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Transcendental manifolds in real projective space
and Stiefel-Whitney classes

WOJCIECH KUCHARZ AND JOOST VAN HAMEL

Abstract. It is shown that the Stiefel-Whitney classes of a smooth manifold can
give obstructions to realizing this manifold as the set of real points of a nonsingu-
lar real algebraic subvariety of projective space of a given dimension, even when
the manifold can be embedded as an algebraic subset of real projective space of
that dimension (meaning that the corresponding real algebraic variety must have
complex singularities outside the real points). This strengthens earlier results by
Akbulut and King. The result is an application of more technical results concern-
ing algebraic cycles on real varieties combined with the Barth-Larsen Theorem in
complex geometry.

Mathematics Subject Classification (2000): 14P05 (primary); 14C25, 57R20
(secondary).

1. Introduction

Throughout this paper by a real variety X we mean an integral projective scheme
over R. We write X (R) for its set of real points, and X (C) for its set of complex
points. If X is nonsingular, then either X (R) is empty, or it is a compact smooth
(C*°) manifold of dimension equal to that of X. Note that there is no (partial)
converse: if X (R) is a smooth manifold of dimension equal to that of X, then X
may still be singular. This is of course in sharp contrast with the fact that X is
nonsingular if and only if the complex analytic set X (C) is a complex analytic
manifold. The difference between X (R) being smooth and X being nonsingular
will play a crucial role in the paper.

A classical result asserts that any nonsingular real variety of dimension d can
be embedded in real projective n-space P" (regarded as a real variety), provided
n > 2d + 1. The existence of an embedding in P" with n < 2d is in general a
subtle problem. In the present paper we will see how the topology of the set of real
points X (R) sometimes gives restrictions on the minimal n for which X admits an
embedding in P".
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According to the Nash-Tognoli Theorem (cf. Remark 2.7), each compact pos-
itive-dimensional smooth manifold M is diffeomorphic to X (R) for some nonsin-
gular real variety X; such a variety X is called an algebraic model of M. Given a
positive integer n, we say that M is n-transcendental if M admits a smooth embed-
ding into P (R), but no algebraic model of M can be embedded in P". Note that M
can only be n-transcendental if n is relatively small compared to the dimension of
M: the projective embedding theorem mentioned above implies that M will never
be n-transcendental for n > 2dim M + 1. Let us also mention that M cannot be n-
transcendental if it is embeddable in P" (R) as an intersection of C*° hypersurfaces
in general position (cf. [3, Theorem 7.1]).

In the present paper we identify a large class of n-transcendental manifolds,
many of which can even be realized as nonsingular irreducible algebraic subsets
of P"(R). This strengthens in particular the result of Akbulut and King in [2],
where they prove the existence of a nonsingular algebraic subset of P"(R) that is
not isotopic to the set of real points of any nonsingular closed subvariety of P
(cf- also [1,13]).

Before stating our result in a precise form, we introduce some notation and
terminology. Given a smooth manifold M, we denote by w;(M) its ith Stiefel-
Whitney class. The unit /-sphere will be denoted by S':

Slz{(y[,...,y1+1)€Rl+1: Y12+"‘+y12+1=1}-

We identify R” with the standard hyperplane complement in P (R), i.e., its image
under the map

R" — P*R), (x1,....,x) = (1 :x1:-- 1 x,).
Theorem 1.1. Let M be a compact smooth manifold of dimension m > 1.

(1) Assume that for some integer k > 2 there is no cohomology class w €
HY(M, Z/27) such that for every i < k the Stiefel-Whitney class w; (M) €
H (M, Z/27) is a scalar multiple of '. Then for all nonnegative integers
[, n such that

2m +21 — 2k >n >2m+1,

the manifold M x S is n-transcendental.
(i1) For all nonnegative integers I, n such that

n>2m+101+1,

there is a smooth embedding of M x S! in R" which maps M x S' onto a
nonsingular irreducible algebraic subset of P" (R).

It is easy to give a concrete example illustrating Theorem 1.1.
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Example 1.2. Let M be a smooth manifold homeomorphic to the complex projec-
tive plane. Since wy(M) # 0and H'(M, Z/27Z) = 0, Theorem 1.1 implies that for
any integer / > 12 and any n such that

2l —4>n>1+8

the manifold M x S is n-transcendental. If, moreover, n > [ 4+ 9 (hence [ > 13),
there is a smooth embedding of M x S’ in R" which maps M x §! onto a nonsingular
algebraic subset of P (R).

In view of the fact that for some of the n-transcendental manifolds identified
in Theorem 1.1 we do not know whether they can be embedded as an algebraic
subset of P"(R), we consider it an interesting open problem to decide whether
every smooth submanifold of P" (R) is isotopic to a nonsingular algebraic subset of
P"(R).

Theorem 1.1 is proved in Section 2 as an application of our results concerning
cycles on real varieties and the Barth-Larsen theorem in complex geometry. In order
not to interrupt the flow of exposition, the proof of Theorem 2.1 is postponed until
Section 3.
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stitut Oberwolfach for the support and excellent research environment, and the first
author would like to thank the Max-Planck-Institut for the support and hospitality.

2. Real cycles

Let X be a nonsingular n-dimensional real variety with X (R) nonempty. We have
the cycle map

cr: Z25X) > HYXR), Z/27),

defined on the group ZK(X) of algebraic cycles on X of codimension k: for any
closed subvariety V of X of codimension k, the cohomology class clg (V) is Poincaré
dual to the homology class in H, ¢ (X (R),Z/2Z)represented by V(R) if dimV(R) =
n — k (cf. [6] or [4,5] for the definition of this homology class) and clg (V) = 0 if
dim V(R) < n — k. We concentrate our attention on the image

Hyj, (X(R), Z/27) = clp(Z*(X))

of Z¥ (X) under clp (cf. [5] for a short survey of its properties and applications). It
is well-known that each Stiefel-Whitney class wy (X (R)) is in H;‘] g(X (R), Z/27,)
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(cf. [6]). What other cohomology classes are in Heﬁg(X (R), Z/2Z), depends very
much on the algebraic-geometric properties of X.

The groups H;‘lg(—, 7./27) have the expected functorial property: if f: X —

Y is a morphism of nonsingular real varieties, the smooth map
FR): X(R) - Y(R)
determined by f satisfies
FRY*(Hy, (Y (R), Z/27)) C Hyy (X (R), Z/27Z)
for k > 0 (¢f: [6]).
Much more surprising is the fact that if we allow ourselves strong conditions
on the topology of the holomorphic map

F(©): X(C) - Y(©),

we may actually bound Hflg (X(R), Z/27) from above as subgroup in

H*Y(X(R), Z/27)

by the image of the cohomology of Y (R) under the pull-back via f (R). This is the
content of the result below, which plays a crucial role in the proof of Theorem 1.1.

Theorem 2.1. Let f: X — Y be a morphism of nonsingular real varieties having
real points. If r > 0 is such that

f©*: H(¥(©).Z) » H (X (C). Z)
is an isomorphism for all j < r, then
Hy, (X(R), Z/2Z) C fR)*(H* (Y (R), Z/2Z))

forallk <r/2.

Remark 2.2.

(i) For the case r = 2 we have in fact that if
f©*: B/ (Y(©).2) - H(X(C),Z)
is an isomorphism for all j < 2, then
HY (X(R), Z/2Z) = f(R)*(H} (Y (R), Z/2Z))

for k = 1 (and k = 0 as well, but this is trivial).
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This sharper result, not used in the present paper, is in fact much easier to prove
than the general case, and should already be known implicitly or explicitly by
all experts, although we are not aware of an explicit occurrence of this result in
the literature. Indeed, the hypothesis immediately implies that

fi: Pic(Ye) — Pic(Xc)

is an isomorphism of the Picard groups of the associated complex varieties,
from which it easily follows that

f*: Pic(Y) — Pic(X)

is an isomorphism, which implies the conclusion on Hallg, since the cycle map

clr is compatible with rational equivalence of algebraic cycles.
(ii) If Y = IP" in Theorem 2.1, then

Hyj (X (R),Z/2Z) = f (R)* (Hy, (P*(R),Z/2Z)) = f (R)*(H" (P"(R),Z/2Z))
for all k < r/2, since Hflg(IP’"(R), 7.)27) = H1(P"(R), Z/27Z) for all ¢ > 0.

We postpone the proof of Theorem 2.1 until Section 3. Presently we derive conse-
quences of Theorem 2.1 and some classical results from complex geometry.

By combining Theorem 2.1 with the Lefschetz theorem for complete intersec-
tions, we get:

Corollary 2.3. Let X be a nonsingular complete intersection in P" with X (R)
nonempty, and let i : X < P" be the inclusion morphism. Then

Hy,(X(R), Z/2Z) = i R)* (H* (P"(R), Z/21))
forallk < (dimX — 1)/2.

Proof. By the Lefschetz Theorem (see for example [15, Example 3.1.31]), the re-
striction map

i(C)*: H/ (P"(C),Z) - H/(X(C),7Z)

is an isomorphism for j < dim X — 1, and hence it suffices to apply Theorem 2.1
via Remark 2.2.(ii). ]

Similarly, Theorem 2.1 combined with the Barth-Larsen theorem yields the
following result, which plays an essential role in the proof of Theorem 1.1.

Corollary 2.4. Let X be a nonsingular closed subvariety of P" with X (R) nonemp-
ty, and let i : X < P" be the inclusion morphism. Then

Hy, (X (R), Z/2Z) = i R)*(H"(P" (R), Z/2Z))
forallk < dim X — (n/2). In particular,
wi(X(R)) € i R)*(H*(P"(R), Z/27.))
forallk <dim X — (n/2).
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Proof. By the Barth-Larsen theorem ([14], or see [15]), the restriction map
i(C)*: H/ (P"(C),Z) — H/(X(C),7Z)

is an isomorphism for j < 2dim X — n, and hence it suffices to apply Theorem 2.1
via Remark 2.2.(ii). ]

There are many Barth-Larsen type theorems available in the literature (cf. [15,
Theorem 3.2.1] and the references cited there). They can be used in conjunction
with Theorem 2.1 to obtain the correspoonding versions of Corollary 2.4. We leave
the details to the interested reader.

The following result gives in certain cases a strengthening of the second part
of Corollary 2.4, but it will not be used in the rest of the paper.

Corollary 2.5. Let X be a nonsingulaar closed subvariety of P" with X (R) non-
empty, and let i : X < P" be the inclusion morphism. If 3n < 4dim X, then

wr(X(R)) € i R)*(H*(P"(R), Z/27))
forallk > Q.

Proof. Our aim is to show that, under the hypotheses, the total Stiefel-Whithey
class w(X (R)) is contained in the subring

R := i(R)*(H*(P"(R), Z/2Z))

of H*(X(R), Z./27).

Let 7 be the tangent bundle of X (R), let 6 be the restriction to X (R) of the
tangent bundle of P (R), and let v be the normal bundle of X (R) c P"(R). Since
T@v =~ 0, we get in terms of Stiefel-Whitney classes that w(7)w(v) = w(8), hence
w(XR)) = w(r) = w@)w()~L. Since w(@) € R it is sufficient to show that
w(v)~1isin R, but for this it is sufficient to show that w(v) € R (see [17, page 40]).

The normal bundle v is of rank n — dim X and algebraic, so

n—dim X

wv) e P Hy, (X (R), Z/27).
k=1

The hypothesis 3n < 4dim X implies that n — dim X < dim X — n/2, so Corol-
lary 2.4 gives that w(v) € R. O

Definition 2.6. We will say that an algebraic subset of R" is projectively closed if
it is also Zariski-closed in P" (R).

Remark 2.7. By Tognoli’s theorem ([21,22]) (see also Nash’s paper [18] for a
weaker but influential result), each compact positive-dimensional smooth manifold
M is diffeomorphic to a nonsingular irreducible algebraic subset A of R? for some
q. Taking the Zariski-closure of A in IPY (as a real variety) and applying Hironaka’s
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resolution of singularities [9], we see that M is diffeomorphic to X (R), where X is
a nonsingular closed subvariety of P” for some r. Moreover X (R) C R’, in other
words, X (R) is a nonsingular irreducible projectively closed algebraic subset of R”.
Making use, if necessary, of general projections, we may assume r = 2dim M + 1.

Proof of Theorem 1.1. Let M be a compact smooth manifold of dimension m > 1,
and let / be an arbitrary nonnegative integer.

(i) Clearly, S! can be embedded in R2"t with trivial normal bundle. The rank of

this bundle is 2m. By Whitney’s theorem ([24]), there is a smooth embedding
of M into R?"_ Hence M x S' admits a smooth embedding into R2m+ hence
into P2"tL(R).
Now let k be as in the theorem, and let n, [ be such that 2m + 2] — 2k > n >
2m + . Assume that M x S is not n-transcendental. Hence there exists a
smooth embedding e: M x St — P"(R) with e(M x S§') = X(R) for some
nonsingular closed subvariety X of P*. Since k < (m +1) — n/2,

wi (M x §Y € *(H (P"(R), Z/2Z))

for all i < k by Corollary 2.4. Fixing a point p € S!, we now define j: M —
M x S' by x — (x, p). Then w;(M) = j*(w;(M x S')) for all i > 0 hence
w; (M) is in j*(e*(H' (P"(R), Z/27))), hence a scalar multiple of j*(e*(h'))
where h € H'(P"(R), Z/27) ~ 7/2Z is the class of the hyperplane. This
contradicts the hypothesis, hence M x S is n-transcendental.

(ii) Suppose n > 2m + [ + 1. According to Remark 2.7 we may assume that
M is a nonsingular irreducible projectively closed algebraic subset of R?"+1,
Applying a translation, we get M contained in the open half-space

2m+1,
{1, x5 ooy Xoms1) € R xo40 > 0}

Define ¢: M x S — R+ +1 py

(X1, o Xm0 1), (Vs - o V) = (X1 ooy X2 X2 1 V15 -+ - s X2t 1VI41)-

One can check that the image ¢(M x S') is a projectively closed algebraic
subset of R¥"*/+1 and ¢p: M x S' — ¢(M x S') is a biregular isomorphism
of real algebraic sets (cf. [13, Lemma 3.1] if desired). 0

3. Equivariant cohomology

Let I' = Gal(C/R) = {1, o} be the Galois group of C/R. Recall, that I" acts on
the set of complex points X (C) of any real variety X, that this action is continuous
for the Euclidean topology (in fact, it is anti-holomorphic), and that the set of fixed
points under this action consists exactly of the set of real points X (R) of the real
variety X. Therefore, we get for any I'-module A (i.e., an abelian group A with an
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action of T), the equivariant cohomology H*(X (C); T, A) of X (C) by taking the
equivariant sheaf cohomology (as defined in [8, Chapter V]) of the equivariant sheaf
associated to A on the I'-space X (C), equipped with the Euclidean topology. For
us the interesting cases are A = Z /27 and A = Z(i) (for any integer i), by which
we mean that A = Z as an abelian group, and that I" acts on A via o - z = (—1)z.
It was V.A. Krasnov who first introduced the technique of equivariant cohomology
into real algebraic geometry ([10]) and it has had many applications since then (see
for example [7, 16, 19,20,23]). For us, the following facts will be important.

Proposition 3.1. With notation as above, there is a spectral sequence
EY? = HP(I', H1(X(C), A)) = HPT(X(C); T, A), (3.1
which is functorial in X and A.
Proof. See [8, Theorem 5.2.1]. ]
The second important fact uses natural homomorphisms
B> =p%": H*(X(C); T, A) - H'(X(R), Z/2Z)

defined for A = Z/2Z or Z(i), which are functorial in X (see for example [11]).
The map ,Bj"t is in fact the composition of the change of coefficients map

H (X(C); T, A) - H*(X(C); I, Z/27),
followed by the restriction map H* (X (C); I, Z/27Z) — H*(X(R); T, Z/27), fol-
lowed by the isomorphism H*(X (R); I', Z/27Z) ~ @;_, HX(X(R), Z/27) (8,
Corollary of Proposition 5.4.1]), followed by the projection to the tth term of the
direct sum. (Indeed, ﬁi’t is the zero map if ¢t > ).

For us, the importance of the maps 8%/ lies in the following. If X is nonsingu-
lar and projective over R, then for each k£ > 0 we have a cycle map

ZK(X) - H*(X(C); T, Z(k)) (3.2)

with the remarkable property (first proved by V.A. Krasnov in [12]) that not only
the ‘complex’ cycle map

cle: 2KX) - H*(X(C), Z(k))
factorizes through (3.2), via the natural map

H*(X(C); T, Z(k)) — H*(X(C), Z(k)),
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but that the real cycle map
cr: ZKX) > HYXR), Z/27)
factorizes through (3.2) as well, via the map
pHk H* (X (C); T, Z(k)) — H*(X(R), Z/27)

defined above (see [12], or [23, Chapter IV] for a different approach).
From these remarkable facts we easily derive the following result.

Lemma 3.2. Let f: X — Y be a morphism of algebraic varieties such that
F©*: H*¥(Y(C): I, Z(k)) — H*(X(C); T, Z(k))

is surjective, then

Hy (X(R); Z/2Z) C f(R)*(H (Y (R), Z/27)).
Proof. By the above we have that

Hy, (X (R); Z/22) C B** (H* (X (C); T, Z(k))).
By hypothesis,

BHK(H (X (C);T, Z(k))) = BF(F(CFHP* (Y (C); T, Z(k))).

Functoriality of g2%* implies that

B (f(©FHM (Y (C):T Z(k)) = f R*(B** (H* (¥ (C); T, Z(K))))
C fFRY*(HY (Y (R), Z/27)). .

Proof of Theorem 2.1. Let f: X — Y be as in the statement of the Theorem. Since
f(©*: H1(Y(C),Z) - H1(X(C), Z)
is an isomorphism for g < r, we have that the induced map
HP(T, H1(Y(C), Z(i))) - HP(T, H1(X(C), Z(i)))

is an isomorphism for every p > 0, ¢ < r and i € Z. Therefore, the spectral
sequence (3.1) tells us that

F(©*: H/(Y(C); T, Z(i)) — H/(X(C); T, Z(i))
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is an isomorphism for all j < r and all i € Z. In particular,
F(©*: H*(Y(C): T, Z(k)) > H*(X(C); T, Z(k))
is an isomorphism for 2k < r, and Lemma 3.2 then implies that

Hy (X(R), Z/2Z) C f(R)*(H* (Y (R), Z/2Z)). 0
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