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Multiple constant sign and nodal solutions
for nonlinear Neumann eigenvalue problems

DUMITRU MOTREANU, VIORICA V. MOTREANU
AND NIKOLAOS S. PAPAGEORGIOU

Abstract. We consider a nonlinear Neumann eigenvalue problem driven by a
possibly nonhomogeneous differential operator which incorporates as a special
case the p-Laplacian. We assume that the right-hand side nonlinearity is (p —
1)-superlinear, but need not satisfy the Ambrosetti-Rabinowitz condition or to
be monotone. We show that, for all values of the parameter A in an upper half
line, the problem has two positive and two negative solutions. Subsequently, for
the case of the p-Laplacian, we also produce a nodal solution. Finally, for the
semilinear case we show that the problem has two nodal solutions.

Mathematics Subject Classification (2010): 35J25 (primary); 35J80, S8E05
(secondary).

1. Introduction

Let @ ¢ RY, N > 1, be a bounded domain with a C2-boundary 2. We study the
following nonlinear eigenvalue Neumann problem:

—diva(x, Vu(x)) + Alux)|P2u(x) = f(x,u(x)) inQ

P 0
) a—u=0 on 0<2,
n

where n(x) denotes the outward unit normal at x € 02 and % stands for the nor-

mal derivative of u on 9Q. Here a : Q x RN — RV is a map which is strictly
monotone in the second variable and satisfies certain regularity conditions (see hy-
potheses H(a) in Section 3). The p-Laplacian, with any p > 1, is a particular case
of the differential operator diva(x, V(-)(x)), but generally this operator need not
be homogeneous, which is a source of difficulties in the application of minimax
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methods. Different such nonlinear operators in divergence form are discussed in
Example 3.4. Our hypotheses on the map a(x, y) make the normal derivative the
right one to be considered for the Neumann boundary condition of problem (P;)
(see the nonlinear Green’s identity in [11]). In fact, nonlinear regularity theory al-
lows to interpret the boundary condition in a pointwise sense. In the formulation of
problem (P, ), the nonlinearity f(x, u) is a Carathéodory function and » € R is a
parameter. Under our hypotheses, the nonlinear term f (x, u) is (p — 1)-superlinear,
but it is not required to satisfy the Ambrosetti-Rabinowitz condition or to be mono-
tone.

Eigenvalue problems for nonlinear elliptic boundary value problems were in-
vestigated primarily in the context of Dirichlet equations driven by the p-Laplacian
differential operator. In this respect, we mention the works [3,16,17,19,20], where
the authors consider problems which involve the combined effects of (p — 1)-
superlinear and (p — 1)-sublinear terms, so problems with convex and concave
nonlinearities if p = 2, and prove the existence of a pair of positive solutions. A
multiplicity result for nonlinear eigenvalue Dirichlet problems guaranteeing three
nontrivial solutions, two of which having opposite constant sign, was proven by
the authors [26]. Other results regarding multiple and positive solutions for Dirich-
let eigenvalue problems can be found in [28]. Nodal solutions were obtained for
Dirichlet problems with the p-Laplacian in the works [1,6,7,9, 10, 27, 36, 37].
To the best of our knowledge, no such results exist for the Neumann problems.
Only recently the authors [29] examined a class of equations with the Neumann p-
Laplacian, and under conditions of near resonance proved multiplicity results, but
without providing information about the sign of solutions.

In the present paper, we first obtain in Theorem 4.11 multiple solutions of
constant sign for problem (P;) when the parameter A > 0 is in an upper half-line.
Specifically, we show that, under our hypotheses and for 1 > O sufficiently large,
problem (P,) possesses two positive solutions and two negative solutions. This
theorem is based on two auxiliary results that are of independent interest. The first
one, stated as Proposition 3.5, sets forth that the nonlinear operator associated in an
appropriate Sobolev setting to the principal part —diva(x, Vu(x)) of the equation
in (P,) is maximal monotone, strictly monotone and satisfies the (§)-property.
The second basic auxiliary result, which is formulated as Proposition 3.6, points
out the relationship between W !-7- and C'- local minimizers for functionals related
to the variational structure of Neumann problem (P, ). Then, in the case where the
differential operator is the p-Laplacian, we produce in Theorem 5.5 a nodal (sign
changing) solution of (P,), whenever A > 0 is large enough, in addition to the four
constant sign solutions already found. The argument leading to the existence of the
sign changing solution strongly relies on Proposition 5.4 ensuring the existence of
extremal solutions provided A > 0 is sufficiently large, namely, a smallest positive
solution and a biggest negative solution. Finally, in the semilinear case (i.e., p = 2),
we generate an additional nodal solution. The existence of the second nodal solution
is established by combining the minimax methods with Morse theoretic techniques.

The rest of the paper is organized as follows. Section 2 contains mathemati-
cal background which is needed in the sequel. Section 3 presents some auxiliary
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results. Section 4 is devoted to constant sign solutions. Section 5 focuses on the
existence of a sign changing solution. Section 6 studies the existence of a second
sign changing solution in the semilinear case.

ACKNOWLEDGEMENTS. The authors express their gratitude to the referee for the
helpful suggestion.

2. Mathematical background

In this section we briefly present the related basic definitions and facts which we
will use in the sequel.

Let X be a Banach space and let X* be its topological dual. By (-, -) we denote
the duality brackets for the pair (X*, X). Let ¢ € C'(X). We say that ¢ satisfies the
Cerami condition at level ¢ € R (the (C).-condition, for short), if every sequence
{xk}x>1 C X such that ¢ (x;) — c and (1 + [|xg])¢’(xx) — 0in X* as k — oo has
a strongly convergent subsequence. It is said that ¢ satisfies the Cerami condition
(the (C)-condition, for short) if it verifies the (C).-condition at every level ¢ € R.
As shown in [4], the deformation theorem and consequently the minimax theory of
a function ¢ € C'(X) holds if we employ the (C)-condition.

For later use, we recall the mountain pass theorem, which provides a minimax
characterization for certain critical values of a C'-functional.

Theorem 2.1. If ¢ € C'(X), x9, x; € X and r > 0 satisfy

max{g(xo), ¢(x1)} < inflo(x) : |lx —xoll =7} =&, [xo —x1ll >r,

and ¢ fulfills the (C).-condition, where

c¢:= inf max @(()),
wely —1<t<1

Lo :={yw e C(-1,1], X) : yo(=1) = x0, yo(1) = x1},

then ¢ > &, and c is a critical value of ¢. Moreover, if c = &, , there exists a critical
point x of ¢ such that (x) = c and ||x — xgo|| =r.

The following notion will help us verify the (C)-condition.
Definition 2.2. Let X be a reflexive Banach space and V : X — X*. We say that
V is of type (S)+ if for every sequence {xx}x>1 C X such that x = xand

lim sup(V (xz), xx — x) <0,
k—o00

one has that x; — x in X.
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For every ¢ € C!(X) and ¢ € R, we use the notation: ¢¢ = {x € X : ¢(x) <
cyand K = {x € X : ¢'(x) = 0}. The critical groups of ¢ € C'(X) at an isolated
critical point xg € X with ¢(xp) = c¢ are defined by

Cr(p, x0) = Hi (¢ NU, (p° NU) \ {x0}) foreveryk >0,

where U is a neighborhood of xg such that K N ¢ N U = {xp} and Hy(V, W)
denotes the kth singular homology group with coefficients in Z for the topological
pair (V, W) (see, e.g., [12,23]). The definition of critical groups is independent
of U.

Suppose that ¢ satisfies the (C)-condition and that inf ¢(K) > —o0. Fix ¢ <
inf @ (K). The critical groups of ¢ at infinity are defined by

Cr(p, 00) = Hy(X, ¢) forallk >0

(see [5]). The deformation theorem implies that the definition of critical groups of
@ at infinity is independent of the choice of ¢ < inf ¢(K).
If K is finite, the Morse-type numbers of ¢ are defined by

My = Z rank Cy (¢, x) forall k > 0.

xek

The Betti-type numbers of ¢ are introduced by
Br = rank Ci (¢, co) forall k > 0.

The Poincaré-Hopf formula holds
D DM =) (=D A @.1)

k>0 k>0

if all M, By are finite and the series converge.
In the analysis of problem (P, ), we will use the spaces

_ _ 9
Cl@) = {u e C'(Q): 8—” —0on asz}
n

and W,}’p(Q) defined as the closure of C,ll () in the norm || - || of W7 () (see
also [29,31]). Actually, we have WP (Q) = WP (Q). As it is usual, we write

Hnl () = W,}’Z(Q). The Banach space C,ll () is an ordered Banach space with the
positive cone

Ci={ueC(Q): ux) >0 forall x € Q.

This cone has a nonempty interior given by

intCy ={ueCy: ulx)>0 forall x € Q}.
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Finally, we recall a few basic facts about the spectrum of the negative Neumann
p-Laplacian, with 1 < p < o0, defined by

(—Apu,v) = / ||Vu||p_2(Vu, Vv)rnv dx forallu,v e Wnl’p(Q).
Q

Consider the following nonlinear eigenvalue problem:

—Apu(x) = Mu(x)|P2u(x) inQ,
u_y on 9. (@2)
on

A number A € R is an eigenvalue of (—A, W,%’p(Q)) if problem (2.2) has a non-
trivial solution. An eigenvalue satisfies A > 0. Note that A9 = 0 is an eigenvalue
with the corresponding eigenspace R and it is isolated. By virtue of the Ljusternik—
Schnirelmann theory, we have a whole strictly increasing sequence of eigenval-
ues {Aklk>0, Ak = +ooask — oo. If p = 2, these are all the eigenvalues of
(—A, HI(Q).

In what follows, we will use the notation rE = max{=£r, 0} for all r € R, and
| - | for the Lebesgue measure on RV .

3. Auxiliary results
The hypotheses on the map a(x, y) are the following:

H(a) a(x, y) = h(x, ||y])y, where h(x,t) > 0 for all (x, 1) € Q x (0, +00) and

() a e CO%@ x RN, RNy N CI(Q x (RN \ {0}), RN) with0 < o < 1;

loc

(i) for every x € Qand y € RV \ {0}, we have
I Dya(x, )|l < cllyllP~* for some ¢ > 0,1 < p < o0;
(iii) forevery x € Q and y € RV \ {0}, we have
(Dya(x, )&, &gy = collyI” > 1€

whenever £ € RV, for some ¢y > 0; o
(iv) the function G(x, y) determined by V,G(x,y) = a(x,y) for all x € £,

y € RY and G(x,0) = 0 for all x € Q satisfies

pG(x,y) — (a(x,y), )y = n(x) foraa x € Q, y e RY,

with some 1 € LY(Q).
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Remark 3.1. Such hypotheses are used frequently when dealing with quasilinear
elliptic problems (see [14, 24, 35]). Here assumption H(a)(iv) is weakened with
respect to the usual condition. Setting g(x, ) = h(x, )t forall x € Q and ¢ > 0,
hypotheses H(a) imply the following unidimensional estimate

cotP™? < gr(x, 1) < c1tP7? forallx € Q,¢ > 0.
These inequalities follow from
a(x, (t,0,...,0) = (g(x,1),0,...,0) forallx € Q,¢ >0,

by differentiation with respect to ¢ € R and making use of H(a)(ii)-(iii). Denoting
Go(x,1) = [y g(x,s)ds forall (x,1) € @ x Ry, it is seen that Go(x, -) is strictly
convex and strictly increasing on R. Now let G(x, y) = Go(x, ||y|]). Then G(x, -)
is convex for all x € €, G(x,0) = 0 and

VyG(x, y) = (Go); (x, IIyll)n = g(x, IIyII)n =h(x, lylDy = a(x, y)

for all (x, y) € Q x (RV \ {0}). Therefore G is uniquely defined in H(a)(iv). Since
G(x, -) is convex and VG (x, y) = a(x, y), it turns out that

(@(x, y), Mry = G(x,y) forall (x, y) € @ x RV, (3.1)
Using H(a) and (3.1), it is straightforward to justify the lemma below.

Lemma 3.2. If hypotheses H(a) hold, then

@) forallx € Q, y — a(x, y) is maximal monotone and strictly monotone;
(b) forall (x,y) € 2 x RV, Jla(x, y)|| < S IviP g

() forall (x,y) € Q xRV, (a(x, y), )’)RN > -2 ||y||”

Lemma 3.2 leads to:

Corollary 3.3. IfH(a) hold, then for all (x, y) € Q x RN, we have

_ 0 r<a < e
o — o IVIP = Gk, = p(p—l)”y”

Example 3.4. A typical example of a map a satisfying hypotheses H(a) is a(x,y) =
6(x)||y||P~2y for any 0 € C'(Q), 0 > 0. As different examples satisfying H(a),
we indicate in the case p > 2 and with 6(x) as above, a(x, y) = 0(x)(|y|?~2y +
In(1 + [|y[[P~%)y) and

ae. vy = [PEOUSIP2y 1y 2), Iyl =<1
T @Iy 4 elly Ty = e = Dyl > 1.
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for c = %, l <t <p f_q, T # 2. An example different of a(x,y) =
O(x)|lyll?~%y forany 6 € C'(Q), 6 > 0, for the situation I < p < 21is

_ IylP=2y
a(x,y) =0 [ IyI” 2y +c -1,
1+ IylP

with0 < ¢ < 4p(p—1) and O(x) as above. In the case p > 2, it satisfies hypotheses
H(a) provided 0 < ¢ < 4P . For instance, taking ¢ = 1 then we need to have

(p—1)?*
# <p<3+2V2.
Let V : WP () — W,'7(Q)* be the map defined by
(V(u),v) = / (a(x, Vu), Vo)pn dx forallu,v e W,}’p(Q).
Q
Proposition 3.5. If hypotheses H(a) hold, then V is maximal monotone, strictly

monotone and of type (S)+ (see Definition 2.2).

Proof. By hypotheses H(a) and Lemma 3.2, V is demicontinuous, strictly mono-
tone, hence it is maximal monotone (see, e.g., [18, page 310]). To show that V is
of type (5)+, let ug X win W,%’p(Q) with lim sup,_, oo (V (ux), ux —u) < 0. Then,
by virtue of the monotonicity of V, it follows that

klim (Vug) = V), ur —u) =0. (3.2)

Let wg(x) = (a(x, Vug(x))—a(x, Vu(x)), Vur(x)—Vu(x))rpy . We have wy (x) >

0 foraa. x € , all kK > 1 and, from (3.2), we infer that w; — 0 in L‘(SZ) as
k — oo. By passing to a subsequence, we may assume that

wi(x) > 0ae.on Q2 and 0 < wi(x) < ¢(x) foraa. x € 2,k > 1, 3.3)

with ¢ € L1(Q). Using (3.3) together with Lemma 3.2 (b), (c), we obtain

IV O I1P~ [ Vu ) |
(3.4)

() = 1 (IVuk @I + [Vu@)||P) — —

p— p—1
— c—ll ||Vu(x)||p_1 [Vug(x)| foraa. x € Q,allk > 1.
p—
From (3.4), we see that we can find § C Q with |S|xy = 0 such that {Vu (x)}x>1 is

bounded in R for all x € Q\ S. Passing to an appropriate subsequence (which, in
general, depends on x € Q\ §), we have

Viur(x) = £(x) in RY ask — oo.
Since wi(x) — 0 for a.a. x € €2, in the limit as k — oo, we have

(a(x,&(x)) —a(x, Vu(x)), E(x) — Vu(x))gy =0 fora.a. x € Q.
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We derive from Lemma 3.2 (a) that £(x) = Vu(x) a.e. on 2, so
Vur(x) - Vu(x) a.e. on Q. 3.5)

On the basis of the boundedness of {Vui(-)}x>1 C LP(S2, RV) and Hélder’s in-
equality, we infer that {||Vui () [|P =1 C L' () is uniformly integrable. This fact
and (3.5) permit the use of Vitali’s theorem (see, e.g., [18, p. 901]), which implies
IVugll, — IVull}, . Recalling that Vuy S Vuin LP(Q,RY) and LP(Q, RV) is
uniformly convex, we deduce that Vu, — Vu in LP(Q2, RY). Thus V is of type
(8)+- O

The next result relates local minimizers in W,}’p (£2) with local minimizers in
the smaller Banach space C,ll (). A result of this type was first proven for the
Dirichlet Laplacian in [8], then extended to the Dirichlet p-Laplacian in [16,20]
(in the latter, for p > 2). Recently, the authors [29] established the result to the
Neumann p-Laplacian (1 < p < 00). Here we extend it to the Neumann nonlinear
operators satisfying hypotheses H(a).

Let fo : @ x R — R be a Carathéodory function with subcritical growth

| folx, )| < a(x)+c|s|"~" forae x € Q,alls € R,
where a € L®°(R2)4, ¢ > 0 and

N
R AL VN
l<r<p"=qN-—-p

400 if N <p.

We set Fo(x,t) = fot fo(x, s) ds and consider the continuously differentiable func-
tional ¢ : W,:’p (2) — R defined by

oo (u) :/ G(x,Vu(x))dx —/ Fo(x,u(x))dx forallu € W,,l’p(Q).
Q Q

Proposition 3.6. If ug € W,} "P(Q) is a local C,i (Q)-minimizer of ¢o, i.e., there
exists r1 > 0 such that

@o(uo) < @o(uo +h) forall h € C,(Q), lIhllci <71,

then ug € C,i () and it is a local Wnl’p(Q)—minimizer of v, i.e., there existsry > 0
such that

@o(o) < go(uo + h) forallh € WyP(Q), |l <ra.
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This result has been proven in [32]. The proof therein is done by arguing by con-
traction and relies on an appropriate application of Lagrange multiplier rule for the
functional ¢ together with the Moser iteration technique (see [21, Section 4.7])
and the regularity result in [22, Theorem 2]. Proposition 3.6 extends the corre-
sponding result in [29], which treated the case of the Neumann p-Laplacian with
any 1 < p < oo.

Remark 3.7. In this section, it is not used that the map a(x, y) satisfies hypothesis
H(a)(iv). This hypothesis will be used in Theorem 4.8.

4. Solutions of constant sign

In this section we produce solutions of constant sign for problem (P;) for certain
range of the parameter A > 0. To this end, we impose the following conditions on
the nonlinearity f(x, s):

H; f: Q x R — Riis a function such that f(x,0) =0 a.e. on Q2 and
(i) f is Carathéodory (i.e., forall s € R, x — f(x, s) is measurable, and for a.a.
x € 2,5 — f(x,s)is continuous);
(i) f(x,s)s >0fora.a. x € Qandalls € R;
(iii) for almost all x € Q and all s € R, we have

| f(x,s)] <alx) +cls|""! witha € L®(Q)+,c>0,p <r < p*

(iv) limjs)— o0 % =-+o0 uniformly for a.a. x € 2, where F(x,t) =f0tf(x,s) ds;
(v) there exists 8 € ((r — p) max{l, %}, r] with & > 1 such that

Dt — pF(x,t .
0 < liminf fo. 0t = pF(x. 1) uniformly for a.e. x € ;
|t|—o00 |t|9

(vi) there exist§ € (0, 1) and t € [1, p) such that
F(x,s) > ¢|s|® foraa. x € Q,all |s| <& and some ¢ > 0;

(vii) for every £ > O there exists ¢, > 0 such that the function s — f(x,s) +
czlslpfzs is nondecreasing on [—£, £] for a.a. x € Q.

Remark 4.1. Hypothesis H;(iv) implies that for almost all x € €2, the nonlinearity
f(x,-) exhibits a (p — 1)-superlinear growth near infinity. However, we do not
assume that f(x, -) satisfies the usual in such cases Ambrosetti—-Rabinowitz condi-
tion. Instead, we employ hypothesis Hi(v), which was first introduced in [13] and
covers new situations. Hypothesis Hj(vii) is more general than f(x, -) be nonde-
creasing.
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Example 4.2. For the sake of simplicity we drop the x-dependence. Consider the
function f on R defined by

Is|72s + s if |s| < 1

TO=Vsl25@ 5] 4 1)+ 5% = sin(x 5 iffs] > 1

with constants | <7 < p <6 < p*, 0 > 2, and @ > 0, satisfies hypotheses Hj.
It is worth noting that f does not verify the Ambrosetti-Rabinowitz condition, it is
not odd and generally, for « > 0, it is not nondecreasing.

For the sake of clarity, we recall the notions of upper and lower solutions for
problem (P, ) which will play a major role subsequently.

Definition 4.3. (a) We say thatu € WLP(Q) is an upper solution for problem (P,)
if
/ (a(x, Vu), Vu)pny dx + A/ 7P *uvdx > / f(x,m)vdx
Q Q Q
for all v € WP(Q), v > 0. We say that u is a strict upper solution for problem
(P,) if u is an upper solution but not a solution of (P, ).

(b) Reversing the inequality in the above definition, we obtain the notions of
lower solution and strict lower solution u € W7 (Q) for problem (P)).

We proceed by introducing the set
S+ ={x € Ry : problem (P;) has a positive solution}.
Proposition 4.4. Sy # 0, and if . € Sy then [X, +00) C Sy.

Proof. In view of Proposition 3.5, the nonlinear operator V +K ,,, where K, (1) (-) =
lu(-)|P~2u(-), is maximal monotone, strictly monotone and coercive on W,% P(Q).
So there is a unique u € W,:’p(Q) such that V(u) + K,(u) = 1. Acting with
—u- € W,:’p(Q), Lemma 3.2 (c) yields u € C4 \ {0} because

C

0 - _ - -
[ IIVu 15+ ™l < (V(@), —u™) + lu" |l <O.

By [24, Theorem 6] (see also [35, Theorem 1.2]), there exists 6y > 0 such that
u(x) > 6 for all x € Q. Setting A=1+ ”f(;;,% , we obtain that u € intC is

a strict upper solution of problem (P;). For

0 ifs <0
folx,s) =1 f(x,s) if0 <s <u(x)
fl,ux)) ifulx) <s,
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we consider the auxiliary nonlinear Neumann problem:

—diva(x, Vy(x) + Aly() [P 2y(x) = folx, y(x)) in £,

9 41
Yo on 9. @1
on

Let ¢ : Wn1 "7 () — R be the Euler functional for problem (4.1), that is
) P Lp
v (z) = | G(x,Vz(x))dx + > lzlly — | Folx,z(x))dx forall z € W,;""(£2),
Q Q

where Fy(x,t) = fé fo(x,s)ds. Since ¢g is coercive and sequentially weakly

lower semicontinuous, there exists yg € Wn]’p (£2) such that

90(y0) = inflgo(y) : y € Wy ?(RQ)}. (4.2)

By Hj(vi) and using t < p, we infer that ¢o(z) < O provided z € R, z > 0 is
sufficiently small. Hence, by (4.2), it is seen that yp # 0 and

V(50) + 2K, (0) = fol-, y0()). (4.3)

Acting on (4.3) with —y, € W,i’p(SZ) yields yp > 0. Knowing V (1) + )A»Kp(u) >
f(,u(-)) = fo(-, u(-)) and (4.3), by acting with (yo —u)™ € W,}’p(Q) we find that

/ (a(x, Vu) —a(x, Vyo), Vyo — Vu)rn dx
{yo>u}
+ / (P~ 2u — 1y0l”2y0) (yo — u) dx
{yo>u}
> / (fole 1) — folx, y0)) (o — u) dx =O.
{yo>u}

We derive that 0 < yp < u, yo # 0, and through (4.3), yo solves (P;). Taking H; (ii)
into account, by [24, Theorem 6], it is seen that yg € int C.

Let A € S4, u; € intC4 be a solution of (P,), and & > A. It follows that
u; is a strict upper solution for problem (P,). Then, as above, we get a solution
u, € intCy of (P,) with u, < u,, thereby u € ;. O

Remark 4.5. The proof of Proposition 4.4 shows that if A} € S+, A1 < X2, and
uy, € intC4 is a solution of (Py,), then there exists u;, € int C4 solution of (Py,)
such that u;, < u,,.

In fact, the following strong comparison principle holds.

Lemma 4.6. If A; < A2, uy, € intCy is a solution of (Py,), up, € intCy is a
solution of (P,,), and u;, < uy,, thenuy, —uy, € intCy.
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Proof. Fix y; > 0 satisfying y; < u;,(x) for all x € Q. For some § € (0, &) we
set vs(x) = uy, (x) — 6, x € Q. Then vs € int C and, using the number ¢; > 0 in

hypothesis Hj (vii) corresponding to £ = ||u;,, ||co, it follows that

—diva(x, Vus(x)) + (A2 + c)vs (x)P !

—diva(x, Vuy, (x)) + (A2 + coun, ()P~ = 0(8)

G, u, (x) + (Ao — M)ylpfl + couy, (x)P~1 — 0(8) foraa. x € Q,

%

v

with @(8) = sup,,, (@ (""" — (t = 8)P~"). Note that o(8) — 0 as § | 0. For
8 > 0 small, we have (A2 — A1)y " > 0(8), hence
—diva(x, Vos(x)) + (2 + cvs ()71 > f(x, up, (X)) + oz, ()P
> £, U, (X)) + coup, ()P = —diva(x, Vi, (x) + (o + o)z, (x)P !

for a.a. x € Q (see Hy(vii) and recall that u, < u,,). Acting with (1, — vs)T €

W,} P (Q) and using the nonlinear Green’s identity (see [11]) yield
/ (a(x, Vvs) —a(x, Vuy,), Vuy, — Vus)gn dx
{ury >vs}
-1 -1
> (A2 +cp) (ufz — v ) (up, — vs) dx.
{Ll)L2 >vs}
It turns out that u;, (x) < vs(x) forall x € Q, thus uy, — Uy, €intCy. O

Let ¢ : W,}’p(Q) — R be defined by
A
o (u) = / G(x,Vulx))dx + — ||u||£ —/ F(x,u(x))dx forallu e Wnl’p(Q).
Q p Q

Hypotheses H; (i) and (iii) ensure that ¢, € CL(W,* ().

Proposition 4.7. Denote ) = inf Sy. Assume that . < A1 < L < A, Uy, €
int C is a solution of (Py,), uy, € intC is a solution of (Py,), and uy, < u,,.
Then there exists u,, € intCy solution of (P,) such that uy, < u, < uy, and u, is
a local minimizer of ¢,,.

Proof. Since Ay < u < A, we have that u;, € intC4 and u, € int Cy are strict
upper solution and strict lower solution for problem (P,,), respectively. We truncate
f(x, ) as follows:

) fx,up,(x))  ifs <wuy,(x)
flx,s) =1 f(x,s) ifuy,(x) <s <uy, (x)
fOup, (x)  ifuy, (x) <s.
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Setting F(x,1) = fot f(x,s)ds, the functional g, : W,)P(Q) — R defined by

@y (u) :/ G(x,Vu(x))dx —i—% ||u||§ —/ I:"(x, u(x))dx forallu € W,}’p(Q),
Q Q

is continuously differentiable, coercive and sequentially weakly lower semicontin-
uous. Consequently, there exists u,, € Wn1 'P(Q) such that @, (u,) = inf g, so

V) + K puy) = f,u,().

Let us first act with (v, —uy,)t € W,"?(Q) and then with (up, —uy)t e wlP(Q)
to deduce uy, < u, < uy,. Hence u, is a solution of (P,) and u, € intC,.
Lemma 4.6 implies that u,, — u, € intCy and u;, —u, € intC,. We infer that

u, €intCyisalocal C ,% (R2)-minimizer of @, - Then Proposition 3.6 completes the
proof. O

Now we state the first main result of this section.

Theorem 4.8. If hypotheses H(a), Hy hold and A > )\, then problem (P,) has at
least two (positive) solutions u;, v, € intC4 with u) < vy, u) 7 v;.

Proof. Let A > Ay. Proposition 4.4 ensures the existence of one solution u; €
intC4 of problem (Py). Let A4 < A; < A < Ay, uy, € intCy4 a solution of (Py,)
and u;, € int Cy a solution of (P;,) for which we can assume that u;, < u) < uy,
(see Remark 4.5). Consider the truncation

FO,un(x) + cann ()Pt if s < up(x)
f(x,s)+0gs"’_1 if s > uy(x),

f):i_(x’s) = {

with ¢¢ > 0 in hypothesis Hj (vii) for £ =|u;, ||co. Using I:";(x, t) :fot ff(x, s)ds,
we define the functional ¢;" € C'! (WaP(Q)) by

A+cyp

@f(u)zng(x,w(x»dH ||u||§—f9ﬁ;<x,u<x)>dx.

Corresponding to i > A4, we formulate the auxiliary problem

—diva(x, Vu(x)) + (1 + c)lu@)|P"2u(x) = £ (x,u(x)) inQ,
(P ou
— =0 on 0€2.
on
Making use of hypothesis Hi(vii), we see that uy, is an upper solution and u;, is
a lower solution for (P,). The reasoning in the proof of Proposition 4.7 applies to
f)f (x, s) truncated at {uy,, uy, }, thus we obtain a solution i, of (P,) which is also

a local minimizer of (Z);_ satisfying i1, — uy, € intC4 and uy, — it € intC.
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If &I; # u;, the conclusion is achieved because acting with (u; — i13)* €
W,? (Q) on

V(@) = V() + MK p (@) — Kpp) + coKp(@n) = f;7 ¢ an() = £ un()

yields u; < i1;, so i, € intCy is a second solution of (Py).

Now we suppose that iz; = u; . We can assume that u; is an isolated critical
point and a local minimizer of (,?J;“ As in the proof of [25, Proposition 6], there is
r > 0 such that

@ (up) < iy = inf{g;F () ¢ v —usll = r}. (4.4)

Claim 1: There exists u € W,}’p(Q) such that |lu — u, || > r and gﬁzr(u) <17.
Hypotheses H;(iii)-(iv) guarantee that, given & > 0, there is a constant ¢, >0
such that

N 1 /1
F:(x,s) > —(—+Cg>sp—C5 fora.a. x € Qandalls > 0.
p\¢&

For any constant £ > 0, it follows that

A+ gr

N 1
orE) = EP1QIy —f Ff(x,&)dx < - <,\ - —) 2N + ce| 2N
Q p €

By choosing ¢ with eA < 1, Claim 1 is proven since gof(g) — —oo as é — +oo.

Claim 2: (ﬁ;f satisfies the (C)-condition.
Let {ur}i=1 C W,}‘p(Q) be a sequence such that

|¢;F (u)| < M for some My > 0,all k > 1 4.5)
and 1
1+ ||uk||)(g?)f)'(uk) — 0in W, P (Q)* as k — oo. 4.6)
Writing (4.6) in the form
@) (), )] < —5—|lu|| forallu € W,"P(Q), withee L0, (4.7)
1 el
and setting first # = —u, and then u = u,j allow to get that
{ug Jx=1 is bounded in W, " () (4.8)
and

—f(a(x,wk),w,j)RN dx —(A+cp) ||u,j||‘,§+/ FF G uu dx < e (4.9)
Q Q
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The inequalities (4.5) and (4.9) together with (4.8) imply that
/Q (p G(x, Vu,j) — (a(x, Vu,j), Vu,:r)RN) dx
+ /;2 (f;r(x, u,i“)uk+ - pl:“;r(x, u,j)) dx < M,
for some M, > 0. In conjunction with hypothesis H(a) (iv), this gives
/Q(f;(x, u,f)u]: —p I:T(x, u,f)) dx < M5 forallk > 1, (4.10)

with M3 > 0. Hypothesis H;(v) yields
vs? — My < ff(x, s)s — pﬁf(x, s) fora.a. x € Q,all s > 0,
with constants v > 0 and M4 > 0. In view of (4.10), we infer that
{ui }=1 is bounded in LY (Q). 4.11)

Assume first that N > p. Since 8 < r < p*, there is a unique ¢ € [0, 1) such that
— . . . . 1—
% = % + #. Then the interpolation inequality ||u,':||r < ||u:||6 ! ||u,':||;* (see,

e.g., [18, page 903]) and (4.11) lead to the estimate
lu Iy < Msllu |1 (4.12)

for some M5 > 0. This also holds for N < p by applying the interpolation inequal-
ity withf <r < g, forq > Gfpe_r. Then, using Lemma 3.2 (c), (4.7), (4.8), H; (iii)
and (4.12), we see that

C

0
; IVuE I + O+ eollug 115

5/(a(x,w,j),w,j)RN dx + (. + colluf 15 (4.13)
Q
< +f P whud dx < e+ &l | + 1 1),

Q

&)
ik
Consequently, (4.13) renders that {u]:} k>1 is bounded in Wnl "P(Q). Combining with
(4.8), we conclude that {uy}r>1 is bounded in W,} "P(Q). Passing to a relabelled

subsequence, we may assume that uy =S win W,}’p(Q) and uy — u in L7 (Q2).
From (4.7) it turns out that limg_ oo (V (ux), ux — u) = 0. By Proposition 3.5,
Claim 2 is established.

with a constant ¢ > 0. Notice that tr < p because 8 > (r — p)max{l,
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Since (4.4) and Claims 1 and 2 hold true, we may apply Theorem 2.1. Thus
there exists a critical point v € Wn]’p(Q) of (,?er satisfying (ZJ)T(M)L) < < (,?J;f(vk).
It follows that u; # v, and

V(@) + A+ c)Kp@) = v (), (4.14)

which implies
/ (a(x, Vvy) —a(x, Vuy), Vuy — Vu)gn dx
{us>vp}

+ (A4 cp) (Joa P2 05 — |ua|P~2uz) (uy — v3) dx =0,
{ur>v;}

so u) < v,. By means of (4.14) and nonlinear regularity theory, we infer that
v, € intC4 and it solves problem (P;,). O

In the same way, denoting
S_ = {1 € R, : problem (P,) has a negative solution}

and A_ = inf S_, we can show that A_ is finite and

Theorem 4.9. If hypotheses H(a), Hy hold and A > )\_, then problem (P,) has at
least two (negative) solutions

wy, y) € —intCy, y < wy, y) # Wy .

Remark 4.10. Theorems 4.8 and 4.9 hold if Hy(ii), (iv)-(vii) are only imposed on
the positive and negative half-lines, respectively.

Set A* = max{A,, A_}. Theorems 4.8 and 4.9 ensure that:

Theorem 4.11. If hypotheses H(a), H| hold and A > \*, then problem (P)) has at
least four nontrivial solutions of constant sign

uy, vy €intCy, uy < vy, U # v,
Wy, yp € —IntCy, y) < wy, Yo # Wi

5. Nodal solution

We now deal with the special case of problem (P,) driven by the p-Laplacian op-
erator A,u = div (IVu||P~2Vu) (i.e., a(x,y) = ||ly|”~2y), where we produce in
addition a nodal solution. The approach that we employ relies on the construction
of a smallest positive solution u and a biggest negative solution #_, and then a
nontrivial solution in the ordered interval [u_, ] which, thanks to the extremality
of u_ and u, must be nodal (see [9, 15,27] for related results).

We formulate the new hypotheses on f(x, s):

H; f:Q xR — Risa function such that f(x,0) =0 a.e. on 2, hypotheses
H; (), (iii)-(v), (vii) are satisfied, and
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(vi)’ there exist T, u € (1, p), & > 0 and 8y > O such that

fx,s) > &EsT! foraa x € Q alls >0,

fx,s) <&|s|"%s foraa x € Q alls <0,
wF(x,s) — f(x,s)s >0 foraa. x € Q,|s| <.

Example 5.1. The function f in Example 4.2 satisfies hypotheses Hj. To see this,
it suffices to choose T < u < p for fulfilling hypothesis H(vi)'.

Our approach will be valid until certain point for the general problem (P;)
before restricting to the case of the p-Laplacian.

Given a lower solution u € W7 () and an upper solution u € WP (Q) for
(P;) (see Definition 4.3) with 0 < u < u, we consider the ordered intervals

[, ] = {h € W'P(Q) : u(x) < h(x) < i(x) ae. on Q}

and
THw) = {h € Wil (Q) : u(x) < h(x) ae. on Q).

Proposition 5.2. If hypotheses H(a) and H hold, and A € Sy, then problem (P,)
admits a smallest solution X5 in T (u) and one has X5 € [u, u].

Proof. Forany h € L" / (£2), where % + % = 1, we formulate the auxiliary Neumann
problem:

—diva(x, Vu(x)) +  + cp)lu@)|P2u(x) = h(x) inQ,

u (5.1)

~_0 on 0€2,

on
where ¢, corresponds by hypothesis Hy(vii) to £ = ||u]| . Taking into account that
V+h+c)K,: WP (Q2) — W, P (Q)* is maximal monotone, strictly monotone
and coercive, there is a unique u =: S;4¢,(h) € W,} "7 () which solves (5.1) and,
by nonlinear regularity theory, u € C} ().

Claim 1: Syy¢, : L”(Q) — W,:”’(Q) is completely continuous.
Let hy X hin L’/(Q). Then up = Sy, (i) satisfies

V(ug) + A+ co)Kp(up) = hy . (5.2)

Acting on (5.2) with uy € Wnl’p(Q) and using Lemma 3.2 (c) imply that {uy}r>1
is bounded in Wn1 "7 (Q). Along a relabelled subsequence, we have that uy = uin
Wnl’p(Q) and ux — u in L"(€2). Let us now act on (5.2) with u; — u and then pass

to the limit as k — oo. Through Proposition 3.5 we infer that uy — u in Wnl’p (2).
In the limit, (5.2) results in u = Sy 4, (h).
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Claim2: hy < hy in L’,(Q) = Sitc,(n1) < Sige, (h2) in W,}’p(Q).
Writing for u1 = Syy¢,(h1) and uz = Sp4¢, (h2) that

V(uz) = V(ur) + (A + co)(Kp(uz) — Kp(ur)) = ha — hy,

Claim 2 is readily verified by acting with (u; — uz)™ € W,i’p(SZ).

Now let A € S;. We introduce R;, = Sj4¢, o N¢, where Ny(u) = celulP~2u +
f(,u). Then u € intCy is a solution of (P,) if and only if u = R, (#). Moreover,
since 7 € WhP(Q) is an upper solution of (P), by Claim 2 we derive R (1) < u
in Wh-P(Q). Similarly, it is true that u < R; (1) in W7 (). In view of hypothesis
Hj(vii), and by Claims 1 and 2, we have that the map R, : [u, u] — [u, u] is well
defined, completely continuous and increasing. Consequently, Theorem 6.1 in [2]
can be applied yielding the minimal fixed point X, € [u, u] of R; in [u, u]. This is
the smallest solution of (Py) in T (u). L

Arguing as above leads to:

Proposition 5.3. Let v € WP () be a lower solution and let v € WP () be an
upper solution for problem (P)) withv < v < 0. If hypotheses H(a) and H; hold,
and A € S_, then problem (P,) has a biggest solution v _in

T-(v)=1{he W,%’p(Q) 1 h(x) <v(x) a.e. on 2},
and one has v), € [v, V].
We deal from now on with the following problem:

—Apu) + Au@)P2ux) = fr u(x) ing,
P, d
*3) 2o on 9.
on
Proposition 5.4. If hypotheses Hy hold and A > A*, then problem (P’ ) has a small-
est positive solution uy € int Cy and a biggest negative solution u_ € —intC.

Proof. We only show the existence of the smallest positive solution because the
proof of the existence of the biggest negative solution is similar. Let A > A™ and

6 e O, (%)’_1’ ). Hypothesis Hy(vi)" ensures that u := 0 is a lower solution for
(P}) because

—ApO+1Kp@0) =207 <£6771 < £(-, 0).

Fix n € (A*, A). We note that if u,, € intC4 is a solution of problem (P;L), then
:= u,, is a (strict) upper solution of (P}) which, for 6 sufficiently small, satisfies

7
u <.
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Corresponding to a sequence 6r L Owith 6, =6, letu L= 6. According to
Proposition 5.2, there is a smallest ui € T (uy) with

—Apuk + 2K, Wk = f(,uk () forallk > 1, (5.3)

and u]; € [ék, u]. It turns out that {uﬁ}kzl is bounded in Wnl’p(Q). This gives rise to
arelabeled subsequence with ui X Uy in W,%’p(Q) and uﬁ — u4 in L"(2). Acting
on (5.3) with X — u and then letting k — oo, we obtain through Proposition 3.5
that

b > uy in Wit(Q). (5.4)

Claim: uy # 0.
The auxiliary Neumann problem

—Apu+MulP2u =) inQ
ou (5.5)
— =0 on €2

on
possesses a nontrivial solution # € int C4. This can be seen from the fact that the
associated Euler functional v, defined by

£

1 A
Vi (u) = > IVullp + > luelly — " It % forall u € Wy ()

is coercive and sequentially weakly lower semicontinuous, so there exists u €
W,%’p(Q) such that 1, (1) = inf,. Noting that if§ > 0 is small, since p > T,
it follows that ¥, (§) < 0, so u # 0. Furthermore, applying to (5.5) the strong
maximum principle in [34], we get that u € intC.

Using that u* € int C allows to find 6 > 0 such that 6u < uX. Let us denote
by 6k the largest positive real for which this inequality holds. Suppose 6; < 1. By
(5.3), Ho(vi)" and (5.5), we have

— Apuk 4+ a@h)P = fx,ub) > @b
> E@u) " = —A,Gu) + 2 O)? " + £ =07 Hut

Since ¢ € (0, 1) and T < p, arguing as in the proof of Lemma 4.6, it is seen that
u’; — Oru € int C4, which contradicts the maximality of 6 . Thereby, 6y > 1, and
sou < uﬁ , which proves the Claim taking into account (5.4).

The convergence (5.4) enables us to pass to the limit in (5.3) obtaining that u
is a nontrivial solution of (P} ). By the nonlinear regularity theory and since u < u.
as shown above, we infer that uy € intC4. In order to show that u; € intCy
is the smallest positive solution of (P&)’ let v be a positive solution of (P;\). Since
v € int Cy, if k is sufficiently large we have u;, < v. This forces u < v. O

The following is the main result of this section supplying a nodal solution.
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Theorem 5.5. Assume hypotheses Ha. Then, for every . > A*, problem (P,) has
at least five distinct nontrivial solutions

uy, v €intCq, uy < vy, Uy # vi,

Vi, wp € —intCoy, yx < wj;, yin # wy,

and
7 eC ,% () a nodal solution.

Proof. Theorem 4.11 produces four constant sign solutions u;, vy € intC4 and
wy, y» € —intC4. Letuy € intCy and u_ € —intCy be the two extremal
constant sign solutions given by Proposition 5.4. We introduce the following three
truncations of the nonlinearity f(x, -):

0 ifs <0
f+(x,s) =1 f(x,s) if0 <s <uy(x)
S up(x))  ifuy(x) <,

f,u_(x)) ifs <u_(x)
f-(x,8) =1 f(x,s) ifu_(x) <s <0
0 if 0 <,

flu_(x) ifs <u(x)
fo(x,s) =3 f(x,s) ifu_(x) <s <uq(x)
Sl up(x))  ifuy(x) <s.

Corresponding to these truncations, we set
A t A A l A
Fi(x,1) = f Jfx(x,8)ds, Fo(x,t) = f Jo(x, s)ds.
0 0
Then we define the C'-functionals ¢4, @3 : W,} 7(Q) — Rby

) 1 S A -
@r) = —|Vulp + —llullp = | Fx(x, u(x))dx,
P p o

1 A R
@ow) = > IVullbh + » lluell —/ Fo(x, u(x))dx forallu e W,)P(Q),
Q

and consider the order intervals in W,} P(Q): Ty = [0,uq], T- = [u_,0] and
To = [u—,uy].

Claim 1: The critical points of (Z)i and (/3(})‘ are in 73+ and Ty, respectively.
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We prove the assertion only for @i because the others are similar. Let u €
W,} "P(Q) be a critical point of g?)i . This means

—Apu+rKpw) = fr(u0). (5.6)
Then a direct comparison with # and O ensures u € 7.

Claim 2: The sets of critical points of (ﬁi and ¢* are {0, u,} and {u_, 0}, respec-
tively.
We only provide the proof for g@i since the other is analogous. If u € W,} P(Q)

is a critical point of (Z)j\r, then Claim 1 implies that u € 7. By the nonlinear
regularity theory and strong maximum principle [34] we find out that either u = 0
or u € intCy. Then we can conclude because u is the smallest positive solution
of (P}).

Claim 3: uy € intC, and u_ € —int C4 are local minimizers of @3 .
Taking into account that (Z)i is coercive and sequentially weakly lower semi-

continuous, there exists u € W,,l’p (€2) such that

@ (u) = inf @ . (5.7)
Claim 2 implies that # € {0, u4}. Set B = ming{uy, —u_} > 0. The first part of
hypothesis Hp(vi)’ yields that if 0 < s < B is small enough, then

A
Ph(s) < (—sl’ - 5s’> 20y < 0= ¢ (0).
p T

This guarantees that u # 0, which forces u = uy € intC4. By (5.7) and since
o Jr|c L = (polc +» we derive that u4 is a local C (€)-minimizer of (pO Then

Proposition 3.6 implies that # is a local Wn 'P(Q)-minimizer of ¢ <p0. The proof
for u_ € —int Cy proceeds in the same way, which establishes Claim 3.

We may assume that gﬁé(u,) < gﬁ())‘(u+) and there is 0 < § < |lu— — uy||
satisfying
A AL A
< = inf , 5.8
@y (uy) <1y o 40 (5.8)

where 0B,(uy) = {v € Wnl’p(Q) : |lv—u4ll = p}. By Theorem 2.1 we find
2. € Wy'P(Q) such that

((00) (z22) =0, (5.9)
< @(zy) = inf max wo()/o(f)) (5.10)

vo€lo te[—1,1

where I'g = {y € C([-1, 1], W,}’p(SZ)) : y(=1)=u_, y(1) = uy}. Combining
(5.8) and (5.10) we see that z; & {u—, u}, while (5.9) and Claim 1 show that z, is
a solution of (P;) that belongs to C ,ll (£2) by the regularity theory.
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The final step of the proof is to check that z; 7 0 because then z;, is necessarily
nodal thanks to the extremality of u_ and u4. Without any loss of generality we
may suppose that z, and O are isolated critical points of (ﬁ(’}. Property (5.8) implies
that H; (((,?Jé‘)b, ((ZJ(’})“) # 0, fora = @3(u+) and any b > max;¢o,1] @3((1 —Hu_+
tuy) (see [12, pages 84-86]). According to [12, pages 89-90]), it is possible to
choose z; so that

Ci(@5, 2) #0. (5.11)

On the other hand, we claim that
Ci(¢f,0) =0 forevery k > 0. (5.12)

The proof of (5.12) closely follows [30, Proposition 5]. For the sake of clarity we
give it. First, by using Hp(vi)" and Hj (iii) we notice that, for each v € W,} P (Q),
v # 0, there exists t* = t*(v) € (0, 1) fulfilling

Gp(tv) <0 forallz € (0, ). (5.13)
By Hj(vi)’, we see that
uFo(x,s) — folx,s)s = uF(x,s) — f(x,8)s = 0

for a.a. x € Q and all |s| < min{dp, B}. By the above estimate and taking into
account hypothesis Hj (iii), and the boundedness of u_ and u, we derive

wFo(x, s) — fo(x, s)s > —ca|s|” foraa x € Qandalls € R,

for a constant ¢, > 0. Consequently, for v € W,:’p (2) with g?)é‘(v) = 0, we infer
that

d . ) R

o )| _ = (@) 0. v) —udhw)

= (1 —~ %) (IVollh + Alvllh) + /Q(uﬁo(x, v(x)) = folx, v(x))v(x)) dx
> (1 - %) (V15 + AllvllB) = esllvll”,

with ¢3 > 0. Since r € (p, p*) and u < p, there is rg € (0, 1) such that

d
E@S(tv)) 1 >0 forallve W,}’p(Q) with 0 <|lv]| <ro and ¢y5(v) =0. (5.14)
=

For rp > 0 small enough we may admit that O is the unique critical point of gﬁé
inB,, = {v e W, (Q : [v]| < ro}. We show that if v € W,"”(Q) satisfies
0 < [lvll <roand ¢} (v) <0, then

$p(tv) <0 forallt € [0, 1]. (5.15)
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If the assertion were not true, there would exist 79 € (0, 1) such that g?)())‘ (tov) > O.
Let #; stand for the maximal point in (¢y, 1] with the property

Gp(tv) > 0 forall 7 € [tg, 11). (5.16)

Observing that 0 < ||#jv] < rg and (,?J(})‘ (t1v) =0, (5.14) yields

d AN
— tt 0.

We reach a contradiction in view of the fact that (5.16) implies

d d ok (tv
= ganv)| _ =n=ghew|  =nlim Wy,
1= t

dt =1 dt =1 thh t— 1
Therefore (5.15) holds true.
On the basis of (5.15) we can define & : [0, 1] x (B, N (¢})®) — By, N (¢])°
by h(t, v) = (1 — t)v. So B, N (§})" is contractible in itself.
We now check that (B, N (¢})?) \ {0} is contractible in itself. To this end it
suffices to construct a retraction w : By, \ {0} — (B, N (¢})?) \ {0} and to invoke

that W,}’p (€2) is infinite dimensional since then E,O \ {0} is contractible in itself.
Specifically, we set

w(v) = n(v)v forallv € By, \ {0},
with the function 7 : Fro \ {0} — (0, 1] given by

1 if v e By \ {0}, ¢j(v) <0

T =1y ifve By \ (0, Gh(w) > 0,

where, for v € Ero with @3(1)) > 0, t(v) € (0, 1) is the unique number that satisfies
(Z)())‘(t(v)v) = 0. The existence of ¢ (v) comes from (5.13). The uniqueness of 7 (v) is
a consequence of (5.15) and (5.14). Indeed, arguing by contradiction, suppose that

0<t(w) <t(w) <1 and (ﬁg)‘(t(v)k v) =0, k=1,2.

By (5.15), it is known that ¢} ( (v)2v) < 0 for all 7 € [0, 1]. Hence 291 € (0, 1)

t(v)2
is a maximizer of the function 7 > ¢} (1 1(v)2v), t € [0, 1], s0

_twr d
=1 t(v)) dt

d
—@ytt(v)1v)

T @t t(v)2v) iy = 0.

Tt)y

This contradicts (5.14). Therefore ¢(v) € (0, 1) is unique. Property (5.15) and the
uniqueness of ¢ (v) lead to

P5(tv) <0 ift € (0,£(v)) and @(tv) > 0 ift € (t(v), 1]. (5.17)
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We claim that 7 is continuous. We have to check the continuity of 7 at any v with
(Z)é‘(v) = 0, because otherwise it is a direct consequence of the implicit function
theorem (due to (,?J())‘(t(v)v) =0 and (5.14)). Let vy — v with @6‘(vk) > 0. Arguing
by contradiction and passing to a relabelled subsequence, suppose that there exists
t € (0, 1) such that £ (vg) < 7. By (5.17) we have that g?)é(tvk) > Oforallt € (¢, 1].
Letting k — oo we derive that (ﬁg (tv) > 0 for all ¢t € (7, 1]. Combining with
(5.15), it turns out ¢} (tv) = O for all # € (7, 1], which implies that 4 @} (tv)‘ =
0. This contradicts (5.14). Therefore 7 is continuous. This implies that thé_map
[0, 1] x B/, \ {0} = B/, \ {0}, (¢, v) — (tn(v) +1 —¢)v is a homotopy between w
and the identity, thus o is indeed a retraction of Ero \ {0} onto (Ero N (@(})0) \ {0}.
We have shown that (B, N (¢})°) \ {0} is contractible in itself. We obtain

Ce(},0) = Hy (B, N (9, (Bry N @)%\ {0}) =0 forall k >0,

which establishes (5.12).
In view of (5.11) and (5.12), we conclude that z; # 0. O

6. Semilinear problem

In this section, we consider the following semilinear version of (P ):

—Au(x) +ru(x) = f(u(x)) ingQ,
P// a
) o 0 on 9€2.
an
In what follows, by {Ai}x>0 we denote the increasing sequence of distinct eigenval-
ues of (—A, H,} (£2)). The hypotheses on the nonlinearity f(s) are:
Hs f € C'(R), £(0) = 0, hypotheses H (ii), (iv)-(v) and Hy(vi)’
are satisfied with p = 2, and

A 1f'(s)] < el +|s/""2) foralls € R,somec > 0and 2 < r < 2*;
(ii) there exists an integer m > 1 such that f/(0) — Ayaq > A%,

Theorem 6.1. If hypotheses H3 hold and € (f'(0) — A1, f/(0) — Ay), then
problem (PK) has at least six nontrivial solutions

Uy, U) € C2(§), vy —uy €intCy,

Wy, yr € CHQ), wy, — y, €intCy,

and .
Zn, W) € C2(Q) nodal solutions.
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Proof. Fix A € (f'(0) — Am+1, f/(0) — A,n). We notice that hypothesis Hy(vii) is
fulfilled. This is valid because, as f being continuously differentiable, correspond-
ing to the compact interval [—¢, £] we can choose a sufficiently large ¢, > 0 such
that f'(s) + ¢ > O for all s € [—¢, £]. As all the other hypotheses are satisfied,
Theorem 5.5 applies. We thus have the five solutions u;, vy € intCy, u) < vy,
up, # vp, yp, wy € —intCy, v, < w,, yp» # wy, and z, € C,l (€) nodal.
Since the solutions are bounded, there is a constant ¢ > 0 such that A(vy, — uy) <
(A + ¢)(vy — uy), which yields v, — u; € intC4 (see [34]). Similarly, we show
that w) — yx € intC4. Moreover, the regularity theory (see, e.g., [33, page 219])
implies that uy , vy, wy , v, 25 € C2(Q).

Let g?)())‘ be the functional in the proof of Theorem 5.5, where it was proven that
u_, uy are local minimizers of g?)é, that can be assumed to be isolated, and z, is a

critical point of g?)é of mountain pass type. Therefore, we have
Cr(@g, us) = Cr(@g, u—) = 8.0Z forallk >0 (6.1
(see [12, page 33] and [23, page 175]) as well as
Ce(@h,23) =81 Z forallk >0 (6.2)

(by arguing as in [29, proof of Theorem 3.6] on the basis of [23, page 195]). Note
that, if u € ker (¢)"(0), then u satisfies

—Au(x) = (f'(0) = Mu(x) inQ,

ou (6.3)

— =0 on 0€2.

on
By hypothesis, we know that A,, < f/(0) — A < A1 which, in conjunction with
(6.3), implies that u = 0. This ensures that 0 is a nondegenerate critical point of gﬁé
and its Morse index is equal to d;;, = dim @&} E(Ax) (E () being the eigenspace

of (—A, H,f (£2)) corresponding to the eigenvalue A;). Hence
Cr($5,0) = 8k.q,Z forallk >0 (6.4)

(see [12, page 34] and [23, page 188]). Since the functional @3 is coercive, from
the definition of critical groups at infinity, we have

Ci (g, 00) = 8k 0Z forall k > 0. (6.5)

Suppose that O, u_ , uy , z, were the only critical points of (,23. Then from (6.1),
(6.2), (6.4), (6.5) and the Poincaré—Hopf formula (see (2.1)), we obtain 2(-1)0 +
(=D + (=% = (=1)°, that is (—1)% = 0, a contradiction. So, (/3(})“ has one
more critical point w, € Hn1 (€2) distinct from O, v_, uy , wy . In addition, from
Claim 1 in the proof of Theorem 5.5, we know that w; € [u4_, uy]. Hence w, is a
nontrivial solution of (P}) which belongs to C 2(Q) by the regularity theory. Taking
into account that u is the least positive solution and u_ is the greatest negative
solution, this enables us to conclude that w, is a second nodal solution of (PK). ]



754 DUMITRU MOTREANU, VIORICA V. MOTREANU AND NIKOLAOS S. PAPAGEORGIOU

References

(1]

(2]
(3]
(4]

(3]
(6]
(7]
(8]
(9]
(10]
(11]

(12]

[13]

(14]

[15]

[16]

(17]

(18]
(19]
(20]
(21]

(22]

R. AGARWAL, M. FILIPPAKIS, D. O’REGAN and N. S. PAPAGEORGIOU, Nodal and multi-
ple constant sign solutions for equations with the p-Laplacian, In: “Differential Equations,
Chaos and Variational Problems”, V. Staicu (ed.), Birkh#user, Basel, 2007, 1-14.

H. AMANN, Fixed point equations and nonlinear eigenvalue problems in ordered Banach
spaces, SIAM Rev. 18 (1976), 620-709.

A. AMBROSETTI, J. GARCIA AZORERO and 1. PERAL, Multiplicity results for some non-
linear elliptic equations, J. Funct. Anal. 137 (1996), 219-242.

P. BARTOLO, V. BENCI and D. FORTUNATO, Abstract critical point theorems and appli-
cations to some nonlinear problems with “strong” resonance at infinity, Nonlinear Anal. 7
(1983), 981-1012.

T. BARTSCH and S. LI, Critical point theory for asymptotically quadratic functionals and
applications to problems with resonance, Nonlinear Anal. 28 (1997), 419-441.

T. BARTSCH and Z. L1U, On a superlinear elliptic p-Laplacian equation, J. Differential
Equations 198 (2004), 149-175.

T. BARTSCH, Z. L1U and T. WETH, Nodal solutions of a p-Laplacian equation, Proc.
London Math. Soc. 91 (2005), 129-152.

H. BREZIS and L. NIRENBERG, H versus C! local minimizers, C. R. Acad. Sci. Paris Sér.
I Math. 317 (1993), 465-472.

S. CARL and D. MOTREANU, Constant-sign and sign-changing solutions for nonlinear
eigenvalue problems, Nonlinear Anal. 68 (2008), 2668-2676.

S. CARL and K. PERERA, Sign-changing and multiple solutions for the p-Laplacian, Abstr.
Appl. Anal. 7 (2002), 613-625.

E. CAsAS and L. A. FERNANDEZ, A Green'’s formula for quasilinear elliptic operators, J.
Math. Anal. Appl. 142 (1989), 62-73.

K.-C. CHANG, “Infinite-Dimensional Morse Theory and Multiple Solution Problems”,
Progress in Nonlinear Differential Equations and their Applications, Vol. 6, Birkhiuser,
Boston, 1993.

D. G. CosTA and C. A. MAGALHAES, Existence results for perturbations for the p-
Laplacian, Nonlinear Anal. 24 (1995), 409-418.

L. DAMASCELLI, Comparison theorems for some quasilinear degenerate elliptic operators
and applications to symmetry and monotonicity results, Ann. Inst. H. Poincaré Anal. Non
Linéaire 15 (1998), 493-516.

E. N. DANCER and Y. DU, On sign-changing solutions of certain semilinear elliptic prob-
lems, Appl. Anal. 56 (1995), 193-206.

J. P. GARCIA AZORERO, I. PERAL ALONSO and J. J. MANFREDI, Sobolev versus Holder
local minimizers and global multiplicity for some quasilinear elliptic equations, Commun.
Contemp. Math. 2 (2000), 385-404.

J. P. GARCIA AZORERO and I. PERAL ALONSO, Some results about the existence of a
second positive solution in a quasilinear critical problem, Indiana Univ. Math. J. 43 (1994),
941-957.

L. GASINSKI and N. S. PAPAGEORGIOU, “Nonlinear Analysis”, Series in Mathematical
Analysis and Applications, Vol. 9, Chapman & Hall/CRC, Boca Raton, 2006.

Z. GUO, On the number of positive solutions for quasilinear elliptic eigenvalue problems,
Nonlinear Anal. 27 (1996), 229-247.

Z.GUO and Z. ZHANG, W1+ versus C1 local minimizers and multiplicity results for quasi-
linear elliptic equations, J. Math. Anal. Appl. 286 (2003), 32-50.

O. A. LADYZHENSKAYA and N. N. URALTSEVA, “Linear and Quasilinear Elliptic Equa-
tions”, Academic Press, New York, 1968.

G. M. LIEBERMAN, Boundary regularity for solutions of degenerate elliptic equations,
Nonlinear Anal. 12 (1988), 1203-1219.



(23]
(24]

[25]

(26]

(27]

(28]

[29]

(30]

(31]

(32]

(33]
(34]
(35]

(36]

(37]

MULTIPLE SOLUTIONS FOR NONLINEAR NEUMANN PROBLEMS 755

J. MAWHIN and M. WILLEM, “Critical point theory and Hamiltonian systems”, Applied
Mathematical Sciences, Vol. 74, Springer-Verlag, New York, 1989.

M. MONTENEGRO, Strong maximum principles for supersolutions of quasilinear elliptic
equations, Nonlinear Anal. 37 (1999), 431-448.

D. MOTREANU, V. V. MOTREANU and N. S. PAPAGEORGIOU, A degree theoretic ap-
proach for multiple solutions of constant sign for nonlinear elliptic equations, Manuscripta
Math. 124 (2007), 507-531.

D. MOTREANU, V. V. MOTREANU and N. S. PAPAGEORGIOU, Multiple nontrivial solu-
tions for nonlinear eigenvalue problems, Proc. Amer. Math. Soc. 135 (2007), 3649-3658.
D. MOTREANU, V. V. MOTREANU and N. S. PAPAGEORGIOU, A unified approach for
multiple constant sign and nodal solutions, Adv. Differential Equations 12 (2007), 1363—
1392.

D. MOTREANU, V. V. MOTREANU and N. S. PAPAGEORGIOU, Positive solutions and
multiple solutions at non-resonance, resonance and near resonance for hemivariational
inequalities with p-Laplacian, Trans. Amer. Math. Soc. 360 (2008), 2527-2545.

D. MOTREANU, V. V. MOTREANU and N. S. PAPAGEORGIOU, Nonlinear Neumann prob-
lems near resonance, Indiana Univ. Math. J. 58 (2009), 1257-1279.

D. MOTREANU, V. V. MOTREANU and N. S. PAPAGEORGIOU, Existence and multiplicity
of solutions for asymptotically linear, noncoercive elliptic equations, Monatsh. Math. 159
(2010), 59-80.

D. MOTREANU and N. S. PAPAGEORGIOU, Existence and multiplicity of solutions for Neu-
mann problems, J. Differential Equations 232 (2007), 1-35.

D. MOTREANU and N. S. PAPAGEORGIOU, Multiple solutions for nonlinear Neumann
problems driven by a nonhomogeneous differential operator, Proc. Amer. Math. Soc., to
appear.

M. STRUWE, “Variational Methods. Applications to Nonlinear Partial Differential Equa-
tions and Hamiltonian Systems”, Springer-Verlag, Berlin, 1990.

J. L. VAZQUEZ, A strong maximum principle for some quasilinear elliptic equations, Appl.
Math. Optim. 12 (1984), 191-202.

Q. ZHANG, A strong maximum principle for differential equations with nonstandard p(x)-
growth conditions, J. Math. Anal. Appl. 312 (2005), 24-32.

Z. ZHANG, J. CHEN and S. LI, Construction of pseudo-gradient vector field and sign-
changing multiple solutions involving p-Laplacian, J. Differential Equations 201 (2004),
287-303.

Z.ZHANG and S. L1, On sign-changing and multiple solutions of the p-Laplacian, J. Funct.
Anal. 197 (2003), 447-468.

Université de Perpignan
Département de Mathématiques
66860 Perpignan, France
motreanu@univ-perp.fr

Ben Gurion University of the Negev
Department of Mathematics

84105 Beer Sheva, Israel
motreanu@bgu.ac.il

National Technical University
Department of Mathematics
15780 Athens, Greece
npapg@math.ntua.gr



