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Convex isoperimetric sets in the Heisenberg group

ROBERTO MONTI AND MATTHIEU RICKLY

Abstract. We characterize convex isoperimetric sets in the Heisenberg group.
We first prove Sobolev regularity for a certain class of R2-valued vector fields
of bounded variation in the plane related to the curvature equations. Then we
show that the boundary of convex isoperimetric sets is foliated by geodesics of
the Carnot-Carathéodory distance.

Mathematics Subject Classification (2000): 49Q20 (primary); 53C17 (secondary).

1. Introduction

We identify the Heisenberg group H' with C x R endowed with the group law
(2.0, )= (z+2, 1+ +2Im (z2)),

wheret,t’ € Rand z = x +iy, 7/ = x’+ iy’ € C. The Lie algebra of left-invariant
vector fields is spanned by

ad a 0 a a
X=—+4+2y—, Y=——-2x— and T = —,
ax at dy at at
and the distribution of planes spanned by X and Y, called horizontal distribution,
generates the Lie algebra by brackets.

The natural volume in H! is the Haar measure, which, up to a positive factor,
coincides with Lebesgue measure in R? = C x R. Lebesgue measure is also the
Riemannian volume of the left-invariant metric for which X, Y and T are orthonor-
mal. We denote by |E| the volume of a (Lebesgue) measurable set £ C H!. The
horizontal perimeter (or simply perimeter) of E is

P(E)=sup {/ (X(p1 + Ygoz) dxdydt ‘ Q1,2 € CCI(R3), golz —{—90% < 1}. (1.1)
E

If P(E) < +o0, the set E is said to be of finite perimeter. Perimeter is left-invariant
and 3-homogeneous with respect to the group of dilations 8, : H! — H!, 8, (z, 1) =
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(Az, A%1), L > 0, thatis P(8;(E)) = A3 P(E). Definition (1.1) of perimeter is mod-
elled on De Giorgi’s notion of perimeter in Euclidean spaces which was generalized
in [10] to Carnot-Carathéodory spaces. For smooth sets (e.g. of class C2), perime-
ter coincides with the Minkowski content and with the 3-dimensional Hausdorff
measure of d E constructed by means of the standard Carnot-Carathéodory metric
in H! (see [16] and [9], respectively). Volume and perimeter are related via the
isoperimetric inequality

|E| < CisopP(E)*3, (1.2)

where Cisop > 0 and E C H' is any measurable set with finite perimeter and
volume. This inequality is proved by P. Pansu in [17] and [18] for smooth domains
with the 3-dimensional Hausdorff measure of 3 E in H! replacing P(E). In the
general form (1.2), the inequality is proved in [10] (see also [8]). The problem
of computing the sharp constant Cisop leads to the notion of isoperimetric set. A

set E C H! with 0 < |E| < 400 is an isoperimetric set if it minimizes the
isoperimetric ratio

Isop(E) P(E) (1.3)

b E|

Isoperimetric sets do exist: this is proved in [12] by a concentration-compactness
argument. Pansu notes that the boundary of a smooth isoperimetric set has “constant
mean curvature” and that a smooth surface has “constant mean curvature” if and
only if it is foliated by horizontal lifts of plane circles with constant radius. Then
he conjectures that an isoperimetric set is obtained by rotating around the center of
the group a geodesic joining two points in the center. Recently, Pansu’s conjecture
reappeared in [11].

The problem of determining isoperimetric sets is interesting for two reasons.
On the one hand, the non commutative group law makes it difficult to prove by a
rearrangement argument that the isoperimetric ratio (1.3) is minimized by rotation-
ally symmetric sets, as it is natural to conjecture. On the other hand, there is no
regularity theory for measurable sets in H' minimizing perimeter with (or without)
a volume constraint. So, new techniques and ideas are needed.

All known results assume either symmetry or regularity (or both). In fact,
assuming rotational symmetry and regularity it is easy to determine the isoperi-
metric profile (see [13], and [22] for the general case). Actually, it suffices to
assume the rotational symmetry of a certain horizontal section (see [7] and espe-
cially the calibration argument in [21]). The solution of the rotationally symmetric
case with no regularity assumption is in [14]. On the other hand, isoperimetric sets
can be also determined assuming only the C? regularity of the boundary and no
symmetry (see [23]). Further evidence supporting Pansu’s conjecture is provided
by [15], where a 2-dimensional version of the problem is solved. We refer to the
monograph [3] for a more detailed introduction to the isoperimetric problem in the
Heisenberg group.

In this article, we characterize isoperimetric sets which are convex. By convex
set we mean a subset of H! = R3 which is convex with respect to the standard
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vector space structure of R3. Convexity is a left invariant property in H' because
left translations are affine mappings.

Theorem 1.1 (Convex isoperimetric sets). Up to a left translation and a dilation,
any closed convex isoperimetric set in H' coincides with

Eisop = {(Z,t) e H' | |t] < arccos |z] + |zly/1 — |z[2, |z] < 1}- (1.4)

The boundary of the set in (1.4) is foliated by Heisenberg geodesics, it is globally
of class C2, but it fails to be of class C? at the north and south poles (0, £7/2). At
these points, the plane spanned by the vector fields X and Y, the horizontal plane,
is tangent to the boundary.

We explain the main steps in the proof of Theorem 1.1. Let us consider a
bounded convex set of the form

E={GzteH |zeD, fiz) <t =<g@} (1.5)

where D C R? is a compact convex set in the plane with nonempty interior, and
—g,f : D — R are convex functions. If E is isoperimetric, then the function
f : D — R satisfies the partial differential equation

( Vf)+2zt > 3P(E)
iv =

IV f(z) + 2z 4|E| (1.6)

in int(D) \ X(f). Here and in the following we let z = (x, y) and = (—y, x).
We call the singular set X(f) = {z € int(D)| —2z+ € of (z)} the characteristic
set of f. This set is always contained in a line segment. The basic facts concerning
% (f) are discussed in the appendix. Equation (1.6) is derived in Section 2.

The curvature operator in (1.6) has been studied by several authors under dif-
ferent regularity assumptions (besides the previous references, see also [4-6, 19,
20]). In the smooth case, the number

_3P(E)
~ 4|E]|

1.7)

is known as the (horizontal) curvature of dE. In our case, equation (1.6) is to be
interpreted in distributional sense. The distributional derivatives of u(z) = V f(z)+
271 are measures, because f is a convex function, and so the equation states that
the distributional divergence of u/|u| is constant.

Our goal is to give equation (1.6) a pointwise meaning along integral curves of
the vector field orthogonal to u/|u|. The first step is to show that the equation holds
in the Sobolev sense. Precisely, we prove that the distributional derivative of u/|u|
is a measure which is absolutely continuous with respect to Lebesgue measure.
This result is a corollary of the following regularity theorem for BV vector fields,
which is interesting in itself. We prove a slightly more general statement in the third
section.
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Theorem 1.2 (Improved regularity). Let Q@ C R? be a bounded open set and let
u € BV (Q; R?) be a vector field. Suppose that:

(i) There exists § > 0 such that \u(z)| > 8 for L*-a.e. z € Q;
(i) divut e LY(Q);

(iii) div (ﬁ) e L1 (Q).

Then we have u/|u| € W1 (Q; R?).

The improved regularity of the boundary is the starting point for the geometric
characterization of convex isoperimetric sets. The vector field v(z) = —ut(z) =
27—V f L2 belongs to B Vioc(int(D); R2). Moreover, its distributional divergence
is in L, in fact

divv =4 inint(D). (1.8)

Thanks to the theory on the Cauchy Problem for BV vector fields recently devel-
oped by Ambrosio in [1], the bound on the divergence ensures the existence of a
unique regular Lagrangian flow @ : K x [—p, o] — D starting from a compact
set K C int(D), where o > 0 is small enough. For L%-ae. z € K, the curve
s — ®(z, s) is an integral curve of v passing through z at time s = 0. In Section 4,
we show that £%-a.e. integral curve of v is an arc of circle.

Theorem 1.3 (Foliation by circles). Let E C H! be a convex isoperimetric set of
the form (1.5) and let K C int(D)\ X (f) be a compact set. Then, for L*-ae z €K,
the curve s +— ®(z, s) is an arc of circle having radius 1/H, with H > 0 as in
(1.7).

The proof of Theorem 1.3 relies upon a reparameterization argument. The
vector field v has a regular flow @ starting from K C int(D) \ X(f) but it is

only in BVie(int(D); R?). On the other hand, v/[v| is in W,.! (int(D); R?), but
its divergence is only in LllOC (int(D)) and so we have no regular flow for v/|v|. In
order to compute the second order derivative of a generic integral curve of v, we
introduce a suitable reparameterization y (s) = ®(z, 7(s)). We show that for any
vector field w € W1(Q; R?) defined in some open neighborhood Q of K, the

curve k (s) = w(y(s)) isin W1 for £2-a.e. z € K and moreover
k = (Vwoy)y inthe weak sense. (1.9)

Using the chain rule (1.9) with w = v/|v|, which is in W!! by Theorem 1.2,
equation (1.6) can be given a pointwise meaning along the flow, and the integral
curves of v turn out to be arcs of circles.

Since the horizontal lift of the flow @ foliates the graph of the function f,
it follows that the bottom (and upper) part of the boundary of E is foliated by
geodesics of the Heisenberg Carnot-Carathéodory metric. However, this is not yet
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enough to finish our argument. We still need to show that the bottom and upper
parts of d E match together in the proper way. To do this, we write E in the form

E={@y.neH |(,0eF hy, <x<k(y.n},  (1.10)

for some compact convex set F' C R? and convex functions h,—k : F - R. The
analysis carried out for f can be also carried out for 4 even though in this case
computations are, unfortunately, more complicated. This provides the last piece of
information needed to get the set Ejsop in (1.4).

A short overview is now in order. In Section 2, we derive the curvature equa-
tions for convex isoperimetric sets. In Section 3, we prove the generalized version
of Theorem 1.2 which is needed in Section 4, where we establish the foliation by
geodesics property for convex isoperimetric sets. Finally, in Section 5 we prove
Theorem 1.1. The results concerning convex sets are collected in the appendix at
the end of the paper.

2. Curvature equations for convex isoperimetric sets

We derive partial differential equations for certain vector fields built from the func-
tions which parameterize the boundary of convex isoperimetric sets. We study
graphs of the form ¢+ = f(x, y) and graphs of the form x = h(y,7). We use
the following representation formula for perimeter. If E C H! is a bounded set
such that d E is locally a Lipschitz surface, then

P(E)=/ VX -0)2 (Y - v)2dH?, 2.1
oE

where v is a unit normal to d E. Here and in the following, - denotes the standard
inner product in R3 or R? (we think of X and Y as vectors in R3). H? is the 2-
dimensional Hausdorff measure in R? with respect to the usual Euclidean distance.
For a proof of formula (2.1), see [9].

Graphs of the form r = f(x, y)

We denote elements of H! = R? x R by (z,¢) withr € Rand z = (x, y) € R%.
We write z- = (—y,x). Let E be a convex set in H' of the form (1.5). We define
the characteristic set of the convex function f : D — R as

() = {zein(D)| — 2z € 3f(2)}, (2.2)
where df (z) stands for the subdifferential of f at z.

Proposition 2.1 (Curvature equation I). Let E C H' be a convex isoperimetric
set with perimeter P(E) and volume |E|. Then the function f : D — R satisfies in
distributional sense the partial differential equation

w( V() +2z" ) _y
Vi@ +2zH)
inint(D) \ £(f), with H = 3P(E)/4|E|.

(2.3)
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Proof. By Theorem A.1 in the appendix, X ( f) is contained in the union of at most
two line segments.
Let ¢ € C°(int(D) \ 2(f)) and for ¢ € R, consider the set

E.={GteH |zeD, f2)+ep() <t < g}

We let P(g) = P(E,), V(¢) = |E¢| and R(g) = P(¢)*/V (¢)>. If E is an isoperi-
metric set, then R(e) has a minimum at £ = 0, and then

P3
/ !/ /
R'(0) = W(4PV—3PV) =0. (2.4)
e=0
There exists gg > 0 such that
Vi) = —/ p(z)dz for|e| < &p. (2.5)
D

Let v, be the exterior unit normal to 0 E, and let S, = {(z, f@)+epi) eH |z €
D} be the graph of f + c¢. By the Heisenberg area formula (2.1) and from the
standard area formula for graphs of functions in Euclidean spaces, we find

P/(g) - %/S \/(X : Vs)z + (Y- Vs)z de

p (2.6)

= —/ IV£(z) +eVo(z) + 2z dz.
de D

By Proposition A.2 in the appendix, for any compact set K C int(D) \ X(f), there
is 8 > 0 such that |V f(z) 4+ 2z| > & for £?-a.e. z € K. Then we can interchange
derivative and integral for all small . At ¢ = 0 we obtain

. Vf(z)+ 2zt
= — " .V . 2.

PO /D VEE e @D
From (2.4), (2.5) and (2.7) we find

Vf(z) +2zt /

4E| | =" .Vg(z)dz = —3P(E d
|E| IV £ o) + 221 ¢(z)dz (E) Dw(z) z

for arbitrary ¢ € C°(int(D) \ Z(f)). This is (2.3). O]

Graphs of the form x = h(y, 1)

We denote points in H' = R x R? by (x,¢) withx € Rand ¢ = (y,1) € R
Let E be a convex set in H! of the form (1.10). We define the characteristic set of
the convex function i : F — R as the set X (k) of the points { € F such that the
horizontal plane spanned by the vector fields X and Y at the point p = (h(¢), ¢) €
R x R? is a supporting plane for E (i.e. the plane does not intersect the interior of
E). By Theorem A.1 in the appendix, X (/) is contained in the union of at most two
line segments.
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Proposition 2.2 (Curvature equation IT). Letr E C H' be a convex isoperimetric
set with perimeter P(E) and volume |E|. Then the function h : F — R satisfies in
distributional sense the partial differential equation

Ui 175
(8, — 2hd;) (—) —2y9, (—) —H 2.8)
|ue] |ue]

inint(F)\ X(h), with H =3P(E)/4|E|and u = (u1, u) = (hy—2hh;, 1-2yh,).

Proof. Notice that u € BVjoc(int(F); R2) and moreover, by Proposition A.3 in the
appendix, for each compact set K C (int(F) \ X(h)), there exists § > 0 such that
lu| > 8 L£%-a.e.in K. Hence u/|u| € BVioe(int(F) \ =(h); R?).

Let ¢ € C°(int(F) \ X (h)) and for any ¢ € R consider the set

E.={(x.0) eH' | ¢ € F, h(¢) +ep(¢) < x <k(0)}.

We let P(¢) = P(E.), V(¢) = |E;| and R(¢) = P(g)*/V(e)>. Denoting by
S, = {(h(C) +ep),0)eH |z e F} the graph of & + ¢ and by v, the exterior
unit normal to d E,, from the Heisenberg area formula (2.1) and from the standard
area formula we get

P/(S)Zi/ \/(X : V£)2 + (Y- V£)2 de
de Se

a 172
B E/F((l = 25(hi+og)’+ ((hy+og)) = 20h+e@)(hiteg))’) s

Because we have (hy — 2hh,)? + (1 —2yh,)? > §? > 0 L-a.e. in a neighbourhood
of spt(g), we can differentiate under the integral sign and we obtain

P'(0) = / (hy — 2hh:)(@y — 2(ph)s) — 2y@; (1 — 2yh,) "
" \/(hy — 2hh)? + (1 — 2yhy)?

at ¢ = 0. An integration by parts yields

P'(0) = — / wd((ay —2hi) (ﬂ> — 2y, (ﬂ)) ,
F lul lul

where the derivatives of u/|u| are measures. If £ minimizes the isoperimetric ratio
then, as in the proof of Proposition 2.1, we get

uj us
4|E|/ (pd((ay — 2hoy) (—) —2y0; (—)) = 3P(E)/ pd¢
F |ue] |ue] F

for arbitrary ¢ € C2°(int(F) \ X(h)). This is (2.8). ]



398 ROBERTO MONTI AND MATTHIEU RICKLY

3. Improved regularity of the boundary

In this section, we prove a regularity result for vector fields with bounded variation
in the plane arising from the parameterization of the boundary of convex isoperi-
metric sets.

Let Q c R? be an open set and let a, b € C(£2) be continuous functions. We
consider the differential operator M acting on BV (2; R?) defined by

Mu = (81 — adr)uy + bdrus. 3.1

In general, Mu is a measure in Q2. We have M = div whena = 0 and b = 1.
When a = 2h and b = —2y, M is the operator appearing in the left hand side of
(2.8).
We recall that a vector field u € L'(Q; R?) has approximate limit u(q) € R?
at the point g € €2 if
lim lu —i(g)|dL? = 0. (3.2)
0 B(g.r)
Here, B(q, r) denotes the open Euclidean ball of radius r centered at g. The ap-
proximate discontinuity set of u is the set S, of points in €2 at which # has no
approximate limit. The jump set of u is the set J,, of points ¢ € €2 for which there
exist ut(¢), u"(¢) € R? and v,(q) € S' such that u™(q) # u~(g) and

lim lu —ut(q)|dL?* =0, (3.3)
rl0 Bi(q,r)

where B¥(¢q,r) = {¢’ € B(q.r) | £ (¢’ — q) - vu(q) > 0}. Finally, the precise
representative u* : @ — R? of u is:

u(q) q € Q\ Sy,
u*(q) = %(qu(q) +u(q) g€ Ju, G.4)
0 q <€ Su \ Ju-

By the Lebesgue density theorem, it is u = u* £?-a.e. in Q.

Theorem 3.1 (Improved regularity). Let @ C R? be a bounded open set, let u =
(u1,uz) € BV(L; Rz), and let a,b € C(Q) be continuous functions such that
b # 0 in Q. Assume that:

(i) There exists 8§ > 0 such that \u| > 8 L*-a.e. in ;
(i) Mut e LY (Q), where u™ = (—ua, uy);
mnA4<i)eL%m.

|ua]
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Then u/|u| € W-1(Q; R?) and there exists a function p : J, — (0, 4+00), such
thatu™ = pu™ on J,.

Proof. If u € BV (Q; R?) the measure Du has the decomposition Du = D% +
DSu with Du « £? and D’u 1 L£?. D%u = Vu L? is the absolutely continuous
part of the measure, with Vu € L'(€2; M>*?) and M>*? denotes the space of 2 x 2
matrices with real entries. Moreover, it is D’u = Du + D/u, where Du =
D*ul_Q \ S, is the Cantor part and D/u = DSul_S, is the jump part. By the
representation theorem of Federer—Vol’pert and by Alberti’s rank one theorem, the
measures Du and D/u admit the representations

Diu=@wr—u)®v, H'LJ, and Du=nQE |Dul,  (3.5)

where |D€u| is the total variation of Du and 5, & :  — S! are suitable Borel
maps. The measure | D€u| is absolutely continuous with respect to #'. The set J,,
is an H!-rectifiable Borel subset of S, with H! (S, \ Ji) = 0. For these and related
results on BV vector fields we refer the reader to the monograph [2].

We claim that both the jump and the Cantor parts of D(u/|u|) vanish. Let
F : R? — RR? be a smooth mapping such that

5

F0)=0, F(q)= |q—| for gl =5 and |VF|e L®(R?). (3.6)
q

If |g| > 8/2, the derivative of F is

1
VF(q) = W‘ZL ®q*. (3.7)

By (i), the vector field v = F ou isin BV (Q; R?) (this fact is implicitly assumed
in (iii)).
By the chain rule for BV vector fields, we have

D% =VFW)Vul? and D% = (VFu")n) ® & |Dul. (3.8)
A point ¢ € Q belongs to J, if and only if ¢ € J, and F(u"(q)) # Fu (g)).

Moreover, itis D/v = (F(u™) — F(u™)) ® v, H'L J,. Notice that [u*(q)| > &
for all ¢ € J,, by (i). Then, the jump set of v is

Jo=1{q € Ju 1 ut @)/ lu* (@] # u(q)/lu"(q)I} (3.9)
and the jump part of Dv is

ut u-

D/v = <_+ - —_) Qu, H'L J,. (3.10)
lut]  |u|
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By assumption (ii), the part of the measure —djus + bdru1 + adyus concentrated

on J, vanishes. From the formula for D/u in (3.5), we can compute D,{ul for
k,l = 1,2, and we obtain

(3 —ud) b —u)) +a@d —u3)) v =0 G.11)

H'-a.e.on J,.

By assumption (iii), the part of the measure (31 — ad2)(u1/|ul) + bdr(u2/|ul)
concentrated on J, vanishes. Thus, using (3.10), we can compute D,ﬁ (u;/|ul) for
k,l =1,2, and we get

uT B u; aul_—buz__aui’r—bui|r b =0 (3.12)
17 R 7t R 7 lut] ! '

H'-a.e.on J,.
From (3.12) and (3.11), we deduce that there exists A € R such that the fol-
lowing system of equations is satisfied H!-a.e. on J,:
+ -
Uy “y _
lut]  |u~|
but —aul  buy; —auy _ _
2|u+| 1 _ 2|u_| L =x(bf —uy) +a@i —uy)).

By elementary linear algebra, using b # 0, we obtain the equivalent system

+ —_
u u

1 1 -
o — = =My —uy) n _
el & (—” -2 )-(u+—u_)—0
u; Uy wt - lut]  |u~| ’
— — —— =AU —u

- 1 1
lut]  |u~]
=yt — =1yt o] — _ gt !
thatis u™ - u™ = |u"||u™|, H' -a.e. on J,. It follows that u~ = uu™ H"-a.e. on

J, for some p : J, — (0, +00), and then ut /|u*| = u~/|u~| H'-a.e. on J,. This
proves that H!(J,) = 0 and thus D/v = 0.

By assumption (ii), the Cantor part of the measure —djuy + boruj + adruy
vanishes. From Du = n ® & |Du|, we can compute D;u; for k,l = 1,2, and we
find

(=m2,bn1 +an)-§ =0 (3.13)

|D€ul-a.e. on 2. By assumption (iii), the Cantor part of the measure
(01 —ad)(ui/lul) + bda(uz/|ul)

vanishes, too. Thus, letting ¥ = (91, 92) = (W*)* ® W*)")n, we can use (3.7)
and (3.8) to compute D; (u;/lul) for k,l = 1,2, and we find

(91,692 —ath) - =0 (3.14)
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|Dul-a.e. on . From (3.13) and (3.14), we deduce that there exists A € R such
that

th = —An2 th = —An2
b9 — at = A(bn +an) 2 = Any.

Here we used b # 0. This, in turn, is equivalent with
o0 = (@)™ ®@H)n) -n=0

|D€ul-a.e. on Q. Using the identity (((u*)L ® (u*)L)n) N = ((u*)l . 77)2, we
deduce that (u*)1 - = 0, and thus ((@*)* ® *)1)n = 0 as well. By (3.7), this
proves that (VF(u*)n) ® & = 0 |Dul-a.e. on 2, whence Dv = 0 by (3.8). ]

Theorem 3.1 has the following corollaries.

Corollary 3.2. Let E C H! be a convex isoperimetric set and let f : D — R be
the function in (1.5). Then we have

Vf(z) +2z+

V) £ 2l W Lint(D) \ B(f); R2). (3.15)

Proof. The vector field u(z) = (u1(2), u2(z)) = V f(z) + 2z* satisfies divu® =
—4 in int(D). By Proposition A.2 in the appendix, |#| > § > 0 on a compact set in
int(D) \ (f). Moreover, by Proposition 2.1, we have div(u/|u|) = 3P(E)/4|E|
in int(D) \ X (f). The claim follows from Theorem 3.1 witha =0and b =1. O

Corollary 3.3. Let E C H' be a convex isoperimetric set and let h : F — R be
the function in (1.10). Then we have

|Z_| € Wpge (int(F) \ ({y = 0} U Z(h)); R?), (3.16)

withu = (uy, uz) = (hy — 2hh;, 1 —2yhy).

Proof. We use Theorem 3.1 with @ = 2h and b = —2y. The vector field u is in
BVioe(int(F); R?) and satisfies

Mut = 3y —2hd;)(2yh; —1)—2yd;(hy—2hh;) = 2h,(14+2yh;) € Ly, (int(F)).

From Proposition A.3 in the appendix, it follows that u/|u| € B Vioc(int(F)\ X (h)),
and moreover, by Proposition 2.2, u/|u| satisfies

u'\ _ ury uy _3P(E)
M(m)—“’y 2haf)<|u|) 2ya’(|u|)_ A1E]

in int(F) \ X (k). Now the claim follows from Theorem 3.1. ]




402 ROBERTO MONTI AND MATTHIEU RICKLY

4. Integration of the curvature equation

In this section we solve equations (2.3) and (2.8). These equations can be integrated
along a regular Lagrangian flow and the solutions are suitable arcs of circle.

We recall the definition of regular flow in the plane. Let & C R? be an open
set and let u € BV (; R?) N L®(2; R?). Forg € Q and ¢ > 0 small enough
define

Cy([—o. 0]; €2)

~{rect-ear|yo =a+ [

N

u(y(o))do, s €[—o, Q]}-

Let K C Q be a compact set. An £?-measurable map ® : K — C([—o, 0]; Q) is
a Lagrangian flow starting from K relative to u if ®(q) € C4([—0, ol; £2) for L£2-
a.e.q € K. With abuse of notation, ® is identified with the map ® : K x[—p, 0] —
Q, (g,s) = P(g)(s). The flow is said to be regular if there exists a constant
m > 1 such that

%cZ(A) < L2(D(A,s)) < mL>(A) 4.1)

for all £2-measurable sets A C K and for all s € [—o, o].

Theorem 4.1 (Foliation by circles I). Let E C H' be a convex isoperimetric set
and let f : D — R be the function in (1.5). Let K C int(D) \ X(f) be a compact
set and Q C int(D) \ X (f) an open neighborhood of K.

For a sufficiently small o > 0, there exists a (unique) regular Lagrangian flow
® : K x [—0,0] — K of the vector field v(z) = 2z — VfJ-(z). Moreover, for
L*-ae z € K, the integral curve s — ®(z,s) is an arc of circle with radius
4|E|/3 P (E) oriented clockwise.

For a convex isoperimetric set of the form (1.10) there is an analogous state-
ment.

Theorem 4.2 (Foliation by circles II). Ler E C H' be a convex isoperimetric set
and leth : F — R be the function in (1.10). Let K C int(F)\ ({y =0juU E(h)) be
a compact set and Q C int(F) \ ({y =0} U E(h)) be an open neighborhood of K .
For a sufficiently small o > 0, there exists a (unique) regular Lagrangian
flow @ : K x [—0,0] = 2 of the vector field v({) = (1 — 2yh;, 2yhy — 2h),
¢ = (v,t) € F. Moreover, for L*-a.e. ¢ € K, the projection onto the xy-plane of

the curve
s> (M(P(L,5)), P(¢,5) e H', s €[—0 0l 4.2)

is an arc of circle with radius 4| E|/3 P (E) oriented clockwise.

The existence of a (unique) regular Lagrangian flow stated in Theorems 4.1 and
4.2 follows from Ambrosio’s theory on the Cauchy problem for BV vector fields.
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Theorem 4.3 (Ambrosio). Let @ C R? be an open set and assume that:

() u € BV(2: R N L®(Q; R?);
(i) divu € L®(Q).

Then, for any compact set K C Q2 and for a small enough o > 0, there exists a
(unique) regular Lagrangian flow ® : K x [—p, 0] — 2 starting from K relative
fo u.

The existence statement is Theorem 6.2 and the uniqueness statement is in [1, The-
orem 6.4]. We do not need the uniqueness of the flow in our argument. Ambrosio’s
theory holds more generally for non autonomous vector fields in any space dimen-
sion.

The characterization of the flow in Theorems 4.1 and 4.2 is obtained on proving
that a suitable reparameterization y of a generic integral curve of the flow has a
second order derivative which satisfies the equation ¥ = —Hy ' in a weak sense
with H =3P(E)/4|E|.

In order to make this reparameterization argument precise, let us consider an
open set  C R? and a vector field v in € satisfying the assumptions of Theo-
rem 4.3, that is

ve BV RHNL®(Q:R?  and  dive € L®(Q). (4.3)

The function v is defined pointwise, i.e. we choose a representative in the equiva-
lence class of v. Our results hold independently of this choice. However, there is
an exceptional set of points which may a priori depend on the representative.

Given a compact set K C 2 and a sufficiently small ¢ > 0, there exists a
unique regular Lagrangian flow @ : K x [—p, o] — 2 starting from K relative to
v. Let A : © — R be a measurable function such that

O<ci<i<c; L*ae inQ. (4.4)
Then, for £2-a.e. q € K, the curve s — A(P(q, 5)) is measurable and
c1 < MP(g,s)) <c forae.s e [—p,o0]

This follows from (4.1) by a Fubini-type argument. In fact, if N C € is an £2-
negligible set, then ®~1(N) C K x [—o, o] is also negligible. Thus, for £>-
ae. g € K, the change of parameter oy : [—0,0] — [04(—0), 04(0)] defined
by

04(5) =/O M (g, £)) dE

is bi-Lipschitz, strictly increasing and admits therefore a bi-Lipschitz, strictly in-
creasing inverse 1, : [04(—0), 04(0)] — [—0, o], which satisfies

1 1
64(t4(5))  A(D(g, T4(5)))

T4(s) = forae. s € [04(—0), 04(0)]. 4.5)
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Consequently, for £-a.e. ¢ € K, the curve Yq - log(—0), 04(0)] — 2 defined by

Yq(s) = ®(q, 74(s)) (4.6)
is absolutely continuous and satisfies

. v (Vq (s))

Po(s) = — L2 forae.s € [o,(—0), 04 (0)], 4.7)
7 Ay (9)) 1 1

i.e. y, is an integral curve of the vector field v/A.

Theorem 4.4 (Chain rule for integral curves). Let Q C R2 be an open set, K C

Q be a compact subset, w € WH1(€; R?) and o > 0 small enough. For L*-a.e. q €

K, the curve w o y, with y, defined in (4.6) belongs to Wl’l((aq(—g), 04(0)); R?)

and its weak derivative is (Vw o y;)yy.

Proof. Let {wg}ren be a sequence of smooth vector fields wy € wh1(Q:; R?) con-

verging to w in WwL1(Q: R?). The map (q,s) — w(P(g,s)) is measurable and

integrable on K x [—p, 0]. By Fubini’s theorem and by the bounded volume dis-
tortion property (4.1) of the flow, we have

Q o
// Iwk(<I>(q,S))—w(<I>(q,S))|dsdq§m/ / lwi(g) — w(q)|dg ds,
KJ-o —oJo(K,s)
and

o
/K/ (Vwr(@(g. ) — Vw(®(g. ) v(P(q. 5))| ds dg
—0
o
< ||v||oo/ /K|Vwk<d><q,s>>—Vw<c1><q,s>>|dqu
—0

o
5m||v||oo// Vuwi(q) — Vw(q)|dq ds.
—0 JP(K,s)

The curve s — wi (P (g, 5)) is Lipschitz, for all k € N and for £?-a.e. g € K, with
derivative s > Vwi (P (g, 5))v(P(q, s)). Passing to a subsequence and relabelling
if necessary, we conclude that

Jim i (@(q,) = w(®(g. ) inW(—e ) RY)

for £2-a.e. g €K, and that the weak derivative of w(®(gq,-)) is Vw(d(q,-))v(d(q,-)).
Combining this observation, (4.5) and (4.7), for any ¢ € C2°((04(—0), 04(0)); R?)
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we get,

Uq(Q) o
/ w(yq(s))(b(s)ds:/ w(P (g, $))¢(0q(s))04(s)ds

q (_Q) —0

4
= —/ Vw(®(g, ) v(P(g, 5) g(ay(s)) ds

—e

aq(0)
=—/( )Vw()/q(S)))?q(SW(S)dS-
o4(—0

Hence w o y,; € W‘yl((aq(—g), 04(0)); R2), and its weak derivative is (Vw o
Vq)V.q' ]

Proof of Theorem 4.1. Let f : D — R be the convex function in (1.5). We con-
sider the vector fields v(z) = 2z — ij-(z) and u(z) = vi(z) = Vi) + 2zt
which are both in B Viec(int(D); R?) N L2 (int(D); R?). We have

divo =4+ fox — fo, = 4. 4.8)

If K C int(D) \ X(f) is a compact set and 2 € int(D) \ X(f) is a suitable open
neighborhood of K, the existence of a regular Lagrangian flow @ : K x [—p, 0] —
Q2 for some ¢ > 0 is guaranteed by Theorem 4.3.

The function A : @ — R, A = |v], satisfies 0 < ¢; < A < ¢ L2-ae. in Q by
Proposition A.2 in the appendix. By Corollary 3.2, the vector field w = v/A belongs
to Wh1(Q; R?), and divw! = H L?-ae. in Q by (2.3), with H = 3P(E)/4|E|.

Let vy, : (0;(—0),0;(0)) — €2 be the integral curve of the vector field w
defined in (4.6) and satisfying (4.7). We claim that y, parameterizes an arc of
circle with curvature H. Since ®(z, -) is a reparameterization of y;, proving the
claim concludes the proof of Theorem 4.1. The following identities hold a.e. in
(0:(—0), 0.(0)) for L?-ae.z € K:

() lwoyl=1
(i) (w-oyw)oy, = (w-dyw)oy, =0;
(iii) (divwt) oy, = H.

Here, we are using the fact thatif F, G : 2 — R are L£2-measurable functions such
that F = G £%-a.e. in Q, thenitis Fo® = G o ® L3-ae.in K x [—o, o], which
is a consequence of (4.1).

By Theorem 4.4, itis y. € W1 ((0.(—0), 0:(0)); R?) with . = (Vwoy.)y..
Using (ii) and (iii), we compute

V. -y = (=divwh) oy, = —H.

Moreover, by (i) we also have y,-y, = 0 a.e. in (0;(—0), 0;(0)). Then y, = —H))ZJ-
a.e. and this implies that y, is of class C°°. The claim follows. O
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Proof of Theorem 4.2. Leth : F — R be the convex function in (1.10). We use the
variables ¢ = (y,t) € F. The vector field v : F — R?

v(¢) = (1 = 2yhy, 2yhy — 2h), (4.9)

is in BVige(int(F); R?) N L (int(F); R?), and

loc

divv = —4h; — 2yh;y + 2yhy; = —4h, € L, (int(F)). (4.10)
The vector field v is the projection onto the yz-plane of the vector field
(1) > (hy = 2hhy)3 + (1 = 2yh))dy + Q2yhy — 2h)?, @.11)

which is both horizontal and tangent to the graph of & at 7{*-a.e. point. We denote
by u = (hy — 2hh;, 1 — 2yh;) the projection of the vector field (4.11) onto the
xy-plane. The relation between v and u is

v = <2(; _12h>u. 4.12)

In (4.12), we think of v and u as column vectors. The function A : Q — R, A = |u]|,
satisfies 0 < ¢; < A < ¢ £%-a.e. in by Proposition A.3 in the appendix.

Let K and 2 be as in the statement of Theorem 4.2. The existence of a regular
Lagrangian flow ® : K x [—g, o] — 2 of v follows from Theorem 4.3.

Let F € C*®(R?; R?) be a mapping which satisfies (3.6) (with ¢; in place of
8). We consider the vector fields v/A and w = F o u in Q. Then w = u/|u| a.e. in
Q. We have w € W!!(Q; R?) by Corollary 3.3. Observing that 2yhy, — 2h =

2y(hy —2hhy) +2h(2yh, — 1), we also get that v/A € W1 (Q; R?). We claim that

Y % — —Hw'  [laeinQ, (4.13)

with H = 3P(E)/4|E|. Indeed, using (3.7), we compute

v v I n
Vw—-=(VFou)Vu - =———-(u u-)Vuv
y = (VEewVuy |u|4( ®u)

= W(MJ' - (Vuv))w™.

On the other hand, by (2.8) we have Mw = H in Q, where M is the differential
operator appearing in (3.1) witha = 2h and b = —2y. Let B be the 2 x 2 matrix

10
b= (—Zh —2y>'

Muw =tr((VF ou)VuB) = ﬁu((bﬁ ®ut)VuB) =
u

Using (3.7) we find

1
—3uL . (uJ‘VuB),

|ua]
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where, by a short computation based on (4.12), we have ut - utvuB) = —ut .

(Vu v). This ends the proof of (4.13).

Denote by y; : [0:(—0),0:(0)] — €2 the integral curve of v/A defined in
(4.6). Then the curve s — w(y,(s)) belongs to W1 ((o;(—0), 0 (0)); R?) for
L?-ae. ¢ € K, and its weak derivative is equal to (Vw o Y¢)Ve, by Theorem 4.4.
Identity (4.13) holds along £2-a.e. curve v¢. Hence, by Theorem 4.4 applied to w,
we have

d
E(woy;) = —Hw"' oy) (4.14)

in the sense of weak derivatives.

The projection of the vector field { = (y,1) — (h(¢), ¢) onto the xy-plane
belongs to W 1(€2; R?). Denote by ke @ o (=0),00(0)] — R? the projec-
tion of the curve (h(y;), y;) onto the xy-plane. This projection is a reparame-
terization of the curve in (4.2). We claim that «; parameterizes an arc of cir-
cle with curvature H oriented clockwise. By Theorem 4.4, for £%-ae. ¢ € K
we have k; € Wl’l((U{(—Q), or(0)); R?), and a short computation shows that

the weak derivative of «; is K, = w o y;. From (4.14), we deduce that x; €
Wz’l((ag (—0),0:(0)); R?) and ke = —H/%;-. This implies that «; is of class C™°
and the claim follows. ]

5. Characterization of convex isoperimetric sets

In this section, we use Theorems 4.1 and 4.2 to characterize convex isoperimetric
sets. We also use Theorem A.1l in the appendix on the structure of the character-
istic set of bounded convex sets. Here, we recall some known facts about Carnot-
Carathéodory geodesics in the Heisenberg group.

An absolutely continuous path y : [0, 1] — H! is said to be horizontal if
y(s) € spang{X (y(s)), Y(y(s))} for a.e. s € [0, 1]. The curve y = (y1, y2, y3) is
horizontal if and only if

N

y3(s) = y3(0) + 2/0 (11y2 — ¥an1) do. (5.1)

The plane curve k = (y1, y») is the horizontal projection of y. If k = (y1, y2) is a
given plane absolutely continuous curve, then a curve y = (k, y3) with y3 given by
(5.1) for some y3(0) is called a horizontal lift of k. The standard sub-Riemannian
length of the horizontal curve y is

1
Length(y) =/ |k (s)|ds, 5.2)
0

where « is the horizontal projection of y and || is the Euclidean length of ¥ € R?,
The distance d : H' x H! — [0, 400) is defined as the minimum of Length(y)
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over all horizontal curves connecting given points. Geodesic curves (i.e. lenght
minimizing curves) can be computed explicitly. A geodesic from 0 € H! to p =
(z,t) € H! is of the following form:

1) If t = 0 the geodesic is the line segment y (s) = (sz, 0), s € [0, 1].

2) If t > 0 and z # 0, the geodesic connecting 0 to p = (z, t) is the horizontal lift
starting at O of the arc of circle from O to z in the xy-plane oriented clockwise,
such that the plane region bounded by the arc and the segment joining O to z has
area equal to 7 /4. This geodesic is unique.

3) If r > 0 and z = 0, the geodesic from 0 to p = (0, t) is not unique. Take any
full circle oriented clockwise passing through 0 and with area equal to ¢ /4. The
horizontal lift of the circle starting from 0 is a geodesic.

The case r < 0 is similar. All other geodesics are obtained by left translation. If
the arc of circle in 2) and 3) has radius 0 < R < +00, we say that the geodesic has
curvature H = 1/R.

The geodesics joining (0, —7/2) to (0, 7/2) are of the type described in 3)
above (up to a vertical translation). Their union bounds the isoperimetric set conjec-
tured by Pansu. The horizontal lift of the plane circle k (s) = %(1 + cos s, — sin s),
s € [—m, ], passing through the point (1,0, 0) € H! at time s = 0 is the curve
y [, n] — H!

1
y(s) = E(1—|—c0ss,—sins,s—ksins). (5.3)

The third coordinate can be computed using formula (5.1). The curve y is a geodesic
with curvature H = 2, starting from y (—mx) = (0, 0, —7/2) and reaching y (7) =
(0,0,7/2). If (z,t) = y(s) € y([—m, ]) is a point on the curve, then we have

1 172 1
Iz] = (%) and (= E(S + sins),

and we obtain the relation |t| = arccos|z| + |z|y/1 — |z]2. The region |t| <
arccos |z| + |z|y/1 — |z|? is the set Ejgop in (1.4).

Corollary 5.1 (Foliation by geodesics I). Under the assumptions of Theorem 4.1,
for all 7 € K, there is a geodesic y, : [—o0,0] — OE with curvature H =
3P(E)/4|E|, such that y,(0) = (z, f(z)). Moreover, the length of y, is bounded
from below by a positive constant depending on K.

Proof. The vector field v(z) = 2z — V f(z) is the projection onto the xy-plane of
the vector field

(6, y) = (fy +2x)0x + 2y — fu)dy + Qxfe +2y1,) 0,

which is both horizontal and tangent to the graph of f at 7{?-a.e. point. Then the
horizontal lift of the plane curve s — ®(z, s) given by Theorem 4.1 is the curve

va(s) = (®(z,5), f(P(z,9), s€[-o 0l
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By Theorem 4.1, this curve is a geodesic with curvature H and with length bounded
from below by a positive constant depending on K. This curve exists for all z €
Ko C K with £2(K \ Ko) = 0. If z € K \ Ky, there are points z, € Ko, n € N,
such that z,, — z as n — 4+00. We can use the theorem of Ascoli—Arzela to extract
a subsequence, such that, after relabeling, the curves y,, converge uniformly to a
curve y : [—o,0] — OE. This curve is a geodesic passing through (z, f(z)) at
time s = 0, with curvature H and with length bounded from below by the same
positive constant as above. O

Analogously, we have:

Corollary 5.2 (Foliation by geodesics II). Under the assumptions of Theorem 4.2,
forall ¢ € K, there is a geodesic y; : [0, 0] — 9 E with curvature H, such that
Ve (0) = (h(£), ¢). Moreover, the length of y; is bounded from below by a positive
constant depending on K.

We identify the horizontal plane spanned by the vector fields X and Y at the
point p = 0 with the xy-plane

Ho={(z,0) e H' | z e C}.
In general, if p = (z,1) € H' we let
H,=pHo={(z+7,t+2ImzZ) e H' | 7 € C}.
The plane H,, is the boundary of the halfspaces

H, ={(.t)eH" |1 <t+2Imz7'},

(5.4)
Hi ={G. ) eH |t >t +2Imz7'}.
We say that a line ¢ C H! is horizontal if £ C H, for one (equivalently: all)

p € L. A horizontal segment is a segment of a horizontal line. A plane w C H' is
a supporting plane for aset E C H! atapoint p € dE if t NE C JE.

Definition 5.3 (Characteristic set). The characteristic set of a convex set E C H!
is ¥(E) = {p € 0F | H, is a supporting plane for E at p}.
The structure of X (E) is described in Theorem A.1 in the appendix.

Proof of Theorem 1.1. The curvature H = 3P (E)/4|E| of a (convex) isoperimet-
ric set E is homogeneous with degree —1 with respect to the dilations 8, (z, 1) =
(Az, A%t), & > 0. Thus, we can assume H = 2 without loss of generality.

Claim 1. For all p € 0 E\ ¥ (E), there is a curve of maximal length passing through
p and contained in d E whose projection onto the xy-plane is an arc of circle with
curvature H. One endpoint of the curve belongs to ¥, the other one to X 7.
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Let f : D — R be the function in (1.5), and let 2 : F — R be the function
in (1.10). Using a rotation of R3 fixing the ¢-axis, which is an isometry for the
Carnot-Carathéodory metric, and a left translation in the y direction if necessary,
we can assume that p € dE \ X (E) is either of the form

1) p = (z, f(z)) for some z € int(D) \ X(f), or of the form
2) p= (h(¢),¢) for some ¢ € int(F) \ ({y = 0} U Z(h)).

The existence of a piece of geodesic with curvature H passing through p and con-
tained in d E follows either from Corollary 5.1 or from Corollary 5.2. The existence
of a curve with maximal length whose projection onto the xy-plane is an arc of cir-
cle with curvature H follows from a compactness argument. If one endpoint of the
maximal curve does not belong to X (E), then a continuation argument provides a
proper extension of the curve. To prove this continuation, notice that two geodesics
contained in d E, with the same curvature and meeting at one point in dE \ X (E)
coincide in a neighborhood of the point. Finally, the endpoints of the maximal curve
cannot both belong to ¥~ or ©T.

Claim 2. The sets ¥~ and £ are points.

Assume by contradiction that ¥~ contains more than one point. According to
Theorem A.1, we have two cases:

1) X7 is a closed horizontal segment of positive length;
2) ¥7 =X, UX, with ¥ and ¥, disjoint closed horizontal segments lying on
the same horizontal line.

In case 1), after a left translation and a rotation fixing the 7-axis, we have ¥~ =
{(0, v,0) € H! { ly| < yo} for some yg > 0. Moreover, letting po = (0, yo, 0), by
the discussion of case 1) in the proof of Theorem A.1, we have

E CcHZ nH

po (M H=po- (-5)

Claim 1 combined with an approximation-compactness argument shows that there
is a geodesic y : [0, L] — OFE parameterized proportionally to arc-length, with
curvature H = 2 and such that y(0) = 0. We have y(0) = («, B, 0) for some
a, B € Rwitha? + 2 = 1/4. Assume o = 0 and 8 = 1/2 (if « # 0, the proof is
easier). Then, by (5.3), we have

1
y(s) = 5(1 —coss, sins, s —sins) € 9E forall s € [0, L]. (5.6)

However, for any cp > O, there is § > 0 with s — sins < co(1 — coss) for all
s € (0, 8). This contradicts (5.5). .

Case 2) cannot occur. In fact, denoting by ¥ the nonempty open segment
between X" and X, , we have ¥ C dE. By Claim 1, for any p € X there is a
geodesic contained in d E with curvature 2 which passes through p € T and has
one endpoint in X . This is impossible.
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Claim 3. Up to a left translation, we have E = Ejsop as in (1.4).

After a left translation, we can assume that ¥~ = {(0, —7/2)} and =+ =
{(z, )} with t > —m /2. This forces z = 0 and t = 7/2, otherwise there would be
at most one geodesic with curvature H = 2 connecting ¥~ to .

We claim that 0 € int(D). If, by contradiction, 0 € 9D, then {(0,t) €
H! | 7] < m/2} is contained in dE. But there is no geodesic with curvature
H = 2 which starts from X~ and passes through a point (0, #) with |¢| < 7 /2. This
contradicts Claim 1.

For all z € d D, there is a geodesic contained in d £, with endpoints (0, —m/2),
(0, /2), and which passes through (z, f(z)). The projection of this geodesic onto
the xy-plane is a (full) circle with radius 1/2 passing through the points 0 and z.
Hence 0 E contains the surface of rotation around the 7-axis generated by the curve
(5.3), and the claim follows. ]

A. Appendix

We describe the structure of the characteristic set X (E) of a compact convex set
E c H' with nonempty interior. The notation is fixed before Definition 5.3.

Theorem A.1 (Characteristic set). If E C H' is a compact convex set with non-
empty interior, then X (E) admits the decomposition L(E) = L~ U X, where
either

1) 7 (resp. £) is a compact horizontal segment (possibly one point); or;
2) TT =X UZX, (resp. Tt = Ei" U E;), where ¥, and %, (resp. Zf‘ and
E; ) are disjoint compact horizontal segments lying on the same horizontal line.

Moreover, if 0 € int(E), then Hy separates ¥~ from 7.

Proof. The proof is divided into a number of steps.

Claim 1. If E ¢ H! is a bounded strictly convex set, then X (E) contains at most
two points.

Let po, p1 € X(E) be such that pg # p;. After a left translation, we can
assume that po = 0 and p; = (z1,#1) with #; > 0. E is contained between the
horizontal planes H,, and H,, . By strict convexity, the segment

{px:(szl,szl)eH‘ 10<s < 1}

is contained in the interior of £. Moreover, we have

dE = {po, p1} U U dE NH,,.

O<s<l1
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By strict convexity, 9 ENH,; = {po} and d ENH,, = {p1}. Using the property p €
H, if and only if p" € H,,, we deduce thatif p € dE NH,, with0 < s < 1, then
ps € Hy, and H, is not a supporting plane of E. It follows that £(E) = {po, p1}.

Claim 2. If E ¢ H' is a bounded convex set with C* boundary, then X (E) # #.

For p € OE, let us denote by V(p) € T,dE the orthogonal projection of
the vector field T onto T,d E with respect to the left invariant inner product which
makes X, Y, T orthonormal. Since dE is diffeomorphic with the sphere S2, there
exists p € dE such that V(p) = 0 and therefore p € X (E).

Claim 3. If E  H! is a bounded strictly convex set with C° boundary, then X (E)
contains exactly two points.

By Claim 2 there exists pg € X (E). Without loss of generality we can assume
that po =0and E C Hg . Let V be the vector field defined in the proof of Claim 2.
It is V(0) = 0 and using the strict convexity of E it is not difficult to check that
index(V,0) = 1 (we omit the details). If by contradiction V has no other zero
on d E, then the Poincaré—Hopf index theorem would give index(V,0) = x (0E) =
x(8%) = 2, where x denotes the Euler—Poincaré characteristic. This is not possible.

Claim 4. If E ¢ H' is a bounded convex set with nonempty interior, then X (E)
contains at least two points.

This follows from Claim 3 by an approximation argument. Details are omitted.
Claim 5. We have £ (E) = £~ U 7 as in the statement of Theorem A.1.

Without loss of generality, we assume that 0 € int(E). We define the convex
sets
E-=ENH; and E"=ENH].

If pe dE- NHy = dET NHp with p # 0, then 0 € H, # Hyp and consequently
H, Nint(E%) # @. It follows that X(E¥) N Hy = {0}. By Claim 4 there exist
points p~, p* such that p* € T(E¥*) Nint (Hat) The relative interior of the line
segment connecting 0 with p~, respectively pT, is contained in the interior of E~,
respectively E*. A similar reasoning as in the proof of Claim 1 gives

Z(ET)={0JU(Z(E7)NH,-) and E(E")={0JU(S(ET)NHp+). (A.])

We consider £~ and we let p~ = pj. Assume there exists pp € L(E7) N Hp,
with pp # p1. Since the equality on the left hand side of (A.1) must hold with p»
instead of p; = p~, it follows that X (E ™) \ {0} is contained in the horizontal line £
passing through p; and p;. By a maximality argument, we can in fact assume that
2 (E™) \ {0} is contained in the compact sub-interval of ¢ with endpoints p; and
2. Moreover, possibly interchanging p; and p», there are only two possible cases:
either

- + +.
1) E Cle ﬂsz,or,

— + —
2) E- CH NH,,.
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In the first case, all points p € £ between p; and p, arein X (E£™), because H), does
not intersect the interior of H;,rl N H;,rz. We conclude that there exists a compact,
horizontal segment X~ such that X(E7) \ {0} = X~

In the second case, there exists a maximal compact sub-interval X, (resp. X,)
of £ such that p; € X and p € (E7) forall p € X, (resp. p» € ¥, and
p € X(E7) forall p € X,). On the other hand, there exists a point p € ¢
between p; and p such that H, Nint(E™) # @. Hence ¥ N X, = ¢ and we let
X=X Ux,.

Analogously, we get (E™) \ {0} = 1 with 7 as in the statement of the
thiorem. Note that neither ¥~ nor XV intersects Hy. Clearly, itis Z(E) = £~ U
T, O

Let E be a compact convex set in H! with nonempty interior of the form (1.5).
We have the convex function f : D — R, where D is a compact and convex subset
of R? with nonempty interior. We define the characteristic set X (f) of f as the
set of points z € D such that the horizontal plane H), at the point p = (z, f(2)) €
R? x R is a supporting plane for E.

An equation for the horizontal plane H,,, p = (z, f(2)),ist' = f(z) — 27147
Then, we have for z € int(D)

7€ X(f) & —2z' €df(2), (A.2)

where df (z) denotes the subdifferential of f at z.

Proposition A.2 (Lower bounds I). Let 2 C int(D) be an open set. Then, for any
compact set K C Q\ X(f) there is a constant § > 0 such that

IVf(z)+2:z5 =6 (A3)
for L*-a.e. 7 € K.

Proof. We show that (A.3) holds at differentiability points z € K of f. By con-
tradiction, assume that there exists a sequence z; € K, k € N, of differentiability
points of f such that |V f(zx) + 2z,f| — 0 as k — 4o00. Possibly taking a subse-
quence, we have z;z — z for some z € K. It follows that —2z1 € 3f(z) and this
implies z € X (f), contradicting the assumption K N X(f) = @. O

Now consider a convex set E of the form (1.10). We have the convex function
h : F - R, with F ¢ R? convex set. We define the characteristic set (k)
of h as the set of points { € F such that the horizontal plane H, at the point
p = (h(¢),¢) € R x R? is a supporting plane for E.

An equation for the horizontal plane H,,, p = (h(¢), ¢) with y # 0, is

h 1
X' =h@)+ &(y’ -+ —@{ —01.
y 2y
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Then, we have for { = (y, ) € int(F) with y £ 0

h(¢) 1
teX(h) < | —, — ) €dh(). (A4)
y 2y
Proposition A.3 (Lower bounds II). Letr Q C int(F) be an open set. Then, for
any compact set K C Q\ X (h) there is a constant § > 0 such that

lhy — 2hh,| + |1 — 2yh| > 8 (A.5)

L2-qe. inK.

Proof. If r > 0 is sufficiently small, we have a.e. in K N {|y| < r}
[1 —2yhy| > 1/2.

In fact, the derivatives of & are locally bounded. We claim that at differentiability
points of 4 in K N {|y| > r} we have

lhy —h/y| +1h: = 1/Q2y)| = &

for some §; > 0. If this is not the case, arguing as in the proof of Proposition A.2,
we find ¢ € K N{|y| > r} such that (h(¢)/y, 1/2y) € dh(¢), which is not possible
by (A.4). Hence there exists 6 > 0 such that the condition |h; — 1/(2y)| < 63
implies |hy — h/y| > 61/2 and |2h(h; — 1/(2y))| < 81/4, whence

lhy = 2hh:| = |hy — h/yl = |2h(hy = 1/2y))] = 81/4.

The claim follows with § = min{1/2, §;/4, 2ré,}. O

References

[1] L. AMBROSIO, Transport equation and Cauchy problem for BV vector fields, Invent. Math.
158 (2004), 227-260.

[2] L. AMBROSIO, N. Fusco and D. PALLARA, “Functions of Bounded Variation and Free
Discontinuity Problems”, Oxford Mathematical Monographs, Oxford Science Publications,
Clarendon Press, Oxford, 2000.

[3] L. CAPOGNA, D. DANIELLI, D. P. SCOTT and J. T. TYSON, “An Introduction to the
Heisenberg Group and the Sub-Riemannian Isoperimetric Problem”, Birkhduser, 2007.

[4] J.-H. CHENG, J.-F. HWANG and P. YANG, Existence and uniqueness for p-area minimizers
in the Heisenberg group, Math. Ann. 337 (2007), 253-293.

[5] J.-H. CHENG, J.-F. HWANG and P. YANG, Regularity of C! smooth surfaces with pre-
scribed p-mean curvature in the Heisenberg group, preprint, 2007.

[6] J.-H. CHENG, J.-F. HWANG, A. MALCHIODI and P. YANG, Minimal surfaces in pseudo-
hermitian geometry, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 4 (2005), 129-177.

[7] D. DANIELLI, N. GAROFALO and D.-M. NHIEU, A partial solution of the isoperimetric
problem for the Heisenberg group, Forum Math. 20 (2008), 99-143.



(8]
(9]
(10]

(11]
[12]
[13]
[14]
[15]
[16]
(17]

(18]

(19]
(20]
(21]
(22]

(23]

CONVEX ISOPERIMETRIC SETS IN THE HEISENBERG GROUP 415

B. FRANCHI, S. GALLOT and R. L. WHEEDEN, Sobolev and isoperimetric inequalities for
degenerate metrics, Math. Ann. 300 (1994), 557-571.

B. FRANCHI, R. SERAPIONI and F. SERRA CASSANO, Rectifiability and perimeter in the
Heisenberg group, Math. Ann. 321 (2001), 479-531.

N. GAROFALO and D.-M. NHIEU, Isoperimetric and Sobolev inequalities for Carnot—
Carathéodory spaces and the existence of minimal surfaces, Comm. Pure Appl. Math. 49
(1996), 1081-1144.

G. P. LEONARDI and S. MASNOU, On the isoperimetric problem in the Heisenberg group
H", Ann. Mat. Pura Appl. (4) 184 (2005), 533-553.

G. P. LEONARDI and S. RIGOT, Isoperimetric sets on Carnot groups, Houston J. Math. 29
(2003), 609-637.

R. MONTI, Brunn-Minkowski and isoperimetric inequality in the Heisenberg group, Ann.
Acad. Sci. Fenn. Math. 28 (2003), 99-109.

R. MONTI, Heisenberg isoperimetric problem. The axial case, Adv. Calc. Var. 1 (2008),
93-121.

R. MONTI, D. MORBIDELLI, Isoperimetric inequality in the Grushin plane, J. Geom. Anal.
14 (2004), 355-368.

R. MoONTI and F. SERRA CASSANO, Surface measures in Carnot-Carathéodory spaces,
Calc. Var. Partial Differential Equations 13 (2001), 339-376.

P. PANSU, Une inégalité isopérimétrique sur le groupe de Heisenberg, C. R. Acad. Sci.
Paris Sér. I Math. 295 (1982), 127-130.

P. PANSU, An isoperimetric inequality on the Heisenberg group, Conference on differential
geometry on homogeneous spaces (Turin, 1983). Rend. Sem. Mat. Univ. Politec. Torino,
Special Issue (1983), 159-174.

S. D. PAULS, Minimal surfaces in the Heisenberg group, Geom. Dedicata 104 (2004), 201—
231.

S. D. PAULS, H-minimal graphs of low regularity in H!, Comment. Math. Helv. 81 (2006),
337-381.

M. RITORE, A proof by calibration of an isoperimetric inequality in the Heisenberg group,
2008, preprint.

M. RITORE, C. ROSALES, Rotationally invariant hypersurfaces with constant mean curva-
ture in the Heisenberg group H". J. Geom. Anal. 16 (2006), 703-720.

M. RITORE and C. ROSALES, Area-stationary surfaces in the Heisenberg group H!, Adv.
Math. 219 (2008), 633-671.

Dipartimento di Matematica Pura ed Applicata
Universita di Padova

Via Trieste, 63

35121 Padova, Italia

monti @math.unipd.it

Institute of Mathematics
University of Bern, Sidlerstrasse 5
3012 Bern, Switzerland
matthieu.rickly @math.unibe.ch



