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Classical solutions and stability results
for Stokesian Hele-Shaw flows

JOACHIM ESCHER, ANCA-VOICHITA MATIOC AND BOGDAN-VASILE MATIOC

Abstract. In this paper we study a mathematical model for the motion of a
Stokesian fluid in a Hele-Shaw cell surrounded by a gas at uniform pressure. The
model is based on a non-Newtonian version of Darcy’s law for the bulk fluid, as
suggested in [9, 12].

Besides a general existence and uniqueness result for classical solutions, it is
also shown that classical solutions exist globally and tend to circles exponentially
fast, provided the initial data is sufficiently close to a circle. Finally, our analysis
discloses the influence of surface tension and the effective viscosity on the rate of
convergence.

Mathematics Subject Classification (2010): 35K55 (primary); 35J65, 35R35,
42A45, 76A05 (secondary).

1. Introduction and main results

Despite their importance in applications, the mathematical understanding of moving
boundary problems for non-Newtonian fluids is far from being complete. In this
paper we offer an analytic framework in which two-dimensional Stokesian fluids!
with a free interface may be studied. We investigate the dynamic behaviour of such
a fluid located between two parallel and transparent plates in a horizontal Hele-
Shaw cell. Relative to some typical lateral dimension on the plate, the distance
between these plates is assumed to be small so that we shall consider planar flows
in the following. This setting is widely used both in experimental and theoretical
work, cf. [9] and the references therein.

The motivation of our research is twofold. One the one hand we provide an
analytic framework which guarantees well-possedness of the full flow problem for
general data. This result may serve as the theoretical justification of numerical stud-
ies or formal expansions. On the other hand we give some insight in the dynamic
behaviour of the flow near equilibria. As a main result we show that circles are
exponential stable under small perturbations. However, in contrast to the periodic

U n a Stokesian fluid the stress tensor is a continuous function of the deformation. The Newtonian
fluid is a linear Stokesian fluid. Particularly, the viscosity u is constant in this case.

Received September 2, 2008; accepted in revised form May 18, 2009.



326 JOACHIM ESCHER, ANCA-VOICHITA MATIOC AND BOGDAN-VASILE MATIOC

strip-like geometry considered in [6], steady states are no longer isolated, but form
a three-dimensional submanifold Mj__ of the phase space. Nevertheless, a centre
manifold analysis allows us to prove that M{_ attracts at an exponential rate any
solution which is sufficiently close nearby. This means that by perturbing a circle
So initially sufficiently small, the corresponding solution exists globally and con-
verges to a circle Sy, which is uniquely determined by Sy, since the centre of mass
and the fluid volume are preserved by the flow.

To describe our main result precisely, let is introduce the following notation.
The initial shape of the fluid’s body is assumed to be a small deformation of the uni-
tary disc. Let S! denote the unit circle. Further, let a € (0, 1/4) be fixed and let p €
C([0, T1,C*S") ncl((0, T1, ' (SY), T > 0, with max;epo,r1 o)l ety < a
be a mapping with the property that at each time ¢ € [0, T'] the fluid occupies the
domain €2, where for p € C%(Sh) with lollesty < a we define

Q, = {xeR2 : |x|<1+p<i)}U{0}.

|x|

The boundary I', of the domain €2, is given by

Fp:{XERz : |x|=l+p(i>}={x(l+p(x));xeSl},
x|

It is suitable to represent I', as the O-level set of an appropriate function. For this,
let Ny, : R(3/4,5/4) — R be the function defined by

Np(y) = Iyl =1=p/lyD,

where R(3/4,5/4) is the circular ring centred in 0 with radii 3/4 and 5/4, i.e.

R(3/4,5/4) := {x e R? : 3/4 < |x| < 5/4}.

Figure 1.1. The fluid domain.
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Since I' )= Np_1 (0) it follows that the outward normal v, atI", isv, =DN,/|DN,|,
with DN, denoting the gradient of N,,.

The viscous behaviour of the fluid is modeled by a function u € C*(Rx)
satisfying the relation

0 < u(r) forall r >0,
0 < u(r)+2ru'(r) forall r >0, (1.1)

ru,z(r) — 00 OO.

We point out here that the first two conditions on the viscosity function were also
found in [3], where the full Navier-Stokes problem, but on a fixed domain, is stud-
ied. Note that the second and third condition guarantee the invertibility of the map-
ping

h:[0,00) = [0,00), h(r):=ru’@r) forr>0. (1.2)
If w is increasing the fluid is called shear thickening. Relation (1.1) holds for all
shear thickening fluids having positive viscosities. In addition to the examples men-

tioned in [5], in particular Oldroyd-B fluids and shear thinning power law fluids, we
include also the following cases

p() =vo(l+r*? and () = voo + vor*’?,

where vy and vy, are positive constants. These are also power-law fluids. For
the first example the parameter s belongs to (—1, co0). The second example was
introduced in the mathematical literature by Ladyzhenskaya in [13]. Here (1.1)
holds iff s € {0} U [2, 00).

For later purpose we formulate the following stronger version of relation (1.1).
Assume there are positive constants m,, and M, such that

my < u(r) <M, and my, < pu(@r)+2rp'(r) <M, forallr>0. (1.3)

A further interesting example is the Johnson-Segalman-Oldroyd model with relax-
ation times A; and k-th mode viscosities n, k = 1, ..., N. The viscosity function is
given by

N
(073
M(i’)=a0+E —
o 1 +Br

where the positive constants occurring in the relation are assumed to satisfy

N

0 = fts/10, @ = Nk/0, B =ha/M and po = ps + Y i
k=1

We refer to [9] for details. In this case the relation (1.3) holds for any choice of the
parameters.
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The dynamic of the Stokesian fluid, assumed to be incompressible, is governed
by a non-Newtonian Darcy law
Du noo
vV=————— in ,
(| Dul?) Po
cf. [12], where u is the pressure and v is the velocity of the fluid. The effective
viscosity it is defined, see [12], by

1 g2
—_— = E/ = dS, Vr > O,
m(r) —1 1(rs?)

where ¢ is a positive constant, [l := u o h~1 and & is the function defined by (1.2).

The well-known Laplace-Young condition states that at each point on the
boundary I',(;) the pressure has a jump according to the equation iy — Uext =
YKp(r), Where k() is the curvature of I'y () (taken to be positive if Iy () is con-
vex) and y is the surface tension coefficient, cf. [17]. The pressure ux; of the gas
surrounding the fluid is assumed to be zero. Thus we get

u=ykpwy on Tpa.

Assuming that a particle located on the boundary I',, gy remains on the boundary of
the fluid domain we obtain, using once again Darcy’s law, the following kinematic
boundary condition

Ny — (Du, DNyi) =0 on  T'yq).

(| Dul?)
Summarizing, we come to the following moving boundary problem

div (m%;‘z)) =0  in Q. 1e[0.T],

U = YKp@) on Fp(t), tel0,T],
Du, DN,g)) = 0 on Ty, £ €0, T],

(1.4)

1
% Not) = ZDam ¢

p©0) =py  onSh,

where py is the initial data.

Notice that we have to handle a fully nonlinear problem: the first three equa-
tions of (1.4) are all containing nonlinearities in the highest spatial derivative. A
further nonlinearity arises from the fact that the a priori unknown domains 2,
are evolving in time.

In order to define the notion of classical solutions to (1.4), we introduce first
the Banach spaces which we shall use frequently in this paper. Given r > 0, the
small Holder space h" (S') denotes the closure of C*(S') in C”(S'). The small
Holder spaces have the nice property that

WS < hSYH for 0<s <r

with compact embedding.
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Assume that U is an open subset of R?. Given k € N U {oo}, the set BUCK(U)
denotes the space of all maps from U to R which have bounded and uniformly
continuous derivatives up to order k. Given « € (0, 1), the space BUC kte ()
consists of all f € BUCK(U) having uniformly a-Holder continuous derivatives of
order k. Finally, we set buck**(U) to be the closure of BUC®(U) in BUC***(U).

For our analysis we fix « € (0, 1) and set

{p € ™ SN : lpllegty < a}, if (1.3) hold,

Vo =
T e e SY 1 Il < al, else.
We have defined in this way an open neighbourhood V, of the origin in h*t%(Sh).
In addition, if one of the conditions (1.3) is not satisfied, we choose ¢ < 1/8, which
implies that 2, is convex for p € V, and I',, has positive curvature. Indeed, for
such p we have:

e — 1] = (14 p)? +20% = (14 p)p” .
T e+

- (+p? 2p” (1+p)10"|

1 ((4p)24p2)3/2 ((A4p)2+p2)32 " ((1+p)2+ p2)3/2
L2 (I+a)a |1+ p)? = ((1+p)?+ p?)32

T (1-a}  (1-a) (14 p)2 + p')3/2

_ A +pt =@ +p)+0?)° | 3a®+a
T (l-a-a?+1-a)  (d-a)?

- aR+a)(l+a)* +3a2A +a)* +3a*(1 +a)> +a° a+3d>
- (1 -a)p((1 —a)?+ 1 —a)’) (1—a)

< 0.8.

Consequently «, > 0.2 and the domain €2, is strictly convex. The convexity of €2,
is needed to guarantee the solvability of the elliptic problem (2.4) in Section 2.

A pair (u, p) is called a classical Holder solution of (1.4) on interval [0, T],
T > 0, if

p € C([0,T1, Vy) N C' ([0, T, 'Sy,
u(-, 1) € buc*™*(Qyp), t € [0, T1,

and if (u, p) satisfies the equations in (1.4) pointwise.
If (1.3) does not hold, the interface p(¢) must correspond to a convex domain
for t € [0, T']. This is no longer the case if (1.3) is satisfied. The set V, is large
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enough to contain functions, which parametrize non-convex domains too. For ex-
ample, the mapping p given by p(x) = —(l/5)x110 for x € S! belongs to V, and
the curvature of I', in point (1 — 1/5) is negative.

Let Qu := div (Du/m(|Dul?)) for all u € buc***(Q,) and all p € V.
We use the sum convention a;; (Du)u;; = Zij a;j(Du)u;; to compute that Qu =
a;j(Du)u;j, where

8ij  2pipiE(pP)
Z(ip»  #dpP)

aij(p) = <i, j <2,

forall p = (p1, p2) € R2. The eigenvalues of the matrix [a;;(p)]1<i, j<2, are

1 2P (p)

1
A = _
=z ap? ~ 2a1pP)

E(p1»’

rM(p) =

and the quasilinear operator Q is elliptic because at each point p € R? we have

0 <min{A;(p), M (p)}EI* < aij (p)&iE;
< max{A1(p), M(p)}EI?,  VE=(&1, &) eR?\ {0}.

The inequality 0 < min{A(p), A2(p)} for p € R? is obtained directly from the
properties of the mapping . If in addition to (1.1) the relation (1.3) holds, then
Q is uniformly elliptic cf. [S]. Given the geometric setting considered in this pa-
per we can weaken slightly the assumptions on the viscosity function u, because
sufficiently small deformations of the unitary disc remains convex, whereas in the
strip-like geometry of [5] and [6] the cylinder may lose convexity property by arbi-
trarily small deformations.

The first main result of this paper is proved at the end of Section 3 and guaran-
tees local existence and uniqueness of classical solutions.

Theorem 1.1 (Existence and uniqueness). Assume that (1.1) holds true.

There exists an open neighbourhood O of 0 in Vy such that, for any initial
data pg € O, there exists a maximal existence time T = T (py) > 0 and a
unique classical solution (u, p) to problem (1.4) defined on [0, T (pg)) which satis-
fies p([0, T'(po))) C O.

Note that Theorem 1.1 implies that
[={(tx)e©,T)xR*; x €Ty}

is a C!-hypersurface of R3. Using techniques as in [7], it is in fact possible to show
that I" is a real analytic manifold, i.e. I" € C®.

We now turn our attention to the dynamic behaviour of solutions near circles.
For this we first note that the volume of fluid enclosed by the moving interface p is a
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constant of motion, c¢f. Lemma 3.6. Moreover, in Section 4 we prove that the circles
near the unit circle are the only steady-states of system (1.4) and we show that the
set containing all small steady-state solutions is a three dimensional manifold, a
so-called local centre manifold for the flow. The solutions to (1.4) corresponding to
initial data close to an element p( g) of this centre manifold exist in the large and
are attracted exponentially fast by a circle with centre ¢y and radius R, parametrized
over S! by the mapping P(co.R) (see Theorem 4.3).

ACKNOWLEDGEMENTS. The authors thank the anonymous referees for their sug-
gestions and comments which improved the quality of the paper.

2. The transformed problem

A fundamental difficulty in treating problem (1.4) is the fact that one has to work
with unknown, variable domains €2,. We overcome this difficulty by transforming
problem (1.4) on the unitary disc  := ID(0, 1). Therefore we define for p € V),
the Hanzawa diffeomorphism ¢, : R? — R? by

X X
X

, else,
where ¢ € C*(R, [0, 1]) satisfies

[ 1. rl=a
“’(”—{ 0, Irl = 3a,

and additionally max |¢’(r)| < 1/a. In fact for |x| < 1—3a and for |x| > 1+3a we
have ¢,(x) = x. Giveny € S!, the mapping [0,00) 5 r = r+o(r—1p(y/|y]) €
[0, 00) is strictly increasing and therefore bijective. Taking also in account that for

x # 0 we have
X L X X2 X1
Dlo(=))=0 (=) (-5 =
(p(m)) P <|x|>< 2 |x|2>

we can easily verify that ¢, € Diff*t%(Q, Q,) N Diff++¢(R?, R?). Additionally,
we have that ¢, SH=r p- The push-forward operator induced by ¢, is defined by

qb; :BUC(£2,) — BUC(R2), u —> uo¢,.

These operators allow us to transform the problem into an abstract Cauchy problem
over S!. General results of the theory of maximal regularity, due to Sinestrari [20],
can be used to prove existence of a unique classical solution, corresponding to small
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initial data. Let ¥, := ¢Kjl. The solution to (1.4) is then obtained (see Lemma 2.1
below) using the pull-back operators defined by

¢t : BUC(Q) — BUC(R,), v+—> vo .

The transformed differential operators A(p) and B, acting on buc*te(Q), respec-
tively on Vy X buc?t¥ () are set to be:

A(p) = ¢ 0 Q 0 gL,

B(p, v)(x) := (D(¢%v), DN,)($p(x)), x €S

N S
E(D(@Lv)?)

We compute that the curvature «, of ', p € V, is given by

(14 p)?+2p% = (14 p)p”

(1 4 p)2 + p2)3/2 (x), xeSh

k(1 + p(0))x) =

It is not difficult to see that if (o, u) is a solution of (1.4), then (p, ¢;u) is a solution
of the following problem

A(p)v =0 in Qx[0,T],
2 2 _ ”
v = d+p"+ 2’2 /(21 :—2'0)'0 on S! x [0, T,
(A +p)?+ ¥ (2.1)
3p+B(p,v) =0 on S! x [0, T,
p(0) = po.

In fact the problems (1.4) and (2.1) are equivalent in the following sense:
Lemma 2.1. Given pg € V,, we have:

(a) If (p,u) is a classical Holder solution for (1.4), then (p, ¢>zu) is a classical
Holder solution for (2.1).

() If (p, v) is a classical Holder solution for (2.1), then (p, % v) is a classical
Holder solution for (1.4).

Proof. Given p € V, there exists positive constants K and § depending only on p
such that

160 — 85l sucaramey < Kllo — Bllcset) 2.2)

forall p € V, with ||p — o | ca+a(gty < 8. In fact, we can choose K large enough
such that the relation

W — Vil uciremey < Kllp = Bllcisas) 2.3)

holds for ||p — ﬁllc4+a(gl) < 4. Indeed, given p € Vg, let ¥, =: (yl, wg).
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Using the chain rule, we compute

1 X2
ot . (=x2pp+x2|x|¢" p+x100"),
o] P W (I en) A
PR 0 < |x] <2,
1, else,
xl / /
- ] (=x20p + x2lx[¢’p + x100"),
|x3 (1 + —¢p> (1+¢'p)
I CHENE x|
0< x| <2,
0, else,
.x2 / /
- 1 (=x190 + x1lx[9" 0 — x200"),
|x3 <1 + —<pp> (I+¢'p)
Vo (Pp(x)) = x|
0< x| <2,
0, else,
1 X1 ’ /
oo + ; 1 ; (=x19p+x1|x|9"p—x200"),
x| <1+—<pp) (I+¢'p)
Vo o (p(x) = 3
0< x| <2,
1, else,

where ¢ = @(]x] — 1) and p = p(x/|x|). Relation (2.3) is now immediate. The
assertion follows now due to relations (2.2) and (2.3), using arguments similar to
the ones in Lemma 1.2 in [5]. ]

Given p € V,, the operator A(p) is elliptic (uniformly elliptic if (1.3) holds)
and it carries also a quasilinear structure, in the sense that

A(p)v = bij(x, p, Dv)v;j + bi(x, p, Dv)vi, Vv € buc®* (),
where
bij(x. p, DV) = Yb (@, NV [ ($p(x)au(D(@Lv) (@, (x))) for 1 <i, j <2,
bi(x, p, Dv) = wﬁ,,k,(%(X))akz(D(¢fv)(¢p(X))) forl <i <2,

and

D(20)(hp (X)) = ()Y | (6 (X)), k(X)W 5 (B (x)))
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forve buc2+°‘(9) and x € . Moreover, given p € V,, x € 2and p=(p1, p2) € R2,
we have

bij (x, 0, PIEE; =aij(Pry | (Bp(X)), PrVy 2 (Do) ExVs ;Do) Er V) (X))

for all & = (£1,&) € R2. The ellipticity, respectively the uniform ellipticity of
A(p) is a immediate consequence of relation (1.1), respectively (1.3). We study
now the right-hand side of the second equation of (2.1).

Lemma 2.2. The mapping

(L4 p)2+2p% = (14 p)p”

24a (gl
A+ sppn <P

Ve 3 pr—> k(p) =

1

is smooth. Given p € h*T*(Sh), we have 3k (0)[p] = —p — p”.

Proof. We can express k as k := T o ® where YT and ® are the functions defined
by
T : Vo = h*T(SY) x h2 (St x h2resh,

Y(p) = (p, 0", "),
® - h2+a(Sl) % h2+a(Sl) x h2+a(Sl) — h2+a(Sl),

(1+ o) +2p3 — (L4 p1)p3
((1+ p)* + p3)3/2

Since Y and ©® are smooth, then so is also «. The second assertion is now
obvious. ]

O(p1, p2, p3) =

Assume first that relation (1.3) is not satisfied. Then, given p € V,, the bound-
ary curve
(02, vkp) =1{(z, ykp(2)) 1 2€0RQ,} C R3

satisfies a bounded slope condition since the curvature of 9€2, is everywhere pos-
itive and the boundary 02, respectively the boundary value y«,, belong to the
class C2. This means that for each point P € (3Q,, y«,) the curve (32, yk,) is
bounded from above and below on the cylinder 92, x R by two planes and coin-
cides with them at P. The slopes of the planes are uniformly bounded by a constant
which does not depend on the point P. In view of [14, Theorem 6.4.2] we obtain
that for each p € Vy, the Dirichlet problem

Qu=0 in Q)

(2.4)
u = yk, on T,

possesses a solution u € BUC?+*(Q p)- If (1.3) holds, then Q is uniformly elliptic
and the same result for (2.4) is obtained by applying [14, Theorem 4.8.2].
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Moreover, the mean value theorem (see [10, Theorem 10.2] for more details)
yields that this solution is unique. Notice also that if p € C*(S!), then the solution
u to (2.4) is smooth, that is u € BUC*°(2,).

Together with Lemma 2.2 we obtain the following existence, uniqueness and
regularity result.

Theorem 2.3. Given p € V,, there exists a unique solution T (p) € buc*t*(Q) of
the quasilinear Dirichlet problem

A(p)v = 0 in Q,

v = yk(p) on S'. 2:5)

Moreover, the mapping [Vy 3 p —> T (p) € buc*T*(Q)] is smooth.

Proof. In view of the facts discussed above it suffices to prove that 7 is smooth.
Indeed, knowing that 7 is smooth and that (2.4) has a unique solution for p € V,,
we obtain in view of 7 (C>®(S')) ¢ BUC>®(Q), that p € V, implies 7 (p) €
buc*™(Q).

We proceed now and prove that 7 is a smooth operator. Let S : V, x
BUC*t%(Q) — L(BUC*%(Q), BUC*()) be the operator defined by

S(p, v)[u] :=bjj(x, p, Dv)u;j + bi(x, p, Dv)u;,

where we use the standard sum convention. Given (p, v) € Vy x BUC e (Q),
S(p, v) is a linear, uniformly elliptic differential operator of second order satisfying

S € C®(V, x BUC*T¥(Q), LIBUC*T¥(Q), BUCY(Q))).
It follows that Z : V, x BUC**(Q) — BUC*t%(Q), with
Z(p, v) = (S(p, v), tr) (0, y«(p)),

is a smooth operator. We have denoted by tr the trace operator on S'. The smooth-
ness is obtained in view of Lemma 2.2, taking also into account that the function
mapping a linear operator to its inverse is analytical.

The function [p +> (o, 7 (p))] is a parametrization of the O-level set of the
smooth mapping

F :Vy x BUCT(Q) — BUC*T*(Q), F(p,v) :=v—L(p,v).
The derivative of F with respect to v is given by the relation
W F(p,v) = idBUc2+vt(Q) — hZ(p,v),

where 9, Z( p, v) is a compact operator. This is due to the fact that S and 7
have natural extensions to operators on V, x BUC I+ (Q) and the embedding
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BUC*t%(Q) — BUC 'T%(Q) is compact. Consequently, 3, F (o, v) is a Fredholm
operator of index O.

Let us compute the Fréchet derivative 9,7 (0, 7 (0)) for p € V,. Let p € V,
be given and set v := 7 (p). Given w € BUC*+*(Q), the mapping 3,Z(p, v)[w] is
the unique solution of the following Dirichlet problem:

bij(x,p,DV)zij+b;i(x,p,Dv)zi = — [3b;j(x, p, Dv)vij + 3b; (x, p, Dv)v;]
A(D(PLw)(¢y)) inQ
z=0 on 0%, L)

where
Wi, p. DV) = Y (BN (0 (1) Bt (D@L 0) (9, (x)) for 1<, j <2,
9b;(x, p, Dv) = Iﬁﬁ,,ld(¢p(X))aakl(D(¢fv)(¢p(X))) for 1<i <2,

and da;; are the usual Fréchet derivatives of the smooth mappings a;; : R? - R,
1<i,j<2.

We state that the linear operator d,F (o, 7 (p)) is an isomorphism for all p €
V,,. Taking into consideration that 3,.F (o, 7 (p)) is a Fredholm operator of index 0,
it suffices to prove that it is one-to-one. Indeed, let w € BUC 2+ () be a function
with the property that 3,F (0, 7 (p))[w] = 0, thatis w = 9,Z (0, 7 (p))[w]. Then,
w 18 the solution of (L), hence w = 0.

The implicit function theorem yields that 7 is smooth in a neighbourhood of
p for all p € V,. This completes the proof. 0

3. The nonlinear Cauchy problem

Replacing in the third equation of (2.1) v by 7 (p), the solution to (2.5), we reduce
problem (1.4) to a nonlinear Cauchy problem over the unit circle:

dp + @(p) =0, p(0) = po, (3.1

where ®(-) := B(-, 7 ()) is a nonlinear and nonlocal operator of third order.

In order to prove Theorem 1.1 we observe first that ® is a smooth mapping and
that —3®(0) generates a strongly continuous analytic semigroup in £(h!T*(S!))
with domain of definition 2+t (S), that is 3@ (0) € H(h* *(Sh), n!T(Sh)).

We study now the regularity properties of the operator 5. First we prove the
following result:

Lemma 3.1. The nonlinear operator B belongs to C® (Vyxbuc®T¥(2),h' % (Sh)).
Moreover, given (pg, vg) € (—a,a) x R C V, x buc?t* (), we have
1

88(1007 UO)[p’ U] = mtr auU
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forall [p,v] € h*F(SYY x buc*t*(Q), where v is the unit exterior normal vector
field to 092.

Proof. Given (p,v) € V, X buc2+°‘(52) we compute:

(D@Lv). DN,)($,) = [x,-w;,iwp) + ip (r2w) @) - xlw;l(asp))} v

and the regularity assumption is now obvious. We used here again the usual sum
convention.

Let (pg, vo) € (—a,a) x R be fixed and 6 > 0, with the property any p €
h*te (S satisfying ||p — poll c4+a sy < 6 belongs to Vy. We prove that

1
aB(po, vo)lp, vI(x) = ﬁ(D(qbev), DNp)(¢py(x)), x €S!

for [p,v] € P+ (SHxbuc?t(Q) satisfying [|[0,v]1—[00,v0] | c4+a 51y x BU 2+ () <
0. We notice first that B(pg, vg) = 0. Further on, we write

1
B(po + p,vo+v) — ﬁ(D(aﬁfov), DN py)(hp0)

= ( 1 _— ) (D@ (00 + 1)), DN pyp) (D)
T(D@L (o + )2  w(0) 0 0

1
=0 (D@L (w0 + 1)), DN 1) @pyi) — (DGL), DNpo>(¢po))

=: E| + E;.

Using standard arguments we find a positive constant x depending only on (g, vg)
such that || E;|c1+esty < xllo, U]”2C4+a(sl)xBUc2+a(§z)' The relation (D(¢2°v),
DN, ) (¢p,) = 0yv leads then to the conclusion.

Indeed, the estimate for £ follows easily from the mean value theorem and
the fact that v is constant. Moreover, we have that

A(O0)Ey = (D@L "v), DNpy1p) @pyrp) — (D@L), DNpy) ()

= {Xi (w;).o_kp,j (¢,00+,0) - wl{o’i((ppo))

o' ~ ~
+ [m <x2‘/f;0+p’1(¢po+p) - xl‘//lj)0+p,2(¢po+p)>

/

0 . .
1+, (xlw/j,J(d’p) - xl‘plj)z((ﬁp))]} Vj

which, in view of (2.2) and (2.3) completes the proof. ]
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Summarizing, we obtain from Theorem 2.3 and Lemma 3.1 that e C*°(}/, JSh).
Using the chain rule we have

99 (0) = 3B(0, T(0)) o (idyssa(g1y, AT (0)).

Let us first notice that 7 (0) = y. We are left to determine the derivative 97 (0).
Using Lemma 2.1 we obtain:

Lemma 3.2. Given p € V,, the mapping 37 (0)[p] € buc®t(Q) is the unique
solution of the linear Dirichlet problem

Aw = O 5 in Qa
| (3.2)
w =—y(p+p"), onS.
Proof. The proof is standard and is left to the reader. O

Thus, given p € Vg, the derivative d® (0) satisfies d® (0)[p] = (1/x(0))d,w,
where w is the unique solution to (3.2). If we consider the Fourier expansion of
P =72 ez p(k)x*, we obtain from the well-known Poisson integral formula that

w(rx) =Y yk* = Dri*pc)t
kel
forall 7 < 1 and x € S!. Particularly, d,0(x) = > ;7 vIkI(k* — Dp(k)x* for
x € S!, and we conclude

—9(0) [Z ﬁ(k)xk} =) Ikl = k)ph)x" (3.3)

keZ keZ

forall Y, ., p(k)x* € h*+e(S1), where ¢ := y /71(0).

We will use the Fourier representation (3.3) to prove that 9® (0) € H(h** (S,
Rt (Sh)). The coefficients Ay := ¢ |k|(1 — k%), k € Z will play an important role
in our further analysis. Given r > 0, the Sobolev space H" (S!) is defined by

H' (S = (p e L2SY : YA+, [pR)I* < oo},
keZ

and is endowed with the scalar product (o, ¢) := > (1 + k»"p(k)S(k). The
smooth functions are dense in H”(S!) and the Sobolev embedding H ktrSly s

C*(S") holds for all k € N, provided r > 1/2. Moreover, H**5(S) < ks (ShH
forallk e N, 8 €[0,1],and s > 3/2.

Let us now consider the operator —d®(0), given by (3.3), as an operator be-
tween Sobolev spaces. Given Re A > 1 the operator A 4+ d®(0) is an isomorphisms.
More precisely, it belongs to Isom(H"3(SY), H"(SY)) for all » > 0. This can be
seen using the Fourier expansions of the functions belonging to the spaces H*(S!),
s > 0, together with the relation limx|— o0 (Ax)/1k|?) = —¢. Consequently, for any
ReA > 1 and r > 0, the resolvent R(A, —d®(0)) is a well-defined element of
L(H"(SYH, H'3(Sh)). Applying this result we obtain:
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Proposition 3.3. Let k €{1,4} and suppose R(L—3d®(0)) € L(CH¥(S),cktyShy)
for some Re A > 1. Then R(,, —3®(0)) € L(h' TS, Kkt (Sh).

Proof. From the assumption we deduce that R(A,—d® (0))e L(h'T¥S),cH*(Sh)).
Given p € h't%(S!), we find a sequence (p,), C H"(S"), r > 3, such that p, —
p in C'T(Sh. 1t follows that

R(h, —3®(0))py —> R(A, —3®P(0))p in CFT*(Sh).
Thanks to the above mentioned result we obtain

R —00(0)p € H S lekteeh _ phta(sly n

This proposition is very useful because it allows us to transfer the problem of study-
ing the spectrum of the operator —d® (0) considered as an operator between small
Holder spaces to the case when it acts between Holder spaces, which is more at
hand due to the identification C*(S') = B, (Sh fors > 0,5 ¢ N. Here we have

denoted by B, oQ(Sl) the usual Besov spaces over S! (for more details see [16]).

In order to show that d®(0) € H(h*t¥(S"), h!+*(S)) it suffices, cf [1], to
find a constant x > 1 such that

A+ 0@(0) € Isom(A*T*(ShH, B! t*(Shy), (3.4)
AL IR G, —3D Ol £gprvesty) < X (3.5)

for all Re A > 1. We shall prove that there exists a constant x such that relations
(3.4) and (3.5) hold. The proof is based on a straightforward generalization of a
result appeared in [2].

Theorem 3.4. Let r, s be two positive constants and let (My)rez C C be a se-
quence satisfying the following conditions

@) sup |k|"F|My| < oo,
keZ\{0}

()  sup [KI"TH Mg — Myl < oo,
keZ\{0}

(i) sup [kI" 2| Mijo — 2Myq1 + Mi| < oo.
keZ\{0}

The mapping
> Btk — > Mok

keZ kel

belongs then 1o L(BS, o(S"), BL, ,(S")).
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Proof. The proof follows similarly to that of Theorem 4.5 (i) in [2] with the obvious
modifications. O

Theorem 3.5.
D (0) € Hh*T(ShH, h'+*Sh).

Proof. LetReA > 1 be fixed. Given ) ;, ﬁ(k)xk e L%(Sh), we have

R(h, —9(0)) [Z ﬁ(k)x"} =) Miplhxt,

kel keZ

where M} = 1/(A —Ay), k € Z. We prove first that R(x, —3®(0)) € L(h!T¥(Sh),
R4 (Sh)). Thanks to Proposition 3.3 and Theorem 3.4 it suffices to show that the
coefficients (M,f) satisfy conditions (i), (ii) and (iii) of the above theorem (with
s=14aandr =4+ a).
The relation klim K3 /(A—Xxx) = 1/¢ implies (i). Further on, we write for k > 1
— 00

K3 K — A 3
k4|M,i‘+1 _Mm _ | k+12 k| — 2
A — Aggrl A — Al k k=00 &

because of (Ay — kk+1)/k2 — 3¢, and (ii) is proved. We also have
k> | My — 2Mys1 + My
k3 k3 k3
T A= Adal 1A= ] 12— Al K4

A2 = 2541 + Ap) +

FAk g1 — Aeg2) + A2 (A1 — Ap)|,

and (A2 — 2hi 41 + M)/ k* — 0, respectively (Ag(As1 — Ag2) + kg2 (st —
Ax))/ k* — 12¢2. This proves (iii). Thus, A + 9P (0) € Isom(h*T¥(Sh), h!T*(S))
forall Re A > 1.

We prove now (3.5). Denoting by NkA = AM,? forReA > land k € Z, it
suffices to show that the conditions (i), (ii) and (iii) of Theorem 3.4 (with s = r =
1 + «) hold for (le) uniformly in A € {A : ReA > 1}. Let us notice first that
A — Ax| > max{l, |A|, ||} for all ReA > 1 and k € Z. Moreover, A, = 0 iff
|k| < 1. Therefore, we have

sup suplN,f‘| <1
Re).>1keZ

We also get

ALK e = Ml e — Al
X

k||IN} , — N} = ,
MINe =N = = 2 = e ™
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where
I, k<1,
xe= k)3
K =2,
[kl

and we are left to verify that (iii) holds. For k # O we have
K?INEyp = 2Ny + Ni|
A K k2
A = hral [A = Mg | [A = Ag| K

Akg2 — 2041 + Ag) +

FAk (A1 — Agg2) + Ao (Mepr — Ak)

[Ak42 — 2hp41 + Al [Ak A1 — Agt2) + A2 (M1 — A
< Xk ] + Xk Xk+1 T .

The relation (Agyp — 24511 + Ak)/k k—> —6¢ leads to conclusion. ]
—00

We are now able to sketch the proof of Theorem 1.1. We fix 0 < 8 < «
and set 6 := (¢ — B)/3. Since « € (0, 1) was arbitrary in our analysis, we de-
duce from Theorem 3.5, using the fact that H(h*#(S!), h'+#(S")) is open in
L(h*HBSY), h'+A(S)), the existence of an open neighbourhood Og of 0 in Vg
with the property that 3@ (x) € H(h*A(S!), h!+A(S1)) for all x € Op. Let O :=
OpNh*e(Sh). Letting C > 0 be the norm of the compact embedding /4% (S!) —
h*P(Sh), we find that Bjaragiy(x, r/C) C O for any ball Bjassgiy(x,r) C Op.
Thus O is an open neighbourhood of 0 in V.

Moreover, given x € O, the operator —d® (x) is the part in 2! (S!) of a sec-
torial operator B : h*tA(S!) c h!+B Sy — TS with D (0) = h'T(Sh)
and D0 +1) = h*T%(Sh), where Dg(0) and Dg (6 + 1) are suitable interpolation
spaces, associated to the operator B. We refer to [15] for details. We have used here
the well-known interpolation property of the small Holder spaces

(o (S"),h%1 (S1))g =1 =001 (S " if g € (0, 1) and (1-0)o0+0o1 ¢ N. (3.6)

Thus, we have establish that the assumptions of Theorem 8.4.1 in [15] hold and the
proof of Theorem 1.1 is now obvious. Consequently, given py € O, there exists a
positive time T (pg) > 0 and a unique classical solution (i, p) to problem (1.4) on
[0, T (po)] satisfying o ([0, T (pg)]) C O. Moreover, the solution may be extended
on a maximal interval [0, T (pp)) and if p is uniformly continuous with values in
R4+ (S!), then either

lim p@) € 00 or T(pg) = +oc.
t /T (po)



342 JOACHIM ESCHER, ANCA-VOICHITA MATIOC AND BOGDAN-VASILE MATIOC

We prove now a conservation law for the fluid volume:
Lemma 3.6 (Conservation of volume). Given peV,,we have fS1(1+p)<I>(,o)dx =0.

Proof. Let p € V, be given. Denoting by u the unique solution of the Dirichlet

problem
. Du _ .
div (m) =0 n Qp,
u = yk, onIp,
we obtain
/Sl(l +p)®(p)dx = /Sl(l + p)B(p, T (p)) dx
/(1+ )< Du DN>(¢)d
= PN ==, x
st m(|Duf?)’ P
1 Du
= — — N Vp do
27 Jaq, \k(|Dul?)
1 . Du
= — div <ﬁ> dx = 0.
2 Jo, \E(Dul?)
This completes the proof. O

Given p € V,, the volume of the domain 2, is vol(2,) = 7 fSl (14 p)2dx.
Fixing p9 € O, we denote by p : [0, T(pg)) — V, the solution to (1.4). We
compute

d
- vol(2p() = —27 /S (A +p)P(p(1) dx =0,

thus the volume of the fluid is preserved. Furthermore, we know [18] that also the
centre of mass of the fluid domain is preserved by the flow.

4. Equilibria and stability properties

We determine the equilibria of the problem (1.4) by solving the following free
boundary problem
. Du _ .
div (m) =0 n Qp,
u = yk, onlIp, 4.1)

(Du, DN,) =0 on I'p.
Assuming that p € V), is known, we obtain from the first and the third equation of

(4.1), using the fact that the outward normal at 92, is v, = DN,/|DN,|, that u
must be a constant function. Consequently, the curvature of 92, is constant and
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082, must be a circle. Furthermore, it is obvious that any circle sufficiently near the
unit circle determines a steady-state solution for (1.4). There exists also an open
neighbourhood ¢/ of the origin in R? with the property that

E = {(pe.r) V/(R+ 1)) € Vy x buc*™(Q) : (¢, R) e U}

contains all the equilibria of problem (1.4) in V. Given (¢, R) € U, the mapping

Pe.r)(x) = \/(R—l— D2— )P4+ <c,x >24+ <c,x >—1, xeS',

defines an element of V), and the boundary 92
c and radius (R+1).

In order to study the stability of the O solution for the problem (3.1) we shall
proceed like in [15] and [4] and construct a three dimensional invariant submani-
fold of the phase space with the property that the eigenspace corresponding to the
eigenvalue 1| = 0 is tangential to it in 0.

Let0 < B <o < land @ := (¢ — B)/3. Letting G(p) := Ap — P(p) for
p € Vg we write problem (3.1) as follows

pe.ry 18 exactly the circle with centre

dhp = —Ap+G(p), t =0,

4.2

p(0) = po, 42

where A = d®(0) € HH*ASY), h!TA(S")). We have G € C®(V,y, D)),

G(0) = 0 as well as 0G(0) = 0. These relations follow by reason of D4 () =

(WP SH, BB (SN Y)g = TS and DA + 1) = {p € KPS : Ap €

D4(0)} = h*T¥(S"). Notice that the part of A in D 4(6) is denoted again by A. We
refer also to [15] for details.

The embedding h*T#(S') — A!TP(S!) is compact, and therefore —A is an
operator with a compact resolvent. We infer to Theorem II1.8.29 in [11] to con-
clude that its spectrum consists only of eigenvalues having finite multiplicity. Thus,
o(—A) = {A : k > 1} and the multiplicity of A; is equal to 3, respectively the
multiplicity of A is 2 for k > 2, as can be deduced from (3.3). We find ourself in a
critical case of stability: the value A; = 0 belongs to the spectrum of —A.

Let us denote by P € L(h!T#(S!)) the spectral projection associated with the
nonnegative spectral set {0} :

1
P = —/ R(z, —A)dz,
c

2mi

where C is the circle centred in O with radius ¢. Notice that the closed ball bounded
by C contains non of the negative eigenvalues of the operator —A. Using the Fourier
expansions of the functions p € h'*#(S!) we see that P is a Fourier multiplier.
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More precisely, given p = 3", p(k)x* € h!TA(S!) we compute
P> ptoxt | = L / R(z—A)pdz = —— / > L ot az
o/ 27i Jo 2ri Je iz 2 M
1 / (.
=3 p(k)x" dz
2mi IEZ: cZ— Ak

| 1 o
ke{—1.0,13 \TtLJC 2= Mk

= Y plox*
ke{—1,0,1}

Note that p € h!tA(S!) ensures the uniform convergence of the series
Y kez ﬁﬁ(k)xk. Particularly, Theorem 3.4 implies P € L(h*T°(S")) for all

ke Nando € (0, 1).
We set X; = P(h!TP(SY)), X» = (I — P)(h!HA(S))), and

A1 X1 — Xy, Alx = Ax
Ay X ﬂh4+ﬁ(Sl) — X, Arx = Ax.

Then A € L(X)) is the Ox, operator, o(—A2) = ikk i k> 2}and Da,(0) =
DA(0)N X2, Da, (0 +1) = Da(0+1)N X,. Setting 15+ (S1) := {p € Kk (S :
p(m) = 0for|m| <1} fork € Nand o € (0, 1), we have

Da,0) = R4Sy and  Da, (0 +1) = BHESh.

Moreover, A, is the part in /111% (S!) of the operator Ay € H(h*A(Sh), B1TA(S!)).
Let us further notice that PA¥° (S!) is a three-dimensional space, thus

Rkt Sy = PRkt SH @ oS, ke N, o € (0, 1)

is a topological direct sum.
Choose ro > 0 such that B a+a(s1y(0, ro(1+ K)) C Oandlety : X1 — [0, 1]
be a smooth cutoff function satisfying

1
Y(x)=1 for lIxllcr+ssty < 2 and Y(x)=0 for x|ty = 1.

We have denoted by K the norm of (X1, || - [lcategny) = (X1, | - llcr+8s1))-
Given r < rg, the mapping

Gy : X1 X Bjjisa(en (0.r0) C (S — nlte(Sh,

P
Gr(p) =G (xlf <7p) Pp+ (I — P)P) P € X1 X Bjaras1)(0,10),
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has the same regularity properties as G and G(0) = 0, dG(0) = 0. Further on, for
r < ro the abstract Cauchy problem:

dhp = —Ap+Gr(p), 1 >0

4.3
p(0) = po, @

is equivalent to the problem (4.2) for small solutions. More precisely, the solutions
of (4.2) remaining in By, (0, 7/2) X Bjaragr(0, o) C h*¥(S') coincide with the
solutions of (4.3). Given p € X X Bja+a (S.)(O, ro), we assume that —A4+0G,(p) is
the part in 27 (S!) of a sectorial operator B : h*TF(S!) c h!TF(S!) — n!+A(S!),
such that Dg(0) = h'T*(S!) and Dg(6 + 1) = h*t*(S"). This can be achieved by
choosing ry small enough.

Under this assumptions we obtain for each initial data pg € XX Bjt« sh (0,rg),
applying again Theorem 8.4.1 in [15], existence and uniqueness of a maximal de-
fined solution p € C([0, T (p0)), X1 X Bja+a(s1,(0, 70))NC' ([0, T (00)), RiteShy).

Clearly, problem (4.3) is equivalent to the following coupled system

x'=—Aix+ f(x,y),
v =—Ayy+gx, ), 4.4)
x(0) =x0, y(0) = yo,

where -
f 1 X1 X Bjiag)(0,10) C X1 x e Sh — Xy,

f. ) =PG (¥ ($)x+y).
g1 X1 X Bjsrag)(0,70) C X1 x (8" — hlFe(sh),
g, =U—-P)G (¥ (X)x+y).

Being interested in the stability of the equilibria to problem (3.1) located near the
trivial solution 0 it will be sufficient to consider the problem (4.4) for small r.
A pair (x, y) is called solution of (4.4) if there exists a constant 7 > 0 such
that
x € CI([0, T1, Ph'*e(ShY),

y € C1([0, T1, k™**(Sh) n € ([0, T1, i (Sh),

and if (x, y) satisfies the system (4.4) pointwise. In view of [15, Proposition 9.2.1]
we can choose rp small enough to guarantee, for » < rg, the existence of a con-
stant positive C(r) with the property that solutions to (4.4) satisfying initially
ol cate(sty < C(r) exist globally.

We state now a theorem on the existence and smoothness of invariant manifolds
for the system (4.4), result which can be found in [19, Theorem 4.1] and [15, The-
orem 9.2.2] (see also [4] and [8]).
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Theorem 4.1 (Existence of centre manifolds). Given k € N., there exists ry €
(0, ro] and for each r € (0, ri] there is a unique mapping

o € BCK(Xy, i (S,

satisfying
c(0)=0 do(0) =0.

Moreover
llo(x) — o ()|l cata(sty < bllx — X145 sty

for a suitable constant b and
||U(x)||c4+a(sl <r, VxeX.

Let M := M(r, k) = {(x,0(x)) : x € X1} C h***@S"). Then M is a globally
invariant 3-dimensional C*-manifold for the problem (4.4), i.e. given (xq, yo) €
M, the solution (x, y) to (4.4) exists in the large and (x(t), y(t)) € M fort > 0.

Denote by z(-) = z(-, x, 0) the global solution of the initial value problem
for the reduced ordinary differential equation

Z(t) = f(z(t),0(z(1), teR,
2(0) = x.

The function o is the unique fixed point of the following equation

0
o(x) = / e2g(z(t,x,0),0(z(t, x,0)))dr, 4.5)

and for (xo, yo) € M we have that (x(t), y(t)) = (z(t, x0, 0), 0 (z(t, x0, 0))), t >
0 is the globally defined solution to (4.4).
Additionally, if p : R — h*T%(S) is a globally defined solution of (3.1) with

,
p(1) € W(r) i= By, (0. 5) % By (e (0.1).

ie. |[Po®llc+ssty < r/2and |[(I — P)p@)llcarasty < r forallt = 0, then
(I — P)p(t) = a(Pp(t)) and Pp is the unique solution of the following initial
value problem

() = fz(t),o@z®), teR,
2(0) = Ppy.

Thus, M contains all small global solutions of (3.1). The tangent space to M in 0
is X1, the eigenspace corresponding to the eigenvalue 0

To(M) = im(idy,, 3o (0)) = X x {0} = X].
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Fix now k > 2. Givenr € (0, r¢], we construct now a locally invariant C k_manifold
Mj, for the problem (3.1) containing just stationary solutions of (3.1). Let V. C U

be a small neighbourhood of 0 in R? satisfying
Pc,R) € W(r), ¥(c,R) € V.

By Theorem 4.1 we have then p gy = (Pp(,r), o (Pp,ry)) for (c, R) € V. The
mapping [ 3 (¢, R) — p(c, R) := p,R) € R4 (SY)] is smooth and we compute

9p(0,0)[c, R] = >x x '+ R+ 2x =(c,x)+ R, [c, R] € R. (4.6)
Given (c, R) € U, we can represent the periodic function Pp(, r) uniquely by its
trigonometric series ~

Pp(.r) = R+ (¢, x), 4.7

where R = p(.,g)(0) and ¢ = 2p( g)(—1).

Using this relation, we state that the mapping F : U — R3, defined by
F(c, R) := (C, R) where (C, R) are given by (4.7), is smooth, satisfies F'(0) = 0,
and additionally, by (4.7), dF(0) = idps. If V is small enough, then F:V -
F (V) is a smooth diffeomorphism. Given (¢, R) € F (V) we have:

PpF '€ R) =R+ (& x),

thus PpF~!is the restriction to F (V) of the isomorphism [R3 5 (C, ﬁ) — (¢, x)+
R e X1]. We conclude that Pp(V) is an open neighbourhood of 0 in X;. Define

loc as the graph of the restriction of o to the open set Pp (V). We have obtain in
this way a local invariant manifold for the system (3.1). The example of A. Kelley
(Example 13.7) in [21] shows that invariant manifolds are in general not unique. In
the context of our problem we know additionally

foc = {(x,0(0)) : x € Pp(V)} = {(Pp(c,r), 0 (Pp(e,R)) : (¢, R) € V]

={pe.r : (c.,R) € V}.

This means that the (a priori non-unique) invariant manifold M!°¢ consists in equi-
libria only, i.e. in circles, and is therefore unique.

The manifold M attracts the solutions of (4.4) for small initial data. This result
is found in [15]. More precisely we have:

Theorem 4.2. Given w € (0, —i, =6¢), there exist positive constants M = M (w)
and ¥ =7 (w) such that for r <7, (xg,y0) € X1 X A+ (SY, with || (x0,y0) lca+esty <
C(r), the solution (x, y) to (4.4) exists in the large and satisfies

Iy (1) = o (@) | carasy < Me™ lyo — 0 (x) | csvagty for 1 € [0,00).
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The following result on asymptotic stability ensures that for small initial data pg the
solution to (3.1) exists in the large and there exists a steady state belonging to the

local centre manifold My, uniquely determined by the initial data, which attracts

the solution exponentially. The proof of this result follows similarly as the proof
in [8, Theorem 6.5], which is an adoption of the proof in [19, Proposition 9.2.4].

Theorem 4.3. Let w € (0,6y/w(0)) and r < ¥ be given. There exist positive
constants K = K (w) and a neighbourhood W(r) of 0 in (S such that, for
00 € W(r) the solution to (3.1) exists in the large and there exists zo € Pp (V) with

() — (20,0 z0)) | cavesry < Ke ™ |1 = P po—0 (Ppo)) | caser g1 for 1 €[0,00).

Notice that for zg € Pp(V), the mapping (zo, 0 (z0)) belongs to the local centre
manifold M = and is uniquely determined by the centre of mass and volume of
the initial data pg. Notice also the regularizing effect of the surface tension and
viscosity. Fluids with large surface tension coefficient and small viscosity converge
more rapidly to circles.
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