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Maximizers for the Strichartz norm
for small solutions of mass-critical NLS

THOMAS DUYCKAERTS, FRANK MERLE AND SVETLANA ROUDENKO

Abstract. Consider the mass-critical nonlinear Schrodinger equations in both
focusing and defocusing cases for initial data in L% in space dimension N. By
Strichartz inequality, solutions to the corresponding linear problem belong to a
global LP space in the time and space variables, where p = 2 + %. In 1D and
2D, the best constant for the Strichartz inequality was computed by D. Foschi
who has also shown that the maximizers are the solutions with Gaussian initial
data.

Solutions to the nonlinear problem with small initial data in L% are globally
defined and belong to the same global L? space. In this work we show that the
maximum of the L? norm is attained for a given small mass. In addition, in 1D
and 2D, we show that the maximizer is unique and obtain a precise estimate of
the maximum. In order to prove this we show that the maximum for the linear
problem in 1D and 2D is nondegenerated.

Mathematics Subject Classification (2010): 35Q55 (primary); 35P25, 35B50,
35B45 (secondary).

1. Introduction

We study the L2-critical nonlinear Schrodinger (NLS) equation in space dimension
N >1:
i+ L Au+ylulfu=0, (t,x)eRxRY,

1.1
uj—o = f € LX(RV). (-

We will consider both focusing (y = +1) and defocusing (y = —1) equations.
Let us first recall some properties of the linear problem:

1
i0:u + EAM =0, up—=1r (1.2)
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Denote by u = eizd f the solution to (1.2). The mass ||u(1f)||i2 of the solution
is conserved. Solutions to the linear problem satisfy the Strichartz inequality (see
[24]):

Vfel? (

it
37| 4 =Clflpe, (1.3)
LY

1
4 4.,
] :(/[ |u(t,x)|N+2dtdx)N+ .
LY RxRN

By standard profile decomposition arguments, one can easily show that the maxi-
mum for the Strichartz inequality is attained. The best constant and maximizers for
the Strichartz estimates were computed by D. Foschi [11] (see also [13] for another
proof) for N = 1, 2. Before stating this result, we first recall some symmetries of
the equations (1.1) and (1.2).

The following group of transformations leaves the solutions invariant under the
nonlinear and linear Schrodinger evolution. If {6y, po, fo, &0, X0} € R x (0, +00) x
R x RN x RV, then if u is a solution to (1.1) (respectively (1.2)), so is

where

LN . ¢
ezeopoz o601 516017, (pgz + 10, Po <x — Eéo) + xo> . (1.4)

This includes phase invariance, scaling, time-translation, Galilean transformation
and space-translation. Another transformation of (1.1) and (1.2) is the pseudo-
conformal inversion (see [25]):

1 ilx|? 1 x s
R e A Ay A (1)

4
Note that all the preceding transformations leave the mass and the foﬂ norm of
the solutions invariant. The linear equation is of course also invariant under the
multiplication by a scalar: if u(¢, x) is a solution, so is co u(t, x), co € R.
Consider the following normalized Gaussian:

x|

1 _xIT 2
G()(X) = W@ 2, thus, /;@N |G()| dx = 1,

and its linear evolution:

1 1 x|

_ lll‘A _ 20140
G(t,x) =e2 GO_HN/4(1+”)N/2€ +i) | (1.6)

Theorem A (Foschi). Forall f € L>(RN), N =1,2,

|

1
—, N=1

4

) 442 4 J
LA N +2 3

o sy Cs=1Y?
t,x _

1
, N=2
2
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Furthermore, the equality holds if and only if el1d f is, up to the symmetries (1.4)
of the equation, one of the solutions cyG, ¢y € C.

Let us mention that the effect of the pseudo-conformal transformation (1.5)
on G may be expressed only with the invariances (1.4) and we can omit it from
consideration in Theorem A.

The Strichartz estimate (1.3) is the key ingredient to prove that the Cauchy
problem (1.1) is locally wellposed in L? (see [8]). For small data, the solution is

4
also globally wellposed and the global L," x+2 norm is finite, which implies that the

solution scatters in L2. This was extended to large radial data in the defocusing
case y = —1, in [30] for N > 3 and in [16] for N = 2 (in this last work, the
focusing case y = 1 below the mass of the ground-state is also treated). The
proofs are mainly based on technics developed for the energy-critical NLS (see
e.g. [1,2,26,29] and [15]).

In all these studies, a global Strichartz norm (in the mass-critical case, the

4 . .
L~*2 norm) appears as the relevant norm to control. In this work we consider

F+2
1(6) = sup lu(t, x)|N"“dtdx,
=5 J JRxRN

”f“LZ(]RN)

where 6 > 0 is small and u is the solution to (1.1). The results cited above imply
that 7(8) is finite for small §, and, in the defocusing case with N > 2, for large
8 if we restrict the maximum to radial solutions. A natural extension to Theorem
A would be to show that this maximum is achieved by a unique solution (up to
symmetries) of (1.1) and give a precise estimate of 1 (§).

Our main result is the following:

Theorem 1.1. Fix y € {—1,+1}. There exists a 8o > 0 such that for all § in
(0, 80), the maximum I (8) is attained: there exists a solution us of (1.1) with initial
condition fs such that

1 fsll =, 1<6>=// s (e, )|V 2 di dx.
RxRN

If N = 1or N = 2, the maximizer us is unique up to the transformations (1.4),
(1.5) of the equation. Furthermore, as § — 0,

16) = csa%+2+yDNa%+2+O(3%+2), (1.7)
I 26)! 1 4
where Dy = ~ 3" — % ,0867 and Dy = - In> ~ 0.0458,
7 A KOk (kY 27 3

Remark 1.2. In particular, in the focusing case in 1D and 2D, the maximum of the
Strichartz norm is, for small data, higher than in the linear case. In the defocusing
case, the effect of the nonlinearity is to lower this maximum.
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Remark 1.3. The constant Dy may be expressed as

4 4 Fia=s) A 4
DN=—(2+—>Im//|G(l)|NG(t)/el 20 (1667 G(s)) ds di dx. (18)
N 0

Remark 1.4. The proof also shows that in 1D and 2D, the initial condition of
any maximizer with small mass § is (after transformations) close to §Gg, where
Gy is the normalized Gaussian. See Proposition 3.3 and Remark 3.4 for a precise
statement.

Estimates of Strichartz norms for critical nonlinear problems are only known
in a few cases. Super-exponential bounds were obtained by T. Tao for radial defo-
cusing energy-critical equations: Schrédinger equation in space dimension higher
than 3 [26], and wave equation in 3D [27]. An equivalent of the maximizum is
given in [9] for the energy-critical focusing Schrodinger and wave equations (in
space dimensions 3, 4 and 5), close to the energy threshold given by the stationary
solution.

The fact that the maximum of the Strichartz norm is attained is new for a non-
linear equation. The proof of this result is based on time-dependent adaptation
to concentration-compactness arguments (see e.g. [18]) and on a super-additivity
property of 7(5) which we show by general estimates on small solutions of (1.1).
As stated in Proposition 2.12, the proof would extend to larger data provided the
scattering of all solutions and the super-additivity properties are shown for those
data also. This proof is flexible and should also easily adapt to other equations, e.g.
the energy-critical NLS and wave equations for small data and (together with the
methods of [9]) close to the energy threshold.

On the other hand, the proof of the uniqueness of the maximizer and of the
estimate (1.7) is specific to the mass-critical problem, and strongly relies on the
results of [11] and [13]. A key element is the nondegeneracy of the Gaussian for
the nonlinear problem, in the orthogonal space of the null directions related to the
invariances of the equation:

Theorem 1.5. Assume N = 1, 2. There exists ¢ > O such that if ¢ € L? satisfies
the following orthogonality properties (x € RV)

/choszxﬁGo:o, fgoxGozoRN, (1.9)

then
0(p) = cligll?,.

where Q is the quadratic form associated to the second derivative of the mapping

oes(furan) ]

from L? to [0, 00), at the critical point f = Gy.

A 124w
e’fAf‘ dt dx
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We refer to (3.3) for an expression of Q. This result is an analogue, for the

Strichartz estimate, to the non-degeneracy of the maximizer ———— for the
. oy (1+1x1%) 2
Sobolev imbedding H'(RY) < L~¥-2(R") (see [21]).

To show Theorem 1.5, we apply a lens transform ([4, 20, 22]), related to the
pseudo-conformal inversion, to the solutions of (1.1), which turns the Laplace op-
erator into the harmonic operator —A + |x|%. The result then follows from explicit
computations and a formula of Wei-Min Wang [33] on products of eigenfunctions
for the harmonic oscillator.

The outline of the paper is as follows. In Section 2 we show that the maximizer
is attained and in Section 3 we prove the estimate on 7/ (§). In Section 4 we show
the uniqueness of the maximizer. Section 5 is devoted to the proof of Theorem 1.5.

ACKNOWLEDGEMENTS. The authors would like to thank Keith Rogers for pointing
out the article [33]. Part of the project was done at the Institut Henri Poincaré
in Paris during the special trimester Ondes non-linéaires et dispersion (April-July
2009).

2. Existence of a maximizer

In this section, where there is no restriction on the dimension N > 1, we show the
first part of Theorem 1.1:

Proposition 2.1. There exists 9 > 0 such that if 5 € (0, 8g), then there exists a
solution ug of (1.1), with initial condition fs such that

I fsll2@ny =8 and // lus| V2 di dx = 1(9). @.1)
RxRN

After some preliminaries (Section 2.1) we show in Section 2.2 a crucial super-
additivity property of I(8), which relies on rough estimates of 7(§) and its growth
rate. In Section 2.3 we use this property to prove Proposition 2.1 by concentration-
compactness arguments.

2.1. Profile decomposition

We recall here from [19] a profile decomposition adapted to the Strichartz estimate
for the linear equation (1.2). We start with a long time perturbation result for the
equation (1.1).

Lemma 2.2 (Long time perturbation). Let A > 0. There exists C = C(A) > 0
and a small 8o = §9(A) > 0 such that the following holds: Let u € C'(R, L)%) and
solves

1
i + 5 A+ yiulVu = 0.
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Letii = ii(x,1) € COR, L)ZC) and define

1
e =1idu+ 2Au +y|u|%

Assume ||u]| < A, and for some & < §

4
W+2
1,x

PRGN
llell Z%VLZ) <e and e 2 “(u(ty)

L

tx

then
lu—ull 4, =<Ce.
N

t,x

+2

We skip the proof of Lemma 2.2. We refer to [2,6, 15,29] for similar result for the
energy-critical case, [12] for a subcritical case and [31, Lemma 3.1] for a statement
close to Lemma 2.2 in the mass-critical case.

We next turn to the profile decomposition. If I'g = {9, fo, &0, x0} € (0, +00) X
R x RY x R¥ and u is a function of space and time, we will denote by I'g(u) the
function

N . . t
To(u) = '002 ezx-éoe—l%|€o|2u (,Ogl + 10, po <x - 5&0) +X()> . 2.2)

As we have seen in the introduction, if u is a solution to the linear equation (1.2)
(respectively, to the nonlinear equation (1.1)), then I'g(u) is also a solution to (1.2)
(respectively, to (1.1)). We say that two sequences of transformations {l"l }n and

n
{F%}n are orthogonal when

1 2 1 _ &2
lim p—';—l—p—';—i-w—i—t;—tn—i— n bn = g”+x — x2| = 4o00. (2.3)
n=00 oy Py Pn 2 p)

We recall from [19, Theorem 2] (see [14] in space dimension 1, [3] for general
space dimension) , the following profile decomposition result:

Lemma 2.3. Let {f,} be a bounded sequence in LZ(RN ). Then there exists a sub-

sequence of { f} (still denoted by { f,}), a family {U’} ;> of solutions to (1.2), and

sequences of parameters {T'})},, such that if j # k, {Fﬂ} is orthogonal to {F,’;}n
n

and for all J,

J . )
fat0) = DT (U7) 0.0 + b ), 24)
j=1
where
LY LA I , =0.
J—>+0 posoo

n ~ T
N
Lt,x
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Remark 2.4. As a consequence of the orthogonality of the transformations r,{ , the
following Pythagorean expansions hold for all J > 1:

Il Z\
‘ei%Ah]

ZHU N+2

— 0, (2.5)

L2 n—>-+o00

2 F4+2
N, Ny — 0. (2.6)

LN+2 n—-+o00

zAfn

t,x

Let { f,,},» be a sequence in L? and assume that the corresponding solution to (1.1) is
globally defined and satisfies || f; || 44, < 00 Consider the profile decomposition
t X

given by Lemma 2.3. Let V/ be the nonlinear profile associated to {U/, t,{ }n, that
is the unique solution of (1.1) such that

lim ‘Uf (t,{) — v/ (t,{)‘
n—oo
Assume also that the V/’s are globally defined and such that ||V/ ||L2 4 is finite

for all j. Combining Lemmas 2.2 and 2.3, one gets a nonlinear version of the
decomposition (2.4):

=0.
L2

Corollary 2.5. Let { f,},, is as above and {u,}, be the sequence of solutions to (1.1)
with initial conditions { f,,},. Then

J ) )
un(t, ) = Y TH (VF) (0220 + B 1, 0) + 77 0,.) 2.7
j=1
with
. . J _
JETOOﬂBTOO( "n LY v e L2> B

Remark 2.6. Using the orthogonality of the sequences of transformations {I‘,{ n, it
is easy to check that

N+2

|un||N4 Z—ZHV

= (2.8)

hm lim sup ||

N+2
J—>0o0 n—oo L

2.2. A superadditivity property of the maximum

In this paragraph we give various estimates on / (§). The main result is the follow-
ing proposition, which is one of the steps (along with a concentration-compactness
argument) in showing that the maximizer is attained:
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Proposition 2.7. There exists 8o > 0 such that if 0 < \/a? + B2 < 8, then

I@)+1B) < I(,/az—l-ﬂz).

Remark 2.8. Superadditivity (or subadditivity for minimizers) conditions are clas-
sical in this context (see [17, Subsection 1.2]).

The proof of Proposition 2.7 relies on two estimates on /(§) that we treat in
Lemmas 2.9 and 2.11 below.

Lemma 2.9. There exists a constant Co > 0 such that for small § > 0,
|1(5) - css%”‘ < Codv P2, (2.9)

where Cg is the best constant for the Strichartz inequality

Il

Before proving this lemma, we start by a straightforward consequence of the small
data well-posedness theory for equation (1.1) (see [8]).

o 440 4
e’iAf‘N didx < sl £, (2.10)

Claim 2.10. There exists a constant C > 0 such that if || f||;2 is small, then

itA ERE
A PP A

1,x

where u is the solution of (1.1) with initial condition f.

Sketch of proof. The Cauchy problem theory for (1.1) implies that for small initial
data

Nl 4, <2012
Lix

Since .
u(r) =20 f + iy/ 2Ty ()| N u(s)ds,
0

the claim follows from Theorem A and the Strichartz estimate

t
/ e%(“smgo(s)ds

0

4., =Clloll 2. [
L Ly "
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Proof of Lemma 2.9. Let u be a solution of (1.1) with initial condition f such that
”f”LZ(RN) = 4. Then

e
1

)
v dtdx—/ (e, x)| V2 dr dx

1
(ez f” +2+||u||N )
tx

4 8
—ul 48V < o8,
N
Lt.x

<C

.
0] =l g,
Lt.x Ll‘

where the last line follows from the triangle inequality and then from Claim 2.10.
Applying the previous inequality to the initial data f = § F, where Fy is the initial
condition of a maximizer for Strichartz estimate (2.10), and then to a sequence

{fa}, such that || f,|l;> = 8 and [ |un|%Jr2 — 1(8), we obtain (2.9). O

We next estimate the rate of growth of 7(§).
Lemma 2.11. If § is small and & < 38, then

4.4 241
IG)+c1éV T e<I(6+e)<IB)+C16V" ¢, (2.11)
where c| = %Cs and Cy = 2(% —|—2> Cs.

Proof. Step 1. We first show that there exist C», €9 > 0 such that if f € L? with
| fll;2 + € < €0, u is the solution of (1.1) with the initial condition f, and v, is the
solution of (1.1) with the initial condition (1 + €) f, then

‘(1+6)N+2//| |N+2 f/|v€|N+

First, observe that u. = (1 + €)u is a solution to the equation

< CrellfIn*?.

1 1 4
iat”e+_A”e+74|ue|ﬁuezoy uep=0 = (1 +€) f.
2 (1+en

We rewrite the above equation as

. 1 4 1 4
[0iue + ~Aue + |ue| Vue = 1_74 lue| Vue,
2 (1+ew

noting that for small €, Strichartz estimate implies

)|MG|N”6

2442 <Ce H |u€| ‘

2(N+2)
N+4
Lt,x

H (1+€)N

t,x

143 1+5
= Cellucll ,", = Cellfll,".
N

tx
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Since v, is a solution of

1 4
iatve+§Ave+|U6|NU€=0» Ue{t:OZ(]'i‘E)fa

by the long time perturbation Lemma 2.2, we get

4
41
lue — UE”L%H < Cellfl}

1,x

Hence,

‘/ e |V H2 drdx—f/wﬁ“ dt dx

which concludes Step 1.

Step 2. Let ¢, § > 0. First, we show the lower bound of 7 (§ + ¢). Let f € L2(RM)
be such that

F+1
< Cllue — vell %Jrz “f”Lz
Lt,x

8
$+2
< CellFI.

lfll;2 =46 and // Iu(t,x)l%Jr2 dtdx > 1(8) — 3%+18, (2.12)

where u is the corresponding solution of (1.1) and we used the supremum property
of 1(38). Let u, be the solution of (1.1) with the initial condition (1 + §) f. Then
lug(0)||;2 =6 + €. By Step 1,

1(8+s)z//mg(t,x)lﬁ”dtdx

¥+2
> (1+§)” //|u(r,x)|%+2—czga%+z.

By (2.12), we get

[(6+e)= [1 + (% + 2) g} (1(5) - 5%“8) — Csn e,

Lemma 2.9 implies 1(8) > Css V2 — Co8¥+2, hence,

4 ¥+l
I(6+4+¢)>1()+Cs N-I—Z SN e

)t (14 (L 42)E) v o|sh
—l= — - e.
N 0 N 5 2
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Now if ¢ < %8 and

Cs N/4
§<| ——FF—— ,
44 6Cy+ C,

the last term in the expression above will be less than 2C g4 has ¢, and thus, the right
side in (2.11) follows with ¢; =  Cs.
The upper bound on 7(§ + ¢) follows similarly from Step 1 and Lemma 2.9,

obtaining the left side in (2.11) with €1 = 2Cs (4 +2). 0
We next prove Proposition 2.7.

Proof. Without loss of generality, we can assume 0 < o < .

Step 1. We first show that there exists a large constant C3z > 0 such that the conclu-
sion of the proposition holds if

C3p7H <o < B. (2.13)

By Lemma 2.9,

I@+1(B) = Csal*2 4 Cspi+2 1 2CopH+2,
F+1
and Cg <a2 +ﬁ2>N <] <\/m> +2Co,3%+2.

There is a constant x > 0 such that 1 —l—x%+l +renyx < (1 —i—x)%Jrl for x € [0, 1].

4 4 4 241 . .
As a consequence, a¥ t2 + BN T2 4 iy BV a? < (a? + )V "1, Combining with
the previous estimates, we get

I(@) + 1(B) + Csky Vo> —4CoBN T2 < 1 (,/oz2 + /32) ,

which yields the announced result if C3 is chosen large in (2.13).

Step 2. We next show that the conclusion of the Proposition still holds if

£+1
0<a <G, (2.14)
where C3 is the constant defined in Step 1. Choosing 6o small enough, § < &g and
(2.14) imply
2
o p
_ < 2 2_B8< .
25 = ac+p=—B < 2

By Lemma 2.11, with § = B and ¢ = /a2 + B2 — B,

1021 (o +7) =gt (o e 72— p) =1 ({1 p2) bt



438 THOMAS DUYCKAERTS, FRANK MERLE AND SVETLANA ROUDENKO

Combining with Lemma 2.9 we get, taking a smaller §y if necessary,
He)+ 1) =1 (W) - %ﬂ%oﬂ +2Csan T2
4 4 8 0
<1 2 2 283 (2c.cV grr — €L ’
= (m) +a°p sCy B ;

which shows that the conclusion of the proposition holds also in this case, provided
8o > 0 is small enough. O

2.3. Proof of the existence of the maximizer
Let us show Proposition 2.1. We will prove the following more general result:
Proposition 2.12. Assume that there exists a constant A > 0 such that

i. Scattering: for all f € L? such that Ifll;2 < A, the solution u of (1.1) with
initial condition f is globally defined and

§< A= I1(5) < oo.
ii. Superadditivity: if0 < \/a? + B2 = A, and a, B > 0, then
Ia)+1(B) <I(A).

Then there exists a solution u 4 of (1.1) with initial condition fo € L* such that

1 fall2 = A, // AP = 1(A),

In view of the small data global well-posedness theory and Proposition 2.7, Propo-
sition 2.12 implies Proposition 2.1. Let us prove Proposition 2.12.
Let {u, }, be a sequence of solutions to (1.1) with initial data f;, such that

— ; F+2 _
I fullp2myy = A, nlggo .//;&N lun |V = I(A).

We will show that there exist a subsequence of {u,}, and a sequence {I",;},, of trans-
formations such that {I",, (u,,)},, converges strongly in L2. Consider, after extraction,
a profile decomposition of the sequence { f; },:

J . .
fn =;Fé (Uj)n:oJ“h'{' (2.15)

It is sufficient to show that U/ = 0 except for one j and that lim,,_, o ||h,{ l;2 =0,
which we will do in two steps.
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Step 1: no dichotomy. First assume that there are at least two nonzero profiles, say
U' # 0and U? # 0. Let V! be the nonlinear profiles associated to {U, t,%} and
V, the solution of (1.1) given by

v, =Tl
Let W, be the sequence of solutions to (1.1) with initial condition
Wi (0) = fu — Va(0).

Letr, = u, — V,, — W,. By assumption (2.12), all the nonlinear profiles VJ scatter.
Thus, one can use Corollary 2.5, showing

lim sup [Ir, ()] > = 0.
n— oo ZER

Furthermore, (see (2.5) and Remark 2.6)

/|fn|2 = /|Vn(0)|2+/|wn<0)|2+on(1) (2.16)

/fm,ﬁ“ _ /f|vn|%+2+ff|wn|%+2+on<1). 2.17)

Lete = ||U1(0)||L2. Then for all n, ¢ = ||V,(0)] ;2. By (2.16),
IWa (017, = A% — & + 04 ().

By our assumptions, ¢ > 0 (otherwise, U I would be zero) and A2 — 2 > 0
(otherwise, U? would be zero). Using that [[ |14,,|%Jr2 tends to 1 (A) as n — 00,
and that by Lemma 2.2, lim sup,, | |Wn|%+2 < I(v/A? —£2), we get by (2.17)

1(A) < 1(8)+I(\/A2—82). (2.18)

This contradicts assumption (2.12), concluding Step 1.

Step 2: non vanishing and the end of the proof. There must be one nonzero profile

in (2.15). If not, then
lim // | V2 = 0,
n—oo

showing that /(A) = 0, a contradiction. It remains to show that the remainder
hy, = h! in (2.15) tends to 0 in L?. Denote by

e = lim Ayl 2,
n—oo

then, using again Lemma 2.2, we get 1(A) < I(v/ A% — %), which shows by as-
sumption (2.12) that & = 0.



440 THOMAS DUYCKAERTS, FRANK MERLE AND SVETLANA ROUDENKO

Denoting by U ! the only nonzero profile in (2.15), we have shown that (F,ll)_1 (uy)
tends to U! in L2, and therefore,

4
U2 = A, f|U1|N+2=1<A),

concluding the proof of the proposition. O

3. Estimate of the maximum of the Strichartz norm

In the remainder of the paper, we restrict ourselves to 1D and 2D. In this section
we prove the second part of Theorem 1.1:

Proposition 3.1. Assume that N = 1or N = 2. Then as § — 0,

&= // jus PV = Cs87 4y Dys 40 (575,

1 2k 1 4
where Dy = Z LN 0.0867 and D> = — In ~ ~ 0.0458.
k 9K (k!)2 27 3

Before proving Proposition 3.1, we define the quadratic form associated to the

maximum of the Strichartz estimate that appears in Theorem 1.5. By Theorem A,
if G is the Gaussian solution defined by (1.6) and ¢ € L?, then

5 A 2R
Cg (/|G0+§0|2> —//’G—FelfA@’ > 0.

Expanding the above inequality and using that G is a maximizer, we obtain that the
linear part vanishes, i.e.,

2 s=itA
Vo € L-, CSRe/G()(p:Re/ IGINGe'2%gp. (3.1)
The expansion at second order in ¢ yields

1+2 Lo4d
Cs </|Go+<p|2> —//‘GJF@’Z%‘ " =0 +0(lel). 62

where Q is a (real) nonnegative symmetric quadratic form on L? defined by
N+2 [ 5 4N+2) ?
0(¢p) = Cs [—N [rop+ 252 <Re/ Gow)
N +2)2
_ + ) / G|

2(N—|—2) / |G|__2G )

Lt 2
617%’ (3.3)
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By the transformations of the linear equation (respectively, multiplication by a real
number, phase shift, space translation, Galilean invariance, scaling and time trans-
lation), we have

Q(Go) = Q(iGo) = Q(xGo) = Q(ixGo) = Q(x*Go) = Q(ix*Go) =0, (3.4)
if N =1and

0(Go) = Q(iGo) = Q(x;Go) = Q(ix;Go) = Q(Ix[?Go) = Q(i[x[*Go) =0, (3.5)
(where j = 1,2) if N = 2. Theorem 1.5, which will be proved in Section 5 states
that Q is positive definite in the subspace of functions in L? that are orthogonal to

the directions in (3.4) or (3.5). This non-degeneracy property is crucial in the proof
of Proposition 3.1, which is divided in two parts.

3.1. Choice of the maximizer

We first give a corollary to the linear profile decomposition that will be needed in
the proof. Recall from (1.6) the definition of the normalized Gaussian G .

Lemma 3.2. Let { f,,},, be a sequence in L*>(RN) such that

lim || fullp2 = 1, (3.6)
n—oo

lim /[
n—oo

Then there exist a subsequence of { f,}, (still denoted by { f,},), a phase 6y and a
sequence {I',},, of transformations of the form (2.2) such that

and

y 42
e’fAfn‘N di dx = Cg. 3.7)

im H fr — €%, (G)

n—oo

2= 0, (3.8)

where G is the normalized Gaussian solution defined in (1.6).

Proof. This is an application of Lemma 2.3 and the uniqueness result of Foschi [11].
After extraction of a subsequence, the sequence { f,,},, admits a profile decom-
position of the form (2.4). At least one of the profiles is nonzero. Indeed, if it was
‘e’%A Jn| 4, would tend to 0, a contradiction with (3.7). Reordering
LN
the profiles, we may assume that U! # 0. By the Pythagorean expansion (2.6) and
by (3.7)

Cs + 0n(1) = // (ei%Afnﬁ” dtdx < Cs (HU“

not the case,

4
2

1
+ Hwn

2
% ) Fou(D.
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Using that by (2.5), w,ll H; =1- || U! Hiz + 0, (1), we obtain from the previous

expression that
2\ ¥H+2 )\ w2
1§<HU1 > +<1—HUl > ,
L? L?

which shows that ||U|| 12 = 1 (we already excluded the case |U | 12 = 0), and by
(2.5) again

lim || f, — CL@H0)] 2 = 0.
n—oo

By our assumptions on f,, we obtain, passing to the limit, that ||U'(0)]| 2 =1
4
42 .

and U Nj+z = Cg, which shows by Theorem A that U!'(0) = Gg up to the
LN

symmetries of the equation (i.e., the transformations of the form (2.2) and the mul-

tiplication by a phase ¢!%), which completes the proof. O

Proposition 3.3. There exists 8o > 0 such that if {uj},_,_ .

mizers, i.e. uy satisfies (2.1), then for all 5 € (0, 8o) there exists a transformation
us of us such that fs = us(0, x) satisfies:

is a family of maxi-

.«
fs =asGo+ ¢s, lim LA 1,
§—0t &

with s satisfying the orthogonality properties (1.9) and

V8 € (0.80). sl < C8VFR (3.9)

By “transformation” we mean a symmetry of (1.1) which is a combination of trans-
formations of the form (1.4) and (1.5).
Remark 3.4. We will later improve the estimates on ¢s and «s and obtain (see
(3.22), (3.24)):

V5 € (0,80, llgsll2 < C8N and Jas — 8] < C8'FW.

Proof. The proof is divided into three steps.
Step 1. Closeness to Go. In this step we show that if § is small enough, there exists
a transformation vs of uj which satisfies the maximizer equations (2.1) and

;in(l)éflugg —0Goll;2 =0, where gs(x)=vs5(0,x). (3.10)

Arguing by contradiction, we see that it is sufficient to show that for any sequence
dn, — 0 there exists (after extraction of a subsequence) a sequence of solutions
{v(gn }n that are obtained as transformations of u}‘n and satisfy (3.10).
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By Claim 2.10 and Lemma 2.9, there exists a constant C > 0 such that

.t 4
’// |elef;|2+% didx — Cs8."

By Lemma 3.2, we obtain after extraction of subsequences that there exist §p € R
and a sequence of transformations {I",;} such that

8

<otV

Tim 8! Hf5 — 8,0, (G) 0‘ =0 3.11)
Note that, by (1.6),
N
Tn(G) e 0 = 02 VG (1, pux + ) = o et gl

AN + ity

PnX+Xp

1+

And thus, by the change of variable y =

. 2
|5, = 8,6, (G o] I

y b |2
B irn+i¢+i7«/1+’yv2y—%«.§n (L4+)* o (V1+2y —x,\ Spe” 2 J
= e n 7 fS,, — 7 v,
0,2 Pn T
N
. / 2
where ¢'™ = ( Hl:tt > . Consider the solution wg, of (1.1) with initial condition
Yoww 2\ 4 7
. . 1+rn_v—xn_ 1 +t _ 1 +t —x
hs,(x) =TT ( ﬂn) £s, ( ;y n) ,
o "
. . o« e, o nM .
and the solutlon vs, of (1.1) with initial condition g5, = ' i 2" hgs,. Then ws, is

an image of u} 3 by phase, scaling, space translation and Galilean transformation
(see (1.4)). Furthermore vs, 1s obtained from ws, with a combination of pseudo-
conformal transformation and time translation. Namely:

(t, x) w'” i |tx+|}1) ! n
vs, (t, x) = ————5 €2t D s | ——r, .
" (2t + 1,)N/? L+ t,t" 12t + 1,

. . 4
All these transformations preserve the L2 norm and the global space-time L%

norm, which shows that
442
|2 = bu, // |vs, |7 = 1(80).

| &5,
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By (3.11),

1
lim — ||88n - 3nG0”L2 =0,

n—o0 §,
concluding the first step.

Step 2. Orthogonality conditions. We next show that the statement of the proposi-
tion holds if (3.9) is replaced by the weaker condition

Slin%a—l l@sll 2 = 0. (3.12)

For this we must show that there exists a transformation us of vs such that ¢g satis-
fies the orthogonality conditions (1.9). Consider the unit ball

B2(Go, ) = {f € L% I/ = Goll» < 1],
and define, for small § > 0, a differentiable mapping
CD(SZ]RX(0,—|—OO)XRXRNXRNXBLZ(G(),D—)RXRXRNXRNXR

as follows. If ) € R, Ty € (0, +00) x R x RN x RN, f € B;2(Gy, 1), it is the
solution of (1.1) with initial condition § f and

. , U
Us(x) = 8Go — '™ (it3) ;10 = 8Go — '™ py ™ iis (10, pox + x0) .

then ®5(6, Iy, f) = (P}, @2, @3, dF, ?) is defined by
L1 , 1 s N 3 1
CD(S:EIm Us G, Q)(S:gRe Us (|x] -5 Go, <D5=gIm Usx Go,

c1>4—1Re Usx G CDS—lIm U, |x|2—ﬁ G
=5 sx Go, 5= 3 ) > 0-

Denote by I';; = (1,0,0,0) the identical transformation. Note that ®5(0, [';4, Go) =
0. Then:

Claim 3.5. For small 8, there exist (6, I') close to (0, I';4) such that

1
D <95, I's, gga) =0,

where g; is the initial condition of the maximizer vs defined in Step 1.

We refer to Appendix A for the proof of Claim 3.5 which is based on a standard
application of the implicit function theorem.
Let us be the solution of (1.1) with initial condition

fs = €'Ts (v5) 1= -
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Then by (3.10),
Jlim 5~ I fs — 8Goll;2 = 0. (3.13)
— 00

4
Furthermore, from the invariance of the L? and L,Z,J;N norms by the transformations
of the equation, u; satisfies the maximizer equations (2.1).
The fact that ®; (65, I's, §~'gs) = 0 means that f; satisfies the orthogonality
conditions

Im/ (fs —3Go) Go =0, /(fa —38Go)x Gy =0, (3.14)
» N
/ (fs —3Go) (IXI - ?) Go = 0. (3.15)

Letas = Re [ f5Go and g5 = f5 — asGo, so that Re [ ¢sGo = 0. By (3.14) and
(3.15), @5 satisfies the orthogonality conditions (1.9). By (3.13), lims_,g s /8 = 1,
which concludes Step 2.

Step 3. Proof of the estimate (3.9). In this step we conclude the proof of Proposition
3.3 using the coercivity of Q (Theorem 1.5). To simplify notations, we will omit
the index & and write u, f, ¢ and « instead of us, fs, ¢s and «s. All estimates stated
hold for small § > 0.

By Claim 2.10,

. 244
V |M|2+%dtdx—//‘e’7Afdtdx’ N

4 .t
< Cal-‘rﬁ Hu _eliAf

8
b4 < C8¥TW.
LN
1x

Recalling that é f = Golx)+ é(p and using the expansion of the Strichartz norm,
we obtain

// N drdx = o>t //
43 4 1
~ Cs ( [ s dx) i <&¢>

1
+a* V0 (—3 ||<p||22) +0 (s7%)
o

= Cs8™ ¥ —a¥ 0 () + O (¥ g}, ) + O (8747).

245

il
A f T drdx+ O (32+%)
o

Using that u satisfies (2.1), we get

// Ul drdx = 1(3) = Cs6* ¥ + 0 (8777 ),
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and thus,
a%Q((p):O<a%*1||<p||iz)+0<32+%) ( ¥l ”‘p““>+0(52+§3).

By Theorem 1.5, ||(p||

< 0 (¢), and thus, using that L 2 lell2—>0asé — 0,

L2 ~
4 3
aVligl2, = O (577 ),
which shows (3.9). O

3.2. Proof of the estimate on the maximum

The idea of the proof of Proposition 3.1 is to compare I (§) with the L*¥ norm of
Hj, the solution to the nonlinear equation (1.1) with the Gaussian initial data §Gy.

‘We have
/f us )TN d dx = 1(5) > // |Hs|>*V dit dox.

The global L2V of H;s may be estimated as follows:

Lemma 3.6. Let

3 G [
Dy=—(2+— Im//lG(t)|NG(t)/
N 0

Then for small § > 0,

32 (GOING() dsdrdx. (3.16)

//|H,;|2+% dtdx = 8% 7 //|G|2+% dt dx+y Dys* N +O (52+%). (3.17)

The exact value of the constant Dy will be computed in Appendix B (dimension 1)
and Appendix C (dimension 2).

Proof of Lemma 3.6. Since G is the linear evolution of G, we have

. ! U= A 4
Hs =36G +iy e' 2 Z|Hs(s)|¥ Hs(s)ds.
0
We approximate Hs by vs:

4
vs(t. x) =8 (G(t, X) + y8Vr(, x)) ,

t
r(t,x):i/ e
0

where

A 4
IG($)|ING(s)ds, (3.18)
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in other words, vs solves

1
005 + 5 Avs + ySVHIGING =0, 030, x) = 8Go(x),

and r solves

1
i+ 3 Ar + IGING =0, r(0,x)=0.

Since by Claim 2.10

4 4 4
| 1517y — 671161V G|

2(N+2)
TNHE
Lt.x

+ 2+

4 4
<Cl|Hs— 3G||L2+% <||H3||N + 118G
rx x Ll,x

> < csnt,

=
2|
2|

by Strichartz estimates, we have

1+%
| Hs — vaIILH% <C§7W,

1,x

and thus,

‘/ | Hs| > dzdx—//|v5|2+% dt dx

which is exactly the power of higher order terms in (3.17). It remains to estimate
4 . . .
[ lvs|**¥ . Note that if A and B are functions of space and time,

fweor
=//IA|2+%+<2+%)Re/f|A|%A§+O (//|A|%|B|2+|B|2+%>.
By (3.19) and the definition of vs we get,
/f s |2 di dx = 82+ // \GI>7 di dx
+ 82w <2+ %) Re// \GIN Grdt dx +O(52+5v—2),

which concludes the proof of Lemma 3.6 in view of the definition (3.16) of Dy. [

1+

12
L2 S 62+N7

S IHs—vsll .4 18Goll
Lt,x

(3.19)
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We next prove Proposition 3.1. Let us, fs, ¢s and «s be as in Proposition 3.3. We
have

.t o

us = €' 2% (asGo + 95) +iJ// e
0

A

A (|u,;(s)|%u5(s)) ds . (3.20)

B

By (3.9) and Strichartz estimate (1.3),

|

Expanding the B term in (3.20) and applying Strichartz estimates again to bound

i LA 1+2
220s| 2ra = Cligsllp2 = C8TR.

e %‘

. . . 244
the terms in @5, we get (the O’s are estimated in the space L; , V).

t -(t—s)A 4
Bziyf T8 (us() Vs (s)) ds
0
! (E=9) A iS5 A % i SA 1+3
=iy/ o U%G(S)+e’7 0" (G +e's wa)}dS+(9(8 )
0
4 s
=iya§+N/ oA <|G(s)|% G(s))ds+(9(5%||¢5||Lz+8‘+%).
0

And thus, by (3.19) and (3.20),

244 iLA 2+%
//|u5| +i dtdx:// ‘a(sG-i-e’Z m) dit dx
4 2+ 4— Fia=s) A 4 (3.21)
—(2+5)ves Timf [lGOIRGW) [ & (lG(s)lNG(s))dsdtdx :
0
+O (51+%||¢5||L2) +0 (a”%) .

By the equation (3.2)

. 243
// |O{(gG+el%A(05‘ Y dtdx

244 1
= aj N[Cs Go+ —os

os

244 1 1
-0 (-(ﬁa) +O = lesl, ) |-
L2 s a(‘s

By (3.9) and (3.21), using that

4
lesGo+ 9512, = 8% = o + g2, =} + O (277), (3.22)
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we get, in view of the definition (3.16) of Dy,
// |u5|2+% dt dx
(3.23)
24h_ N 245 1+4 2412
=Cs8™ ¥ — oY Q(gs)+y Dya ¥+ O (817 llgslly2) + O (8747).
By Lemma 3.6,
// lus| >tV dt dx > Cs8*FN + y Dys*HN + O (5”%) .
Combining with (3.23), we get
4 8
Cs87 N —aff 0(@s) + v Dya ¥ + O F) +0 (8 ligsl 2
> Cg82TN + yDys*Hw.

Using that by (3.22)

8
8 2w
§TN —

— (’)(52+1W2>,

this simplifies to
¥ 2412 1+%
o Q) = O (877 + O (6" N sl 2 )

Let X = |lgs]| L25_1_%. By the preceding estimate and Theorem 1.5, there exists a
constant C > 0 independent of § such that X?> < C(1 4 X). This implies that X is
bounded independently of §, i.e.

4
lgsll 2 = O (81+W) . (3.24)

By (3.23) again,
1) = / / lus| 2TV = Cg82TN + yDys*N + O (52+%) . (3.25)

The proof is complete, except for the computation of Dy which is given in appen-
dices B and C. Note that as announced in Remark 3.4, the estimate (3.24) improves
the preceding estimate (3.9) on @s. O
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4. Uniqueness
In this section we show the uniqueness part of Theorem 1.1. We assume again
N € {1,2}.

By Proposition 2.1, there exists, for small § > 0, a maximizer for /(3), i.e. a
solution ug of (1.1) such that

1 fsll 2 =9, // Jus ¥ = 1(5) (4.1)

(as usual fs5(x) = us(0, x)). By Proposition 3.3 and Remark 3.4, assuming again
that § is small, any maximizer for 7 (§) satisfies, after transformation, the following
properties:

fs = asGo + @s, 4.2)

where @5 € L>(RV) and a5 > 0 are such that
/(pGO=/(p|x|2GO=O, /QO)CGOZORN, 4.3)
lesll2 < CSH%, as >0 and |os— 6| < csltv. (4.4)

We must show that if C > 0, there exists 69 > 0 such that if § € (0, §y), there is at
most one solution us of (1.1) satisfying (4.1), (4.2), (4.3) and (4.4).

Let us fix a small § > 0 and a maximizer u; satisfying (4.1), (4.2), (4.3)
and (4.4). The strategy of the proof is to expand [ |U|2+%, where v is a solution

of (1.1) which is close to us. In Section 4.1 we expand v and f |v|2+% at first
order, in Section 4.2 we obtain a second order expansion involving the quadratic
form Q. Assuming that v is another maximizer, the conclusion will follow from
Theorem 1.5.

4.1. Linearization

24+ 24+
Lemma 4.1. There exists a linear operator L : L,:N — L[:N such that
244 4
VheL, ", I(Ls=Dhl , 2 <CSV|A| ,, 4, (4.5)
Ll ’CN LZ.XN

with the following property: if v is a solution of (1.1) with the initial condition
fs + ¥, where
¥l <8, (4.6)

then

[o—us = Ls (¢32v)| Loy = COV MWL 47

=S

2+
Lt‘x
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Proof. Let w = v — ug. Then by Lemma 2.2,
lwll , 4 < CllYliL2. (4.8)
LI,X v
Writing Duhamel’s formula for us and v = us + w, we get

t t—s 4 4
w=5%¢+ﬂaéeﬂﬂAQMGFHMQWWNﬂ+wGD—Wﬂﬂwwﬁﬂﬁ-

Expanding |us(s) + w(s)| N (us(s) + w(s)), one can write the preceding equality as

w = ey + Lyw + Ry(w), (49)
, ~ 244 245 .
where the linear operator Ls : L, " — L, " satisfies
~ 4
ILsw]| 5,4 < COV |lwll ,, 4, (4.10)
Lt,xN Lt,xN
and ﬁ:s satisfies
~ 4_ 1+4
| Rsw)|| < (87 w2, 4 +lwl 7Y ). (4.11)
Lt,xN Lt.xN

Letting for small §
~\ -1
Ls=(1-Ls)

we obtain by (4.10) that Ls satisfies (4.5). The estimate (4.7) follows from (4.6),
(4.8), (4.9) and (4.11). O

Lemma 4.2. Let Ls be as in Lemma 4.1. Then for small § > 0,

Re// jus Vs Ls (€329 ) = s Refﬁw, (4.12)

where s > 0, which depends only on us, satisfies

‘M—csa% < Csh. (4.13)

Proof. Indeed, by definition

1) = max// |v|2+%

(4.14)
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where the maximum is taken over all solutions v of (1.1) with initial condition
fs + ¥, such that f | fs + ¥|*> = 82. For such a solution v, write, as in the proof of
Lemma 4.1, v = us + w. Then

[[ 1t = [[ s+ wptd
24 4 4_ 4 2
= [[ sl + (24 5 ) Re [ [ st Vw0 (671w )
2+i 4 4__ iLA
= [ [ sl ¥ + (24 < ) Re [ [ sl VL (¢32y)
4
+0 (s 1¥3)
The existence of us then follows from the Lagrange multiplier equation for the
maximizing problem (4.14).
We next estimate ws. By (4.2) and (4.4)
f5=8Go+ O (5”%) in L2,
Thus by Claim 2.10,
4
us :5G+O(al+%) in L, £V 4.15)
As a consequence, we obtain (assuming |[{ ;2 < 5)
Re/f \us| ViisLs (ei%A¢> = Re // lus| Viis ¢ 20y + O (51+%||1/,||L2>
=5l Re// IGING el 22y + O (5“% ||¢||L2) .
On the other hand,
- 1+ 1+3
Re [ Fywr=Re [ asGour+0 (57 F1wlz) =sRe [ Gov+0 (57 1w2).
Combining with (4.12), we get
4 4 — .t 8 4
5144 Re [ [1617Gel 8y =5y Re [ Go +O (3" 1wl + st H 1113).
By (3.1),
4 4 8
Cgs!tm Re/ Goyr = Suus Re/ Goy + O <u581+ﬁ 1]z + 8N ||1/I||L2) .

This holds for all small ¥ € L?, yielding (4.13). O
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4.2. Second order expansion

Lemma 4.3. Let v be a solution of (1.1) with initial condition fs+ ¥, and assume
/Ifs +y?=5%
Then
//|v|2+% —1(8)—8¥ QW HO (a%uwniz Ny, + ||1/,||2Lj3) . (4.16)
Proof. Using that [ | fs5|*> = §2, we get

/|1/,|2 = _2Refﬁw, 4.17)

and thus by (4.2) and (4.4),

Re/ Goyr

. 4 . .
Expanding |us + w|>* ¥ at second order in w, we obtain

//|v|2+% =//|ua+w|2+%
4
=/f|us|2+% + <2+ﬁ> Re//lusl%ﬁsw
2\? 4 2 2 4
+ (1+ ﬁ) //Iuglﬁlwlz—i-ﬁ <1+N) Re// lus| N 2wz w?

4 4
+O (55 yI3,) + 0 (nwui?) .

2

8
52 <C (M“pruiz + wniz). (4.18)

By Lemma 4.1, Lemma 4.2 and (4.17),
Re [ usitmw = Re [[ sl ¥mLs (¢529) + 0 (s¥ 1)
=us [ Tow+0(sh1viE,)
=2 [ e+ o (shivie.)

Cs 2 8
—-S5sh [+ o (shiviR,).



454 THOMAS DUYCKAERTS, FRANK MERLE AND SVETLANA ROUDENKO

By (4.15), then Lemma 4.1,

4
[[ st e =5t [ [ 161 0r + 0 (s¥1vi2.)
st [[ 161t
and similarly

_ .y 2
Re//|u5|%—2ﬁ§w2=5% Re/ IGI¥2G" (elwa) +0(5%||x/f||iz).

Combining the preceding estimates, we obtain

4 4 N+2 4
//|v|2+w =/ lus|** N —Cs( )8~f|w|
(142 233/ GIV [/
N e
2 2 _ . 2
(st ot ey

4 2+ 4
+0 (M W12, + 87 i, + ||¢||L2N> :

2\4>

||
2\#

e y[ 40 (W)

which yields (4.16) in view of (4.18) and the definition (3.3) of Q. ]

We can now conclude the proof of the uniqueness of the maximizer. Assume that
8 > 0 is small and consider a solution is of (1.1) with initial condition f5 =
asGo + ¢s. Assume that iig, f5, ¢s and @ also satisfy (4.1), (4.2), (4.3) and (4.4).
We must show that s = us. Let

V= (as — as)Go + @s — ¢s.

By (4.4), ¥z < Cé%H. By Lemma 4.3 with v = ug,
244 4 3 245
1®) = [ [ PP ¥ =16) =87 Q) +O (s¥ w12, + 85 1yl + vl ") .
and thus,
4 8 4_ 244 8
6NQ<¢)5C<8~W||§2+6N ‘||x/f||iz+||w||L2N)scawuvfniz. (4.19)

Since Gy is in the kernel of Q, Q(¥) = Q(¢s — ¢s). Using that ¢s and @s satisfy
the orthogonality conditions (1.9), we deduce from Theorem 1.5:

cllgs — @slI> < Q). (4.20)
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Using that
o + f lps|* = 8> = &; + / G517

we obtain, in view of (4.4),

5‘3_“3 1 2 ~ 12 4 ~
loes — a5 = o 1 ds 53 lps|= — [ l@sl”| < CSN |lgs — @sll 2,

and thus for small §,
112, = @s — as)® + llgs — @172 < 2llos — Gsll3 2. (4.21)

Combining (4.19), (4.20) and (4.21), we get

2 2 3 2
SN[Yl2 = CON YL,
a contradiction if § > 0 is small and ¢ # 0. Thus, v = 0 and us = ugs, which
completes the proof.

5. Coercivity of the quadratic form

In this section we show Theorem 1.5.
Let F be the N + 2-dimensional space of the null directions for Q that are
generated by the continuous symmetries of the linear Schrédinger equation:

F = spanc(Go, x,; Gy, |x[*Go}

(j=1orj=1,2in dimension 1 and 2 respectively).
‘We must show that there exists a constant ¢ > 0 such that

g € Fr = 0(p) = cllol7..

It turns out that F' is generated by eigenfunctions for the harmonic oscillator defined
in Section 5.1.1. Indeed, in dimension 1, F is spanned by hg, i1 and /7 and in
dimension 2 by hqg, 110, ho1 and hyg + ho3.

The outline of this section is as follows. In Section 5.1 we recall some proper-
ties of the harmonic oscillator H = —A + |x|? and of a lens transform that will be
used in the proof. In Section 5.2 we show that the proof of Theorem 1.5 reduces to
the proof that Q(¢) > 0 for any eigenfunction ¢ of the harmonic oscillator H that
is orthogonal to F. In Section 5.3 and Section 5.4 we treat the reduced problem in
1D and 2D respectively by estimating the values taken by the quadratic form on
the eigenfunctions of H.
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5.1. Preliminaries
5.1.1. Harmonic oscillator

Consider the linear Schrodinger equation with the harmonic potential:

1
iaru—EHu:O, (r,y) e R x RV, 5.1
where H = —A + |y|%.

In what follows we briefly recall spectral property of . We refer to [5] and refer-
ences therein for more details.

We first review the spectral properties of H in one space dimension. The spec-
trum of H consists of positive eigenvalues A, = 2n + 1, n = 0, 1, ..., and the
corresponding eigenfunctions are

ha(y) = (D" ey 230, ¢y = (5.2)

1
Vnlon/2’

2 = /7. Equivalently, these are

here the coefficients ¢, are chosen so that ||/, || 12(®)

the Hermite functions H ()
ny efy2/2’
n

/2" n!

with H,(y) being the n'" Hermite polynomial:

hn(y) = (5-3)

Ho(y) = (—=D)" & 8l (e™).

Thus, Ho(y) = 1, Hi(y) =2y, Ha(y) = 4y> — 2, H3(y) = 8y — 12y, Hy(y) =
16y* — 48y? + 12, etc. These eigenfunctions are orthogonal

/th(y) hi(y)dy = H;(y) Hi(y) e dy =/ djk, (5.4)

\/ 2 Y, 2 < /

In the 2D set up, y = (y1, y2) € R?, the spectrum of 7 consists as well of a
discrete set of positive eigenvalues {), },en and, for n € N, one has

Ay =2n+2.

To each eigenvalue A, there corresponds a set of eigenfunctions 4 j;(y) with the
property that j + k = n and hjx(y) = hj(y1)hi(y2), where the h,’s are the one-

dimensional eigenfunctions. For example, hoo(y) = e~ * is the only eigenfunction
corresponding to the smallest eigenvalue Ao = 2. For A; = 4, the eigenfunctions
are

hio(y) = V2y1e P2 and hoi(y) = V2y2e P2,
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for A, = 6, they are
_ w2 _ o2
hao(y) = 27122y — e P12 hga(y) = 27122y5 — 1)e V172
vl2
and A1 (y) = 2y1y2e P12,
5.1.2. The Lens transform

For a function u(zt, x) : I x RN — C, define the lens tmnsform1 Lu of u by

Lu(r, y) =

_ily|? tant
u(tant, )e iyE =,

cosN/2 ¢ coST

The new variables (7, y) are defined by ¢t = tant and x = ﬁ, T e (=%, %), and
thus, Lu : tan=! (1) N(=%,%) xRN — C.If I =R, then Lu : (=3, %)X RN —
C: the lens transform compactifies the time. For more details see for example [4,28]
and reference therein.

If u(z, x) solves (1.1) (for some y € R), then v = Lu(z, y) solves

i
iafv—EHv:—ywﬁv, (5.5)

and vice versa.
The lens transform preserves the initial data (Lu)(0) = u(0), and thus, the
mass of the solution:

[R)(O)][L2 = [lu(O)]| 2.

Furthermore, all Strichartz norms are also preserved, in particular:

Ll 4

N +2
X

= llull 4,

(= /2,7/2)xRN) LN 2 ®xRY)

Example 5.1. Let Gy = ﬁe"x /2, The solution to the linear Schrodinger equa-

tion (1.2) is given by (1.6). The definition of L. shows that the solution el %HGO
of (5.1) is given by

(~}(r, y) = e_i%f e_|y|2/2 = LG)(1,y),

TN/4

which is consistent with the fact that G is an eigenfunction for the eigenvalue
Ao = N of ‘H (in dimension N = 1, 2).

1 We use the name ’lens transform’ as in [28] but it should not be confused with the pseudo-
conformal inversion (1.5) of Talanov which is sometimes also called the lens transform.
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For later use we note that using the invariance of the initial condition and the

4 . .-
Lv*2 norm by the lens transform L, we can rewrite the definition (3.3) of the
quadratic form as

N+2 4(N +2 2
Q(p) = Cs {T/m%% (RG/GW) }

N+2)? [z 4
~(N+2) / / N
N2 _% RN

2(N +2 7 4 o \2
—%Re fRN G(g’e’Nt (ef’qua) .

_
2

.7 2
e*’f%‘ (5.6)

5.2. Reduction of the problem

We prove here the following proposition:

Proposition 5.2. Assume that the conclusion of Theorem 1.5 does not hold. Then

there exists an eigenfunction ¢ of 'H, satisfying the orthogonality relations (1.9) and
such that Q(¢p) = 0.

We define
E={pel? Q) =0}
Since Q is a real positive quadratic form, we know that E is a real vector space.
Before proving Proposition 5.2, we need a few preliminary results.

Lemma 5.3. Let {¢,} be a bounded sequence in L? such that
Jim Q(pn) = 0. (5.7
Then there exists a subsequence of {¢,} that converges strongly in L* to an element
of E.
Proof. Assume after extraction,
¢n — ¢ weakly in L?asn — oo.

Write

0(9) = co [ IoF + Bly. . 538)

N+2
N

4(N +2)
Bl ) = Cs o1 (Re / Goqo) (Re / Gow>
(N_|_2)2 4 /gt il AT
O[] o (s )

_ LNN—; 2 RC/R /I‘QN GV (ei%A90> (ei%Ax//).

where cg = Cs and the symmetric bilinear form B is defined by
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We will use the following standard property of the Schrodinger linear flow:
Claim 5.4.

Y, — 0 weakly in L = ei%AV/n — 0 strongly in LIZOC(R x RM).
Indeed, by the local smoothing effect [7, 23, 32], ¢'32 defines a continuous map
from L2(RN) to L2 (R, H/? (]RN)>. Using the equation (1.2), we see that it also

loc
defines a continuous map from L2(RM) to Hli)/f (]RN “). The claim follows from

the local compactness of the embedding of H'/#in L.
Combining Claim 5.4 with the decay of G at infinity, we get

Y, — 0 weakly in L> = B(,,, ¥,) — 0. (5.9)

We will show by contradiction that {¢,} is a Cauchy sequence in L. If not, there
exist sequences of integer {j,}, {k,} that go to oo such that

Vi, gk, —@j,ll2 =& > 0. (5.10)

The weak convergence of {¢,} in L? implies
ok, — ¢j, — 0 weakly in L%, (5.11)
Furthermore, (5.7) and Cauchy-Schwarz inequality (Q is positive) implies
0 < Q(¢), — ¢k, < 2(Q(9j,) + Q(@r,)) — Oasn — oc.
Combining with (5.9) and (5.11) one gets
Jim ), — ¢, ll2 =0,

contradicting (5.10). The proof is complete. O

Lemma 5.5. The space E is a finite dimensional vector space over C.

Proof. The space E is a vector space over R. To show that it is a vector space over
C, it is sufficient to show that it is stable by multiplication by i. Let ¢ € E. Write
¢ =aGo+ ¢, witha = [ ¢Gy, so that

/(Z)Go = 0. (5.12)

The function iaG is in E and E is stable by addition. To show thatigp € E we must
show thatig € E. By (5.6),

8(N +2 2
09) = 0@ — 125 (Re / Go¢>

4(N 42 /2 4 T =\ 2
+ ( + ) Re/ / Géveer <eft§7'l¢> )
N —x/2 JRV
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We know that ¢ € E, so Q(¢) = 0 and it suffices to show:

2
<Ref(;0¢> =0 (5.13)

/2 4 . 2
Re/ / Gy VT (e7375) =0, (5.14)
—m/2 JRN

The first equality follows immediately from (5.12). Let us show the second equality

in the case N = 2. By (5.12), ¢ is orthogonal to the first eigenfunction /oo of H.
Thus, e_’%Hgb is of the form

—iTH ~ —iT(n+n2+1

e '3 = Z Oy iy it(ny+ny )hnlnz(y)v
(n1,m2)eN?
ni+ny>1

where by definition a;,,, = fR2 @) n,(y)dy. It follows from the definition
of hy,,u, that it is even if ny + n3 is even and odd if ny + n3 is odd. Expanding

2
— ]
(e*’ 7Hgo> , We can write

/2 . e, N2 /2 _ .
Re/ /RZ G%ezlr (6_17H§5> = Re/ /H‘Qz G%eQVL’ Ze—ztmgm(y) dy dx,

—n/2 /2 m=>4

where m > 4 and g,, € C* (]RN ) is exponentially decaying. Again, g, is even if
m is even and odd if m is odd. Then (5.14) will follow from

/2 ) .
Re/ / Gi(x)e* e ™™g, (y)dy dt = 0. (5.15)
—/2 JR?

We distinguish two cases. If m is odd, then fRz Go(y)zgm (y)dy = 0 (it is the
integral of an odd function on R2), and (5.15) follows. If m is even, using that m >
4, we get that ffﬁz e?T=iTm gt = 0, which implies also (5.15). This completes
the proof of (5.14) in the case N = 2. To prove (5.14) in the case N = 1 write

e 3Gy = Zane""(”%)hn(y),

n>1

and argue as above. We leave the details to the reader.
It follows immediately from Lemma 5.3 that the unit ball of (E Sl Lz) is
compact, concluding the proof of Lemma 5.5. O

We next prove Proposition 5.2. Let E=FnE. By definition, E is the
subspace of functions ¢ € L? satisfying Q(¢) = 0 and the orthogonality relations
(1.9). By Lemma 5.5 it is a complex, finite dimensional vector space.
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We argue by contradiction, assuming that the conclusion of Theorem 1.5 does
not hold.

Step 1. Existence of a nontrivial null-space for Q. In this step we show that the
negation of Theorem 1.5 implies that E is not reduced to {0}. Indeed, in this case,
there exists a sequence ¢, in L? such that

Vi, @n€ FtandnQ(gn) < llgall2 = 1. (5.16)

By Lemma 5.3, a subsequence of {¢,}, converges strongly in L? to some ¢ € E.
The condition ||@,|l;> = 1 implies that |4/ ||;> = 1 and, in particular, that ¢ 7# 0.
Furthermore, ¢, € F- L for all n and F7 is closed, thus, ¢ € F l, which shows as
announced that dim £ > 1.

Step 2. Stability by the harmonic evolution. In this step we show that E is invariant
10 ~ . .. .
by e 2 for any 79 € R. As E is a complex vector space, it is equivalent to

show that E is invariant by S(tp) = e_i@m. The space F' admits a basis of

eigenfunctions of H, thus F L is stable by S(zp). To prove that E is stable by S(7g),
we rewrite the equation (3.2) using the lens transform of Section 5.1.2

) 1+% /2
(o) [
RN —m/2 JRN

=0+ 0 (lgl.).

_iNz _ilH 2+%
e '"7Got+e "2 (p‘ dydrt

(5.17)

We will show that the two terms in the first line of (5.17) do not change when
replacing ¢ by S(t9)¢, which will imply that

Q(S(r)e) = Q(9). (5.18)

and thus, that £ and E = E N F are stable by S(70)).
By mass conservation

/ |Go + S(t0)¢|* = /
RN RN

.7 2
= [l Go+ o] = [ 160+ 9P
/2
n/2~/RN
/24719
B —7T/2+T()AN

/2
B —n/2 -/]RN

. N7 LT
e Gote 70%'
(5.19)

Similarly,

N1 LT 2-}-i
e "2 Go+ e_’fHS(to)go‘ N

o 244
e (Go+ o) "

. 2+ 4
M Go+ o)
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The last equality is consequence of the following known identity (see e.g. equality
(2.5) in [5]), which can be easily checked by expanding ¢ in the Hilbert basis of L?
given by the eigenfunctions of H:

e T Mp(y) = e INT e T (—y).

This concludes the proof of (5.18).

Step 3. End of the proof. We have shown that e 12 g - strongly continuous

group of operators on the finite dimensional vector space E. As a consequence,

eTiTH = otA for some A € C(E) (see for example [10, Theorem 2.9, page 11]).
Let f € E. Then

et A f
im — = lim ——————— =
7—0 T —0 T

Af.

This shows that f is in the domain of H and that Af = — %’H f. As a consequence,
‘H = 2i A is a continuous linear operator on E. Using that E is finite dimensional,

we deduce that H admits an eigenfunction in E, concluding the proof of Proposi-

tion 5.2. O
From now on we treat each dimension separately.

5.3. 1D case

In this case, the quadratic form is

43 2
0(p) =3 / o> dy + Ti (Re f e 2p(y) dy)

9 3 e 12
_ ;/ /e—2y2 ‘e_lfH(p‘ dydt (5.20)
-2

6 7 . . 2
— ;Re/ /e_zyze” (e_‘TH(p) dydrt.

Recall that &g is the Oth Hermite function (the eigenfunction corresponding to Ao =
1), and e 2Mphy = e75 ¢=%/2. Similarly,

hi(y) = \/Eyeﬂ’z/z > eii%th(y) = \/Eefgi’ yefyz/z,
and

1 T 1 5.
F @D e ) = ey e

h =
2() 7 7
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then it is easy to check that

Q(ho) = Q(iho) = Q(h1) = Q(ih1) = Q(h2) = Q(ih2) =0.

Note that for the rest of 2, j > 3, we have e_i%th = e_i(2<’+1)%hj, and when
computing the quadratic form Q(h;), we obtain that by orthogonality of {/;} the
second term in (5.20) is zero. Integration in ¢ over the full circle makes the fourth
term vanish, therefore producing

_h2
Q(hj) = ~/§/ )1 dy = 9/e 21k ()17 dy.
Since e~ is dominated by e‘yz, we estimate the second term by

L Qi [x
J e miora = 2i ()1 \E

(see [33, Lemma 2.1]). Then, using the following estimate for the central binomial
coefficient

(2m> P A > (5.21)
, m=1, .
m/) = J/3m-+1

3 (2))
O(hj) > «/5(1 _3\/;W)

33
z«/ﬁ(l—ﬁm)>o

for j > 4. Explicit computation shows that

2
Q(h3)=£ for h3(y) =

we obtain

b
V3

(2y* = 3y)e™ 2
and

1
2V6
concluding the proof that Q(h;) > O forall j > 3.

8y/m 4 2 —y2/2
hy) = —— for h = 4 12y% +3)e /2,
O (hs) W 4(y) (4y y )

5.4. 2D case

Recall from Section 5.1.1 the definitions of the basis / j; of eigenfunctions of H.
By definition 4 jx(y) = hj(y1)hi(y2), where {h;};>¢ is the orthogonal system in
L*(R) of eigenfunctions of the 1D harmonic oscillator. The function 4 i corre-
sponds to the eigenvalue A,, withm = j+k,and A,,, = 2m+2 = 2(j + k) +2. For
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a fixed m there are m + 1 independent eigenfunctions hjx = hj;u—j, 0 < j < m,
corresponding to A,,. The space F is exactly

F = spanc {hoo, ho1, h10. hoz + hao}.
By Proposition 5.2, the proof of Theorem 1.5 in 2D is reduced to the following:
Proposition 5.6. Assume that N = 2. Then

Ifa#pory #0, Q(aho+ Bhao+yhi) > 0. (5.22)
m m
Ifm=>3and ) |o;|* #0, then Q (Z ajh,-,m_j) > 0. (5.23)
j=0 j=0

Proof. Let ¢ € L?. By (5.6) with N = 2, we have

2
Q(w)=/2|w|2+2(Re/Go¢)
/2 i 2
_4/ ng‘e—le(p‘ (5.24)
/2 JR?

/2
_2Re/ / G2 121 —127’( ) .
/2 JR?

It is easy to check that Q(hgp) = 0.
Let m > 1. Any eigenfunction of H for the eigenvalue 2m + 2 is of the form

m
¢= ajhjm;. (5.25)
=0

If ¢ is of this form, then the second integral in Q(¢) Vanishes because of the or-
thogonality of the % ;’s and so does the last term, since f 2 e dr = 0 as
m € N\ {0}.
Ly .
Recall that the first eigenfunction for H is hoo(y) = e~ 2 7, Using that Go =

IvI

1 -
—_ v
f , we obtain

0(p) = Blp, 9), B, ¥) = RG/R2 wW—4Re/RZ hop ¥ (5.26)

In particular, if j +k > 1,

0h ) = ( / h§<y1>dy1) < [ 5 dyz)
—4 (/ e h?(yl)dm) </ e 3 (y2) dyz)

( 2H1(2k)! )
=a|l-— ,

PG (j1)2 (k1)?
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where in the last line we used the product of Hermite functions from [33, Lemma
2.1]. As expected we get Q(hg1) = Q(hy9) = 0.
Define

(j + k)
G(j, k)= 2(j+k)_1/2\/ﬁ«/ﬁ (#y
’ for j+k — odd.

for j+k —even,

For a product of two G functions, write
F(m, j, k) =G, k)G(m — j,m — k).
Observe that F' is symmetric, i.e.,
F(m, j,k)=F(@m,k, j)=Fm,m— jm—k)y=F@m,m—k,m— j).

Note as well that
Qhjm—jp)=n (A= F(m,j,j), j#*k=Bhjm—j, himi)=nFm, j k),
and that for o, 8,y € C

1 1 > 1o,

;Q(Othoz +Bhao +yhi) = Jle = BI"+ Syl

which is equal to zero if and only if « = B and y = 0. This shows (5.22).

Let us show (5.23).
We have
1 m
¥ (Z Otjhj,mj)
j=0
m
=l (1= Fm, j. ) =2 |Re > a@F(m, j k)
j=0 Jj<k,
Jj+k—even
m m
> o P = D1 PFon, jo )+ Y (il + laxHF(m, j, k)
j=0 j=0 j<k,
Jj+k—even
m
> P l1= > Fomj b,
j=0 ke[0,m],

j+k—even
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where we used the symmetry of F in the last line. By Cauchy-Schwarz, for any
j € [0, m] we obtain

Flm, j)= Y Fm,jk

kel[0,m],
Jj+k—even
2 (J +0)1@m = (j +K))!
2 .
27 S5, TR — =01 (1551 (m — 4521
Jj+k—even
172
2 ketoml. k m—k
Jj+k—even
1/2
JH+E\/2m—(j+k)
A ()
ke[0,m], 2 2
j+k—even
2
< —IxIIL
4m
By elementary combinatorial arguments (see Appendix D) and (5.21), we estimate
the term I
» 1[/2m+1 2m 1 m+1 2m+2 2m
1< + == +
2 m+1 m 212m+2\m+1 m
_ ! 4m+] L
=2 23m+D+1  Bm+1
" ( 1 1 )
= + .
V3m+4  243m+1
For the term II we use (5.21), then decompose into fractions:
2 < 4™ !
kelo Jj+ ]+k
0 Zi]en\/3( )+1\/3(m )+ 1
4m 1 1 2
I Z ( jt+k + jtk ) )

Jj+k—even

Using the inequality ~/a + b < /a++/b, reindexing the summation and estimating
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the sum we obtain

S ——
25 \VAl+1  Bm-D+1

4m

. 1

m
1
—+ _
Bm 12 ; NS \/3% i X{m—even}

a2 1
< (2 mFl-D414+ ——— yireven ) .
N (3( ) STamg1 "“’“})

where X(m—even) = 1 if m is even, 0 if m is odd. Hence,

1 1
<2
Fm, j) = [(«/3m +4 + 2/3m + 1)

1/2

1 2/3m+ 141 1 /

X + X{m—even} s
V3m+2 3 V1.5m +1

which is less than 1 form > 7. Form = 3, 4, 5, 6 we provide the values of F(m, j)
in Table 5.1 (which are all smaller than 1). ]

m=3| F3,0) | F3,1) | F3,2) | F@3,3)
0.841 0.591 0.591 0.841
m=4| F4,0 | F@4,1)| F@4,2) | F4,3) | F4,4)
0.785 0.5 0.664 0.5 0.785
m=5| FG5,00 | FGS, ) | FG5,2) | FGS,3) | FGS.4) | FG,5)
0.718 0.492 0.573 0.573 0.492 0.718
m==6 || F(6,0) | F(6,1) | F(6,2) | F(6,3) | F(6,4) | F(6,5) | F(6,6)
0.673 0.454 0.563 0.495 0.563 0.454 0.673

Table 5.1. Values of F(m, j) for3 <m < 6.

Appendix
A. Implicit function theorem and orthogonality conditions

In this appendix we prove Claim 3.5. By explicit computation,

VGo=—xGg, AGy= (|)C|2 — N)Go. (A.1)
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The preceding identities imply that at the point (0, I'j4, Go):

Us , oUs N N 2
— = —i6Gy, — =——68Gog—6x-VGop=——486G 1) Gy,
30, i8Go 0 70Go —ox 0 5 0+ 481x|"Go
o0Us . U
—° — —i8xGy, —2% = _VGo = 8xGy,
0&o 0x0
aU;s

i R A 4 i 2 R A 4
8_m=_§8AGO_ly5N 1Go[¥Go = Z8(N = [x[))Go — iyd N T {Gol ¥ Go.

Using the equalities

N N(N +2)
fG%=1, /|x|2G5=3, /|x|“G2=?, (A2)

which follow from the normalization of G and (A.l), we get that the Jacobian

-10 0 0 00 3+0(s)
-10 0 0 3+0(5% 010 000 0
0100 0 00-3 000 0
00-L0 0 , 000 -300 0
000 3 0 000 0350 0
000 0-—5+0(% 000 00% 0

000 0 00-3+0(?

in dimensions N = 1 or 2 respectively. Using that these matrices are invertible, and
that their inverses may be estimated uniformly with respectto § € (0, &p) (8o small),
we deduce from the implicit functions theorem that there exists € > 0 and a constant
C > 0 such that for small §, if || f — Goll;2 < ¢, there exists (65, ps, &5, X5, ts) =
(s, I's) such that

05 + |ps — 11 + |&5] + |xs| + |ts| < CIlf — Goll 2 and ®5(6s, I's, f) = 0.

Applying this to the family {5_1 g5 } s of Step 1 in the proof of Proposition 3.3, we
get as announced that there exists (65, I's) = (05, ps, £, Xs, t5) such that

lim 1651 + 93 — 1]+ |65] + xs] + l15] = 0 and @5 (65, T5, 65 ) = 0.

concluding the proof.
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B. Constant in 1D and the generating function trick

By (3.16),
D; = 6Re f IGO*G(1)r(t) dt dx,

where r is the solution to
. 1 4
i0ir + EAr + |GG =0, r@O,x)=0.

Let L be the lens transform defined in Section 5.1.2. By the change of variable

t=tant,x = 2=, 7 € (—7/2,7/2), we get

/2 o
D) = 6Re/ / ILG|*LG Lr dt dy.
RJ—m/2
By the example at the end of Section 5.1.2, LG = #e"'f/ze_yz/z, and thus,

6 /2 212 it)2
D = —4Ref/ eV 2 T2y dt dy. (B.1)
w3/ RJ_n)2

Denote 7 = Lr. An explicit computation shows that 7 solves

1 1 i
i0:F — ~HF + —e 17e 2" =0, F(0,y) =0.
2 i
By Duhamel’s formula
- l irH T io iO'H 5,2
F(Tt,y)=—5z€¢ ? / e 2e2 (e_fy ) do (B.2)
T / 0

Decompose
_52
e 2Y Zzakhk
k>0

with {hy}’s as in (5.2) or (5.3), and
Hhy = Ache = 2k + 1) hy.

Then the coefficients o ’s are given by

N/_1 /+OO 3 () d (B.3)
ap = 4 k\y)ay. .
T J—00
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Note that for k odd, the eigenfunction /Ay is odd, and thus, the corresponding coeffi-
cient oy = 0. In the end of this appendix we compute the rest of (even) coefficients
using a generating function trick of Wang [33] and obtain

o (1) SO
%= 331

(B.4)

Since 1 5 1 1
e2ioM (e_7y2> = ape2'ho + Zakei(”?)ahk,
k>1
by (B.2) we have

f(r,y>=#e—f%(wo ho(y) =iy 21— —”“>hk<y)). (B.5)
k>1

Substituting 7 back into (B.1), we obtain that the zeroth term from (B.5) vanishes
when integrating in 7, and thus,

D = —Re/f —"(1 — e "V (y)dr dy
% k>1
6 .
= 7R‘“‘/ (1) e [ moay
T2 f>1 -7
=— Z T Nma,
7T2 k>1

where we have used f //2 e T dr = 0 if k is even, and o = O if k is odd. By
(B.4) and keeping only even terms (k = 2j), we have

(062] 2!
Di=—Y —L —_ , B.6
1 ﬂ; ZJ321 (H? 0

and since } ;- % ~ 0.2724, we get

1 2k 1
Dy = Z ot 1 0.2724 ~ 0.0867.
T kOGN

Proof of (B.4). Here we compute coefficients of decomposition of ¢=3% in Her-
mite basis, adapting a method from [33]. Recall the k-th Hermite polynomial Hy
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‘We have
! oy (x) e 3¥d (B.7)
o = ——— r(x) e x. .
VIriz )

Using the generating function representation
5 ) +00 "
e = — H,(x), B.8
;) 5 H (1) (B.8)
we observe that it is equivalent to
vl A IX
2 fx (ﬁ> X e~ —Z H(x)

on the other hand, using (B.8) again on the left side

ST ARSI P
— x) X ——=) " = H,(x).
= JI\V3 K\ 3 — n!
Expanding the product on the left-hand side and identifying the powers of ¢, we get

k
LVACEED (_g) Wl 75 (V)

j+2k=n

1 (— 2)
:(ﬁ)n Z Jlk! (fx>

Jj+2k=n

3x2

Integrating both sides against ™", we obtain

_ 1 (—2)k a2
— | H,x) e 3 dx = § H; (V3 g
/ x)e X = (\/_) A i Jo ( x) e X

- L ¥ (‘Z)kL/H()H()eyzd
T WA, kA ST .

Jj+2k=n
Thus by (5.4)
1 / 32 1 -2k
— | Hi(x)e ™ dx = ——— - V27 180T
n ) " (v/3)n+1 H;:n k! !
0 if nn is odd;
=1 (" m

if nis even, n = 2k.

(ﬁ)Zk—H k!
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Thus,
o0 2k)! (—2)%
/ sz(x) €_3x2 dx = u M’
oo k! (\/§)2k+1
which by (B.7) implies that
~ (2k)!
o = (—DF YO -
3k/3 k!
C. Constant in 2D
Claim C.1.
1 4
Dy=—1In-.
2 3

Proof. Recall from (3.18) the definition of r. By (3.16) we must show

1 4
—In—.

Re/ IG>Grdtdx =
8t 3

We will prove this result by direct computation of the integral, which is essentially
an integral of a Gaussian function (in x) and rational functions (in s and ?).
By (1.6),

i [ 1 ey o P Gois)
r(t,x) = / A2 [ ) ) gs
732 Jo (1 +is)(1 +52)

Noting that

axz
AT (e_alxlz) = ;e_léﬁ, Rea > 0,
(1 + 2ait)N/2
we get
i t 1 _ﬁ 3—is
r(t, x) = 373 / - ) - e 2 1452 4+(s+3i)(t—s) ds'
732 Jo (A +is)(1+ 52+ (s +3i)(t —5))
Let
A=145"4+ (430D —s5)=1+st+3i(t — ),
po (2 1 3-is
2 \1+2 01—t A )
Thus
2= i 4 1 2B
IG’Gr=— e B g,

73 Jo A+ —it)(1+is)A
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Integrating in space we obtain

/ |G| Grdx——/ ,1 - ds
o A+ —i)(1+is)AB

! i
=2 /0 A= +i960 +s0 1510 —sn

By fraction decomposition with respect to the variable s,

(C.1)

Re|: - - : ; j|
(1 —it)(1 +is)(B(1 +st) +5i(t —5))

1 i 5i — 3¢t
=Re — + - .
8(14+1t2) \1+is 3+5it+ (3t —5i)s
_ 1 s 25(t —s) — 9t (1 4 ts)
T 81+ \1 452 91 +15)2+25( — )2

Integrating with respect to the variable s and coming back to (C.1) we get:

_ 1 In(1+17%)+21In3 — In(9 + 25¢2
Re / |G|2Grdx = — nd+17) +2In nO+ )
R2 167'[2 1+l2

Finally, we compute the space-time norm:

OO —_—
/ Re( |G|2Grdx> dt
—00 ]RZ

1 © In(1 4 £2 ©  dr © n(9 + 25¢2
- / Mdt—l—ﬂ?)/ _/ Md[ )
1672\ ) o 14122 wl+2 | o A+

We have
o0 1
—dt =
/oo (1 + tz)

By the change of variable t = tant, 7 € (—m/2, w/2) and the classical formulas

ps

2 b4
f In(cost)dt = ——1In2,
0 2

, a > |bl,

s / 2_b2
/ In(a +bcost)dt =xln <a—|—+)
0

one gets

| 2512 % In (1472
/ M — 6712, / Mdt:%rlnz.
oo (1 412) — (14+1?)
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We leave the details of the computations to the reader. Combining the preceding
equalities, we obtain as announced

0
_ 1
/ Re(/ |G|ZGrdx> dt = —(In4 — In3). O
— 00 R2 8

D. Bound of a sum of binomial coefficients

Letm > 1and j € {0, ..., m}. In this appendix we sketch the proof of the follow-
ing inequality

) <jfk><2m—<jfk)) Sl<2m+l)+l<2m>. .
ke{0,...,m} J m—j 2\ m+1 2\ m

J+k even

Forn € N*, let I, = {1, ..., n}. Let P(Io;,+1) be the set of all subsets of In,,;11.
Define Oy, j C P(lom41) and E,, j C P(Iam41) as follows: a subset of Iy, is
in Oy, ; (respectively, E,, ;) if ithasm + 1 elements a; < ay < ... < @y and if

ajy is odd (respectively, even). Then for fixed j € {0, ..., m},
i +k\ (2m — (j + k) 2m + 1
ousl= > (U, = O]+
ke(Om) N/ m-—1j m+ 1
J+k even

Let us construct a one-to-one map ®; from O, ; to the disjoint union of E,, ;
and the set of m-elements subsets of I,. Let § be a set which is in O, ;, and
ay < ay < ... < apyitsm+ 1 elements. Thenif j > landa; < a;y; — 1, 0r
J =0and a; > 1, we denote by ®;(S) the element of £, ; {a1,...,aj,aj41 —
l,aj42,...,am41} (i.e obtained from S by shifting only the element a4 to the
left). If a; = aj41 — 1, 0or j = 0 and a; = 1, we denote by ®;(S) the subset
{ar,...,aj,aj42,...,ay} of Iy. The mapping ®; is clearly one-to-one: in the
first case one can recover S by shifting the j + 1 element of ®;(S5) to the right. In
the second case, by adding to the set ®;(S) the element b; + 1 (1 if j = 0), where
bj is the jth element of ®;(S). Finally we obtain:

2m 2m + 1 2m
[Om, il < |Em, |+ . < mt 1 — |Om, | + )

which yields (D.1).
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