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Characterizations of intrinsic rectifiability
in Heisenberg groups
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Abstract. We define rectifiable sets in the Heisenberg groups as countable
unions of Lipschitz images of subsets of a Euclidean space, in the case of low-

dimensional sets, or as countable unions of subsets of intrinsic C! surfaces, in the
case of low-codimensional sets. We characterize both low-dimensional rectifiable
sets and low codimensional rectifiable sets with positive lower density, in terms
of almost everywhere existence of approximate tangent subgroups or of tangent
measures.

Mathematics Subject Classification (2010): 28A75 (primary); 28C10 (sec-
ondary).

1. Introduction

Rectifiable sets are basic concepts of geometric measure theory. They were intro-
duced in the 1920’s in the plane by Besicovitch and in 1947 in general dimensions
in Euclidean spaces by Federer. A systematic study of rectifiable sets in general
metric spaces was made by Ambrosio and Kirchheim in [2] in 2000. However, the
definitions they used are not always appropriate in Heisenberg groups, and many
other Lie groups, when equipped with their natural Carnot-Carathéodory metric;
indeed, often there are only trivial rectifiable sets of measure zero.

A different definition, in Heisenberg groups H" and more general Carnot
groups, has been given in [14], for sets of codimension 1, and in general dimen-
sions in [17, 18]. Let us sketch the inspiring ideas.

According to Federer’s original definition, k-dimensional rectifiable sets are
contained, up to a negligible set, in countable unions of Lipschitz images of subsets
of R¥. In Euclidean spaces, it is equivalent to use coverings with countable unions
of k-dimensional C! sub-manifolds (see [12,31]).
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Also in groups it is possible to follow the pattern of both definitions, provided
we have good intrinsic notions of Lipschitz maps and of C! sub-manifolds. Respec-
tively we will define the classes of (k, Hl; )-rectifiable sets and of (k, H)-rectifiable
sets.

Let us begin with the notion of intrinsic C! sub-manifold (see Definition 2.10).
If k is an integer, 1 < k < 2n, intrinsic k-dimensional C! sub-manifolds of H"
(also called H-regular surfaces) are locally defined, if 1 < k < n, as images of
continuously differentiable maps RF — H" and, if n + 1 < k < 2n, as non critical
level sets of continuously differentiable functions H" — R2+1-k,

Notice that differentiable means always Pansu differentiable (see Definition
2.5). We recall that, if d is the distance, defined in (2.1), equivalent with the Carnot-
Carathéodory metric, and if Sk is the k-dimensional spherical Hausdorff measure
in H”, built using the distance d, then the Hausdorff dimension of H" is 2n + 2
and a (typical) k-dimensional H-regular sub-manifold has Hausdorff dimension k,,,
where k,, = k,if 1l <k <n,andk,, =k+1,ifn+1<k <2n.

Then we say that E C H" is (k, H)-rectifiable if there is a sequence of k-
dimensional H-regular surfaces S; such that

Sk (E U S,~> =0.

We introduce also the following analogue of Federer’s Lipschitz definition. If k is
an integer with 1 < k < 2n, we say that E C H" is (k, H )-rectifiable if there is a
sequence of Lipschitz functions f; : A; ¢ R¥ — H" such that

St (E U ﬁ(A») =0.

This last definition is non trivial only if 1 < k < n, because, forn +1 < k and
f Lipschitz, always Skn(f(A)) = 0 (see [2]), hence we will consider (k, H;)-
rectifiable sets only for 1 < k < n.

Given that the above mentioned generalization of Federer’s Lipschitz definition
is not a good one for high dimensional rectifiable sets in Carnot groups, different re-
lated approaches have been proposed in the literature. As an example, Pauls in [28]
considered images in H" of Lipschitz maps defined not on R¥ but on subgroups of
H"; in [18] a different notion of intrinsic Lipschitz sub-manifold is considered.

We explicitly observe that we do not know if (k, H )-rectifiability and (k, H)-
rectifiability are equivalent if 1 < k < n. Clearly they are notifn + 1 < k < 2n.

In this paper we approach the problem of characterizing intrinsic k-rectifiable
sets in H" through almost everywhere existence and uniqueness of generalized tan-
gent subgroups or tangent measures.

We prove two main theorems. Suppose that £ C H" has locally finite Sk
measure.
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e The first one, Theorem 3.14, deals with the case 1 < k < n and with (k, H)-
rectifiability. We prove that E is (k, H)-rectifiable if and only if it has an
approximate tangent subgroup, S almost everywhere. The latter means that, for
Sk almost all p € E, there exists a homogeneous subgroup T p» of topological
and Hausdorff dimension &, such that

lim r S (E N B(p,r) Mg :d(p™" ¢, Tp) > sd(p, q)}) =0

for all s > 0, where the distance d is defined in (2.1) and is comparable with the
Carnot-Carathéodory distance in H”".

e The second main theorem, Theorem 3.15, deals withn+1 < k < 2n and (k, H)-
rectifiability. We prove that E is (k, H)-rectifiable if and only if it has, S*»
almost everywhere, an approximate tangent subgroup and, additionally, positive
lower density. These two conditions mean that, for S¥ almost all p € E, there
exists a homogeneous subgroup T, of topological dimension k and Hausdorff
dimension k,, = k + 1, such that

1ir%r*’<m5’<m (E NB(p,r)N{g:d(p~"-q,T,) > sd(p, q)}) =0

forall s > 0, and

liminfr *»S* (E N B(p, r)) > 0.

r—0
We do not know if the assumption of positive lower density is necessary.

In both cases, we shall also give other equivalent conditions in terms of weak con-
vergence of blow-ups and existence of tangent measures. One of these, condi-
tion (v) of Theorem 3.15, says that E, with positive density as above, is (k, H)-
rectifiable if and only if for S*-a.e. p € E there is a non-trivial Radon measure A D
such that every tangent measure at p of the restriction S*» L_ E is a constant multi-
ple of A,. More informally, this means that, at all sufficiently small scales around
p, Sk _E looks, suitably magnified, like A p- Note that this condition does not
refer to any particular kind of subgroups, parametrizations or concepts of differen-
tiability, whence its equivalence to rectifiability in a way indicates that the concept
of intrinsic rectifiability we are using is a natural one.

Notice that Ambrosio and Kirchheim’s definition in general metric spaces,
when specialized to Heisenberg groups, coincides with (k, H )-rectifiability. They
also have a characterization of rectifiability, under the assumption of positive lower
density, in terms of approximate tangent planes. Their approach to the notion of
(approximate) tangent space is different from ours. Indeed they imbed their metric
space into a Banach space and use the linear structure there. However, eventually,
the two notions coincide.

Notice that we use the spherical Hausdorff measure S instead of the usual
Hausdorff measure H™ because the blow-up Theorem 3.4 is only known for it and
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hence we can get the conditions (ii) and (iv), of both main theorems, only for the
spherical Hausdorff measure. As & and H™ have the same null-sets, and even
H™(A) < S™(A) < 2™H™(A) for all A C H", the rectifiable sets are the same
for both measures and the equivalence of the conditions (i), (iii) and (v) in Theo-
rem 3.14 and 3.15 holds also for H™.

In [14,15], (2n, H)-rectifiable sets were used to establish De Giorgi’s structure
theory for sets of finite perimeter in step 2 Carnot groups, see also [3] for more gen-
eral Carnot groups. In Euclidean spaces, rectifiable sets have been fundamental in
many aspects of geometric calculus of variations, in particular for minimal surfaces
of general dimensions. Problems of existence and regularity of minimal surfaces in
Heisenberg groups have recently been considered by many people and it could be
expected that rectifiable sets would play a significant role also here. See also, for a
different application, the recent [10].

Finally we thank the referee for his careful reading of this paper.

2. Heisenberg groups

2.1. Algebraic and metric structure of H"

For a general review on Carnot groups, and in particular on Heisenberg groups, we
refer to [8,9,19,32] and to [33]. We limit ourselves to fix some notations.

H" is the n-dimensional Heisenberg group, identified with R>"*! through ex-
ponential coordinates. A point p € H" is denoted p = (p1, ..., P> Pon+1) =
(p', pans1), with p’ € R?" and py,.1 € R. If p and ¢ € H", the group operation
is defined as

n
p-q:= (p’ +q'. pani1 + qanp1 =2 (PiGin — Pi+n¢]i)) .
i=1
The inverse of pis p~' := (—p’, —pans+1) and e = 0 is the identity of H".
The centre of H" is the subgroup T := {p = (0, ..., 0, pa,+1)}.
For any g € H" and r > 0, we denote as 7, : H" — H" the left translation
p+>q-p=14(p)andasf, : H" — H" the dilation

p> (rp' i pans1) = 86 p.

Notice that dilations are also automorphisms of H".
We denote, for all p, g € H",

Ipll :=d(p, e) := max{||(p1, - , pan)Ig2ns | P20111"?}

and
d(p,q)=d(qg " -p.e)=1lg" - pl. (2.1)
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Then, for all p, g, z € H" and for all » > 0,

diz-p,z-q)=d(p,q) and d(Sp,dq) =rd(p,q).

Finally, U (p, r) and B(p, r) are the open and the closed ball associated with d.
The standard basis of the Lie algebra h of H" is given by

Xi = 0i + 2Xi4n02n+1,  Yi = 0j4n — 2X;00n+1, T = op+1,

fori = 1,...,n. The horizontal subspace b is the subspace of h spanned by
X1,...,Xpand Yq, ..., Y,. Denoting by h; the linear span of T, the 2-step strati-
fication of b is expressed as

h="h1®ho.

The Lie algebra fj is endowed with the scalar product (-, -), that makes X1, ..., ¥,, T
orthonormal, and by the induced norm || - ||.

The vector fields X, ..., X,;, Y1, ..., Y, define a vector subbundle of the tan-
gent vector bundle TH", the so called horizontal vector bundle HH" — according to
the notation of Gromov, (see [19] and [26]). We identify sections ¢ of HH", us-
ing coordinates with respect to the moving frame X1, ..., Y,, with functions ¢ =
(D1, ...,¢) : H" — R?", We will also identify sections ¢ : @ Cc H" — HH"
with the map ¢ : Q — b defined as

$(p) =D _6;(P)X; + but;(P)Y;.
=1

J

We denote by 7 : H® — b the map defined as

n

m(p) =Y (PiXj+ Putj¥)) (2.2)
j=1

Remark 2.1. Because the topologies defined by d and by the Euclidean distance
coincide, the topological dimension of H" is 2n 4+ 1. Moreover d is bilipschitz
equivalent to the Carnot-Carathéodory metric d. induced by the horizontal sub-
bundle HH" (see [19,26]).

The (2n + 1)-dimensional Lebesgue measure L2F] on H = R g left
(and right) invariant and it is a Haar measure of the group.

For m > 0, we denote by 8™ the m-dimensional spherical Hausdorff measure,
obtained from the distance d following Carathédory’s construction as in [12, Sec-
tion 2.10.2].

For A C H" and § > 0, 8™(A) = lims_,o 55" (A), where

Sp(a) =inf 1Y opr s A | B r).ri <8¢
i i
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We have to be precise about the constants o, appearing in this definition. We
will define «,, only for m integer, 0 < m < 2n + 2 and m # n + 1. Indeed
explicit computations will be carried out only in these cases, because, as observed
in the introduction, k-dimensional C! (or Lipschitz) submanifolds have intrinsic
Hausdorff dimension k if 1 < k < n and Hausdorff dimensionk + 1ifn+1 <k <
2n 4+ 1.

Hence, if w,, is the £™ measure of the unit Euclidean ball B, ¢y in R™, we
define

W ifl <m <n, 2.3)
Oy = .
" 2wm_n ifn+2<m<2n+2.

With this choice, the §™ measure restricted to homogeneous subgroups of G(H")
(see Definition 2.16) coincides with the appropriate Lebesgue measure. The precise
statement is in Proposition 2.20.

Translation invariance and homogeneity under dilations of Hausdorff measures
follow as usual. Forall A C H", forall p e H",r € (0,00)and 1 <m <2n+2

S"(1pA) = S"(A), S"(8,(A)) = r""S"(A). (2.4)

m

Finally we denote by H .
Euclidean distance in R?*+1,

the m-dimensional Hausdorff measure related to the

2.2. Function spaces

If Q is an open subset of H” = R?"*! and k > 0 is a non negative integer, CK(Q)
indicates the usual space of real valued functions which are k times continuously
differentiable in the Euclidean sense. We denote by Ck(Q2, HH") the set of all
CK-sections of HH" where the C* regularity is understood as regularity between
smooth manifolds.

Definition 2.2. If Q is an open subset of H" and f € C'(R) we define the hori-
zontal gradient of f as

Vauf=Xf,....X.0f,. ... (2.5)

Alternatively Vg f can be defined as the section of HH"

Vuf =) X;H)X;+ ;)Y
=1

J

whose canonical coordinates are (X1 f, ..., Xu f, Y1 f, ..., Yuf).

Definition 2.3. We say that f : H" — R is differentiable along X ; (or along Y ;) at
poifthe map r — f(po-8,e;) (respectively: r — f(po-8,e4,)) is differentiable
atr = 0. Here ¢y is the k-th vector of the canonical basis of R2"+1,
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Clearly, if f € C!(Q) then f is differentiable along X jand Y;, for j =
1,...,n, atall points of 2 and

d d
d—J:(Po -8rej)|,_o = Xjf(po), d—f([)o “8rejin)|,_o = Yjf(po)

for all pg € Q2. Hence, if f is differentiable along X ;’s and Y;’s at py and we define
the horizontal gradient to be

Vi f(po) =Y X, f(po) Xj +
=1

Y f(po) Y (2.6)
Jj =1

J

then this definition naturally extends the one given in (2.5).

Definition 2.4. If &/ c H", we denote by C ;I(Z/{ ) the set of continuous real valued
functions in U/ such that Vg f exists and is continuous in Uf; [C}q (U)F is the set of
k-tuples f = (f1,---, fr) such thateach f; C}{(L{) forl <i <k.

Notice that C! () ¢ C Ilq (€2), and the inclusion is strict (see [14, Remark 5.9]).

The following definition of differentiability, for functions acting between Carnot
groups, was given by Pansu in [27].

Definition 2.5. Let (G, d1) and (G2, d») be Carnot groups and A C Gy. A func-
tion f : A — Gy is Pansu differentiable in g € A if there is a homogeneous
homomorphism L, : G; — G2 such that

dr(f()7" - f(8). Le(g™" - gh)
di(g,8")

The homogeneous homomorphism L, is denoted dp f, and is called the Pansu
differential of f in g.

Pansu obtained, in [27], a Rademacher type theorem for Lipschitz functions
acting between Carnot groups proving that they are almost everywhere differen-
tiable, in the sense of Definition 2.5. We shall use the following case of Pansu’s
theorem, (see [21, Theorem 3.4.11]).

— 0, asdi(g,g)—0,g €A

Theorem 2.6. Let A C R™ be an L™ measurable set and f : A — H" be a
Lipschitz map. Then f is Pansu differentiable L™ -a.e. in A.

The functions of C}, (€2) are differentiable in Pansu’s sense (see [27] and [14])
and the Pansu differential dy f is represented by the horizontal gradient Vg f.

Proposition 2.7. With the notations of Definition 2.3, f € C}L,(Q) if and only if its
distributional derivatives X; f, Y; f (i = 1, ..., n) are continuous in 2.
Moreover, if f € C}LI(Q), then for all p, po € Q2

F(p) = F(po) +du fp(py " - p) +0d(p, po)), asp— po. 2.7)
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We mention also the following ‘converse’ result to Theorem 2.6.

Proposition 2.8. Let 1 <d <n. If f : A c RY — H" is Pansu differentiable in
xo then f is also Euclidean differentiable in xo and

F(x0) - du fryRY) = f(x0) + dfyy(RY).

Proof. By the contact property of H-linear maps (see [21] or [17]) we know that
L :=dp fy, is a classical linear map from R4 to Rt and L(v) = (Av, 0) where
A is a suitable 2n x d matrix. Then, for the first 2n components f1, ..., fo, of f,
Pansu differentiability coincides with Euclidean differentiability so that

V f1(xo0)
A= :
V fon(x0)

while a not difficult computation yields

V fant1(x0) =2 ) (£in(x0)V £j(x0) — £ (X0)V fj4n(x0))-
=1

J

It follows that, for all v € RY,

f(xO) . dfoo(v) = f(xo) + de()(v)
and the proof is completed. O
We conclude this section mentioning the following Whitney’s extension theo-
rem (see [14]).
Theorem 2.9. Let F C H" be a closed set, f : F — R, k : F — HH" be
continuous functions. Define
_f®) = f®) — tk(p), m(p~" - p))

R py: a0

)

and, if K C F is a compact set,
px (8) :=sup{|R(p’, p)|: p.p €K, 0<d(p,p') <S8}

If px (8) — 0 as & — O for every compact set K C F, then there exists f H' -
R, f € C}{(H”), such that

ﬁF=f and VHﬁsz

2.3. H-regular surfaces

H-regular surfaces are the intrinsic C! embedded submanifolds in H". A systematic
study of H-regular surfaces has been recently carried out in [4,5, 11, 17]. Let us
begin with the definition.
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Definition 2.10. S C H" is a d-dimensional H-regular surface when the following
is true

() forl<d<n
for any p € S there are open sets I/ C H",V R and a function ¢ : V — U
such that p € U, ¢ is injective, and continuously Pansu differentiable with
dy ) injective, and

SNU=eV);

@) forn+1<d <2n
for any p € S there are an open set &/ C H" and a function f : I — R>*+1—4
such that p € U, f € [CLAOT" =4, with dy f, surjective for every g € U
and
SNU={qgel: f(g)=0}.

In this second case, sometimes we speak of (2n + 1 — d)-codimensional H-regular
surfaces.

These notions of H-regular submanifolds are different from the corresponding
Euclidean ones and from each other. Indeed d-dimensional H-regular submani-
folds, 1 < d < n, are a subclass of d-dimensional Euclidean C! submanifolds
of R¥"+1 (see [17]). On the contrary, k-codimensional H-regular submanifolds,
1 < k < n, can be very irregular objects from a Euclidean point of view. An exam-
ple of a 1-codimensional H-regular surface in H' = R3, with fractional Euclidean
dimension equal to 2.5, is provided in [20]. On the other side, the horizontal plane
{p : p2nt1 = 0} = exp b is Euclidean regular but not intrinsic regular at the origin.
Nevertheless, H-regular surfaces share several properties with the Euclidean regu-
lar ones. To see this let us first introduce the notion of intrinsic tangent subgroup to
an H-regular surface.

Definition 2.11. Let S be a d-dimensional H-regular surface in H" and ¢ and f as
in Definition 2.10. The tangent group to S in pg € S, denoted as T S(po), is the
homogeneous subgroup of H" defined,

(1) forl <d <n,as

T S(po) :={dnpx,(x) : x € Rd}, where ¢ (xg) = po.
(i) forn+1<d <2n,as

TuS(po) := {p € H" : du fp,(p) = O}.

Remark 2.12. If 1 < d < n andif S is a H-regular d-dimensional surface, then, for
all p € S, Ty S(p) is a d-dimensional subgroup contained in HH". Moreover the
Euclidean tangent plane to S in p coincides with Ty S(p) (see [17, Theorem 3.5]). If
n+1 <d <2nandif S is an H-regular d-surface, then Ty S(p) is a d-dimensional
subgroup containing the centre T of H" (see [17]). Finally, it follows, from the very
Definition 2.10, that S is a k-codimensional H-regular surface, 1 < k < n, if and
only if S is, locally, the intersection of k 1-codimensional H-regular hypersurfaces,
with linearly independent normal vectors.
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2.4. The intrinsic Grassmannian

A subgroup G of H" is a homogeneous subgroup if
5,8 €@,

for all g € G and for all > 0. Notice that, through the identification of H" with
R?*+! homogeneous subgroups of H" are vector subspaces of R?**!1. Homoge-
neous subgroups either are contained in the horizontal plane exp b, and are then
called horizontal, or they contain the centre T of H", and are called vertical. Hor-
izontal subgroups are commutative while vertical subgroups are non-commutative
normal subgroups of H".

We use the symbol dim G to indicate the ‘linear’ dimension of the subgroup
G, i.e. the dimension of its Lie algebra, and the symbol dimyg G for its Hausdorff
dimension, with respect to the metric d, defined in (2.1). It follows from a gen-
eral result of Mitchell (see [25]), and also from direct verification in this case, that
dimg V = dimV, if V is a horizontal subgroup, and that dimg W = dimW + 1, if
W is a vertical subgroup.

In the following we will refer to homogeneous subgroups G of linear dimen-
sion d as d-subgroups and we will denote as d,,, the metric dimension of G.

Definition 2.13. Two homogeneous subgroups V and W of H" are complementary
subgroups in H", if W NV = {e} and if, for all p € H", there are w € W and
v € Vsuch that p = w - v. If W and V are complementary subgroups, we say that
H" is the product of W and V and we write

H'=W.V,

Remark 2.14. In H" one of two complementary subgroups, is always a normal
subgroup and the other one a horizontal subgroup. Hence the product H* = W - V
in Definition 2.13, is always a semidirect product (see Proposition 2.17). We will
use the symbol W for normal subgroups and the symbol V for the horizontal ones.

Proposition 2.15. I[f H" = W - V is as above, with V horizontal and W vertical,
each p € H" has unique components pw € W, py €V, such that

P = PwW " pv.

Forall p,q € H" and . > 0, pw and py depend continuously on p and,

e Hw=Ey " (ew) v, (v = (pw) 7! (2.8)
Gpyw =&pw,  (Pr@w=pw pv-qw-py’ 29)
Sxp)v = 81 pv, (P Qv =pv-qv, ’

hence, in particular, the map p — py, from H" to 'V, is a homogeneous homomor-
phism.
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There is a constant ¢ = ¢c(W, V) > 0 such that, for all p € H",

cipwl +lpvi) = lipll < llpwll + llpvll,

. i (2.10)
C(||PV “pw - pvl+ ||pv||) <lpll =lpy - pw-pvll+lpvl.

and consequently

cllpvll <d(p, W) < |Ipvll,
O o (2.11)
cllpy - pw-pvll <d(p,V) < lpy - pw - pvl.

Proof. Uniqueness, continuity, (2.8) and (2.9) are trivial. Then (2.10) follows from
triangular inequality and by a compactness argument, observing also that p = pyy -

pv=pv-(pv)"" pw - pv.
Because

d(p, W) =inf{d(p,w) : w € W} =inf{Jw™" - p|| : w € W},
we get, from (2.10),
d(p. W) =inf{|lw™" - pw - pv| : w € W} < || py]
and, on the other side,

lw™" - pw - pyll = c(lw™" - pwll + lIpvl) = clipvl

that gives the first one of (2.11).
Once more from (2.10),
d(p, V) = inf{lp~" - v]| : v € V)

= inf(|(py) ™" - (pw) ™ - py - ()T vl tv € V)
= cinf{ll(pw) ™" - (pw) ™ pyll + 1) T vl v e V)
=clpy' - (pw)~" - pyll
=clpy' - pw - pvl-

The estimate from above is obtained in the same way. O

Definition 2.16. Let d be a non negative integer. We denote by H(H", d, d,;,) the
set of all d-subgroups of H" with metric dimension d;, and by H (H") the family of
all homogeneous subgroups. A d-subgroup G belongs to the intrinsic Grassman-
nian of the d-subgroups G(H", d), if there is a (2n 4+ 1 — d)-subgroup H such that

H" = G - H, that is
s n
GH". d) = {(G : Gisa d-subgroupand H" = G H} ‘

fora (2n + 1 — d)-subgroup H
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The intrinsic Grassmannian is defined as

2n+1

GH" = | GH", d).
d=0

Proposition 2.17. The trivial subgroups {e} and H" are the unique elements of,
respectively, G(H", 0) and G(H", 2n + 1). Moreover,

@) forl <d <n, GH",d) = HMH",d, d), the set of all horizontal homoge-
neous d-subgroups;

(i) forn+1<d <2n, GH",d) = HMH", d, d + 1) coincides with the set of all
vertical homogeneous d-subgroups.

On the contrary, a vertical subgroup W with 1 < dimW < n is not in GH"). In
particular, the 1-subgroup T is not in G(H").

Proof. In all the possible splittings of H" as semidirect product of two subgroups,
H" = W -V, one of the two subgroups, say V, is horizontal and the other one, W,
contains T. In terms of Lie algebras, setting v and tv the Lie algebras of V and W,
we have that ) = v @ 10, v and tv are subalgebras of ) and, V being horizontal, v
is commutative.

Hence 0 < dimV < n because in f there are at most n linearly independent,
commuting horizontal vector fields. Consequently, n < dimW = 2n+1—-dimV <
2n + 1. This shows that vertical subgroups of linear dimension not exceeding »n can
never be a factor of a splitting of H".

If L is any vector subspace of h; then span{L, T} is a subalgebra of ) and
exp{span{L, T}} is a vertical subgroup of H". It follows that all the horizontal
subgroups are in G(H"). Indeed, given a horizontal subgroup V, its Lie algebra v
is a vector subspace of j;. Let L be any complementary vector subspace of v in b
and define W := exp{span{L, T'}}. Then H" is the semidirect product of V and W,
so that V € G(H").

On the other side, if W is a vertical subgroup of dimension larger than # it is
proved in Lemma 3.26 of [17] that a complementary horizontal subgroup V exists
such that H" is the direct product of W and V. O

Remark 2.18. G(H") and H(H") are, in a natural way, subsets of the Euclidean
Grassmannian G(R?"*1) and are endowed with the same topology. Moreover no-
tice that G(H", d) and H(H", d, d,,) are compact metric spaces with respect to the
distance

p(G1, G2) := dnaus(G1 N B(e, 1), G2 N Be, 1)), (2.12)
where dp 4,5 1s the Hausdorff distance induced by the distance d.

Remark 2.19. If S is a d-dimensional H-regular surface and p € S then

TuS(p) € GH", d).
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Proposition 2.20. Let G € H(H",d, dy,). Then H%, LG, is a left Haar measure
of G and
H LG =8™LG,

where

dy =d if G is a horizontal subgroup,
dpn=d+1 if G is a vertical subgroup.

In particular, if G € GH", d) then dimyG = d,,, where

dp =d ifl <d <n,
dp=d+1 ifn+1<d<2n.

(2.13)

Proof. 1t is known, and can be checked by direct computation (see e.g. [13]), that
the Lebesgue measure £ is a, left and right invariant, Haar measure on G. More-
over, for all Borel sets A C G andr > 0,

L£45,A) = rém £2(A)

and
LG =H LG.

euc

Notice also that, if G is horizontal, then
B(e, 1) NG = By, ecuc
and, if G is vertical, then
Be, ) NG = (Bapeuc X [-1, 1D NG = By, —2,euc x [—1, 1].

In the preceding lines we have identified G, respectively, with R¢ or with R? x R
while By, eyc denotes the unit closed ball in R”. Now, let A be a fixed Borel set and
let p € AN G. Then, taking into account (2.3),

H(B(p,r) NG) = LY (B(p, ) NG) = rin £ (B(e, 1) N G)
=r"HZ (Ble, ) NG) = g, rm.

euc

Then by [12, 2.10.17(2) and 2.10.19(3)]
HE(GNA) =8 (G A)

and the thesis follows. O

We say that two homogeneous subgroups are orthogonal if their subalgebras
are orthogonal vector subspaces in b.
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Remark 221. If 1 < d < nand V € GH",d), there is a unique subgroup
V+ e GMH", 2n + 1 — d) that is orthogonal to V. Then V, V. are complementary
subgroups and we define the projections

Py : H" — Vand Py. (1 — VL,

where, for all p € H", Py(p) is the V-component of p in the decomposition V, V+
of H" and analogously for Py (p).

As observed in Proposition 2.15, the function Py is a homogeneous homomor-
phism and we can also state differently Proposition 2.15.

Proposition 2.22. LetV € GH", d), with 1 < d < n. Then there is c1 = ¢1(d) >
0 such that (2.10) holds with ¢ = ¢ and py = Py(p), pw = Py.(p). Conse-
quently, (2.11) becomes

el Py(p)ll <d(p, V5 < |1Py(p)ll

cillPy(p)~" - Pyr(p) - Py(p)ll <d(p, V) < |Py(p)~" - PyL(p) - Pv(p)g, A
(2.14)
forall p € H".

Proof. We have to check only that, if W is V1, the constant in (2.10) depends only
on d. Indeed, by rotation, we can assume that

V=A{w1,...,v4,0,...,0)}

hence
W=V ={0,...,0, wgt1, .., want1)}

and the compactness argument gives a constant depending only on d. Finally, (2.14)
follows by the same proof giving (2.11) from (2.10). O

Lemma 2.23. Let V €¢ GH",d), with 1 < d < n. Then there are s = s(d) €
(0, 1) and n = n(s) > 0 such that the following holds:

dp~'-q,V) <sd(p.q) = d(Py(p), Py(9)) > nd(p.q)  (2.15)
whenever p, q € H".
Proof. Without loss of generality, we can assume p = e. Indeed, from (2.9),
Py(p™ - q) = Py(p)~" - Py(@).
Hence (2.15) is equivalent to
d(g, V) <sllgl = IPv(@I > nlqll, (2.16)

for all ¢ € H".
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To prove (2.16) observe that

q= Py Pv@ " Pyi(q) Py(q);

then, by triangular inequality, by the second line of (2.14) and by the assumption in
(2.16), we have

1Py @Il = gl — 1Pv(@) " - Pyi(q) - Py(@)
1
> llgll — —d(g, V)
1
> (1 —=s/cDlliqll-
Hence, (2.15) is proved, if s < c1, withn =1 —s/c]. O
For A c H" and r > 0, let
Ar)y={peH" :d(p, A) <r}. (2.17)

Lemma 2.24. For R > 0 and s > 0 there is 6 = §(R, s) > 0 depending only on
n, R, s such that if G e GH",d), 0 <r < Rand p € B(e, R), q1,92 € B(p, ),
with a’(qz_1 -q1, G) > sr, then

B(p,r)Ngq1-G@sryNgs - GSsr) =@.
Proof. Denote B = B(e, 2R). Then, by compactness,

c(R,s) = inf d(Bﬂq1~G,BﬂG) > 0.
GeGH",d)
q1€B\G(sR)

Defining § = §(R, s) = c¢(R, s)/(3sR), we get
d(BNgi-G,BNG) > 38sR,

this gives by triangular inequality that for g, € B \ G(8sR),
BNg;-G@EsR)NG@BsR) = 0.

By translation invariance this proves the thesis in the case r = R and p = e.
The general case follows easily from this applying the translation by p~! and the
dilation g/ ]

Lemma 2.25. LetV € GH", d), with 1 < d < n. Then there is ¢y = c2(d) > 1
such that, for all p € H",

d(p, Py(p)) < c2d(p, V). (2.18)

Moreover, forall p e H", g € Vandr > 0,

diam (PV*I(B(q, M p- V(r)) <2(1+co)r.
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Proof. To prove the first statement observe that, from (2.14),

d(p, Py(p)) = lp~" - Py(p)l = IPv(p) ™" - Pyr(p)™" - Py(p)
1
c1

IA

Hence (2.18) follows with ¢, = 1/c;.

To check the second inequality, let p; € p - V(r) with Py(p;) € B(q,r) for
i =1,2. Setg; = p_1 - pi. Then d(gq;, V) < r and, as Py is a homomorphism,
d(Py(q1), Py(g2) = d(Py(p1), Py(p2)) < 2r. So, by (2.18),

d(p1, p2) =d(q1,q2)
<d(q1, Pv(q1)) +d(Py(q1), Pv(q2)) +d(q2, Py(q2))
<2(1 +cp)r.

This proves the lemma. ]

The last lemma is false for n < d < 2n; the second inequality only holds with
r replaced by C+/r. This is the main obstacle for carrying out the proof of the main
theorem without the positive lower density assumption in the case n < d < 2n.

2.5. Intrinsic cones

We begin with the definition of intrinsic cone in H".

Definition 2.26. Let G be a d-subgroup of H". The intrinsic cone X (po, G, s),
with vertex pg € H", axis G and opening s € (0, 1), is

X(po,G.5) = {p € H' :d(pg" - p.©) < sd(p. po)} -
This definition is invariant by group translations, that is,

X(vaGvs) = po - X(e,G,S)

2.19
=po-{peH" :d(p.G) <sd(p,e)}. (2.19)

If v € h; we denote by N(v) € G(H", 2n) the 1-codimensional normal subgroup
orthogonal to v, that is,

N®W) := {p eH": (v, n(p)) = 0}. (2.20)

Proposition 2.27. If v € by and ||v|| = 1, then, for all py € H" and for all
s €(0,1),

X(po, Ny, ) = {p e H': |, w(pg - )| < sd(p. po)}
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Proof. Given (2.19), we assume pg = e. Then, because

d(p,N(v)) =inf{d(p,q) : g € Nw)} =inf{|p' — ¢'|p2n : ¢ € N(v)}
2n 2n

=1 " pivil/Ivl =1 pivi
i=1 i=1

it follows that d(p, N(v)) = |{v, = (p))|. ]

’

Notice that an H-regular submanifold S is locally contained, at any point p € S, in
a cone with axis the tangent group T S(p).

Lemma 2.28. Let S C H" be a d-dimensional H-regular surface, let py € S.
Then, for all @ > 0, there exists r = (S, pg, @) > 0 such that

U(po,r) NS C X(po, TaS(po), ) - (2.21)
Proof. We divide the proof in two cases.

Assume 1 < d < n. By Definitions 2.10 and 2.11, there are r > 0 and an
injective continuously Pansu differentiable function ¢ : i/ ¢ RY — H" such that

SNUpo,» =l i x €U}, TuS(po) = {dngsy (@) 1 x e R},
where pg = ¢(xp). Let p = ¢(x), then

d(pg" - p. TuS(p0))

< ldu@y, (xo — x) - 9(x0) " - @) | = o(|x0 — x|ga).

(2.22)

Since dy @y, : R4 — H" is H-linear and injective, there is ¢ = c¢(po, ¢) > 0 such
that

ldE @xy(x0 — X) || = clxo — x|ga-

Hence, for |x¢p — x|gs small,

1P Pl = Idr s (x = x0)| = d(drgx,(x = x0). pg "~ P)

(2.23)
= (¢/2)|x0 — x|pa-

From (2.22) and (2.23) we get (2.21).

Assume n + 1 < d < 2n. Once more by Definitions 2.10 and 2.11, there
arer > 0and f € [C]%H(U(po, NP 14 such that dy fp, : H' — R>+1=d jg
surjective and

SNU(po,r)={p: f(p) =0}
TuS(po) = ker(dy fp,)-
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If p € SN U(po, r) from (2.7) we have that

\du fpo(Py "+ P)lgaasi-a = o(d(po, p)). (2.24)

On the other hand, since dp fp, : H' — R21+1-d ig H-linear, there is ¢ =
c(po, f) > 0 such that

ldu fpo(Py "+ P)lpansi-a > cd(py '+ p,ker(dy fpo))- (2.25)

Indeed, if L : H" — R?"*1=4 n+1 < d < 2n, is H-linear then ker(L) is a vertical
subgroup of H" and (by Lemma 3.26 of [17]) there is a horizontal 2n + 1 — d)-
subgroup V such that H" = ker(L) - V. Then L : V — R?"*1=¢ ig injective and
there exists ¢ > 0 such that

|L(U)|1R2n+l—d > c|lv]l,

forallv € V.
From (2.24) and (2.25) we get (2.21). ]

Now we collect a few technical Lemmas that will be used in the proofs of the
main results.

Lemma 2.29. Let G be a homogeneous subgroup of H" and s € (0, 1]. Then, for
peH"andg e H"\ X (p, G, s),

B(q. 3d(p.) C H'\ X(p. G.5/3).

Proof. Letr =d(p,q) > 0and z € B(q, sr/2). Thend(z, p) < sr/2+r < 3r/2.
If g € G, then

1 -1

dp™ 'z, =dp™ - q.9)—d(p~'z,p7 - q)
>sd(p,q) —d(z,q)

> sr _sr/2 = S}"/z > Sd(Zs p)/3’

whence d (p~'z,G) > sd(z,p)/3 and z & X (p,G,s/3), which proves the
lemma. O

Lemma 2.30. If1 <d <2nand 0 < s < 1, there are k = k(s) homogeneous
subgroups of H", G, . .., Gy, with the same dimension d and metric dimension d,,
such that for all p € H" and for all homogeneous subgroups G with dimension d
and metric dimension d,,

X(p,G,s) c X(p, Gy, 3s), forsomei =1, ..., k.

Proof. By a simple compactness argument, recalling Remark 2.18, we find G1.... Gy
such that for all G, p(G, G;) < s for some i = 1, ..., k. The inclusion follows
easily from this, by definition of X (p, G, s). O
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Lemma 2.31. Let G, Gy be homogeneous subgroups of H", with dimension d and

metric dimension d,,. Assume G| # G and let d = dim (G N Gy) and d,, be the

metric dimension of G| N G,. Then 0 < d < d — 1 and, for 0 < s < 1, there is

8(s) > 0 such that lims_, 9 §(s) = 0 and the following holds:
forallp e H',0 <r <occand0 < s < 1,

B(p,r)NX(p,Gi,5)NX(p, Ga,s)

can be covered with k balls of radius §(s)r, where k < C(S(s)_‘z’" and C = C(n, d).

Proof. We can assume that p = e and r = 1. Since G| # Go, then 0 < d =
dim(Gy N G2) <d — 1. It follows that, forany 0 < ¢ < 1, B(e, 1) NG N G can
be covered with C;7~% balls of radius  where C; depends only on n and d,,. Next
we observe that there is § (s) > 0 with limg_, §(s) = O such that

Ble, )N X(e,Gy,5)NX(e,Ga,5) C (G NG)(3(5)/2),

where A(r) is defined in 2.17. If this were not true, we could find n > 0, g; €
B(e,1),j = 1,2..., such that d(q¢;,G;) < d(gj,e)/j < 1/j,i = 1,2, and
d(qj, G1 N Gy) > n. By going to a suitable subsequence, we could also assume
that g; — ¢g. Then ¢ € G; N Gy and d(g, G; N Gy) > n, which is impossible.
Combining the above two facts with ¢ = §(s)/2 we see that the lemma holds with
C = C29m < Cy2°. O

Lemma 2.32. Let W € GH",d) withn < d < 2n. Then there are unit vectors
Vi, , Vaptl—d € b1, such that

V :=exp (span{vi, -+ , vauyi—a}) € GH",2n + 1 —d),

is (a horizontal subgroup) complementary to W. The vectors v; can be chosen con-
tinuously dependent on W in sufficiently small neighborhoods in G(H", d). More-

over, W = ﬂ?’:{l_d N;), and, for all p € H",

2n+1-d

X(p.W.s)c () X(p.N@).s). (2.26)
i=1

Proof. The existence of a horizontal subgroup V, complementary to W, is the con-
tent of [17, Lemma 3.26]. Moreover, from the proof of that lemma, it follows that
V depends continuously on W. Hence, we can choose vy, -+ - , Vo,4+1—4 as an or-
thonormal basis of V, continuously dependent on W.

Let to C 0 be the Lie algebra of W and let tv; be the subalgebra generated
by 0, v, ..., Vi, Vitl, ..., V2pt1—d, fori = 1,...,2n + 1 — d. Each ; is a
subalgebra of f, hence N(v;) = exp(tv;) € G(H", 2n) and W = (1), N(v;). Finally,
because d(p, N(v;)) < d(p, W), also X(p, W,s) € X(p,N(v;),s) and (2.26)
follows. O]
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3. Rectifiable sets and measures in H"

3.1. Measures, densities and tangent measures

Let u be an outer measure in H". The image fiu under amap f : H" — H" is the
measure on H" defined by

fan(A) = u(f'(A), forall Ac H"

Fora e H" andr > 0, T, , : H" — H" is defined, for all p € H", as

Tur(p) :=81/r(@™" - p).

Definition 3.1. Let u be a Radon measure on H". We say that v is a tangent mea-
sure of u at a € H" if v is a Radon measure on H" with v(IH") > 0 and there are
positive numbers ¢; and r;, i = 1,2, ..., such that ; — 0 and

¢iTyrapn — v, weaklyasi — oo.

We denote by Tan(u, a) the set of all tangent measures of p at a.

The numbers ¢; are normalization constants which are needed to keep v non-
trivial and locally finite. Often, as below, one can use ¢; = ;L(B(a, i)~ L

Definition 3.2. Let 1 be a Radon measure on H". We say that u has a unique
tangent measure v at a if v is a Radon measure on H" such that

Tan(u,a) = {cv:0 < c < o0}.

Of course, such a v is unique only up to multiplication by positive constants.
The following theorem was recently proved in [24] in a much more general
setting, i.e., inside locally compact metric groups with dilations.

Theorem 3.3. Let i1 be a Radon measure on H". Then the following two conditions
are equivalent:

(1) w has a unique tangent measure v, at p-a.e. a € H".
(2) For p-a.e. a € H" there exists a closed homogeneous subgroup G, of H" for
which
Tan(u, a) = {crq : 0 < ¢ < 00}

where L, is a left Haar measure of G,.
Moreover, if these conditions hold, it is possible to choose A, such that

1

— T — Aas ki — 0.
W(B(a,ry) ©rH T e ERTAST
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Notice that the subgroups G, of Theorem 3.3 are not necessarily in G(H"). The
easiest example being 1 := S?L_T: in this case, y is invariant by dilations and 1 is
its own tangent measure at any point ¢ € T. More generally, if y C H! is any non
horizontal C! curve, and n:=3Ss 2L y, then once more the unique tangent measure
to 4 in any point a € y is the measure v := SZL_T.

Any measure Sdm|_ S, with S H-regular surface, has, at each point p € S,
a unique tangent measure in the sense of Definition 3.2; this tangent measure is
always supported on Ty S(p), hence it is supported on a subgroup in G(H") (see
[14,16,26]). Indeed we have

Theorem 3.4. Let S C H" be a d-dimensional H-regular surface. Then S has
Hausdorff dimension d,,, (remember (2.13)) and, denoting

Spor = {p €' po-6.(p5" - p) € S}
for po € H" and r > 0, we have

i S Gpor NUO, 1) _ S (TaS(po) U, D)

r=0 o, o4,
_ ngc(THS(PO) NUQ,1)) _1
ag, ’
Moreover,
1
i Tror#(SHLS) = SW LTS (po), 3.1)

as r — 0, weakly in the sense of measures, whence
Tan(S% LS, po) = {c¢ S L T S(po) : 0 < ¢ < oo},

Following [23] we define

Definition 3.5. Let  be a Radon measure in H" and m > 0. We define the upper
and lower m-densities of . at p € H" as

B ’
r—0 Om rt

and (B(p, )
s (B(p,r

oY (i, p) = hrnl)l(r)lfw,

where oy, is defined in (2.3). In particular, if E C H" is S™ measurable with
S™_ E locally finite, we define the upper and lower m-densities of E at p € H" as

0" (E, p) = limsup St BP. 1)

r—0 o 1
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and

S™(ENB(p,r))

O™ (E, p) := liminf
* (£, p) r—0 oy M

If they agree their common value
®"(E, p) = ©""(E, p) = OJ(E, p)
is called the m-density of E at p.
Lemma 3.6. Let E C H" be 8™ measurable with 8™ (E) < oo. Then

1) 27" < ®"(E, p) < 1, for S™-a.e. p € E;
(i) ®*"(E, p) =0, for S™-a.e. p € H" \ E;

Proof. All the statements follow from general results on densities of spherical
Hausdorff measures in metric spaces (see [23, Theorem 6.2] and [12,2.10.19]). O

Following [23] we define the approximate tangent group apTan%I(E ,p)of E
at p € H", as follows

Definition 3.7. Let E C H" be S% measurable. We say that the homogeneous
subgroup T, of dimension d and metric dimension d,y,, is a (d, H)-approximate
tangent group to E at p if ©*% (E, p) > 0 and

. S (ENB(p, 1)\ X(p, Tp,s))

r—0 rdm

=0, (3.2)

forall0 < s < 1. We write apTan%I(E, p) for the set of all (d, H)-approximate
tangent groups to E at p. If there is only one subgroup T, € apTan%I(E, p) we
write T, = apTan%I(E, D).

Remark 3.8. Let 1 < d < n, B be a Borel subset of R? and f:B — H"bea
Lipschitz function. If £ = f(B) and if f is Pansu differentiable at xo € B with
injective Pansu differential dy f, then, at pg = f(xo),

apTand (E, po) = dp fr,(RY) = Tan/(E, py),

where Tan? (E, po) is the approximate tangent space introduced in [2, Definition
5.5], and, see Proposition 2.8,

f(x0) - apTand (E, po) = f(x0) + Tan’ (E, po).

The proof of the first equality is given in the first part of the proof of Lemma 2.28.
The second equality follows from the following considerations.
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If f: B c R! — H" is Lipschitz and if B is bounded then f is also Eu-
clidean Lipschitz from B to R*"*!. For a Euclidean Lipschitz function f, in a
differentiability point xg of f, we have

Tan’ (f(B), f(x0)) = df,(RY).

where Tan( f(B), f(xp)) is the approximate tangent space of [2] and dfy, is the

usual differential of f. Then the second equality follows from Proposition 2.8.
Finally notice that, for 1 < d < n, also the tangent group TrS(p) to an H-

regular surface S coincides with the approximate tangent space Tan? (S, p).

Approximate tangent groups are unique almost everywhere. Indeed we have:

Proposition 3.9. Ler E C H" be S measurable, with S (E) < 0o, and let A be
the set of those p € E for which E has some (d, H)-approximate tangent subgroup
at p of metric dimension d,,. Then

() A is 8% measurable,
(ii) E has a unique (d, H)-approximate tangent subgroup G, at Sn_q.e. p € A,
(iii) the mapping p — G is S measurable.

Proof. By Borel regularity we may assume that E is a Borel set. We shall show that
then A is a Suslin set (see [12, Section 2.2] for the required facts on Suslin sets).
Define forr >0,i =1,2...,pe Eand G € H{H", d, d,),

fir(p,G) =r~ S (EN B(p,r)\ X(p, G, 1/i)),

fi(p, G) =limsup fi . (p, G).
r—0
One checks easily that f; , is upper semicontinuous and the upper limit can be taken
through rational values of r, whence f; is a Borel function. Let B be the set of those
(p,G) € ExH(MH", d, d,) such that G is a (d, H)-approximate tangent subgroup
of E at p. Then

o0

B=[ {{(p.G): fi(p,G) =0},
i=1

and so B is a Borel set. Clearly A is the projection on E of B, consequently A is a

Suslin set. This proves (i).

For Borel sets F C E we have, for S%-ae. p € F, that G is a (d, H)-
approximate tangent subgroup of F at p if and only is G is a (d, H)-approximate
tangent subgroup of E at p. This follows from the fact that @*¢» (E \ F, p) = 0 for
Sn_ge. p € F,recall Lemma 3.6. Since O*dn (E, p) <1 for Sm_ae. p e F,we
may assume that

S (E N B(p,r)) < 2aq,ri forall p € E,r > 0,
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whence
S (E N B(p,r)) <2 Tma, rin forall p e H", r > 0, (3.3)

by decomposing E as a countable union of sets of this type and a set of measure 0.

By Lemma 2.31 for G, G, € H(H", d, d;,) with G| # G, and for 0 < s <
1, there is 8(s) > O such that limg_,¢8§(s) = 0 and the following holds: for all
peH" 0<r<ooand0 <s < 1, B(p,r) N X(p,Gy,s) N X(p, Gy, s) can be
covered with k balls of radius 8(s)r where k < C8(s)! =% Then by (3.3)

S™(ENB(p. )N X(p.G1.5) N X(p, G2, 5)) <2 C8(s)atg,, 1.
If G| and G, are (d, H)-approximate tangent subgroups of E at p, then

lim r =S¥ (E N B(p,r) \ (X(p, G1,5) N X(p, Gy, 5))) =0,

r—0

s0 @*dn (E, p) <2!%4n C§(s). This concludes the proof of (ii), since by Lemma 3.6,
@*n(E, p) > 27 for S4m-ae. p € E.

By (i) and (ii) the set C of those p € A for which E has a unique (d, H)-
approximate tangent subgroup G, at a is S measurable. So to prove (iii), it is
enough to show that for every Borel set D C C the map p — G, p € D, is Borel
measurable. Let F = BN (D x H(H", d, d,,)) where B is the Borel set of the proof
of (i). Then F is a Borel set and the projection IT : F — D is 1-1. Thus [1(H) is
a Borel set for every Borel set H C F, (see [12], p. 67). Let f = n'!.op- F,
that is f(p) = (p,Gp). Then for every Borel set H C F, f~Y(H) = TI(H) is
a Borel set and so f is Borel measurable. Thus also p +— G, p € D, is Borel
measurable. ]

We shall now give a general result in the spirit that approximate tangent group
properties imply positive lower density. This will allow us to prove the main result
without positive lower density assumption in low dimensions.

Theorem 3.10. Let 1 < d < n. There exists n, 0 < n < 1, depending only on n
and d with the following property. Let E C H" be S measurable with S*(E) < oo
such that for S¥-a.e. p € E there exists a horizontal subgroup V, e GM", d) for
which

1in(1)r*d8d(E NB(p, ")\ X(p,Vy, ) =0. (3.4)

Then
Qf(E, p) >0 (3.5)

for S¥-a.e. p € E.

Proof. Denote u = S?L_E. Then, by Lemma 3.6, for S?-a.e. p € E,

0% (., p) = 277 (3.6)
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Let A be a Borel subset of E such that for p € A (3.6) and (3.4) hold and

02 (. p) = 0. 3.7)

We need to show that £(A) = 0. By decomposing p almost all of A into countable
unions we shall make various reductions of the problem. First, by (3.6), we may
assume that

0*(u, p) > 279 for p € A. (3.8)

Let ¢ be as in Lemma 2.25 and let C = 2(1 4+ c2)d,c = 2° - C)ay,s =
2C)~',8 = 8(1/2,5) > 0 as in Lemma 2.24 and n = 85/6. Let 0 < € < c.
We can assume that A C B(e, 1/2). By Lemma 2.30 we may assume that there is
V € G(H", d) such that for p € A,

X(p,V,,85/6) C X(p,V,085/2),
whence for r > 0,
B(p,r)NX(p,V,,n) ClqgeHl" :d(g,p-V)<dsr/2} =p-V(8sr/2),

and so by (3.4)
lim r=ju(B(p, 2r) \ p - V(657)) = 0.

Hence we may assume that for some 9, 0 < ro < 1/2,
w(B(p,2r)\ p-V(8sr)) <bréforpe A, 0 <r <r, (3.9)

with b = 27! . C~?¢. Finally, if #(A) > 0, using the fact 6*¢(ul_A, p) =
6*(u, p) for p-ae. p € A (by Lemma 3.6), we may assume by (3.8) that for some
po € A and with rg as above

A C B(po, 2*- C)"'rg) with u(A) > crfl. (3.10)

We shall show that this leads to a contradiction.
Under the above assumptions we have that for all p € H" and 0 < r < ro/2,

ANB(p,r) Cq-V(sr)forqg e AN B(p,r). (3.11)

whenever w(B(p, r)) > 2br¢.
To see thislet g € ANB(p, r) and suppose there is ' € ANB(p, r)\q-V(sr).
Then by Lemma 2.24

B(p,r) C (B(g,2r)\ q-V(8sr)) U (B(q',2r)\ q" - V(8sr)),
whence by (3.9)
1w(B(p.r) < w(B(q,2r)\ q - V(8sr) + n(B(g',2r)\ q' - V(8sr)) < 2br*

which is a contradiction and proves (3.11).
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We may assume that
V={(p,t) eH": p, =0fori > d and t = 0},
identified as R?. Let k¢ be the integer defined by C - 2% < ry < C - 2370 and

Qo={(p1,...,pa) €V:0< p; <27k},

Let 0, = Qoandlet Qj _ j.k=ko+1,ko+2,....ji = 1,...,29 be the
cubes of side-length 2% constituting the standard dyadic decomposition of Qg in
such a way that Q Jrgseerdirt C (0] e Let P : H" — V be the natural projection
and set

By translating A we may assume that A C Sp by (3.10) and the choice rop < C -
23—k et 7 be the set of those multi-indices (Jkg» - - - » Jik) such that

WAN Sjy) < €27 = eL9Qjy i)

and
WAN S ) = €27

~~~~~~

forall [ < k, and let J be the set of those multi-indices (ji,, - . ., jk) such that

WANS, )= e (3.12)

.....

foralll <[ <k.
Then the sets S,, ¢ € Z, are disjoint. We shall prove that foreach: € ZUJ, 1 =
(jkgs - - - » Jk), there is p, € A such that

ANS, C B(p,C-275. (3.13)

AclJs.

eZ

Then

Otherwise there is p € A and ji,, jkg+1, - - -» such that t(k) = (jiy ..., jk) € T
and p € AN S, for every k. As

peANSw CB(pw.C-27" cB(p.C-2'7H

we get a contradiction from (3.7) and (3.12). Hence

p(A) <Y uwAnS) <ed L£YQ) <

el eZ
eﬁd(Qo) =¢.27kd erg < crg,

which is a contradiction with (3.10), gives us that .(A) = 0 and proves the theorem.
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We prove (3.13) by induction on k starting with k = k. This case is clear by
(3.10). Suppose k is such that (3.13) holds for all ¢ = (ji,...,j5)) € ZU J,l < k.
Let« = (j1,...,Jx) € ZUJ. Thent = (ji, ..., jk—1) € J and (3.13) holds for
p. € A. So

ANS. CANS, CANB(p,C-2'75.

Since ¢ € J, we have, by (3.12), that
WANB(p, €275 > nAns) = 20704 = 2p(C . 2754,
and so we have by (3.11), since C - 21—k < ro/2, that
ANS, Cp-VisC-2"7ns, =p -V Hns,.
As Q, is contained in a ball of radius d - 2% we have by Lemma 2.25
diam(p, - V2 ns,) <c-27F,

from which (3.13) follows for «. [

3.2. Intrinsic rectifiable sets

The notion of H-regular surfaces introduced in Definition 2.10 allows to give the
following definition of intrinsic rectifiable sets. This definition was given in [14],
for dimension 2n, to prove De Giorgi’s structure result for sets of finite perimeter
in Heisenberg groups, and later for any dimension in [17] and in Carnot groups
of [15, Step 2].

Definition 3.11. We say that £ C H" is d-dimensional H-rectifiable, or E is
(d, H)-rectifiable, if there exists a sequence of d-dimensional H-regular surfaces

(S;)ien such that
Sin (E U S,-) =0,

ieN
whered, =difl <d <nandd, =d+1ifn+1<d <2n.

Remark 3.12. We recall that, forn + 1 < d < 2n, a d-dimensional Euclidean rec-
tifiable set E C R*"+! = H" always is a (d, H)-rectifiable set, while the converse
is false. On the contrary, for 1 < d < n, a (d, H)-rectifiable set is d-dimensional
Euclidean rectifiable while the opposite is false (see [7], [15] and [17]).

At the moment we are unable to prove our main theorem for (d, H)-rectifiable
sets when 1 < d < n. Hence we give an alternative definition. In Euclidean spaces
these two definitions are equivalent and in fact the type of definition below was
the original definition of Federer and it has also often been used in general metric
spaces. We don’t know if they are equivalent in H". The problem is that we don’t
have a suitable Whitney extension theorem for maps f : F — H" when F is a
closed subset of RY.



714 PERTTI MATTILA, RAUL SERAPIONI AND FRANCESCO SERRA CASSANO

Definition 3.13. Let 1 <d < n. Wesay that E C H" is (d, Hp )-rectifiable if there
exist Lipschitz mappings f; : A; — H", A; c R?,i = 1,2, ..., such that

SUEN\ fitan) =o0.

ieN

Note that we can always take the sets A; to be compact since the Lipschitz maps f;
trivially extend to the closures of the sets A; and closed sets are countable unions
of compact sets.

The domain of definition for the Lipschitz maps in the definition of (d, Hy )-
rectifiability can be taken to be all of R¢, because of the Lipschitz extension results
proved in [6,22] and [34].

Notice also that (d, H)-rectifiability implies (d, Hy )-rectifiability, for 1 <d <
n. Indeed, a continuous Pansu differentiable function ¢ : V C R? — H" is also
locally Lipschitz (see [17, Theorem 3.5]).

3.3. Main Theorem
Now we can state the main results of this paper.

Theorem 3.14. Let 1 < d < n be an integer and E C H" be a Borel set such that
Se_E is locally finite. Then the following conditions are equivalent:

(1) E is (d, Hp)-rectifiable.
(ii) For S%-a.e. p € E there is T, e GMH", d) with

1
= Tp(SILE) —~S'LT,, asr—0,

weakly in the sense of measures.
(iii) For S¥-a.e. p € E there is T, e GH", d) such that

T, = apTaan(E, p).
(iv) For 8-a.e. p € E there is T, e GH", d) such that
Tan(SYLE, p) = {chLTp 0<c < oo} .
Finally, ifd = 1, (i) to (iv) are also equivalent with:
(v) for S'-a.e. p € E there exists a Radon measure p such that
Tan(Sll_E,p) = {ckp :0< ¢ < oo} .
Notice that (v) does not imply the other conditions if d > 1. Indeed, for any 2 <

d < n, take E a (d — 1)-dimensional vertical subgroup. Then Tan(SYL_E, p)
{¢cSY_E,0< ¢ <oo}but E ¢ GH",d —1).
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Theorem 3.15. Letn+ 1 < d < 2n be an integer and E C H" be a Borel set such
that 8% |_E is locally finite. Then the following conditions are equivalent:

(i) E is (d, H)-rectifiable.
(ii) For S%-a.e. p € E there is T, e GMH", d) with

1

i Ty (S LE) =~ S™T,, asr—0,

weakly in the sense of measures.
(iii) For 8% -a.e. p € E, @f’” (E, p) > Oand there is T, € GH", d) such that
T, = apTan%I(E, D).
(iv) For 8% -a.e. p € E, @ff’” (E, p) > Oand there is T, € G(H", d) such that

Tan(S% L E, p) = {ch’”l_’]Tp 0<c < oo}

(v) For 8% -q.e. p €E, @i’" (E, p) > 0 and there exists a Radon measure A
such that

Tan(S% L E, p) = {ckp :0< ¢ < oo} .

Before proving the two main theorems we state the following corollary that gives
the Heisenberg version of a different easier characterization of rectifiable sets (see
for instance [1, Theorem 2.61]).

Corollary 3.16. Let d be an integer with 1 < d < 2n and d,, as in (2.13). Let
E C H" be a Borel set with S (E) < oo. Assume that for all p € E there are
rp>0,¢,>0andT, € GH", d) such that

EmB(p9rp) C X(p,Tp,cp)-
Then

(1) if 1 <d <n, Eis (d, Hyp)-rectifiable

i) ifn+1<d < 2n and @f’"(E, p) > 0 for S%-ae. p € E, E is (d, H)-
rectifiable.

Proof of Theorems 3.14 and 3.15. We shall prove both theorems simultaneously
making only the different arguments in appropriate places. The scheme of the im-
plications in the proof is the following: (i) = (ii) = (iv) = (iii) = (i), and
(iv) <= (v).

1. Proof of (i) = (ii) We first prove the case n + 1 < d < 2n. By assumption

E = EgU (U2 E)
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where S% (Ey) = 0 and, fori > 1, E; C S; with S; is a d-dimensional H-regular
surface. By (3.1) fora fixedi > 1, ateach p € S;,

1

i Ty (S L S;) — S | TygS; (p) asr — 0. (3.14)

On the other hand, by Lemma 3.6, for a fixed i and for Sin_g e, pE€E;,
@*m(E\E;,p)=0 and ©*n(S;\ E;, p) =0. (3.15)
Now observe that for p € E; and for ¢ € C?(H”),

1 d,
[ oty st -

1

 pdm E\E;
1

T/ QOOTPJ dem
rem JSi\E;

Thus by (3.14) and (3.15) taking the limit as » — 0 in (3.16) we get that, for
S -ae. p € E, (ii) holds with T, = Ty S;(p) € GH", d).

Now we consider the case 1 < d < n. Since E is (d, Hj )-rectifiable, there are
compact sets C; C R? and Lipschitz maps f; : C; — H" such that

s <E ‘U ﬁ(@-)) = 0.

ieN

1
¢oT,, dS™ + pr f 9o Ty, dS™— (3.16)
m Si

Using Theorem 2.6 and Propositions 4.3.3 and 4.3.1 in [21] we can further decom-
pose the sets C; into null-sets and countable unions to obtain Borel sets B; C R4
and Lipschitz maps f; : B; — H" with the following properties:

(i) E=EgU ey Si with S; = fi(B;) and S¥(Eg) = 0,

(i1) the sets S; are disjoint,
(iii) every x € B; is a Lebesgue point of J ¢, xg;,

(iv) f; is Pansu differentiable and (dp f;), is injective at every x € Bj;,

(v) f; is bi-Lipschitz.

The Jacobian for a map f at a point x of differentiability is defined by

S (dy f(Ba,euc(0, 1))
Ed(Bd,euc((), 1)) ’

Jr(x) =

where By cyc 18 the Euclidean ball in R?. This is as in [21, Definition 4.2.1], except
that we are using spherical Hausdorff measures instead of ordinary Hausdorff mea-
sures. It is easy to check from [21] that the area formula which we shall use with
J 7 is also valid for the spherical Hausdorff measure.
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We shall now verify that (3.14) holds at an arbitrary point p = f;(x) € S,
x € B;, with Ty S;(p) replaced by (dy fi)« (R?). This will be enough since the
rest of the argument goes as in the case n + 1 < d < 2n. For simplicity write
f=fi,B=Biand S = S;. Letgy € C?(H”). As dp f 1s injective and f is bi-
Lipschitz, it follows that there is a positive number ¢ such that ||dg fr (V) || > ¢|y|pa
for y € R? and d(f(x), f(y)) > clx — V|ge for y € B. Let R > 0 be such that
sptey C B(0, R). Then

@@/ (p~" - FON) = @(du fr(y —x)/r) =0,

if |[x — y|ge = Rr/c. Using this, the definition of dy f, and the fact that x is a
Lebesgue point of J7 x g, one checks easily that

/B<p(51/r(1l?_1 O (y)dy — J 5 (x) /B o(dn f(y = x)/r))dy = o(r)

asr — 0.

By a simple change of variable (note that S¢ L dy f, (R?) is just the Lebesgue
measure on the d-plane dy f (R4)) we have, for any r > 0,

/ pd(S?Ldy f,(RY)) = / pdS?
" dfy(R?)
— ) /R pldn fuly = /Py,
By the area formula, see [21, Corollary 4.3.6],
fB @1 (p - FOMIr(dy = /S 01/ (p~" - 9)dS (@)

= /H @d(Ty 4(SILS)).

Using these we get
f C¢d (S'Ldn fy®) = lim =7 (x) / ¢ (dn fe((y = x)/r))) dy

1
= lim /B 0 (510" F D) Iy
— lim rid / 0d (T, 4(SILS)).

This completes the proof of the implication (i) = (ii).
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2. Proof of (ii)) = (iv)
By definition, v € Tan(S% L E, p) if there are positive sequences (c;); and
(r;); with lim; r; = 0 such that

¢i Ty r#(S™LE) = v, asi— +o0.
On the other hand, by assumption (ii), we know that

Ty rt(S™LE)/rPm — 8| T, —asr— 0.

. d .
Hence lim; r;™ ¢; exists and

¢i Tpri(S™LE) — ( lim rl.d'"ci> ST,

i——+oo

Moreover, (ii) implies easily that % (E, p) = 1 for S4-a.e. p € E.

3. Proof of (iv) = (iii)
By our assumption and Theorem 3.3 we have for S%-a.e. p € E that for some
positive number c,

1
Sén(E N (B(p, 1)

) Tp,r#(Sdm LE) — 8% LT, asr—0.

Since S9m (Tp Na(Be, 1)\ X(e, T)p, s))) = 0 for every s € (0, 1), we infer

i Sn|_E (B(p,r)\ X(p, Tp,5))
m
r—0 Sdm (EN (B(p, r))

_ 1
= i S EN B
=8 L T,(Ble, 1)\ X(e, Tp,s)) =0.

Ty #(S™LE)(B(e, 1)\ X(e, T, s))

Since by Lemma 3.6, O*dn (E, p) > 0 for Sdm_ge. p € E, we obtain that T, is an
approximate tangent subgroup. Almost everywhere uniqueness of the approximate
tangent subgroup follows from Proposition 3.9.

4. Proof of (iii)) = (i)

Because d-dimensional H-regular surfaces are defined differently if d is
smaller or larger than n, we have to divide the proof of the implication (iii) = (i)
in two parts.

Assume 1 + 1 < d < 2n. By assumption, for S%-a.e. p € E there are r(p),
I(p) > 0and T, = apTan{,(E, p) € GH", d) such that, for 0 < r < r(p),

S (ENB(p,r)) > 1(p)rin, (3.17)
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and forall0 < s < 1,

. S"LE(B(p.r)\X(p,Tp,s))
rh—i% yédm

=0. (3.18)

Fori =1,2,...,let E; be the set of those p € E as above for which r(p) > 1/i
and [(p) > 1/i. Then S% (E \ E*) = 0 where E* = UX  E;.

Recall now that, from Lemma 2.32, we have that for all p € E*, there are
2n + 1 —d horizontal unit vectors v, (p) = vu(T)) € HH’;, transversal to T, such
that

V= exp (span{vi(p), - - -, Vant1-a(p)})
is a horizontal subgroup of H" and H" is the semi-direct product of V, and T, =
apTanﬁ’fH(E , p). Moreover, E* can be written as a countable union of Sm mea-
surable sets F; such each Vpp; is S9n measurable. We get this using the con-
tinuity part of Lemma 2.32 and Proposition 3.9. We see then that the functions
v, © E* — HH" are measurable sections of HH", foreach1 <h <2n+1—d.
Define fori, j =1,2...,h=1,...,2n+1—d, and p € E*,

~ 71'
pinj(p) = sup “"h(”)c’l(’;(‘;) N G eE 0<dp.g) <1/},

We want to prove that fori = 1,2...,h=1,...,2n4+1—d, and p € E*,
lim p; 5 ;(p) =0. (3.19)
j—00

Assume, by contradiction, that this fails. Then there is s > O and forall 0 < 7 <

1/i there is g € E; such that

1

[(Vn(p), m(p™" -q))| > sd(p,q) and0 <d(p,q) <. (3.20)

Letr = d(p, q). Then, by (3.20), g € B (p,r) \ X(p, N(Ws(p)), s). Hence, from
Lemma 2.29, we have

B(q,sr/2) C B (p,2r)\ X (p, N(B(p)), s/3) . (3.21)
By (2.26), (3.21) and (3.17),
S (ENB(p,2r)\ X(p, Tp,s/3)) =
S (E N B(p,2r)\ X (p, N(@n(p)), s/3)) >
> S (E N B(q,sr/2)) = (1/i)(sr/2)™ .

This is a contradiction with (3.18) and proves (3.19).
Applying Lusin’s theorem to each v, and Egoroff’s theorem to the sequences
(0i,n,j)j we can write E; = Ej o U2, K; such that Sélm (Ei0) = 0, the sets K;
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are compact, each vy K, 18 continuous and p; 5 ; — 0 as j — oo uniformly on
K; k. We can apply Whitney’s Extension Theorem (Theorem 2.9) with K = K,
f = 0, k = v, getting the existence of a CH{H function fjx, : H" — R with
(fik,)kix =0, Vu fik,n = Vp and |V fixn|l # 0on K .

Define S;xn :={p € H" : fixn(p) =0, |[Vu fixn(p)lp # 0}. Then S; i n
is a 1-codimensional H-regular surface and K;  C S; k5. Finally define

2m+1-d
Sik= [ Sika
h=1

Recalling Remark 2.12 we have that S; ; is a d-dimensional H-regular surface and
Kix CSix(i=1,2,...). Moreover

EC EoU (U2, U2, Six)

with Eg = (E \ E*) UU2 | E; o and 8% (Eg) = 0.

Now we shall deal with the case 1 < d < n.
Let s and 1 be as in Lemma 2.23. Since, by Theorem 3.10, @f,f(E, p) > 0and
E has an approximate tangent subgroup T, for S%-ae. p € E, we can write E

as the union of sets E;,i = 0,1, 2, ..., with Sd(Eo) = 0 and such that for i =
1,2, ..., with some positive numbers ¢; and r;, we have for p € E;,0 <r < r;,

SUENB(p,r) = cir? (3.22)
and

SYENB(p, N\ X(p,Tpy,s/9) < er?

with €; = ¢;(s/4)?. Fix i and let Ty, ..., T} be the subgroups given by Lemma 2.30
and corresponding to s/9 in place of s. For every p € E; thereis T; =: T; ; with

X(p, Ty, 5/9 Cc X(p,T;j, s/3). (3.23)

Hence we can decompose E; as a countable union of Borel sets E; ; such that
diam(E; ;) < r;/2 and (3.23) holds for p € E; ;. Thenfor p € E; ;,0 <r <r;,

SUENB(p, N\ X(p, Tij,s/3) < er. (3.24)

‘We check now that
Ei,j CX(p,T,',j,S) fOI‘pE Ei,j- (3.25)

Suppose there were p,q € E; j withq & X(p,T;;,s). Thenr = d(p,q) <
diam(E; ;) < r;/2. By Lemma 2.29, B(q,sr/2) C B(p,2r)\ X(p,T; j,s/3).
Hence by (3.22),

SYENB(p,2r)\ X(p, T j,5/3)) >

SUE N B(g,s7/2) = ci(s7/2)" = &2r)?.
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This contradicts with (3.24) and proves (3.25), which implies that d( p~ g, Ti ;) <
sd(p,q) for p,q € E;j and p # q. Hence, by Lemma 2.23, the projection
H" — T; ;, restricted to E; ;, is 1-1 with Lipschitz inverse. As T; ; is isometric
with RY, the rectifiability of E follows from this.

5. Proof of (iv) = (v)
It is immediate by definition.

6. Proof of (v) = (iv)

From (v) and Theorem 3.3 we get for Shn_g.e. p € E the existence of a ho-
mogeneous subgroup T, of H" such that X, is a left Haar measure of T, and by
Proposition 2.20 we have with o = dimy T, that

Ap=cS“LT,.

Soforg € T, andr > 0,

Ap(B(q,r)) = rp(B(e, 1)re. (3.26)
For S% -a.e. p € E we have, by (i) of Lemma 3.6, that

274 < @*in(E, p) < 1.

Hence for all sufficiently small » > 0,

S (E N (B(p, 1) < 2aq,r,
and for some sequence r; > 0,r; — 0,

SU(E N (B(p,r)) = 27 g, ri.

Since A,(dB(e, p)) = 0 forall p > 0, we get thus by (3.26) and Theorem 3.3 that

dp, .
ap(Bles D)p = lim S ENBWpri)) _ a2

dl‘)l
i—oo S9m(E N (B(p,ri)) ’

0

Since this holds for all p > 0, we must have o« = d,;,, whence A, = ¢ Sm LT,,
andifd =1 ord > nthen T, € G(H", d). O
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