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Shell theories arising as low energy I"-limit
of 3d nonlinear elasticity

MARTA LEWICKA, MARIA GIOVANNA MORA
AND MOHAMMAD REZA PAKZAD

Abstract. We discuss the limiting behavior (using the notion of I'-limit) of the
3d nonlinear elasticity for thin shells around an arbitrary smooth 2d surface. In
particular, under the assumption that the elastic energy of deformations scales

like 74, being the thickness of a shell, we derive a limiting theory which is a
generalization of the von Kdrmén theory for plates.

Mathematics Subject Classification (2010): 74K20 (primary); 74B20 (sec-
ondary).

1. Introduction

The derivation of lower dimensional models for thin structures (such as membranes,
shells, or beams) from the three-dimensional theory has been one of the fundamen-
tal questions since the beginning of research in elasticity [19]. Recently, a novel
variational approach through I'-convergence has lead to the derivation of a hierar-
chy of limiting theories. Among other features, it provides a rigorous justification
of convergence of three-dimensional minimizers to minimizers of suitable lower
dimensional limit energies.

In this paper we discuss shell theories arising as I'-limits of higher scalings
of the nonlinear elastic energy. Given a 2-dimensional surface S, consider a shell
S" of mid-surface S and thickness %, and associate to its deformation u the scaled
per unit thickness three dimensional nonlinear elastic energy E®354¢(y, §"). We are
interested in the identification of the I'-limit /g of the energies:

h—ﬂ Eelastic(.’ Sh),
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as h — 0, for a given scaling 8 > 0. As mentioned above, this implies convergence,
in a suitable sense, of minimizers u” of E®astic(. gh) (subject to applied forces) to
minimizers of two-dimensional energy /g, provided £ elastic gy < Chp,

In the case when S is a subset of R? (i.e., a plate), such I'-convergence was
first established by LeDret and Raoult [15] for 8 = 0, then by Friesecke, James,
and Miiller [9, 10] for all 8 > 2 (see also [24] for results for = 2 under additional
conditions). In the case of 0 < 8 < 5/3 the convergence was recently obtained
by Conti and Maggi [5], see also [2]. The regime 5/3 < B < 2 remains open
and is conjectured to be relevant for crumpling of elastic sheets. Other significant
results for plates concern derivation of limit theories for incompressible materials
[3,4, 28], for heterogeneous materials [26], and through establishing convergence
of equilibria, rather than strict minimizers [20, 22].

Much less is known in the general case when S is an arbitrary surface. The first
result by LeDret and Raoult [16] relates to scaling 8 = 0 and models membrane
shells: the limit Iy depends only on the stretching and shearing produced by the
deformation on the mid-surface S. Another study is due to Friesecke, James, Mora,
and Miiller [8], who analyzed the case 8 = 2. This scaling corresponds to a flexural
shell model, where the only admissible deformations are those preserving the metric
on S. The energy /> depends then on the change of curvature produced by the
deformation.

All the above mentioned theories (as well as the subsequent results in this
paper) should be put in contrast with a large body of literature, devoted to deriva-
tions starting from three-dimensional linear elasticity (see Ciarlet [1] and references
therein). Indeed, since thin structures may undergo large rotations even under the
action of very small forces, one cannot assume the small strain condition, on which
the linear elasticity is based.

The objective of this work is to discuss the limit energies for scalings g > 4,
for arbitrary surfaces S. We now give a heuristic overview of our results, whose
precise formulations will be presented in Section 2. If E¢1astic(y §y ~ Ch#, for
any B > 2, one expects u to be close to a rigid motion R. This argument can
be made precise by means of the quantitative rigidity estimate due to Friesecke,
James, and Miiller [9] (see also Lemma A.1). We further demonstrate that the first
term in the expansion of # — R, in terms of £, belongs to the space of infinitesimal
isometries V. That is, there is no first order change in the Riemannian metric of S
under the displacement V € V. The corresponding bending energy, given in terms
of the first order change in the second fundamental form of §, is the I'-limit /g
if B > 4 (Theorem 2.3). This limit energy coincides with the so-called linearly
elastic flexural shell model, derived in [1] from the linear elasticity theory. Our
result guarantees therefore that, without any a priori smallness assumption on the
strain, the use of the linearized flexural shell model is justified whenever the order
of magnitude of the per unit thickness three-dimensional energy is 4# with 8 > 4.

When 8 = 4, also the second order in 4 change in the metric on S (stretch-
ing) contributes to the limiting energy. This change is induced by V, and addi-
tionally, by an “approximate second order displacement” w. This last notion in-



NONLINEAR SHELL THEORIES 255

volves studying the finite strain space B. For a similar situation where this space
emerges see the discussion by Sanchez-Palencia [25] and Geymonat and Sanchez-
Palencia [11] under the title of ill-inhibited surfaces, in the context of linear elas-
ticity. In Theorems 2.1 and 2.2 we derive the energy functional /4, which can be
seen as a generalization of the von Kdrmdn theory for plates [14], justified in terms
of I'-convergence in [10]. Indeed, if S is a plate, then the normal component of
V and w are, respectively, the out-of-plane and the in-plane displacements (mod-
ulo a possible in-plane infinitesimal rigid motion). In the general case of shells,
the functional I4 has been, according to our knowledge, so far absent from the
literature.

A particular class of surfaces when 14 simplifies to the bending energy is the
hereby introduced class of approximately robust surfaces. We say that S is (approx-
imately) robust if any infinitesimal isometry V € V can be completed by a second
order displacement to an (approximate) second order isometry. In other words, S
can always further adjust its deformation, to compensate for the change of metric
produced at second order. As a result, the total stretching of second order is in-
significant and the I'-limit consists only of a bending term (Theorem 2.3). We show
three general examples of approximately robust surfaces: convex surfaces, surfaces
of revolution, and developable surfaces without flat parts. An example of a not
approximately robust surface is a plate.

We also address the issue of external forces, depending on the reference config-
uration, namely the dead loads (Theorem 2.5). Under a vanishing average condition
and a suitable scaling of the forces f”* applied to S”, Theorem 2.1 provides infor-
mation on the deformation of S assumed in response to the load. In addition, the
appropriate limit force f identifies the set of possible rotations the body will un-
dergo. This phenomenon is easily observed: if £ is “compressive”, then S” prefers
to make a large rotation rather than undergoing a compression, and an alignment of
V with the force is energetically preferable.

As noted above, from the mechanical point of view, the class of approximately
robust surfaces exhibits a response to loads which is qualitatively different than that
of plates, and a better capacity to resist stretching under the same regime of forces.
In general, the most important factor in understanding a shell’s response to loads
is the relationship and properties of spaces V and B. From the technical point of
view these are also the crucial new ingredients of the present paper, improving the
analysis of [8—10].

The identification of I'-limit for any scaling in the range 8 € (2, 4) and non-
flat S is still open. In analogy with the analysis developed in [10] for plates, the
construction of a recovery sequence requires finding an exact isometry of S, co-
inciding with a given second order isometry. Another direction of study concerns
shells, whose mid-surface is inhibited (or infinitesimally rigid). Examples of such
are closed or partially clamped elliptic surfaces. In this case the limit functionals
that our theory yields are identically equal to zero. This suggests looking for higher
order terms in the development of the three-dimensional energy in the sense of I'-
convergence. These are subtle issues and we plan to address them in a forthcoming

paper.
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2. An overview of the main results

Let S be a 2-dimensional surface embedded in R3. We assume that S is com-
pact, connected, oriented, and of class C L1 and that its boundary 9§ is the union
of finitely many (possibly none) Lipschitz continuous curves. Consider a family
{Sh}h>0 of thin shells of thickness / around S:

Sh={z=x+41tikx); xS, —h/2<t<h/2}, 0 < h < hy.

We will use the following notation: 7(x) for the unit normal, 7 S for the tangent
space, and I1(x) = Vn(x) for the shape operator on S, at a given x € S. The
projection onto S along 7 will be denoted by 7, so that:

w(z) =x Vz=x+tii(x) € S".

We will assume that & < hg, with hg > 0 sufficiently small to have & well defined
on each §”, and so that: 1/2 < |Id + tT1(x)| < 3/2 for all z as above.

For a W12 deformation of a thin shell u” : §* — R3, we assume that its
elastic energy (scaled per unit thickness) is given by the nonlinear functional:

Eclastic b ghy l/ W (Vu").
h Jgh

The stored-energy density function W : R3*3 — [0, 0o] is C? in some open
neighborhood of SO (3), in the space R3*3 of 3 x 3 real matrices. Moreover, W is
assumed to satisfy the conditions of normalization, frame indifference and nonde-
generacy:

VF eR¥™ VReSOB) W(R)=0, W(RF)=W(F),
W(F) > Cdist*(F, SO(3)),
with a uniform constant C > 0. Here SO (3) denotes the group of proper rota-
tions. Recall that the tangent space to SO (3) at Id is the space of skew-symmetric

matrices:
so(3) = {F eR¥3, F= —FT} .

It is convenient to view u” through their rescalings yh € Wl*z(ShO, ]R3), defined on
a common domain S"0:

Y + 17 (x)) = u (x + th/hoii(x))  Vx €S8 Vi e (—ho/2, ho/2).
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Given the rescaled deformation yh e Wh2(gho, R3), its scaled average displace-
ment is given by:

ho/2

VD@ = i - ar
e

—ho/2

Since we will frequently deal with such vector fields V € Wh2(S,R3) on the
surface, we introduce the following notation. By sym VV (x) we mean a bilinear
form on 7S given by: (sym VV(x)t)n = %[(8,V(x))n + (9, V(x))t], for all
T,n € T,S. Given a matrix field A € L2(S, R3%3), by Awn(x) we denote the
tangential minor of A at x € S, thatis [(A(x)T)n]c yeT,s-

We are concerned with the limiting behavior, relative to low energy deforma-
tions, of the energies:

rofy =1 [ weh.
h Sh

That is, we want to discuss the limit, as 7 — 0, of the functionals 1" / el fora given
sequence of positive numbers ¢’, which we assume to satisfy:

lim "/ h* = k? < 0. (2.1)
h—0

We will prove that the limit under consideration is described (in the sense of I'-
convergence [6]) by the generalized von Kdrmén functional 7(V, By) in (2.3),
defined for infinitesimal isometries V € )V and strains By, € 3. The crucial space
YV consists of infinitesimal isometries [27] V € W%2(S, R3), that is these vector
fields V for whom there exists a matrix field A € W12(S, R3*3) so that:

0:V(x) =Ax)Tr and A(x) € so(3) forae.x €S, VreTl,S. (@22

Another crucial space is the finite strain space B, consisting of the following sym-
metric matrix fields:

B= {L2 ~ lim symVw"; w" e WS, R3)},
h—0
(clearly, both the weak and the strong convergences yield the same B).
Our first main result is the following:

Theorem 2.1. Assume (2.1) and let u" € W'2(§", R3) be a sequence of defor-
mations such that the sequence of scaled energies {eihl h(y")Y is bounded. Then

there exist rigid motions of R3, given through proper rotations Q" € SO(3) and
translations c" € R3, such that for the normalized deformations:

fh(x +tn) = (Qh)Tyh(x +tn) — ch

the following holds.
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(i) " converge in W1-2(5"0) to 7.
(i1) Vh[jih] converge (up to a subsequence) in WL2(8) to some V € V.
(ii1) %symv Vh[ih] converge (up to a subsequence) weakly in L2(S) to some sym-
metric matrix field By on S.
(iv) There holds:
1
liminf —I"(y") > I(V, Bun),
1]/1[11:(1)1 eh (y ) sl ( ) tan)
where:

1 K
I(V, Btan) = 5 / 0)) (x’ Bian — E(Az)tan)
S

1 (2.3)
+ g [ Q2 (VAR — AT
24 Js
The following quadratic, nondegenerate forms are of relevance here:
F) = D*W(d)(F, F),
Q3(F) dd)(F, F) 2.4)

Qs (x, Fan) = min{Q3(F); (F — F)un = 0}.

The form Qs is defined for F € R3*3, while Q, (x,-), for a given x € S is defined
on tangential minors Fi,, of such matrices. Both forms Q3 and all O(x, -) are
positive definite and depend only on the symmetric parts of their arguments [9].

Theorem 2.1 will be proved in Sections 3 and 4. One of the crucial ingredients
is a result on approximating large deformations [9]. For completeness, we sketch its
proof, in the setting of shells, in Appendix A. We also note that because of the non-
trivial geometry of the shell, the density in the limiting energy /, in general exhibits
adependence on x € S, although the three-dimensional density W is homogeneous.

Our second main result concerns the possibility of recovering the functional
I(V, Byn) in (2.3) (or its components) as the limit of scaled energies EL,,I h(yh), for
some sequence of deformations.

Theorem 2.2. Assume (2.1). For every V € V and every By, € B, there exists a
sequence of deformations u" € W-2(S" R3) such that:

@) yh converge in wh2(shoy to 7.

(i1) Vh[yh] converge in wWh2(S)yro V.
(iii) Fsym VV"[y"] converge in L*(S) t0 Biap.
(iv) Recalling the definition (2.3) one has:

. 1 h/ h
}}l_f)%e—hl ") = 1(V, Ban).

The form of the limiting energy functional / simplifies, when the space B is large
enough to choose By, so that the first term in (2.3) vanishes. That is, we call §
“approximately robust” if for every V € V one has (A%), € B.



NONLINEAR SHELL THEORIES 259

Theorem 2.3. Assume (2.1). Let k = 0 or let S be approximately robust. Then for
every V €V there exists a sequence of deformations u" € WH2(S" R3) such that
(1) and (ii) of Theorem 2.2 hold. Moreover:

1 .
lim —I"(y") = I (V),
Jim O =1()

where

- 1 .
(V) = ﬂ/SQz(x, (V(An) — An)tan). (2.5)

Theorems 2.2 and 2.3 will be proved in Section 6. In Section 5 we discuss the
space 3. In particular, we shall see that convex surfaces, surfaces of revolution, and
non-flat developable surfaces are approximately robust.

Theorems 2.1 and 2.2 (or 2.3) can be summarized (although they provide more
information than the below statement), using the language of I"-convergence. For
completeness, the following result will be presented in Appendix B.

Corollary 2.4. Assume (2.1).

(1) Define a sequence of functionals:

Fhowhsho R x wh(S, RY) x L*(S, R¥?) — R

tan

1 .
]_—h(yh’ Vh, gh ) = { e—hlh(yh) if vh = Vh[yh] and Béfm = %sym vVvh,
+o00 otherwise.

Then F" T-converge, as h — 0, to the following functional:

I(V,Buan) if y=m, Ve€Vand By € B,
+0o0 otherwise.

F(y,V, Buan) = {
(i) Assume that k = 0 or let S be approximately robust. Define the functionals:
Fhowh2(sh R3) x wh2(s,R%) — R

1 .
Frh vy = | MO i v = Vi,
+00 otherwise.

Then F" ["-converge, as h — O, to the functional:

I(V) if y=mandV €V,
+00 otherwise.

Fy, V)= !

All statements above remain valid if the product spaces (the domains of functionals
Fh, F) are equipped with the weak (instead of strong) topology.
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We further consider a sequence of forces f e L?(S", R?), acting on thin
shells $”. For simplicity, we assume that:

£+ 17 () = hy/eh det (Id + 1TT(x)) ™! £(x),

where f € L2(S, R3) is normalized so that:

/f:& (2.6)
S

Define m to be the maximized action of force f on S over all rotations of S, and let
M be the corresponding set of maximizers:

,M={Qesm3;/fuyémn=m= max /f~@}. (2.7)
S S

QeS0?3)

The total energy functional on S” is given through:

1
J"OM =11 +mt f fhul,
]’l Sh
where m" = h/ehm.
Theorem 2.5. Assume (2.1) and (2.6). Then:

(i) For every small h > 0 one has:
1
OZm%7ﬂHwLuheW“m%R%}z—c
e
(i) Ifu" € WH2(S, R?) is a minimizing sequence of eih J", that is:
mn-Lﬂ@h—mﬂlﬂ =0 (2.8)
h—0 \ e el ’ ’

then there exists Q" € SOQ3) and ¢ € R> such that for the normalized
deformations ih =(ohT yh — " the convergences of Theorem 2.1 (i) (ii) and
(iii) hold. The convergence of (a subsequence of) %symV yh [fh] 10 Biay in (iii)
is strong in L2(S).

Moreover, the set of accumulation points of {Q"} is contained within M. Any
limit (V, Btan, Q) minimizes the functional:

J(V, Ban, Q) = I(V, Buan) — /S f-Qov,

overall V €V, all Byy € Band Q € M.
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(i) If k = 0in (2.1), or if S is approximately robust, then for any minimizing se-
quence as in (2.8), we obtain convergences of ", V5" and Q" as described
in (ii) above, and the limit (V, Q) minimizes the functional:

f<v,Q)=f(V>—/Sf-QV

overall Ve Vandall Q € M.

In Section 7 we prove Theorem 2.5 and explain the significance of the set M in the
setting of dead loads.

The lower bound on the functionals J and J , as well as attainment of their
infima, can be proved independently, under conditions (2.6) and:

/ f(x)-QFxdx =0 VQ e M, VF €s0(3). (2.9)
S

Here M is any closed, nonempty subset of SO (3). When M has the form (2.7),
then (2.9) follows from (2.7) and can be seen as its linearization. This analysis will
be carried out in Appendix C.

3. Convergence of low energy deformations

In this section we derive some bounds on families of vector mappings {u"}~0,
defined on S”, under the assumption of smallness on their energy. In what follows,
by C we denote an arbitrary positive constant, depending on the geometry of S but
not on 4 or the vector mapping under consideration. In all proofs, the convergences
are understood up to a subsequence, unless stated otherwise.

We will work under the following hypothesis:

A sequence of vector mappings u" € W12(S" R3) and a sequence of
positive numbers e” satisfy, for small 4 > 0:

(H) @) 1/ W(Vu") < Cét,
h Sh

ii) lim e"/h? = 0.
(e

As for the flat case in [10], the first crucial step is the following approximation
result.

Lemma 3.1. For each u" as in (H) there exist a matrix field R" € W1-2(§, R3%3)
such that:
R"(x) e SO(3) VxeS,

and a matrix Q" € SO(3) such that:
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() V" = Rzl sy < ChY2Vel,
(i) IVR" [l 2(5) < Ch™'Web,
(i) |(Q"MT R —1d||Lr(s) < Ch™'Vel, forall p € [1, 00).

The proof follows from Lemma A.1 given in Appendix A, in view of:
E@", s") = / dist?(Vu", SO (3)) < c/ W(Vu") < Che"
Sh sh

so that lim, .0 A3 E(u", ") = 0 by hypothesis (H).
Lemma 3.2. Assume (H) and let R", Q" be given as in Lemma 3.1. There holds:
(i) lim (OMTR" =1d, in W'2(S) and in LP(S).

Moreover, there exists a W2 skew-symmetric matrix fields A : S —s> so(3) such
that:

h
(i) lim —= ((Qh)TRh - Id) — A, weakly in WY-2(S) and (strongly) in L?(S).

b Vet
h2 T ph 1 2
(iff) lim ——sym ((Q )T R — Id) — ZA2 in LP(S).
h—0 e 2
In (ii) and (iii) convergence is up to a subsequence (that we do not relabel). In (i),
(ii), and (iii) the appropriate convergence holds for all p € [1, 00).

Proof. The convergences in (i) follow from Lemma 3.1 in view of (H). To prove

(ii), notice that the sequence:

_h
Vel

is bounded in W12(S) and so it has a weakly converging subsequence. In view of

the compact embedding of W!-2(S) into L?(S) the convergence is strong in L”(S).
One has:

Al ((Qh)TRh - Id)

Vel

h
h

Vel

The latter converges to 0 in L”(S), and therefore the limit matrix field A is skew-
symmetric. The above equality proves as well that:

Al 4 (AT = <(Qh)TRh + (RN oh — ZId) __ (AT . AP

h 1
lim — sym A" = — A?
h—0 /eh 2

in L?(S), which implies (iii). O
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Recall the rescaling:
(x4 i (x)) = u (x + th/hoii(x)) Vx €S, Vte(—hy/2, ho/2),
so that yh e WL2(sho R3). Also, define:
Viy" (x + 17 (x)) = Vu" (x + th/hoii (x)) .
By a straightforward calculation we obtain the following proposition.

Proposition 3.3. Foreachx € S,t € (—ho/2, ho/2) and t € T, S there hold:
3y (x + i) = Vpy" (x + 171) Ad + th/hoT(x)) (Id + tT1(x)) "'z
. h -
9y (x 4 1) = h—Vhyh (X + i) i (x).
0
Moreover, for Ih(yh) = %fsh W (Vu") one has:
1 -
"M =— f W (Viy" (x + 1)) - det [(Id + th/hoTl) (Id + tl'[)_l]
ho/2
/][ W (Viy" (x + ti1)) - det [1d + th/hoT1(x)] df dx.
ho/2

Also, directly from Lemma 3.1 (i) and Lemma 3.2 (ii) the next proposition follows:

Proposition 3.4. Assume (H). Then:

) ||Vhyh — Rl o ghoy < CV/ e,
(>i1) 11m — ((Q ) Vhy Id) = Am, in L?(S"0) up to a subsequence.

0\/—

We will consider the corrected by rigid motions deformations y* € W12(§h0 R3)
and averaged displacements V" € W1-2(§, R3):

ho/2

= (oMY — = VI3t = f][ §h(x + ti) — x dr,

ho/2

ho/2
where ¢ —][ ][ (OMTy" — x dt dx, so that]L vh =o.
ho/2 S
Lemma 3.5. Assume (H). Then:
(i) lim 3" = 7, in WH2(Sho),
h—0

(i1) }}in}) vh = V, in WL2(8) up to a subsequence.
—
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The vector field V in (ii) has regularity W>2(S,R3) and it satisfies 3,V (x) =
A(x)T forall T € TyS. The w2 skew-symmetric matrix field A : S —> so(3) is
as in Lemma 3.2.

Proof. 1. In view of Proposition 3.3 and Proposition 3.4 we have:

<CVeh

vayh _ ((Qh)TRh> - (Id + th/ hoTT)(Id + zn)—" <
tan L2(Sh0)

(3.1)

3ﬁ)~’h‘

h
vty = CHIVIY 250, < Ch.

To prove convergence of V", consider:
h h [ h
VVix) = —][ Viany" (x + tn)(Id + ¢IT) — Id d¢
Vel —ng2 o
ho/2

_ ][
e —ho/2
(@7 R!(x) — 1),

(Vtanjxh—((Qh)TRh)tan(Id+tl'I)_l>(Id+t1'l)dt (3.2)

T (
/oh
We see that by (3.1) the first term in the right hand side above converges to 0 in
Lz(ShO), as h — 0. The second term converges, up to a subsequence, to Ay by
Lemma 3.2 (ii). Therefore VV" converges to Aty in L?(S) and since ][ vh =0,
s

we may use Poincaré inequality on S to deduce (ii).
2. To prove (i), notice that by (3.1) and Lemma 3.2 we obtain the following conver-
gences in L2(Sho):

lim Vign3" = (Id + 1T1) ™" = Vi,

h—0

lim 8; 5" = 0.
e 7Y

Therefore V3" converges to Vr in L%(5"0).
Since the sequence {V"} is bounded in L2(S), it also follows that:

ho/2
/ jzh — o dt
—ho/2
Now, let g(x + tn) = |det (Id + tT1(x))|~!. Consider the two terms in the right
hand side of:

=0. (3.3)
L2(S)

lim
h—0

G-y 2
s"o Jsho &

+
LZ(ShO)

~ ~ 8
G- - G-
sho sho &

15" =71l 2 ghoy <
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The first term can be bounded by means of the weighted Poincaré inequality, by
||V()7h — )| £2(s"0) and therefore it converges to 0 as 27 — 0. The second term
converges to 0 as well, in view of (3.3) and:

ho/2 ho/2
(&h—n)-g‘sz yh—ndzdxgc/ " — 7 dr
sho S J—hy/2 —ho/2 L2(S)
This justifies convergence of 3" to 7 in L>(5"0) and ends the proof of (i). O

Towards the proof of Theorem 2.1, we need to consider the following sequence
of matrix fields on S":
1
/o

In view of Proposition 3.4 (i), 2symG” is the +/e" order term in the expansion of
the nonlinear strain (Vu)” V', at Id. This expression will also play a major role

in the expansion of the energy density at Id: W (V,y") = W(Id + N GM.

G = ((Rh)TVhyh - Id).

Lemma 3.6. Assume (H). Then the sequence {G"} as above has a subsequence,
converging weakly in L*(S") to a matrix field G. The tangential minor of G is,
moreover, affine in the n direction. More precisely:

vVt e T,S G(x +tn)t = Go(x)T + hL . (V(Aﬁ)(x) — Al'I(x))r,
0

ho/2
where Gg(x) =][ G(x + tn) dr.
—ho/2

Proof. 1. The sequence {G"} is bounded in L?(5"0) by Proposition 3.4 (i). There-
fore it has a subsequence (which we do not relabel) converging weakly to some G.
For a fixed s> 0, consider now the sequence of vector fields f* hew!-2(§ho R3):

1

sveh

(e 1) = [(hoyh(x S+ 9)) —h(x +(+ s)fi)>

— (hoyh(x 1) — h(x + zﬁ))}.

We claim that f* h converges in L2(Sho) (up to a subsequence) to (An)m as h — 0.
Indeed, using Proposition 3.3 one has:

FOh e + i) = L][tﬂ (hoaaﬁh(x + o) — hﬁ) do
Ve J "
h [ INTo, h - -
= —g][ (@M Viy" (x + o) — 1) do

and the convergence follows by Proposition 3.4 (ii).
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2. We claim that this convergence is actually weak in wh2(s ho). First, notice that
the normal derivatives converge to 0 in L?(Sho) by Proposition 3.4 (ii):

9 51 (x + 1) = oM (Vhyh(x (4 5)i) — Viyl (x + rﬁ))ﬁ(x).

s«/—

We now find the weak limit of the tangential gradients of f*. By Proposition 3.3
there holds, for all T € T, S:

0o (5N (x 4 177) = (hoVF" (x + (¢ +$)i)Ad + (¢ + )T Ad + 1)~

1
sv/el
— hoV§" (x + i) — hsTI(Id + tl'[)_1>r

s\/_(Q) (Vhyh(x+(t+s)ﬁ)—vhyh(x+tﬁ))(Id+th/h01'l)(ld+t1'l)_1t

el

By Proposition 3.4 (ii), the second term in the right hand side above:

0" Vy (x+(t+s)n)—Id>sl'[(Id+tl'[) !

h
Jer

converges in L2(Sh0) to ATI(Id + ¢IT)~ 1.
On the other hand, the first term equals to:

((Q”)thy"(x + (¢t + 5)n) — Id)l‘[(ld + )~ !

h - - _
?O(Qh)TRh (Gh(x L+ 9)0i) — G+ m))(ld + th/ hoTT)(Id + ¢TT)~!
and by Lemma 3.2 (i) it converges weakly in L2(S"0) to
h() - . -1
T(G(x + (1 +9)i) — Glx + tn))(Id + )

This establishes the (weak) convergence of f Shin w2 (shoy,

3. Equating the weak limits of tangential derivatives, we obtain, for every t € T, S:

3, (AR (x) - (Id + TT)~! = ?(G(x F(t+95)i) —Gx + zﬁ))(ld 4+ e
+ ATIAd + D) "'t

This proves the lemma. ]



NONLINEAR SHELL THEORIES 267

Finally, we have the following bound for convergence of the scaled energies 1”:
Lemma 3.7. Assume (H). Then:

VS U | 1 )
liminf —1"(y") = = | Q2 (x, (sym Go)an) + 5, | Q2 (x, (V(An) — All)gan) -
h—0 e 2 S 24 S
Proof. By the frame invariance property of W we have:

W(Viy") = W(RMT Viy") = W(d + Ve GM).

Consider the sets Q, = {x € §"; (MH/*Gh(x)| < 1). Clearly the sequence of
characteristic functions g, converges to 1 in L1(§ho), as {(eM)1/*G") converges
pointwise to 0. Since W is C? in a neighborhood of Id, then by the above calculation,
in 2, (for h sufficiently small) there holds:

W (V") = 2 DWW VeGP
e el 2
1
+f (1—s) [D2W(Id+sx/e_hGh)—D2W(Id)] ds(G",G"y (3.4)
0

= $05(G") +o(DIG".

Above o(1) is the Landau symbol denoting any quantity uniformly converging to 0,
as h — 0. In view of Proposition 3.3 we now obtain:

1 ho/2
ll}rlrl}gfe—lh(y ) > hml(r)lfe—h /][ X, W(Vhyh)det [Id 4 th/ holl] dt dx

ho/2
:liminf/][ X9 hW(Vhy ) dr dx

h—0 ho/2
ho/2
= liminf - /][ Q3 sym(th ))—i—o(l)/ IG" 2
h—0 ho/2
ho/2
L dman
ho/2

The last inequality follows from positive definiteness of Q3 on symmetric matrices,
and the fact that xq, G" converges weakly to G, in L?(§"0).
By the definition of @, and by Lemma 3.6 we get:

ho/2 ho/2
/ ][ Q3(sym G) = / ][ Q> (x, (sym G)an)
ho/2 ho/2

ho/2
[ / ][ Qs (x. (sym Golean)
ho/2

ho/2 42
/ ][ —onc (V(Af) — Amm)],

h0/2 0

which proves the result. O
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4. A proof of Theorem 2.1 and some explanations

To complete the proof of Theorem 2.1, in view of Lemma 3.5 and Lemma 3.7,
it remains to understand the structure of the admissible matrices G¢. This is the
content of the next lemma.
In addition to the hypothesis (H), we now also assume the existence of the
finite limit:
K = lim Vet /h? < 0. (@.1)
h—0

When " ~ hP , this corresponds to the case 8 > 4, with x > 0 for 8 = 4 and
k = 0for g > 4.

Lemma 4.1. Assume (H) and (4.1). Let Go be the matrix field on S, as in Lemma 3.6.
Then we have the following convergence, up to a subsequence, weakly in L*(S):

lim ~sym vV (sym Go + 5 4?) 4.2)
im —sym = (sym — , .
h—0 h y Y 0 2 tan

where the subscript , denotes, as usual, the tangential minor of a given matrix
field on S.

Proof. We use the formula (3.2) to calculate %sym VV". The last term in the right
hand side gives:

1 INT ph _ Ve h INT ph
\/e_hsym ((Q ) R _Id>tan_ h2 e_hsym <(Q ) R Id)tan’

which converges in L?(S) to k / 2(A%)tan by Lemma 3.2 (iii).

To treat the first term in the right hand side of (3.2), notice that for every t €
T,S:

1 ho/2
[][ V' (x + t7)(Ad + 1T1) — (@M T R (x) dt}r

el L) —hgp2
1 ho/2 ho/2
INT h - h h
= —=(Q") [][ Viy'(x +tn) — R"(x) dt+][ th/hoVpy Hdti|1:
el —ho/2 —hy/2
= L(Qh)TR’“(x)[][hO/2 (RHTv,y" —1d dt]r
Vel —ho/2
h/ho, 4 T[][h‘)/2 h ph }
+ — t(V — R'm ) dt |TT(x)7,
«/e—h(Q ) —ho)2 ( " ) 2

where we used Proposition 3.3. Now, the second term in the right hand side above
converges in L2(S) to 0, by Proposition 3.4 (i). Further, the matrix in the first term
equals to:
ho/2
(Qh)TRh(x)][ G"(x +tit) dt,

—ho/2
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and by Lemma 3.2 (i) and Lemma 3.6, it converges weakly in L2(S) to Gg. This
completes the proof. O

We now comment on the regularity and role of various quantities containing V
and A, intrinsically related to the geometry of the problem.

Remark 4.2. Notice first that if a vector field V € W22(S, R?) has skew-symmetric
gradient:
T-0;V(x)=0 VTt e TS,

then it uniquely determines a W12 matrix field A : § — s0(3) by:

VT S TxS At = afv’

- - (4.3)
An =TI Vian — Vean(Vn).

Regarding the regularity, write V as the sum of its tangential and normal compo-
nents, to obtain:

V = Vi + (Vi)n, sym VV = sym VVy, + (Vir)II.

Hence, assuming sufficient regularity of S (say, S is C>! up to its boundary) it
follows that sym V Vign = —(Vi)IT € W22(S, R?*?). Using the same calculations
asin [1, page 119], we may deduce that the tangential component Vi, enjoys higher
regularity than the vector field V. Namely, Vi, € W32(S, R3) and:

Venllwozcs) < € (WVianllwizgs) + 1 Viillyeos) ).

By Korn’s inequality, one can replace the W!-? norm of Vi, by a term of the order
| Vianll 72 + lIsym V Vian|l 72, so that we finally obtain:

Vanllwszes) < €(IVianlzgs) + 1Vitlweags))-
For an elementary derivation of Korn’s inequality on § from Korn’s inequality on
open sets, see, e.g., [17].

In the same manner, one can prove the following useful bound, valid under
C>! regularity of S:

Vanllwezes) < C(IVianllzags) + 1Viilwiags))- (4.4)

Remark 4.3. 1. The (scaled) ¢ - derivative of Gt, which is also the argument of
the second term in the definition of / (and /), may be written as:

(V(Ai) — ATz = | (V(AR) — ATl)z| = (@ A)i.

This expression measures the difference of order 4 between the shape operator I1
on S and the shape operator I1" of the deformed surface S, = (id + AV)(S) (see
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V~RhT

Figure 4.1. The mid-surface S and its deformation.

Figure 4.1). To see this, let x € S and let 71, 7o € TS be such that 7(x) = 71 x 0.
The tangent map of the deformation d"(x) = x +hV(x) equals Id 4+ h A, and we
obtain the following expansion of the (scaled) normal vector 7" to Sy, at the point

P" (x):

i = (840" x 000" ) (¥) = () + h(n X 3,V + 8,V x ) + Oh)
ii + hAi + O(h?),

where we used the Jacobi identity for vector product and the fact that A € so(3).
Note that || = 1 + O(h?) and therefore

—~h

n
n"(1d + hA)r = 3, (

"—h) = d,71" + Oh?).
n?

Hence the amount of bending of S, in the direction of T € T, .S, can be estimated
by:
Ad+hA) ' Ad + hA)t — It = Ad + hA) 1 (0,4" + Oh?)) — Tt
=1d+hA)"! ((Id +hA)It + h(3; A)n + (’)(hz)) — It
= (Id — hA)h(3; A)ii + Oh?) = h(3; A)ii + Oh?).

A closely related heuristics is the following. By Proposition 3.4 (for simplicity, we
assume here that ¢” = h*) the tangent map Vu” (x), at x € S, is approximately a
rotation R"(x) € SO(3). Hence, n" ~ R"7i. Assuming that lim Q" = Id, we may
think that R" (x) ~ Id 4+ hA(x). The difference of the shape operators on S;, and S
satisfies:

(RMHTVih — 1 ~ (1d + hAT)<l'I + thn(A?z)) —II

~ hVan(AR1) + hATTI = h(V(Aﬁ) — An)

tan
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2. In turn, the role of the first term in the definition of I:
(sym Gg)tan = lim 1s A K(Az)
im — — —
y 0)tan b 7 y ) tans

is to measure the difference of order i? between the metric on S and the metric
of the deformed mid-surface. Notice that under the deformation id + AV, as in
Figure 4.1, there is no first order change in the length of curves on § because the
gradient field VV is skew-symmetric. In geometrical terms, vector fields V with
this property are known as infinitesimal isometries (see [27, Chapter 12]).

Under the same condition (for simplicity we again assume that e’ = h*), the
amount of stretching of S, in the direction T € 7S and induced by the deformation
¢" = id 4+ hV + h>w has indeed the following expansion:

2
chbh‘ — |1:|2 = h2 (2‘[3111) + |8rV|2> + O(h3)

1
= 2h? (TT(syme)r — E‘CTAZ‘E> + OH>).

5. The space of finite strains 5 and three examples of approximately
robust surfaces

The space of limits as in the left hand side of (4.2) plays an important role in defining
the exact limiting energy functional on S. With this in mind, we introduce the
following definition.

Definition 5.1. The space of finite strains is the following closed subspace of L (S):
B = { }}in}) sym vuw;, w' e wh2(s, R3)}

where limits are taken in L2(S).

Clearly, by Mazur’s theorem, BB contains all weak L2(S) limits of symmetric
gradients of W12 vector fields on S.

As we shall see in Theorem 2.3, the form of the limiting energy functional
simplifies, for surfaces with large space B.

Definition 5.2. We say that S is approximately robust, if for every V € V one has:
(AY)un € B.

According to our terminology, S would be called “robust” if every admissible
(A?)(an as above, equaled sym Vw for some w € W12(S, R3). The notion of robust
surfaces will arise at lower scalings, that is when ¥ = oo, which we do not consider
in this paper.
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Remark 5.3. An equivalent construction of B is the following. Define the linear
space of finite strain displacements:

W =w"2($, R /{fw e W2, sym Vw = 0.

It can be normed by |[[[w]lw = llsym Vw|| 2. Then B, | - lz2(s)) 18 linearly
isometric to the completion W of W, | - llw), so that the elements of B3 can be
seen as generalized symmetric gradients of elements of JV.

Such construction is used in [11] or in [1] in the context of derivation of mem-
brane theories from linear elasticity. Note the different regularity of the kernels
considered in [11] and the related explanations in [1, page 262].

Remark 5.4. In general, it is complicated to directly determine the exact form of
B or W. The crucial step in identifying WV is finding the optimal norm || - ||, for
which a Korn-Poincaré type inequality

inf{nu —wlo; we W, symVw = 0} < CllsymVull 25y (5.1)

holds with a uniform constant C, for all u € W2(S, R?). Unlike in the case of
tangent vector fields, this optimal norm is usually weaker than L>. The reason is
that the boundedness of the left hand side in:

sym Vw" = sym Vw! |+ (w"i)I1

does not, in general, imply L? boundedness of both terms in the right hand side.

This is the case, for example, when S is (a piece of) a cylinder S! x[—1/2, 1/2].
Let 71 and 1 be the tangent unit vector fields, respectively orthogonal and parallel
to the axis x3 of the cylinder. One can show that there exists a sequence [w”] € W
converging in WV, such that for any choice of representatives w” € W12(S, R3),
the norms ||w" 1 lz2(s) and ||wh71||H71(S) blow up. However, this is the worst case
scenario, and one has:

W = {v e D'(S,R?); vty € HTY(S), vty € L%(S), vii € H2(S),

sym Vv € LZ(S),

12 1/2
/ x3(vi) = const, / VA = const,
~1/2 —1/2

/vrl =fvt2=/x3(vr1)=0}.
N s s

In this particular case, however, as we will see below, W is isometric to the space
of all symmetric L? matrix fields By, on S.
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Remark 5.5. Flat surfaces S C R? are not approximately robust. Indeed:
B = {sym Vw; we WhH(s, ]RB)}

= {Bun € L2(S. R B

an = Btan, curl” curl Bin = O}.

On the other hand, given V € V), one has (AY)un € B if and only if V3 = Vn
solves the degenerate Monge-Ampere equation: det V2(V3) = 0 (see [10]).

A particular class of approximately robust surfaces are surfaces for which:
B=|Bun € LS. R¥2); Bl = Bun}. (5.2)

As we show below, three main examples of such surfaces are: convex surfaces,
surfaces of revolution, and developable surfaces without flat regions.

Lemma 5.6. Assume that S is a simply connected, compact surface of class C*!
with C' boundary, and that its shape operator Tl is strictly positive (or strictly
negative) definite up to the boundary:

_ 1
vreS veeTs el s (H(x)t) T <Cltl (5.3)

Then S is approximately robust, and more precisely (5.2) holds.

Proof. 1. We will prove that every compactly supported, smooth symmetric bilinear
form Bia, on S, must be of the form:

Bian = sym Vw, 5.4)

for some w € W12(S, R3). This will clearly imply the lemma. In [23] this result
is proved under an additional assumption that S is closed. The same method, with
a slight modification, can be applied in our case. For convenience of the reader, we
present an overview of the argument and for details of calculations we refer to [23]
and [12, Section 9.2].

Since § is simply connected, it can be parameterized by a single chart r €
C>1(Q, R3), where @ C R? is a simply connected domain with C! boundary. The
definite form [g;;1;, j:1.2 with g;; = 9;7-0;r is the pull-back metric on Q and /|g| =
/det[g;;] is the associated volume form. Also, the shape operator IT expressed in
the coordinates (x1, x2) € 2 is given by [A;;]; j.1.2, Where h;; = di(or) - ;r.
The inverse of IT is denoted I1~! = [A¥/ 1i,j:1..2. The mean curvature H of S equals
to 3tr ([gij17'T0).

With the above notation, (5.4) becomes the following system of partial differ-
ential equations in €2:

dir - diw = By
01r - dow + dr - djw = 2B2 (5.5)
Oar - w = By,
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where we set B;j = 0;7 - Band;r. Since sym Vw is determined, one concentrates
on the skew part of Vw. Following [23], we let:

1
w=—— (01w - dhr —dhw-Jr),
Vgl
and we observe that » must satisfy the equation:
1 ..
- (w/lglhlja-w) —2Hw = D(B;)). (5.6)
Vgl ’ !

The operator D : W22(2, R?*?) — L%(Q, R) is a bounded differential operator
which depends on the geometry of S. The exact expression of D is given in the
references mentioned before, but for our purposes it is enough to know its stated
regularity.

Now, the following crucial relation between problems (5.6) and (5.5) is a direct
consequence of calculations in [23].

Proposition 5.7. Assume that [B;j1; j1.2 € W>2(, R?*?). If (5.6) has a (weak)
solution w € W-2(Q, R), then the system (5.5) has a solution w € whi(Q, RY).

2. We now show that the hypothesis of Proposition 5.7 is satisfied. Note that we
have not imposed any boundary conditions on w, which makes the argument easier.
Extend first the coefficients 4/ and |g| to h'/ and |g|, respectively, defined on 2, =
{x e R2; dist (x, 2) < €} for a small € > 0. This extension can be made so that
["7]; j:1.2 satisfies the ellipticity condition (5.3) and that 4"/, |g| and 1/|g| stay
bounded in £2..

In order to prove existence of a solution to (5.6), we want to find fye C°(Q2:\2)
such that the Dirichlet problem

Lo = 'D(B,'j) + fo 6.7

has a solution w € W(}’Z(Qe, R). The restriction of w to © will, clearly, serve our
purpose. Here the operator L is given:

1 o ~
Lo=——=0(VIgIhdjw) - 2Hw
Vil I )

is elliptic and self-adjoint with respect to the scalar product:

(,¢) =f9 w18l

Therefore, by the classical theory of elliptic operators (see, e.g., [7, Section 6.2,
Theorem 4]), (5.7) has a solution if and only if its right hand side satisfies the
orthogonality condition:

(D(Bij) + fo.¢) =0,
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for all solutions ¢ € W(;’Z(Qg, R) of the homogeneous problem: £{ = 0 in Q.
The solution space of this problem is finite dimensional, say spanned by a basis
{¢1, ..., &} For fo € C2°(S2 \ 2) consider the functional:

k

L(fo) =Y (fo, ¢i)ei € RE.

i=1

In view of the above, it suffices to prove that L is surjective.
We now argue by contradiction. Assume that there exists a nonzero o =
(aq, ..., o) € RE orthogonal to the range of L. In other words:

k
/ ( aié“i) fo1g8l =0 VfyeCP(Q\Q),
Q\Q 1

i=

which clearly implies that Zle a;¢; = 0in Q¢ \ Q. By the Hérmander unique-
ness theorem for second order elliptic equations (see [13, Theorem 2.4]), we obtain
Zle a;¢; = 0in Q, contradicting the linear independence of {{1, ..., ().

In view of Proposition 5.7, this ends the proof. O

Lemma 5.8. Assume that S is rotationally invariant, C? up to the boundary, and
let S have no intersection with its axis of rotation. Then (5.2) holds.

Proof. 1. After a suitable rigid motion, the surface S can be parameterized by:
r:(s0,51) X [0,27] = R®,  r(s,0) := g(s)y () + ses,

for a positive function g € C%([s0, 511, R), e3=1(0, 0, 1), and y(0)=(cos b, sinb, 0).

As in the proof of Lemma 5.6, we will show that (5.4) has a solution for By
in an appropriate dense subset of the space in the right hand side of (5.2). Given
w e WH2(S, R3), write:

w(s, 0) :=a(s, 0)y(©) + b(s,0)y' (0) + c(s,0)e3
and also let:
B,‘j = 3,'}’ . Btanajr.
The equation (5.4) can now be expressed as the following periodic system of partial

differential equations in (sg, s1) x [0, 2] (see [27, Chapter 12]):

g'0sa + d5¢ = By
dgb +a = By (5.8)
g'(3ga — b) + gdsb + dgc = 2By;.

We will prove that (5.8) has a solution w2 periodic in 6 € [0, 27], for B;; be-
ing finite linear combinations of the Schauder basis for L?([s0, s1] % [0, 277]) con-
sisting of eigenfunctions of Laplacian under the periodic boundary conditions at
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0 € {0, 2} and Neumann boundary conditions in s € {sg, s1}. By density, this will
establish the lemma.

2. Differentiating the third equation in s and using the first two equations in (5.8)
we obtain:

g02b — " (b + 83b) = 20,B12 — d B11 — "9 B =: ¥ (s, 0). (5.9)

Note that ¢ € C° and for all s, ¥ (s, -) is a finite linear combination of {eikg}kEN,
for some integer N independent of s. Hence:

+o00 T
b(s.0) =) bi()e™” and  Y(s.0) =) y()e’,

with ¥ = ¥_¢ and ¥y = O for k > N. Expressing (5.9) in terms of the Fourier
coefficients by and y; we have:

i
B — (1 =i = 2
g g

Since the coefficients of the above linear equation are continuous in [sg, s1], we
deduce that there exist unique solutions by € Cz([so, s1], R) satisfying by (sg) =
b,’c(so) = 0. Also, by = b_j and by = 0 for k > N. Concluding, the finite linear
combination b = )_ by (s)e*? is a W22 solution to (5.9), periodic in 6. One can
now solve the first two equations in (5.8) for a and then for ¢, obtaining a W2
solution to (5.8) and hence also to (5.4). ]

Finally, the following result has been proved in [26, Lemma 3.3].
Lemma 5.9. Let S be a C? developable surface without flat regions. That is, assume

that for each x € S the Gauss curvature k(x) = 0 while T1(x) # 0. Then S
satisfies (5.2).

6. The recovery sequence: proofs of Theorems 2.2 and 2.3
In this section, we want to prove Theorems 2.2 and 2.3, that is to define a suitable

recovery sequence y”. Recall the definition (2.4). With a slight abuse of notation,
one can write:

Qs (x, Fian) = min{Q3(Fun + ¢ ® 7i(x) +71(x) ® ¢); ¢ € R?}. (6.1)

The unique vector ¢, for which the above minimum is attained will be called c(x, Fiap).
By uniqueness, the map c is linear in its second argument.
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Given By, € B, there exists a sequence of vector fields wh e wh2(s, R3)
such that sym Vw” converge in L?(S) to By,. Without loss of generality, we may
assume that w” are smooth, and (by possibly reparameterizing the sequence) that:

Jim Vhlw" lly2.0(5) = 0. (6.2)

Let V € V. We approximate V by a sequence v" € W>(S, R?) such that, for a
sufficiently small, fixed €g > O:

, NZd
lim ||vh = Vw22 =0, —||Uh||w2~°°(S) = €o,
h—0 h
. (6.3)
lim % fx e S: 0" £ V| =0,

The existence of such v” follows by partition of unity and a truncation argument, as
a special case of the Lusin-type result for Sobolev functions in [18] (see also [10,
Proposition 2]).

Define a sequence of rescaled deformations y" € Wh2(§"0 R3):
Y'(x 1) = x + JTe_hv’%w + Vel (x)
+th/ hoii(x) + r/ho/?(nugn — V(uhﬁ))(x)
— th/ hovV e 7T Vwh + th hov/ehd®" (x) ©
+ ;—}j(z)h\/e_hdl’h(x).
Notice that if V € W2%(S) then one may take v = V in which case the term

1/ hovel (Iv!, — V(v"i1)) is exactly ¢/ hov/e® Afi (see (4.3) in Remark 4.2).
The vector fields d%", d1" € W1-2°(§, R3) are defined so that:

tim /(114" 10005y + 14" 1) ) =0 6.5)
h—0
and:

I Y AT I
lim d%" =2¢ (x, Bian — E(Az)tan) + kA% — —k@T A% in L2(S),
h—0 2 2

lim ' =2c (x, sym (V (Af) - Al'I)tan)—i—(ﬁTAl'I - *TV(Aﬁ)) in L(S).

(6.6)

Lemma 6.1. Assume (4.1). For the sequence {y"} in (6.4) the convergences (i), (ii)
and (iii) of Theorem 2.2 hold.
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Proof. (i) follows by the normalization (6.2), (6.3) and (6.5). For (ii) and (iii) notice
that:

1
Vh[yh] =" + o + ﬁhzdl’h

1 1 1
Esym VVh[yh] = Zsym Vol + sym vuwh + ﬂhsym vd'h.

The proof will be achieved once we establish that:
.1 h
]}1_1)% E||sym Vo'l 2 = 0. (6.7)

Since the Lipschitz constant of each Vv” is bounded by 60\/}1—7, and sym Vv = 0
e

on the set {x € S; v (x) = V(x)}, we have:

h
lsym Vo' (x)] < C——dist (x, (ol = V}).
Vel
Now we claim that the right hand side above converges to 0, in L°(S). For oth-
erwise there would be dist (x”, {v/' = V}) > C@, for some sequence x" e 8.

Consequently, denoting by B,x(r) the ball in R? centered at x”* and radius r, we
would obtain:

h

pix € S; v (x) # V(x)} > = Cog

1 .. h h e
SN B Edlst(x,{v =V)|l=C

contradicting (6.3). In the last inequality above we used that the surface S is of class
C!, with Lipschitz continuous boundary. We thus obtain:

lim ||sym Vvh||Loo(S) =0.
h—0

On the other hand:

172

1 1
Slsym Vo'l o) < Sl € 85 0" () # VO - Jlsym Vol

eh A
< Cﬁllsym V| Leos).

The two statements above imply (6.7). O
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Proof of Theorem 2.2. We will prove that:
1
limsup — 1" (y") < I (V. Ban) + . (6.8)
h—0 €
where 1 denotes an error quantity, with the property:
n—>0 ase — 0. (6.9)

In view of Theorem 2.1, this will imply (iv) for a recovery sequence obtained
through a diagonal argument, when €9 — 0. Clearly, the assertions (i) - (iii) will
follow as well, by Lemma 6.1.

1. We first look closer at quantities V;,y”. By Proposition 3.3, it follows that:

h
(Viy")(x + ti)ii(x) = 7i + %(van - V(vhﬁ))

— Ve iV +Vehd™ + t/hov/ehd"",

(Viy") (x + th)t = Vy"(x 4 ti)Ad + tT)Ad + th/ hoTD) ™'t

h
+ z/ho\/Zhv(nv{;n - V(vhfi))

h
_ (Id+ £Vvh + @th +th/holl (6.10)

— th/ hoVe"V(@HERTVwhy + th/ hoy/ehva®"

2
t
+ —zh\/e_thl’h)(Id +th/holD) ™,
2hg
forall T € T,S.

By (6.2), (6.3) and (6.5) one has: ||Vhyh — Id”Loo(ShO) < Ceg. It now follows
by polar decomposition theorem (assuming € to be sufficiently small), that V;,y"
is a product of a proper rotation and the well defined square root of (V,y")T vV} y",
By properties of the energy density function and Taylor expansion, we obtain:

1
W(Viyhy =w <\/(vhyh>thyh> =W (Id+ EKh - O(|Kh|2)) ,

where:
K" = (Viy" T vy" —1d.
Clearly:
”Kh”LOO(Sho) < Ceo, (6.11)
and so reasoning as in (3.4), the above expansion in W yields:

1 1 1 1 1
—W(Viy") = - Q3 ( K"+ —O(K") ) + —=n-O(K"P), (6.12)
e 2 eh el

2/el Vel >«/_

where 7 depends only on €( and satisfies (6.9).
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2. Using (6.10) we now calculate K”. By Error we will cumulatively denote all the
terms with the property:

lin \/_” Error ||L2(Sh0) =0. (6.13)

We start with the tangential minor of K”:

/o
K" (x +tii) = (1d + th/ hoIT) ™! |:Id +25—sym Vo' + 2v/ehsym V!
20/ kol + 2t/ hoy/ esym v(nugn - V(uhﬁ))
h
e
+ ﬁ(Vvh)TVvh + th%/ W32
+ 26/ hosym (nw”) + Errori| (d + th/ ko)~ —1d

h
— (1d+ th/hol'l)_l\/e_h[Zsym vu' + ‘l/i—ez—(th)Twh
+ 2t/ hosym v(nvgn - V(vhﬁ))

+ 21/ hosym (l‘[Vvh>](Id + th/ hoTT)~! + Error,

where we used the formulae:

(Id + F)T(ld + F) =1d +2sym F + FTF,

FI'FFT' —1d = FPNW(F - FOFT.
Notice that the quantity Error contains the term @sym V", resulting from the
relaxation of the constraint (2.2) on the small set {v" # V}, and other product
terms, e.g.: '?hi(Vv”)TV(I"Ivthan —V("i)). The convergence of % [sym vl ||L2(Sh0)
to 0 has been proved in (6.7). All other terms in Error can be dealt with by repeated
use of (6.3), (6.2), Holder and Sobolev inequalities, e.g.:

Vel

- Veh
—— IV V [y = V@ ) 25y < C AV sl s,

./eh
h hyl ! 1/2
SCT“VU wizesllv “W2 OO(S)” ”W“(S)
h
e
<CX M2 50 ash— 0.

— h W2,00(S)
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Now, the normal minor of K" is calculated as:
. Vel L2 . .
AT K" (x4 ii)ii = eh (? ‘ Mol — V(vhn)‘ +2d%"5 +2t/hod1’hn> +Error .
The remaining coefficients of the symmetric matrix K" (x + t71) are, for r € T, S:

h
t Tk e +-tiyii= i T [ngh+t/h0/e7V<Hv{;n—V(vhﬁ))] (dd + th/hoIh) ™'z

[oh N\T
+ [T(nv{;n = V) + etd® 1/ hov et T
h T
e -
+ ﬁ(nv{;ﬂ - V(vhn)) Vo

T
+t/h0\/e7(nvf’an—wvhﬁ)) H}(Id+th/hol'[)1t+Error
) el T
- \/Zh[z/honTv(nvgn—V(vhﬁ))+h—i(nugn—wvhﬁ)) Vol
h h=\ 1
¥ t/h()(l'[vtan — VY n)) I
+ (d*" + t/hodl’h)T](Id + th/hoI1) ™'t + Error.

We leave the estimation in Error to the reader. The convergence of the most trou-
blesome term:

A -

lim EHnTVvh + (Ml — V") | 2ghoy = 0

can be proved as in (6.7), since the quantity in question vanishes on the set {v" =
V). Therefore, [|7i] Vo' + (TTvl, — V(u"71))7T || .oo(s) converges to 0, as i — 0, and
the displayed convergence follows by the last assertion in (6.3).

3. In view of (6.13) we may now write (with a slight abuse of notation)

1 t
li K" =K —
Jim o 1(X)tan + i

where the symmetric matrix fields (K;)wn € L2(S, R?*?) and the vector field ¢
L*(S" R3) are given by:

Ky(X)an + (¢ @i +7®Z) in L2(Sh), (6.14)

kK 42
Ki(x)tan = Bran — E(A )tan,
K2(X)tan = sym (V(An) — Ay, , (6.15)

S _koa2 r S
£+ 1) = (¥, Bun = 5 (AMan) + hoc(x,sym (V (A7) — ATy, ).
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Further, we observe:
1
lim —/ IK")* = 0. (6.16)
sho

Indeed, (6.14) implies that ﬁK I converges pointwise a.e. in $"0. Thus elth 4
e

converges a.e. to 0. By the boundedness of K" in (6.11): e—l,,|l(h|4 < Ceih|l(h|2,
and the dominated convergence theorem achieves (6.16).

4. Finally, we prove now (6.8). By (6.16), it follows that the argument of Q3 in

(6.12) converges in L?(S"0) to the same limit as ﬁK " in (6.14). Using Proposi-
e

tion 3.3, (6.14) and (6.1), we obtain:

1 ho/2
lim sup 1" (y ) = limsup — - /][ W(Vhyh) -det(Id + th/ holIT) dtdx
h—s h—>0 € ho/2

ho/2
< —hm sup/][ (
h—0 ho/2

+ Cnlim sup h/h |Kh|2
h—0 sho

ho/2 o
/][ ho/2 (fHO 2/el ) h—0 2\/_ L2(8h0)
ho/2 ‘
<= /][ (X, K1 (x)tan + h_OKZ(x)tan) drdx + Cn

ho/2

(x + tfi)) -det(Id + th/ hoIl) dtdx

2
h

ho/2 /2
= /][ 0)) (x, K1(x)tan) + ﬁQZ (x, K2(x)an) dtdx + Cn,

ho/2 0
which implies (6.8) in view of (6.15). O]

Remark 6.2. A more careful calculation reveals the exact convergence:
lim i1’1(yh) = I(V, Bun)
=0 eh ’ an/»

for the recovery sequence (6.4). We have used another argument for the sake of a
more transparent presentation.

Proof of Theorem 2.3. When k = 0, the recovery sequence (for V € V) is given
again by (6.4), where we put w” = 0, Biy = 0 and k = 0. That is:

h
h v (x)—l—th/hon(x)

_ 1
+ z/ho\/e_h(nugn - Vtan(vhn))(x) + 2—hzh\/e_hd1’h(x)
0

y (x+tn)_x+

where d'" € W1-2°(§, R3) satisfies (6.5) and the second formula in (6.6).
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Clearly, yh and Vh[yh] converge in wl2(shoy to 7 and V, respectively, as
in Lemma 6.1. The convergence of the scaled energy follows as in Theorem 2.2
(iv). O

7. The convergence of minimizers: proof of Theorem 2.5

Recall that the considered sequence of forces f" e L%(S",R3) with zero mean:
fSh f" =0, has the form:

£ (x + tii(x)) = hy/eh det(Id + 1TT(x)) ™' £ (x).

Lemma 7.1. Let u" € W'L2(S", R3) be a sequence of deformations such that
V [y converges in L*(S) to some V : § —> R3 and let Q" € R3*3 converge to
some Q. Then:

11m——/th(u —id) = /f QV.

h—0 el h

Proof. We have:

ehh/f”Q(u id)

1 h/2
—h/fh(x)'Qh][ ul (x + ti1) — x drdx

—/f()Q vh[h]dx
=/f-QV[y],
S

and the result follows. O

Proof of Theorem 2.5. 1. We first show that given any u” € W'2(S" R?) there
exists 0" € SO3) and ¢" € R3 such that w”" = (Q")Tu" — ¢ — id satisfies:

1w 31205y < ' TMOM. (7.1)
Indeed, by Lemma A.1 and properties of the energy density W, it follows that:
"M > ChI/ dis?(Vu", SO(3)) > ChI/ |Vul — Rz |?
Sh Sh
> Ch—‘/ (M vul —1d)? —Ch_lf QM TR —1d> (72
Sh sh

> Ch™! /h IVw" 2 — Ch 21" (™).
S
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Actually, the assumption of smallness of 2> E (u”, S") cannot be expected to hold
here. In this general case one exchanges the SO (3)-valued matrix field R” with
RM e W1-2(S, R3*3) given in the proof of Lemma A.1. Then Q" for which the
above estimates are true may be taken as a rotation in S O (3) with minimal distance

from][ R".
S

By (7.2) it follows that:

IVw" |75 g0y < CRI"(Y™) + CR™' MM,

(8"

which implies (7.1) in view of the Poincaré inequality, for an appropriately chosen
constant ¢. A proof of the uniform Poincaré inequality on S can be found, for
example, in [17].

2. Notice that by the definition of m” we have:

h/2
/ ') -0 zdz—hf/f Fx) - Q" (x +171) < mh.

h/2

Therefore, in view of (2.6) and (7.1) we obtain:

JhMy -1 = m" ——/ fhrut

5 @t = [ gtz
73
z—E/<Q>f”-w "
Sh
> —Chl/zx/e_hllfHLZ(S)||wh||L2(Sh)
> —Ccyeh 1" ("2,

We now prove the first claim of the theorem. Taking u” (z) = Qz for any O € M,
we notice that J" (yh) = 0. Hence inf J” < 0. The lower bound of el—hJ h follows
from (7.3):

1 1 1 12
—J"oM = 1" - ¢ (—hﬂ%yh)) : (74)
e e e
which proves (i).

3. To prove (ii), let u" be a minimizing sequence of eth h. as defined in (2.8).
Then {ethh(yh)} is bounded, and therefore, by (7.4) {eihlh (yh)} is also bounded.

The convergences of ih, Vh[jzh] and %sym vV jh] follow from Theorem 2.1. In
particular:

1
liminf —1"(y") > I(V, Bian). (7.5)
h—0 e



NONLINEAR SHELL THEORIES 285

The strong convergence of %sym VV"[§"] is deduced from the strong convergence

of the sequence sym Gfan in Lemma 3.6. This last result is in turn implied by
the convergence of f 93 (G") (valid because the sequence is minimizing), positive

definiteness of Q3 on symmetric matrices, and the weak convergence of G". Since
the details are exactly the same as in [10, Section 7.2], we omit them.

We now prove that the limit Q of any converging subsequence of Q" belongs
to M. By (2.6) we have:

1 1 1
IO = Ih(y )= (mh — E/ f’“uh)
h/2
( [][ fx)- Qi dtdx)
h/2

hehff Q" — id)

e o).

The first term above is bounded, as it in fact converges to — [’ e QV,byLemma7.1.
The quantity in brackets in the second term converges to m — [ f - Qx. Therefore,
if @ ¢ M, this last quantity is uniformly positive, and the second term above
converges to +o0o (as i/ Vel — 00). We observe that, in this situation, eth h (yh)

(7.6)

must converge to +00, contradicting (i) and thus proving that O € M.
In view of (7.5), (7.6) also implies:

1 1 - -
liminf — J"(y") > liminf — 1" (y") — / f-0OV > J(V, Bun, 0).
h—0 el h—0 el S
The fact that the limit (V, Bian, Q) minimizes the functional J is now a standard
consequence of the above inequality. Indeed, if:
J(‘,}s étan’ Q) = ‘](V7 Bt’dl’l’ Q) — €

for some V € V, some Bun € B, O € M and € > 0, then for a related recovery
sequence 3" there would be:

1
lim —-7"(03") = J(V, Ban, 0) < J(V, Bun, 0) — € < liminf — J”(y ) — €,
—0e

which contradicts (2.8).
Finally, (iii) follows exactly as (i) and (ii). L]

Remark 7.2. 1. A dead load (versus a “live load”) is any external force which only
depends on the reference configuration point, and not on the deformation itself. An
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important feature of dead loads, discussed first in [21], is the following. If the load
is in a certain average sense compressive, it is advantageous for the body to perform
a large rotation rather than undergo a compression. Our analysis identifies M as
the set of candidates for such rotations, which are expected to minimize the total
energy J" among all rigid motions of the body.

This phenomenon may happen even if the average torque of the force is zero:

/Sf(x) x x dx = 0. (1.7)

Note that vanishing of the average torque is necessary for Id € M, since (7.7) can
be written as: f s f - Fx = 0forall F € so(3). However, it is not sufficient, and

if Id ¢ M then we observe that the minimizers of J” will not be close to Id. In
general, the body chooses an infinitesimal isometric displacement V and a rotation
Q € M which is energetically advantageous in response to the force f. That is,
those rotations which allow for a better alignment of infinitesimal isometries with

the direction of the dead load, are preferred.

2. The assumption on the sequence of forces f” can of course be weakened. For

example, consider f”(x 4 tn) = det(Id 4+ tT1(x))~' f*(x) and let Wl;h " con-

verge weakly in L?(S) to some f € L?(S,R3). In this situation, one needs to
enforce extra assumptions on the asymptotic behavior of the maximizers of the lin-
ear functions SO(3) > Q — f sf h. Qx dx with respect to M, to exclude certain
degenerate cases. The analysis is as in the proof of Theorem 2.5 and we leave the
details to a courageous reader.

3. The lower bound on J and existence of its minimizers can be proved indepen-
dently, and under the following weaker assumptions:

/f:O and /f(x)-Qdex:O YO e M YF €s50(3),
N S

which can be seen as the linearization of (2.7), although it makes perfect sense
for any closed nonempty subset M C SO(3). Indeed, the second equality above
follows by differentiating the expression | ¢ f(x)- Oxdx at Q € M and using that
so(3) is the tangent space to SO (3) at Id. We present the proof of coercivity and
the attainment of the minimum by J and J under this condition, for arbitrary M,
in Appendix C.

Appendices
A. An approximation theorem on surfaces

For a given vector mapping u € W'2(Q, R") defined on an open subset Q C R”,
denote:

E(u, Q) = f dist?(Vu(x), SO(3)) dx.
Q
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Lemma A.l. Let u € Wl’z(Sh, R™) and assume that h=3Eu, SM) is sufficiently
small. Then there exists a matrix field R € W-2(S, R3*3), such that:

R(x) e SO(3) Vx €8,

and a matrix Q € SO (3) with the following properties:

(i) IIVu — Rr||2sny < CE(u, S")'/2,
(i) IVRI 25y < Ch32E(u, S")1/2,
(iii) [|QT R —1d||zr(s) < Ch™32E(u, S")'V2, for all p € [1, 00),

where C is independent of u and h (but may depend on p).

The proof of Lemma A.1 uses the following nonlinear quantitative rigidity
estimate by Friesecke, James and Miiller.

Theorem A.2 ([9]). Let Q CR" be an open, bounded domain with Lipschitz bound-
ary. Then, for every u € W2(Q2, R") one has:

min f |Vu(x) — R|?> dx < CE(u, Q),
ReSO(n) Jq

where the constant C depends only on Q2. In particular, C is invariant under dila-
tions of Q, and it is also uniform for the uniform bilipschitz images of a unit ball

in R",
Proof of Lemma A.1. 1. For x € S define ‘balls’ in S and the corresponding ’cylin-
ders” in §":

Dy =B(x,h)NS, By =7 Y (Dyp) NSt

The main observation is that Theorem A.2 may be applied on each set By 5, yielding
matrices Ry ;, € SO(3) such that:

/ |Vu(z) — Ry.pl* dz < CE(u, By ), (A.1)
Bx‘h

with uniform constant C (independent of x or /).

2. Let ¥ € C2°([0, 1)) be a nonnegative cut-off function, equal to a nonzero con-
stant in a neighborhood of 0. For each x € S define the function 7, : " — R:

9(7z — x|/h)
Jor 0y — x|/ dy’

nx(z) =
Then n,(z) =0 for z ¢ By and:

/ @ dz=1, Incllee < Ch™3, IVanellLe < Ch™4. (A2)
S
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The last inequalities follow from the lipschitzianity of 4.S. In particular, the denom-
inator function in the definition of 7, has Lipschitz constant Ch?, and hence:

—1
v, (/ Py — x|/ h) dy)
Sh

Consider the matrix field R € W12(S§, R3%3):

<Cch™*,
LOO

R(x) =/ nx(2)Vu(z) dz.
Sh

By the first two statements in (A.2) we obtain:

2

|R(x) — Ryl = ‘ /S e@(Vu(@) = Rep) dz| < ChE(u, Byp).  (A3)

Similarly:
B 2 2
IVR(x)|* = 'f (Vano)Vu| = ’/ (Veno) (Vi — Ry )
st st (A.4)
2 _
5/ |Vxnx|2-/ |Vu — Ry p|” < Ch™2E(u, By ),
B,nh Bx,h
and likewise, for any x" € Dy j:
IVR(x")[* < Ch™>E(u, 2Bx.5) (A.5)

with 2By , = a1 (Dy2n) N S". Therefore, in view of the lipschitzianity of 9§ and
by the fundamental theorem of calculus:

IR(x") — R(x)|> < Ch>E(u,2By;)  Vx" € Dyy. (A.6)
Combining (A.1) with (A.3) and (A.6) yields:

/ |Vu(z) — Rr(2))? dz
Bx,h

~ ~ ~ A7
§2</ |Vu—Rx,h|2+/ |R(x)—Rx,h|2+f |Rn—R(x>|2> (A7)
Bx.h Bx.h Bx.h

<CEu,2Byx ).

Now cover S by {Dy;, h};vzhl so that the covering number of the family {2B,;, h};\/:hl
is independent of /. Summing the inequalities in (A.7) overi = 1... N proves:

/ |Vu — Rr|> < CE(u, S"). (A.8)
Sh
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Also, integrating (A.5) over Dy, , and summing overi = 1... N gives:

/ IVR|> < ChE(u, S"). (A.9)
S

3. Notice that by (A.3), for every x € S:
dist®(R(x), SO(3)) < ChE(u, §").
Hence, if E (u, $")/ h? is sufficiently small, we may define:
R(x) = Pso)(R(x)

where Pso(3) is the orthogonal projection onto the compact manifold SO(3).
Clearly R : § — SO@3) is a W12 matrix field and since:

|R(x) — R(x)| = dist (R(x), SO(3)),

by (A.8) we conclude that:

/ |IVu — Rz|> < C </ |[Vu — Rrr|? +/ dist*(Vu, SO(S))) < CE(u, S"),
Sh Sh Sh

which proves (i) in Lemma A.1. The bound (ii) is deduced directly from (A.9).

4. To deduce (iii), define first the intermediate matrix Q as the average of R on S.
Using the Sobolev and Poincaré inequalities, together with (ii) we obtain, for every
p=2

L \YP )
(f IR — QI”) < CIR= 0312, < cf IVRI* < Ch3E(u, $"). (A.10)
S S

Now, take QO € SO(3) such that [Q — Ql = dist (Q, SO(3)). As before, (A.10)
remains true if Q is replaced with Q. Clearly, the same bound must also hold for
p € [1,2), and so we conclude that:

Vpell.oo) R = Qlins < Ch Eu, M.

The above easily implies (iii). O

B. The I'-convergence setting

We first recall the notion of I'-convergence of a sequence of functionals F* h: X —
R, defined on a metric space X. Namely, Fh I"-converge, as h — 0, to some
F : X — R provided that the following two conditions hold:
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(i) For any converging sequence {x”} in X one has:

h—0

F <1im xh) < lim igf}"h (x™. (B.1)

(ii) For every x € X, there exists a sequence {x"} converging to x, such that:

Fx) = hh_r)r}) Fhhy. (B.2)

When X is only a topological space, the definition of I'-convergence involves, nat-
urally, systems of neighborhoods rather than sequences. However, when the func-
tionals F" are equi-coercive and X is a reflexive Banach space equipped with weak
topology, one can still use (i) and (ii) above (for weakly converging sequences), as
an equivalent version of this definition. For details, we refer the reader to [6].

Proof of Corollary 2.4. We only prove (i), in the case when the product space in the
domain of F is equipped with the strong topology. The other statements follow the
same.

To obtain (B.1), we take a sequence of wL2(shoy vector mappings {yh} such
that, writing Bé’m = %sym VVh[y"], the sequence {F"(y", V[y"], Béfm)} is
bounded, and such that yh, Vh[yh] and Bf;n converge to some y, V and By, (in
wh2(shoy, wl-2(S) and L%(S) respectively). By Theorem 2.1 we obtain a se-
quence of normalized deformations 3" = (Q")Ty" — ¢", converging to 7r. More-
over, V/[3"] and %sym VV"[$"] converge to V and weakly to By, respectively.
Notice now that:

10" —1d| = Ch™!Veh [VV[5"] — (@M YV | a5 < CHTIVeN,

In particular, Lemma 3.1 remains true if we put Q" = Id, for all 4. Consequently,
all the assertions of Theorem 2.1 still hold for 3" = y — ¢ (possibly after modi-
fying the constants c’*).

Now, Vh[yh] — Vh[ﬁh] = h/«/e_hch is bounded, so ¢” converge to 0, as h — O.
On the other hand ¢ = y" — " converge to y — w. Hence y = m. Moreover
VVH[§" = VV"{[y"], s0 VV = VV and By = Bian. By Theorem 2.1 (iv) we
conclude that:

tan

F(,V, Bun) < h}gmgff’“ (", vh, B!

which proves (B.1).
The second requirement for I"-convergence (B.2) follows directly from Theo-
rem 2.2, in view of (B.1). ]

We remark that in presence of external forces, the results of Theorem 2.5 can
also be formulated in the language of I'-convergence, similarly as above.
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C. On coercivity of the generalized von Karman functionals J and J

In this section, we consider the functionals:

K

S (A%)an)

- 1
J(V, Btan, Q) ZE /S o)) (X, Bian
1 . _
+ ﬁ/ Q2 (x, (V(An) — All)tan) — / f-ov,
S S
- - 1 S =
J(V, Q) =4 /; Q> (x, (V(An) — ATDn) — /L; f-ov,

defined for infinitesimal isometries V, matrix fields By, € B and rotations Q €
M, where M is an arbitrary closed and nonempty subset of SO(3). We prove
that J and J attain their finite lower bounds under the following assumptions on

f e L%(S,R3):
/f =0 and /f(x) -QFxdx=0 YQeM VFesoB3). (C.l)
S S
As mentioned in Remark 7.2, the second condition above is a consequence and
linearization of (2.7), with M defined by that formula.
Lemma C.1. Assume that S is of class C>'. Then for every V € V there exist
D € so0(3) and d € R3, so that:

IV = (Dx +d) 32205, < C / (V(AR) = AT
N

Proof. 1. We first prove that fS [(V(An) — Al'I)tanl2 = 0 implies for a W22 in-
finitesimal isometry V to have the form V(x) = Dx + d, with D € so(3) and
d e R3.

To see this, let ¢ € W12(S, R3) be such that:

AX)t=c(x) X T VxeS§ Vtel,S.

Since A represents a gradient, it follows that 9;¢ x n = 9,c x 7 forall 7,n € T S.
In particular, for any t and  such that T x n = 7, one has:

(0r¢) - n=—(0cxn)-T=—(ycx1)-T=0.
On the other hand:

0 = (9:(AR) — Allz), = (0:(c x ) — AllT),, = (3:¢) X .

Hence d;¢ = 0 on S, which yields the claim.
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2. We prove the result. Arguing by contradiction, we assume that for a sequence of
infinitesimal isometries V" € W22(S, R?) there holds:

disty22(s5) (V" {Dx +d: D € s0(3), d e R3}> =

lim / )(VAh)n

h—0

(C.2)
= 0.

Since the second condition above involves only higher derivatives of V", we may
without loss of generality replace the first condition by:

IV* w225y =1 and (V", Dx +d) =0 VDeso@3),deR. (C3)

W22(8)

In particular, V" converges weakly in W22 (S) (up to a subsequence, which we do
not relabel) to some vector field V € V. By (C.2) and the weak lower semiconti-
nuity of the L? norm, we deduce that f S |(VA)ﬁ|2 = 0. Hence, in view of the first
part of the proof and the second condition in (C.3), it follows that V = 0 and so:

Jim [V flyr2s) = 0. (C.4)

By the estimate (4.4) and (C.4) we may deduce:

. h _
Tim [Vl s) = 0. (C.5)

where V! = yh — (Vi)ii. Observe that:

tan

/ ‘(VAh)ﬁ g
S

2
= / )vz(vhﬁ) + (A" = TTAM) gy — (VID V] + (Vhﬁ)l'l‘ .
S

2
f)v nvt’;n V(th))—AhH‘
S

Therefore:
192 VA 2gs) = C (T AMillags) + IV lwiags) )
and in view of (C.4) and the assumption (C.2) we also get:
lim ||Vl 2205 = 0.
hf%) I1Vinllw2zs)
The above together with (C.5) contradicts (C.3) and proves the lemma. L]

Lemma C.2. Assume (C.1) and let S be of class C>!. Then the functionals J and
J, defined for V.€ V, Bun € B and Q € M, are bounded from below and attain
their infima.
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Proof. 1. Let V € V. By Lemma C.1, positive definiteness of Q, (on symmetric
matrices) and (C.1), we obtain:

J() = C||V||%Vz.z(s)—/sf-év =C||V||%Vz.2(s)—/sf-QV

= ClIVIGaais) = 1 I2gs) - 1V L2s)s

(C.6)

for an appropriate modification V =V — (Dx + d). Hence the lower bound on J
(and J) follows.

2. Let now (V" B tan, Q" ) be a minimizing sequence of J. Clearly, a subsequence
of O" converges to some Q € M.

Using (C.6) and applying the positive definiteness of Q5 to the first term in J,
there follows the (uniform in /) boundedness of the following expressions:

h K a2 2
(CIPH Ry = 1 i) - 17" 2gs)) + € | Bl = 5 (A" gy €D

Again, we put Vh = vh —(D"x +d") and apply Lemma C.1. In particular, the
sequence V" is bounded in W22(S) and so it converges (up to a subsequence),
weakly in W?22(S), to an infinitesimal isometry V. Further, the matrix fields Al =
Al — D" converge weakly in WL2(8) to the field A satisfying (2.2).

Notice that:

(AM? = (AM?2 + (D")? + (D" A" 4 Al DM,
Hence the boundedness of the second term in (C.7) results in the L2(S) bounded-
ness of:

Bh

ho_ <(Dh)2+(DhAh +AhDh)> - _Btfém :

K sym v ((Dh)%c +2p" Vh(x)> .
We may now conclude that a subsequence of the above sequence of symmetric ma-
trix fields converges, weakly in L>(S), to some B, € B. Thus, B! — —((Ah) tan

tan
converges to Byn — %(Az)tan.
By the weak lower semicontinuity of both quadratic terms in J we conclude
that J(V, Bian Q) realizes the infimum of J. Likewise, J (V, Q) realizes the infi-
mum of J, had V" been a minimizing sequence of J. O
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