xRA Rk xRA

A choice of « leads to the following inequality (cf. [20, 2.1.6 Corollary 2]):

2
-2 14
(/ ylT <N’<>k|u|"dydz) <c / > ¥ Vu2dydz:  (B.6)
Rk xR” Rk xR"
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forevery p > 2 and u € Cy° (RM). In fact, let us choose in Maz’ya inequality

2 )
g=—2, a:pT(N—k)—(k—l).

NoticethatifN >2then | < g < {25 iff2 < p < 225 while if N = 2 then
l <gq < y— forany p > 2. Correspondlngly, let

2

2 —2 2
B=P Nk —h—D 14 NEZE PP
4 2p 2p

(N—k)—k].
p+2

With this choice, and writing Maz’ya inequality for u 2, we get

p+2

P=2 A 2p
X

scf VD=5 118 35Vl dydz
Rk xRA

1 1
2 2
§c</ y| PN b= "|u|1’) (/ |y|“|w|2>
Rk xR! Rk xR

and hence (B.6). Now, if u € Cgo (RN) and we plug |y| 5 u in (B.6) we obtain

2
-2 k=2 P
( / . |y|”T<N—’<>—’<+PT|u|dedz>
R*xR"
2—k k—2 2 k—4 2 k—2
S e B Gt Il e T
X

+ k=2 y**u <y, Vu > ]dydz

k-2 2
:/ IVul? +< ) '“'2 F(k—2) < ==, Vu > |dydz
Rk xRA 2 [y I)’I

provided u(0, z) = 0 in case k = 1. Since, integrating by parts,

k 2

i ou u
> / u%—=—(k—2)/ |—|2
‘o JRExRE Y] 9 Rk xR |V

while Z22(N — k) — k + p552 = —N + 2822 (B.5) follows.
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