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Forward, backward and elliptic Harnack inequalities
for non-negative solutions
to certain singular parabolic partial differential equations

EMMANUELE DIBENEDETTO, UGO GIANAZZA AND VINCENZO VESPRI

Abstract. Forward, backward and elliptic Harnack inequalities for non-negative
solutions of a class of singular, quasi-linear, parabolic equations, are established.
These classes of singular equations include the p-Laplacean equation and equa-
tions of the porous medium type. Key novel points include form of a Harnack
estimate backward in time, that has never been observed before, and measure the-
oretical proofs, as opposed to comparison principles. These Harnack estimates
are established in the super-critical range (1.5) below. Such a range is optimal for
a Harnack estimate to hold.

Mathematics Subject Classification (2010): 35K65 (primary); 35B65, 35B45
(secondary).

1. Main results

Let E be an open set in RN andfor T > Olet Ef = E x (0, T]. Let u be a weak
solution

u € Cioc(0, T; LY (E)) N LY

loc loc

O, T;W.P(E) 1<p<2 (1D
of a quasi-linear, singular parabolic equation of the type
uy —divA(x, t,u, Du) = B(x,t,u, Du) weaklyin Et (1.2)

where the functions A : E7 x RV*! — R¥ and B : E7 x R¥*! — R are only
assumed to be measurable and subject to the structure conditions

A(x,t,u, Du) - Du > C,|Du|? — CP
|A(x, t,u, Du)| < Ci|Du|P~" + cP~! ae. in Er (1.3)
|B(x,t,u, Du)| < C|Du|P~" 4 CP
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where p € (1, 2) and C, and C; are given positive constants, and C is a given non-
negative constant. If u is a weak solution of (1.1)-(1.2), the quasi-linear structure
conditions (1.3) are in addition required to preserve the property of sub(super)-
solutions of the truncations &=(u — k)4, for all k € R, where

(u — k)+ = max{(u — k), 0}, (u — k)_ = max{—(u — k), 0}.

Namely
%(u—k)i—div A, t, u—k)+,Du—k)+)<B(x,t,(u—k)+,Du—k)+) (1.2)%+

weakly in E7 against admissible non-negative test functions. The prototype exam-
ple is

uy —div|DulP>Du =0, 1<p<2, weaklyinEr. (1.4)
This p.d.e. is singular since the modulus of ellipticity |Du|’~2 goes to 0o as

|Du| — 0. We will establish that non-negative weak solutions of (1.1)-(1.2) satisfy
an intrinsic form of the Harnack inequality provided p is in the super critical range

2N
TN+

D <p<?2. (1.5)
The parameters {N, p, C,, C1, C} are the data, and we say that a generic constant
y = v(N, p, Cy, C1, C) depends upon the data, if it can be quantitatively deter-
mined a priori only in terms of the indicated parameters. For p > 0 let K, be the
cube of center the origin on RY and edge 2p and for y € R" let K »(y) denote the
homothetic cube centered at y. Fix P, = (x,,%,) € Er, such that u(x,,t,) > 0,
and consider cylinders of the type

2—p 2—p
Qp(Po)zKp(xo)x{to - (ui{:”)) pP <t <t + (%) p”}, (1.6)

where c is the constant of Theorem 1.1. These cylinders are “intrinsic” to the solu-
tion since their time length is determined by the value of u at (x,, t,). Cylindrical
domains of the form K, x (0, p”], reflect the natural, parabolic space-time dilations
that leave (1.4) invariant. The latter however is not homogeneous with respect to
the solution u. The time dilation by a factor [u(P,)]*>P is intended to restore the
homogeneity. Then the Harnack inequality holds in such an intrinsic geometry.

Theorem 1.1. Let u be a non-negative, weak solution to (1.1)-(1.3) for p in the
super-critical range (1.5). There exist positive constants 8, and c, depending only
upon the data, such that for all P, € Et and all cylinders of the type Qg,(P,) C
Er, either u(P,) < Cp, or

cu(xy, t,) < inf u(-, 1) (1.7)
Kp(xo)
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for all times
to = 8:lu(P) PP pP < t < 1o + 8:[u(Po) >~ P pP. (1.8)
The constants ¢ and & tend to zero as either p — 2 or as p — px.

This inequality is simultaneously a “forward and backward in time” Harnack
estimate as well as a Harnack estimate of elliptic type. Inequalities of this type
would be false for non-negative solutions of the heat equation. This is reflected
in (1.7)-(1.8), as the constants ¢ and §, tend to zero as p — 2. It turns out that
these inequalities lose meaning also as p tends to the critical value p, in (1.5). We
comment on each these aspects separately.

1.1. The forward in time Harnack inequality

A forward Harnack estimate can be established independently of Theorem 1.1 and
it takes the following form.

Theorem 1.2. Let u be a non-negative, weak solution to (1.1)-(1.3) for p in the
super-critical range (1.5). There exist positive constants cy, 81 such that for all
cylinders

2—p 2—p
Ksp (x0) to—(”(f")) (8p)ﬁ<t5r0+<“(f”)> (80"

C+ C+

contained in Er, either u(P,) < Cp, or

Cqito, 1) < nf u(x,to + 84 [u(P)I~7 pP). (1.9)
p KXo
The constants ¢4 and §4 tend to zero as p — p, but they are “stable” as p — 2, in
the sense that there exist positive constants c4(2) and § (2), that can be determined
a priori only in terms of the data, such that ¢, (p), §+(p) = ¢+ (2), 54+ (2) as p — 2.
Thus by formally letting p — 2 in (1.9) one recovers the classical Moser’s Harnack
inequality of [11].

A positive waiting time is needed, for a Harnack estimate to hold even for
non-negative solutions of the heat equation, as pointed out by a counterexample of
Moser ([11]). The novelty of (1.9) is in that such a waiting time is intrinsic to the
solution itself. No forward in time Harnack estimate would be possible for non-
negative solutions of (1.1)-(1.3) unless the waiting time is driven by the solution
itself. Indeed, weak non-negative solutions of (1.4) in bounded domains, with ho-
mogeneous Dirichlet data on d E and non-negative initial data u,, become extinct,
abruptly, in finite time. That is, there exists a time 7 that can be determined a priori
in terms of the data and u,, such that for all x € E ([6, Chapter VII, Section 2])

ux,t) >0 fort <T and u(x,t) =0 fort>T. (1.10)

For such a solution, a Harnack estimate with waiting time independent of u would
not hold.



388 EMMANUELE DIBENEDETTO, UGO GIANAZZA AND VINCENZO VESPRI

1.2. The elliptic Harnack inequality

A consequence of (1.7)-(1.8) is the following elliptic form of the Harnack inequal-
ity.

Corollary 1.3. Let u be a non-negative, weak solution to (1.1)-(1.3) for p in the
super-critical range (1.5). There exists a positive constant ¢, depending only upon
the data, such that for all P, € E7 and all cylinders of the type Qg,(P,) C ET,
either u(P,) < Cp, or

cu(xg, tp) < inf u(-,t,). (1.11)

pXo

The constant c tends to zero as either p — 2 or as p — py.

While unusual, such inequality can be understood by examining the nature of
(1.4). As |Du| = 0, the modulus of ellipticity becomes large and the p.d.e. tends to
favour its elliptic component. The inequality (1.11) makes this heuristic argument
quantitatively precise. The parabolic component enters in that u is required to exist
for a sufficiently large time interval about z,,.

The inequality is false for non-negative solutions of the heat equations (p = 2)
and is also false for 1 < p < p,, as remarked below.

1.3. The backward in time Harnack inequality

Another consequence of (1.7)-(1.8) is a backward Harnack estimate in the following
form.

Corollary 1.4. Let u be a non-negative, weak solution to (1.1)-(1.3) for p in the
super-critical range (1.5). There exist positive constants 8, and ¢, depending only
upon the data, such that for all P, € Et and all cylinders of the type Qg,(P,) C
Er, either u(P,) < Cp, or

Cu(Xp, tp) < inf u(-, ty — 8:[u(Py)* "7 pP). (1.12)

pXo
The constants ¢ and 8 tend to zero as either p — 2 or as p — psx.

While unexpected, this occurrence reflects the tendency of the solution to be-
come extinct in finite time, as indicated in (1.10). Despite the form of the inequality,
the time is not reversed. Indeed for (1.12) to hold, the solution u is required to exist
in a large time-interval about #,. Neverthless this remains the most intriguing aspect
of these inequalities and we will comment further on it.

1.4. On the range (1.5) of p

The range of p in (1.5), is optimal for an intrinsic forward in time Harnack estimate
(1.9) to hold. For 1 < p < p, solutions of the Cauchy problem for (1.4) for non-
negative initial data u, € L'(R") become extinct, abruptly, after a finite time T,
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and the solutions exhibit a behavior similar to (1.10) ([6, Chapter VII, Section 3]).

Pick (x,,7,) € RN x (0, T') where t, is so close to T to satisfy

8+ Ci(z_P)
134

and &4 and c are the constants appearing in (1.9). Now choose p > 0 so large that

T—1, < to,

Sy [u(x,, to)]Q_ppp =T — 1.

For such a choice

2—p 2—p
P, P,
Ky (x0) x ro—(”(4’)) 8"p1’,to+(”(4’)) 87p” ¢ CRY x (0, 00)
C+ C+

however the intrinsic Harnack estimate (1.9) fails. For these solutions, also the
elliptic version (1.11) fails, as evidenced by the following explicit weak solution
of (1.4)

1

1
p—l 2—p 2—p
p (T_t)+ 2N
u(x, )= IKI(—> — > l<p< ., A=N(p-2)+

< 2—p |x|% P N+2 p P

Such a u is non-negative, unbounded near x = 0O for all # < T and finite otherwise.
Thus (1.11) fails to hold. For 1 < p < p, the mere notion of weak solution is
not sufficient to ensure its local boundedness ([6, Chapter V, Section 5]). The
previous solution of (1.4) is indeed unbounded near x = 0. However the lack
of a Harnack estimate is not due to the possible unboundedness of the solutions.
The following example can be constructed relying on similar results for the porous

medium equation (see [13]), for p = 13—4]\_]2 < Px

N+2
2

ulx,t) =T —1),

=

[a+b|x|%]7 , N >2,

where a > 0 and T are arbitrary, and

b=b(N,a)=

N42
N—2(N+2\V2
N2 4Na '

Such a function is non-negative, locally bounded, solves (1.4) weakly in RV x R,
and it does not satisfy the Harnack estimate, in any of the forward, backward or
elliptic forms.

The same occurs for the critical value p = p,. Indeed the following explicit
solution of (1.4), for p = p,

2N
N i

uGe,t) = [T 47 b=
N —1

, N=>2
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constructed by adapting a result of [9], is positive, locally bounded in the whole
RY x R, and it fails to satisfy the Harnack estimate in any one of the forward,
backward, or elliptic form. These remarks raise the question of what form, if any,
the Harnack estimate might take for p in the sub-critical range 1 < p < p,.

1.5. Novelty and significance

For non-negative solutions of the prototype, homogeneous equation (1.4), intrinsic
Harnack inequalities in the forward form (1.9) and the elliptic form (1.11), were
established in a series of contributions ([3-5]), collected and re-organized in [6].
These proofs, one way or another had at their root the application of the maxi-
mum principle by comparing, locally, the solutions of (1.4) with either the explicit
Barenblatt solution ([6]), or some suitably constructed sub-solution ([4]).

The original proofs of the parabolic Harnack inequality for non-negative solu-
tions of the heat equation, due independently to Hadamard [8] and Pini [14], were
based on local comparisons with caloric potentials. The leap forward achieved by
Moser ( [10-12]) consists in replacing comparison methods by measure-theoretical
arguments. This is precisely one of the key novel points of this contribution, that is,
the Harnack inequalities (1.7)-(1.9) are established by entirely measure-theoretical
arguments, thereby bypassing any form of comparison principle. These arguments
are rather different than the classical iteration techniques of De Giorgi [2] and
Moser [11]. For degenerate equations (1.1)-(1.3) a similar result has been recently
established in [7], to which we refer for further comments.

A second key novel point is the backward inequality in the form (1.12). The
latter has never been observed before, not even for the prototype equation (1.4)
and it opens intriguing issue on the local behavior of solutions of such singular
equations.

The approach is sufficiently general as to apply, by minor modifications, to
non-negative weak solutions of a class of singular parabolic equations, including
quasi-linear versions of the singular porous-medium equations. Some of these
classes and generalizations are indicated in Section 8

2. Main components in the proof of Theorem 1.1

2.1. L}

1oc- L1, Harnack-type estimates for A > 0

Theorem 2.1. Let u be a non-negative, weak solution to (1.1)-(1.3) for p in the
super-critical range (1.5). There exists a positive constant y depending only upon
the data, such that for all cylinders

Kap(y) X [s =(t =5),s +( —5)] CEr 2.1

) { (t—s)2—1p}
Cp>min{l; 2.2)
pP

either
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or
£ 1
Y . t—s\2v»r
sup u < —— inf / ulx,tydx )| +vy (—) (2.3)
Koxlstl  (t — )% \B <1<t JKy,(y) p?
where
2 NG —2) + . 2.4)

Remark 2.2. The range (1.5) corresponds to A > 0. Starting from K, the solution
u is required to exist in a larger neighborhood K;,(y) and for times comparably
larger and smaller than s.

2.2. Expansion of positivity

Theorem 2.3. Let u be a non-negative, local, weak solution of (1.1)-(1.3) satisfy-

ing
(. 1) > MINK,(y)| > a|K,| (2.5)

for all times
s—(08p)P <t <s where 0P = M>P (2.6)

for some M > 0, and some o and § in (0, 1) and assume that Kie,(y) X [s —
(68p)?, s] is contained in E. Then, there exists n € (0, 1) that can be determined
a priori, quantitatively only in terms of the data, and the numbers o and §, and is
independent of M, such that either Cp > min{l; M} or

u(x,t) =nM forall x € Ky,(y) 2.7)

for all times
s—(081p)F <t <s. (2.8)

Thus measure theoretical information on the measure of the “positivity set” in
K, (y) for all times in (2.6) implies that such a positivity set actually expands to
K>, (y) for comparable times.

Assuming these theorems for the moment, we proceed to establish the Harnack
estimates of Theorem 1.1.

3. An auxiliary proposition

Weak solutions of (1.1)-(1.3), for p in the range (1.5), are locally bounded and
locally Holder continuous within their domain of definition. Having fixed (x,, ,) €
E7, let R be the largest positive number satisfying

sup u(x,t,) =M (3.1)
KRr(x0)
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and
OM(P,) = Kgr(x,) X (ty — M*"P(BR)P 1, + M*P(8R)P1 C Er. (3.2)

The upper bound M and the number R are only known qualitatively. Assume in
addition that
CR < min{l; u(x,, t,)} 3.3)

where C is the constant in the structure conditions (1.3).

Proposition 3.1. Let u be a non-negative, weak solution to (1.1)-(1.3) for p in the
super-critical range (1.5). There exist positive constants §, and c, depending only
upon the data, such that

cu(xy,t,) < inf u(-, 1) 3.4
KRr(xo)
for all times
to — 84 [u(P)P " PRP <t < t,+ 8, [u(Py)]* P RP. (3.5)

The constants c and §, tend to zero as either p — 2 or as p — px.

The difference between this inequality and that in Theorem 1.1 is that (3.4)-
(3.5) is established for the specific radius R for which (3.1)-(3.3) hold. As indicated
before the value of R is only qualitatively known. Part of the proof of Theorem 1.1,
will be to turn these qualitative information into quantitative ones. Assuming them
for the moment, introduce the change of variables and unknown function

X — Xo t—1, u
X — y r — PP e— V= .
R [u(Po)]""7 RP u(Pp)
This maps 94 (P,) into
2—p 2—p
Om = Kg x —<M> 8”,<M> 8 |. (3.6)
u(Py) u(Py)
Relabeling by x, ¢ the new coordinates, v is a weak solution of
v — divA(x, t, v, Dv) = B(x,t, v, Dv) (3.7)

in Q). Taking into account (3.3), the functions A and B satisfy the structure
conditions _
A(x,t,v, Dv) - Dv > C,|Dv|P — 1
|A(x,1,v, Dv)| < Ci|Dv|P~ 4+ 1 (3.8)
|B(x,t,v, Dv)| < |Dv|""1 +1

where C, and Cj are the constants appearing in (1.3). Establishing Proposition 3.1,
consists in finding positive constants 3, and ¢, depending only upon the data, such
that

v(x,t) >c forall x € Ky, forallt e [—08s, 8.]. 3.9

In the following we assume v continuous, only in order to give unambiguous mean-
ing to sup v, but in no way the modulus of continuity of v is used in the proof.
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4. Locating the supremum of v in K

For v € (0, 1) introduce the family of nested expanding cubes {K.} centered at the
origin, and the increasing families of positive numbers

M, = supv, Ny =(1— r)_ﬁ
K

where § is a positive parameter to be fixed later. As T — 1, N; — oo, whereas
M remains finite. Therefore the equation M; = N has roots. Denoting by 7, the
largest root

M, =(1- 1:0)7’3 and M; <N, forallzt>rt,.
Since v is continuous, the supremum M-, is achieved at some x € K, . Choose
71 € (0, 1) from
_1
I-m)FP=40-1)"F ie, 1u=1-471-1,).

Set also

0 -4 — 1) @.1)

For these choices, K, (x) C K¢, My, < Ny, and
supv(-,0) = (1 — ro)_‘3 =v(x,0) < sup v(-0)
K Ko (%)
<supv(-,0) <4(1—1,)".

Ky,

The information on 7, is only qualitative. By using the parameter 8 we will elimi-
nate such a qualitative dependence from our arguments. The qualitative information
on M still remains and it will be removed as a final step. Because of this interplay
between qualitative and quantitative information, our quantitative arguments below
are deviced not to depend upon 8, M and R.

5. Estimating the sup of v in some intrinsic neighborhood about (x, 0)
Consider the cylinder centered at (x, 0)

02 = Kop (%) x (—=(0,2r)7, (0,2r)P1  where 8 = (1 — 1,) PP,

Such a cylinder is included in the box Q¢ introduced in (3.6) since

0o2r)P = (1 — 1) PP (1 — 47 3)P(1 — 1,)?

<(1—1,) PP = u(x,0) o < M NP
- ? u(Py) = \u(P,) '
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Remark 5.1. For such an inclusion to hold the number M should not exceed the
supremum of the original u(-, ¢,) at the fixed time level t,. This justifies the choice
of M in (3.1). Such a M however, is still qualitatively determined.

Proposition 5.2. There exists a constant y1 = yi(data), independent of B, M and
R, such that
supv < y1(1— 1) 7",

T

The constant y; — oo as p — 2 and as p — px.

Proof. Apply (2.1) of Theorem 2.1 to the function v, solution of (3.7)-(3.8), over
the pair of cylinders Q, C Q> two times, first for the choice s = 0, t = (6,2r)7,
and then for s = —(6,r)P, t = 0. Taking into account the structure conditions
(3.8), and the definition of 6,, the condition (2.2) is always violated. Therefore
Theorem 2.1 with these stipulations, gives

p

_pNe-2) 1 " L5 025
supv < y(1 — 1) P77 v(x,0)dx | +y277r6, "
0, |Kor| J Ky, )
P L
<y (4x + 22711) (11— 1’0)_’8 =y (1 - To)_ﬂ- ]

Introduce next the cylinder
0:(86,) = K, (%) x (—(86,1)7, (86,r)P] C Qo
where § € (0, 1) is to be chosen.
Proposition 5.3. There exist numbers 8, €, and o in (0, 1), depending only upon
the data and independent of B, M and R, such that
(1) = el = 7)1 > al K, |
forallt € [ — (86,r)?, (890;")”] 5.1
where 0 = (1 — 1,)7P2=P),

The constants 8, € and « tend to zero as either p — 2 or as . — 0, i.e., as p tends
to the critical value py in (1.5).

Proof. Apply (2.1) of Theorem 2.1 to the function v, solution of (3.7)-(3.8), over the
pair of cylinders Q 1 +(86,) C Qr(86,), for the choices s = 0, 1 = (80,r)?. Taking

into account the structure conditions (3.8), and the definition of 6,, the condition
(2.2) is always violated. Therefore for all € [ — (86,r)”, (86,r)"]

(1-1)"? =0 0 < sup v(,0)
Ky, ®

y(1—1,) P05 1 : s .
< i ( / v(x,t)dx) +y28)7 7 (1 —1)7F.
5Tp |Ky| K,
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Choose § from

NQ2-p)
277y
Np :

S

4
2—p S

Y (26) andset Yy =2y, y3=

N =

For such choices, 8, 32 and y3 depend only upon the data and are independent of 5.
Then for all t € [ — (86,r)7, (36,r)"]

1 (1—,) P57 /1 ;
—(1-1)F< ° vix, dx | .
o = Np s
V2 S K| Jk,

From this for € € (0, 1)

N(p=2)

p
1 _ (1—1,) 7% ( 1 Y
—(1-1) "< — / v(x, t)dx
V3 ’ =D |Kr| Jk,

_pNe-y (1
< (-1 #7% VO Do <ei—zp)-#14%
|Kr| K,

14
A

14
A

—_pNe=2) 1
+ (=1 "7 VO D X nze(1-7,)-#1d%
|Kr| K,

)4

: 4 (L g
<er(l—1) "+ (1—-1) m P X[v(-,t)ze(l—t(,)_ﬁ]dx .
r r

To prove (5.1) choose

1 det 1(1)%
= — and se o= —\|— .
2y3 Y1 =

6. Expanding the positivity of v

Apply Theorem 2.3 to v with p = r, M = €(1 — 1,)~#, with 6 = 6, given by
0F =[e(1 — 1) P17 =770}

and with s ranging over
—(80,r)P + (80.1)P < s < (80,r)P.

It gives
v(x,t) > ne(l — ro)fﬂ for all x € Ky (x)

and for all times
—(80,1)P + (86.1r)P <t < (80,r)P.
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Apply again Theorem 2.3 with p = 2r, M = ne(l — 7)~# and 6 = 6., given by
0b = [en(l — 7)) P77 = (en)* 76}
and for all s in the range
—(860,r)P + (80cr)P + (86ey2r)P <5 < (86,r)F.

It gives
vix, 1) > n?e(l —1,)"F forall x € Ky,

for all times
—(860,r)P + (80er)P + (86en2r)P <t < (86,r)P.
After n iterations
v(x, 1) > el —1,) 7P forall x € Kyn+1, (6.1)
for all times
—(86,1)" + _io(aeé,,jzfr)!’ <1< (86pr)".
Jj=

Recall the definition (4.1) of » and choose n so large that

1
1 <2"r <2 whichimplies (1 —1,)"" >2"72(1 —47 7).

Since 7, is only known qualitatively also n is qualitative. We remove such a qualita-
tive dependence for a suitable choice of 8 as follow. Taking into account the lower
bound in (6.1) and the previous choice of n

1
ne(1 —1,) P > 2721 — 47 B)P 2Py,

Choose g so large that

1
2P =1 andset c=e27 (1 —477)F
Finally, by choosing € even smaller if necessary we may insure that
x ; 1
Z ((Seer]jzjr)p = _(890")[)'
j=0 2

Thus
v(x, 1) >c forall x € K, (6.2)

for all times |
—5(590;’)1’ <t < (86,r)P. (6.3)
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As indicated earlier the information on 7, is only qualitative and as such, the range
of times in (6.3) is qualitative. However from the definition (4.1) of r and (5.1) of 6,

(590r> (1—4 FYP(1 — 1) PCP) (1 — 7,)P

2p+l

_ j 2
> T =,
provided 8 > p/(2 — p), which we may assume by possibly taking n smaller if
necessary. Thus (6.2) holds for all times ¢ € (—§,, 8,) and establishes (3.9).

7. Removing the qualitative information on M and R

The constants in (3.4)-(3.5), do not depend upon M nor R. These parameters are
qualitatively chosen to insure the inclusion (3.2) and play no further role otherwise.
However the inequality (3.4)-(3.5) of Proposition 3.1 holds in the qualitative ge-
ometry determined by R. We will remove such a qualitative dependence to infer
an entirely local and quantitative Harnack estimate as stated in Theorem 1.1. We
commence by recording two consequences of Proposition 3.1.

Corollary 7.1. Let u be a non-negative, weak solution to (1.1)-(1.3) for p in the
super-critical range (1.5). Fix (x,,t,) € Er and let R be the largest positive
number such that, setting

Mn = sup u(, to) (7.1)
Kong(xo)

there holds the inclusions Kgon gy(x,) C E, and
(t, — My P8P (2"R)?. 1, + My P87 (2"R)"] C (0, T]. (7.2)

Then either C2"R > min{1; u(x,, t,)}, or

cu(xy, ty) < inf  u(-,t) (7.3)
xeKong(xo)
for all times
to — 84l (X0, 1) P2"R)P <t <ty + Silu(xp, 1) > P(2"R)P. (7.4)

Corollary 7.2. Let u be a non-negative, weak solution to (1.1)-(1.3) for p in the
super-critical range (1.5). Fix P, = (x,,t,) € Er and let R be the largest positive
number such that Kgn+1g)(xo) C E, and

(to — MZP8P(2"R)P 1, + MZTP8P (2" R)P] C (0, T1.
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Then for all y € Kong(x,), either C2"R > min{1; u(y, t,)}, or

c sup u(,ty) <u(y,t,) <c ' inf u(, 1)
KZ”R(XO) XEKZ”R(XO)

for the same constant c as in Proposition 3.1, and at the same time level t,,.
The constant ¢ = c(data) being determined, one may assume that
U(xo, 1,) < c* M. (7.5)

Indeed if not, any radius p > 0 for which

2—p 2-p
<zo - (”(f")> (80)7 .1, + <”(i")> (Sp)"} cO.T) (16
C C

would satisfy (3.1)-(3.2) and the conclusion of Theorem 1.1 follows from Proposi-
tion 3.1.

Proposition 7.3. Let R be the largest number for which (7.1)-(7.2) hold forn = 0,
and let (7.5) hold. Then for all n € N such that Kgngy(x,) C E, and

2—p =p
([0 B (M(Zo)) 82(2"R)?, t, + 87 (2"R)? (M(Z0)> :| c(©,T)
c C

there holds

cu(xe, 1) < inf u(-, 1)
x€Kon g(xo)

for all times

2—p 2—-p
fy— 8, (L{?) Q'R <t <t,+8, (”(i")) (2"R)P.
C C

The constants ¢ and & are the same as in Proposition 3.1.

Proof. The statement holds for n = 0. Assuming it holds for n it will be shown by
induction that continues to hold for n+1. For y € K,u+1g(x,) the point z = x,+ % y
is in Kong(x,) and by the induction hypothesis and Corollary 7.1

c sup u(:) <u(z) <c ! inf u(-).
Kong(2) Ko@)

Since y € Kon+1(x,) is arbitrary, this implies

-2
Mn—H = sup u(-, 1) < c “uxy, ty).
)’€K2;1+1R(x0)
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Moreover, taking into account (7.5)

2 oy (4P
M, 18P " TIR)P < 2P 7P <C—4) 87 (2"R)?

provided 27¢2?~P) < 1, which we may assume. Thus M, and 2"*!R satisfy
the assumption of Corollary 7.1, and the conclusion follows from (7.3)-(7.4) for the
index n + 1. ]

7.1. Proof of Theorem 1.1 concluded

Fix (x4, t,) € Er and pick a radius p for which (7.6) is satisfied. Then qualitatively
determine M and R as in (3.1)-(3.2). There exists a non-negative integer n such
that 2"R < p < 2"+1R.

8. Miscellaneous results

8.1. Holder continuity of solutions

Locally bounded weak solutions u of (1.1)-(1.2), with no sign restrictions are lo-
cally Holder continuous. Such a local behavior was established in [6, Chapter IV],
along with locally quantitative Holder estimates (see also [1]).

Working exactly as in [7, Section 10], the forward in time Harnack inequality
of Theorem 1.2 can be used to establish locally quantitative Holder estimates for
local, weak solutions u of (1.1)-(1.2), thereby providing an alternative proof to [6],
for p in the range (1.5).

8.2. Proof of Theorem 1.2

The estimates in the proof of Theorem 1.1 are not stable as p — 2. Stable estimates
for p — 2 required in the proof of Theorem 1.2 can be derived as in [7] by almost
identical arguments. Here we point out the the main difference. By the same change
of variables as in Section 3, construct the family of expanding cylinders O, =
{Ix| < t} x {—7, 0} and the numbers

M: = v]loc.0., Ne=(1-1)7F,

where again § is a positive number to be chosen. Let 7, be the largest root of the
equation M; = N, so that

M, =1-1,)7", Misg, < 261 - 1,)7P.

If (x, 1) is a point in Q, where v achieves the value M, , we have

1— _ 1- _
v(x,t)§2ﬁ(1—‘co)7’3, lx — x| < 2T0,t— 2T0<t<t. (8.1)
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Now let
| A—p22 pEL
Ro=52"7 (1-1) 7 (-1)

and consider the cylinder
p -
Q,(x, 1) = {|x — %| < Ry} x {t‘— 2?1 —1)F] 7 RD, z} .
From the definitions of Q, and R, we have Q,(x, 1) C Q 111, , so that by (8.1),
2

1lloo. 0,5 < 2P (1 — ) 7F.

Therefore Q,(x, ) has the right size. From here on, the proof works exactly as
in [7, Sections 7 and 8], to which we refer.

8.3. Decay in space and time variables

Let u be a non-negative weak solution of (1.2), fix (x,, t,) with u(x,,t,) > 0,
(x,t)in ET, with t > f, and x # Xx,, and construct the line through them, and the
p-paraboloid with vertex at (x,, #,)

— Xo 27—
(s — 1), s — 1o = (Bu(xo, 1,))""F ly — xolp

() —x, =

o
1
where § = Sf” , and 8 is the constant appearing in the time delay required by
Theorem 1.2. The line and the p-paraboloid intersect at (x1, #1) where

2-p , _
|x1 _Xo|p_l = ( ! ) =l )
Su(xo, t) lx — xo

o
11—ty = (Su(xe, 1)) P |x1 — x,|P.

Iteration of this process gives a sequence of points {(x;, #;)} such that

lxj1 —x;|7 =

Su(xj,tj) lx — Xl

(8.2)

2-p
tivt —tj = (Bulxj, 1)) " lxjp — x5

The intrinsic geometry of (x;, t;) permits to relate u(x;y1, #j41) to u(xj, t;), by
means of the Harnack inequality, provided the space-time cylinders relative to each
(xj,t;), and defined in (1.6) are all contained in E7. Stipulating that #, < t; < f,
this occurs if
lj—iz_,,(ljﬂ—lj)zfo— I (t—1,) >0,
G (cio) 7
Kgjx—x,)(x0) C E.
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2-p
(c+8) P

Therefore if (t —t,) < t,, the conditions of Theorem 1.2 are verified, and
cyu(xj, tj) <u(xjyr,tjr1) forj=0,1,...,n
where 7 is a positive integer to be chosen. From this, by iteration

u(Xp, ty) = chu(xo, to). (8.3)

From (8.2)

= | t—1, \r1n-l 1 =
|x —xo| > ZIX,/H—XJ'I:(— ) ( )
j=0 j=0 u(x]7tj)

827 |x — x,|
i - ;
t—t, \7T 1 =Tzl 2P\ "7
> — > (i
|x — x| Su(xp, ty) j=0

[§)
s

2—p

(t—ta >,+.< 1 )Fq(l—q") 2p
= where g = ¢y .
|x — X0l Su(xy, ty) l—g
From this
) =
2=p _ —Diy p\ P
(Ci—l)n + 1 q [5u(xnvtn)] |x x0| 2 l (84)
q (t - to)

Without loss of generality, by a possible further application of the Harnack inequal-
ity, and by possibly slightly modifying the constant c if needed, we may assume
that (x,, #,) = (x, t). Combining (8.3) and (8.4) we have proved

Proposition 8.1. Let u be a non-negative solution of (1.2) and let (x,,1t,) € ET be
such that u(x,, t,) > 0. Then for all (x,t) in ET with x # x, Kgjx—x,|(Xo) C ET

2— p

and0 <t —1t, < (C+‘2 to

u(xvt) [u('x07t0)] p|x_x |

— > 1 , 8.5

u(xe, to) — o ty < (t—1) (83)
where

p=2 1
y =@ =8 (8.6)

Notice that (8.5) gives the same space-decay of the explicit Barenblatt “fundamental
solution” of (1.4). As for the decay in the time variable, consider the sequence

to=s5>0,1=2s, ..., tk=2ks=7:.
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A repeated application of the forward Harnack inequality (1.9) for sufficiently large
s yields

sS\a
u(0,7) > (;) u(0,5), a=]|log,csl.

8.4. Equations of porous medium type

Consider quasi-linear, singular, parabolic differential equations of the form
uy —divA(x, t,u, Du) = B(x,t,u, Du) weaklyin Et (8.7)

where the functions A : E7 x R¥*!l — R¥ and B : Er x R¥*! — R are only
assumed to be measurable and subject to the structure conditions

A(x,t,u, Du) - Du > Colu|"" | Dul> — C?
|A(x, t,u, Du)| < Cilu|" " |Du| + C a.e. in Ep (8.8)
|B(x,t,u, Du)| < Clu|™'|Du| + C?

where 0 < m < 1 and C, and C; are given positive constants, and C is a given
non-negative constant. If u is a weak solution of (8.7), the quasi-linear structure
conditions (8.8) are in addition required to preserve the property of sub(super)-
solutions of the truncations +(u — k)4, for all k € R. Namely

%(u—k)i—divA(x, t,(u—k)+, Du—k)1)<B(x,t,(u—k)+,D(u—k)+) (8.2)%

weakly in E7 against admissible non-negative test functions. The prototype exam-
ple is
ur — A(u™'u) =0, 0<m <1, weaklyinE7. (8.9)

This p.d.e. is singular since the modulus of ellipticity m|u|”"~! goes to co as
lu] — 0. Non-negative weak solutions of (8.7)-(8.8) satisfy an intrinsic form of
the Harnack inequality provided m is in the super-critical range

_ N =24

N m < 1. (8.10)

ny

Fix P, = (x5, t,) € ET, such that u(x,, t,) > 0, and consider cylinders of the type

1-m 1-m
Qp(P())ZKp(xo)X {tn - (%) /02<t§t0 + (uEiO)) ,02} , (8.11)

where ¢ is the constant of Theorem 8.2. These cylinders are “intrinsic” to the solu-
tion since their time length is determined by the value of u at (x,, #,).
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Theorem 8.2. Let u be a non-negative, weak solution to (8.7)-(8.8) for m in the
super-critical range (8.10). There exist positive constants 8, and ¢, depending only
upon the data, such that for all P, € Et and all cylinders of the type Qg,(P,) C
Er, either u(P,) < Cp, or

cu(x,, ty) < inf wu(-,t) (8.12)
pXo
for all times
to = 8x[u(P)]' ™" p* <1 <ty + 8.[u(P,)]' " p*. (8.13)

The constants ¢ and 8 tend to zero as either m — 1 or as m — m,.

The same methods leading to the Harnack estimates of Theorem 8.2 can be
used to establish the local Holder continuity of locally bounded weak solutions.

The constants ¢ ans 8 can be stabilized in the forward in time Harnack inequal-
ity as m — 1, exactly as for the corresponding quantities for equations (1.1)-(1.3),
when p — 2.

If A and B are locally analytic in E7 x RV, then non-negative weak solutions
are locally analytic in the space variables and at least Lipschitz continuous in time.

More precisely, fix P, = (x,,1,) € ET, such that u(x,, t,) > 0, and suppose
that Qg,(P,) C Er: working as in [5], the following result can be established:

Theorem 8.3. Let u be a non-negative, weak solution to (8.7)-(8.8) for m in the
super-critical range (8.10), with C = 0, and suppose that A is locally analytic in
E7 x RNTL Assume moreover that A, whenever well defined, is a locally analytic
function of its arguments. Then there exists a positive constant y depending only
upon the data and independent of u, such that for every multiindex o

1
v« al!

|Dau(x(h )| < ol
0

u(xo, to). (8.14)

Moreover for every non-negative integer k,

ak y2k+l (k|)2 o
‘ﬁ”(x()a fo)| < T[”(xm to)]l S m)k'
By a straightforward approximation procedure, the conclusion of Theorem 8.3 con-
tinues to hold for points (x,, f,) € Er such that u(x,, t,) = 0 (for further details,

see [5, Sections 2 and 3]).

(8.15)

Appendices
A. Proof of Theorem 2.1

A.l. An L}

joc-form of the Harnack inequality for all 1 < p <2

Proposition A.1. Let u be a non-negative, weak solution to (1.1)-(1.3) for 1 <
p < 2. There exists a positive constant vy depending only upon the data, such that
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for all cylinders K»,(y) x [s,t] C Er, either

. t—s ﬁ
Cp > min{l; €} wheree = ( 5 > (A.1)
P

or

1
t — 2—p
sup/ u(x, )dx <y inf/ u(x,r)dx+y(—/\s> " (A2
s<t<t JK,(y) S<T<l Ky, (y) p

where ) is defined in (2.4).

The range (1.5) corresponds to A > 0, and viceversa. However (A.2) holds
true for all 1 < p < 2 and accordingly, A could be of either sign. The constant
y =y(p) > oo aseither p — 2oras p — 1.

The theorem was established in [6, Chapter VII, Section 4], for non-negative
weak solutions of the prototype homogeneous equation (1.4). Here we give a proof
that includes equations of the type of (1.1)-(1.2), with the full quasi-linear structure
(1.3).

A.2. An auxiliary lemma

Lemma A.2. Let u be a non-negative, weak solution to (1.1)-(1.3) for 1 < p < 2.
There exists a positive constant y depending only upon the data, such that for all
cylinders K,(y) x [s,t] C Er, and all o € (0, 1), and all € > 0, either (A.1)

holds, or
/t/ 07 (U + €)1 |DulPcPdxdr
s JKop(y) . | (A3)
G )_/pa)p (%)h (S+ep")* 7
where
S = sup / u(x, t)dr. (A4)
s<r<t JK,(»)

The constant y (p) — o0 as either p — 1, 2.
Proof. Assume (y, s) = (0,0), fix o € (0, 1) and let x — ¢(x) be a non-negative

piecewise smooth cutoff function in K, that equals one on K,, and such that
|ID¢| < 1/(1 —o)p?. In the weak formulation of (1.2) take the test function

1 2
(p:—ﬁ(u—l—e)lfﬁgl’ for some € > 0
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modulo a Steklov averaging process. This gives

—C()// f”(u+6) PIDulpgpdxdt
Kp

57 (u+e) 5 (x NePdx

2(p—1) /
+p01// rﬁ(u+e)l‘F|Du|P—1;P—1|D;|dxdr
+—Cp// rP(u—l—e) P{"dxdr

Kﬂ
+Cpf/ IF(u+6) _ngdxdt
0 Jk,

! 1 2
+pCP_1/O/ 7 (u+e) TreP Y Deldxd
Kp

! 1 2
+ C/ / 7 (u+ 6)175 |Du|P~'¢Pdxdr.
0 JK,
From this, by repeated application of Young’s inequality

t 1 —1
// f}a(u+e)§|1)u|1’;1’dxdr§ytp/ W+ (x5 dx
0 JK, Kp
t 1 2
+y// tr(u+e)’ 7 (ID¢IP + CPLP)dxdr
0 JK,

! 1 2
+yC”/ / 7 (u+e) r¢Pdxdr
0o Jk,

where y = y(data) tends to co as either p — 2 or as p — 1. By Holder’s

inequality

1

P/ (u—i—e) o (x HePdx
Ky

-
2pP—1
P

0<t<t

1 N@-p N
<ytrp » sup u(x, t)dx +e2p)
K

p—1

1
=T (%) (S+ep™) 7.
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Next

! 1 _2
J// / 7 (€)' 7 (|D¢|P + CPeP)dxdr
0 JK,

1+CPpP [! 1 p=1
= J/i/ / IP(u—I—e)I’_z(u—i—e)sz dxdt
A —o)yper Jo Jx,

1 CPpP
+ 1Y ( )617 2” Sup/(u+€) pdx
(1—0)1’ 0<t<t JK,

1
1+ CPp? [t YA RY N=
- | — — S P,
<= () () 5+

Finally

t
ycP// o7 (u+€) rePdxde
o Jk,

1
CIO _ t E 217*1
< (L) () (%) (s+aty

Combining these estimates

¢ 1 2
/ / t7(u+e¢€) ?|DulPPdxdr
0 Jk,

vp

1
Co)P P p—1
0= )P{ [ o+ [1)’) }(,)p) " 2}(%) (S +eo™)" 7

To prove the Lemma A.2, choose € as in (A.1) and stipulate that C violates the first
of (A.1). O

Lemma A.3. Let u be a non-negative, weak solution to (1.1)-(1.3) for 1 < p < 2.
There exists a positive constant vy depending only upon the data, such that for all
cylinders K,(y) x [s,t] C Er, and all o € (0, 1), either (A.1) holds, or

1

[ F o\
_/ / \DulPdxdr < 8S + v(p) - ( AS) " (AS)
P Js JKop(y) [62(1 —o)P]=r \ P

forall § € (0, 1). The constant y (p) — oo as either p — 1,2.
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Proof. Continue to assume that (y,s) = (0,0) and that C violates (A.1). By
Holder’s and Young’s inequalities

t
/ [ |DulP'dxdt
0o Jk,,
! 1p-1 _2p-1 ! _1p-1 2p-1
=/ / tr P (u+e€) » 7 |DulP” PP (ut+e)r P |dxdt
0 JKqp

p—1 1

t . 5 v t . v
< / / 1?2 (u+e¢€) ?|Du|Pdxdr / / TP (u—i—e) v dxdr
0 Kg‘p 0 Kap

1 1
Yp ;); 2251 Yo t T
s\ ) (S+ep™) 7 <8pS+—- _ <_) _

(1=0)?~] (pk (See") 555 (1-0) %5\ =

A.3. Proof of Proposition A.1
Assume (y,s) = (0,0) and forn =0, 1,2... set

| - Pnt Pnyl
Pn = Z EP, K, =K,,; pn:%’ Kn:Kﬁn
j=1=

and let x — ¢, (x) be a non-negative, piecewise smooth cutoff function in K n that
equal one on K, and such that |D¢,| < ont2 /p. In the weak formulation of (1.1)-
(1.3) take ¢, as a test function, to obtain

/~ u(x,tl)g“ndXS/~ u(x, ©)¢pdx
K, Ky
n+2
[ _ |Du|Pdxdt
5 cp\"! t\ 77
+ 2N <—) [1+4(Cp)] <7>
€ P

for any two time levels 71 and 17 in [0, ¢], where € is defined in (A.1). Therefore if
C violates the first of (A.1)

/ u(x, 11)dx ff u(x, ©)dx
u K

2p

1
t \Z»r
|Du|p_1dxdt+2”+2(7> "
g P

n

As time level ; take one for which

/ u(x, n)dx = inf / u(x, t)dx dEfI
K K,

2 0<t=<t
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Also set
Sy = sup / u(x, t)dx.

O<t=<t
Since 71 € [0, ¢] is arbitrary, the previous inequality yields

1

2n [t t\2»r
Sy<T+7 / / |Du|P~'dxdt + 2" (7) "
0 JK, P

P

The term involving |Du| is estimated above by applying (A.5) over the pair of
cubes K, C K41 for which (1 — o) = 27"+ and for § = y~127""2¢,, where
&, € (0, 1) is to be chosen. For these choices

1

2n+2 t . " = ,
0 /0‘ -/~ |Du|17* dxdt < 8()8}’!-‘1-1 + )/(p, Sa)bn (ﬁ) where b = 27"

Combining these remarks gives the recursive inequalities

1
t 2-p
Sn < €oSp+1 + v (data, &) {I+ (ﬁ) } ]
The theorem now follows from the interpolation Lemma 4.3 of [6, Chapter I]. [J

A.4. Proof of Theorem 2.1

The theorem is an immediate consequence of Proposition A.1 and the following
sup-estimate.

Proposition A.4. Let u be a non-negative, weak solution to (1.1)-(1.3) for p, <
p < 2, or equivalently for .. > 0. There exists a positive constant y depending only

upon the data, such that for all cylinders K,(y) x [2s —t,t] C E7, either (A.1)
holds, or

N £ 1
PP\ 1 ! t—s\Z»r
sup u<y ~ udxdt | + .
Ky (xls.1] r—s PNt —8) Jas—1 JK, () pP
2

Proof. Assume (y, s) = (0, 0) and for fixedo € (0,1) andn =0, 1,2, ... set

4

l1—0 l1—0
n P, Ih=—0t — n

K, =K,, 0, =K, x(t;,1).

Pn=0p+ t
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This is a family of nested and shrinking cylinders with common “vertex” at (0, t),
and by construction Q, = K, x (—t,t) and Qs = K5, X (—0o't, t). By the results
of [6, Chapter V], the solution u is locally essentially bounded in E7 and we set

M = esssupu, M, = esssupu.
QO QOC

We first find a relationship between M and M,. Denote by ¢ a non-negative,
piecewise smooth cutoff function in Q, that equals one on O, and has the form

¢(x, 1) = ¢1(x)a(t), where

1 in K41 ontl
— D <
s {0 nRY—k, P05,
0 forr<t, ontl
O = 0<4<——
1 fort > t,41 (1—-o0)t

introduce the increasing sequence of levels k, = k — 27"k, where k > 0 is to be
chosen, and in the weak formulation of (1.2), take the test functions (u — kj, 1)+ ¢”
to obtain, after standard calculations

sup [ — kng 1)+ 1P (x, T)dx + /f |DI(u — knt1)+¢11PdxdT

m=t=t JK,
< "y (C,o)p]// (u — k) dxdT
T (—o)rpp 0.

y2" 2 P
+ — (u — kn)+dxd‘f +yC A[(u—ky)4>01dxdT.
(I =0y JJc, o)

// (u — ky)dxdr < MP™! // (u — ky)+dxdrt
o 0,
/ ( — kp)idxdt < M /f (u — ky)dxdt

Q)‘l Qn

2n+l
// Xl(w—kni1)4>01dxdT < / (u — kp)4+dxdr.
0 k- JJo,

Estimate

Therefore stipulating that Cp violates (A.1), the previous inequalities yield

sup [ = kny 1)1 (x, T)dx + // IDI(u — kn+1)+¢ 1|7 dxdt

m=t=tJK,

_y2¥M N e, COF (1 / ~
S(l—d)pt{l+<pP>M + Mk <,Op>} Qn(“ ky)+dxdr.
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The last term in {- - - } is estimated by stipulating to take

t \Zr
k<M and k > (—) . (A.6)
pP

With these stipulations, taking into account the restriction (A.1) on Cp, and that
1 < p < 2, estimate

R 1tﬁt<3
{}_ +I€2—_p,0—p+k_2p_p p—p_.

Therefore, if (A.1) is violated and (A.6) is in force, there exists a constant y =
y (data) such that

sup [(u — kny 1)+ ¢ (x, T)dx + /f |Dl(u — knt1)+¢11PdxdT

mw=<t=<tJK,
)/2"1’M
< (l—o)l’t // (u — kp)4dxdr.

By Holder’s inequality and the embedding Proposition 3.1 of [6, Chapter I]

tEs
PINF
/./ (U = kn41)dxde < </ [(u — kn+1)+§]pNT+2dxdr)
Qn+1 Qn
1= 5w
x <// X[(uk"+])+>0]dxd7:>
On
N
p(N+2)
=Y (// |D[(u — kn+1)+§]|pdxdz)
On

e
sup f [ — ka)+ £, r)dx)

1- p(N+2)
// X[(u—kpy1)4>01dxdT
On

1 N+p

opPn g N p(N 2)+N 2
=r(am) Ul ,,““’”*‘“d’) o

Estimate

2n+1
//Q Xlw—kpp)4>00dXdT < — f/ (u — kn)ydxdr
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and set

1
Y, = (u — kp)4dxdt = (u — ky)ydxdr.
| Qn | Qn Qn
Then the previous recursive inequalities can be written more concisely as

1

yb” MN+p p(N+2) pp %’rlz 141
Y < L Y N+2
n+l = 1 )%i’i KN+p+A / n

-0

for b = b(N, p) > 1. It follows from these that {Y,} — 0 as n — oo provided k is

chosen to satisfy
t
oF

v — dede — (1—0’)N+p kN+p+)\.
o= JI T T v \ v
N p
P\ Ntpir NTpR
M, < MMN&ZQ (p_) v (# udxdr) e .
(1 _ O-)K’(-Hj:f)z t 0

For these choices
From this, by a standard interpolation process and taking into account (A.6)

==

N
P

1

sup u < y(data) <—> (ﬁ udxdt) + <—) . 0
Ky x[0.1] t R pP
2

B. Proof of Theorem 2.3

B.1. Energy estimates for the truncations (1 — k)

For p > 0 and 6 > 0O set
0,0 = K, x (—(6p)",01, 0} (6) = K, x (0, (6p)"]
and for (y,s) e RV xR

(,9) + 0, (0) = Kp(y) x (s = (6p)", 5]
(. 9) + QF(0) = Kp(y) x (5,5 + (0p)"1.

We also write fo(l) = fo. There exists a constant y = y(data) such that, for
every cylinder [(y,s) + Q,(0)] C Er, every k € R and every piecewise smooth,
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non-negative function ¢ vanishing on 9K, (y)

ess sup / (u — k)i;‘p(x, t)dx
Ky(y)

s—(@p)P <t<s

— / (u —k)ALP(x, s — (0p)P)dx
Ky(y)
44%[/ |D(u — k)+¢|Pdxdr (B.1)
(,)+0, ()

Eyff @ =oL(Dg +C7) + (= 0dig | dxdz
(7.9)+0; ©)

+yC?P // Xlu—k)z>01¢Pdxdt
(,)+0, ()

where C, and C are the constants appearing in the structure conditions (1.3). These
energy estimates are proved by taking +(u — k)1+¢? in the weak formulation of
(1.1) and carrying standard calculations. Similar energy estimates hold for cylinders

[(v,5) + QF(6)] C Er.
B.2. A De Giorgi-type lemma

For a fixed cylinder [(y, s) + O, o ()] C Er, denote by u+ and w, non-negative
numbers such that

U4+ = €sssup u, u— < essirlf u, ®> Uy — .
(3.9)+03,©) (3,5)+03,(0)

Denote by £ and a fixed numbers in (0, 1).

Lemma B.1. There exists a number v depending upon the data and 0, &, w and a,
such that if

[ = s = 01N [0, 9) + 03, 0)]] = vI03,0)] (B.2)
then either
Cp > min{1; {w} (B.3)
or
Uu<py —akw ae.in [(y, s) + Q;(G)]. (B.4)
Likewise, if
[ = 1o+ 01 N[, 9) + 03, 0)]] = /03,0 (B.5)

then either (B.3) holds true, or

uzp-+akw ae inl(y,s)+ 0, 0] (B.6)
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Proof. We prove the second statement, to trace the precise dependence of v on 6,
a, & and w. Assume (y, s) = (0,0),and forn =0, 1,2, ..., set

P
2

Apply (B.1) over K, and Q,, to (u — k,)—, for the levels

on=p+ K, = K,ony On =K, x (—(Q,On)p, 0].

2}1
The cutoff function ¢ is taken of the form ¢ (x, t) = ¢1(x)¢>(¢), where

a
kn =u— +&w where §&,=a&+ &.

1 in Kpu 1 ontl
= R |Dgy| < =
0 inR"™-K, Pn = Pn+1 P
0 fort <—6Ppf 1 2Pt
CZ = p.D 0 =< ;2,t =< P P < .
1 fort > —0 P 0r(p, — ,On+1) Op)P

With these stipulations, and assuming that (B.3) is violated, the energy inequalities
(B.1) yield

ess sup / (u — k)2 2% (x, t)dx + // |D(u — ky)_¢|Pdxdt
K, On

—(Bpn)P<t<0
2 » 1 s
=V / (u —kp)_dxdt + — / (u — ky)2dxdt
pp Q" ep Qn
onp ( w)l
=vV— ((Sw)p + : ) Ilu < ky102 Qnl.
pr op

By Proposition 3.1 of [6, Chapter I],

f/ [ — k)17 "V dxdt
On

%
< /f |D[(u — kp)_C1|Pdxdz [ esssup f [(u — kp)_C1Pdx
On+1 —(Bpn)P <t<0JK,(t)

N+p

np 2\ | ¥ P
<y B—p (@w)f’ + £ )} < k1 1 Q1"

or

Estimate below

N+42

/ / [ = kn)-£ 1" Fdxdr = 27000 —aygo]” "l < k110 Qo
On
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and set
Y, — [[u < ko1 N Oyl
= XN
| Onl
Then

N+p

P NP
b oP N 2-p | N )
Vo) < — < ) [1 + %} v, N

(1— a)(N+2)% (Ew)?—P or

where
b — 2 R2W+D+p]

By Lemma 4.1 of [6, Chapter I], {Y,,} — 0 as n — oo, provided

(Ew)>P
op dgf

N+p

Ew)> P\ 7
(1+T )

Thus this choice of v yields Yo, = 0 which is equivalent to (B.6). Similar arguments
for the corresponding statement (B.2)-(B.4) yield the same expression in (B.7) with
the proper interpretation of Y,,. O

Yo < vo(1 —a)V T2 (B.7)

B.3. Proof of Theorem 2.3. Transforming u into w

Regard the equation as holding in Kg, (y) x (s, s+(86p)”] and introduce the change
of variables and the new unknown

X—=y t—s
9 t: 9
P 36rpP

2
= N = — ,t .
b4 w(z, 1) Mu(x )
The cylindrical domain Kg,(y) x (s, s + (66p)?] is transformed into Kg x (0, 1],
and by formal calculations

wy — div, A(z, T, w, D,w) = é(z, T, w, D;w) (B.8)

in the weak sense over Kg x (0, 1]. Assuming that Cp < 2min{1; M}, the functions
A and B satisfy the structure conditions

~ _ Cp p
A(x,7,w, Dw) - Dw >2778C,|Dw|’ — § M

- Co\P!
IA(x, T, w, Dw)| < 27P5C,|Dw|"~" + 8 (ﬁ) (B.9)

. Cp\P~!
|B(x, T, w, Dw)| <2 P8Cp|Dw|”~! + 8(Cp) (ﬁ)
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where C, and C; are the constants appearing in (1.3). These coefficients depend
upon &, which is assumed to be a parameter quantitatively determined only in terms
of the data. Assume momentarily

wr € C[(0,1]; L' (K3)]. (B.10)

Then (B.8)-(B.9) and the structure assumption (1.2)_ imply the weak inequality

/ i(k — w)4edz +/ A(z, 7, (k —w)y, D.(k — w)4) - Dodz
Kg ot Kg
(B.11)

< f Bzt (k — w)se Dok — w))gdz
K3

for all admissible non-negative test functions ¢. The assumption (2.5) of Theo-
rem 2.3, translates into

[[w(,t)>11NK{| >a forallt € (0, 1]. (B.12)

This measure-theoretical lower bound will be converted into a lower bound for w
over the expanded cube K> for all “times” 7 € (% 1].

Lemma B.2. Let w be a weak solution of (B.8)-(B.9). For every v € (0, 1) there
exists €, depending only upon the data, v and «, such that either

1
87Cp > min{l1; 2¢, M} (B.13)

or
[[lw(, 1) < €]l <v|K4| forallt e (Alf, 1]. (B.14)

B.3.1. Proof of Theorem 2.3 assuming Lemma B.2

Apply (B.5)-(B.6) of Lemma B.1 to w, with u_ = 0,& = 1 and ® = €, over the
cylinders

K4 x (t,7 +60P] where 9P = ef"’.

These are contained in K4 x (%, 1] as t ranges over (3—1, 1 — 6P]. In (B.7) choose

a = % This determines, quantitatively, only in terms of the data, the number

v € (0, 1) for which
w(, 1) > %ev in K, forallt e (% 1].

The expansion of positivity of Theorem 2.3 follows from this, upon returning to the
original coordinates.
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B.4. Proof of Lemma B.2

Let ¢ be a cutoff function in Ky that equals one on K4, vanishes outside Kg, such
that |D¢| < 4 and the sets [¢ > k] are convex for all k € (0, 1). In the weak
inequality (B.11) take the testing function

_ Pt

[k — (k — w)g + ek]P—!

where k, € € (0, 1) are to be chosen. In the arguments to follow, the product ke will

form the number ¢, claimed by Lemma B.2. Accordingly it is stipulated that the
various choices of ke below will violate (B.13). Thus forg > 0

Cp\? 1 Co \? 4
< <§ »r.
M) Tk—(k —w)y +ekld — \2ekM ) =

2

Set also
(k_w)+ ds
O (w) = @
k(W) /0 [k —s +ek]p T
(B.15)
k(1
W (w) = In (d+e)

k(1+¢€) — (k—w)y
By standard calculations, there exist constants y, and y, depending only upon the
data, such that

d -
— <I>k(w)§pfd2+)70/ DU (w)|P¢Prdz < =
dt K3 K3 2 —

By virtue of (B.12) and the embedding Proposition 2.1 of Chapter I of [6]
/ W/ [(w(z, )]¢Pdz < Cy / IDWw(z, DIIP¢Pdz
Kg Ks

for a constant C depending only upon the data, and for all = € (0, 1]. Therefore
there exist constants y, and y, depending only upon the data, such that

d
— Drlw(z, 1)]1¢Ptrdz + J/g/ Wilw(z, 1)1P¢cPrdz < y. (B.16)
dt Ky Kg
Introduce the quantities
Y, = sup {p(x)f)([w(.,r)<en]d2 forn =0,1,... (B.17)

0<1<1JKg
The proof of Lemma B.2 is a consequence of the following
Proposition B.3. For every v € (0, 1), there exist numbers € and o in (0, 1) de-

pending only upon N, p, the data and v, such that if (B.13) is violated for €, = €",
then either

Y, < %v or Yp41 < max{%v;aYn}. (B.18)
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B.4.1. Proof of Lemma B.2, Assuming Proposition B.3

Iterating (B.18) gives
1 n—1
Y, < max Ev;o Y, n=1,2,...

Since Y, < |K3g|, take n = n, so large that 206"~ < y8~N_ Then the lemma
follows with €, = o"o. O

B.5. Proof of Proposition B.3

In (B.16) take k = €” for n € N, where € € (0, 1) is to be chosen. By the definition
of Y, for every ¢ there exists t, € (0, 1), such that

Cp(.X)'CoX[w(.’.[O)<€n+I]dZ > Y41 — €. (B.19)
K3

The numbers n and 7, € (0, 1) being fixed, consider the following two cases. Either

d
— | Prp®a|w(z, t)]dz = 0 (B.20)
dt Ji,

or
— | Pre®@en[w(z, T0)]dz < 0. (B.21)
dt Jkg

In either case assume that Y,, > %v, otherwise the conclusion is trivial. While ¢ in

(B.19) is arbitrary, it will be taken in the range ¢ € (0, %v).
If (B.20) holds, then from (B.16) with k = €"

PV w(z, 7o) ]dz < r

K 8 VO
Minorize this integral by extending the integration over the smaller set

€"(1+e¢)

[w(-, 1,) <€"T'1NKg onwhich We(w) > In SYES

Therefore

14+¢€\?
In é‘pfodz =< Wen [w(zv To)]gpfodz-
2e KgN[w(-,7,)<e"+1] Ky
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From this and (B.19)

1 -p
Yn+1§8+1<ln +6) <-v

1
Yo 2e 2

for the choices ¢ < %e and then for € so small that
1 |
Y In te < -y
Yo 2€ 4

Such a choice depends only upon the constants y, y, and v and therefore it depends
only upon the data.

B.6. Proof of Proposition B.3 when (B.10) holds
If (B.10) holds true, define

d
Ty = sup {1’ € (0, 1,)|— (Pt den [w(z, t)]dz > O} .
dr Jg,
By the definition of t,
P, Den [w(z, r(,)]dz < P, Den [w(z, t*)]dz. (B.22)
Kg K3

By the arguments of the first alternative

(P Ve [w(z, ) ]dz < r

Kg J/O

and forall s € (0, 1)

y I+e \ 77
Pt n_ mdz < — | In —— .
KS( * X[(€"—w) 4 >se"]0T = Yo ( 1+ —S)

From this and the definition of Y,

. Y l+€ \ 77
Pr n_ mdz <mini Y,; — [ In ——
/KSC * X[(en—w) 4 >sendZ < { n y(,< 1+6_s) }

Y, if0 <s < sy

- 1 P
l(lni> ifse, <s <1
l+e—s
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where s, is the root of the equation

n
l4+e—s

(Ll ’ :
e\voV — df
s < —————(+6) F o,(1 +e).

(Ll)l’
e Yo vV

1+ - (%ﬁf)% 1
6 e (4 n
Yn:1<1 —) = si=— (146,

419

(B.23)

(B.24)

Next estimate the integral on the right hand side of (B.22). By Fubini’s theorem and

(B.23)-(B.24)

p 0 = P < xls < (" —w)4]
(P @en[w(z, f*ﬂdz—/,(f - (/o [e"(1 +€) — s]P!

n

€ 1
N ./0 [e"(1+¢€) —s]P7! /1; P TaXi(en—w) >sendzds
8

1 6n(2—p)
:/o W/K P Tl —w) >semdzds
8

Sx En(2—p)
il A —" P xien— ndzds
-/0 [1+e—s]P! /Kx §U T X" —w) 4 >s€"]

K3

1 En(2—p)

Sx [1+€_s]p—1

Sk en(z_[’)
< / —Y,ds
0 [l + € — S]p_l

1 n(2—p) 1 4
+ IR & lni ds
s, [1+e—s1P1y, 14+e—s

1 6n(2—p)
_ / T yds
0 [1 + € — S]p_l

1 —p n(2—p)
1
_/ v,— Y (m—T s
5 Yo l+e—s [1+4+e—s]P1

= Y, "CPE(Y,, €)

+ / ng*X[(e”—w)+>se”]dZdS
K3

ds) dz
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where

F(Y,. ) /1 ds
,E€) = —_—
" o [14+e€—s]p!

! 1y 1+e€ b ds
=Y (") | —
5, Y Vo l+e—s [1+e€—s]P1
1 ds
< %
=Jo l+e—spp T

: Ly I+e \77 ds
—~ 1— =2 (1n ]
oo (1+€) VYo l+e—s [1+e—s]P™

since Y, > v and by the definition (B.23)-(B.24) of ¢,. Combining these estimates,
gives an upper bound for the right hand side of (B.22). Therefore

n2=p)

1—e
(P Ty ®@en[w(z, 7o) ]dz < Y,[l — f(e)]/ [l—ds (B.25)
0

Kg +€_S]p_1

where

f()/l_e ds __/] ds
Dl Tre—sr 1~ ) l4e—spT

1 =P
1 1 d
+/ 1—-2 <1n i) —S1
oo (1+€) VYo l14+e—s [1+e—s]P™

Estimating below the left hand side of (B.25), gives

(B.26)

€"C=p)

1—€
P ., P . ¢
$ 7o Pe [w(z9 To)]dz = /;(8; ToX[w(-,7,) <€ +1]dZ/(; [1+e— S]pflds

1—¢ En(2—p)
> (Yye1 — ¢ ———ds.
_( n+1 )/(; [1+6—S]p71

K3

This and (B.25) yield
Yip1 —e <Yl = f(o)].
Estimate f(¢) below as follows. Let o1 > o, be defined by

o= —"—— (see also (B.24)).

Then integrating the second integral on the right hand side of (B.26) over the smaller
interval [o1(1 + €), 1], gives

2-p
f(6)>%(1—01)2_P—( 2€ ) .

1+¢€
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Choose € so small that
f©) > 11 —op*? andset o=1-3(1—0)> P

Since ¢ € (0, %v) is arbitrary, Y,41 < o0, thereby establishing the proposition
under the assumption that (B.10) holds true.

B.7. Removing the assumption (B.10)

Inequality (B.16) holds in any case in the integrated form

Pro[w(z, D]dz— | Pt —h)P[w(z, T — h)]dz
Kg Ks

T
+ Vo/ tPsOi[w(z, s)]dzds < yh.
t—h JK3g

Divide by & and let h — 0 to obtain (B.16) where the term involving the t-
derivative is replaced by

<i>_ ;%d%(w)dz:limsupl{ Pt (w)dz — /U’(r — h)@k(w)dz}.
dt K3 h—0 h Kg Kg

Introduce the set

S = {‘L’ € (0, 11 (%)/K Pt dp(w)dz > 0}
8

and let 7, be defined as in (B.19). If 7, € S, then

P, W (wydz < y.
K3

If 7, ¢ S but sup{r < 1|t € S} = 7,, by working with a sequence of time levels
7, € S and {t,} — 1,, the previous inequality continues to hold. If 7, ¢ S and

e=sup{t <t eS}<r1,

we derive an inequality analogous to (B.22). The remainder of the proof remains
the same.
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