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Extremal discs in almost complex spaces

HERVE GAUSSIER AND JAE-CHEON JOO

Abstract. We give a necessary condition for the existence of extremal pseu-
doholomorphic discs on some domains in (Rz”, J) where J is a small almost
complex deformation of the standard complex structure.
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1. Introduction

This paper deals with the study of extremal discs in almost complex manifolds. In
the seminal paper [14] L. Lempert proved that every convex domain €2 admits a
singular foliation by such discs which are proper and smooth up to the boundary in
case the domain 2 = {p < 0} is smooth. The proof of existence of the foliation
relies on an analytic characterization of extremal discs: if f is an extremal disc in
Q then f is stationary, meaning that there exists a positive function p defined on
the unit circle d A such that the function ¢ +— ¢p(¢)dp(f) admits a holomorphic
extension to the unit disc A. Important applications of extremal discs concern the
study of moduli spaces (see for instance [16] and [3]) or the existence of a Green
function for the homogeneous Monge-Ampere equation (see for instance [14,20]).
Stationary discs are natural global biholomorphic invariants of complex manifolds
with boundary. The smooth extension of stationary discs is an essential ingredient
in boundary values problems such as the Fefferman extension theorem, as proved
by L. Lempert [15] in the complex setting (see [6,8] for almost complex manifolds).

Lempert’s results were generalized to strongly pseudoconvex domains in the
complex Euclidean space by E. Poletsky [21] and M. Y. Pang [19] using variational
principles. Finally A. Tumanov [24] gave a geometric characterization of the sta-
tionarity condition: a holomorphic disc f attached to the boundary of a domain 2
is stationary if and only if f admits a meromorphic lift to the cotangent bundle with
boundary attached to the conormal bundle over 2.
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Although there exist foliations by stationary discs in the almost complex setting
[7,23], we first prove in this paper that in contrast with the complex setting governed
by Lempert’s theory there exist extremal discs which are not stationary discs. Our
main goal is to provide a new analytic and geometric characterization of extremal
discs for smooth almost complex structures which are close to the standard complex
structure on the closure of a given convex domain in the Euclidean space R**. We
deduce from this characterization the existence of an extremal disc through each
point in any direction.

1.1. Organization of the paper

Our approach is based on a variational principle in the spirit of [19,21]. Throughout
the paper we consider a bounded domain 2 = {p < 0} contained in the almost
complex manifold (RZ”, J), where J is a smooth almost complex structure on R2",
We assume that J is sufficiently close to the standard structure Jg on some fixed
neighbourhood of the closure of 2 for an appropriate norm to be specified in the
different sections.

In Section 2 we give an example of a proper extremal disc in the unbounded
representation of the ball, endowed with a non-integrable almost complex structure,
which is not stationary. Although the domain is not relatively compact the closed
extremal disc is bounded and the domain is strongly pseudoconvex in a neighbor-
hood of the closure of the disc.

The remaining part of the paper consists in finding a characterization of closed
extremal discs, giving a substitute to the stationarity condition introduced by
L. Lempert.

In Section 3 we study the properties of J-holomorphic variational vector fields.
These will be essential to characterize extremal discs.

In Section 4 we focus on extremal discs. We prove in Proposition 4.1 that
every closed extremal disc contained in €2 is proper. In Theorem 4.3 we prove that
every closed extremal disc contained in €2 vanishes the first order variations. This
technical result will give the necessary condition for a J-holomorphic disc to be
extremal.

In Section 5 we find an analogue of the stationarity condition called J-sta-
tionarity. We prove in Theorem 5.2 that a smooth closed extremal disc embedded
into €2 is J-stationary if the structure J is close to the standard structure Jg.

Finally in Section 6 we prove that every smooth J-stationary disc f is locally
extremal if the domain is strongly convex in a neighborhood of f(A) (see Theo-
rem 6.4).

ACKNOWLEDGEMENTS. We would like to thank Y. J. Choe for communicating his
results concerning extremal discs in model almost complex manifolds.
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2. A non stationary extremal disc

Throughout this paper, the summation convention will be used.

2.1. Preliminaries

We denote by R?" the 2n-dimensional real Euclidean space with standard coor-
dinate system (x!, ..., x?"). The complex Euclidean space equipped with complex
coordinates (z', ..., z") is denoted by C". The real and complex coordinates satisfy

the relation:
A R R A P

for j = 1, ..., n. An almost complex structure on an open set U of R?" is a smooth
section J of the tangent bundle 7U such that

J§=—1d|T,,U

for every p € U. We will mention the different precise smoothness assumptions on
J in each result of the paper. The standard complex structure will be denoted by
Jyt, that is,

(RZn, Jst) Q"

We denote by A the open unit disc in C with standard complex coordinate { =
x + +/—1y. Let J be an almost complex structure on R?*. A smooth mapping
f A — R is called a J-holomorphic disc if it satisfies the Cauchy-Riemann
equation

af of

—+J(f)—=0

r ) 3y
on A. Moreover if f is continuous (respectively C*-smooth for some real @ > 0)
up to the boundary, then we call f a closed (respectively C*-closed) J-holomorphic
disc.

A real-valued smooth function p is said to be J-plurisubharmonic if

ddSp(X,JX) >0

for every tangent vector X, where d§p(X) := —dp(J X). In case the inequality is
strict whenever X # 0, we say that p is strictly J-plurisubharmonic. It is known
that po f is subharmonic on A if p is J-plurisubharmonic and f is a J-holomorphic
disc.

2.2. Extremal and stationary discs

Let p be a C%-smooth function on R?", let 2 = {p < 0} be a bounded domain in
R?" and let J be a C'-smooth almost complex structure on R?".
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Definition 2.1. A J-holomorphic disc f : A — Q is extremal if for every J-
holomorphic disc g : A — € such that g(0) = £(0) and g’(0) = Af’(0) for some
A > 0, it holds that A < 1.

To describe extremal discs, L. Lempert [14] introduced the notion of stationary
discs on strongly convex domain in C". Let T*R?" be the cotangent bundle of R?".
For a covector w = pidxi, we consider the coordinates w : (xl, x2”, D1, - P2n)
in T*R?". The canonical lift of J (in the terminology of [23], see [11] for a precise
definition and properties of this lifted structure) is the almost complex structure on

T*R?" defined by:
~ J 0
I = (L J’)
where fori, j =1, ..., 2n,

1 a‘lia 8']]('1 a a‘lil m aJ]l' m
L[j Z—EPa {_axf + axi +J1 ameJ _ax—mJl .

Definition 2.2. A properly embedded closed J-holomorphic disc f : A — Qisa
stationary disc if there exists a continuous map u : A — R, of class C! on A,
and a continuous positive function p on d A such that

f=(fu)

is J- -holomorphic on A and

u(¢) = ¢p§)dp(f(£)) 2.1)

for every ¢ € dA. The map f is called the holomorphic lift of f.

Here the multiplication of a covector w = p; dx' by ¢ = x + /—1y is defined
by (w = (xpj + yJ;pi)dx’.

Remark 2.3.

1. A.Tumanov [24] generalized L. Lempert’s idea, considering meromorphic lifts
of discs to the cotangent bundle, which are attached to the conormal bundle.
In definition 2.2 we define stationary discs in almost complex spaces in terms
of holomorphic lifting. In [6] and [23], following [24], the authors used mero-
morphic lifts instead of holomorphic lifts to define stationary discs. They call
a closed J-holomorphic disc f which is attached to the boundary stationary
if there exists a continuous lifted map (f, u) : A\ {0} — T*R* which is
J-holomorphic on A \ {0}, such that 0 # u(¢) is parallel with dp(f(¢)) for
¢ € J0A and has singularity at the origin of order at most 1. This definition
coincides with Definition 2.2. Indeed it follows from the definition of J that
ifu := ¢u, then f = (f,u) is still J-holomorphic. Applying the removable
singularity theorem, f becomes a holomorphic lift of f.
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2. Spiro [22] proved that the conormal bundle N := {rdp(z) : t € R\ {0},z €
dQ} is a totally real submanifold in 7*R>" with respect to T if Qis strongly
pseudoconvex with respect to J. Since (£, it) is J-holomorphic on A\ {0} and is
attached to the conormal bundle, one can see that (f, &) and hence f are smooth

up to dA by a standard elliptic bootstrapping method. For more details on this
subject, see [6,23].

If J = Jg, then (f, u) is T- -holomorphic if and only if both f and u are holomorphic
in the standard sense. If J is a general almost complex structure this is no more true.
However we have:

Proposition 2.4. Let f : A — R?" be a J-holomorphic disc. Suppose (f,u) :
A — T*R> js J- holomorphic. Then the complex pairing (u | f') defined by

<|f)—ul J_J(fnf

is a holomorphic function on A.

Proof. For the sake of simplicity, we will use the notation %, and h, instead of
oh/0x and 0h/dy for a function i on A. Let

U:=Re(u| f) =uif}

and _ . _
=Imu| f) = =Jj(Hui fi = —ui fy.
Since (£, u) is J-holomorphic,

wix + J{ ujy — w5 £ =0 2.2)
and ,

iy — I uwjx +ue L5 L =0 (2.3)
foreveryi =1, ..., 2n, where

T2 axi + axt + axm " axm i

Differentiating the Cauchy-Riemann equation for f, we get

. N A
Fex 4 Jj R+ 55 H =0 (2.4)
and l_
£l =T fl - %f,{ ff=0 2.5)
foreveryi =1, ..., 2n.

Ur = Vy = ix fi + iy 1) + ui (fl, + fyi),). (2.6)



764 HERVE GAUSSIER AND JAE-CHEON JOO

By (2.2) and (2.3),
= —(uix fL 4 iy f1) + 2uc £ £ LY

: k k
since L; ;= —L i Therefore,
uic f1+ iy £ = we fLf LY = we fL £ L 2.7)
From (2.4) and (2.5),
‘ ‘ aJi  gJi . aJl gyl .
(i iy 7 k ek | T k el el gk
ul(fxx+fyy)_<axk axj)ulfxfy _(8xk ax] ulfxfx‘]l‘ (28)

Plugging (2.6) with (2.7) and (2.8), we have
Uy — Vy = Mkf;f;Afz

) aJk  aJk
k _ 7J k i J

Since Ai‘(l = —A;‘i from the definition of Li.‘j, it holds that

where

Uy, -V, =0.
Similarly we prove that Uy + V, = 0. O

Corollary 2.5. Let Q@ = {p < 0} be a bounded smooth domain in R*" defined by a
J -plurisubharmonic function p. Suppose f is a stationary disc of 2 with holomor-

phic lift f = (f, u). Then the complex pairing (u | f') is a positive constant.
Proof. Let { = exp(+~/—160) € dA. Since p o f is subharmonic,

d /

EPL f(rexp(vV=10))|,=1 = ({dp(f(£), [(£)) >0

by the Hopf lemma, where (-, -) = Re(:|-) denotes the real pairing between a cov-
ector and a vector. Since p o f = 0on JA,

d
Im@Edp(fEN | f'(©) = —qgP o /@) =0

Therefore, (u | f') is a holomorphic function on A which is positive real-valued on
dA. This yields the conclusion. O

Hence multiplying by a suitable positive constant, we may always assume that
wlf)=1, (2.9)

if f is a stationary disc and f = (f, u) is the holomorphic lift of f to the cotangent
bundle T*R?".
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2.3. An example of an extremal disc which is not stationary

When J = Jg, it is known that every C I_closed embedded extremal disc into a
bounded strongly pseudoconvex domain €2 is proper and stationary by Poletsky [21]
and Pang [19]. In the remaining part of this Section we provide a counterexample
in the almost complex setting.

For ¢ > 0, let J; be an almost complex structure on R® defined by:

3

0-100 0 rx
1000 tx30
Jz:=000_10 0
0010 0 O
0000 0 —1
0000 1 O

Let Q = {p(z) = Rez! + |22)? + |32 < 0} C R®. Lee [13] showed that Q is
a homogeneous strongly J;-pseudoconvex domain for every t > 0 and that every
strongly pseudoconvex domain with noncompact automorphism group in an almost
complex manifold of real dimension 6 is biholomorphic to (€2, J;) for some ¢.

Proposition 2.6. The disc f(¢) = (—1, ¢, 0) is Ji-holomorphic and extremal in
Q, but not stationary.

Proof. The disc f is obviously smooth up to the boundary. Choe [5] proved that
there exists a uniquely determined J;-Hermitian invariant metric which coincides
with the standard Bergman metric at (—1, 0, 0) and has a constant negative holo-
morphic sectional curvature —4. From the Ahlfors-Kobayashi Schwarz lemma, this
implies that f is a J;-holomorphic extremal disc in €2 for every 7 > 0.

The canonical lift J; of J; to T*RS is given by the (12 x 12)-real matrix:

0-1 0 0 0 tx3 0 0 00 00
1 00 0@ 00 0 00 00
000 -1 0 000 00 00
001 0 0 00000 00
000 0O 0 -1 00 00 00
~ 00O 0 1 00 0 00 00
Jo=1lo o0 0o 0 0 0 1 00 00
000 0O 0 0-10 00 00
0 00 O0-B2-%1 0 0 01 00
0 00 o0 B-22 0 0-10 00
0 02 -2 0 0 Otx3 00 01
0 0%t L2 0 O0rx3 0 00-10
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Assume by contradiction that f is stationary. Let f = (f, u) be the holomor-
phic lift of £ to T*R®. From the boundary condition (2.1) satisfied by u and from
Condition (2.9), we have for (x, y) € dA:

X y

,y)={(=-,—=,1,0,0,0). 2.10
u(r.y) = (3. -3 ) (2.10)
Letu = (a, b, 1,0, c, d) where a, b, c and d are real functions on A by (2.9). Then
ay = by, by = —ay, 2.11)

th
cy = > + txby + d, (2.12)

and ‘a
dy = > + txay — cy (2.13)

by (2.2) and (2.3). Equalities (2.10) and (2.11) imply that a(x, y) = x/2 and
b(x,y) = —y/2 on A. Therefore, we have

¢y =dy —ty/4anddy, = —c, + 3tx/4 (2.14)

by (2.12) and (2.13). We deduce from (2.14) that d is harmonic and hence d = 0
on A by the boundary condition (2.10). Finally, we obtain from (2.14):

c=3tx*/8 —ty?/8 + C
for some real constant C. This contradicts the boundary condition (2.10). ]

Remark 2.7. The non-stationarity of the J-holomorphic extremal disc f(¢) =
(—1, ¢, 0) relies on the fact that the space of J-holomorphic variational vector fields
along f is not stable under multiplication by J (see the next section for a precise
definition of holomorphic variational vector fields). One can prove that if this space
is stable under multiplication by J then the corresponding extremal disc is station-
ary.

3. Holomorphic variational vector fields
Let @ > 2 be a non-integer real number. Let J be a C*-smooth almost complex

structure on R?*. Let f; be a one parameter family of J-holomorphic discs into
(R?", J), of class C! in ¢ € R. Consider for ¢ € A

d
v(¢) = aft(é') |t=0-
From the J-holomorphicity of f;, we have

off o o]
§+Jj(fz)§—0 (3.1

foreveryi =1, ..., 2n.
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Differentiating (3.1) in ¢ at ¢ = 0, we get:

P [TV AR
I ot <f)i —0 (32)
by dy

foreveryi =1, ..., 2n, where f = fy.

Definition 3.1. Let f be a J-holomorphic disc in (R?*, J). A C'-smooth mapping
v : A — R is called a J-holomorphic variational vector field along f if it
satisfies equation (3.2).

We summarize basic properties of J-holomorphic variational vector fields.

Proposition 3.2. Let f : A — (R**, J) be a J-holomorphic disc. Then the fol-
lowing holds.

(a) Ifu and v are J-holomorphic variational vector fields along f, then so is u—+v.

(b) Let Ji be an almost complex structure on R¥™ and let ® : U D f(A) — R
be a pseudo-holomorphic map defined on an open neighborhood U in R*", that
is satisfying d® o J = Jy o d®. Then d®(v) is a Ji-holomorphic variational
vector field along ® o f whenever v is a J-holomorphic variational vector field
along f.

(¢c) The velocity vector field f' := 3f /dx of f is a J-holomorphic variational
vector field along f.

(d) Moreover, if = a + /—1b : A — C is a holomorphic function, then so is
of =af +bJf.

A proof of Proposition 3.2 is straightforward from the definition of J-holomorphic
variational vector fields.

Remark 3.3.
1. The definition of J-holomorphic variational vector fields is related to the com-

plete lift T of J to the tangent bundle TR?". Let (x', ¢') be the naturally induced
coordinates of TR>". Then

)
Bxk dgt’

Then v is a J-holomorphic variational vector field along a J-holomorphic disc
f if and only if f=(fiv)isa T- -holomorphic disc into the tangent bundle.
For more details on complete lifts, one may refer to [11] and to [17].

2. Note that (d) is a special property of the velocity vector field f’. In general, we
cannot produce another J-holomorphic variational vector field by multiplying a
given J-holomorphic variational vector field v by a holomorphic function.
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‘We have:

Proposition 3.4. Let f : A — R2" be a C*-closed J-holomorphic disc. Let V be
a small neighborhood of f(A). There exists ¢ > 0 such that if | J — Jst|| ca— 1y <€

then for every J-holomorphic variational vector field v along f of class C*~! on
A and satisfying v(0) = O there exists a one parameter family h; of C*~'-closed
J-holomorphic discs of such that

e ho=f,
L4 Eh:ohz =V,
° h;(O) = f’(O) + tv/(0).

Proof. We may assume that f is an embedding. Otherwise, consider the (Jg x J)-
holomorphic disc F(¢) := (¢, f(£)) : A — C xR?" and the (Jg x J)-holomorphic
variational vector field V (¢) := (¢, v(¢)) along F such that V (0) = 0.

Let u, ..., u, be C> smooth vector fields on a neighborhood of f(A) such
that £/, us(f), ..., un(f) are C-linearly independent for every ¢ € A. Consider the
C*-smooth diffeomorphism

@ (g w, . wh) > f@)+ Y wlui(f(©Q)

Jj=2

defined on ®~1(V), a neighborhood of fy(A), where fo(¢) = (¢, 0, ..., 0). If we set
Jo :=dd 'oJod®d then || Jp — Istll ot @10 is sufficiently small for an appro-

priate choice of uy, ..., u,. Moreover Jo = Jg along fo(A). Finally do~! (f)(v)
is a Jp-holomorphic variational vector field along fy if v is a J-holomorphic varia-
tional vector field along f. We identify f with fo, J with Jo, v with d®~'(f)(v)
and V with ®~1(V) via ®. Then J = Jy along fo(A).

Let v be a J-holomorphic variational vector field along fy with v(0) =
which is C*~! smooth up to dA. Then v satisfies the equation:

0 L 0v=0 (3.3)
— V=20, .
a¢
v 1 /dv v
where———( +Jst—>and
ac 2 \ ox ay
Q() 197, (3.4)
¢ 23! '

Let
Sv:=v+THQv (3.5)
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n—¢ n
[25]). Then S is an isomorphism of class C @=1 on (A) which is close to the identity
map, and Sv is a Jg-holomorphic map vanishing at 0 € A if and only if v is a
J-holomorphic variational vector field along fjy vanishing at 0 € A.
Let A be the space of triples (J, v, ¢) satisfying:

where Tov(¢) = 2_7111 fA <M - M) dn A dij is a solution operator for /¢ (see

e Jisa C* -smooth almost complex structure on ) such that J = J along fy,

e v is a J-holomorphic variational vector field along fy of class C*~!, bounded
by 1, such that v(0) = 0,

e ¢:(—€,¢) x A — R is Cl-smooth, ¢(z, -) is of class C*~! for each ¢ and

- $0,) = fo,
-¢=v,¢(0) =0,
- 3¢ /0x(t,0) = dfy/0x(0) + t dv/9x(0) for every ¢

for some small € > 0, where ¢ = de¢/dt|;—o.
Let G be the functional defined on A by:

_ 1 /0 a
G(J,v,¢)=31¢=§<£+J(¢)£>-

Then the target space of G is:

B:={y:(—€,e)x A —R> :  of class C! with ¥ (z, -) of class C*~2 for each t,
¥(0,-) =0, ¢ =0}.

Let ¢o = fo. Then
G("SU 07 ¢0) = 0'

The differential L := 0G/d¢ at (Jg, 0, ¢g) is
L= 5Jst
from

C:={&:(—€,€)x A — R : £ of class C' with £(z, -) of class C*~! for each 7,
£(0,)=£=0and
&(t,0) = 0&/0x(z, 0) = O for every ¢}.

to B. Let R : B — C be a bounded operator defined by

a
Ry (t,0) =Ty(1,0) =Ty, 0) - <§T1/f(t,0)>§

for every ¥ € BB where

1 W(t,n)d77A

o =571 m—: dg.
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Then R is a bounded right inverse of L. It follows from the Implicit Function
Theorem that for every J sufficiently close to Jy, in C*~!-norm and for every J-
holomorphic variational vector field v sufficiently small in C*~!-norm there is a
one parameter family ¢, of class C*~! on A satisfying the conclusions of Proposi-
tion 3.4. Finally for a given J-holomorphic variational vector field v choose ¢ > 0
such that cv is sufficiently small in C*~! norm. Consider the one parameter family
¢, associated to cv and set /i; 1= ¢y . ]

4. First order variations

In this section we give a necessary condition for a J-holomorphic disc to be ex-
tremal in terms of J-holomorphic variational vector fields. Let o be a non-integer
real number larger than 2. We assume that J is a C*-smooth almost complex struc-
ture on R?".

Proposition 4.1. Let Q be a bounded domain in R*" defined by a C?-smooth J -
plurisubharmonic function p. Let f : A — Q be a C%-closed extremal disc.
Suppose ||J — Jgtllca—1 < € Where € is given by Proposition 3.4. Then f is attached
to the boundary of , that is f(0A) C 0.

Proof. Suppose by contradiction that f is not attached to the boundary of 2. Then
there exists an open interval P in d A with positive length and a compact subset K
of 2 such that f(r¢) € K for every ¢ € P and for every r < 1, sufficiently close
to 1. Choose a relatively compact sub-interval P; in P andlet0 < x < 1bea
fixed smooth function on dA, compactly supported in P and equal to one on Pj.
For a positive constant R, we denote by ¢* the holomorphic function on A such
that Re ¢ is the Poisson integral of Ry and Im ¢®(0) = 0. For every r < 1 let
£(2) = f(r¢) and let vR () = ¢ exp(@R(¢)) f/(¢). Here and throughout the
paper we set f/ := df / dx for every map f defined on an open set of R?. Then er
is a J-holomorphic variational vector field along f;. It follows from Proposition 3.4
that there exists a one-parameter family hf, of J-holomorphic curves defined for
0 <t <ty = 19(R) such that:
ho = frs

d

E hft|t:0 = U,{e
and

R’ / R’ R /
hy; (0) = f.(0) +1v,” (0) =r(1 +1 exp(¢™(0))) f(0)

for every R, r and t. We point out that fy depends a priori on r. So we to take
the infimum over r < 1 close to 1. Since exp(¢®(0)) > exp(IR/2m) where | =
length of P; > 0, if r(1 + texp(IR/2m)) > 1, or equivalently if

1—r
t> 1@, R) =

exp(—IR/2m),

then h ft yields a contradiction to the extremality of f whenever h fr (A) C Q.



EXTREMAL DISCS IN ALMOST COMPLEX SPACES 771

Note that for every J-holomorphic curve g : A — 2 the function p o g is
subharmonic. So there exists a constant C1 > 0 depending only on p and g(0) such
that

pog(t)=—-Ci(1—1gD

for every ¢ € A.

Let ¢ € dA \ P. Then |exp(¢®(¢))| = 1. Therefore, |d(p o hX)/dt 1= <
ldpll Lol f/lILoo(a)- Since the right hand side of this inequality does not depend
on R, there is a constant C» > 0 independent of R and #>(R) > 0 such that

lpohR, ()= po £ (D) < Cat
forevery ¢ € 0A \ P and every 0 <t < tp(R). Therefore, if Cat < C1(1 —r) or,
t <t3(r) :=C3(1 —r),

then hft(g) € Qforevery ¢ € 0A \ P, where C3 = C;/C,. We may assume that
13(r) < r(R) since 13(r) — 0 asr — 1. Now suppose that { € P. Then there
exist positive constants d = d(K, p), C4(R) and t4(R) such that

po fr(¢) <—d

and
lpohR, (&) = po £ ()] < Ca(R)E

for every t < t4(R). Therefore, if t < min{t4(R), t5(R) = d/C4(R)}, then
hf,(;) € Qforevery ¢ € P.
Choose R such that
exp(—IR/2r) < C3/2.

Then
ti(r, R) < 13(r)

for every 1/2 < r < 1. Finally, choose r close to 1 so that
13(r) < min{fo(R), 12(R), 14(R), t5(R)}.
Then for every t < t3(r), hf, maps A into Q and if we choose 71 (r, R) < t < 13(r),

then h ft yields a contradiction for the extremality of f. O

Definition 4.2. A C%-closed J-holomorphic disc f : A — Q attached to the
boundary of €2 is said to vanish the first order variations if for every J-holomorphic
variational vector field u along f, of class C% 1 on A, such that:

(@) (dp(f(£)),u(¢)) = 0forevery ¢ € dA,
(b) u(0) = 0 and
(c) du/dx(0) = A df/dx(0) forax € R,

it holds that A = 0.
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We have the following necessary condition for a J-holomorphic disc to be
extremal:

Theorem 4.3. Let Q be a bounded domain in R*" defined by a C?-smooth J-
plurisubharmonic function p. Let f be a C*-closed extremal disc in Q. If ||J —
Jst||ca_1( Ay <€ for a sufficiently small ¢ > 0, then f vanishes the first order
variations.

Proof. We already proved in Proposition 4.1 that f is attached to the boundary
of Q. Suppose that f does not vanish the first order variations. It follows from
Definition 4.2 that we may choose a J-holomorphic variational vector field # along
f such that:

e (dp(f(¢)),u(t)) =0forevery ¢ € A,
e u(0) =0,
e 1u'(0) = Af’(0) for some A € R\ {0}.

We may assume that A > 0 by taking —u, if necessary. Let

A
V() = u() = 5¢ 1©).

Then v is also a J-holomorphic variational vector field along f of class C*~!' on A
by Proposition 3.2. Choose a 1-parameter family f; for v satisfying the properties
of Proposition 3.4. Then for every { € dA:

d A af
d—pOft(C)|z=o = (dp(f(£)), u(¢)) — —<dp(f(§)), ¢ —(C)>
t 2 0x

A d
= (dp(f(£)),u()) — SPe Frdlr=1
r
<0

by the hypothesis and by the Hopf lemma. Since p o f vanishes identically on d A,
then p o f; < O on dA if t > 0 is small enough. hence f; is a J-holomorphic disc
into €2 for every sufficiently small # > 0. On the other hand,

) = f(0)+1v'(0)
A\
- <1+ 7) £(0).

This yields a contradiction to the extremality of f by choosing small > 0. O

5. J-stationary discs

Let a be a non integer real number larger than 2. Let Q2 = {p < 0} be a bounded
domain in R?* where p is a C*T!-smooth J-plurisubharmonic function. Let J
be a C%-smooth almost complex structure on R?* and let f be a C%-closed J-
holomorphic disc in €2.



EXTREMAL DISCS IN ALMOST COMPLEX SPACES 773

5.1. Extremal discs are J-stationary

Suppose f is embedded and extremal in 2. Then f vanishes the first order vari-
ations by Theorem 4.3. If v is a J-holomorphic variational vector field along f,
C%-smooth on A, such that v(0) = 0, v/(0) = Af’(0) for some real A and

(do(f(£)),v(&)) =0 (5.1

for every ¢ € dA, then it holds that A = 0.
Let p be a positive function defined for every { € dA by:

1 d
5 = aP o DIt = PP, 1)

Let v be a J-holomorphic variational vector field along f, C*-smooth on A, and
such that v(0) = v'(0) = 0. There is a unique holomorphic function & on A,
C“-smooth on A, and such that

Re/ = —(pdp(f), v1)

on dA and
Im#~(0) = 0.

Then v (¢) := v(¢) + ¢h(¢) f'(¢) defines a J-holomorphic variational vector field
along f, C*-smooth on A, which satisfies equation (5.1) and such that v(0) = 0,
v'(0) = h(0) f/(0). Hence, we see that f vanishes the first order variations if and
only if
i0 i0 i0 do
0=—-1=—-h(0) =—-Reh(0) = /8A<p(€ )dp(f(e™)), vie ))E (5.2)

for every J-holomorphic variational vector field v which is smooth on A, such that
v(0) =v'(0) = 0.

Now suppose that J is sufficiently close to Jg in C* norm, in a neighborhood
of f(A). Then every J-holomorphic vector field along f which is C*-smooth on
A is completely determined by its boundary values by the classical Schauder theory
of linear elliptic partial differential equations. Hence, we may regard the space of
J-holomorphic vector fields along f which are C%-smooth on A as a subspace
of C*(dA). We denote by A, the L?(3A)-closure of the space of J-holomorphic
variational vector field v along f which are C*-smooth up to the boundary and such
that v(0) = v'(0) = 0. Let

Hy = Zakeikg S Lz(aA) cap e C?
k>2
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be a subspace of the classical Hardy space. Recall that v is a J-holomorphic varia-
tional vector field along f if it satisfies:

dv ov
— 4+ J(f)—+Wv=0
ax dy

where W = (Wj.) is given by

foreveryi, j =1, ...,2n. Let
- - 0
Sv=_Syrv:=v+Kv—Kv0) - QKU(O) e
forv e C*(A), where K = K J,f 18 a linear operator defined by

Kv:=%T{(J(f) R +W}

and T is the Cauchy-Green operator defined by

! u(n) .
Tl/l(é') 27” N ﬁd /\d

Fix a C%-closed Jg-holomorphic disc fy. Then S is a bounded operator on C“ (A)
to itself, which tends to the identity operator as f converges to fp in C% norm on A
and J converges to Jg in C* norm on a neighborhood of fj (A). Moreover, v is a
J- holomorphlc variational vector field along f satlsfymg v(0) = 0and v'(0) =0
if and only if Sv is _Js-holomorphic and satisfies S v(0) = 0 and (S v)’ (0) = 0.
Therefore, A>NC*(A) is isomorphic to H>NC%(A) and they are close to each other
in C*-sense. This implies that A is isomorphic to H>, and is a small perturbation
of Hy in L*(dA). Moreover since T is a bounded operator from C*1(A) to C*(A)
then for a fixed v, the correspondence (J, f) — S J,fvis C !_smooth. This implies
that Ay N C¥(A) varies C'-smoothly as (J, f) changes in C*-space.

Since A, is sufficiently close to H, in L?(dA), the L2-projection 7
L?(dA) — H; induces an isomorphism from .4, onto H,. Let 7-[2l be the or-
thogonal complement of 5 in L?(dA) and let IT be the isomorphism of LZ(dA)
onto itself defined by

v ifve'HzL

M) = m(v) ifve A,

(5.3)
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If f vanishes the first order variations, then from equation (5.2) we have:
0= [ (pap(r). o)
aA
= / (@ H*(pdp(f)), Mw))do
A

for every v € Ay, where (I~ H* is the L2—adj0int of T, By the definition of I,
I1(v)/¢? is an arbitrary standard holomorphic map contained in L?(dA). There-
fore, f vanishes the first order variations if

fa L (pdp (). d =0

for every standard holomorphic map & € L*(dA). This implies that the cor-
respondence dA > ¢ — c(MIH*(pdp(f))(¢) extends continuously to a J/-
holomorphic mapping defined on A. Following a viewpoint of [14], we define
J-stationary discs for a structure J sufficiently close to Jy as follows:

Definition 5.1. Let @ > 1, non integer. Let Q2 = {p < 0} be a bounded domain
with p of class C**!. Let f be a properly embedded C®-closed J-holomorphic
disc. Suppose J is sufficiently close to Jg in a neighborhood of f(A) in C¥
norm so that the isomorphism IT in (5.3) is well-defined. Then we say that f is
J-stationary if there exists a positive C%-smooth map p defined on d A such that
the correspondence dA > ¢ — {(1‘[_1)*( pdp(f))(¢) continuously extends to a
JY-holomorphic mapping defined on A. Here, the multiplication by ¢ to 1-forms is
defined by J¢,.

It should be mentioned that the positive function p in Definition 5.1 may be
modified by multiplying a given one by real positive constants. Hence we may
assume that p(1) = 1.

We have proved the following theorem:

Theorem 5.2. Let J be a C*°-smooth almost complex structure on R*" and let Q
be a bounded domain with a C*°-smooth J-plurisubharmonic defining function p.
Let f be a C*®-closed extremal disc embedded into Q2. Suppose that J is sufficiently
close to Jy in a neighborhood of f(A) in C* norm (a > 1, non-integer). Then f
is J-stationary.

Proof. According to Theorem 4.3 f vanishes the first order variations. It follows
from the discussion preceding Theorem 5.2 that f is J-stationary. O
5.2. Existence of J-stationary discs

If J = Jg and D is a strongly convex domain in C", it is known by [14] that there
exists a unique Jy-stationary disc fp such that fo(0) = 0 and f'(0) = AV for
some A9 > 0. We prove the following:
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Theorem 5.3. Let o« > 1, not integer. Let 2 = {p < 0} be a bounded strongly
convex domain in R?, where pis C*t3_smooth. Let zo € Q. Then there exists
€ > 0 such that if an almost complex structure J on R*" satisfies | J — Jy| co@@ <6

then for every nonzero vector V in R2", there exists a unique J-stationary disc f
which is C*-smooth on A, with f(0) = zg and f'(0) = AV for some A > 0.

Proof. We may assume without loss of generality that zo = 0 € Q. Let V be a
nonzero vector in R**. Let X be defined by:

X :={(J, f) : J is almost complex structure on R?",
f is C*-smooth closed J-holomorphic disc such that f(0) = 0},

endowed with the C* topology. Then X is a Banach manifold defined in a neighbor-
hood of (Jy, fo). Denote by P the space of C*-smooth positive functions on 9 A,
equal to 1 at point 1, and by R the space of non negative real numbers. Consider
a functional F from X x P x R* to C*(dA) x R¥" x H* defined by:

G, f,p,2) = (po flaa, f/(0) = AV, m1 (T~ (p Dp(f)))

where 71 : L2(dA) — L?(dA) is the L>-projection defined by
o¢] . (o.¢] .
- (Z akelke) _ Zakelk97
—0o0 k=1

ap ap
Dp = (8x1 s eees sz'l)
and H? is the space of the standard holomorphic mappings into C" which are C¥-
smooth on A and vanish at the origin.

Then G is a C'-smooth functional, since the space A, varies C!' smoothly
when J and f change in X. Note that for a 1-form u = Y u;dx/, ¢u is Ji-
holomorphic if and only if the map c(uy, ..., upp) with values in C* = (R?", Jy) is
anti-holomorphic. Therefore:

A J-holomorphic disc f such that f(0) = 0 and f'(0) = AV is J-stationary
if and only if there exists p € P such that G(J, f, p, ») = 0.

Since G (Jg, fo, po, 2o0) = 0, it suffices to show that

9G
L= ———
a(f, p. M)

is an isomorphism from

(Jst» fo, Po, Ao)

Y:={(F, Q, A) : F is holomorphic on A which is C*-smooth on A, F(0) = 0,
Qis a C%-smooth real valued function on dA, Q(1) =0,
A € R}
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onto Z := C*(dA) x R?" x H%, where pg : dA — R is defined by

9 ) -1
po(¢) = <8—|r=1,0(f0(r))> (—Ir=1p(fo(r§))) .
r ar

We point out that since f; is a stationary disc with respect to Jg, it is C**!-smooth
if p is C**3-smooth by [14]. Therefore, pg is C%-smooth.

Since IT is the identity if J = Jg, L is equal to the differential of the functional
defined to prove the existence of stationary discs; this is known to be invertible by
the results of L. Lempert [15] and M. Pang [19]. For the sake of completeness, we
state below a sketch of proof for the invertibility of L.

We first mention that there exists a biholomorphic change defined in a neigh-
borhood fy(A) which yields that

e f0(¢)=1(,0,..,0)
o p(g,w) =1+ L + [w]* + ReByy (Owhw” +r(, w)

where (¢, w) = O(|w|?). Such a pair (fo, p) is said to be in normal form (see
[19].) Under this normalization, pg = 1 and we may assume that V = e¢; =
(1,0, ...,0)and 1o = 1.

In complex notations,

Dp = dp/3¢ = 2(3p/0z1, ..., dp/3Zn).

To prove the invertibility of L, we have to prove that the following system of equa-
tions (5.4), (5.5) and (5.6) has a unique solution (F, O, A) € Y

0
Re <—p(fo)> F'=r, (5.4)
azH
F'(0) — Aey =U, (5.5)
and
_ ap 3%p . 3%p _
— - FY F'} =ht 5.6
7 {cQ 3ot U0+ Cm S G F 4+ 6 (fo) (5.6)
for a given (r, U, h) € Z, where m1(g) := mi(g), F = (F',..,F") and h =
(hl, ..., h™) in complex coordinates. Let
F(¢) =" (0)ep (5.7)
for some holomorphic functions @', ..., ¢" which are C*-smooth on A, where
el, ..., ey is the standard basis for the complex Euclidean space C". From (5.4)
we get

Reg!' =r (5.8)
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on JA. Since F'(0) = ¢*(0)e,, we have
¢'(0)=A+U" (5.9)

and
" (0) =U* (5.10)

for w = 2, ..., n. Since ¢! is determined uniquely up to imaginary constant by (5.8)
and Im¢>1(0) = ImU! by (5.9), gbl and A are determined uniquely. The equation
(5.6) implies that

O+ ¢Fl=hl+g (5.11)
and
CFF+C) By F' =hit + g (5.12)
v>2

if u = 2, ..., n, for some holomorphic functions g and g* which are C*-smooth
on A. From (5.11), the negative Fourier coefficients of Q are uniquely determined.
Moreover, since Q(1) = 0 and Q is a real-valued function, Q is completely deter-
mined.

To determine F* = {¢*, we introduce a lemma on the unique solvability of a
linear problem proved by L. Lempert [15].

Lemma 5.4. Let 8 be a C*-smooth m x m symmetric matrix-valued function on
dA. Suppose that

[w? > B (O)whw”| (5.13)

forevery ¢ € dA and w € C™" \ {0}. Let h : dA — C™ be a C*-smooth map
and a € C™. Then there exists a unique holomorphic map ¢ : A — C™ which is
C%-smooth on A such that ¢(0) = a and ¢ + B¢ + h extends to a holomorphic
map on A.

L. Lempert [15] proved this lemma when 0 < o < 1. It can be seen that it is
still valid for every non-integral real o > 1.

We complete the proof of the invertibility of L by using Lemma 5.4. From
equation (5.7) and (5.12),

¢+pp—h=¢g

where ¢ = (¢2, ..., ¢"), h = (h?,...,h"), g = (g% ..., g") and B, = ¢%Byy.
The matrix valued function 8 satisfies the inequality (5.13) because of the strong
convexity of Q. Since g is holomorphic, ¢ and hence F are determined uniquely
by (5.10). O
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6. Second order variations

Let Q = {p < 0} be a bounded domain in R?* with p being C*°-smooth. Let J be
a C*-smooth almost complex structure on R?>". Assume that f is an J-stationary
disc which is C*°-smooth up to the boundary. We assume that J is close to Jy in a
neighborhood of f(A) so that IT is a well-defined isomorphism.

Let F be the space of C*-closed J-holomorphic discs into R?" such that if
g € F,then g(0) = f(0) and g’(0) = f7(0). Let p € P be a positive function for
Jf on A given in Definition 5.1. Let F be a functional defined on F by

F(g) := /d . pE®)p(g(e?))as (6.1)

where p is a defining function of Q. Let g; be a smooth 1-parameter family in F
such that go = f. Then

d
d_F(gt)|t=O =/ (pdp(f), g)do
t IA

—1\* Hg
-/ <z<n )(pdp(f>>,—>de
3A ¢
—0

since f is J-stationary and % is a holomorphic map which vanishes at 0, where
¢ = dg;/dt|;—o. This implies that f is a critical point of F.

Now we think of the second order differentiation of F(g;). We first mention
that a J-holomorphic disc which is C*°-smooth up to 0 A is completely determined
by its values on dA. This is a consequence of the unique continuation principle
(see the more general result [12]). Let g1 and g be two J-holomorphic discs which
are smooth on A. Suppose that g; = g» on an open arc in dA. By the Caley
transform, we may assume that g; and g, are defined on the upper half plane U =
{¢ € C : Im¢ > 0} which are smooth up to the real axis R and that g; = g on
an open interval [ in R. Let & := g; — gp. Obviously, # = 0 and d4/dx = 0 on
1. Moreover, since dg1/dy — J(g1)9g1/9x = 0 and dg>/0y — J(g2)dg2/dx = O,
dh/dy = 0 on I, too. Differentiating successively Cauchy-Riemann equations for
g1 and gy, it can be seen that every higher order derivative of / vanishes identically
on /. Fix a point p € I and choose a small e-disc B¢ in C centered at p. Define a
mapping h on B by

_[(h(@) ifImg 20
h@) = {h(b if Im¢ < 0.

Then, / is a C*°-smooth mapping which vanishes at p up to infinite order. Conse-
quently, & vanishes identically on B, by the following lemma and this implies that
g1 = g2 on U by the standard unique continuation principle.
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Lemma 6.1 (See [1,10]). A smooth function u on B, which vanishes at p up to
infinite order and which satisfy

IV2u] < C(|ul + |du/dx| + [du/dy|)
on B¢ for some positive constant C vanishes identically on Be.

Hence, we may regard F as a subspace of L2(dA). Let F the L?-closure of F
in L2(dA). Then F becomes a Hilbert submanifold of L?(dA) and

Tf? = A.

We denote by g the second order differentiation of g, at t+ = 0. Let g7 be the
orthogonal projection of g to A;. Then

g=8"+Ly8.9 (6.2)

where £; @ Ay x Ay — L*(dA) is a symmetric bilinear form, which is called
the second fundamental form of the Hilbert submanifold F at f. Without loss of
generality we may assume that f = fy = (£,0,---,0) and J = Jg alonf fy(A).
We claim that:
LI — Oas [|J — Jsllce — 0 (6.3)

where |||L£ ;|| denotes the operator norm of L.
Indeed for g € C¢ (A) consider S;jg(¢)=¢g@)+T(J(g)— Jst)g—§ —-T(J(g)—

JOF0) — H (T (@) = T F) 0.

Then g is a J-holomorphic disc of class C% on A satistying g(0) = 0 and
g'(0) = f/(0) if and only if S; g is a Jy-holomorphic disc of class C* on A satis-
fying S7g(0) = 0 and (S;2)'(0) = f'(0).

Moreover for a fixed g the map J — S 78 is C%-smooth from the set of almost
complex structures on R?” endowed with the C*-topology to the LZ(d A). Hence F
is a C?-smooth deformation of an affine space consisting of Jy-holomorphic maps.
This implies that the map J — L is at least continuous. The conclusion comes
from L, = 0.

Now we compute the second order differentiation of F(g;):

2

d2

2

F(g)li=0 = faAp d (f)é"gkd(?+/Ap<dp(f),§)d9

dxJ xk

82
= [ pprn@dans [ plapin. i
A

N fa PR, LG )6

xJxk

92 .
_ f p P (el ik + / p (o (f), L(8, §)d0
oA A
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The second equality comes from (6.2) and the last equality is a consequence of the
fact that f is a critical point of F' on . Therefore, if the real Hessian of p along
f(0A) is positive definite and J is sufficiently close to Jy, it is deduced from (6.3)

that
2

d
@F(gt)h:o > 0. (6.4)

Definition 6.2. Let f be a J-holomorphic disc properly embedded in {o < 0}. The

2
defining function p is strongly convex along f(dA) if the real Hessian (%)
(f(&)) is positive definite for every ¢ € dA.

Definition 6.3. A J-holomorphic disc f : A — Q is called a locally extremal disc
if there exists € > 0 such that for every J-holomorphic disc g : A — Q in an ¢-
neighborhood of f in L®(A) which satisfies that g(0) = f(0) and g’(0) = Af’(0)
for some positive real number A, it holds that A < 1.

Theorem 6.4. Let Q@ = {p < 0} be a bounded domain in R*" defined by a C*-
smooth function p and let J be a C®-smooth almost complex structure on R*".
Suppose that f: A — Qisa C*®-closed J-holomorphic disc which is J -stationary.
Assume that J is sufficiently close to Jy in a neighborhood of f(A) in C%-sense
for some a > 2 and that p is strongly convex along f(dA). Then f is a locally
extremal disc.

Proof. Assume by contradiction that f is not locally extremal. Then there exists
a real number A > 1 which is close to 1 and there exists a J-holomorphic disc
g © A — Q which is close to f in L®(A) norm such that g(0) = f(0) and
g'(0) = Af'(0). Let gx(¢) := g(¢/A). Then g; is a C*°-closed J-holomorphic
disc belonging to F, which is close to f in L% (A) norm. Since the functional F
defined by (6.1) is twice differentiable on the space of closed J-holomorphic discs
endowed with L*°-topology because p is C*°-smooth, (6.4) means that f is a local
minimum of F on F. In particular if 4 € F is close to f in L°°(A) norm and does
not coincide with f, then the image of 4 is not included in Q2. Therefore, g, = f,
since g, maps A into Q2. However, since p o g is a subharmonic function on A
which is strictly less than 0, there exists a positive constant C such that

pog(g)=—-Ca—I])

for every ¢ € A. This implies that

1
pogx@)s—C(l—X) <0

for every ¢ € dA. Therefore, g, (A) is relatively compact in €2, which contradicts
the fact that f is attached to 0€2. O
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