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A nonhomogenizable linear transport equation in R>

ROBERTO PEIRONE

Abstract. In this paper I investigate the homogenizability of linear transport equa-
tions with periodic data. Some results on homogenizability and on the form of the
limit are known in literature. In particular, in [9], I proved the homogenizability
in the two-dimensional case for nonvanishing functions, and, on the other hand I
gave an example of a nonhomogenizable equation in the three-dimensional case.
In this paper, I describe an example of a nonhomogenizable equation in two di-
mensions. As in [9], I study the problem using an equivalent formulation in terms
of dynamical system properties of the associated ODEs.

Mathematics Subject Classification (2000): 35B27 (primary); 37E45 (secondary).

1. Introduction

The subject of this paper is that of linear transport equations, and more specially,
that of their homogenization. Let us consider the differential problem

ou X\ ou £
E(t’x) +f <;) : a(r,x) =0, u(,x) =y (x) (Pgy)

where ¢ > 0, f is a C' function from RV to R", which is ZN'-periodic, ie.,
f(x +m) = f(x)forall m € ZN, and v is of class C!. Also, g—)‘z denotes the
ou u

vector (d_xu m) and - denotes the scalar product in RY . The equation in P]"i’w,
&

denoted by P%, is called linear transport equation and by homogenization of P ;we
mean in some sense, to find a sort of limit, for ¢ — 0%, of its solutions.

If N = 1itis known and simple to prove that the solutions are strongly conver-
gent and if in addition, f does not vanish, we easily get a limit equation. However,
the strong convergence appears to be a very strong requirement in the general case.
In fact, if N > 1 the solutions may not strongly converge even in simple and natural
cases (cf. [3, Remark 2.2], and references therein). On the contrary, a sort of weak
convergence appears to be a natural requirement. So, we are lead to say that P; is

homogenizable if the solutions u,, r,y of sz’w are convergent in the weak* topology
of L for every v of class C!.
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Y. Brenier [1] proved the homogenizability of P]"’Z, under the hypothesis that
the divergence of f is 0. Under the same hypothesis, in other papers, the form of
the limit of the solutions has been also investigated. For example, T. Hou and X.
Xin in [5] treated the case where N = 2 and nonvanishing f, W.E [4] studied the
problem in a much more general context, T. Tassa [10] studied the more general
case div(pf) = 0O for some p : R? - R, positive, of class C 1 and periodic. In
this paper, I merely consider the problem of the existence of the limit. E. De Giorgi
conjectured that PJ‘E is homogenizable independently of f [3, Conjecture 1.1]. 1
previously investigated in [9] the homogenizability problem. The main results in [9]
state that in the case N = 2, f(x) # 0 for every x € R? (with no conditions on
the divergence of some function related to f), P;i is homogenizable, and on the
other hand, there exists an example with N = 3, f of class C*, f(x) # 0 for
every x € R3, in which P; is not homogenizable. The case N = 2, f vanishing
somewhere is not covered by the previous results. In [9, Remark 4.11], in fact, an
example of f such that P% is not homogenizable in the two-dimensional case, is

stated to exist but it is not described. Of course, such a function f has to attain the
value 0 somewhere.

In this paper I will describe such an example. I will use a similar notation as
in [9], in particular, for k € NU {oo}, C k(T denotes the set of functions f of class
C* from RV to RN which are Z" -periodic. If f € C'(T), x € RV, then T} (x), or

simply T'(x), denotes the value attained at ¢ by the solution of

Yyt = fy@)
y(0) = x.

We will always mean N = 2 except in Section 2, where N can also amount to 1.
Let us denote by E ¢ the ODE in the previous formula. In view of [9, Lemma 2.2],
which in turn is a simple variant of results in [8], the problem of homogenizability
can be seen as a dynamical system problem. More precisely, in order to construct
the claimed example, it suffices to find a function f € C'(T) such that the limit

TL (x) —xo
lim P L
t——+00 t
[0,1]2

dx (1.1)

does not exist, where T?t 5 denotes the second component of T%. Note that the func-
TL(x)—x ’
tion V, (¢, x) = L ; represents the average velocity in a time-interval of length
t of a solution of Ef starting from x. In particular, V, (¢, x) cannot pointwise con-
verge for t — 400, and in fact cannot converge a.e., and thus our problem is related
to the notion of rotation set introduced in [7]. The existence of a function with such
a property is not completely trivial, although I guess it is known. Howeyver, in view
of (1.1), we have to find a function with the stronger property that the average of
Va(t, x) in x € [0, 1]* does not converge for t — +oo. This is a similar idea to
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that of the example in the three-dimensional case discussed in [9]. However, the
construction of the example in the two-dimensional case is much harder, due to the
fact that in two dimensions a solution of E? is forced to remain in a “strip” bounded
by two solutions (see [9, Proof of Theorem 3.1]), so that it is not trivial to avoid that
it approaches a periodic solution. Note that, in spite of what I announced in [9], we
can choose the function ? to be of class C*° (see Remark 6.3 here).

The function 7 is defined in terms of two functions g and @, the former de-
noting the section map for the flow on the torus on the manifold y = 0, and the
latter being comparable to the time of the return (cf. for example [6, Section 0.3]).
The map g is a diffeomorphism of the circle, and is constructed as the limit of a
Cauchy sequence of functions in the C! metric, and the approximating functions
are defined recursively and their rotation numbers are rational numbers that ap-
proximate very quickly the irrational rotation number of g. Such a method is called
Fast-approximation method in [6, Section 12.6], where is used, for example, in the
construction of diffeomorphisms of the circle with irrational rotation numbers and
pathological conjugacies (cf. also [2, Chapter 3, Section 5]). Sections 2 and 3 de-
scribe the plan of the construction. Section 4 introduces a class of functions basic in
this construction. In Section 5, the key lemma (Lemma 5.5) is stated, which allows
us to construct the (n 4+ 1) function in terms of the n'” function in the sequence
approximating g. In Section 6, assuming Lemma 5.5, I construct our example.
Sections 7 to 9 are devoted to prove Lemma 5.5.

2. Motivation of the construction

I start this section by recalling the main definitions concerning the homeomor-
phisms of the circle. The reader can refer, for example, to [2] and to [6] for in-
formation on this topic. Put

DY (T):= {g :R —>R: g—1Idis l-periodic, g strictly increasing and continuous}.
If g € D(T), then there exists p € R so that

gh'(x) —x

n n——+00

(2.1

uniformly with respect to x € R. Such a number p is called the rotation number
of g. Clearly, such a type of map g can be interpreted as a homeomorphism of the
circle, where the circle can be defined as R quotiented by the equivalence relation
that identifies two real numbers a and b iff a — b is integer. The simplest map having
p as its rotation number is x — x + p. I recall the following results.

Lemma 2.1. If p € Z, g € N\ {0}, we have

1) p(g) = g if and only if there exists x € R such that g4(x) = x + p.
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i) If p(g) = g, then for every x € R there exists x' € R such that g"9(x) —

np — x',and g4(x') = x’ + p.
n—+00

iii) If for some x € R we have g9(x) > x + p (respectively g4(x) < x + p), then
p(g) > g (respectively p(g) < 5).

iv) If r € Rand g9(x) > x + r (respectively g9(x) < x + r) for every x € R,
then p(g) > 2 (respectively p(g) < 2).

Thus, a map g € D(T) has periodic points (interpreted as a map on the circle) if
and only if its rotation number is rational, and, in such a case, in some sense, every
point is “asymptotically periodic”. In the next lemma and in the rest of this paper,
Fr(a) will denote the fractional part of a € R, i.e., a — [a].

Lemma 2.2. Given p € Z, g € N\ {0} with p and q relatively prime, suppose
p(g) = g, and put Oy, = Fr(gh(O)). Then, the points Op, h = 0, ...,q — 1 are
mutually distinct and their order is independent of the particular map having the
above properties (once p and q are given).

Hence, taking the map x — x + g, we have 0y < 0y if and only if Fr(%p) <

Fr(tz).

Note that, as simple examples show, the behaviour of a map in DO(']I‘) is not
characterized by its rotation number. For example the map x — x + 5 has the

property that its ¢'” iterate has the form x — x + p, while for other maps having
rotation number equal to g too, their iterates only have isolated periodic points on
the circle. However, under some relatively mild hypothesis, this does not happen
when the rotation number is irrational. This is the statement of the following well
known theorem (Denjoy’s Theorem).

Theorem 2.3. Suppose that a map g € D°(T) has the irrational rotation number
p. Suppose further that it is of class C* and has positive derivative. Then g is
topologically conjugate to the map g, defined as g,(x) = x + p. In other words
there exists ¢ € DO(T) such that g = ¢~ ' o 8p oo

Note that in general even if g is of class C® or even analytic, the conjugacy
¢ is not necessarily regular (neither of class C!). The regularity of ¢ depends on
arithmetic properties of p, in particular the map ¢ has been proved to be regular
when g is sufficiently regular and p is a Diophantine number, that roughly speaking
means that it cannot be approximated too fast by rationals. I refer to [2] or to [6]
for more details.

When we have a differential equation (Ey) as in Introduction, but with f :

R — R I-periodic, we can define the rotation number of (Es) as lim;, @
Tt
ft(x) where x € R. It

amounts to the rotation number of the Poincaré map of (£ y), which is the map le-.

where y is any solution of (E'f), or in other words, lim;_, 1 o
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If, instead of the 1-dimensional case, we consider maps from R2 to R? of the
form Id plus a Z? periodic function the situation is more complicated. In general,
the limit in (2.1) does not necessarily exist, and even when exists, it can depend on
x. An example of this type is the differential equation (E y) where f(x) has the form

TL
(g(x2),0). In such a case, a simple argument shows that # . _)—+>00(g(x2), 0).

In view of what stated in Introduction, we have in fact to find f such that it is
false that the limit of the integrand in (1.1) exists a.e. In order to better understand
the construction of next sections, I here describe the difficulties in obtaining it, in
particular I will explain why simpler constructions fail. Recall that we have to
define a function f Z>-periodic and of class C! such that P]‘? is not homogenizable.

For simplicity, I will only consider f such that at any point x € R? we have
either f,(x) > Oor f(x) =0 (2.2)

so that every solution of E~, except for those passing through (or approaching)

zeroes of f, tend to 400 in the second component. Suppose for the moment that

72 (x) > O for every x. Since f never vanishes, we know from the results of [9]

that ﬁ tends to a (finite) limit as ¢+ — o0, for every x. The reason for which
this happens can be roughly explained in the following way: the solution passing
through (x, 0) will reach a point (g(x), 1) after a time W(x). The map g has a
rotation number p. Now, putting X, (x) = Z?:_ol E(g" (x)) forn = 1,2, ..., we
have that for every x € R, there exists ¢, € R such that

1

—Zp(x) — cx. (2.3)
n n— 400

To deduce (2.3) note that, if o € Q, then this follows from Lemma 2.1ii. If, on the

contrary, p is irrational, and for simplicity we suppose we are in the hypothesis of

Denjoy’s Theorem, we have for some ¢ € Dy(T),

1 1 n—l_
—2p(x) = — E Vop ' (p(x)+ip) (2.4)
n 720

that tends to f o qb_l. In general, for any p, rational or irrational, it is not
[0,1]
difficult to deduce from (2.3) that

AN 3.1
1 t—>+00 cy P2

Return now to the more general case where (2.2) holds. In this case we can mimic
the previous considerations. Clearly, for x such that the trajectory through (x, 0)
meets a zero of f, whose y-coordinate belongs to [0, 1[, g is not defined and W
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could only be defined to be +oo. I will call those x 1-singular and the other 1-
regular. So, we have to slightly modify our program. Suppose for simplicity f
only attains the value 0 on [0, 1[x[O0, I[ at (0, 0) and g, defined as above on the
regular points, can be extended to a sufficiently regular diffeomorphism on R. In
this case (2.3) is still valid when p is rational, by essentially the same argument as in
the previous case. When p is irrational, it is not so simple to extend the argument of
the previous case However, we can use the Birkhoff ergodic Theorem, to conclude
that, if W o ¢~ is in L', then the limit in (2.4), putting y in place of ¢ (x), exists
for almost all y with respect to Lebesgue measure . This implies that the limit in
(2.4) exists p-a.e. provided the map ¢ is regular, and this happens, as told above, if
pis D1ophant1ne It is possible and not very difficult to prove that the case where
W o ¢~ lisnotin L' can be reconducted to the previous considerations.

In conclusion, in order to construct our counterexample, the rotation number p
of g need be an irrational Liouville (that is, not Diophantine) number. First of all, I
will construct 7 by using a sort of inverse process, in other words, I will construct
two functions g and WU from R to R, and then, basing on them, I will recover 7
In other words, I use the standard idea of defining a continuous dynamical system
in terms of a discrete dynamical system. In order to avoid the value 4o0, in place
of W it would be better to define its reciprocal. However, for technical reasons, I
prefer to define a function ® representing the second component of the velocity I
of the solution of E at a point related to (x, 0). Then, I will construct f in such a

way that & is comparable with %, say

1 — 1
p— ® p——
PA' 2/

3. Plan of the construction

In this section, I describe the general idea behind the construction of the pair (g, ®).
First of all, I introduce the set of functions suitable to this aim.

Definition 3.1. Let D!(T) be the space {g e DY), gofclass Cl, g’ > O} .

We equip D' (T) with a metric d; defined by d; (g1, g2) = sup{|g1(x) — g2(x)],
lg] (x) — g5(x)| : x € R}. The following result will be used in the sequel.

Lemma 3.2. The map g+ g" from D'(T) to D'(T) is continuous for every n € Z.

For some consideration it is also useful to equip D' (T) with the metric do(g1, g2) =
sup{|g1(x) — g2(x)| : x € R}. Note that the subspace DC1 (Ty={g e D'(T): g
c} is complete with respect to d; for every ¢ > 0. If g € D'(T), let Xh,g
Fr(gh (x)) for h € Z, x € [0, 1[. Moreover, when x € [0, 1[, we call g-orbit of x
the set {x;, , : h € N} and (n, g)-orbit of x the set {x, , : 0 < h < n} for every
n € N.

v
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By the discussion in Introduction, in order to construct the counterexample, it
suffices to find f satisfying the following

There exist two sequences ty, t, tending to +00 such that
f”Z(X) ) f" (x) —x2
lim ———— =0, liminf L2~ > A (3.1

n—+00 tn n——+00 tr/l

for almost all x € [0, 1]2, where A is a suitable positive constant.

It is possible to express (3.1) in terms of the pair (g, ®), related to f as in the
previous section. Namely, as I will prove in details in Section 6, (3.1) is related to
the following condition:

There exist two sequences my, w, of naturals tending to 400 such that

1 my—1 1 1 wy—1 1
lim — Z —— = +00, lim sup — Z — < B @32
n=teomy, =g CI)(g (x)) n—+oc0 Wn ;= d)( (x))

for almost all x € [0, 1], where B is a suitable positive constant.

The relation between (3.1) and (3.2) is related to the fact that the quantity
Z;-";(f 5 (?’1 @ is comparable to the time necessary for a point (x, 0), under the
equation E7, to reach a point of the form (u, m). In view of the considerations
in the previous section, the function g should have an irrational Liouville rotation
number p, and ® should amount to 0 at 0 and should be positive on ]0, 1[. In Sec-
tion 6, I will prove in fact a variant of (3.2) that is Theorem 6.1, which is more
complicated than (3.2), but has the advantage that it implies (3.1) in a more direct
way. I will define (g, ®) as the limit of a sequence (g, ¢,) with p(g,) € Q, de-
fined recursively. This is convenient since in view of Lemma 2.1, the maps having a
rational rotation number can be better investigated. More precisely, as p is the limit
of a sequence f; 2 of rationals, I will define g, havmg Lnas rotation number and
having 0 as a periodic point, namely g% (0) = p, (cf. Lemma 2.1). The function
¢, will be defined on intervals of the form [y, 1], with o, . _)—_goo 0, and extending

¢n—1, and 5_will be the 1- periodic function extending every ¢,. In order to define
the pair (g, @), we need some preparatory definitions.

Definition 3.3. We say that a continuous function ¢ : [o, 1] > Rwith0 <« < 1,
is an a-caliberif ¢ (1) = 0and 0 < ¢p(x) < 1 if x € [, 1[.

If ¢ is an a-caliber and g € D'(T), h € N, we say that x € O(g, h, ) if
x €[0,1[, x; ¢ €], I[ fori =0, ..., h — 1. In such a case, we put

h—1 1
Ty(g.h,x) = .
p(2, 1, x) ; Yo

The definition of Ty (g, i, x) and the following definition are suggested by formula
(3.2).
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Definition 3.4. Suppose g € DY(T), and ¢ is an a-caliber. Let A, A € R, let w
and m be positive integers and let J be the union of finitely many disjoint closed
intervals. Put I" = (A, A, J, w, m) and let A be the set of I" so obtained. We say
that the pair (g, ¢) is I" oscillating if J € O(g, m, o) N O(g, w, &) and

Ty(g, w,x) < Aw, Ty(g,m,x)>Am,dVxelJ.

Remark 3.5. Note that in Definition 3.4 J could well be empty. In such a case,
clearly, (g, ¢) is ' oscillating independently of " € A.

Proposition 3.6. If (g, ¢) is (A, A, J, w, m) oscillating, then there exists € =
£(g,¢) > 0 such that if gy € D'(T), di(g. 81) < ¢, then (g1, ¢) is (. + 1, A —
1, J, w, m) oscillating.

In such a case, if di(g, g1) < € and ¢, is an o -caliber extending ¢, we say
that (g1, ¢1) is close to (g, ¢). Now, the idea of the construction consists in taking a
sequence (g,, ¢n) (An, Ay, Jn, wy, my) oscillating, ¢, o, -caliber, each close to the
previous ones and such that o, tends to 0 as n tends to infinity. If g, is a Cauchy
sequence in DC1 (T) for some ¢ > 0, and the function on ]0, 1] extending each ¢,
can be 1-periodically extended on R to a C* function ®, setting g = lim g, we
then have

mnX_:I % > (Ay — Dmy, wil % < (An + Dwy,
im0 P@E"(x)) n=o P& (x))

for x € J,. Suppose now we can choose A, — +00, A, bounded, p(J,) > 1 — 25,,,

m, — +00, w, — +00. Putting J = U M Jn, we have /1,(7) = 1. Therefore,
keNn>k

if we construct f related to g and @ as above, we can expect that for all points in

a trajectory passing through J x 0, possibly translated by a point in Z?, hence for

almost all x € [0, 112, (3.1) holds.

In conclusion, in order to prove (3.1) (or (3.2)), one can proceed in the follow-
ing way: first we construct a particular pair (g, ¢). Then, we have to find a sequence
of (gn, ¢n), inductively. In order to avoid problems in extending periodically on R,
we require that the derivatives of ¢ of every order tend to 0 at 1, and the derivatives
get smaller and smaller in the new intervals [o;, 41, &, [.

The natural tool for obtaining such a result would be a result stating that for
every oscillating pair (g, ¢) and for every ¢ > 0 and for every A’, )/, 8’ we can find
a pair (G, ®) (A', ), J’, w’, m’) oscillating close to (g, ¢) such that d(g, G) < &,
with w’ and m’ sufficiently large, and u(J’) > 1 — §’. In such a case I will say
that (G, @) derives from (g, ¢). However, even restricting §', w’, m’, it does not
seem simple to prove such a result. So, I will require some technical additional
properties on a pair in order to complete the inductive step. In other words, I will
prove the inductive step in the sense that, if we have a regular pair then we can find
a new regular pair deriving from it, where by regular I mean having some specific
properties. In the next two sections, I will introduce the regularity property and
state the recursive lemma.
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4. Functions of (m, ¢, 1, p) type

In order to have a function g € D! (T) as above, we have to require that its rotation
number is irrational, and is approximated very quickly by rational numbers. So,
I will construct a sequence of functions g,, whose rotation numbers differ by a
quantity which tends to O very rapidly. This clariﬁes the reason of the following
definition. In fact, given g, with rotation number 22 q , I will construct g, with

Pn+1 DPn+1 _ Pn __ 1
rotation number - such that o T o = T and g, 41 sufficiently large. In
other words, I use the standard way, used for example in continued fractions, of

constructing a sequence 22 7 “ tending to an irrational (Liouville) number.
n

Definition 4.1. Given a function f € D!(T), we say that f is of (m, g, 1, p) type
if f4(0) = p and

m,q,l,pe N\ {0}, g >m+1, mp=Iq+1. 4.1)
Note that in such a case, the rotation number of f is g. Moreover, it is easy
to see that, once f is fixed, then m, ¢, [ and p are unique. The functions of
(m, q,l, p) type have a special importance for the following considerations, so
we will investigate them in detail in this section. Note also that, if (4.1) holds,
then the function x +— x + 5 is of (m, q,![, p) type, and for this function f,

Opgm, r = On,r + é (unless Op44m, f = 0), so that Oy,  is the “successor” of

Op, ¢ Gf different from 0). In view of Lemma 2.2 this happens for any function of

(m,q,!, p) type. Thus, the following definition of Uy, s is, in some sense, natu-
aifa #0

ral. Define g fora € [0,1] as a = L if 0 Put Uy, ¢ = [Op, £, Opm, £ [
ifa=

wn, f = mw(Un, 1) = Opgm, f— Op, 7.

Lemma 4.2. Let f be of (m, q,1, p) type. Then @ C Uy, ¢ C[O, 1[. Moreover
7 0

i) 0<Op,f <. <O0@—tym,f <1=0gms.

ii) Ifh = b’ mod q, then Oy, ¢ = Oy and Uy, y = Uy ;.

iti) Ifh # h' mod q, then Oy, 5 % Oy s and Uy, y N Uy f = @.

iv) For every r € Z the sets Uy r, h = r,...,r + q — 1, are mutually disjoint
and their union amounts to [0, 1[. The same holds for the sets Upp, r, h =
0,..,qg—1L

v) We have Oy < Oy—p, r. Also, if Op ¢ > O, in particular if 0 < h < q, then
On, g = O, -

vi) If h and r are natural numbers, r > 0, and h +rm < q, then Oy < Opprm, 5.

vii) Let h,k € Z. Then fk maps Uy, ¢ to [fk(Oh,f)] + Upyk, f. More precisely,
Xk, f = fk(x) — [fk(Oh,f)] € Upyk, f for every x € Uy, 5, hence xi f —x,/(’f =

R — A ifx, x" € Uiy
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Proof. The proof is a not very complicated consequence of Lemma 2.2. The details
are left to the reader. O

Remark 4.3. Suppose f is of (m,q,![, p) type. Then, in general, fX(0p. ) =
f h+k) — [ fh(O)] for every h, k € 7Z. As particular cases, we easily see that
f9(O0n,r) = p + 0y, s for each h € Z. Moreover, [ (0p, r) = Opqm, r + 1 provided
0 < h < g—m. Indeed, onone hand, x+I < f™(x) < x+I+1forevery x € R, as

if not, either p(f) < L < Borp(f) = L L, on the other, 0y, < Opm, f <

On, r + 1. We deduce from these considerations that f jq (On,r) = jp + Op f for
every j € Z,and f/"™ (04 f) = Optjm.r + jlif jeNand0 < h < g — jm.

When f is of class C2, we can control rather precisely the measure of (1)
when [ is an interval. I here recall a standard lemma in this context, used for
example for proving the Denjoy Theorem.

Lemma4.4. Let f € D'(T), of class C?, and let V = Vi = Var(logof') =
o, .

/ ]},((;C)) |dx. Let U be an interval in [0, 1], such that the sets f'(U), i =0, ..., h —
0

1, are mutually disjoint on the circle, that is, x —x' ¢ Zif x € fi(U), x' € fI'(U),

hy/
withi, i’ =0,1,....h—1,i #i'. Then, e~V < ((}Ch)),((;,)) < eV foreveryx,x' e U.

Proof. See for example [6, Lemma 12.1.3.] Note that, although in the statement
in [6], it is required that f'(U) are mutually disjoint for i = 0, ..., A, in fact the
proof there only requires this fori =0, ..., h — 1. O

Lemma 4.5. If f is of (m, q, 1, p) type and of class C*, and h € 7, and x,x' €
Uf x < x', and |h| < q, then setting V = Vi, we have

) Hh+1,f e‘V(x/ W’H’fev(x/ —x)

’

—X) <Xy p—Xpp <

K1, f Wi, f
. Khtlf _y R . Kh+1.f v R
i) Tfe Om+1,f = %) < Omtnr1,f — Xn,f < e Opyr1,r—x).

Proof. 1) Suppose for example & positive. Then we are in the hypothesis of Lem-
ma 4.4, with U = Uy y, by Lemma 4.2iv. The conclusion follows noting that both

xXh—xp
h,f/ f and Hh+1, f
X'=x 231

amounts to (")’ at some point in U. If 4 is negative, the same

argument works with U = Uj41, 7. ii) This is obtained by i) taking the limit for x’

tending to 0,41, f- O

Corollary 4.6. If f is of class C? and of (m, q,1, p) type, then e=Vi < (f?) <
V.

e'f.

Proof. For every h € 7 we have fUh’f(fq)’ =@+ 0hgm ) — (P +04y5) =

w(Up, r), hence there exists v € Uy, ¢ such that (f9)'(v) = 1. Since every x € R
has the form n + v for some n € Z, v € Up, . he 7, we get the desired inequalities
using Lemma 4.4 again. O
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5. The recursive lemma

I am now going to define the regularity property of an oscillating pair. To this aim,
I will start by defining some special C* functions. Then, I will define more and
more restricted classes of functions. Let g@ be a function of class C*° from R to R
such that
=0if x>1
Jx){=1if x<0
€lo, 1[if 0<x < 1.

Note that |1/}(j )| < L; foreach j € N and for suitable positive L ; (which of course
depend on 1&) with Lo = 1. Fora < b, u > 0, let &a,b,u(x) = 1/}(3;1’)1&(%) and

let ¥, p., be the 1-periodic extension on R of the restriction of 1/A/a,b’ won [0, 1[. If
u < minf{a, 1 — b} then ¥, p, is C*.

Lemma 5.1. 0 < /5, (x) < 1, and

1} ) =0 ifxelu+b,+oo[U]—o00,a—u]
@b ifx e la,b].

nii L
Moreover, there exists L’j > 0 such that |1ﬁ€5{g#| < u—j’ ifu<l1,j=0,1,2,3, ..

As told in beginning of previous section, given a function f of (m,q,l, p)
type, we are now interested in finding a function slightly bigger than f, with strictly
bigger rotation number. Related to this is the following.

Lemma 5.2. The map f — p(f) is continuous with respect to the uniform con-
vergence and increasing.

Proof. Cf. for example [6, Proposition 11.1.6 and Proposition 11.1.8]. O

However, rather surprisingly, in general, the map f +— p(f) is not strictly
increasing, in other words there exist functions f with rational rotation numbers
such that p(g) = p(f) for every g € D'(T) with f < g < f + ¢ for sufficiently
small positive €. This is a well known property of the rotation number (c¢f. for
example [6, Proposition 11.1.10]). The reason is that if f¢ — Id — p attains both
positive and negative values, then, in view of Lemma 2.1, every sufficiently small
perturbation of f has rotation number equal to g. This does not happen if f9(x) >
x + p for all x. In [2, Definition 1 in Chapter 3, Section 5], a function g is called
(p, q)-stable forward if g7(x) > x + p for all x and the equality holds for at least
one x. Here, we need a variant of such a definition.

Definition 5.3. We say that g of (m, q, [, p) type is ((m, q,1, p)) sf-stable if

i) g7(x) >x+pdVx eR,
ii) 3z € Int(Uy,¢) such that g9(z1) =z1 + p.
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Here, sf stands for strongly forward and Int denotes the interior of a set. For func-
tions of (m, g, [, p) type, the equality necessarily holds for O (and its orbit). In ii)
I require that the equality holds for some x not in the orbit of 0. I will construct G
derived by g in several steps. At the first step, I will construct a function g, sum-
ming a very small positive function s to g. Thus, i) assures that p(g) > p(g). I will
now introduce the definition of a “regular” sf-stable function, and in such a class of
functions I will construct (G, ®) derived by (g, ¢) (Lemma 5.5). I will now explain
the idea of such a definition. However, the actual construction of G could differ in
some details from the ideas hinted below.

As the function G will turn out to be a very small perturbation of g, we
will implicitly assume that G has similar properties to g. We want that (G, ®)
is (A, A, J', w', q) oscillating for arbitrary A’ and suitable J’, w’, J’ filling [0, 1[
apart from a set of small measure. Let Ibea compact interval contained in [01 ¢,Z1[,
and let x € 1. On one hand, if we require that ® is positive but very small near 0,
as the (¢ — 1, G)-orbit of x contains the point x,_1, g, which is very close to 0, we
have Te (G, g, x) > A’q; on the other, if we could have s(z;) = 0, then, thanks to
ii), the g9-orbit of Z; would amount to Z;, hence, using also i), Fr (§hq (1)) would
tend to z; as A tends to infinity.

Thus, if we require that s(z1) is positive but small in comparison to the values
attained by s far from 71, then Fr (ghq (7)) approaches 71, for & sufficiently, but not
too, large. It follows that, if we require 74(g, ¢,21) < Agq, then T (G, hq, x) <
Ahq for suitably large &, independent of x € I, and we can take w’' = hq. Of
course, the same properties hold for x in the set J’ formed by the union of the
(g — 1, G)-orbit of the points in 1. In Definition 5.4, [01,¢, a1 —4,¢] stands for 1,s0
that J' is strictly related to the set in (5.4).

Definition 5.4. Suppose g is (m, q, [, p) sf-stable, ¢ is a C*™ a-caliber. We say
that the (A, A, J, w, m) oscillating pair (g, ¢) is (, §)-regular if ¢ > p, n €]0, 1],
§€l0,1LA>1,A > 1land o € Int(Up ;) and

a < (Z1)-1,g (5.1)
¢ =n on |, Om,g]a 5.2)
Ty(g,q,71) < Aq, (5.3)
q
m (hU [oh,g,ah_q,g]> >1—3. (5.4)
=1

Lemma 5.5. Suppose g is (m, q,1, p) sf-stable and C*°, % <g < %, ¢ C*® a-
caliber, (g, ¢) (A, A, J, w, m) oscillating, (n, §)-regular. Then for each

£>0, 8 >8 8¢€l0,1[, A'>1,

there exist
7>0,4,w, p,J, o, G r ®yVn €07
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so that

) qg >w >gq,

il) Gis(q,q', p, p') sf-stable, of class C*°, and % <G < %,
iii) @, is a C* o’-caliber, ®,y = ¢ on [a, 1].

iv) 0 <o’ <73,

v) di(g,G) <¢

vi) (G, @) is (A, A, J',w', q) oscillating (', 8')-regular,
vil) u(J') > 14,

viii) We have |CDf7}f) < Lynr" on 1o/, al.

6. Construction of the counterexample

In this section I construct the example using Lemma 5.5. The proof of Lemma 5.5
will be given later.

Theorem 6.1. For some A > 1 and for every sequence Ay, > 0, n > 1, there exist
g € DY(T), a function ® : R — R, a sequence J (k) of measurable subsets of
[0, 1[, and two sequences my,, wy, of positive integers tending to infinity such that

i<z <3

ii) @ is of class C™ and 1-periodic, with values in [0, 1],

iii) P(x) =0 < xeZ,

iv) w([0, I[\J(k)) — O,

k— 00
V) gh(x) ¢ 7 for every x € J(k) and h € N,
vi) forall x € J(k)

my—1 wy,—1

- >
= D(g"(x))

1

=~ < }\,wn, Vn > k.
h=0 @(g" (%))

Anmn,

Proof. 1 first construct (g, ¢) satisfying Lemma 5.5, such that ¢ (x) —>1 0 for
x—
each i € N. It suffices to take

g(x):x—i-g, m,q,l,p e N\ {0}, mp=Iqg+1, ¢ > max{p,m+ 1},

and ¢ (x) = 171/} (T:g:i) If we take o and Zz; so that (5.1) holds, then (g, ¢)

satisfies the hypothesis of Lemma 5.5 for suitable § and J = @. Thus, taking
also into account Remark 3.5, we can find inductively a sequence (g, ¢,), with
(80, ¢0) = (g, @), such that,
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a) forn > 1, g, is (my, qn, ly, pn) sf-stable in Di(T),
2

b) ¢, is a C*> ay,-caliber,
c) (gn,Pn)is (A —1, A, + 1, Jy, wy, my) oscillating, (1, zin)—regular,

d) wps) > 1= 3,

e)a, — 0,n, — 0O,
n——+0o n——+0o

) mp, <w, < Mpy41, My+1 = 4n,
min {1, e(gn, ¢n). h = 1,2, ..., n}

2’2

g) di(gn, &ns1) <

where €(gy, ¢p) is as in Prop. 3.6, so that g, is a Cauchy sequence in Dll (T). Letg

2
be its limit. We have d;(g,, g) < €(gn, ¢,) for each n > 1. Moreover, we can take
Ny so that

h
Lyn,rl’ — 0
hnnnn—)-ﬁ-oo

for each natural h, where r,, corresponds to r in Lemma 5.5 viii, with ¢, in place of
®,/. Hence, we can find ® extending every ¢, 1-periodic, and having the deriva-
tives of every order at 0 equal to 0. Using Prop. 3.6, it easily follows that (g, ®)

+00
satisfies the required properties with J (k) = (1) Jj. O
n=k

Corollary 6.2. There exist two sequences my, w, of naturals tending to +00 and
B > 0 such that (3.2) holds a.e. in [0, 1].

Once we have (G, @) as in Theorem 6.1, we can construct our example in a
rather standard way. I here sketch a possible construction. I have given the state-
ment of Corollary 6.2, since it is more understandable than Theorem 6.1. However,
it is simpler to deduce our example directly from Theorem 6.1. Choose A, > 0

such that A, —+> +o00. Let B1(y) = 1/}(1 — ¥). We can and do assume ,Bi > O on
n——+00
10, 1[. Let B = lﬂ%

31,
1418

Ux,y)=x+Bi(Fr(n)(gx) —x), Vx,y) = (Ux, y), y)

on R?. We see that V is of the form Id+Z?-periodic. Moreover, it is a bijection
from R2 into itself, and is a C diffeomorphism from R2 \ (R xZ) onto R2 \(RxZ).
As % < %(x, y) < % on Rz, we see that V! has bounded partial derivatives on

RZ\ (R x Z). Let now I : R? — R? be defined by
Tx,y) = (ﬂi(F”()’)) @@= 1) (V] (x, ), 1) ,
and let f be defined by

F=vT, vy =0V, 'x ) +1-p,0).
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We have that f : R? — R?is C! and Z? periodic. Put

+00

- 1

7= (([0, I 7)) +h> =g A >0 gy =dw, > 0.
heZ k=1

Let J = V(f x R). It is easy to see that M(f/ ) = 0. Moreover, after some
calculations we get

7, y) = 2 T (x,y) -
lim sup 5 limsup— =0, liminf —/———
n—-+00 In n—>+oo {\n n—+00 iy

for each (x, y) € [0, 1[2\JA/. As a consequence, (2.1) and (2.2) hold.

Remark 6.3. We can in fact take f of class C™, as we can choose G to be arbi-
trarily close to g in the C* metric in Lemma 5.5. To this aim it suffices to take ¢
sufficiently small in the construction of g in Section 7, and & sufficiently small in
the construction of G in Section 8.

> =

| V

7. Construction of a function of (¢, ¢/, p, p’) type

The rest of this paper is devoted to prove Lemma 5.5. So, from now on, we will
assume that g is as in Lemma 5.5. In this section I describe the first two steps in
the construction of G, obtaining a function g which is of (g, ¢’, p, p’) type, but not
necessarily sf-stable. I preliminarily introduce some constants. Let

q
s (U [On.¢- O‘h—q,g]> —(1-9

~ h=1
M =

q(3)a-!

Note that, in view of (5.4), we have M > 0. In order to introduce the other con-
stants, we have to observe that

O1g <aigeg—M<aj_go<0a1g <721 <Opy1g.
In fact, we have

q q
ﬂ(U [Oh,g’ Uh—q.g ) Z“h ~q.8 = On g—z (al—q,g)h_l,g - (Ol,g)h_l,g

h=1 h=1 h=1

q
Zgh 1 A—gq,g) h_l(ol,g)

=1

= (@1-g.g — O1,¢) Z(gh*)’(sh)

h=1

< ((xl—q,g - Ol,g) Z (5) =< (O[I—q,g - Ol,g)q (E)
h=1

IA

=
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for suitable &, hence the first inequality holds, the second is trivial, the fourth and
the fitfh follow from Definition 5.3ii, (5.1) and Lemma 4.2vii, and the third follows
from Definition 5.3i (¢f. Corollary 7.4iv). Now, let 7 and ¢ > 0 be so that

Og <a1gg—M <22 <ai4g4

<a1g <721 —20<71+20 <Opyig, (7.1)
Ty(g,q,x) < Ag Vxe€ [ := [z1 — 20,71 +20], (7.2)
gq(x)<x+p+% Vxel. (1.3)

Note that (7.2) holds for sufficiently small o by (5.3), and (7.3) holds for small o as
g9 — Id takes its minimum at 71, hence (g9 — 1d)Y (z1) = 0. I will use (7.1) without
reference. By the definition of M we have

q
m <U [O.¢. (22>h_1,g]) >1-3. (7.4)
h=1

Indeed,
q q
7 U [On.g. @i-1¢] | = Z(Ez)h—Lg — (01,9)n—-1,¢
h=1 h=1
q
> Z(alfq,g)hfl,g - (Ol,g)hfl,g
h=1
q ~
- Z(al—q,g)h—l,g - (Ofl—q,g - M)h—l,g
h=1

q
ﬂ(U On,g th— qg)
h=1
-2
h=1
q

q
(U Ong> @h— qg> Z "N &)

(8" @) =" @i — D)

for suitable &;,, and we use, as before, the assumption % <g' < % and the definition

of M to deduce (7.4). T will now introduce a function g, obtained by g summing
a small positive function around U, which is even smaller around 7;. In the
following construction, we have to take o and t to be small positive numbers, and
7 small in comparison to . Let & > 0 be such that

& <min {016 = Ggomgs g — Onig . 7.5)
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For ¢ > 0and 7 € [0, ¢, let Y((1)) = V0, ;0,115 V(@) = ¥7.51,05

(& =)8cr =8+ sV + (T — )Yy -

Note that, in view of (7.5), § = g on [0, I\1(Z1)g—m.g, T1)m,gl-

From now on I will assume that ¢ is sufficiently small, in other words, in every
statement, I will mean: there exists ¢ > 0 such that the statement holds if 0 < ¢ <
<, independently of T.

I will explicitly say “for small ¢” in sentences like: “given w, for small ¢” to
state that there exists ¢(w) > 0 such that the prog)erty holds if 0 < ¢ < C(w),

independently of 7. We can assume that % < g < 3,hence g € D'(T). Also,

18" ()| < max |g"| + 1. (7.6)

Now, the idea of the next lemmas consists in fixing a sufficiently small ¢, and
finding a suitable t useful for our considerations.

Lemma 7.1. §Z_’O(Zl) = 21 + p, hence p(gc0) = g If t €]0,c], then g% . >
Id + p, hence p(8c 1) > g. Moreover, the map © +— p(§c r) is continuous and
increasing on [0, ¢].

Proof. For each x € Uy, we have ¥((1))(x) = 1, hence g, (x) > g(x) + 7. For
x € [0, I[\U;,; we have ¥((2))(x) = 0, hence g?g,f(x) > g(x). If T > 0, as every
(g — 1, g)-orbit meets U 4, it follows that ggf > g1 > Id + p as g is sf-stable.
On the other hand, as g = g0 on B := ([0, L[\IZ1)g=m.¢» @1m.¢l) U {Z1}, and
the (¢ — 1, g)-orbit of 7 is contained in B, then §Z’O(Zl) = g9(z1) =71 + p and
p(gc0) = g. Since gcr — §c.vv = (t — T)Y()), the last part of the statement
follows from Lemma 5.2. O

Lemma 7.2. For each o > 0 and for each ¢ > 0 there exist p' and q', and T €
10, ¢[ so that

/

1
—/zﬂl—£<a), p.q e N\{0},¢' >q+1, (7.7)
q9 q q
p/
T = max {l‘ €[0,61:p(&cs) = 7 (7.8)

Proof. We have —lg — (—m)p = 1. Puto,, = —I + np, B, = —m + nq. Then,
it suffices to take p’ = a, and ¢’ = B, for sufficiently large n, and we get (7.7).

Replacing w by wA(p(gfg,g) — g), then 7 defined by (7.8) satisfies0 < 7 < ¢. O
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In the following, I will consider always ¢, T satisfying the previous lemma.
In such a case we will say that 7 is ¢-regular. Note that g is not necessarily of
(q.q', p, p') type, as we are not guaranteed that 29 (0) = p’, so that we have to
slightly modify it to obtain a function g of (¢, q¢’, p, p) type. I will now define g
and prove its main properties. Let g, be the function defined by g,(x) = g(x +
a) —a foreverya € R.

Lemma 7.3. There exists a = ac. € [0,8¢:(0) — p[ such that § = gz is of
(q.4', p, P') type.

Proof. By Lemma 7.1 g9 — Id has a minimum > p. Since p(g) = ;%/ there exists

b € R such that 39 (b) = b + p’. Then every a of the form (g4 — p)" (b) satisfies

89 (a) = a+ p/, sothat g, is of (¢, q', p, p') type. If we take the minimum integer
r such that (39 — p)’ (b) > 0, then a € [0, 82, (0) — pl. O

Note that g in fact depends on ¢, 7, but in order to simplify the notation, I will
write simply g and not g. ; or similar.

Corollary 7.4. i) g is C™ and its rotation number amounts to & < 1, thus

x < g(x) < x4+ 1 foreach x € R. Moreover, g4(x) > x + p for each x € R.
i) g9'(x) = x + p'.
i) + <& < 3.
iv) Xg' 5 = x for each x € [0, 1[.
v) For each w > 0 for small ¢ we have di(g, &) vV d1(g, &) < w.

Proof. 1) and iii) are trivial. If ii) is false, then the analogous statement for g is
also false and we easily get a contradiction with (7.8). Prove now iv). We have
pP<x+p < §‘1/(x) < grq/(l) = p’ + 1, hence [g‘f/(x)] = p/, and we use ii). To
prove v), use the definition of ¢ and g and note that for small ¢, a. ; can be made
as small as possible, as g7(0) = p. [

Corollary 7.5. i) For every v > 0 and ¢ > 0 there exists T ¢-regular such that
T €]0, v[.
ii) For every k > 0 there exists t(k, ¢) > O such that for every t ¢-regular in
10, t(k, ¢)[ we have q¢' > k.

Proof. This follows from Lemma 7.1 and Lemma 7.2. O

Corollary 7.6. i) For every w > 0 and M positive integer, for small ¢ and for
each h € 7Z so that |h| < M, we have d; (g’h, gh) Vv dj (gh, gh) < w.
i) Given w > 0, x € [0, 1], and h € Z such that Xp,g # 0, for small ¢ we have

(" ()] = [g" (D)) and |xp, ; — xp¢| < .

Proof. i) follows from the definition of ¢ and Lemma 3.2, and ii) follows
from 1). L]
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Corollary 7.7. For each k > 0, for small ¢ we have q’ > k.

In order to prove Lemma 5.5, I will now introduce the constants «’, 7', nec-
essary for proving that G and ® have the required properties, and other constants
which will play an auxiliary role. Let

Vi =2(max |g"| + 1), Vo, =e".

Then, thanks to (7.6) and Corollary 7.4iii, we have V; < Vj. Let o, 7,8, u, be
such that o] & 7 € Int(U; ) and

P R,
9 2044152 0g+1,2 &z 8

- < < —, (7.9)
2% g M1,z v}
ming’ — 1) A (2 — max g’
0 < & < min /8 , ( & 2) ,(2 g) , (7.10)
2L+ 1) 2L
PRNRUEK ek (7.11)
Uy = e >0. )

Recall that L} is defined in Lemma 5.1. Note that in particular & < 5. Note also

that the inequality u; > 0 follows from the definition of Z'. T also stress that,
although &’ and 7' could depend on ¢ and t, we can and do choose the ratios
Og+15—7 Oge1d — o)
g+1.8 , s L8 ot depending on ¢ and on 7. Note that it follows 7' >
K13 H1,3
oci 2 Formula (7.9) will be used in Lemma 7.9, and (7.10) will be used in Section 8.

An important feature of g is that g"1 — Id takes its minimum at 01,¢, so that
g"? is a good approximation of the function x + hp, for x close to 0 ,¢- This is the
inspiring idea of the properties described below.

Lemma 7.8. For every integer M| > 0 and wy €]0, %[for small ¢

M,
- < @D'@) <1+ ifh=0,... M, x €| U1z
= (7.12)
=[01,3, 014 (M +1)q.3 L »
q' > Mg +1, (7.13)
hp < §"©0) < g"TNO0) <hp+1, Vh=0,.. M, (7.14)

and the first inequality in (7.14) is strict if h > 0.
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Proof. For every h € N the function g"¢ — Id is > hp and amounts to hp at 01,¢,
so that it takes its minimum at Oy ;. Therefore, (ghq)’ (01,¢) = 1. We deduce

w
18") (x) — 1] < 71 Vh=0,...My, x €l0| g — 2,01+l  (7.15)

for small w, > 0, and (7.13) follows from Corollary 7.7. Thus, if (7.14) is false,

then either p(g) < g < Z—: or p(g) > ZZ—I% > Z—,,, a contradiction. As for small ¢
the previous formulas hold for My + 1 in place of M| and wy A % in place of w1,

in view of Corollary 7.6, we easily get for small ¢ and h =0, ..., M| + 1
10hg+1.z = O1gl = 18"+ (0) — g™ (O = di (3"F!, "1H1) < 2.

Hence, for i,k =0, ..., My, Ugy41,5 €101, — @2, 01,4 + w3[, hence using (7.15),
and the inequality |(g"7)'(x) — (g"?)'(x)| < %t valid for each real x, we get

(7.12). O

Lemma79. Ifh = 0, ..., M|, and M is as in Lemma 7.8, hence 0 < hq < ¢/,
then

: . / =/ _ - =/ - -~
1) Opgq1,3 < o1, < Zhg—q'3 2Vhu < gt 2Vouy < Opgige1,z-
. _, M _

i) 0 <2, 5= Zpgg g = 6V2(V2 = Dy

Proof. 1) The first inequality is trivial. In order to prove the second inequality, it
suffices to note that in view of Lemma 7.8, Lemma 4.5 ii with k = —¢’, and (7.9)

1
=/ / =/ /

. — ~ > = ~ — ~
thg—q'.2 ~ Fhg+1,g = Z(quﬁg al,g)’

~ / ~ —/ A —/ A —/
Og+1.g =1z > (Va+1D(0g11.8 -2, Og11.8 =2 g5 = V2(0g415— 7).

The third inequality is an immediate consequence of Corollary 7.4iv, and the fourth
follows from Lemma 7.8 and the definition of ;. We have proved i). To prove ii),
note that

=/

Z/ - Zlql’g = (0q+1’§,\_ Ziqr’g) - (0q+1’gA_ 2/)

and use an argument like the previous one. O

8. Construction and properties of G

The function g could appear to be a good candidate for G, but it is not sf-stable
in that it satisfies i), but not necessarily ii) in Definition 5.3. Hence, we have to
make the function smaller by a carefully chosen quantity that allows it to satisfy
both i) and ii) in Definition 5.3. I will define functions G by recursion on j,
starting from g, and then I will choose particular j and ¢. At every step we subtract
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functions that have mutually disjoint supports, thus we finally subtract a very small
quantity but in many intervals, and not a relatively big quantity in one interval, in
order to keep the difference small in the distance C'. Define G j.c for¢z €0, &] by
recursion as

Go: =8
Giti,c =G — Suivy o)y YJj €N

where 7;(¢) = qug_l(?) and y;(¢) = Fr(yj(¢)). Note that we have G 11, <
Gj¢ < 8 Also, Gjo = g for each j € N. In the next lemma I prove the main
properties of G ;.

Lemma 8.1. There exists j > 0 with jq + 1 < g’ such that for every j =0, ..., j
we have

a)j Gjcisof(q,q, p, p) type and of class C*°,
b)j 5 <G <3

c)j themap ¢ — G from [0, €] to (DY(T), dy) is continuous,
d); the map { — G;?C (@) from [0, ] to R is decreasing,

©)j W+ 0jgz +ip < &' (Tyyg) +ip = 7)) = @7NF) < —m +

qu—l—q,g + jpr fOl’j < j’
) for j >0G (x) =Gj_1,(x) foreach x € [0, I\Int(Uj,_g 3),
Ja = =/ 7
g) G?’g(Z) <_gz TP
hj G%@) =Ty s tipforj <,
i) di(Gj¢.8) <& di(Gj, 8 < (1+L)3,
); For every h,k € Z,x € R we have G';.,{(Oh,g) = gk(Oh,g), Ong = OnGj,
(G5 0] =["@)]-

Proof. 1 will prove the lemma by recursion in the following way. For large M,

18t step. a)j, b)j, C)J', d)j, f)j, h)j, i)j, l)j hold forj =0.

2" step. If 0 < j < M and a),, b),, ¢),, d),, ), h),, i),, 1), hold for r =0, ..., j,
then e), holds forr =0, ..., jand a);11,b)j41,0)j 11, D)1, D1, 1) 41,
1)j+1 hold.

3" step. There exists j = 0, ..., M} such that h) j does not hold. This implies
J =< M.

The first step is trivial (independently of M7). Fix now M; > 1 and w; €]0, %[ SO
that
My—1

2 Z A —aw)" > 6V(Va—1). (8.1)
h=1
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I now prove the second step. Let ¢ be so small that Lemma 7.8 holds. Assume
the hypothesis of second step, fix r = 0, ..., j and prove e),. Note that, in view of
(7.14), 7' 0yg41,5) = 0r4.3: 8771 (0y11,5) = 0rg44.5 + rp. We thus have

7o =g (64@) =87 (6L@))

> 8 2 gg T 7P) 2 & (Orgirg +2Valt1) +rp

>u 4+ g (Orq_i_],g) +rp=u;1+0,4;+rp

where I have used Lemma 7.91 and Corollary 7.4iii. On the other hand,

7)) =G @) =17 @)
_ _ _ 1
(0,415 — 2Vou) < —2V2u1§ + 870,417
<0pgqg,ztrp—u

where I have used Lemma 7.8, Corollary 7.4iii and the obvious inequality 2V, > 3.
In conclusion, e), holds. As e), implies y,-(¢) = $(¢) — rp, we have 0 < u; +
0j4.2 <vi(¢) <0j4445—u1 < landf);; follows from Lemma 5.1. I now prove
b) ;1. Since the sets where G, 1, — G # O restricted to [0, 1[, being contained
in Urg.z forr =0, ..., j, are mutually disjoint by Lemma 4.2ivas 0 < r < ¢’, we
have

|G/j+1,§(x) - g/(x)| = OTELXJ‘ ;ﬁlwf)//r(;),y,(;)jl (x)} <Lit <Lé

so that b); | holds by (7.10) and Corollary 7.4v with w = L/&. By proceeding in a
similar way, as clearly u; < 1, we get

G jp1.c(x) — 0| < ¢y <¢ <é.

Hence, using Corollary 7.4v again we geti); 1. In view of €);, we have y;({) =
G] - 1(z ) — jp, so that ¢) ;4 follows from c); and a simple continuity argument.
We have

G5y Ong) = 8" Onp)

for h,k € Z. For k = 1 this follows from f);1; as 05,3 ¢ Int(Uy z) for each
k € Z. For k € N use a recursive argument, and finally, the case —k follows from
the case k. In particular, for each h € Z, 053 = O5,G;,, - It also follows that

]+] Z(O) = g‘l (0) = p’, hence G 41, is of (¢,¢’, p, p’) type and a);41 and
1)j 41 easily follow.

Using 1);, for every x € Uy ; we have xk.G,,,, € Upi g for h,k € Z. In

particular, 7; € Ujgg . Next, for j > 0 we have GJJrl gh(_/) qu_l(_’)

J+Le
as the (jg — 2, G ¢)-orbit of 7’ does not meet Uj,.z- 1t follows G]q1 §(Z) =
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Gj:,q{ (') — ¢uy. Moreover, even for j = 0, using a similar argument we have
Gj.(flr?; @) =g (Gj'il,g (@)), hence we get d) 4.

Finally, I prove the third step. Suppose that h); holds for every j =0, 1, ..., M.
Then, by the first and the second step, a);, b); ¢);, d);, f); hold for j =0, 1, ..., M;
and e); holds for j =0, 1, ..., M; — 1. We have for 0 < j < M;

_— _— —
Gl @) <Gt (G @) =GiLE@) — ¢,

I now prove
. , Uil
GILE) <@ -t ) (1 - o)) (8.2)
h=1
for 0 < j < Mj. Note that (8.2) is trivial for j = 1. Suppose it holds for 0 < j <
M; — 1 and prove that it holds for j + 1 as well. We have

o . )
UM @) =6l (GIh@) —dm) =Gl () =#(c) (B3

j+1,é Jj
j—1 P
~ 7 _/ A— . —/
where ¢; = g/9(z")—&uy ) (1—w1)". Since Oy41 5 < O(j+1)g+1,5 < Z(jt1)g—q' 3"
h=0

we have ¢; > 0y, g+ Jp, as, in the contrary case using Remark 4.3, we have

i+1)g —, ~ . . - .
GYAN@) < @901 g+ jp) =041+ G+ DP < Zj 41y gz + G+ Dp

contrary to h) ;1. We deduce

/

O1g+jp<c; <@ = jp+Z55 5 < 0G+ng+1.5+JP < Oy+1rg+1.8+ip-

Using Lemma 7.8 and (8.3) we deduce (8.2) for j + 1. Using (8.2), Lemma 7.9ii
and (8.1), as [g/1(Z)] = [8/9(01,3)] = jp, h); does not hold for j = M;. O

Remark 8.2. It follows from 1); in Lemma 8.1 and its proof that for j = 0, ..., s
h € Z, we have Uy, 5 = Un.G,,» and for each k, r € Z, gk(x) > 0p,z + r if and
only if Gl}{(x) > 0p,5 + r, and the analogs for < and = in place of > hold. Also,
as G < g, we have XkGj o < Xkg foreach x € [0, I[ and k € N.

Lemma 8.3. G?g(f’) <7 +4p.
Proof. Composing the two hands of the equation in Lemma 8.1g) with G%,gj 7, we
get ’
q =N o T, [si9-4 (5
Gj’g(z)<z +jp—|2 @)]
and, as7 € Ui; and g’ > 7q + 1, using Lemma 4.2vii and Remark 4.3, we get

(377 @)] = [ 01p] = 1801~ p1=Tp -1 -
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I now define G. Put

J=Jer =2y —2Vai1, 7 +2Vaiu1l,
C={ce [O,é]:G?g(x) >x+p Vxel),
{=¢.,=supC,G= Giz-

Note that 0 € C, ¢ ¢ C. Note also that G depends on ¢, 7, and &. However, I
will not mark this dependence and I will mean that ¢, 7, and £ are fixed numbers
satisfying the previous assumptions. I am now going to prove that G, unlike g and
G, is sf-stable.

Lemma 8.4. Ifx € Uy ; \Int(f) then G"(x) = g"(x) for each h =0, ..., q'.

Proof. Sketch. Note that by Lemma 8.1 ¢, [y;(¢) — 1, y;(¢) +u1] € Int(Uj, 5)
when 0 < j < j. It follows that the (¢’ — 1, g)-orbit of x does not meet ly; @) —
u,y;j (E) + uy], the only nontrivial cases being x; z with i = g —1,j =0, and
i = jgq — 1. For the former case it suffices to observe that, in view of Corollary 4.6,

|X/1“—Z/ >—1 |X1"—Z/ |>—2 |X—Z > U
—_ — o - —_ —1—qa’ o - —n! o
q—1lg L,g Vs '8 1—-q’.8 3V, q'.8 ’

for the latter, note that using Lemma 8.1 e; again and Lemma 7.8,

=/

either xj,1.5 > 7, 1z + Vou1 = y;(©) + Vaur >y €) + 7,

-/ — o —
OF Xjq1§ <Zjg_i—q .5 — U1 = Vj(§) —u.

In conclusion, Gif E(x) = gh(x) foreachh =0, ...,q’. O]

Corollary 8.5. G is (‘Z’ 4. p. p') sf-stable, more precisely, there exists 7, € Fe
Int(Ul,g) such that G4 (Z}) =7, + p'.

Proof. 1 prove i) in Definition 5.3. If x € Ujz \ J, then, in view of Lemma

8.4, we have Gq/(x) > x + p’. The same inequality holds for x € J, by the
definition of G. As every x € R has the form k + G" (y) for some k, h integers and
y € Uy 3 = Ui, i) in Definition 5.3 holds for each real x. As & ¢ C, then¢ < &,

thus, by the definition of ¢, there exists Z| € J such that Gq/(Z/l) =7+ p'. The
inclusion J C Int(U; z) follows from Lemma 7.9i. O

/ =/ / /
Corollary 8.6. o' < (z))-1,G. Moreover, Yz = %_p G for every h =
1,...q.

Proof. The first statement follows from Lemma 7.9i and the definition of J, and the
second follows from Remark 8.2, as h — ¢’ < 0. L]
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9. Proof of Lemma 5.5

In this section I prove Lemma 5.5. I first prove that G — I d — p, which is positive as
p(G) > g, is in fact greater than a positive constant only depending on ¢ and not on

7, at points whose (¢ — 1, G)-orbit does not meet I. Consequently (Lemma 9.4), the
(¢' — 1, G)-orbit of x meets I on every interval of length ¢ apart from a set having
cardinality bounded by a value depending on ¢ but not on 7, and since ¢’ — 400
as T — 0, such a set is negligible for small 7. Thanks to (7.2), this will allow us to
prove the analog of (5.3) for (G, ®).

Here and in the following, we assume that £ is sufficiently small.

Lemma 9.1. There exists Hi () €10, 1[ such that if the (¢ — 1, G)-orbit of x does
not intersect 1, then
G1(x) > x + p + Hi(g). 9.1

Proof. By Corollary 7.6 and Lemma 8.1i, for sufficiently small ¢ and &, it suffices
to prove (9.1) with g in place of G and 2H,(¢) in place of H{(g). Moreover, the
(g — 1, g)-orbit of x does not intersect [21 — 0,71 + 0. As p(8¢.c) > g, we have

Qg ¢(x) > x+ p for each x, and by a compactness argument, there exists H; () > 0
such that §Z ¢(x) = x+ p+2H;(g) for each x. On the other hand, by the definition

of g¢ . &c,-(x) does not depend on 7 if x € [0, 1[\i, hence g¢ . (x) = §g,f(x), SO
that we get (9.1) with g in place of G, and 2H(¢) in place of H{(¢). O]

Corollary 9.2. We have pp.g > ’glﬁj) for each h € Z.

Proof. Using Corollary 7.4iii we have pun g > ﬁOq,G. On the other hand, for
h =1,..,g —1, we have either 0, < 014 < 271 —20 0or O > Opy1,4 >
Z1 +20. Hence, for small ¢, thanks to Corollary 7.6, 05, ¢ ¢ [forh=0, ..., qg—1.
Therefore, by Lemma 9.1, 05, ¢ > H;(5). O

For x € [0, 1[ put
Hi(=Hy ) = {h €0, —11NZ:xp6 € i} .

Set Hy = {h,-,x,i = 1,...,dx} with hyy < hay < ... < hg x (dy = 0if
Hx :Q)

Lemma 9.3. Suppose @ # K C Ui, k € Z, K compact. Then, for ¢ and
w positive and sufficiently small, the image of the set K, N [0, 1[ via the maps
X > xp,G are mutually disjoint for h =0, ...,q — 1.

Proof. Consider the projection = of R over the circle. As the sets 7 (g" (K)) are
compact and contained in JT(U}H_](’ g), which are mutually disjoint, the conclusion
follows by a continuity argument. O
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Lemma 94. Let x € [0, 1[. Then

1) hiz1x —hix = q foreachi =1, ...,dy — 1.

—1
ii) Let Dy(= Dy,c¢) = [0, qg —11N7Z\ ( U (hix, hix+q — 1]). Then

q
Hi(s)

#(Dyx) = +2q =: Hy(s).

Proof.

1) This follows from Lemma 9 3 with 7 in place of K.
ii) I will prove that #D’, < VRG] (g), where D). = Dy \ ([O q — 11U [hg, x, ha, x +

q— 1]). Note that, by Lemma 9.1, we have
G"x) = (G" @)+ p) = Hi(s)if h— 1 € Dy,

G"(x) — (G"™9(x) + p) > 0in any case.

Givenk =0,...,q — 1, letuy € Zbesuchthatg' —q < k+urq < q’' — 1.
Setting D , = D; N{k+rq :r € Z}, we have

GFHITua (x) — (GFH (x) + ugp) = #D),  Hi(3) .

On the other hand, as p(G) = 5—: = g—l—ﬁ wrtl e have Gk+]+”"q(x)—

ukq
(GK*1(x) + ux p) < 1. In conclusion, #D'. and #D/, O

k — H (g) — Hl(g)

Next, I estimate the measure of some special sets. First, in Lemma 9.5, T prove
that the function G I will construct satisfies (5.4) (for (g, ¢’, p, p’) type functions),
then I define the set J’ with respect to which (G, @) satisfies the definition of an
oscillating pair. Such a set is a modification of the set defined in (5.4) suitable for G.

q/
Lemma 9.5. 1 (U (On.G, oz;l_q, G]) >1-=4.
h=1 ’

Proof. Let B be the complement in [0, 1] of the set in brackets. Then, also using
Lemma 4.5 and the second inequality in (7.9), we get

D /! D !/ D /
Ogv1g =y Ogrigg = _y 5 Ogv1g—0oy; &
= =W < —
M1.g Mi.g M1,z Va

so that by Lemma 4.5 again, Lemma 4.2iv and Corollary 8.6, we get

q -1 (o o
A q+1,g 1- g
w(B) < Z(0q+1+h,g - a/—q/+1+h,§) = 4 Z Mh+1,8 < 8.

O
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Let

q ~ ~
J=JDn.  Dni=[0hgV Oz @i 1]
h=1

Lemma 9.6. We have u(J') > 1—8.

Proof. In view of (7.4) and Corollary 7.6ii, it suffices to prove that, for small ¢,
[¢7(0)] = [g7(0)]. Now, observe that g7(0) > p = g9(0). O]

Next, I give some estimates for x; . I will prove in Lemma 9.9, that when
x € J', then xj, ¢ is sufficiently far from 0 and 1, so that % has a good bound there,
and, on the other hand, it is “frequently” in I. Then, in Lemma 9.10, I will prove
a similar inequality for x € J. 1 start with some preliminary results, concerning

estimates of x;, ¢ for special values of 4. Note that the upper bound for xj g in
Lemma 9.9 is independent of ¢, 7, and the one in Lemma 9.10 only depends on ¢.

Lemma9.7. Ifx € Dp, h=1,..,q.k=0,....q —h+ 1, then
On+r,6 +1" O] = (" O] = G*(x) < (21 -20) 4y ,+ " O1-1"O)].
Proof. We have

g (@n-1.0) = @nik-1.4 + 8" On)] = @Dnsa—1.¢ + 8" O] = [" (0]

and as for x € D, we have GF(x) < Gk((Zz)h—l,g) < g’k((Zz)h_l,g) and

@2 hyk—1,4 < (21 - 26)h+k—l,g’ for small ¢ we get the second inequality. To
prove the first, observe that

G*(x) > GX(0p,.5) = 85 (0n.3) = Opn g + 18" (O] = ["(0)]

and that, for small ¢ we have [g"1%(0)] = [g"T%(0)], [§"(0)] = [¢"(0)]; this can
be seen as in the proof of Lemma 9.6. O

Lemma 9.8. Ifh > ﬁg) then G"4(0441.6) > hp +71 — 20 .

Proof. Let K :=[01,4,21 +20] € Ui 4, U := [0g41,6,21 — 20[. As p(G) > g,
then G"7(y) > y +rp foreachy € Rand r = 1, 2, 3, ... For small ¢, we have
U € K, N[0, 1] where w is so small that we can apply Lemma 9.3, thus for any
y € U the (¢ — 1, G)-orbit of y does not intersect I, thus G4(y) > y + p + Hi (<)
by Lemma 9.1. We easily deduce the assertion of the lemma. O
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Lemma 9.9. Given a sufficiently small ¢, fix My € N\ {0, 1}. Then there exists
T > Osuch thatif0 <1 <7

i) Foreveryx € [0441,G, (21 — 20)q,g[,f0r0 < h < M, we have

hp +0441,6 < G"(x) < hp +71 +20.

i) If x € J/, k=0, ..., Mag, we have
o < 04,6 < Xk, V1 == max ———— < 1.

Proof.

i) By Lemma 7.1, g?ffo(z]) = Z1 + hp for every natural A, and for small ¢ we
have [0y 11,6, (Z] — 2a)q’g[§ [04+1,6, 71 — dc <[, independently of 7, and by
a continuity argument and the definition of ¢ and Remark 8.2, we conclude the
proof of 1).
ii) Let
X € Bh, h=1,..q.

If Kk < g — h + 1 the result follows from Lemma 9.7. Using Lemma 9.7 with
k =g —h+ 1 and i), we have xy_j+14dg.6 € S := [0g+1,6,21 + 20] for
d =0, ..., M>. It remains to prove

04,6 <y <vi VyeSVr=1,..,q-1.

To this aim, note that, for small ¢, for such r, 0_, ; ¢ S. In fact, 0145 <
0441,5>and, if r < g — 1, then we have —r # 1 mod q. On the other hand, (for

small ¢) for any h € Z, then 05, , € S only (possibly) if 0y ¢ = 01 ¢, that is if
h =1modgq. Hence 0_, ; ¢ S, and by continuity 0_,; ¢ S. It follows that
§'(S)YNZ =@, and, forevery y € S,04,6 < O0yy14r5 < yrz < (21 + 20)ryg

We conclude using Corollary 7.6ii) and Remark 8.2. O

Lemma 9.10. Letx € J. Then for allk =0, ..., g’ we have

Hi(5)O0gq1,5 =7
29V, H1,5

< 1.

o <xp6 <V(=T2(5)) i=1—

Proof. 1 prove the first inequality. If k # ¢’ — 1, then x¢.¢ ¢ Up. G, so that x; ¢ >
04z > o. Suppose k = ¢" — 1. We have x,_1,6 > Xg—1,6 = Xg—1,3 by
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Lemma 8.4, where x = Z/_q, i 2V,ouy. We thus have to prove X,/ ; > o'. We
have o o
0. = Xq'-1.3 = Og'+9.5 = Xg'~1.
Hq' g A~ —
= q—~V2(0q+1,g> —X)
M1,
<2V2(0y41,8 — %) <3V5 (04115 —7)
A / ~ /
< §(Oq+1,g, _0‘1,57) <04 —«
where I have used Lemma 4.5ii, (7.11), Lemma 7.9i, (7.9) and the fact that 1,/ ; =
Mo,z < 1,5 Max é. For the second inequality note that xx,¢ < xi 3 < X z where

X =7 4+2Vouy, and  Jax Xi,g = Xg'—g—1,5- On the other hand, by Lemma 4.5ii
=0,..., q’
again and Corollary 9.2,

H—q.g o HI(6)(O0g41 77

1
1 =Xy g1 = — (0441, —2) =
P77 = 5 W s 29Vouy g

Oq+] ’gA— Z/
M1,g

in the considerations after Corollary 7.7. Hence v, only depends on ¢ and not

onT. 0

Finally, recall that is independent of ¢ and t. This has been noted

So far, we have only investigated G. In order to prove Lemma 5.5 we now
need also to study &. Let

_ o + (ZZ)q—l,g __a- (ZZ)q—l,g

’ - 07
73 5 us > >

_ ) 1
=min{n, —¢ .
1 +7A@}

Define (® =)@,y : [/, 1] — R for 5" €]0, 77 by

b (S2)or—m+n  ifxeld,al

¢u)={
o (x) ifx €[a, 1].

Lemma 9.11. @ is a C* o'-caliber extending ¢, o’ €]0, 5. Moreover, & = n on
[, u2] 2 [, 04 5], @ > 1’ and |CI>(h)| < Lh’?% on o', a. Finally, u3 does not

depend on n'.

Proof. Note that for small ¢ we have p < g9(0) < p+ % sothat 0 < o’ <0, 5 <

%2 < 5 <a < 1. The Lemma easily follows. O
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In the following proposition I study the oscillation properties of ®.

Proposition 9.12. There exists T > 0 such that if 0 < v < 1. then

i)

ii)

iii)

To(G,q,x) > Nq foreachx € J',

There exists w' := Mg with My > 1, M integer, Mrq < q', such that
To(G,w', x) < Aw' foreach x € J',

To(G,q', x) < Aq' for each x € J.

Proof. For given ¢ > 0, choose M, sufficiently large (see proof of ii)) and suppose

0<

)

ii)

T < T, so that we can apply Lemma 9.9.

J' € O(G, Mq, a’) by Lemma 9.9. Let now x € Bh, h=1,..,4q. Asimple
verification shows that

g1 = p— 1", ") = p—13"0)],
so that for small ¢, gq—h(x) > p— [gh(O)]. Moreover, gq_h x) < p-—

[8"(0)] + (2)4-1¢- Thus, since (Z2)g_1,, < H2, then Xg—p,G < Xg—n.g < W2,
hence

1 1
T@(Gyan)27:—>A/q.
S(xg—nc) 0
Letx € Dy, h =1, ..., q. Define
0 if j =0
ki=3qg—h+(G—Dg+1 ifj=1,.,n-1
nq if j=n

where n = M. We have x¢, ¢ € [0g41,6, (Z1 — 20)q [ by Lemma 9.7, hence
by Lemmas 9.8 and 9.91 we have

- 1
xkA,GeIifn>'>H3(g)::2—|—|: :|
! g Hi(s)

Put fj1 (= #1(5)) := min {7/, [min]¢} > 0, so that, by Lemma 9.9ii, ® (x; g) >
0]

n1 foreachi = 0, ..., M»q. Now, using (7.2) and a continuity argument, there
exists M’ < Ag such that

To(G,q,x) <M Vxel 9.2)
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with M’ independent of ¢ (sufficiently small) and . Hence supposing M, >
H3(¢) + 3, we get

n—1

To(G. Mag. x)=Y To(G.kjy1 — kj. Xk;.6)
j=0

H3(¢)
= < Z T@(G,kj+1 _k]’ xkj,G))

Jj=0

n—2
+ ( Z TCD(G’ ankj,G)>

Jj=H3(c)+1
+ To (G, ky — kn—1, xk,,_l,G)

2
< (Hs(s) + )nq + MoM' + n—(f

Since M’ < Mg, for sufficiently large M, say M, > Hy(g), we have
Te(G,Maq,x) < AM>gq.

iii) In view of Lemma 9.4, using the definition of Dy, for ¢’ > H»(¢) we have
dy > 2 and g’ = #(D,) + (dx — 1)q. Thus, using Lemma 9.10 and (9.2),

—1hix+g—1 1
To (G, /,
(G a0 = keXD: cD()Ck G) 21: :Xh,;x D (x,6)
H
< f?(f) + Z To(G. q. xn,..c)
<O

where 7o(= 72(¢)) := min {n/, [gliﬁnjqﬁ} > 0. Thus, if ¢’ is greater than a
»U2

constant Hs(¢), then iii) holds. In conclusion, in order that i), ii) and iii) hold,
we have to take M, > Hy(g), then 7. = min{T, T(Hs5(s), 5)} (see Corollary
7.5i1). O

Proof of Lemma 5.5. See Lemma 9.5, Corollary 8.5, Lemma 9.11, Lemma 9.6,
Proposition 9.12, Lemma 8.1. O
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