Ann. Scuola Norm. Sup. Pisa Cl. Sci. (5)
Vol. IX (2010), 785-813

Integral pinching results
for manifolds with boundary

GIOVANNI CATINO AND CHEIKH BIRAHIM NDIAYE

Abstract. We prove that some Riemannian manifolds with boundary satis-
fying an explicit integral pinching condition are spherical space-forms. More
precisely, we show that three-dimensional Riemannian manifolds with totally
geodesic boundary, positive scalar curvature and an explicit integral pinching be-
tween the L2-norm of the scalar curvature and the LZ-norm of the Ricci tensor
are spherical space-forms with totally geodesic boundary. Moreover, we also
prove that four-dimensional Riemannian manifolds with umbilic boundary, posi-
tive Yamabe invariant and an explicit integral pinching between the total integral
of the (Q, T)-curvature and the LZ-norm of the Weyl curvature are spherical
space-forms with totally geodesic boundary. As a consequence, we show that a
certain conformally invariant operator, which plays an important role in Confor-
mal Geometry, is non-negative and has trivial kernel if the Yamabe invariant is
positive and verifies a pinching condition together with the total integral of the
(Q, T)-curvature. As an application of the latter spectral analysis, we show the
existence of conformal metrics with constant Q-curvature, constant 7 -curvature,
and zero mean curvature under the latter assumptions.

Mathematics Subject Classification (2010): 53C24 (primary); 53C20, 53C21,
53C25 (secondary).

1. Introduction

One of the most important questions about the relation between algebraic properties
of the full curvature tensor and the topology of manifolds is under which conditions
on its curvature tensor a Riemannian manifold is homeomorphic or diffeomorphic
to a space of constant sectional curvature, namely a space form. A model example
is the classical sphere theorem conjectured by Rauch [35], and which says that any
closed, simply connected and %-pinched Riemannian manifold is diffeomorphic to
the standard sphere. The topological version was proved by Berger [5] and Klin-
genberg [27]. Just recently the original conjecture has been settled by Brendle and
Schoen [6], using a result of Bohm and Wilking [7].

On the other hand, many sphere like theorems appeared in the literature in the
last 30 years in connection to the celebrated Ricci flow. Just to mention some of
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them which are related to our results, we start by recalling the pioneering work of
R. Hamilton [22]. Using the Ricci flow, he proved the following theorem.

Theorem 1.1 (Hamilton). If (M, g) is a closed three-dimensional Riemannian
manifold with positive Ricci curvature, then M is diffeomorphic to a spherical space
form, i.e. M admits a metric with constant positive sectional curvature.

Later C. Margerin [30] proved an optimal curvature characterization of the
smooth 4-sphere. We recall Margerin’s theorem in a form where the optimality
issue is not apparent, but enough for the link with our work. We define the weak
pinching quantity
|Welg +21E,l;

WP, =
2
Rg

where W, denoting the Weyl tensor, E, the trace-free Ricci tensor and | - | the
usual norm of a tensor with respect to the metric g. Here is the result.

Theorem 1.2 (Margerin). Let (M, g) be a closed four-dimensional Riemannian
manifold with positive scalar curvature. If the pinching condition W P, < % is
satisfied, then M is diffeomorphic to a spherical space form. Moreover, we get that
the manifold M is diffeomorphic to S* or RP*.

Much later, Chang, Gursky and Yang [15] proved a remarkable improvement of
Margerin’s theorem with assumptions which are in integral form, and conformally
invariant too.

Theorem 1.3 (Chang-Gursky-Yang). Let (M, g) be a closed four-dimensional
Riemannian manifold with positive Yamabe invariant. If the curvatures satisfy

f W +21E P — ~R2 ) dV, <0

M 8lg gls 78 8 ’

then M is diffeomorphic to a spherical space form. Moreover, we get that the man-
ifold M is diffeomorphic to S* or RP*.

Notice that the integral pinching condition can be written in the following form
(for the definition of Q,, see below)

1
/ 0.dV, > —/ |W,|2d V.
M 8 Jm

Recently, the first author and Z. Djadli [9] proved an integral pinching theorem in
dimension three.

Theorem 1.4 (Catino-Djadli). Let (M, g) be a closed three-dimensional Rieman-
nian manifold with positive scalar curvature. If

3
. 2 2
/M|R1Cg|ng < ngRgdvg,

then M is diffeomorphic to a spherical space form.
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A slightly weaker version of this result was also obtained by Y. Ge, C.-S. Lin
and G. Wang [23].

On the other hand, the Ricci flow techniques have also been used to get sphere
like theorems for manifolds with boundary. An example which is of interest to us
is the following result of Shen [37].

Theorem 1.5 (Shen). If (M, g) is a compact three—dimensional Riemannian man-
ifold with totally geodesic boundary and positive Ricci curvature, then M admits a
metric with constant positive sectional curvatures in the interior and totally
geodesic boundary.

Using the Ricci flow for manifolds with boundary defined by Shen [37], a
very easy adaptation of the arguments of Margerin [30], immediately yields the
following theorem:

Theorem 1.6. Let (M, g) be a compact four-dimensional Riemannian manifold
with totally geodesic boundary and positive scalar curvature. If the pinching condi-
tion WP, < % is satisfied, then M admits a metric with constant positive sectional
curvatures in the interior and totally geodesic boundary.

Our goal in this paper is to provide counterparts of the results of Chang-
Gursky-Yang and Catino-Djadli for manifolds with boundary. The first result we
will prove is the following:

Theorem 1.7. Let (M, g) be a compact three-dimensional Riemannian manifold
with totally geodesic boundary and positive scalar curvature. If

IRic, | dV, <3 rav
M 8lg g—g M g 8

then M admits a metric with constant positive sectional curvatures in the interior
and totally geodesic boundary.

In order to state our second result on four manifolds with boundary, we need
to recall some notions from Conformal Geometry. We start by recalling the Paneitz
operator and its associated curvature invariant called Q-curvature. In 1983, Paneitz
has discovered a conformally covariant differential operator on four dimensional
compact smooth Riemannian manifolds with smooth boundary (M, g) (see [33]).
To this operator, Branson [4] has associated a natural curvature invariant called Q-
curvature. They are defined in terms of Ricci tensor Ric, and scalar curvature R,
of the manifold (M, g) as follows

2
Pjy = Ajg + div, (<§Rgg — 2Ricg> d(p) ,

1 2 L2
0, =—3 (AgRe — B2+ 3IRicyl?).
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where ¢ is any smooth function on M, div, is the divergence and d is the de Rham
differential.

Similarly, Chang and Qing [13], have discovered a boundary operator P; de-
fined on the boundary of compact four dimensional smooth Riemannian manifolds
and a natural third-order curvature T, associated to Pg3 as follows

19A,0 dg
3 8
=1 + Ag—— — 2HgAgo + (Lo)ab (Ve9), (Va9), + VeHg. V3o
2 Bng ang
R,\ 9
+(r-28) 22
3 ) ong
T 1 9Rg _|-1RH Gg, Ly > +3H? 1T(L3)+AH
- — 5 — < s > — — 11T o ’
$T T 12on, 2 e ¢ 3 )

where ¢ is any smooth function on M, g is the metric induced by g on oM,
Le=(Lga» = —l ag‘”’ is the second fundamental form of dM, H, = 3tr(Lg)

gg“h Lap (%7 are the entries of the inverse g~ ! of the metric g)is the mean
curvature of dM, R]b‘C 4 1s the Riemann curvature tensor F = Ry, Rupea =
galeled ( ga,k are the entries of the metric g) and < Gg, Lg >= Ranpn(Lg)ab,

ai is the inward normal derivative with respect to g. We recall that (M, g) has

umb111c boundary if Ly = Ag for some constant A. If L, = 0 we say that the
boundary is totally geodesic.

A remarkable property of the couple of operators (P;' , P; ) is that, as the couple
Laplace-Beltrami operator and Neumann operator governs the transformation law
of the Gauss curvature and the geodesic curvature on compact surfaces with bound-
ary under conformal change of metric, (P; , Pg3) does the same for (Q,, Tg) on
compact four dimensional smooth Riemannian manifolds with boundary. In fact,
after a conformal change of metric g, = e**g we have that

4 _ ,—4dup4. 4 — du
{Pgu_e “Py and {Pgu-l—ZQg_Zque” in M (1.1

3 —3u p3. 3 3
P, =e Py Piu+ Ty =Ty e™ on J0M.
Another very important role played by the couple of curvatures (Qg, T,) in Con-

formal Geometry is that they arise in the well-known Gauss-Bonnet-Chern formula.
More precisely

|Wel? 2
/M Qp + — dVg+ng(T—|—Z)ng=47r Y (M) (1.2)

where W, and ZdS, (for the definition of Z see [13]) are pointwise conformally
invariant. Moreover, it turns out that Z vanishes when the boundary is totally
geodesic. Setting

KPSA’& - \/};/[ diVg, KPg3 == éM ngSg,
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from (1.2), thanks to the fact that W,dV, and ZdS, are pointwise conformally
invariant, we have that « pstk P} is conformally invariant, and will be denoted by

K(P4,P3) ZKP;}—'_KPQ' (13)

In addition to the conformally invariant quantity kp4 p3y of a compact four-dimen-
sional Riemannian manifold with boundary, there exists also the Yamabe invariant
of the conformal class [g] = {§ = e*g, u € C®°(M)} defined by the

Y(M,0M,[g]) = inf / R3dV; +?§ H3dS3. (1.4)
gelglvolz=1Jy oM

We recall that this invariant is defined for every compact Riemannian manifold with
boundary of dimension greater or equal to 3.
Now we are ready to state our result on four manifolds with boundary.

Theorem 1.8. Let (M, g) be a compact four-dimensional Riemannian manifold
with umbilic boundary. If Y (M,0M,[g]) > 0 and if kps p3) > %fM |Wg|2dVg,
then M admits a metric with constant positive sectional curvatures in the interior
and totally geodesic boundary.

The couple (P2, P;) gives rise to an operator defined on Hai = {u € H* (M) :

P . . . T
ﬁ = 0} whose spectral property is very important for uniformization problems on

four manifolds with boundary. The latter operator that we denote by P; 3 is defined
as follows

2
4,3 _
<Pg u, v)LZ(M) = /M (AguAgv + gRngquv) dv,

— 2/ Ricy (Veu, Vev)dV, — 2% Lg(Vau, Vav)dS,,
M aM
forevery u,v € Hai.
As a byproduct of our analysis, we obtain the following spectral property
for P,
8

Theorem 1.9. Let (M, g) be a compact four-dimensional Riemannian manifold
with umbilic boundary. Assuming Y (M, oM, [g]) > 0 and K(ps,p3yt %Y(M, oM,

[g])2 > 0, then P;’3 is non-negative and kerPg4’3 ~R.
A direct consequence of Theorem 1.9 is the existence of constant Q-curvature

and constant 7'-curvature conformal metrics on four-manifolds which verify the
assumptions of Theorem 1.9
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Corollary 1.10. Let (M, g) be a compact four-dimensional Riemannian manifold
with umbilic boundary. Assuming Y(M,oM,[g]) > 0 and Kp4 p3y + %Y(M,
M, [g])? > 0, then M carries a metric conformal to g with constant Q-curvature,
constant T-curvature and zero mean curvature.

Proofs of Theorem 1.7 and Theorem 1.8 rely on the solution of some bound-
ary value problems for fully nonlinear equations. Following [26] we will use the
continuity method proving a priori estimates on the solutions to our equations. As
a consequence of our work in dimension four, analising the spectral property of a
certain operator, we will show that this operator is non-negative and with trivial
kernel (Theorem 1.9). As a byproduct, we will prove then existence of conformal
metrics with constant Q-curvature, constant 7-curvature and zero mean curvature
under certain conformally invariant assumptions (Corollary 1.10).

The plan of the paper is the following: in Section 2 we will introduce some
notations, set up the boundary value problem; in Section 3 and 4 we will prove
Theorem 1.7 and Theorem 1.8 on three and four manifolds respectively; finally
Section 5 will be devote to the proof of Theorem 1.9 and Corollary 1.10.

2. Preliminaries and notation

In this section, we give some notation and preliminaries like the notion of k-th
symmetric elementary functions and some of their properties, the notion of oy-
curvature of a Riemannian manifold, and some Moser-Trudinger type inequalities.
For this end, let (M, g) be a compact, smooth, n-dimensional Riemannian manifold
with boundary. We will denote by v, the inner normal vector field with respect to
the metric g and by 9, = % the inward normal derivative. Moreover L, and H,

will be the second fundamental form

10
Lg,ab - gub’
2 dng
and the mean curvature normalized, i.e.
H, = DL ab.
g n—1 8 g.ab

Given a section A of the bundle of symmetric 2—tensors, we can use the metric to
raise an index and view A as a tensor of type (1, 1), or equivalently as a section of
End(T M). This allows us to define oy (g_lA) the k-th elementary function of the
eigenvalues of g~ A. More precisely we define:

Definition 2.1. Let (A{,---,A,) € R". We view the k-th elementary symmetric
function as a function on R”:

ok(ht, o ) = Y e Ay,

1<ij<--<iy<n
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and we define
rf = ﬂ {0;(A, -, An) > 0} C R,
1<j<k

For a symmetric linear transformation A : V — V, where V is an n-dimensional
inner product space, the notation A € F,j will mean that the eigenvalues of A lie in
the corresponding set. We note that this notation also makes sense for a symmetric

2-tensor on a Riemannian manifold. If A € F,j, let Ukl / k(A) = {or (A} k,

Definition 2.2. Let A : V — V, where V is an n-dimensional inner product space.
The (k — 1)-th Newton transformation associated with A is

k—1
Ta—1y(A) = > (=1} oy () A=
j=0

Also, for r € R we define the linear transformation

IUMT@—U(A))'I-

L'(A) = T—1 (A
(A) @U()+n_2

We have the following list of properties (the proofs can be found in [8])

Lemma 2.3.

@) FZ‘ is an open convex cone with vertex at the origin, and we have the following
sequence of inclusions

+ + +
rycr,,c.-crf.
() IfA € 1"2', then Ty_1(A) is positive definite. Hence for all t < 1, L'(A) is

positive definite.
(iii) We have the identities

Ti—1 (A Ajj = kor(A),

Ti—1 (A" = (1 =k + Do—1(A).
(iv) If A € T, then
W — (")
Of— _ o .
= T \k)
(v) If A and B are symmetric linear transformations, A, B € l"lj, then Vp €

[0,1], pA+ (1 — p)B € T}, and

ol (pA+ (1= p)B) = poj (A)+ (1 - pof (B).

1
In particular this gives the concavity of the function o}’ in the cone T ]j'
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Next we give a lemma about the variation of the o} functional.
Lemma 2.4. [fA : R — Hom(V, V), then
d (A)(s) ZT (A)()d(A)()
— G §) = B () — (A);1(5)
ds k - (k—1) ij ds ij
i.e., the (k — 1)-th Newton transformation is what arises when we differentiate oy.

We choose the tensor (here ¢ is a real number)

1 t
At = R. _7R 9
8 n—2( T 2m - gg)

where Ric, and R, denote the Ricci and the scalar curvature of g respectively.
Note that for ¢+ = 1, Aé is the classical Schouten tensor, namely A é = A, =

ﬁ(Ricg - ﬁRgg), see [1]. Hence, with our notations, oy (g_lA’g) denotes
the k-th elementary symmetric function of the eigenvalues of g~ A;.

Now, we give a lemma which shows that metrics g, such that A(’g] belong to
the positive cone of order 2, verify also additional pointwise algebraic inequalities.
More precisely, we have:

Lemma 2.5. If for some metric g1 on M we have Atgl € F;r , then
-1
_A;’l +o1(g; A;])gl > 0,

n—2

n

A;l + al(gl_lA;l)gl > 0.

We will be concerned with the following equation for a conformal metric g =
—2u
e

8:
Ukl/k(quL) = fe* in M, (2.1
Byt = 0 on oM. .

Where f is a positive function on M. Let oy (g~ A é) be the trace of A g, with respect

to the metric g. We have the following formula for the transformation of A’g under
this conformal change of metric:

AE—A’+V2u+:(A u) +du®du—i|v ul? (2.2)
g~ "¢ g PR L 5 1 Vellg8 - .

Since

AL = Al 4 ta( —1Aly
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this formula follows easily from the standard formula for the transformation of the
Schouten tensor [36]:

1
Al :A;+v§u+du®du—§|vgu|§g. (2.3)

Using this formula we may write (2.1) with respect to the background metric g
orlg™ ' A +V2u+i(A u) +du®du—i|v ul? 1/k—f()c)ezu
k g g g n— 2 I4 g 2 8 gg - .
Now, we discuss the ellipticity properties of equation (2.1).

Proposition 2.6 (Ellipticity property). Let u € C>(M) be a solution of equa-
tion (2.1) for some t < 1 and let § = e~*g. Assume that A% € F,:r. Then the

linearized operator at u, L' : C>*(M) N {d,u = 0 on dM} — C*(M), is elliptic
and invertible (0 < a < 1).

Proof. Define the operator
Filu, Vau, ngu] = Uk(g_lA%) _ f(x)ke2ku ,

so that solutions of the equation (2.1) are exactly the zeroes of F;. Define the
function ug; = u + s¢, then the linearization at u of the operator F; is defined by

d
t _ 2
L'g) = TF [, Vi, V2us | _

o () |y i (oot |,

From Lemma 2.4 we have

i (o () =7 (1), 5 (40),)

We compute

3 ((a),)

Easily we have also

2 (raotes))|

Putting all together, we conclude

s=0

1 —1
o= (Ve0)ij - (Bg)gij = Q=) Vu: Voo gij+2du®dy .

§=

.= 2kf (x)ke* g

fooN —1 4t 2 1—1 5 k 2ku
L) = Tr-1 (g Ag>ij <<Vg )l.j+—n_2(Ag<0)gu —2kf ()" e o+ - -
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where the last terms denote additional ones witch are linear in Vy¢. The first term
of the linearization is exactly the one defined in Definition 2.2, i.e.

L’ (AE) =T 1 (AE) + I-t Ti—1 (AE) 5,’j .
8/ij 8/ij n—2 8/ pp

So finally, we have

L'(p)=L' (Aé)l. ’ (Véw)ij —2kf () e p 4 -

Since Ai; e I';", by Lemma 2.3, we have that the tensor L' (Ai;) is positive definite.

So, the linearized operator at any solution # must be elliptic. Note also that, by the
previous formula, the operator is of the form

L' (¢) = E(p) — c(x)p,

where E(p) is a second order linear elliptic operator and c(x) is a strictly positive
function on M, since c¢(x) = 2kf (x)*e?* and f(x) > 0. This allows us to invert
this operator between the Holder spaces Cx*(M)N {dyu =0 on M} and C* (M)
(see for instance [24]). ]

Next, we recall some Moser-Trudinger type inequalities which will be used to
prove Corollary 1.10.

Proposition 2.7. Assume (M, g) is a compact four-dimensional Riemannian man-
ifold with boundary such that P; 3isa non-negative operator with KerP; 3~ R,

Then we have that for all a < 167> there exists a constant C = C(M, g, &) such
that

au—i)?

<P§’3u,u> 2
e 261 4V, < C,
M

forallu € H» , and hence
an

- 4
log/ A < 04 = <P;’3u, u> YueHs,
M (04 an

L2(M)
- 1
where i = Vol (1) [y udVg, and Volg (M) = [, dV,.

The latter proposition can be found in [31] together with its proof. The second
inequality that we are going to state is a trace analogue of the previous one. Its
proof can be found [32].

Proposition 2.8. Assume P; Sis a non-negative operator with KerPg4 3~ R

Then we have that for all o < 127% there exists a constant C = C(M, g, ) such
that
au—iigp)?

<Pg’3u.u> )
e 2w dS, < C, (2.4)
oM
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forallu € Hai, and hence

Yu € Hai' (2.5)

- 9
lo Sumiamgs, < €+ — <P4’3u, >
g?gM $=" T\t oy

where iom = oy $an 4dSg, and Volg(OM) = §,, dS,.

Now, we give a lemma (whose proof can be found in [31]) which will be used
together with the above Moser-Trudinger type inequalities in order to prove Corol-

lary 1.10. It says that under the assumptions KerP; 3 ~Rand P; 3 non-negative,

the map
1
2
ueHy — |lullpas = <P;’3u, u>
an g L2(M)

induces an equivalent norm to the standard norm of H (Myon{u € H L] u = 0}.
More precisely we have the following:

Lemma 2.9. Suppose KerP; 3 ~ R and P; 3 non-negative then we have that

|| - 1l p4.3 is an equivalent normto || - || 2 on {u € Haiﬁ = 0}.
8 n

Now we give a technical lemma which will be used to prove the above theo-
rems.

Lemma 2.10. Let (M, g) be a compact n-dimensional Riemannian manifold with
totally geodesic boundary. Assuming u € C*(M) with ;T“g =0, then

3| Vgul? o

ong

s

and
Ag(v, Vou) =0.

Proof. First of all, using the fact that 887” = 0, we derive
8
|Vgu|2 = g’d,udpu.

Thus we infer

3 (|V,ul? 9gab a(9
(IVgul?) _ LI

ong ng ng

u.

ab
Next, using the fact that L, = 0, one has aang = 0. Moreover from the trivial

% =0, (3—”), we infer

identity Big

d(qu)
ong B

0.
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Thus, we obtain
3 (IVqul?)
ong

=0.

This prove the first point. For the second one, we have

1 1 ou
Ag(v, Vou) = —— (Ricg(v, Vo) — ———— Rg—r ) |
gV Vet n—2< 16 Vel) = 5607 gang>

Thus, we get
Ag(v, Vou) =

2Ricv,a8au.

Now using the Codazzi-Mainardi equation, we get
Ricy 4 = VpLg ap — VaHy = 0.

So, we obtain.
Ag(v, Veu) =0.

This completes the proof of the lemma. O

3. Three manifolds with boundary

In this section, we present the proof of Theorem 1.7. We will prove a more general
theorem so that Theorem 1.7 will be a direct corollary. In fact, we have:

Theorem 3.1. Let (M, g) be a compact three-dimensional Riemannian manifold
with totally geodesic boundary and positive scalar curvature. There exists a positive
constant C = C(diam(M, g), ||V>Rm|) such that if

/ o (g7 AP AV, + C (% — to) Y(M,[g])? >0,
M

for some ty < 2/3, then there exists a conformal metric § = e~ g with R; > 0,
Gz(g_lAg)) > 0 pointwise and totally geodesic boundary. Moreover, we have the
inequalities

(3t —2)Rzg < 6Ric; < 3(2 — 1)) Rzg . (3.1)

Throughout the sequel, (M, g) will be a compact 3-dimensional Riemannian man-
ifold with totally geodesic boundary and with positive scalar curvature. Since M is
compact and R, > 0, there exists fp > § > —oo such that A‘Sg is positive definite

(i.e. Ricy — %Rgg > 0 on M). Note that § only depends on || Rmg]||.
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For ¢ € [8, t0], consider the path of equations (in the sequel we use the notation
A, = A}, for g givenby g, = e~ g)

(3.2)

o;/z(g_lAtut):fezuf in M,
oy =0 on JIM.

where f = ozl/z(g_lA‘Sg) > (. Note that u = 0 is a solution for ¢ = 4.

We use the continuity method. Define
S = {t € [8, to] | Fa solutionu; € Cz’“(M) of (3.2) with A;f € F;“} .

Clearly, with our choice of f, u = 0 is a solution for ¢t = §. Since A‘s is positive
definite, then § € S. Hence S # @. Let r € S, and u, be a solution. By Proposi-
tion 2.6, the linearized operator at u;, L' : CZ(M)N{dyu =0 on IM} — C*(M),
is invertible. The implicit function theorem tells us that S is open. To prove that
S is close we need to establish a priori C>* estimates for solutions of the equation
(3.2). To do this, we start by proving an upper bound estimate for solutions of (3.2).

Proposition 3.2 (Upper bound). Let u; € C 2(M) be a solution of (3.2) for some
tels, nl Ifgr = e_zufg e 'S, then u; <8, where § depends only on || Rmg||.

Proof. From Lemma 2.3 (iv), we have \/5021 /2 <op,soforall p e M
V3fe <o (g_lAfh> )

Let p € M be a maximum of u,. Since the gradient terms vanish at p (this is true
also if p € dM, since d,u; = 0 on dM) we have (Au;)(p) < 0. Then, using (2.2),
we have

A

V3f(p)e P < o1(g7" AL )(p)
o1(g7 AL (p) + (4 — 30)(Auy) (p)
o1(g~ A(p)
o1(g7 A (p).

ANl

IA

Since M is compact, we have u, < §, for some § depending only on || Rm gl O

Next, we are going to show that solutions of (3.2) which verify upper-bound
estimates enjoy also gradient ones:

Proposition 3.3 (Gradient estimate). Let u; € C 3(M) be a solution of (3.2) for
some 8§ <t < ty. Assume that u; < 8. Then | Veu g co< C1, where Cy depends
only on ||V Rmyg|| and 8.
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Proof. Let H = |Vgu|§,. If the maximum of H is in the interior, then V, H =
0 and V;H is negative semi-definite. If the maximum of H is at the boundary,
then by Lemma 2.10, % = 0. Thus, we also have that V,H = 0 and V;H is

negative semi-definite. Interior gradient estimates for equation (3.2) were proved
in [26, Proposition 4.1]. We remark that the same proof works for boundary gradient
estimates. The reason is that, as we showed, at the maximal point once we have
VeH = 0and V;H is negative semi-definite, then the rest of computations in [26]
is the same regardless of the point being in the interior or on the boundary. O

As we proved before, there exist two constants § and C; depending only on
[V Rmg| such that all solutions of (3.2) for some § < t < fo, satisfying u; < 8
satisty || Vyu [|oo< Cy. Consider now the following quantity:

(M, M, g) = inf (/ Rg,e“’dvg,) :
g'=e"2g, [Veo|<Cy, Hy=0 \J M

We let, for g/ = e~ g
i(g) = / Ry e #dVy.
M

As one can easily check, if two metrics g; and g, are homothetic, then i(g)) =
i(g2). So, we have

(M, M, g) = inf ([ Rz/e_“’dVg/) :
g'=e=20g Vol (M)=1 and |Vypl,<Ci, Hy=0 \Jm

Concerning I (M, dM, g), we have the following lemma.
Lemma 3.4. There exists a positive constant C = C(||V Rmy||) such that
I(M,dM, g) > C (Y(M,0M, [g])*.

Proof. As we have seen

I(M,dM,g) = inf </ Rz,e_‘/’dVg/>.
g'=e=20g, Vol,(M)=1 and |Vypl,<Ci, Hy=0 \Jy

Take ¢ € C*®°(M) such that, for g’ = e g, Vol’g(M) = 1 and such that |Vg¢|, <
C1 where C is given by Proposition 3.3. Since Vol/g (M) = 1, if p is a point where
@ attains its minimum we have

e P)Vol, (M) > 1,

and then, there exists Co depending only on (M, g) such that ¢(p) < Cp. Now,
using the mean value theorem, it follows since |V,¢|, is controlled by a constant
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depending only on (M, g), that max¢ < C{ where C|; depends only on (M, g).
Using this, we clearly have that

/ R2e™ dVy > =0 f R V.
M M

Using Holder inequality and the definition of the Yamabe invariant, since Hy = 0,
we get (recall that Volfg M) =1)

/M R2dVy = (Y (M, 0M, [g)°,

and then I (M, oM, g) > e o (Y(M, oM, [g]))z. This ends the proof. ]

We will prove a lower bound for a solution to the equation (3.2) following
in [9, section 3]. Since we are dealing with manifolds with boundary we have to
compute the conformal deformation of the integral of o7 in this context. Here is the
formula.

Lemma 3.5. For a conformal metric § = e~*"g, we have the following integral
transformation

~—1 41y, —4u _ —141 1 2
o2(g Ag,)e dv, = o2(g Ag) dv, + Rglvgulg dV,
M M 8 Jm

_Z/M|vgu|gdvg+E/MAgqumgdvg

1
-3 /M Ay (Vu, Veu) dV,

I
+—y§ ot (R + 2801 = 2/V,ul?2) d,
4 Jom §

1
_f AL, Vgu) dS, — Zf 8uIVul2 dSq.
oM oM

In particular, if the boundary of M is totally geodesic and d,u = 0, we get
o _ _ 1
/ 0@ APe M dV, = / o2(g 7 Ay AV, + —/ Ry|Vgul; dV,
M M 8 Jm

-2 /M |Vouly dVe + 3 /M Agu|Vguly dV,
1

1
-3 /M AL (Vgu, Vgu) dV.

Proof. For the computations, we will follow in [9, Section 3]. The final formula
will be the same as in [9], but with some extra terms coming from the boundary.
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Denote 6] = o (g'_lAi;), 01 =0] (g_lA;,), 02 =0'2(£~'_1Ai;)’ 02 =‘72(g_1Azlz)'
‘We have

~ ~ 2 1,2
2070 =01 — |A§|§-

By equation (2.3), we have
Gre ™ =01 + Agu — %Wgu@,,
o)
Gile M = 012 + (Agu)2 + %Wgulg +201Au — Agu|Vgu|§, — (71|Vgu|§, .
After an easy computation, we get

AL

3
—4u __ 1,2 2.2 4 2 2
il7 € = 1AL+ IVGulg + I Veuly — 01 Veulg = Agu|Vyul

+2(AD Ve u+ 240 ViuViu + 292 uViuViu .
Putting all together, we obtain
. 1
265e du 20o + (Agu)2 _ |V§u|§ — §|Vgl,t|;l +201Agu
5 S o
—2(A3)ij Vs u — 2(A)i; ViuViu — 2V uViuViu .
Now, by simple computation, we have the following identities

—2/ (A Ve udv, = —2/ o1A4udV, +27§ dyu o1 dS,
M M oM
- 2% Ay(v, Veu)dS,
oM
—2/ VZuViuViudv, = / Agu|Vgu|2 dV, —yg dyu |Vul? dS, ,
M M oM
where we integrated by parts and we used the Schur’s lemma,

2V} (Ricy)ij = ViRg,

for the first identity. Finally we get

2 / Gre M dV, =2 / o2 dV,
M M

1
+/M [(Agu)z —|V2ul? - 5|vgu|g + Agu|Veuls
—2A,(Vyu, vgu)} av,

1
+§éM dyu <§Rg — 24, (v, Vyu) — |vgu|§> ds,,
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Now, integrating the Bochner formula
1 . .
EAgwgu@ = |Viul} + Ricg(Veu, Vou) dVy + Viu, V' (Agu) ,

we get

1
—?g 3| Vgul} ds =/ [|v§u|§—(Agu)2+Ricg(vgu,vgu)] dv,
2 Jom M

+ f oy AgudS,.
oM

Using the definition of the Schouten tensor A é, we get the first point of the lemma.

Now, if the boundary is totally geodesic and d,u = 0 on dM, then by
Lemma 2.10 we have that all the boundary terms must vanish. Thus the second
point of the lemma is proved. This completes the proof. O

Since (M, g) has totally geodesic boundary, the boundary terms don’t effect
the conformal transformation of the integral of 0. Hence, following in [9, Section
3] and using Lemma 3.4, we obtain the lower bound.

Proposition 3.6 (Lower Bound). Assume that for some t € [§, to], to < 2/3, the
following estimate holds

— 7
/M o2 (57'4}) av +-C (E - t) (Y (M, OM, [g)* =i >0, (33)

for some C depending only on ||VRmyg|. Then there exists § depending only on
diamg (M) and ||V Rmyg|| such that if u; € C2(M) is a solution of (3.2) and if
AL, € I‘; then u; > §.

We have the following C>“ estimate for solutions of the equation (3.2).

Proposition 3.7 (C 2.« estimate). Let u; € C* (M) be a solution of (3.2) for some
8 <t <ty tog < 2/3, satisfying § < u; < 8, and || Vuy |lg,co< C1. Then, if
AL, € F;, forO <a < 1, || u; ||c2a < Ca, where Cy depends only on 8, 8, C| and

IV2Rmg].

Proof. The interior C 2 estimate follows from the work of Chen [11] and the bound-
ary C? estimate follows from [12, Theorem 6 (b)]. With the C? estimate at hand, we
obtain high-order estimate (in particular C>% one) from the works of Evans [19],
Krylov [28] and Lions-Trudinger [29]. L]

Since we proved C>* estimates for solutions of the equation (3.2), by the
classical Ascoli-Arzela’s Theorem, we have that S is closed, therefore S = [§, #p].
In particular ) € S. Hence the metric
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g = e‘zutog then satisfies op (Ag’) > 0, R; > 0and Lz = 0. Furthermore, by

Lemma 2.5 we have that the metric g satisfies
(310 —2)R3zg < 6Ric; < 3(2 —19)R;8. (3.4)

Hence the proof of Theorem 3.1 is complete.
Now we are going to give the proof of Theorem 1.7.

Proof of Theorem 1.7. First of all from R, > 0 and L, = 0, we infer Y(M, M,
[g]) > 0. On the other hand, one can easily check that

o2 (g7'4) = 2 IReP — LiRic,

8 16 8 2 gl
Thus, we have [, 02(g 7' Ag) > Oisequivalentto [,, |Ric,[>dV, < 2 [, |Rg|?dV,.
Hence we can apply Theorem 3.1 with 7y = % and get the existence of a metric g
conformal to g such that Ric; > 0 and L; = 0. Hence appealing to Theorem 1.5,
we have the proof of Theorem 1.7 is complete. O

4. Four manifolds with boundary

In this section, we give the proof of Theorem 1.8. As for the case of 3-manifolds,
we are going to prove a more general theorem from which Theorem 1.8 becomes a
direct application.

Theorem 4.1. Let (M, g) be a compact four-dimensional Riemannian manifold
with umbilic boundary and 0 <o < 1. If Y(M, oM, [g]) > O, and

1 o 1
EK(P4,P3) 16 /1;1 |Wg|§ dv, + ﬁ(l —10)2—1t)Y(M, oM, [g])2 >0,

for some ty < 1, then there exists a conformal metric § = e~"g whose curvature
satisfies

o o
Ry >0, 028 'AD) - R|Wg|§ >0, and Hz =0.
This implies the pointwise inequalities
(to — DRzg <2Ricg < (2—1)R;z8.

Throughout the sequel, (M, g) will be a compact 4-dimensional Riemannian man-
ifold with umbilic boundary and with positive Yamabe invariant Y (M, 0M, [g]).
Since all the hypothesis on the metric g are conformally invariant, then by a result
of Escobar, see [18], we can choose in the conformal class the Yamabe metric, i.e. a
metric with positive constant scalar curvature and zero mean curvature. Moreover,
since umbilicity is also conformally invariant, we have that the boundary must be
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totally geodesic. Hence, from now on, (M, g) will be a compact four-manifold
with totally geodesic boundary, positive constant scalar curvature and satisfying the
integral pinching condition.

On the other hand, since M is compact and R, > 0, there exist fyp > § > —o0,
8 < O such that A‘Z, is positive definite (i.e. Ric — %R > 0 on M). Moreover we can
choose & so small such that

12 ( - Vo
0y (7' 4%) = LWl > 0.
Note that § depends only on || Rm||.
Now we define a subclass of the positive cone of order 2 which will be useful
in our arguments:

Definition 4.2. For a conformal metric § = ¢~2"g, we define the set

Af = {t €l8.10]| AL €Ty and o, (g—lA;) - ?|Wg|g > o} :

In particular if 7 € A; then A% ers.

We point out that § € A7
Fort € [, 1], consider the path of equations (in the sequel we use the notation
A, = Ay, for g givenby g, = e~ g)

12/ — .
0y (g7 AL) = FWelg = f in M, @.1)
dyu =0 on J0M.

where f(x) = 021/2 (g‘%é) - @|Wg|g > (. Note that # = 0 is a solution of

4.1) fort =34.
As for the tree-dimensional case, we use the continuity method. Define

S = [r e 16,101 | 3a solutionu, € C2*(M) of 4.1y withr € A .

Clearly, with our choice of f, u = 0 is a solution for t = §. Since § € A;, then
8 € S. Hence, we have S # @. Lett € S, and u; be a solution. By Proposition 2.6,
the linearized operator at u;, L' : C2*(M) N {dyu = 0 on IM} — CY%M), is
invertible (note that the additional term in the right hand side of the equation does
not effect linearization). The implicit function theorem tells us that S is open. To
prove that S is close we need to establish a priori C>% estimates for solutions of
the equation (4.1). To do so, we start by establishing upper-bound estimate as for
the case of 3-manifolds.

Proposition 4.3 (Upper bound). Ler u; € C_2 (M) be a solution of (4.1) for some
t € [8, 1], witht € A;Z. Then u; < 8, where § depends only on || Rmgl|.
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/2

Proof. From Lemma 2.3 (iv), we have %021 <oj,soforall p e M

4 Ja 2u, —1
s g ()

Let p € M be the maximum of u,, then (this is true also if p € dM, since d,u = 0
on M) we have (Au;)(p) < 0. Then, using (2.2), we have

4
_?(Iwﬂg)(p) +

A

4
— f(p)e® P < o1(g7 AL ) (p)

V6 V6
= o1(g7 A (P) + 3 = 20)(Auy) (p)
< o1(g”'AD(p)
< o1g” AD(D).
This implies
4 4 Ja
—=f (PP <0167 AD(P) = == (IWel)(p)
\f6f p 8§ Ap /6 4 glg)\p
where the last term has positive sign. Since M is compact, this implies u; < 8, for
some & depending only on || Rm]||. ]

Following the previous section, once we have an upper bound of the solution,
from Proposition 3.3, we get gradient estimates. Now we are going to establish the
lower-bound estimates. To do that we need the following lemma.

Lemma 4.4. If g is a Riemannian metric on M conformal to g such that L = 0,
then

1
/ GZ(g Ag) P4 P3)
M

Proof. First of all, one can easily check that the following holds

_ 1
Q0 =202(87'A) — T A¢Re.

Thus integrating this equation and using the divergence theorem, we get

/ v, 2/ (2 A)dv+1y§ IRs 45
QedVg =2 | o2(s” 12 foug ng %

On the other hand, since L 2= 0, then
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Thus we obtain

/ diVg,:Z/ az(g—‘Ag)dvg—yg T;dS;.
M M oM
Hence, we get
. 1
/ 02(§7 Ag) = K (ps pa)-
M

This completes the proof of the lemma. O

Proposition 4.5 (Lower bound). Assume that for some t € [8, tg] the following
estimate holds

1

o 1
EK(P4’P3)_R /M |W8|§ dVg+ﬁ(l—t)(2—t)Y(M, oM, [g])2 =us>0. (4.2

Then there exist § depending only on diam(M, g) and IVZRm| such that ifu, €
C%(M) is a solution of 4.1)andift € A,jt then u; > 6.

Proof. Since AL, = Al + 15151 (Al)g, we easily have
g g T2 g
AD) = o3(Al) + 2 (1 — N2 — Doy (ALY?
02(AY) = 0a(AD + 51 = N2 = Nar(Ap’.

Letting § = e 2% g, since u; is a solution of equation (4.1), we have
g8 8 q

Ja

_ o
2t 4 TfIWg|g62u, =op(g'AL) — E|Wg|§.

The left-hand side can be estimated by

Ja

f264u,+ 2 leg|ge2ur SC/eZu,’

where the positive constant C’ depends only on || Rm||. So we get
C/ 2uy > o ( —lAI ) _ 1|W |2
e Z 028 uy 16' 8's

1 o
_ —du ~—1 41 L _ 2y @ 2
= ¢ "t <52(g A,) + 24(1 HQ2 t)Ré;) 16|Wg|g.
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Integrating this with respect to dV,, we obtain

c’ / e dv,
M

%

~—1 41 o 2
A )dV; — — W, |5 dV,
‘/1;402(g ut) g 16 /[w | g|g 8

1
—(1=-HQ2—t R24Vv;
571 =1 )/M 2 dv;

1 (x/ , I ,
— —kpipry — 2 [ W2V, +—(1—t)(2—t)/ R2dV,
2(P,P) 16 M 8lg g 24 M g 8

1 a 2
EK(P4’P3) - R " |Wg|g dVg

1
+o;(1 =D = DY (M, 9M, [gD)? = >0,

A%

where we have used Lemma 4.4, and the fact that for any conformal metric g’ € [g],
it Hy = 0, then

This gives
max u; > log uy — C(diam(M, g), [|[Rml||) .

Since, as already remarked maxys |Vqu;|g < Cy by the same arguments as the ones
of Proposition 3.3 , then we have the Harnack inequality

max u, < minu; + C(diam(M, g), IV2Rm])),

by simply integrating along a geodesic connecting points at witch u; attains its
maximum and minimum. Combining this two inequalities, we obtain

u; zrrll‘}nuz >logu; —C=:34,

where C depends only on diam(M, g) and IV2Rm]||. O]

Once we have C? and C! estimates, using the same arguments as the ones of
Proposition 3.7, we get C>% estimates. Thus we are ready to apply the continuity
method as in the 3-dimensional case, and conclude the proof of Theorem 4.1.

Now we are ready to present the proof of Theorem 1.8.

Proof of Theorem 1.8. First of all, since Y(M,dM,[g]) > 0, and K(p4 p3y >

%fM |Wg|2dVg, then we can apply Theorem 4.1 with #p = 1 and @ = 1 and get
the existence of a metric g conformal to g such that

1
o (g_lAg,) > R|Wg|2, and L =0.
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This is equivalent to

~—1 1 2

o (57'4¢) > IWel and Lg =0,
On the other hand, one can check easily that the following holds
1 1
sl Y\ - p2 T ip.2

72 <g Ag) =96 ~ gkl

Thus, we obtain

1
6R§, —2|Eg)* > |Wg|%.

So rearranging the latter inequality, we get the Margerin’s weak pinching condition,

namely

1
WP; < —.
8 < 6

Hence, applying Theorem 1.6, we conclude the proof of Theorem 1.8. O

5. Principal eigenvalue of Pg4 3 and applications

In this section, we provide the proof of Theorem 1.9 and Corollary 1.10. We start
by giving a proposition which will be used for the proof of Theorem 1.9.

Proposition 5.1. Let (M, g) be a compact four-dimensional Riemannian manifold
with boundary such that Ly = 0. Assuming Ric, < R,g, then we have P;’3 isa
non-negative operator and ker P; 3~ R

Proof. First of all, since L, = 0, then for every u € H 2, We have

2
4,3 — 2 2 .
(P u,u>L2(M)—/M(Agu) dvg+§/MRg|vgu| dvg—szRlcg(vgu,vgu)dvg.
Now we recall the Bochner identity
1 .
EAg(|vgu|2) = |Viul* + Ricy (Vyu, Veu)+ < Veu, Vg (Agu) > .

Integrating the latter formula, applying the divergence theorem and integrating by
parts, we get

1 d(|Veul?
——% OWVeu) . =/ |vg2u|2dvg+/ Ricg(vgu,vgu)—/ (Agu)*dV,
2 oM M M M

ong
0
—% % AgudS,.
oM Bng
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Recalling thatu € H o then

ou
% —AgudS, = 0.
oM 8ng

Using Lemma 2.10, we obtain

0 (IVgul’)

ong

=0.
Hence, we get
/ |V§u|2dvg+/ Ricg(vgu,vgu)=/ (Agu)*dV,.
M M M

Now, using the latter formula, we have

<P4’3u,u> - 1/(A 0)?2dVg + = / IV2uldVe + = / R, |Veu|?dV,
g xm 3 3y 8 &

2
— —/ Ricg(Vou, Vou)dVs.
3/m
Next, setting
)

Ve u=V32

1
U= ZAgg;

we get
<P4’3u, ) / |V2u|2dV %/ (Ry,g — Ricy)(Veu, Vou)dV,.
g L2(M) g+ 3 8 g\ Vg g g

So using the hypothesis Ryg — Ric, > 0, we infer

(Piu,u >L2(M) / 19 2ul?dV.

Hence, we obtain P; s a non-negative operator. So to finish the proof of the
proposition, it remains only to show that the kernel is constituted only by con-
stants. In order to do that, we assume that there exists a non constant function
ue H 2 such that P Hy = 0, and argue for a contradiction. From the fact that

ue kerP , we infer that

2 1
Vgu — ZAgg =0.
Now calling the doubling of M by DM, and the reflected metric by g, we have that
g is C>*. Next we reflect u across M and call the reflection by upy;. Thus, we

obtain an element in H?(DM) verifying

I _
Vég,uDM — ZAg,g =0.
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Thus using a result of Tashiro [38], we infer that (DM, g) is conformally diffeo-
morphic to §*. Thus (M, g) is also conformally diffeomorphic to Sj'_. So we derive
the existence of a metric g conformal to g on M which is Einstein, of constant pos-

itive scalar curvature, and L; = 0. Hence using the conformal invariance of Pg4 3
we get

4 [ - 1
5/ |V§u|2dV§+§Rg/ |Vzul*dV; = 0.
M M

Thus, we obtain u is constant and reach a contradiction. This completes the proof
of the proposition. O

Having this at hand, we are ready to give the proof of Theorem 1.9.

Proof of Theorem 1.9. Applying Theorem 4.1 with fo = 0, and o = 0, we get the
existence of a metric g conformal to g such that

Rng < Rgg, and Lg, =0.

Hence appealing to Proposition 5.1, we obtain that Pg’3 is non-negative and

ker Pg’3 ~ RR. Now recalling that the non-negativity of the operator P; 3 and the
triviality of its kernel are conformally invariant properties, we have that the proof
of Theorem 1.9 is complete. O

Next, we are going to present the proof of Corollary 1.10.

Proof of Corollary 1.10. Due to (1.1), the existence of constant Q-curvature, con-
stant T -curvature ad zero mean curvature metrics conformal to the background one
g is equivalent to solving the following (BVP)

P;u +2Q0, =2Qe* in M;
Plu+ T, =Te" on 9M;
ou

5.1
=0 on M.
ong

Where Q and T are constant real numbers. On the other hand it is easy to see that
critical points of the functional

I1(u :<P4’3u,u> —|—4/ udV, —l—f ToudS
(u) A 2o MQg s TP, s
—kpalo eMdv, _4 K¢ p4 p3y —kpa)lo edS,;
P} 108 ¢ = 3 \Kphp3) T~ Kpg ) 108 g
M M

are weak solution of (5.1), hence from standard elliptic regularity theory, they are
smooth solutions. Thus to prove the corollary, we will prove the existence of critical
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points. More precisely, under our assumption, we will prove the existence of a min-
imizer. To do so, we first point out that the functional /7 is invariant by translation
by constant, and can also be written in the following form

I1(u) = <P4’3u, u> + 4/ Q1 — iD)dV, +?§ To(u — iigp)dS,
8 LX(M) M oM 5.2)

_ 4 _
— Kps log /Me4(”_“)dVg— 3 (/c(p4’p3) —KP§1> log fSMeG”_”W)ng.

Now exploiting this way of writing /1, we have if « P < 0, then by Jensen’s
inequality, we obtain

I1(u) > <Pg4’3u, u>L2(M) + 4/M Qo —it)dV, + ng To(u — iigp)dS, .

Hence, using Cauchy inequality, trace theorem, Sobolev embedding, Poincaré in-
equality, and Lemma 2.9, we get

IT(u) = yllu —ullgz = C

for some y > 0 and some large C. Next if « s > 0, we use Proposition 2.7 and
Proposition 2.8 to obtain

1) > <pg4,3u, u>L2(M) +4/ Q¢ (u — iD)dV, + 7§ Ty (u — iigp)dS,
M oM

4 3 4.3 .
+ —a—]KP;It — a_z <K(P4,P3) - KP;}) <Pg u, u>L2(M) - Cal,oQ’

for o) < 1672 and o < 1272, and Cy o, @ constant depending only on «;, oz and
(M, g). To continue the proof we need the following rigidity result.

(5.3)

Lemma 5.2. Let (M, g) be a compact four-dimensional Riemannian manifold with
umbilic boundary. Assuming that Y (M,0M, [g]) > 0, we have Kk(ps p3) < 47

and equality holds if and only if (M, g) is conformally diffeomorphic to Si with
its standard metric.

Proof. Since Y(M, 0M, [g]) > 0and (M, g) has umbilic boundary, then by a result
of Escobar [18], we can take the Yamabe metric g¢ which has constant non-negative
scalar curvature and such that L; = 0. On the other hand, still by a result of
Escobar [18], we have that

Y (M, 0M, [g]) = RgVolg(M)? < Y(S%, S% [g5]) = 8+/37;

and equality holds if and only if (M, g) is conformally diffeomorphic to (S%, gs).
Now using Lemma 4.4, we have

K(ps,p3y = 2/Maz(g—1A§)dvg.
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On the other hand, we have also

~—1 1 5
02(8 Ag)—%Rg——I : %

Thus, we arrive to

L2 > 1 9 , o,
K(P4’P3)=Z/ (12 z |E|dV)_4—8RV1(M)<En — 4

and equality holds if and only if (M, g) is conformally diffeomorphic to (Si, gs)-
This completes the proof of the lemma. O

Now coming back to our proof, we have that, since Y (M, dM, [g]) > 0, and
(M, g) has an umbilic boundary, then by Lemma 5.2 «pa_p3) < 472 and equality

holds if and only if (M, g) is conformally diffeomorphic to Sj'_ with its standard
metric. Hence, we can assume that k(ps _p3) < 472, otherwise there is noting to do.

Thus taking o close to 1672 and «, close to 1272, and using Cauchy inequality,
trace theorem, Sobolev embedding, Poincaré inequality, and Lemma 2.9, we get

1T (u) = yollu — ul| 2 — Co;
for some yp > 0 and some large Cp. Hence in any case we obtain
1) = ylu —ul|y2 — Cy 5.4)

for some y; > 0 and some large C;. From this, and the fact that /7 is invariant by
translation by constant, we have the existence of a minimizer u,, such that

/ eMndV, = 1. (5.5)
M

Thus by the coercivity property (5.4), we have
lun —ttnllg2 < C.

On the other hand, using Proposition 2.7, we infer
log / eHun=idy, < C. (5.6)
M
So using (5.5), (5.6) and Jensen’s inequality we infer

lun| < C.

Thus, we arrive to
unllg2 = C. (5.7
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Hence up to a subsequence, we have
—_ 1 2
U u 1n H-.

Furthermore, we have u € H, . On the other hand, it is easy to see that /1] is
on

weakly lower semicontinuous on H2. Thus we have u is a minimizer of 77. This
completes the proof of Corollary 1.10. O
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