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Regularity of the singular set for Mumford-Shah minimizers
in R? near a minimal cone

ANTOINE LEMENANT

Abstract. We prove that if (u, K) is a minimizer of the Mumford-Shah func-
tional in an open set 2 of R3 ,and if x € K and r > 0 are such that K is close
enough to a minimal cone of type PP (a plane), Y (three half planes meeting at x
with 120° angles) or T (cone over the 6 edges of a regular tetrahedron centered

at x) in terms of Hausdorff distance in B(x, r), then K is C Lo equivalent to the
minimal cone in B(x, cr) where ¢ < 1 is a universal constant.

Mathematics Subject Classification (2010): 49Q20 (primary); 49Q05 (sec-
ondary).

1. Introduction

The Mumford-Shah functional originally comes from an image-segmentation prob-
lem. If Q2 is an open subset of RZ, for example a rectangle, and g € L*°(R2) is an
image, D. Mumford and J. Shah [15] proposed to define

J(u, K) :=/ |Vu|2dx+/ (u —g)%dx + H'(K) (1.1)
Q\K Q\K

and, to get a segmentation of the image g, to minimize the functional J over all the
admissible pairs (#, K) where K is a closed one-dimensional set and u is regular
outside K. More precisely (1, K) belongs to the set of admissible pairs A defined
by

A={w K K c@ isclosed, ueWZ@K)]. (1.2)
For any solution (#, K') that minimizes J, the function u represents a “smoother”
version of the image g and the set K stands for the edges of the image. One can
easily be intuitively convinced that when being minimized, J tends to detect the
singularities of g, which leads to solve the desired segmentation problem.
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Of course there are no restrictions to define the functional in higher dimen-
sions, simply replacing H' by HV~! in (1.1) when  c R¥. Existence of min-
imizers is now a well-known result (but however nontrivial, see for instance [9])
using SBV theory. As far as the optimal regularity for the singular set K of a mini-
mizer in R? has been investigated, the following conjecture from D. Mumford and
J. Shah is currently still open.

Conjecture 1.1 ([15, Mumford-Shah, 1989]). Let (1#,K) be a reduced minimizer
for the functional J. Then K is the finite union of C'! arcs.

A pair (u, K) € A is called “reduced”, when there exists no pair (i, K)e A
such that K G K and u is an extension of « in le’cz(Q\I? ). Given a pair (1, K) €
A, one can always find a reduced pair (ii, K) € A such that K C K and i is an
extension of u (see [6, Proposition 8.2]). We cannot expect any regularity result
on non-reduced minimizers since we still get a minimizing pair from a minimizer
(u, K) by adding some negligible set to K. In the sequel, we will always assume
(u, K) to be reduced. Some partial results are true for this conjecture. For instance
it is known that K is C!'% almost everywhere (see [1, 3, 5]), which also leads to
further regularity under more assumptions on g ([2, 11]).

Many results about the Mumford-Shah functional are stated in R%. In dimen-
sion 3, lots of proprieties are unknown. The theorem of L. Ambrosio, N. Fusco
and D. Pallara [1] about regularity of minimizers is one of the best regularity re-
sults valid in every dimension N. It says in particular that if K is flat enough in a
ball B, and if the energy there is not too big, then K is a C'** hypersurface in a
slightly smaller ball. The proof of L. Ambrosio, N. Fusco and D. Pallara relies on a
“tilt-estimate” that it does not seem to be possible to generalize to get a similar per-
turbation result close to other geometric configurations different from a hyperplane.

We claim that dimension 3 is a natural step into optimal regularity results in
higher dimension. Indeed, some works on minimal surfaces of soap bubbles-type
in dimension 3 give some indications about what could be the singularities of a
Mumford-Shah minimizer, at least when the energy is small. In particular in the
famous paper of Jean Taylor [16] we can find the description of the three mini-
mal cones in R?. Jean Taylor also proves that any minimal surface is locally C'!
equivalent to one of these cones. So we can think that for the Mumford-Shah mini-
mizers a similar description should hold. We prove in this paper that this is the case
whenever the energy of u is small enough.

Our main theorem is a perturbation result near minimal cones in R3. More
precisely, assume that in a ball the singular set K of a Mumford-Shah minimizer is
very close to a minimal cone in Hausdorff distance; then we prove that K is C Lo
equivalent to this cone in a slightly smaller ball. This is a generalization to the cones
Y and T of what L. Ambrosio, N. Fusco et D. Pallara have done with hyperplanes
in [1]. It is also a generalization in higher dimension of what G. David [6] did in
IR? about the regularity near lines and propellers.

The key ingredient in the proof of our main result is a new way to construct
some competitors using a stopping-time argument on the flatness of K (or closeness
to minimal cones), together with a Whitney-type extension for the function u in the
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region where the set K is geometrically bad. This technique was announced in the
introduction of [14] and appears here like a powerful tool to get thin estimates on
the energy of a minimizer, that lead to regularity.

Now, to be more precise, we start giving some definitions. Let €2 be an open
subset of RV and let A still denote the set of admissible pairs defined in (1.2).

Definition 1.2. Let (#, K) € A and B be a ball such that B C €. A competitor for
the pair (¢, K) in the ball B is a pair (v, L) € A such that

u=v | .
K:L}mQ\B

and in addition such that if x and y are two points in 2\ (B U K) that are separated
by K then they are also separated by L.

The expression “be separated by K means that x and y lie in different con-
nected components of Q\ K.

Definition 1.3. A gauge function 4 is a non-negative and non-decreasing function
on R such that lim;_,¢ h(¢) = 0.

Definition 1.4. Let © be an open subset of R"Y. A Mumford-Shah minimizer with
gauge function 4 is a pair (u, K) € A such that for every ball B C Q and every
competitor (v, L) in B we have

/ |Vu|2dx+HN_1(KﬂB)§/ IVu|?dx + HYN YL n B) +rVN"h(r)
B\K B\L

with r the radius of the ball B.

It is not difficult to prove that a minimizer for the functional J of the begin-
ning of the introduction is a minimizer in the sense of Definition 1.4 with hA(r) =
Cwyll g||gor as gauge function, where C is a dimensional constant (see [6, Proposi-
tion 7.8, page 46]).

Definition 1.5. A global minimizer in R" is a Mumford-Shah minimizer in the
sense of Definition 1.4 with @ = R" and h = 0.

In this paper we will not work on global minimizers but they play an important
role in the study of the Mumford-Shah functional, which is why we introduced the
definition. In dimension 2, only three types of connected sets can give a global
minimizer; K is a line and u is locally constant, K is a propeller (a union of three
half-lines meeting with 120 degrees angles) and u is locally constant as well, and
finally K is a half-line and u is a cracktip, namely C./r sin(6/2) with a proper
constant C. Knowing whether there exist other global minimizers or not would
give a positive answer to the Mumford-Shah conjecture. The main fact is that every
blow-up limit of a Mumford-Shah minimizer is a global minimizer. We do not know
much about global minimizers in dimension greater than 2. See [13] (or [12]) for a
beginning of investigation in R3.

Let us now define the minimal cones that will be used in the next sections. We
define three types of cones. Cones of type 1 are planes in R?, also called IP. Cones
of types 2 and 3 and their spines are defined as in [8] and [14], in the following way.
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Definition 1.6. Define Prop C R? by

Prop = {(x1,x2) : x; >0, x; =0}
U {(xl,xz) 1 x1 20,0 = —x/gxl}
U {(xl,xz) X1 <0,x = x/gxl}.

Then let ¥y = Prop x R C R3. The spine of Yy is the line Lo = {x;] = xp =0}. A
cone of type 2 (or of type Y) is a set ¥ = R(Y) where R is the composition of a
translation and a rotation. The spine of Y is then the line R(Lg). We denote by Y
the set of all cones of type 2.

Definition 1.7. Let A; = (1,0,0), Ay = (—1, 22,0), 43 = (=4, -2, L5,
and Ay = (—%, —‘/—5, —é) be the four vertices of a regular tetrahedron centered
at 0. Let Tp be the cone over the union of the 6 edges [A;, A;]i # j. The spine of
Ty is the union of the four half lines [0, A;[. A cone of type 3 (or of type T) is a set
T = R(Tp) where R is the composition of a translation and a rotation. The spine
of T is the image by R of the spine of Ty. We denote by T the set of all cones of
type 3.

In the sequel we will also denote by type(Z) the number 1, 2 or 3 correspond-
ing to the type of the minimal cone Z.

Figure 1.1. Cones of type Y and T.

We denote by D, , the normalized Hausdorff distance between two closed sets E
and F in B(x, r) defined by

1
Dy ,(E, F):= — {max sup d(y, F), sup d(y,E); - (1.3)
r yeENB(x,r) yeFNB(x,r)

We now come to the main result of the paper.
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Theorem 1.8. For any constants C > 0 and b € (0, 1] we can find a positive
constant € > 0 such that the following holds. Let (u, K) be a reduced Mumford-
Shah minimizer in @ C R3, with gauge function h(r) = Cr®. Let x € K andr > 0
be such that B(x,r) C 2. Assume in addition that there is a minimal cone Z of
type P, Y or T centered at x such that

Dy r(K,Z)+h(r) <e.

Then there is a diffeomorphism ¢ of class C1* from B(x, cr) to its image such that
K N Bx,cr)=¢(Z) N B(x, cr), where c is a universal constant.

When (u, K) is a Mumford-Shah minimizer in @ ¢ RY and B(x,r) is a
ball such that B(x,r) C 2, we denote by wy(x, r) the normalized energy of u in
B(x,r), defined by

1
(X, 1) 1= —— / |Vul*dx. (1.4)
r B(x,r)\K

Arguing with blow-up limits we also get a version of Theorem 1.8 with only a
condition on the normalized energy instead of the geometric condition.

Theorem 1.9. For any constants C > 0 and b € (0, 1] we can find a constant ¢ > 0
such that the following holds. Let (u, K) be a reduced Mumford-Shah minimizer
in @ C R3, with gauge function h(r) = Cr®. Let x € K and r > 0 be such that
B(x,r) C Qand

wr(x,r) +h(r) <e.

Then there is a diffeomorphism ¢ of class C% from B(x, cr) to its image, and there
is a minimal cone Z of type P, Y or T such that K N B(x, cr) = ¢(Z) N B(x, cr)
where c is a universal constant.

In all the following we will work in R®. However, the proof of Theorem 1.8
still works in higher dimension for the case of hyperplanes so that we could have a
new proof of L. Ambrosio, N. Fusco, D. Pallara’s entire result [1]. With the same
proof we could also imagine to have other results in RV, but the analogue of Jean
Taylor’s Theorem in higher dimension is missing. Indeed, one of the ingredients to
prove Theorem 1.8 is to use the description of the singularities for a minimal surface
inR3. In particular, we will use the recent work of G. David ([4,7]) following J.
Taylor [16], that is the analogue of Theorem 1.8 but for almost minimal sets which,
are defined below.

Definition 1.10. An MS-competitor for the closed set E in Q@ C R” is a closed set
F such that there is a ball B C Q2 of radius » with

F\B = E\B

and if x, y € Q\(B U E) are separated by E then they are also separated by F.
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Definition 1.11. A set E ¢ © c R" is MS-almost minimal with gauge function &
if

HNYENB) <HN ' (FNB)+rVhr)
for all ball B C 2 and for all MS-competitor F for E in the ball B (of radius r).

If E is an MS-almost minimal set in R> we set
0(x,r) =r *H*(E N B(x,r)).

By monotonicity results on the density of an almost minimal set (provided sufficient
decay on k), the limit as r tends to 0 of 9 exists at every point x (see [7, Proposi-
tion 5.24]). The limit is called “density” of E at the point x and will be denoted by
6(x). This quantity can only take three possible values, corresponding to the three
minimal cones. Then we introduce the excess of density, defined by

fx,r)y=0(x,r) — lirr(l)@(x, )y =0(x,r) —0(x).
t—

[4, Corollary 12.25] says the following.

Theorem 1.12 ([4]). For each choice of b € (0, 1], and Cy > 0 we can find « > 0
and g1 > 0 such that the following holds. Let E be a reduced MS-almost minimal
set in Q@ C R3 with gauge function h. Suppose that 0 € E, ro > 0 is such that
B(0, 110rg) C Q2 and h is satisfying

h(r) < Cor®  for 0 <r <220r.
Assume in addition that
£(0,110r0) + Cory < & (1.5)

and
Do 100y (E, Z) < &1

where Z is a minimal cone centered at the origin such that
HA(Z N B(0, 1)) < d(0).

Then for x € EN B0, rg) and 0 < r < rg there is a cle diffeomorphism @ :
B(0,2r) — ®(B(x,?2r)), such that ®(0) = x, |®(y) —y — x| < 10727 for
y € B0,2r)and EN B(x,r) = ®(Z) N B(x,r).

To apply Theorem 1.12 to a Mumford-Shah minimizer, the key point is to
control the normalized energy of u (that is the quantity w;). A big part of this fact is
already contained in a preliminary paper [14] where a decay estimate on the energy
for energy minimizers is proved by a (technical) compactness argument. Actually
we will be able to control the energy but with some rest that will be computed in
term of what we call the “bad mass” m(r), namely the Hausdorff measure of the



REGULARITY OF MUMFORD-SHAH MINIMIZERS IN R3 567

part where K is geometrically very bad. This quantity need also to be controlled,
and for this we will use a second compactness argument.

The present paper is organized in three main sections. Section 1 describes some
tools to construct new competitors, in particular using a stopping-time argument. In
Section 2 we employ these tools in order to find some estimates on the normalized
energy, the bad mass and minimality defect. Finally in the last section we prove
that the above estimates imply the desired regularity result.

Let us go further and give more precisions about our approach and the key
points to prove Theorem 1.8. The first section begins with the control of the nor-
malized Jump. Although this section could seem somehow technical to the novice
reader, it is actually not the most difficult part. Indeed, it consists in some easy
generalizations in R3 of what G. David [5] already did in R?. However, this pre-
liminary work is crucial to avoid some topological and geometrical problems in all
the sequel. Indeed, the inverse of the jump of u controls the size of the holes of
K which allows us to work with a set F that is “separating” and which difference
with the original set K has very small > measure. We also need a further prop-
erty about the flatness of F at small scales, which will be called “Property «”. This
is probably the only real difference with the 2-dimensional results about the jump
contained in [5].

Then we give some new tools to construct some competitors. The method is
based on a stoping time argument on the flatness, or more generally on the closeness
to minimal cones. The stopping-time on the geometry of K is then combined with a
Whitney extension for u. In particular, some preliminary work from [14] about the
Whitney extension associated to a “geometric function” will be needed. We also
introduce one of our main quantity, namely the “bad mass” denoted m(r) which
corresponds to the normalized total mass of “bad balls” for which the stopping-
time stops.

We end the first section of the paper with a compactness Lemma that is needed
later to control the bad mass. The rough idea to say that the stopping-time does not
occur too often is as follows. It is proved in [4] that if E is an almost minimal set
sufficiently close to a minimal cone in B(rg), then the closeness to minimal cones
of E N B(r) decays with the radius. By contradiction we deduce that if E is close
enough to a minimal cone in a ball B(r), and if E stops being close to a minimal
cone in half of this ball, then E is not minimal. Consequently there is a set L that
coincides with E at the boundary of the ball and satisfies H2(E N B(r)) — H2(L N
B(r)) > rn. Applied to the singular set K of a Mumford-Shah minimizer, it will
imply that the total mass of bad balls cannot be greater than 1/5 times the lack of
minimality of K. This is done in the next section.

Section 2 contains the “heart” of the proof. We will use the tools described
in the previous section in order to get some estimates about the two main quanti-
ties that we want to control: the normalized energy w>(r) and the bad mass m(r).
The bad mass will be controlled using the compactness Lemma as it was described
above. For the normalized energy, it also follows from a compactness argument that
is almost contained in our preliminary paper [14]. Thank to the work in [14] we just
need to compare an energy minimizer with a Mumford-Shah minimizer. At the end
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of Section 2 we also prove that the minimality defect of K depends on those two
main quantities.

Finally in the last section we prove that the estimates of Section 2 yields some
decay on both m (r) and w» (r), implying in particular that the stopping-time actually
never happens if the singular set is close enough to a minimal cone and this leads
to our regularity result. At the end we state a few different versions of the main
theorem.

ACKNOWLEDGEMENTS. The Author wishes to warmly thank his advisor Guy
David for his patience and constant enthusiasm during all the long discussions about
this work.

2. Tools for the construction of competitors

Before describing some tools to construct new competitors, let us first recall some
definitions and geometrical results from [14].

2.1. First definitions and notation

In the sequel the letter Z will always denote a generic minimal cone of type P, Y
or T. When Z is of type T, the definition of its center is clear. When Z is of type Y
we will call center any point that belongs to the spine of Z, while in the case when
Z is of type P, any point x € Z is a center. We say that Z is centered at xg if xg is
a center for Z. In the sequel we will use a notion of almost centered cones that is
defined as follows.

Definition 2.1 (Almost centered). Let Z be a minimal cone and B a ball that meets
Z. We say that Z is almost centered in B if the center of Z lies in %B.

The next lemma will be useful to deal with almost centered cones.

Lemma 2.2 ([14]). Let Z be a minimal cone in R3 that contains O (but is not nec-
essarily centered at 0). Then for any ro > 0 there exists a r1 such that

ry € {r(), 10r0, 100}’0}

and such that we can find a cone Z', containing 0 and centered in B(0, %rl) with
ZNBO,r)=272"NBO,r).

Now in order to define the jump J(x, r), a quantity that will be crucial in the
sequel, we need to introduce some notations. Let (u#, K) be a reduced Mumford-
Shah minimizer in @ C R3. We denote by S(x, r) the “generalized Peter Jones
unilateral number” defined by

Bx,r) = %irzlf{ sup{dist(y, Z); y € K N B(x,r)}} 2.1)
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where the infimum is taken over all the cones of type P, Y, or T that contain x (but
are not necessarily centered at x). Sometimes we will use the notation Bk (x, r) to
precise that the quantity is associated to the set K but it will not be a general rule.

Definition 2.3 (Associated cone). Let K C R3 be a closed set, x € K and r > 0.
Then any minimal cone Z satisfying

sup  dist(y, Z) < 2rBk(x,r)
yeKNB(x,r)

will be called an associated cone in B(x, r).

Notice that there always exists at least one associated minimal cone. We will
choose one and denote this cone by Z(x,r). In addition if Sg(x,r) < 107> and
if Z(x, r) is almost centered in B(x, r), we will denote k(x, r) the number of con-
nected components of B(x, r)\Z(x, r) which is actually equal to type(Z(x, r))+ 1.
Notice that from Lemma 2.2 we know in particular that if Z(x, r) is not almost cen-
tered, then we can assume that Z(x, r/10) or Z(x, r/100) is.

Furthermore, for all k € NN [1, £(x, )] we consider a ball Dy (x, r) of radius
%r in such a way that each Dy (x, r) is situated in one of the connected compo-
nents of B(x,r)\Z(x,r), the farthest as possible from Z(x, ). We also denote by
my (x, r) the mean value of u on Dg(x, r). Then we introduce

Ska(x,r) = mp(x,r) —my(x,r)]

and finally, the normalized jump in B(x, r) is defined by

JGor) i=r imin{dey 1 <k, I < k(x,r)and k # 1. (2.2)

Now we need to define the jump in the case when B(x,r) < 1077 but with an
associated minimal cone that is not necessarily almost centered. To do so, we re-
mind that the recentering Lemma 2.2 insures that B(x,r/10) or B(x,r/100) has
an associated cone which is almost centered. Moreover B(x,r) < 1077 implies
that B(x,r/10) < 1073 and B(x,r/100) < 1073, Then we define the normalized
jump J(x,r) as being equal to the jump of the first ball between B(x,r/10) or
B(x, r/100) for which the associated cone is almost centered.

All the parameters that define the jump (choice of cone Z(x, r), constant 10 to
have the almost centering property, diameter and position of the Dy (x, r)) are not
so important since the difference is just multiplying the jump by a constant.

Finally we introduce a notion of separation.

Definition 2.4 (Separating). Let K be a closed set in R? such that g (x,r) <
107> and Z(x,r) is almost centered in B(x,r). We say that K is separating in
B(x,r) if each Di(x, r) lie in a different connected component of B(x, r)\K.
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Some notation:

B(x,r): defined in (2.1);

Z: a generic minimal cone;

type(Z) € {1, 2, 3}: the type of the cone Z;

Z(x,r): aminimal cone associated to B(x, r);

K(x, r): the number of connected components of B(x, r)\Z(x, r) when Z(x,r)

is almost centered (equal to type(Z(x,r) + 1));

e J(x,r): the jump of u defined in (2.2) when Z(x,r) is almost centered and
defined in the paragraph after (2.2) in the general case;

e Dy (x,r): the balls from the definition of the jump J(x, r) when Z(x, r) is al-

most centered;

my(x, r): the mean value of u on Dy (x,r);

C: a universal constant which value can change from line to line;

dist: the euclidian distance in R3;

@2 (x, r): the normalized energy (defined in (1.4)).

2.2. Separation and control of the jump

It will be convenient to work with a set that is separating (in the sense of Defini-
tion 2.4). This is why in a first part we have to control the jump of function u, that
will be useful to estimate the size of holes in K, and will allow us to replace K with
a set F' that contains K and is separating. The result is the same as [6, Proposition 1
page 303] but generalized to the case of Y and T. We also use the opportunity here
to prove an additional fact about the set F' (called Property %) that will be used later.
Recall that the normalized energy in the ball B(x, r) is denoted by

1
wy(x,r) = —/ |Vu|2dx.
r? B(x,r)\K

Proposition 2.5. Let (u, K) be a Mumford-Shah minimizer in @ C R3. Suppose
that there is an x € K, ar > 0 and a positive constant ¢ < 10719 such that
B := B(x,r) C L,

Bx,r)<e

and that the associated cone Z(x,r) is almost centered. Moreover, assume that
J(x,r) #0,

a)z%(x,r)J()c,r)_1 <eg (2.3)

and that
wa(x,1)8 < CJ(x,r) 2.4)
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with C a positive universal constant given by the demonstration. Then there is a
compact set F(x,r) C B(x, r) such that

K NB(x,r) C F(x,r) C {y € B;dist(y, Z(x,r)) < Cr+/e} (2.5)
F (x, r) separates each Di(x,r) from D;(x,r) fork # 1 in B(x,r) (2.6)

HA(F (x. \K) < Crlmp(x,r)2J (x.r)"\.
Moreover, F (x,r) satisfies Property x (defined below).

Property x shows that we control the geometry of F'(x, r) at small scales when
the geometry of K is controlled. This is the definition.

Definition 2.6 (Property ). F D K satisfies Property « if for every g9 < 1072,
y € KN B(x,r)and s > 0 such that

inf{z; Vi’ > t, B (y,1') < eo} <s <d(y,dB(x,r))

we have
Br(y,s) < .

Remark 2.7. Condition (2.4) allows us to have Property » and Condition (2.3) is
here to prove the last inclusion of (2.5). Proposition 2.5 is still true without Prop-
erty * and without Conditions (2.3) and (2.4). In this case, (2.5) is proved by use of
a retraction as in [6, 44.1].

Proof. The first step is the same as [6, Proposition 1 page 303] but applied to Y and
T as well. However we will write the entire proof here because it will be easier next
to show Property .

For all A we denote

S(A) :={y € B(x,r); dist(y, Z(x,r)) < Ar}
and denote by Ag(A) for any k € N N [1, K(x, r)] the connected component of
B(x,r)\S(A) that meets Dy (x,r). Since x and r are fixed we will denote now Dy
and my, instead of Dy (x, r) and my(x, r) (recall that my(x, r) is the mean value of

uon Di(x,r)).
We set V = B(x,r)\K. Let us find a function v such that

v(y) = my for ye A (1/10) 2.7

/|Vv|§Cf |Vul. 2.8)
\%4 \%4

and
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To do this we consider for all k£ a function ¢, such that 0 < ¢ < 1 and ¢y = 1 on
Ar(1/10), ¢ =0 on V\Ai(1/100) and |V | < Cr~'. Then we set

p=1-> o
*

and
v =gou-+ prk"m
k

We have (2.7) trivially. Concerning (2.8) we have

Vu(y) = o(y)Vu(y) — Z Laga/1000() Vo () [u(y) — my]
3

and since ¢ < 107>, the Ax(1/100) do not meet K and then applying Poincaré
inequality in A (1/100) gives

/ IVor (0 |u(y) — myldy < Cr~! / lu(y) — mgldy
Ag(1/100) Ag(1/100)

<c / Vu(y)ldy
Ay (1/100)

thus (2.8) is verified.
Now we want to replace v with a smooth function w in V such that

w(y) = my for ye Ax(2/10) (2.9)

and

/leISC/ |[Vul. (2.10)
1 v

For this purpose we use a Whitney extension. For all z € V we denote by B(z)
the ball B(z, 1072d(z, 8V)), and we let X C V be a maximal set such that for all
z € X, the B(z) are disjoint. Note that by maximality, if y € V, then B(y) meets
some B(z) for a certain z € X hence y € 4B(z) thus the 4B(z) cover V.

For all z € X we choose a function ¢, which support is contained in 5B(z) such
that ¢.(y) = 1 forall y € 4B(z), 0 < ¢.(y) < 1 and |V, (y)| < Cdist(z, dV)~!
everywhere. Set ®(y) = D .y ¢.(y) on V. We have ®(y) > 1 because the 4B(z)
cover V and the sum is locally finite (because all the B(z) are disjoint and because
the 5B(z) that contain a fixed point y have a radius equivalent to d(y, dV)). Then

we set ¥;(y) = @;(y)/®(y) such that )y ¥;(y) = 1 on V. Finally, if m_(v) is
the mean value of v on B(z) we setforall y € V

w(y) =Y m)Y:(y).

zeX
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If y € Ax(2/10), m;(v) = my forall z € X such that y € B(z) thus (2.9) is verified.
In addition,

Vu) =Y mVy:) = Y lm: @) —m IV ()]

zeX zeX

where m” (v) is the mean value of v on B(y) = B(y, 10_2dist(y, dV)). The sum at
the point y has at most C terms, and all of these terms is less than

C dist(y, 3V) " Hm, (v) — m* (v)| < Cdist(y, V)3 / V|
10B(y)

by Poincaré inequality and because all the 5B(z) that contain y are contained in
10B(y) C V. Thus |Vw(y)| < C dist(y, dV)™3 flOB(y) |Vv], and to obtain (2.10)

it suffice to integrate on V, apply Fubini and use (2.8).

Then we apply the co-area formula (see [10, page 248], and also [6, Chap-
ter 28]) to the function w on V. We obtain

/H2(F,)dt=/ V| §C/ |Vul
R 14 \%4

where I'; := {y € V; w(y) = t} is the set of level 7 of the function w. Recall that
JGe,r) = r~2 min{8e; k £ 1)

and

Sk, = |myx — my|

where my, is the mean value of u on Dy. For all kg # k; we know by definition that
8ko.ky = /T J(x,r). Using the Tchebychev inequality we can choose #; € R such

that 7 lies in %[mko, my, ] and such that
M) = Cling =i [ 19
v

<crtsen [ ivu @10
Vv

< Cer(x,r)_la)z(x,r)%.
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For every pair kg # k1 we do the same and choose t; etc., as many times as required
by the number of connected components of B(x,r)\Z(x,r) (one if Z(x,r) is a
plane, three if Z(x,r) is a Y and four if Z(x, r) is a T). Then we set

F(x,r)=JTy UIK N B(x,m] C B(x,r).

The set F(x,r), that we will also denote simply by F, is a closed set in
B(x,r) because each I';, is closed in V = B(x,r)\K and K is also a closed
set. Since we have chosen some level sets, F separates the A;(2/10) to each
other in B(x,r). Indeed, if it is not the case then there is k, [ and a continu-
ous path y that join Ax(2/10) to A;(2/10) and that does not meet K (because
K C F). Then y C V, thus w is well defined and continuous on y, it follows
that there is a point y € y such that w(y) = #;. Then, y € F, and this is a contra-
diction.

Now we want to prove the Property x. Let B(y, s) be a ball centered on K
such that B(y, le) < g forall 0 < [ < L where L is the first integer such
that B(y, 2L%2s) is not contained in B(x,r). Set B; := B(y,2's) and possibly
by extracting a subsequence we may suppose using Lemma 2.2 that in each B;
the minimal cone associated is almost centered. The radius of B; is not as before
exactly 2/s but is equivalent with a factor 100. Thus the balls B; forms a sequence
of balls centered at y such that B; C Byy1 and By = B(y, s). Denote by Z; the cone
associated to B;. We want to show that ' N B(y, s) C Zo(gg) := {z; dist(z, Zp) <
£os}. By definition of F, it suffice to show that for all i

w(y) # i in B(y, s)\Zo(€0). (2.12)

Solety € B(y, s)\Zo(go) and recall that

w(y) =Y m)p:(y).

zeX

Let X(y) C X be the finite set of z such that ¢,(y) # 0. We claim that

Ve X(y).  |mo(v) —my| < Crian(x,r)F (2.13)

where my is the mean value of u in an appropriate domain Dy (depending in
which connected component lies y) and m (v) is as before the mean value of v
on B, := B(z, 10_2d(z, aV)). First of all, we can use the proof of [14, Lemma
16] to associate to each connected component of B;\ Z;(eg), a component of B;41 N
{y;d(y, Z;+1) = 10¢gor;}, and by this way we can rely each component of B;\ Z; (¢¢)
to a certain Ay (that contain a Dy ) (the argument is just to do an iteration on the scale
since we know that the set K is close to a minimal cone at each scale that we look
at). We denote by Op the component of By N {y; d(y, Zp) > &ps} that contains y
and by induction we denote by O; the component of B;\ Z;(¢) that is relied to Oy.
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With help of the particular geometric configuration in each B; we can choose a do-
main G; contained at the same time in O; and in Oy41, and of diameter equivalent
to the diameter of B;. We denote by m;(v) the mean value of v on G;. We are now
ready to estimate

L L 1
mo@) —m @] < Imi() = mys1 (V)| 52_/ v —mi 1 (v)
o1l Jo,

IA

1 L
C—/ v —myy1(v)] < C<2ls>—2f |Vl
(213)3 Or+1 Z Or+1

[=0
1
1 2
C(2’s)—z(f |VU|2>
0141
3 g
C(2’s)—%(/ |Vv|2) (/ |Vv|2)
0141 Or41

c@'s)*a.

IA IA

M- 1= I I
(e} (=) (e} (=)

IA
T
=

Next we use the classical estimate on the gradient of a Mumford-Shah minimizer
that is

/ |Vul*dx < Cy(1 + h(R))RN ! (2.14)
B(0,R)\K

obtained by comparing (u, K) and (v, K’) where v is equal to 0 in B(0, R) and
K’ = (K\B(0, R)) UdB(0, R). This yields

mo(v) — my (v)] < (/ |Vv|2)8
Or+1
: L
5c</ |Vv|) Z(le)4 <c</ |Vv|> Z(Z_lr)
v =

=0

ST

thus . .
lmo(v) —mp ()| < Cr2wy(x,r)s. (2.15)
With a similar proof we also get

1 1
|mp(v) —my| < Cr2wa(x,r)s.
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On the other hand, since z € X (y), then ¢, (y) is not equal to zero. This implies that
dist(z, dV) > 2dist(y, dV) > 2¢gs thus B, := B(z, 102 dist(z, dV)) C Zo(go)".
Since by hypothesis K does not meet this region, we can apply Poincaré inequality
to prove that

e (v) = mo()] < Crimn(x, r)¥.

Finally

I (v) = mg| < |m(v) —mo(v)| +1mo(v) —m 1 (V)| +|m (V) = mi| <Crian(x,r)s

and this completes the proof of (2.13).
Now since ) . ¢.(y) = 1 we deduce that

1 1
W) —m =lw)=Y_ @:(Im| < Y Im (v)—mi| < Criwn(x,r)s. (2.16)
2€X () 2€X(y)

If we return to the choice of the #; (see near (2.11)) we have taken t; € %[mko, mp, |

for some kg and k. So thank to (2.16), if w, (x, r)% is small enough with respect to
J (x, r) (which is the case by assumption (2.3)) then for a suitable choice of #; (that
does not depend on &) we are sure that w(y) # t; thus F does not meet the region
Z(e0), and Property * is proved.

Finally we have to prove (2.5). With use of (2.3) and (2.11) we can find a cover
of F by a family of balls B; centered at x; € K, with radius equal to C/er and

such that %B ; are disjoint. Otherwise we would have a hole in K of size greater
than Cer? which is a contradiction with (2.11). Now, for every y € FN B we have

dist(y, Z(x,r)) <dist(y, x;) + dist(xj, Z(x,r)) < Cy/er + er < C/er
and the conclusion follows. O

Lemma 7 of [6, on page 283] shows how to control the normalized jump in the
flat case. Here we give a similar result for our definition of jump based on the cones
of type P, T and Y. The only substantial modification of the original proof consist
in being careful with definition of the jump that depends on the existence of almost
centered cones, but this is not much troublesome.

Lemma 2.8. Let (u, K) be a Mumford-Shah minimizer in Q. Let x € K, r and
r1 being such that B(x,r) C Qand 0 < ry < r < 2ry. Suppose in addition that
B(x,r) <1077, Then

(';_1)2 J(x,r)) —J(x,r)| < sz(x,r)% =cd -|—h(r))% 217

with a constant C that depends only on N.
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Proof. Since B(x,r) < 1077 we know that B(x,t) < 107 for all € [r1/4,r].
Assume first that Z(x, r) and Z (x, r1) are almost centered. Then by use of Poincaré
inequality and the fact that B(x, ¢) stays small for ¢ € [r1, r] one can easily prove,
after a suitable relabeling of my (x, r1) corresponding to the proper choice of con-
nected component of B(x,r)\Z(x,r), that

|mp(x,r) —m(x,r))| < Cr_zf [Vu| < Cr%wz(x, r)%
B(x,)\K (2.18)

<CA+h(r)ir?.

Recall that the Jump is defined by
J(x,r) = rf% min{& ;}

where 8y ; = |my(x,r) —my(x,r)|. Thus (2.18) gives the estimate ofr%J(x, r) —

1
r 15 J (x, r1) that proves (2.17). Notice that Z(x,r) could be of different type from
Z(x, r1) but the estimate still hold in this case omitting one value my for the one of
biggest type.
Now if Z(x, r) or Z(x, r1) are not almost centered, then we argue by the same
way with the proper radius r1/10 or r1/100 to get the same estimate with a slight
modification of constant C and this ends the proof of the Lemma. O

Lemma 2.9. Let (u, K) be a Mumford-Shah minimizer in Q. Then if x € K and r
are such that B(x,r) C Qand forallr) <t <vr, B(x,t) < 1077, then

J(@x,r1) = (;)2 [J(x,r)—C] (2.19)

1

where C' := C(1 + h(r))% and C depends only on N.

Proof. If ri <r < 2rj then (2.19) is a consequence of Lemma 2.8. Otherwise we
use a sequence of radii r such that ry = 2r;_1 and we apply Lemma 2.8 sufficiently
may times until 7, becomes greater than ». We obtain

T =257, 25— C25(1 427 427 +. )
C23 } (2.20)

1

k k
>22 | J(x,2%) —

1-22

from which the conclusion follows. O
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2.3. Stopping-time balls, bad mass and standard assumptions

In all the sequel we will work under the following general assumptions.

Definition 2.10 (Standard Assumptions 1). We will say that we are under Stan-
dard Assumptions 1 in B(xg,rg) when the situation is as follows. (u, K) is a
Mumford-Shah minimizer in Q c R3, xy € K, B(xg, 3rg) C 2,

B(xo, 2r0) < 10, 2.21)
J(x0,70) " + w2 (x0, 79) < 1077 (2.22)

for some ¢ < 1078, Moreover we assume that the associated cone Z(x1, 2r1) is al-
most centered. We also assume that ¢ is small enough so that (2.21) and (2.22) im-
plies that the assumptions of Proposition 2.5 hold in B(xg, o). We denote F'(xg, ro)
the corresponding separating set.

Remark 2.11. Under Standard Assumptions 1 and when no confusion is possible,
we will sometimes denote only F instead of F (xo, ro).

Our goal in this section is to construct a family of good balls G by a stopping-
time argument, with the condition that in all balls of G, the singular set K will
always look like a minimal cone.

We assume that we are under our Standard Assumptions 1 and we consider
some constants &g and &;, such that ¢ < g, < &g < 1078,

For all x € F(xg,r9) and r € (0, rg), we say that B(x, r) is a good ball (and
then denote B(x,r) € G) if

K N B(x,r) # 0, H*(F 0 B(x,r)) — H*(K N B(x, 7)) < gyr?, (2.23)
and
Bk (x,r) < &o. (2.24)

Observe that since by (2.21) we have B(xg,rg) < 1073¢, then the radii of balls
that do not verify (2.24) is bounded by IO_S%ro and under our assumptions (in

particular w>(x, ZrO)% J(x0,2r9)~' < Ce), the radii of balls that do not verify
(2.23) is bounded by C\/ery.
Now, for all x € F' we define the stopping-time function

d(x) :=inf{r; Vvt € (r,1r9), B(x,t) € G}

and the set
§:=J FnB@.dw).

xeF

with the convention that a ball of radius O is the empty set. Then we introduce a
new quantity called “Bad mass” defined for every x € B(xg, r9) and r < ro by

mx,r) = %HZ(S).
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In the sequel, to estimate the quantity m(x,r) it will be convenient to use a Vi-
tali subfamily of balls. Indeed, with help of the Vitali covering lemma, from the
collection of balls

{B(x, Ad(x)); x € Fandd(x) > O},

with A a constant that will be chosen later (in Remark 2.25), we get a disjoint
subfamily {B;};c; such that {5B;};cs is covering. We will denote x; and r; the
center and radius of B;. Observe that

1
m(xo, r0) = — dor? (2.25)

iel

where the constant in the equivalence (2.25) depends on A.

Notice also that by definition Bx (x,t) < g for all + > d(x), which implies
Br(x,1) < Cgo for all ¢+ > d(x) using Property . Indeed, since B(x, t) € G there
exists a point in z € K N B(x, t) which allows us to apply Property » to the balls
centered at this point z.

2.4. Whitney extension

In order to construct some competitors, we explain how to extend the function u in
the region where the geometry of K is bad, using a Whitney type extension. For
this purpose, we recall some definitions and a result from [14].

Let E be a closed set in B(xg, o) such that H2(E) < 4o0. Suppose that there
is a positive constant &y < 107> such that

BE(x0,70) < &0 (2.26)

and that the associated cone Z(xo, ro) is almost centered. Suppose in addition that
E is separating in B(xp, ro). Let p € [%ro, %rg] and assume that we have an appli-
cation

6 : B(xo, p) = [0, %roi| 2.27)

with the property that

1
Be(x,r) < g, forall x € K N B(xg, p) and 7 such that §(x) <r < Zro. (2.28)

In addition we suppose that
8 is Co — Lipschitz. (2.29)

The application § will be called the “geometric function”.

Definition 2.12 (Hypothesis H1). We will say that a closed set £ C B(xo, o) with
finite 7{> measure is satisfying hypothesis H 1 if all the above assumptions on E and
8 are satisfied (i.e. (2.26), (2.27), (2.28) and (2.29) hold).
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There exists a constant U > 30Cp, depending on Cp and on a dimensional
constant such that the following holds provided that &g is small enough compared

to U~ L. Define
10
V= U Blx, —8x)), (2.30)
U
xeENB(0,p)
and set
Vv, = U Blx E(S()c) (2.31)
)= T . .

x:B(x, 28(x))N3B(x0.p) A

With use of the same notations K(xg, o) and Dy as in the section before, and re-
calling that by hypothesis, E is separating in B(xp, o), for all k € [1, kK(xg, ro)] we
denote by Q4 (xp, ro) the connected component of B(xg, 7o)\ E that contains Dy.
We also define

Ay = B(xg, p) N (R (xg,r0) U V). (2.32)

Now the following lemma is proved in [14] and will be needed in the sequel.

Lemma 2.13 ([14, Whitney Extension]). Let E be a closed set in B(xg, ro) sat-
isfying Hypothesis H1 with a geometric function 8, a constant gg < 107> and a
radius p € [%ro, %ro]. Then for any function u € WL2(B(xo, ro)\E), and for all
k € [1, kB&070)) there is a function

v € Wh2(AN\Y,)

such that
Vg = u in B(xo, p)\V

and

/ |Vur|?dx < c/ |Vu|?dx (2.33)
ANV, B(xo,r0)\E

where C is a constant depending only on dimension and where vV, V,, and Ay are
defined in (2.30), (2.31), and (2.32) with a certain constant U > 30Cq given by the
demonstration and depending on Cy.

Remark 2.14. In the original statement of Lemma 2.13 (compare [14, Lemma 17])
one can find a slightly better estimate than (2.33) but in the sequel we only need the
more simpler inequality (2.33).

We return now to our Mumford-Shah minimizer. From the bad balls {B;};cr
(constructed in Section 2.3), we want to apply Lemma 2.13 to get a good extension
of u in each ball B;. This extension will allow us replace in each bad ball the set K
by a new set in order to get some estimates about the bad mass itself. This will be
done in the next section.
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We begin by introducing a geometric function associated to the balls {B;};c;.
For this purpose we consider some functions

wi — {ri on Bl'

0  in the complement of 5B;.

For instance let us take

¥ (x) := min(r;, dist(x, (5B;)°). (2.34)
Then for all x we define
§(x) ==Y i) (2.35)
iel

The function §(x) is a sort of regularized version of function d(x).

Proposition 2.15. Assume that B(xg,ro) satisfies the Standard Assumptions 1. Then
Application § is a geometric function associated to F in B(xg, ro) for all p €
[%ro, %ro], with Lipschitz constant Cy (a dimensional constant) and geometric con-
stant gq. In addition, we have Hypothesis H1 on F in B(xg, ro) and

10
Uﬁ&c% vV, C U C1B; (2.36)
iel i;C1 B;NdB(xg,p)#Y

where V and vV, are defined in (2.30) and (2.31), and C1 is a constant depending
on dimension and U .

Proof. We have to verify (2.27), (2.28) and (2.29). Let p € [%ro, %ro]. Recall that
¢ (the constant in the Standard Assumptions 1) is small as we want with respect to
&o (and A) and the radius of balls B; are less than C %A so that one can easily get

S(x) < %ro thus (2.27) holds. Moreover it is clear by construction that i is Co-
Lipschitz with Cq the covering bound associated to the family {5B;} that depends
only on dimension.

Now letx € FNB(xg, p) and let r be aradius such that(x) <r < %ro. Firstly
if x lie in the complement of all the 5B; then d(x) = 0 so that Bk (x, t) < go for all
t > 0 and this holds in particular for » = ¢ and replacing Sx by BF using Property
and the fact that K N B(x, ¢) is not empty for every 7. On the other hand if x € 5B;
for some ball B;, then since the {5B;} are covering all the { B(y, Ad(y))} we deduce
that Ad(x) < dist(x, (5B;)¢) for some 5B; containing x. Now by construction
using the definition of v; (see (2.34)),

3(x) = ; >] in dist SB~C>1Ad
()= D ¥i@) = 15 min dist(x, (5B)) = 15 Ad(x).

iel

Therefore, provided A > 10 it comes that r > 6(x) > d(x). Next, we know by
definition of d(x) that g (x,t) < go for all t > d(x). And since K N B(x,r) =@
Property x implies Br(x, t) < go forall # > r and (2.28) is proved.
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So we deduce that we have Hypothesis H1 on F in B(xo, ro) with application
§ defined in (2.35).
Then, if B; = B(x;, r;) is a bad ball we have that  (x;) = r; by definition of §
thus
10
U-—-Bicv (2.37)
~ U
iel
and finally if §(x) > O then x € 5B; for some i € I and assuming r; to be the
maximum among the radius of all possible balls 5B; containing x one has %8 (x) <
Cri % (where C is depending on the bounded cover constant of 5C;) thus

10
vel <5 T 3) B (238)
iel
which ends the proof of the proposition. O

Remark 2.16. Note that since the Lipschitz constant of § depends only on dimen-
sion, then U is only a dimensional constant.

2.5. A compactness lemma for almost minimal sets

The purpose of this section is to show some geometrical results about almost min-
imal sets (see Definition 1.11). We want to give an argument which allows us to
win something in each bad ball, in order to prove later that there are not so many.
The main lemma says the following. If B(x,r) is a ball such that x € K and
Br(x,r) < go but Bx(x,r/100) > &g, then there is a set that has smaller H2-
measure than K in B(x,r). The argument will be by contradiction and compact-
ness.

Recall that for any almost minimal set E in B(x,r), we denote by f(r) the
excess of density

fr)=0(x,r)— hn%e(x, 1) (2.39)
t—

with
O(x,r) =r >H*(E N B(x,r)).

The limit in (2.39) exists because E is almost minimal (see [7, 2.3.]). Forx € E
we call 6(x) the density at x, that is 8 (x) = lim;—,0 0(x, t). The function 8(x) can
only take a finite number of values, more precisely 6(x) € {0, =, 37”, d4} that are
(excepted 0) densities of the three minimal cones in R3.

Now [4, Proposition 12.28] gives the following result that will be needed. We
give a statement only for almost minimal sets with vanishing gauge function (i.e.
simply minimal sets) because it will be sufficient in the sequel. The same result
holds for almost minimal sets under assumptions on % (r) (see [4]).
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Theorem 2.17 ([4]). There exists e > 0 and a € (0, 1) such that the following
holds. Let E be a reduced MS-almost minimal set in Q@ C R> with gauge function
h = 0. Suppose that 0 € E, rog > 0 is such that B(0, 110rg) C Q and

£(0, 110r0) + Do, 1007 (E, Z) < &1
where Z is a minimal cone centered at the origin satisfying
H*(Z N B(0, 1)) < d(0).

Then for all x € E andr > 0 such that x € E N B(0, 10rg) and 0 < r < 10ry,
we can find a minimal cone Z(x,r), not necessarily centered at x or at the origin,
such that

Dy (E, Z(x.1)) < (i) .
ro

See (1.3) for the definition of the normalized Hausdorff distance D, ,. The constant
o is a universal constant depending on dimension and other geometric facts.

For an almost minimal set E, the function 6 (x, t) is nondecreasing in ¢ thus the
limit when ¢ tends to 0 exists and that allows us to define the function 8 (x). Unfortu-
nately, if E is now the singular set of a Mumford-Shah minimizer, the monotonicity
of 6 is not known. So we have some difficulties to define the analogue of f () for a
Mumford-Shah minimizer. In order to use Theorem 2.17, we have to control f(r)
and that will be the role of the following lemmas. Our goal is to obtain a state-
ment analogous to Theorem 2.17 but with only an hypothesis on §(0, rg) instead of
10, ro).

First of all, an application of [7, Proposition 16.24] in B(x, r 1073) with n =
£,103, mixed with [7, Proposition 18.1] in B(x, r1079) and n = £7107> (where
&7 and e3 are defined in [7]) allows us to state the following lemma.

Lemma 2.18 ([7]). There exists a n1 > 0 such that if E is an almost minimal set
in an open set Q € R3, with gauge function h(r) =0, ifx € E andr > 0 are such
that B(x,r) C , if there is Z, centered at x, of type P, Y or T such that

Dx,r(E7 Z)<m

and if E is separating in B(x, r), then there is a point x € E N B(x,r107>), of the
same type of Z.

We say that x has the same type as Z if 6(x) is equal to the density of the
cone Z.

Remark 2.19. The hypothesis of separating are only useful for the case of T and
it is an open problem to know wether this assumption is necessary or not. See [7,
Propositions 16.24 and 18.1] for more details.

Here is now the statement that will be useful for the next sections. The reader
is invited to compare it with Theorem 2.17.
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Lemma 2.20. There exists 1o > 0 and a € (0, 1) such that the following holds.
Let E be a reduced MS-almost minimal set in Q C R> with gauge function h = 0.
Suppose that 0 € E, ro > 0 is such that B(0, 110rg) C Q2 and

Do 100/ (E, Z) < 12
where Z is a minimal cone centered at the origin such that
HX(ZN B, 1) < d(0)

and such that Z is separating in B(0, 110ry). Then for all x € E N B(0, 4ry) and
for all 0 < r < 5rg there is a minimal cone Z(x, r) such that

Dy (E, Z(x, 1)) < (1) .
ro

Proof. We take n; < g1 (the constant of Theorem 2.17). In order to apply Theo-
rem 2.17, all we have to prove is that

(0, 110r¢) < €.

We may assume that 1, is smaller than 7 so that we can apply Lemma 2.18 to E in
B(x, 110r) thus there is a point z in B(x, 10™rg) of same type of Z. In particular
0(z) = HX(ZN B(z, 1)) = risz(Z N B(z,r)) for all ». Hence we can compute
the excess of density at z in B(z, 55r¢) by

f(Z, 55]’0) =

I [Hz(E N B(z, 55r0)) — HX(Z N B(z, 55ro))] .

Now define a competitor L by

[ _ |MUZN B 55r)  in Bz, 55r)
T |E in Q\B(z, 55r0)

where M is a little wall:
M = {x € 9B(z, 55r¢); dist(x, Z) < 500n,r¢}.
The set L is a MS-competitor for E thus

H2(E N B(z, 55r0)) < H2(L N B(z, 55r0)) + (55r0)*h(55r0)
< H*(M) + H*(Z N B(z, 5510)).

Since H2(M) < C rgnz we deduce

f(z,55rp) < Cna.



REGULARITY OF MUMFORD-SHAH MINIMIZERS IN R3 585

Now if 15 is small enough compared to €1, we can apply Theorem 2.17 in B(z, 55r¢)
then for all y € E N B(z, 5rg) and 0 < r < 10rg we have

B(y.r) < (1) . (2.40)

ro

In addition, since dist(x,z) < 10~3r¢ we deduce that (2.40) is true for all y €
B(x,4rg) and 0 < r < 5ry. ]

Definition 2.21. By now we will denote by 7, and « the constants given by Lemma
2.20 and we denote by 7 (gg) < 1 the radius such that

(1007 (g9))* = %80. (2.41)

Technical Remark 2.22. Concerning the next lemma, it would be tempting to ob-
tain a statement that one could apply directly on F instead of K. On the other
hand to do this using the same technics as below, one would have to prove that
F satisfies a uniform concentration property or something to make the Hausdorff
measure lower semi-continuous. This is why we prefer arguing on K for which
we already know that uniform concentration property holds. We will transfer the
result on F later using Property . Notice that the uniform concentration property
is verified in particular by the singular set of a Mumford-Shah minimizer. We do
not recall here the definitions and result about uniform concentration and we refer
to [6] (Section 35) and references therein for more details.

We are now ready to prove the main lemma of this section.

Lemma 2.23. For every g9 € (0, n2), and r < r(&g), there is a constant ngy such
that the following holds. Let E be a closed set of finite H* measure in B(0, 1) C R3
that contains the origin, with the uniform concentration Property (with constant
C.), and such that

Be0,1) <m (2.42)
Be(0,r) > &o. (2.43)

Assume that the associated cone in B(0, 1) is centered in B(0, 107°). In addition
we assume that there is a set F that contains E, that is separating in B(0, 1) and
such that

H(F) — HX(E) < 1.
Then there is a MS-competitor L for E in B(0, 1) such that

H?(E) — H*(L) > no.
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Proof. The argument is by contradiction. If the lemma is not true, then there is an
g9 < np and ar < r(gp) such that for all n > 0 one can find a set E), that verifies
(2.42) and (2.43). In addition for all MS-competitor L, for E; we have

HA(E,) — H*(Ly) < 1. (2.44)

Moreover for all 5 there is a set F), that contain E,, that is separating in B(0, 1),
and such that
HA(F,)) — H*(E,) <. (2.45)

Now let 1 tend to 0. Passing if necessary to a subsequence, we may assume that
the sequence of sets E; converges to a certain Ey in sense of Hausdorff distance.
Passing to the limit, we deduce that this set Ey still verifies (2.42) and (2.43).

We want to show that Ey is a minimal set in B(0, 1). Let L be a MS-competitor
for Ep in B(0, R) with R < 1. Since E), tends to Eq for the Hausdorff distance (de-
noted D), we know that forany T > 0, Dy (Ep, E;) < T for n small enough. Thus
denoting T; := {x € 9B(0, R); dist(x, Eg) < 7}, we have that E,,N9B(0, R) C T
for n small enough. Therefore, since L = Eg on d B(0, R), the set

L, :=[LN B, R)]U[E,\BO, R)]UT;
is a MS-competitor for E;. Then applying (2.44) we obtain
H*(E, N B(0, R)) < H*(L, N B(0, R)) +1n

<H*(LN B, R)) + H*(T) + 1
<H>(LNB@O,R)+n+Cr.

Owing that by assumption the sets Es verify the uniform concentration property
with same constant C,,, we are allowed to say that (see [6, Section 35])

H?(Eo) < lim,_oH*(Ep).
Hence, letting 1 tend to 0 we obtain
H*(Eo N B(0, R)) < H*(L N B0, R)) + 7
and letting 7 tend to O,
H%(Ep N B(0, R)) < H>(L N B(0, R)).

This proves that Eq is a minimal set.

On the other hand, Ej is separating in B(0, 1), because if it is not the case, we
can find a continuous path y joining Dy, and Dy, (two balls in different connected
component of B(0, 1)\Z) in B(0, 1) and such that y does not meet Ey. Since E,
converge to Eq for the Hausdorff distance, for all 7 there is a i, such that all the E,
are 7 close to Eg for n < n;. Let x be the point of y that realizes the infimum of
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dist(x, Ep). Since y is disjoint from Ey, there is a ball centered at x with positive
radius r that does not meet Ep. Thus if we choose n smaller than r we get that
all the E; for n < n. contain a hole of size r, but this is not possible according
to (2.45).

Thus finally Ep is a minimal set in B(0, 1), which is separating and verifies
(2.42) and (2.43). We want now to apply Lemma 2.20 to obtain a contradiction. We
know that

BE, (0, 1) < n2
and that the associated cone is centered in B(0, 1077). We claim that
Dy 1(Eo, Z) < m2

(i.e. with a bilateral definition of the distance). All we have to show is that for all
x € ZN B, 1), dist(x, Eg) < n. If it is not the case, then we can find x € Z
such that B(x, n2) N Egp = @. But then we can find a continuous path that join two
different connected components of B(0, 1)\Z without meeting E, and that is not
possible if E is separating. Thus (2.5) holds and then we can apply Lemma 2.20 in
B(0, 1) (i.e. ro = 135), which implies that

1
BE,(0,7r) < 560

because of the definition of 7 (gg) (see (2.41)), and this yields a contradiction with
(2.43) so the proof is now complete. O

Applying Lemma 2.23 we deduce to following useful proposition.

Proposition 2.24. Leti € I be an index such that %Bi := B(x;,d(x;)) does not
verify (2.24). Then there is a MS-competitor L for K in

- M
B :=B (xi, ?d(xi)>

H*(K N B;) — H*(L N B;) > noi?

such that

withr; == %d(xi) and M is a constant equal to 1, 10° or 100,
Proof. Since B; do not verify (2.24), we know that

B(xi, d(xi)) = €o
and in addition

B <xi, %d(xz')> < &o.

Multiplying if necessary the radius by 10° or 10'°, and using the proof of the re-
centering Lemma 2.2, we can suppose that the center of the cone is in a ball of



588 ANTOINE LEMENANT

radius 107> times smaller in B(x;, rﬂd (xi)) (M is the constant equal to 1, 103 or

1019). Set

.M
Fii= —d(x;).
r

Then if gg is small enough compared to 1, we have that

B(xi, 7)) <€ <m
with a cone centered in B(x;, 10~°7;). Moreover we have

. 1

B(xi, 7ri) > 2750

We also have F N B(x;, i), that is a separating set in B(x;, 7;) and such that
H(F N B(xi, 7)) — H*(K N B(xi, 7)) < .

Therefore, we can apply Lemma 2.23 in B(x;, 7;) with ﬁeo instead of gy that we
may suppose smaller than Cej. We can also take g, < 7o and the proposition

follows from Lemma 2.23. O

Remark 2.25 (Choice of A). We can now fix our constant A, that will depend on
&9. We want that for every bad ball B; := B(x;, Ad(x;)) with i € I, the ball

- M 104
B(x;,7;) == B (x,-, er(x,-)) CB (x,-, 7d(x,<)> cv

in order to have that the extension of u given by Lemma 2.13 is well defined in each
B(x;, r;). Thus it suffices to take for instance

U109
A —

= — > 1.
7 (g0)

Comments about the constants The hierarchy between the constants
€ <&, <&

has to be preserved. Notice that all the constants 19, 11, 72 and &; are coming
from some independent results about minimal sets or almost minimal sets and the
constants &, 56 and &g can always be chosen small as we want with respect to them.
The constants U and M are just some universal constants. On the other hand the
constants 7 and A are depending on g9. The most important fact to keep in mind is
that throughout all this paper, ¢ is always small as we want with respect to all the
other constants.
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3. Useful estimates

We are now ready to compute some estimates about the different quantities that
will lead to regularity. Throughout this section we assume that B(xg, ro) satisfies
the Standard Assumptions 1 (see Definition 2.10). We start by finding a judicious
radius p to begin the estimates.

3.1. Choice of the radius

The following lemma is very simple but it gives an estimate that will be crucial in
the sequel.

Lemma 3.1. Let {B;}ic; be the Vitali balls defined in Section 2.3 and set
I(p) :={i € I; Bi N dB(xo, p) # B} (3.1)
Then there exists p € [%", %ro] such that

Z r} < Cferdm(xo, o).

i€l(p)

Proof. Weselectap € T := [%0, %ro] such that the mass of the bad balls {B;};c;
that are meeting d B(xg, p) is less than average. By such a choice of p we have

1 1 1
2 2 2 3
R T DICTET D BEL DV
icl(p) 717 &) T35 Juicro Tl 4=
Finally we have found a p that verifies
C

Yo rr == ) < Csuplri} Y _r} < Cergm(xo. ro). (3.2)
icl(p) "o et i icl

O
3.2. Comparaison with an energy minimizing function

The next proposition will give the fundamental estimate that will be used to control
the energy.

Proposition 3.2. Assume that B(xo, ro) satisfies the Standard Assumptions 1. Then
for all a < 1/2 there exists €3 := &3(a, &9) such that if € < &) then

@ (x0, arg) < 24/awy(xo, r0) + C—3@2(x0,70)2 J (x0. 70)
(3.3)

€ 1
+ C—\/Z_m(XO, ro) + —h(ro).
a a
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Proof. We keep the same notation I (p) := {i € I; B; N dB(xq, p) # ¥} as before,
and p is the radius given by Lemma 3.1. We are ready to compare u with an energy
minimizing function and use the decay result of [14]. By construction of G, the set
F is (g0, +/¢)-minimal in the sense of Definition 8 of [14]. In fact, we know by
construction that F is ggp-minimal in the complement of the {B;};cs, and for all i,
we have that r; < \/erg. Set

G:=FF = (F\ U B,-)U U dB;.

iel(p) iel(p)

We may assume that ¢ is small enough with respect to the constant of [14] so that we
can apply [14, Theorem 9]. Thus we know that the normalized energy decreases for
all energy minimizer in B(xg, ro)\G. In particular if w is the energy minimizer in
B(xg, ro)\G that is equal to u on d B(xg, r9)\G = dB(xg, ro)\F (for the existence
of such a minimizer, one can see for example [6, page 97]), applying [14, Theo-
rem 9] with y = % <22 - 1), we have that for all a < %, there is a & (that

depends on a and &p), such that if ¢ < &; then

1 5 11 2
- Vwl? < a2 — Vw2, (3.4)
(aro)= JB(xg,aro)\G ry J Bxoro)\G

The second useful fact is the following. Since (4, K) is a Mumford-Shah minimizer
and (w, G) is a competitor we have

/ |Vul* + H*(K N B(xo, r0))

B(xp,r0)\K

< f |Vw|? +H2(G N B(xo, r0)) + reh(ro).
B(x0,70)\G

Hence

/ Vul* - / Vuwl|?
B(xo,r0)\K B(x0,70)\G

< H*(G N B(xo, r0)) — H*(K N B(xo, r0)) + rgh(ro)

1
< Cryan(x0,70)2J (xo,70) ' +C Y 17 +r3h(ro)
iel(p)

1
< Crga)z(xo, ro)2 J (xo, ro)_1 + C\/Ergm(xo, ro) + rgh(ro).

(3.5)

The third point is that Vw and V(w — u) are orthogonal in L?(B(xo, ro)). This
comes from the fact that w is an energy minimizer in B(xg, r9)\G and u is a com-
petitor for w. Thus

/ |Vu—Vw|2:f |Vu|2—/ IVwl|?.
B(x0,r0)\G B(x0,70)\G B(x0,70)\G
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We can now estimate the energy of u. Let0 < a < %, then

/ |Vu|2§2/ |Vw|2+2/ |Vw — Vul|?
B(xg,arg)\G B(xg,arg)\G B(xq,arg)\G

1
§2a2+7/ |Vw|2+2/ [Vw — Vul?
B(x0,70)\G B(x0,70)\G

1

§2a2+7/ |Vu|2+2/ |Vu|2—2/ |Vwl|?.
B(x0,r0)\G B(x0,r0)\G B(x0,r0)\G

Hence, dividing by arg and using (3.5) we get

1 1 _
w2 (x0, arg) < 2/awa(xo, ro) + Ca—zwz(XO, r0)2J (x0, 70) "
3.6)

Je 1
+ Ca—zm(xo, ro) + a—22h(ro). 0

3.3. Control of the bad mass

We still assume that we are under our Standard Assumptions 1. The following
proposition is an estimate about the bad mass m(xg,r). Let p € [%, %ro] be the
radius given by Lemma 3.1.

Proposition 3.3. If m(xo, %) > tm(xg, ro) for some T > 0 and provided & small
enough with respect to T and ng (the constant of Proposition 2.24) , on has

C 1
m (%0, 5) = o (@2600.70) + 02000,70) 2T 0. )™ +hG0)) . G)

Proof. To prove Proposition 3.3, we will count the contribution of B; fori € [
and use Proposition 2.24 to say that there are not so many. Recall that the B; are
disjoints.

In order to estimate the bad mass we will construct a competitor for (¢, K) in
B(xg, ro). We denote by I the set of indices of bad balls B; such that B(x;, d(x;))
doesn’t verify (2.24) and I, := I\I;. In particular, balls of I do not verify (2.23).
Hence we know that if i € I» we have

1

KNB(x,d(xp) =W or d(xp)” = — (HAFNB(xi. d(x)) —H (KN B(xi. d(x))
0

and since the B; are disjoint we deduce that

Y ori< 081,<H2<F<xo, ro) —HA(K NB(xo. 70))) < Crgwa(xo. 70)* J (x0. 7o) .
iE[z 0
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Now we have to count the contribution of /7. We will modify each B; fori € I
with the use of Proposition 2.24. Set

Il/ :={i € I1; B; N B(xg, p) # ¥ and B; N dB(xg, p) = ¥}
and
I :=={i € I;; Bi N 3dB(x0, p) # V).

Then define
& F(xo0,r0)  in B(xo,70)\U;cr; Bi
)L in B; foralli € I

where L; is the set given by Proposition 2.24. Then set
G:=GU| JaCiB
i€l

where C is the constant in (2.36). For the function we use the extension of Propo-
sition 2.13 which can be applied in B(xg, p) by Proposition 2.15. Thus we take

v=2v"in QFN B(xo, p),

and
v = uin B(xo. 1)\ <B(xo, nu U clB,-) :
iel(p)

By choice of constant A we know that the function v is well defined in B(xg, 70)\G.
Notice that m (xo, §) < Cr% Ziel{ r? and Ziellﬁ r} < Crgy/em(xo, ro) by Lemma
3.1. In addition G is a competitor (because of the same argument as [7, Remark
1.8.]). We apply now the fact that (1, K) is a Mumford-Shah minimizer and we
obtain

f |Vul* + H*(K N B(xo,0))

B(xo,ro)\K

5/ |Vv|2+H2(GﬂB(xo,ro))-I-rgh(”O)
B(x0,r0)\G

§C/ IVulP+H(F(x0.70) =m0 7 +CY_r7+C> ri+rih(ro).
B(xp,r0)\K iel] il ieh

Hence,

noCrom (Xo, g) — C/erom(xo, ro)

1
< c/ IVl + r2an(xo, o) J (x0, 7o) + r2h(2r0).
B(xg,r0)\K
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Therefore, since m(xg, %) > tm(xp, ro) and if ¢ is small enough compared to 7
and T we deduce

c
m (0. 5) = o (@260 0) + 020,02 Go.0) T b)) G

and the proposition follows. O

Now by the same sort of argument as in the Proposition before, we have this
second estimate about m that will also be useful.

Proposition 3.4.

m(xg, ro(1 — C/¢))

Cc
< e (@2000.70) + 0200, 70) 2 o, 70) ™!+ B0, o)+ h00)).

(3.9)

Proof. The proof is very similar to Proposition 3.3. We keep the notation of /; and
set

I{ :=={B;; 5B; N 3B(xo, ro) # ¥}.

Then we set
} F(x0,r0) in B(xo.ro)\ | Bi
G .= iel]
L; in B; foralli € I|

where the L; are the sets given by Proposition 2.24. Our competitor is now
G:=GU Ts
where Tg is a little wall of size B := 108(xo, ro)

Tg :={y € 9B(x9, ro); d(y, Z) < Bro}

with Z = Z(xg, ro).
As before we have

> o< c€i,<H2<F(xo, r0)) —H2(K NB(x0, r0))) < Crgwa(x0, 70)* J (x0. 70) .
iEIz 0

For the function we use the extension of Proposition 2.13 but applied in B(xg, 2rg)
and with p = rq and an analogous geometric function. We fix v = v* in Q¥ N
B(xo, p) and v = u in B(xg, 2ro)\ B(xp, o). By choice of constant A we know
that the function v is well defined in B(xo, 79)\ G and since we added Ty there is no
boundary problem.
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We apply now the fact that (1, K') is a Mumford-Shah minimizer and we ob-
tain,

f [Vu|?> + H*(K N B(xo, ro))
B(x,r0)\K

< |Vl +H?(G N B(xo, r0)) + rah(ro)
B(x0,r0)\G

C / IVul> + H>(F (x0,70)) — no Y _ 17 + H*(Tp) + rgh(ro).
B(xo,ro)\K

. !
iel]

IA

Hence,

2 2 L —1
nom(xo, ro(1 — C/8)) < C/ IV + 2w (0, r0)* I (0, 70)
B(xq,r0)\K

+ CréB(xo, ro) + reh(2ro)

because all the B; have a radius less than C./erg thus all the B; for i € I; such that
5B; N dB(xp,ro) = ¥ are contained in B(xg, ro(1 — C+/€)), and the proposition
follows. ]

3.4. Control of the minimality defect

In this section we want to control the defect of minimality of K in terms of energy
and bad mass. For some topological reasons we are not going to work directly on
K, but we will use the set F to be sure that it is separating in B. We show in
this section that F' is an almost minimal set with gauge function depending on the
energy of u and the bad mass.

Proposition 3.5. Assume that B(xo, ro) satisfies the Standard Assumptions 1. Then
there is a positive constant ¢c1 < 1 such that for all MS-competitor L for the set F
in the ball B(xg, cirg), we have:

1
ﬁ[Hz(F N B(xo, c170)) — H*(L N B(xo, ¢170))]
0

< C[w2(x0, o) + ~/em(x0, o) + h(ro)].

Proof. Let Z0 := Z(xo, ro) be the associated cone in B(x, rg). We also denote Zg
the region
7% := {x € B(xo, ro); dist(x, Z°) < ¢}. (3.10)

We consider our usual Vitali balls { B;};c; and we take the same functions as before

w‘ o {ri on Bl'
i =

0  in the complement of 5B;.
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Then for all x we define as before

8(x) =) i (x)

iel

which is a geometric function, and finally for all x € B(xg, p) (where p is the radius
of Lemma 3.1) we set

81(x) := max(dist(x, d B(xg, p)), 6(x)).

By the same way as for Proposition 2.15, one can easily prove that §;(x) is a ge-
ometric function associated to F in B(xg, rg). Thus applying Lemma 2.13 we get
some functions v¥ such that v¥ € W1-2(QF U v \ ;) and such that

/ ok < C/ VP
QkUINY, B(x0,p)\F

in addition, v is equal to u on 9 B(xg, p) N Qk\‘V.

Moreover, since 81(x) > dist(x, dB(x, p)), if ¢ is small enough we can easily
deduce that there is a constant ¢ < % depending on other constants like U and Co,
such that B(xg, c1rg) C V. Consider now

G - F  in B(xg, ro)\B(xo, c1r0)
L in B(xp, c1ro).

If L is a competitor for F' in B(xg, c1rp), we know that L is separating B(xg, c179)
into K(x, p) big connected components (because F is separating and L is a topolog-
ical competitor). Thus G’ is separating in B(x¢, p) and we denote by (B (xq, ,o)\G)k
the big connected components.
Then set
G:=G'uU ] acB
i€l(p)
and
u  in B(xo, r0)\B(xo, p)
vi= vk in (B(xg, p)\G)*
0 in other components of B(xgp, p)\G.

Using that (1, K) is a Mumford-Shah minimizer and that (v, G) is a competitor we
obtain

f Vul + HA(K) < / Vol? + H2(G) + p*h(o)
B(xo,p)\K B(xo,p)\G
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thus
H*(K 0 B(xo, c1r0)) — H*(L N B(xo, ¢179))
1
<C / IVul? + > " r2 +rgoxo. )2 (x0. 1)~ +rgh(ro)
B(xp,r0)\K iEIl//
and the proposition follows. O

4. Conclusion about regularity

Now we are ready to use all the preceding estimates in order to prove some regular-
ity. We begin with this proposition about self-improving estimates.

Proposition 4.1. Thereisane > 0, some 14 < 13 < T7p < T] < e¢anda < 1 such
that the following holds. Assume that B(x, r) satisfies the Standard Assumptions 1
and that

hr)+J () <1, oxr) <, mlor) <, BR,r) ST, (41)
Then (4.1) is still true with ar instead of r and 10731; instead oftiforie{l,2,3,4}.

Proof. We choose ¢ small enough such that all the results of the preceding sections

holds. Then we fix a < m such that applying (3.3) to (u, K) gives

wy(x,ar) < 10_6602()6, rHCorwy(x, r)%J(x, r)_1 +CoJem(x,r)+Cah(r), (4.2)

with a constant C» depending on a. Since a is chosen, we can fix 71 small enough
such that for all ar <t <r we have B(x, 1) < 10~°. Hence by Lemma 2.9

1
J(x,ar) > a2 [J(x,r) = C'1 > 5a—%J(x, r)
if 74 is small enough compared to C’. Then we deduce

-1 1 -1 -5 -1
J(x,ar)”" <2a2J(x,r)” <107 J(x,r)

1

because a < ;57-

In addition if t4 is small enough compared to t3, we have

1
Crtity < 107073, 4.3)
Therefore by (4.2),

wr(x,ar) <2.107%03 + Co/em(x, r) + Cata < 10713
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because 74 is small as we want with respect to 73 and under the further condition
that for instance

Cov/emy < 107073, 4.4)

Now for m(x, r) we have two cases. If m(x, ar) < 10™°m(x, r) then m(x, ar) <
1071, and this is what we want. Otherwise, we have m(x, ar) > 102 m(x, r)

2
which implies m(x, &) > a?107> (%) m(x, r) and then we can apply Proposition

2
3.3 with 7 = a*10~5 (#) 1o obtain

c 1
m(x, p/2) < n—(f3 + 714+ 14)
0

which implies

(p/2)? P
m(x,ar) < @2 m (x, 5)
1 (4.5)
< C(a, no)(t3 + 75 14 + 14)
< C(a,n)2+107°/Co)13 < 1071y,
using (4.3) and provided that
10°C(a, n0)(2 + 107 /Co)13 < 1. (4.6)

So it suffice to choose & small enough compared to 79 and a in order to have the
existence of 13 < 17 that verifies simultaneously (4.4) and (4.6). Hence, we control
wy(x,ar) and m(x, ar).

To finish we have to control B(x, ar). For that we use the estimate in Proposi-
tion 3.5 and Lemma 2.23. Indeed, suppose by contradiction that a < 7(10™>11)c;
is such that

B(x,ar) > 10777,. 4.7)

Then applying Lemma 2.23 with g = 1071} gives a 1o(t1, @) and a competitor L
for K in B(x, cir) such that

HA(K) — H*(L) > no(t1, a). (4.8)

On the other hand, according to Proposition 3.5, if we choose 12 and t3 small
enough compared to no(71, a), the inequality (4.8) cannot hold. This shows that

B(x,ar) <1077

which achieves the proof of the proposition. O
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We keep the constants a and 1; given by the preceding proposition. Let b be
the positive power such that (a/200)” = % Set

- A\’
he(t) = sup{(;) h(s);t <s Sr}

f~or t < rand h, (t) = h(t) fort > r. According to [6, page 318], the function
h is still a gauge function (i.e. monotone and with limit equal to 0 at 0). We also
trivially have that 2(¢) < h,(¢) and one can prove that

b
- t -
hy(t) > <?> he(t) forO<t <t <r. (4.9)

Notice that since (a/100)” = §, we have

hy(at/100) > %fzr(t) for0 <t <r. (4.10)
The purpose of Proposition 4.1 is just to have B(x,r) < t; at all scales in order
to have more decay for the other quantities. Notice that at this step, an iteration of
the last Proposition could prove that K is the bi-holderian image of a minimal cone
using the Reifenberg parametrization of G. David, T. De Pauw and T. Toro [8]. This
will be done in Corollary 4.4 to prove that K is a separating set. Before that we will
prove some more decay estimates.

Proposition 4.2. We assume that we have the same hypothesis as in the proposition
before. Then for all 0 <t < r we have

N
J(x,t)_1§2<—> T4
r

b
w(x, 1) <C (;) 73 + Chy (1)

b
m(x,1) <C (;) 7 + Ch,(1).

Proof. We begin by iterating Proposition 4.1. Let us do the first step. We start
with some control of the different quantities wy, m, J, 8 in B(x,r) and we ob-
tain a similar control in B(x, ar). The only problem that could occur to re-apply
the proposition in B(x, ar) is that the cone associated to B(x, ar) might not be al-
most centered (which is required the have Standard Assumptions 1 in B(x, ar/2)).
But in this case we know by the recentering Lemma that the cone associated to
B(x, ar/10) or B(x, ar/100) is almost centered. Moreover since the conclusion of
Proposition 4.1 yields a control of all the quantities by 10™>7; we are sure that in
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B(x, ar/10) or B(x, ar/100) the quantities are still controlled at least by ;. There-
fore we can apply the proposition in B(x, ar/20) or B(x, ar/200) and continue
the iteration at all smaller scales. In conclusion we just constructed a sequence ay
converging to 0 such that a9 = 1, a,41 € {aay, aa, /20, aa, /200}, such that each
B(x, a,r) has an associated cone almost centered and

h(anr) + J(x, apr) ' <14, @2(x,anr) < 13, m(x,ayr) <1, Bx,ayr) <1

foralln € N.

Next we want to get some further decay. First we control the jump. Up to take
a slightly smaller constant 7; (depending on a) we can assume that 8(x, 7) < 10~/
for all + < r. Then by Lemma 2.9

_1
2

ven-crz3(5) s

D=

= ()

if 74 is small enough compared to C’. We deduce

-1 2% -1
Jx, 1) <2| - J(x,r) .
r
And since a < % we have in particular

J(x,ar) <2 (%) . (4.11)

Now we want to show by induction that
wr(x, a,rg) <27 "3+ Csh, (ay,r) and m(x,a,r) <27"1p+ Csh, (ayr) (4.12)

for a suitable choice of constant C3.
If n = 0, (4.12) holds by our assumptions. Suppose by now that (4.12) is true
for n. Then inequality (3.3) applied in B(x, a,r) yields

w2 (x, aapr) < 10 5wy (x, apr) + Cown(x, anr)2 J (x, apr) ™

(4.13)
+ Co/em(x, ayr) + Cah(ayr).
Now, using the inequality 2a8 < o? + B2 we obtain
. -6 6C2 )
wy(x,apr)?2 < ——wy(x,apr)J (x, ayr) + J(x,a,r)" . 4.14)
2C, 2
Thus (4.13) becomes
¢ 1076 106 , L
wr(x,aa,r) < (107° + — wr(x, apr) + TCZJ(x, aur)

+ Co/em(x, ayr) + Coh(apr).
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Now using (4.11) and the induction hypothesis (4.12) we obtain
3
) (x, aayr) < E10—62—'%3 +10°C3272" ¢} + Co/e2 7'y
3 -
+ (510_6C3 + C2/eC3 + Cz) hy(anr).

Then, using that t4 is controlled by 73, since ¢ is small as we want compared to Cs,
using also (4.4) and (4.10), and finally if we choose C3 large enough with respect
to Cy we deduce that

wr(x, aayr) < 3.10727" 3 + 1077 Csh, (ayr)
which implies
wr(x, any1r) < 200%wr(x, aapr) < 1043.107027" 13 + 1075 C3h, (anr)]
<3.107227"13 + 10~ ' C3h, (anr) (4.15)

< 27Dy 4 C3hyp(apgrr).
Concerning m(x, r) it is a similar argument. We may assume that
m(x,aayr) > 10_5m(x,anr) (4.16)

otherwise
m(x, apy1r) < 104m(x,aanr) < 10_1m(x,a,,r)

and we would conclude by the induction hypothesis.
Now if (4.16) holds, then the same argument employed to prove (4.5) implies
that

m(x, aayr) < C(a, no)lwz(x, a,r) + wa(x, anr)%J(x, anr) "'+ h(anr)].

Then using again an inequality similar to (4.14) one gets
3 1 )
m(x, aayr) < C(a, no) sz(x, apr) + EJ(X’ apr)” "+ h(anr) |.

Setting C4 = C(a, 19), using (4.11) and induction hypothesis we obtain

m(x,aa,r) < C427 "3 + C42_2”+1‘Ef + Cah(ayr)
< 10727y 1 1074C3h, (aps17)

because 73 and 74 are small as we want with respect to C4 and 1, because we can
chose C3 big enough with respect to C4 and we also have used (4.10). Finally since
m(x, apy1r) < 10*m (x, aa,r) we conclude that

m(x, apt1r) < 27" Moy + Cahy (@nsr).
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To finish the proof let 0 < ¢ < r and n such that a,11r <t < a,r. In particular
(a/200)"*+'r < t. Then we have

1
wr(x,t) = —/ |Vu|? < (— wa(x, apr)
12 JB(o.0\K

( ) (2775 + Cahr (@r)
2
< (200> (a/200)"" 13 + Cliy 1)
C ) 73 + Cih, (1)

and similarly,

2 200\* "
m(x,t) < (ﬂ> m(x, ayr) < (—) (2_”r2 + C3hr(anr)>
t a
2 b
200 b )5 t >
<|{— | @/200)”" 12 + C3h,(t) < C | =) 12+ C3h (1),
a r

which ends the proof. O

Proposition 4.3. There is ¢ > 0 and 1y < t} < ) < T < & such that if the
Standard Assumptions 1 are fulfilled in B(xo, ro) and if

h(ro) + J (x0,70) "' < 7,  walxo,r0) <75, m(xo,r0) <75,  Blx0,70) < T,

then for all x € B(xop, %ro) and forall0 <t < Wloro we have

b
Ll 1
Jx,n'<cC (5)

b
n(x.1) < C (i) + Chp (1)
ro
t\? N
mx,t) <C (—) + Ch,(1)
ro
Bx, 1) < 1.

Proof. It suffice to show that there are 7, < 73 < 7; < 7| < & such that if

h(ro) + J (x0,70) "' <75,  walxo,r0) <75, m(xo,r0) <75  Blx0,70) < T
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then for all x € B(x, %ro) we have
h ! +J ! - < ! <
Zr Z Z
) 0 X, 2}’0 = 74, w2 | X, 270 = 13,
! < ! <
m| x, 2r0 < 17, B x, 2r0 <71
1

hence we could apply all the work of preceding sections in B(x, 15370) and conclude.
Note that for all x € K N B(xp, %ro) we have

1
wy(x, srg) < ;wz(xo, ro)
1
m(x, srg) < 2-m(xp, ro) “4.17)
S
1
B(x, srg) < ;,B(XOJ’O)

in addition if B(xg, ro) is small enough then
o _ 1 -1
J(x,sr0)"" < =J(x0,70)" -

s

Finally, since & is non-decreasing
h(sro) < h(ro).

We deduce that for i € [1, 4] we can set

so that all the assumptions of Proposition 4.2 are satisfied in B(x, s) where x €
B(xg,ro/10) and s € [r9/200, ro/2], except that the associated cone might not be
almost centered. But for at least one radius s € [rg/200, ro/2] the associated cone
is almost centered which allows us to apply Proposition 4.2 so that finally the decay
holds for any r < (/200 as it is claim in the statement of the proposition. O

Corollary 4.4. In the same situation as in proposition before, if t| is small enough
we can choose . .
F — =KNB —rp | .
(1 ) = 18 (s )

Proof. The approach is to prove that K is separating in B(xp, ll—Oro), so that we
can take /' = K in this ball. To show that K is separating it will be convenient
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to apply [8, Theorem 1.1]. Actually one could probably prove it directly without
using the whole result of [8], but this would make the present paper longer.
The main point is to show that for all x € B(x, %ro) and for all r such that

B(x,r) C B(xo, Wloro) there is a cone Z(x, r) such that
Dx,r(K’ Z(x,r)) < g

with &’ a certain constant given by [8, Theorem 1.1]. Recall that D, , is the normal-
ized Hausdorff distance

1
Dy ,(E, F) := — max sup {dist(z, F)}, sup {dist(z, E)};. (4.18)
r z€ENB(x,r) z€FNB(x,r)

If we choose 71 small enough compared to &’ we know that for all x and for all » we
have B(x,r) < & by the preceding proposition. Hence we can find a cone Z(x, r)
that satisfy the first half of Dy .. We have to show now that

sup{dist(z, K), z € Z(x,r)} < rée’.

We know that J (x, 7)™ < 14 and wo(x, r) < 13. Thus there is a set F (x, r) that is
separating in B(x, r) and such that

H2(F(x,r) N K N B(xo,r)) < Can(x,r)2J(x,r)~" < 10 0732
by (4.3). Then for all z € Z(x, r), we have
dist(z, K) < dist(z, y) + dist(y, K)

with y a point of F(x, r) such that dist(z, F(x,r)) = dist(z, y). If 11 < % we can
suppose that F(x,r) C {y; dist(y, Z) < r%/}. Thus dist(z, y) < r%/. We claim
that dist(y, K) < r%/. The argument is by contradiction. If it is not true, then
KN B(y,r%,) = (. But F(x,r) is contained in T := {y; dist(y, Z) < re&'}. Let
A be the connected components of B(y, r %/)\T. Then F (x, r) separates the A¥ in
B(y,r %), and the minimal set that have this property is a cone of type P, Y or T of

area greater than C&?r2. On the other hand H?(F (x, r)\K) < t3r2. Thus if 73 is
small enough compared to &’ it is not possible, thus finally dist(y, K) < % and

Dy, (K, P)<¢.

Now [8, Theorem 1.1] says that K is containing the image of a minimal cone
by a homeomorphism from B(xg, %ro) to B(xop, %ro) and this proves in particu-
lar the desired separation property on K which implies that one can take F = K as
claimed. O
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Theorem 4.5. There is some absolute positive constants € and ¢ such that the fol-
lowing is true. Let (u, K) be a Mumford-Shah minimizer in @ C R> with gauge
function h, let x € K and r be such that B(x,r) C 2 and

wr(x,F)+ B, )+ Jx, ) +h(r) <e

where the associated cone in B(x, r) denoted Z is of type P, Y or T centered at x.
Then there is a diffeomorphism ¢ of class C1* from B(x, cr) to its image such that
KNBx,cr)=¢(Z)N B(x, cr).

Proof. To prove Theorem 4.5 it suffice to show that K N B(x, c¢r) is an almost
minimal set that verify the assumptions of Theorem 1.12. If ¢ is small enough,
then B(x,r/2) satisfies the Standard Assumptions 1 and provided & small enough
with respect to rjP all the quantities wo (x,7/2), B(x,r/2), J(x, r/2)~! and h(r/2)
verify the hypothesis of Proposition 4.3. Furthermore, according to Proposition
3.4, m(x,r/2) is also smaller that 7;. Therefore, all the assumptions of the last
propositions are fulfilled.

By Corollary 4.4, we know that F = K in B(x, %r). So we can apply Propo-
sition 3.5 directly on K (instead of F') and the decay result on w; and m obtained in
Proposition 4.3 shows that K is an almost minimal set in B(x, 21—0011’) with gauge
function

~ t b ~
h(t) =C <;) + Ch,(1).

To conclude using Theorem 1.12 we have to verify (1.5). If ¢ and ¢ are small enough
we have that fz(cr) < &1 so we only have to control f(x,r). To do this we can use
the same argument as we used in Lemma 2.20. We use Lemma 2.18 to find a point
x of same type of cone Z that define f, then we use the same competitor L as in the
proof of 2.20 that is Z U M where M is a small wall. We deduce a bound of f by
B. Thus if the 7; are small enough compared to €1, (1.5) is verified hence the proof
is achieved. O

Remark 4.6. Constant ¢ in Theorem 4.5 is depending on ¢y, U, «, and other con-
stants. Thus, constant c is fairly small but one might give an explicit value by doing
some long computations. On the other hand the constant ¢ cannot be explicited
since it rely on some infinitesimal coming from some compactness arguments.

Now we want to prove that the conditions on J and w, can be removed in
Theorem 4.5 if we suppose that ¢ and ¢ are a bit smaller. To begin, we have to use
this following lemma from [6].

Lemma 4.7 ([6]). For each n; € (0, 1) there is some constants €3 and t| such
that the following holds. Let (u, K) is a Mumford-Shah minimizer in 2, x € K,
B(x,r) C @, and

wr(x, )+ h(@r)+ Bx,r) <es3.

In addition assume that K is not separating in B(x,r). Then

J(x, rir) = .
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Proof. The proof is the same as [6, Lemma 5 page 333], generalized to the case of
Y and T as well. This is not a serious issue so we omitted the proofs and refer to
the aforementioned results. O

About the normalized energy we also have this result that naturally comes from
an argument with blow-up limits.

Lemma 4.8. For each ny > 0 there is some constants €3 and ag with the following
property. Let Q@ C R3? and let (u, K) be a Mumford-Shah minimizer in Q with
gauge function h. Let x € K andr > 0 be such that B(x,r) C 2. Suppose that
h(r) < &3 and that we can find a cone Z of type P, Y or T centered at x such that

D, ,(K,Z) < &3.

Then

w2 (x, apr) < 2.
Proof. The proof is the same as [6, Lemma 3 page 476], provided that we know
who are the global minimizers in R? with u locally constant. Thank to a result from
G. David [4] we know that there are the cones of type P, Y and T and this is exactly
what we need to conclude. O

Now we can state the main theorem.

Theorem 4.9. For every C > 0 and o € (0, 1),there is a ¢ > 0 such that the
following holds. Let (u, K) be a Mumford-Shah minimizer in Q C R3 with gauge
function h(r) = Cr%, let x € K and r be such that B(x,r) C Q and h(r) < ¢.
Assume in addition that there is a cone Z of type P, Y or T centered at x such that

Dx,r(Ka Z) Ze.

Then there is a diffeomorphism ¢ of class C* from B(x, cr) to its image, such that
KNBx,cr)=¢(2).

Proof. We have to control the normalized jump and then apply Theorem 4.5. First
assume that K is not separating. Then if ¢ is small enough compared to €3 we can
use Lemma 4.8 and then Lemma 4.7 to obtain that

Jx, )P <é

where ¢ is the constant of Theorem 4.5 and for a certain radius ' given by Lemma
4.7.

Now since ¢ is still small as we want, and possibly by taking a slightly smaller
r’, we can assume that the associated cone in 8(x, r’) is still centered near x and in
addition

B, ")+ J(x, ) P wp(x, 7)) + () <.

Then we apply Theorem 4.5 in B(x, r") and the conclusion follows.

Finally if K is already separating in B(x,r), then all the part of the proof
corresponding to the construction of F and control of the jump is useless so that
Theorem 4.5 is true with J(x, r) = 0 and this is enough to conclude. O

This is an example of statement in terms of functional J.
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Corollary 4.10. Let g € L™ and Q C R>. Then there is some constants ¥ > 0 and
& > 0, that depends only on ||g||co, such that for all pair (u, K) € A that minimize
the functional

J(u, K) :=/ |Vu|>dx +/ (u — g)%dx + H*(K),
Q\K Q\K

for all x € K and r < 7 such that there is a cone Z of type P, Y or T centered at x
with
Dx,r (K,Z)<¢

there is a diffeomorphism ¢ of class C“* from B(x, cr) to B(x, 10cr) such that
KNBx,cr)=¢(Z)N B(x, cr).

Proof. We know by [6, Proposition 7.8. page 46] that (#, K) is a Mumford-Shah
minimizer with gauge function

h(r) = Cnliglir

where Cp depends only on dimension. The conclusion follows applying Theo-
rem 4.9 in B(x, r) if we choose

£
2Cnlgll3

F=
where ¢ is the constant of Theorem 4.9. O

Now we want a statement with only a condition about energy. We begin by
this following lemma (Dy denotes the Hausdorff distance).

Lemma 4.11. For every ng > 0 there exist a radius R > 1 and a n3 > 0 such that
for every Mumford-Shah minimizer (u, K) in B(x, R) C R3 such that x € K and

w2(x, R) + h(R) < n3,
there is a minimal cone Z of type P, Y or T that contains x and such that
Dy (K N B(xo, 1), ZN B(xp, 1)) < na.

Proof. The argument is by compactness. If it is not true, then we can find a n4 > 0
such that for all n > 0, there is a Mumford-Shah minimizer (u,, K,) in B(x, n)
such that

02, 1) + h(n) < n% .19)

and
sup Dy (K, N B(xp, 1), Z N B(xp, 1)) > n4 (4.20)
z
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where the supremum is taken over all minimal cones containing x. We let now tend
n to infinity. Since (u,, K,) is a sequence of Mumford-Shah minimizers, with same
gauge function h;(r) := sup{h(nr); n > [}, and such that

2 1
[Vul* <r—<C
B(x,n) n

by [6, Proposition 37.8] we can extract a subsequence such that (u,,, K,,) con-
verges to (u, K) in R3 in the following sense: Dy (K,, N A, K N A) tends to O for
every compact set A C R3. Moreover for all connected component 2 of R3\ K and
for all compact set A of €2, there is a sequence ay such that {u,, —ay}ren converges
to u in L'(A). Then, using (4.19) and Proposition 37.18 of [6], we know that for
every ball B C R,

1
f |Vul? < 1iminf/ |Vun|> < lim r— =0.
B\K k—400 B\K, k—+o00 ng

Thus Vu = 0 and u is locally constant. Finally, [6, Theorem 38.3] says that the
limit (u, K') is a Mumford-Shah minimizer with gauge function %;(4r). Since it is
true for all /, and that sup; #; = 0, we can suppose that (u, K) is a Mumford-Shah
minimizer with gauge function equals to zero, and u is locally constant. But in this
case we know by [4] that K is a minimal cone of type P, Y or T, and since for all
n, K, is containing x, it is still true for the limit K. In addition, there is a rank L
such that for all £ > L we have Dy (K N B(xp, 1), Kn, N B(xp, 1)) < 7’74 which is
in contradiction with (4.20) and achieves the proof. ]

Lemma 4.11 implies the following theorem.

Theorem 4.12. For every C > 0 and o > O there is some positive constants € and
¢ < 1 such that the following holds. Let (u, K) be a Mumford-Shah minimizer in
Q c R3 with gauge function h(r) = Cr%, let x € K andr be such that B(x,r) C Q
and

wr(x,r) +h(r) <e.

Then there is a diffeomorphism ¢ of class C1* from B(x, cr) to its image, and there
is a minimal cone Z such that K N B(x, Cr) = ¢(Z) N B(x, cr).

Proof. Denote by ¢ the constant of Theorem 4.9. We apply Lemma 4.11 to (u, K)
with n4 = £/100. We know that there is a constant ¢ < 1 and there is a cone Z that
contains x such that

Dy (Z,K) < &/100.

Dividing if necessary ¢ by 100 we may assume that the center of the cone lies in
15 B(x, cr). Thus
Dx,cr(Z7 K)+wy(x,cr)+h(r) <¢

and then we can apply Theorem 4.9 in B(x, cr), and the conclusion follows. O
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By the same way of Corollary 4.10, in terms of functional J we have the fol-
lowing statement.

Corollary 4.13. Let g € L™ and Q C R3. Then there is some constants ¢ > 0,
7 > 0 and ¢ > 0 depending only on ||g||co, such that for all pair (u, K) € A that
minimizes

J(u, K) :=/ |Vu|*dx +/ (u — g)%dx + H*(K),
Q\K Q\K

for all x € K and r < ¥ such that
wr(x,r) <¢

there is a diffeomorphism ¢ of class C'% from B(x,cr) to its image such that
KNBx,cr)=¢(Z)N B(x, cr).
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