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Regularity of a class of degenerate elliptic equations
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Abstract. In the present paper we establish the whp type estimates for the weak
solutions of a class of degenerate elliptic equations. The optimal estimates are
obtained by introducing the intrinsic metric that is associated with the geometry
of the operator and then using the compactness method.
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1. Introduction

In this paper we consider the following degenerate elliptic equation:
Lu = uxx—l—lxlzauyy =fi+1xl%gy (x,y)€Q, (1.1)

where o is an arbitrary positive real number and 2 is a bounded domain in R? with
(0,0) € Qor (0,0) € 992.
When o is a positive integer, £ belongs to a class of sum-of-squares operators,
ie.,
L=X+X3,

by choosing X| = 0y, X = x° 9. The vector fields X, X are smooth and satisfy
Hormander’s condition that is the vector fields together with their commutators of
some finite order span the tangent space at any point. In [7], Hormander proved the
following subelliptic estimate

lull ez, < CAILull 2, + Hull 20,
2

and as a consequence L is hypoelliptic. A few years later, Kohn studied the same
problem by using some basic properties of pseudo-differential operators (see [9]).
Furthermore, by studying the properties of the nilpotent group which is suitable
to the analysis of the operator, Rothschild and Stein gave the optimal regularity
estimates of £ in various Sobolev spaces and Lipschitz spaces (see [12]).
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As o is an arbitrary positive number, all of the above methods do not apply
since the vector fields dx, |x|?dy, are only Holder continuous and do not sat-
isfy the Hormander’s condition. In this setting, there are some papers studied the
Holder regularity of equation (1.1) in the last few years. For instance, Franchi,
Lanconelli and Serapioni proved the Sobolev-Poincaré inequality, the Harnack type
inequality and the C* estimates of the weak solutions(see [3-5]). Their results
are obtained by adjusting the classical Morse iteration techniques to the geometry
of the homogeneous space that is related to the intrinsic metric(or currently called
Carnot-Carathéodory metric) associated with the vector fields dx, |x|?dy. More-
over, in [14], one of the authors, Wang, gave an optimal Holder estimate which is
C2+% regularity for all & < 1.

In this paper we will consider optimal W -7 type estimates of equation (1.1) for
arbitrary o > 0. We must point out that the standard procedure such as Rothschild-
Stein’s method does not work for our situation since the vector fields are not even
smooth in R? when o is not an integer. Our results are the following

Theorem 1.1. Let 1 < p < oo and (0,0) € Q. If u is a weak solution of equation
(1.1) in Q, then u satisfies a uniform estimate in any subset Q' CC Q

/ (uxl? +[1x|7uy|")dxdy EC/(Iu|p+If|”+|g|”)dxdy, (1.2)
94 Q

where C depending only on o, p, Q' and 2.

Here we say u is a weak solution of the equation (1.1) in €2 if
[ s+ 1o ugdsdy = [ (Foctixgodsay.(13)

for every ¢ € Hol’ , () (for the explicitly definition of the space see Section 3).
If the degenerate line is a part of the boundary 2, we give the following theo-
rem.

Theorem 1.2. Let1 < p < oo and (0,0) € 0Q2. If u is a weak solution of equation
(1.1)in Q C R} xRy withu = 00on T = QN {x = 0} then, for any domain
Q' cc QUT, we have

/ (uxl? +[1x|7uy|")dxdy SC/(Iu|p+If|p+|g|p)dxdy, (1.4)
94 Q

where C depending only on o, p, Q' and 2.

The key method of our approach is the compactness method and the idea fol-
lows what was introduced by Wang in [15]. In that paper, Wang gave a new proof of
the classical Calderén-Zygmund estimate for the Laplace operator. After that, this
geometric approach has been used to prove the regularity of the more general ellip-
tic equations(see [1]). In this paper we show that it is also valid for the degenerate
elliptic equations.
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Although the methods to prove the regularity for the elliptic equation and the
degenerate one are similar, there are some difficulties of the proof since the operator
L is lacking of ellipticity when |x| vanishes. As we know the Euclidean distance
related to the Laplace operator, for the degenerate elliptic operator we need a suit-
able metric that is relate to the vector fields dx, |x|?dy. Hence, the balls, the max-
imum functions and so on, should also be adapted for our operator. For the elliptic
equation the points are equal from the geometry point of view, so it is enough to
give the estimates on the unit ball. For the degenerate equation, we must consider
the estimates on each ball and then match the estimates on the balls centered at any
point to obtain an uniform estimate.

We remark that our method can be applied to study the general degenerate
elliptic equations in higher dimension.

The organization of the paper will be as follows: In Section 2 we give the
definitions and the properties of the intrinsic metric and the analytic tools, such
as the maximal principle and the covering lemma. In Section 3 we introduce the
Sobolev type spaces associated with the operator. In addition, we give a new simple
proof of the Sobolev-Poincaré type inequality by using the classical one. In Section
4 we give the interior W7 type estimates of the weak solutions of equation (1.1)
and the special boundary value problems.

2. Preliminaries

2.1. The metric and the balls
Now we introduce the metric related with the operator £ that is given by:
ds* = dx® + x| dy>.

For any two points P; and P,, denote this intrinsic metric as d (Py, Pp).
Since there is a natural scaling of the operator L, that is,

Lurx, r'y) =r2(Lu)(rx, r'T0y),

we expect there are some scaling properties for the metric and the balls. So for our
convenience, define the following equivalent metric explicitly (see [14]),

[y1 — ¥l

d(Py, P2) = |x1 — x2| + ——
[x1]7 + [x2]7 + |y1 — y2|T+e

for any two points P; = (x1, y1) and P, = (x2, y2). The two defined metrics d and
d have the following relationship,

a1d(Py, Py) < d(Py, Py) < and(P1, Py), (2.1)

where o1 and o are positive constants depending only on o.
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From now on and towards the end of this paper we fix

(o)
y=— (2.2)
aq

then y > 1 and depends only on o. It is easily seen that d(Py, P») is a quasi-metric
and satisfies

d(P1, P) < y(d(P1, P3) +d(P3, P2)).
Let P = (x, y). Using the scaling property, we denote

140

rP=x,r y),

then
d(r Py, rPy) =rd(P;, P>).

Define the ball with the center point P as
B(P,r)={X:d(X, P) <r},
and the intrinsic ball as
B(P,r) ={X :d(X, P) <r}.

We denote B(0,r), B(0,r) by B,, B,, for simplicity. For any measurable set €2,
|€2] is its measure.

These balls have the following properties:
(a) For the intrinsic and explicitly defined balls, by (2.1), it is easily seen that

B(P,air) C B(P,r) C B(P, ayr);

(b) The measures of the balls with the same center are controllable, that is,
240
|B(P,r)| <|B(P,R)| < (—) |B(P,r)|, for R>r > 0.
r

We remark that the regularity results can be obtained by using the intrinsic metric.
Since the explicitly defined balls are equivalent to the intrinsic ones, for our con-
venience, in many cases we use them to substitute the intrinsic ones, and then the
equivalent results can be obtained. That can been seen in the later sections.
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2.2. The maximal functions and the covering lemmas

Since the regularity of the solution depends on the geometry of operator, the main
analytic tools of the classical ones, such as the maximal function and the covering
lemma, can not be used, so they must be adapted for the geometry of degenerate
operator. Define the maximal function of a locally integrable function f as

1
Mf(X) =sup ———— |f(x, y)ldxdy.
r=0 |B(X, )| Jpx.r
Here the ball B(X, r) can be replaced by the intrinsic one. For an integrable func-
tion f defined in €2, define the local maximal function as

Ma f(X) = M(f x)(X). (2.3)

Remark. If a domain Q2 is very close to |[x| = 1 and the diameter of 2 is very
small, then in €, the metric related with L is

ds? = dx* + |x|727dy? ~ dx? + dy>.

That means for X € € and r small, the intrinsic ball 5(X, r) and hence B(X, r), are
equivalent to the Euclidean ball. If r is large, then the measure of the set { f (x, y) =
0} is large, so the average of | f(x, y)| on B(X,r) has little effect on the value
of Mg f(X). Thus the local maximal function defined here is equivalent to the
classical one. Let u(x, y) be defined in B(Xjy, r). Notice the scaling property of the
operator L and let
a(x, y) = u(lxolx, 1xol ),

then u is defined in B(%, ﬁ). If the distance of the ball B(Xy, r) to the degen-
erate line x = 0 is very larger than r, then the ball B(%, Ixrﬁ
and the diameter is small. For #, the local maximal function is equivalent to the
classical one. Thus, if # has some properties then, scaling back, u# has the similar
properties. This is very useful and by using this property we can match the estimates
at different points.

Applying the usual methods as in [13], we have the following Vitali covering
lemma and the results of the maximal functions.

)is close to x| = 1

Lemma 2.1. Let E be a measurable set which is covered by a class of balls
B(X,ry). Suppose the radius of B(X, ry) are bounded, then there exists a disjoint
sequence, B(X1, ry, ), B(X», er), ..., such that E C U; B(X;, er,-)'

By Lemma 2.1 and B(P, a1r) C B(P,r) C B(P, ayr), we immediately have
the following equivalent result for the explicitly defined balls.

Lemma 2.2. Let E be a measurable set which is covered by a class of balls
B(X, ry). Suppose the radius of B(X,r,) are bounded, then there exists a disjoint
sequence, B(X1, Iy, ), B(X>, rxz), ..., such that E C U; B(X;, Seri).

We need the following lemma which is usually called a modified Vitali Lemma.
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Lemma 2.3. Let C C D C B be two measurable sets contained in By. Assume
there exists an € such that

1) |C| < €|Bil;
2) Forevery X eC andr <2,if |CNB(X,r)| > €|B(X,r)|, then B(X,r)NB; C D.

Then

ICl < (77°)**¢IDI.
Proof. Since |C| < €|B], for almost every X € C, there is an r, < 2 such that
IC N BX,ry)| = €lB(X,ry)l|, and |C N B(X,r)| < €|B(X,r)|, forr > ry,. By

Lemma 2.1, there exists a disjoint sequence, B(X1, Iy, ), B(X>, er), ..., such that
(C\ A CU;B(X;, SrXi), where A is a set of measure zero. So

ICl =1U; B(X;,5ry,) NC]|
< Y IB(X;,5r, )N C|
i

<eY IB(X;,5ry)

<5y Y IBXi,ry ).

er_

For every point X;, there is a point Z;, satisfying d(Zi, X;) = < and B(Z;, r%) C
B(X;,ry) N By. Thus,

IB(Xi,ry ) B IB(Xi,ry )l - |B(X;, aary)
IBXi,ry ) NBIl = \B(z:, 2y T IB(Zi, gaury)

4
. 240
< |B(Zz70lrx,«)| < (§y2> ,
|B(Zi, arry.)| 4

2

Sa
— 2
where ¢ = o

By the above inequalities we have

25 2+o0 5
ICl<e (IV3> S IB(Xi.ry ) N Bil < e(Ty®)*|D.
i

So the proof is finished. O

Similarly we have the following equivalent lemma.
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Lemma224. Let0 < € < 1, C C D C Bj be two measurable sets contained in
By with |C| < €|By]|. Assume for every X € C andr < 2y, if |C N B(X,r)| >
€|B(X,r)|, then B(X,r)N By C D. Then |C| < C(y)e|D|.

Remark. Here we use the Lebesgue differentiation theorem of the characteristic
function x. with the Euclidean balls replaced by the balls we defined, but this is
easily seen by using the same method as in [13].

For the Maximal function, the weak (1, 1) and the strong (p, p) estimates hold.

Lemma 2.5.
() If f € LY(Q), then for every % > 0,

C
HX € Q: Mf > A} < %HJCHU(Q)-

Q) Iff e LP(), 1 < p <00, then

IMfllLr@) < Cv. pIfllLr)-

3. Spaces associated with the vector fields

In order to study the weak solutions we introduce the Sobolev-type spaces which
associate with the vector fields dx, |x|°dy. For 1 < p < oo, we define the function
space

WP (Q) := {u € LP(Q); uy € LP(RQ), |x|7u, € LP(Q)}.
Then W*l "P(Q) is a Banach space with the norm defined by

etllyy1p () = Nl (@) + NuxllLr @) + NI uyllLe o).

Another Banach space WO1 ’ f (€2) arises by taking the closure of C§°(£2) in Wi P(Q).

In particularly, we denote W, ">(2), W, 2(2) by H} (), H] ().

The imbedding results and Poincaré inequalities for the vector fields have been
studied in many papers, for instance, [2,3,6,8,10,11]. Here we need the following
results.

By [14, Corollary 1] we have

Lemma 3.1. For any o > O, there is a small constant h = h(o) > 0, so that for
anyr < R <1, thereis a Cs(r, R) > 0, such that

“M”Hh(Br) = Ca‘(r’ R)”M“H*I(BR)
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Let
_ 1 /
ug = — [ u(x, y)dxdy
192 Jo

be the average of u(x, y) over 2.
Then the following Poincaré type inequality holds (see [3,5]).

Lemma 3.2. Ifu € H (B(X,r)), then

/ lu — ity ,, |*dxdy < Cr2/ lux|® + %% |uy)2dxdy.
B(X,r) B(X,r)

In [3] the author used the intrinsic metric which is called Carnot-Carathéodory met-
ric to prove the Sobolev-Poincaré type inequality. For p > 1, here we use the clas-
sical Poincaré inequality to give a very simple proof of the degenerate one, which
works for all o > 0.

Lemma 3.2 Let Q" = (=2r, 2r) x (=17, #179) 1 < p < 00.Ifu € WP (Q"),
then there exists a constant C depending on p and o, such that

/ lu —iigr|? < CrP/ lux|? + |x|°P|uy|Pdxdy.
r Qr

Proof. By scaling, we need only to prove it for » = 1. For (x, y) € Q!, we have

x| > x|l

N —

where [o] is the integer part of 0. Therefore we need only to prove the lemma when
o is a positive integer. In what follows we assume o € Nand r = 1.

Let

01 =(0,2) x (-1, 1),
Qno=Q D 2702y 5 (—1,1), n=12,...

We divide each Q, o into 2(=D(@+D cubes and denote them by On.1, On2s---,
Q, 2-1+1 from up to down. Thus,

Q1= U?lo=lQﬂ,0 UA= U(n,m)Qn,m U A,

where A and A are the sets of measure zero.
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For every cube O, , there exists a point (X, , Yn.m) such that
Onm = 77D 27072 x (g = 277DOHD 27 07DOFD),

For each cube Q,, n > 2, there exists a cube Q,_1,, such that the right side
boundary of Q,, i.e.,

2—(}1—2) % [}’n,l _ 2—(”—1)(U+1)’ V.l + 2—(/’!—1)(0-‘1-1)]’
is a subset of the left side boundary of Q,_1,, i.e.,
7—(=2) o Dty — 2—(n—2)(a+l), L _|_2—(n—2)(0+1)]’

and it is clear that (I; — 1)2°%! <[ < [, - 2°+1 If the two cubes have the above
relationship, then denote

Oni X On-1,-

Thus, for each cube Q,, ,,, there exists a sequence { Qi m, }Z;ll such that

Onm X Qn—l,ml - 011,

and also there exists a sequence { Q-+ m } = such that

s X Qn+k,mk X X Qn—H,ml X Qn,m-

We denote
(n,m) o (k, 1),

n—k—1
i=n—1

if there exists a sequence {Qp; m; } such that

Qn,m (0.8 Qn—l,m1 X X Qk,l-

To prove the lemma we give some notations:

The set {(n,m) : (n,m)  (k,[)} means the pair of numbers (k,[) is fixed
and all (n, m) satisfying the relation (n, m) o (k, /) are included, so does the set
{(n,m) : (k,1) < (n,m)};

The set {m : (n,m) o (k,l)} means (k,!) and n are fixed and all (n, m)
satisfying the relation (n, m) o (k, ) are included.

Obviously,

Utnm):(umyock.y) Onm = (0, 27 "Dy s (yy =27 *=DeHD [y, o=(k=DiotDy\ B,
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where B is a set of measure zero, so the measures of the sets satisfy
| U{(n,m):(k,l)o<(n,m)} Qn,m| = |Qk,l|9

and one can also easily have

> 1Quml =210kl

{m:(n,m)oc(k,l)}

In each cube Q,, 1, let

v(x,y) = u@ ™Dy, 27 @O0y Ly ) (x,y) € 01

By the classical Poincaré inequality,

/ |v—6Q,,1|P50/ s |? + [vy|Pdxdy.
01,1 O1.1

For any point (x, y) € Q1,1, we have |x| > 1, so

/ hhﬂ@ﬁpiC/ lvx|? + |x|7P vy |Pdxdy.
011 O1.1

Now scaling back,
/; m——ﬁQmdexdnyCZ_m_Dpj; lux|P + |x|7P|uy|Pdxdy.

For every Q> ; o Q1,1, there is a constant C depending only on o such that

1

_ x| + x| uyldxdy.  (3.1)
102U 011l Jor,00,, y

|IZQ2,i - L_‘Ql,ll =C

For Q,; o« Q,—1,;,, by the scaling form of (3.1), we have

—(n=1)

lig,; —ig, ;| < Co—F—— lux| 4 |x|% [uyldxdy.
’ b 1On.i U Qn—1.is] Jo,,;00,-1, ! y
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In O we give the following estimate,

) 2(0+1)(n—l)

[ e g raxay =3 3 u(x, y) — g, IPdxdy
01 =1  m=l On.m

<3 [ utr. ) =il + o, ~ oD Pdsdy
n,m n,m

< 2[1—1 Z (/ |M(.X, )’) - ﬁQnm|dedy + |Ql1,m”ﬁQnm - ﬁQl |p)

n,m

<Cuipy. f (x| + |x|P uy|P)dxdy
n,m

n,m

+2771 3 " 1Ol
n,m

<C (luxl? + |x|0p|uy|p)dxdy
Qi

p
+4P_IZ|Qn,m| ( Z |l’_tQk+1.ll _’/_‘Qk,1|> +1Q1llig, — g, P
n,m

{(k,D):(n,m)oc(k, D)}

p
|ﬁQk+l.11 —ugy| +lug,, —ug, |>
{(k,1):(n,m)x(k,l)}

=< C/ (luxl” + |x17P |uy|P)dxdy
(]
27kp

+CY Q™ Y (Juxl?
n,m {(k,1):(n,m)x(k, 1)} |Qk+],11 Qk,l| Qk+1,11UQk,I

1 p
+ 1x1°Pluy|P)dxdy + C| Q1] <—/ quldxdy)
1011 Jo,

< C/ (uxl? + %17 uy |P)dxdy
01

nP—1 2—kp
+CZ |Qn,m|

Y (lux|? + 1x|7P |uy|P)dxdy
k.1 {(n,m):(n,m)ox(k, 1)} |Qkt1,, U Ol Ok+1,, YOk,

<C | (luxl? + |xI°Puy|")dxdy.
(]
By the symmetric property we have
[ = ioulPdxdy <€ [ ud? 4167, Py,
0> 02

where Q> = (—2,0) x (—1, 1).
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Therefore,

|u—ﬁ1|p=/ |u—ﬁ1|p+/ lu — it 1 |P

/Ql ¢ (0] © (07} ¢

SC</ |U_L_‘Q||p+/ lu—itg,|”+1Q1llig, —igi” +10Q2llig, —ﬁQ1|p>
] 02

sC/ iy ? + 1217 luy P dxdy.
Ql

This finishes the proof. O

4. Proof of the L7 estimates

Since the equation (1.1) is elliptic away from x = 0 and translation invariant along
the y axis, we start with considering the properties near the point (x, y) = (0, 0).

Theorem 4.1. Let 1 < p < oo. If u is a weak solution of equation (1.1) in Q D
Bgo, 6, thenu € W;’p (B,) with the estimate

(uxl” + [1x|%uy|Pydxdy < C | " Plul? +1f17 +1g|")dxdy.
B Bs,
Before we come to the proof of the theorem we give some lemmas.

Lemma 4.2. If u is a weak solution of equation (1.1) and Bs C 2, then

(ux >+ 1x1% |uy|H)dxdy < C/ (ul* + 1 f* + 1glPdxdy,
By Bs

for some universal constant C.

Proof. For every n € Cgo (Bs), take nzu as a test function, then

/ (2 (220)x + X127 0, ), Y xdy = f (fPw)x + xI° g(nPu)y)dxdy.
Bs Bs
Thus,

(7 |ux|* + X7 1% uy|*)dxdy
Bs

=— f (nunyux+1x 12 nunyuy)+ [ fQuuny+n*us)+1x1% g Qnuny +n’uy)
Bs Bs

1
5/3 Enzuux|2+|x|2”|uy|2)+5|u|2(|nx|2+|x|2“|ny|2)+f 20012 f1* + 1g1).
5

Bs
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So
/n2(|ux|2+|x|2"|uy|2>dxdys10 ul*(Ine|® + X127 |0y [P)dxdy
Bs

Bs

+4/ (f1? + g Inl*dxdy.
Bs

Now if we take n such that

0<n=<1 (x,y)€Bs,
nx,y)=1 (x,y) € By, “4.1)
nx,y) =0 (x,y) € R"\Bs,

and [ny|, |ny| < C, then the lemma follows. O

Lemma 4.3. For any € > 0, there exists a 6 > 0, so that if u is a weak solution of
(1.1) in Bg with the conditions that

1
—/ (lux | + %1% |uy [*)dxdy < 1,
|B6| Bg

— | (f WP+ g, y)Pdxdy <8,
|B6| Bg

then

— lu — v|2dxdy <eg,
|Bs| J s

for some v(x, y) which is a solution of Lv(x, y) =0 in Bs.

Proof. We prove it by contradiction. Suppose there exists an €y > 0, such that for
any %’ there exist Up, fn 5 and 8n SatiSfying

1

— / (@n)x? 4+ X127 |(un) y|Hdxdy < 1,
|B6| B¢

’

1 1
—f (I fu G, I+ lgn(x, MIP)dxdy < —
|B6| Bg n

and
(Un)xx + |x|26 (”n)yy = (fu)x + |x|a(gn)y
in the weak sense in Bg, but for any solution of equation Lv = 0 in Bs, we have

— luy, — vlzdxdy > €.
|Bs| Jg; "



658 QIAOZHEN SONG, YING LU, JIANZHONG SHEN AND LIHE WANG

Since the equation is linear, we may assume |[u,||;2(p,) < 1. Thus by Lemma 3.1,
||’/ln||1-1h(35) = C(||(un)x||Lz(B6) + |||x|a(un)y||Lz(Bﬁ) + ||Mn||L2(B6)) <C.

Since H" is compactly embedded in L2, there is a subsequence of u,, which we
still denote as u,,, such that

u, — v strongly in L*(Bs).
By the L? boundedness of (1), and |x]7 (u,)y we have
(up)x — vy  weakly in LZ(B5),

and
|X|° (un)y — |x|°vy  weakly in L*(Bs).

Since u,, is a weak solution, we have

(un)xx + |x|20(un)y§0y)dx‘1y = / (fuoox + |x|0gn§0y)dXdyv
Bs Bs

for any ¢ € HO1 +(Bs). Now let n — 00, we have

/ (vx@x + x1*7 vy, )dxdy = 0,
Bs

which is a contradiction. So the proof is finished. O
A consequence of Lemma 4.2 and 4.3 is the following:

Lemma 4.4. For any € > 0, there exists a § > 0 so that if u is a weak solution of
equation (1.1) with the conditions that

1
— / (lux >+ %1% |uy [H)dxdy < 1,
1B J 5

1

—/ (1f e, 1P+ 1gCx, )IP)dxdy < 8,
1B J 5

then there exists a weak solution v of Lv = 0 in By such that

2 2 2 2
(lux — vy|” + |x| 0|uy _Uy| Ydxdy < €.

By

Before we state an important lemma, we shall introduce the following regularity
result for the homogeneous equation. See [14, Lemma 2].
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Lemma 4.5. If Lv(x, y) = 0 in By, then v is C>%° in B%, and

lollcar (By) = C@)lIvl 2.

Lemma 4.6. There is a constant N1, so that for any € > 0, there exists a § > 0,
such that the following statement holds: if u is a weak solution of (1.1) in €2 O Byg,4,
with

MU+ 187 < 83N IMux> + X2 luy®) < YN B #6,  (4.2)

then
HM Jux* + 1x1% |uy|*) > N7} N By < €|Byl. (4.3)
Proof. From (4.2), there is a point Xg € By, such that

1
—_— (lux* + X% JuyH)dxdy < 1
|B(Xo0, )| JB(xo.r)NQ * Y
and
1
|B(Xo0, )| JB(x0.r)N0Q2

Since Bg,2 C By,3(Xo) C Bg,4, we have

(£, P+ g, y)P)dxdy < 8%

1
| Bg

| / (lux* + 1x1% |uy |*)dxdy < QyH*T, (4.4)
)’2 B(,VZ

and
1

| Bg

2|/B (F e P+ g pP)dxdy < QD052 (@4.5)
4 6y2

By Lemma 4.4, for any n > 0 (here we take n < 1), there exists a § depending on
n, such that

/ (lux — vel? + [X[*7 Juy — vy|*)dxdy < n?, (4.6)
B4y2

where v(x, y) is a weak solution of Lv(x, y) =0in By,,>. Thus by the inequalities
(4.4) and (4.6),

/ (lvel? + 1x 7 vy [Pdxdy < 2(1 + 2y > By 20). 4.7)
B

4y2

Let v(x,y) = v(x,y) — U, . then 0(x, y) satisfies L0(x, y) = 0 and the same
4y
estimate as v in inequality (4.7). By the Poincaré type inequality and Lemma 4.5,

there is a constant Ny such that

x| zoe (B, ) + |||x|"l7y||L00(B3y2) < Ny,
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therefore,
loxllzoos, o) + Xl vyllLees, o) < No.

By (4.6) and Lemma 2.5,
(X € Byyo s M, (I — vel* + [x P Juy — vy %) > NG}

Cy)

< (Jux — ve? + X2 Juy — vy|*)dxdy

(4.8)

=

Now let X; be a point in {./\/1193V2 ((y — ve)? + |x|* (uy — vy)z) < Ng} N Bj.
Ifr <2y, then B(X1,7) C B3y2. So
1
|B(X1,r)| JBx,,r)
2
E -
|[B(X1,r)| JBx,,r)

(lux|* + X% uy|)dxdy
(lux — vel* + X% Juy — vy[P)dxdy

+ = (lox | + [x]% vy |*)dxdy
1BX1, 0| Jox,ry Y

< 4N].
If r > 2y, then B(X1,r) C B(Xg,2yr) and
1
—_ (x| + %1% |uy |*)dxdy
IBX1, )| Jpx,ry g
|B(Xo, 2y7)| 1
< Y (x| + 1x[2° |y D) dxdy

IB(X1,)| 1B(Xo,2yr)| Jaxe2ym)
- |B(X1,y 2y + Dr)|

- |B(X1,1)|

< (yQy + 1)*.

Therefore, if we take N12 = max{4N§, (y 2y + 1))?T°}, then

M P12 |y ) > NINBIC AM (It = [P+ Juy —vy ) > NGINB1.
From (4.8) we have
HM lux > + 12> Juy ) > NFY O By
(M, 5 (e = vil? + x|y = vy 1) > NG} 0 By
Cly) »

< n° < é€|Bi]
2
No

IA

by taking n small enough and hence the lemma is proved. O
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Corollary 4.7. There is a constant Ny, so that for any € > 0 there exists a § > 0
such that the following statements hold.

1. Take Y = (0, y). If u is a weak solution of (1.1) in Q@ D B(Y, 8y*r) and
IMASP+ 1817 < 82N {IM(uel® + 167 uy[*) < 3N B(Y,r) # 0, (4.9)
then
M (uxl* + 17 |uy|*) > N} N B(Y.r)| < €|B(Y, 7). (4.10)

2. If u is a weak solution of (1.1) in 2 D By, then for any point X € By and
every) <r <2y, if

{(Mux® + 13 uy*) > NP} N BX. )| = el B 7)),
then
BX.r) CAMUSP +181%) > 8%} U M (uxl® + 6 Juy ) > 1}, (4.11)
Proof. Statement 1 is easily seen by translating the equation in y direction and a

scaling argument of Lemma 4.6.
We give the proof of statement 2 in the following two cases.

Case 1: d(B(X,r),{x =0}) < 18y2r. In this case we prove it by contradiction.
Let Y be a point on x = 0 such that

d(Y,B(X,r)) =d(B(X,r), {x =0}).

Then,
B(X,r) C B(Y,20y%r) C B(X,39y%).

If
IMAFIP+ 181D < 80 M uel® + X1 uy|®) < 13N B(X, r) # 0,
then
IMAFIP+ 1817 < 8% N {IM(Jux|* + x> Juy|?) < 1} N B(Y, 20y°r) # 0.
Taking € in (4.10) as €C,,, where C;, = (39y*)~>79)_ we have

M@ + 1x*u3) > NE} 0 B(Y,20y°r)| < €C, | B(Y, 20°r)).
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This implies
UM (lux)? + 1x1% |uy|?) > NP} N B(X,r)| < €|B(X, 1)l

which is a contradiction.

Case 2: d(B(X,r),{x = 0}) > 18y%r. We denote the center point of the ball
B(X,r) by Xo = (x0, yo). Recall the remark after the definition of the local maxi-
mal function (2.3) and let

_ u(|xolx, x0T y)

U(-xv y) - ’ (412)
|xol
then v(x, y) satisfies -

Lv=20,f+Ix|°0,g, (4.13)

where f(x,y) = f(Ixolx. [xo|"*7y). g(x. y) = g(Ixolx. |x0| '+ ).

Now the corresponding good point of v(x, y) is
<1, 0 ) if xo>0,
~ Xo B ad

— = (4.14)

° 7 ol
<—1 L) if xp<O.

" x|t

6y2r

Since |xg| > 18y2r, consider the equation (4.13) in B()?E), o]

L is uniformly elliptic, that is

2 20 4 20
<§> E1% < a;j(x, )EEj < (3) HE

for all £ = (£1,&) € R2, where [a; j(x, y)] is the coefficient matrix of L. Since
near )?Z), the coefficients are smooth and the maximal function defined in (2.3)
is equivalent to the classical Hardy-Littlewood maximal function, we can use the
normal estimates as in [15] to have the following local result:

There exists a constant Ny, so that for any € > 0, there exists a § > 0, such
that if

), then the operator

MU +1215 < 83 N IM(ueP 4 1x1 o)) < 1) N B ()?6 —) # 0,

,
| xo]

then

~ 3y*r 2 2 2
{X €B (XO, W) : MB(XVO 3y2r)(|vx —wy|" vy —wy[7) > Ny

> Ixol
~ r
B (XO’ _)' '
|xo]

<e€
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where w(x, y) satisfies

2

~ 4y°r
Wyy + |x|2"wyy =0 (x,y)eB (Xo, ol ) ,

and

~ < .
N Il s < No

L*>®(B(Xo o »Txgl

N
~ 2
Furthermore, for each X € B(XJ, 3|’;—0‘r), we have

3y 1
1< — < -
llx[ —1] =< <%

|xo

Thus,

=~ 3y*r 2 2 2 ~2
XeB|Xo,— | :M_ ~ 55 (ue—wel+ [x]7vy —w > N,
{ ( 0 |X0|) B(X0’3|£3\)(| X x| | | |y y| )_ 0

~ T
B (xo, _)
|xol

where No = (2)7 No.
By the definition of the maximal function we have

<e€

’

MFX) = Mf (%0l X).
Now, scaling back, we have the local result of u(x, y), thatis, if
(MASFP+ 1817 < 80 (Muxl® + 1227 |uy*) < 1) N B(Xo.r) # 0,
then

11X € B(Xo0.3y%r) : Mpex, 320 (ltx — Wx > + |uy — @,[%) > Ny}

(4.15)

< €[B(Xo, r)l,
where w(x,y) = |x0|w(|;‘m, IXO\++")' One can also drop the localization in the
inequality (4.15) as in Lemma 4.6 to have the statement 2. The proof is com-
plete. O

Corollary 4.8. Assume u is a weak solution of equation (1.1) in a domain Q D
By, s, with the condition that |{X € By : M(lux|* + |x|**|uy|?) > N7}| < €|By].
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Then, for €, = C(y)e, the following inequalities holds,
@ B N {M@; + xIPu3) > N{Y| < e (IB1 N {M @} + [x[*7u3) > 1}]
+ BN IMAfIF + g% > 83
(b) 1B N{M(@u; + [x[*u}) > NiA*}| < €1 (|B1 N {IM(u + x| 1) > 27}
+1B1 N IM(FIP+g?) > 82A%)):;
© BN {M@: + 1x*°u) > NP*J < €f|Bi 0 M3 + 1x[*u3) > 1]
k
+Y BN MU+ 18P
i=l1
> 82NTETDy.

Proof. The conclusion (a) comes from Lemma 2.4 and Corollary 4.7 by choosing
= (X € B s M(luxl” + 1x[*uy ) > N7},
and
D = (M@ + [xuy) > NYUMASIP +1gP) > 8°H N B1. (4.16)

The conclusion (b) can be obtained by applying (a) to the weak solution v(x, y) =

”(x 42Y) of the equation
+ [x]?
Uyx + |x|2gvyy = fx 4| | gy,
A
(c) is an iteration of (b) by taking A = N{, i=1,2... O

Now we go back to the proof of Theorem 4.1.

Proof. By scaling, we need only to prove r = 1.

When p = 2, the theorem is easily seen by Lemma 4.2.

Let p > 2. We may assume that || f||.rBs) and | g|l L (Bs) are small, and also
the measure

X € By, M(Jux > + [x1*|uy|®) > N}| < | By

by multiplying the equation a small constant. Since f and g are in L” we have | f|?

and |g|? are in L%, By using Lemma 2.5 we have Mf1?+ g1 € L7 with a
small norm. We assume || f||.rBs) + lIgllLr(Bs) < 87, then

Y ONPUMA S + 187 > 82N T
=0 4.17)
N C(y, N1, p)

57 U fller +lIgllze) < C.
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Thus

lux|? + 1x|7uy|?
B

< | MQuy? + 1xPuy [} dxdy

By
0
= p/ AP B O M (Juy | + [x1% |uy|?) > A%} dA
0
00 N{<+1
<p (|Bl| + Z/k WPHBY O M (g [ + %2 [uy [*) = A2}|dk>
k=0 YNy

o0
k+1 —1
< pIBil+p Y NPV B O (M (Jua? + (327 Juy P) = N
k=0 4.18)

o0
< p(L+ INTDIBi+ NP SN (€6 1By 0 (M@ + 1x%7ul) > 1))
k=1

k
i 2(k—i
+ D EBI N IMAS P + 18D > N7
i=1
= k
< p(1+|NDIBi| + N ( Ny ef|Br N {M@; + 1x*7u3) > 1}
k=1

0 . . .
+ AN YN BN (M + 18 > 5sz““”}|)
i=1 k>i

SC?

by taking €; small enough such that N f € < 1.

If 1 < p < 2, then the statement follows from the standard duality argument,
so the proof is finished. U

Now we have all we needed to prove Theorem 1.1.

Proof. Let§ =d(Q,0Q).
For every point Y € €' N {x = 0}, consider the equation (1.1) in the ball

B(Y, §). Since the equation is translation invariant along y axis, by Theorem 4.1 we
have

/B(Y o Uuxl? +1lx[7uy|")dxdy

80y0

p) 4
scf (o) w7+ ler ) axay.
B(Y,#) 80y
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For every point Xg € Q' N{(x, y) : |x| > we consider the equation (1.1) in

Teooe )
the domain B(Xy, |x"l) N 2 and let v(x, y) be the scaling function of u that is the
same as in (4.12). Then v(x, y) satisfies equation (4.13) and is unlformly elliptic
in B(Xo, 2) N 2, where Xy is the same as in (4.14) and Q= {X : |x0|X € Q}.

Applying the classical interior W7 estimates for v(x, y) and scaling back, we have
/ (luxl” +[|x17uy|”)dxdy
B(Xo, 2olyngy

< C/ U817 Plul? + | 1P + IgP)dxdy.
B(Xo, "2hne

The estimate (1.2) follows by covering ' with a finite number of balls B(Y
with ¥ = (0, y) and B(X, ) with |x| >

8
’ 80)/6)

160 6° O

Theorem 1.2 is easily derived by Theorem 1.1 and the odd extension method,
so we omit the proof.
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