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A nonlinear integral transform
and a global inverse bifurcation theory

YUTAKA KAMIMURA

Abstract. We consider a nonlinear integral transform and show that the trans-
form acts as a homeomorphism between certain metric spaces of positive func-
tions. We apply the result to the inverse bifurcation problem of determining the
nonlinear term of a certain nonlinear Sturm-Liouville problem from its first bifur-
cating branch, and we establish the well-posedness of the inverse problem. An
application to an inverse problem of determining a restoring force from a time-
map is also given.

Mathematics Subject Classification (2010): 44A15 (primary); 34AS55, 45P05
(secondary).

1. The main result

This paper studies the nonlinear integral transform K defined by

1 dt
(Kf)x) =/ —. xel, (1.1)
0 (f

tl sB-1 f(xs)ds)

where 0 < § < 1, 8 > 0, and [ is a bounded, closed interval containing 0. Our
objective is to show that the transform /C is a homeomorphism of an appropriate
metric space onto a twin metric space reflecting the smoothing property of X and,
as its application, that an inverse problem to determine a nonlinear term of a certain
nonlinear Sturm-Liouville problem from its first bifurcating branch is globally well-
posed.

Throughout the paper, 6 denotes the Euler differential operator 6 = x%. To
state the main result explicitly, for a nonnegative integer k, a number o € (0, 1],
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and a number 7 € R, we introduce the function space

k
Ch (D) = € CEAN{OD) : 1Qllkan = D _10°ply + 10*play <00} (1.2)

i=0

where | - |, and | - |4,; are the semi-norms defined by

| (x)] Dl = sup X" (x) — [y|*""P ()]
lx|m L yel\(0)x sy lx — y|*

|¢|27 =

xel\{0}

Equipped with the norm ||¢||x,«, . the space Chka(r ), is a Banach space. A suitable
choice of metric spaces on which /C acts is M5 (] ) defined by

MBI, = {f eCi() : f(x)—fO0) € Ck'“(l)n} (1.3)
with the metric
d(f,8) =1f0) =g+ 1(f(x) = f(0) — (€(x) —gO)llkap  (1.4)
Here C (1) denotes the set of positive, continuous functions on /:
Ci():={feC): f(x) >0 for any x € I}.
One of the main theorems in this paper is now stated as follows:

Theorem 1.1. Let 0 < § < 1, B > 0, and let I be a bounded, closed interval
containing 0. Then, for any o, 1 such that0 < n < o < 1 —§, the transform IC is
a homeomorphism of M-* (1), onto Mboats (I)y.

The assertion in Theorem 1.1 is the same as saying that, given F € MLetd(f )IE
the nonlinear integral equation

1
/  _F(). xel (15)
0 <f[1 sﬁ_lf(xs)ds>

has a unique solution f in M (J ), and both correspondences f +— F and F' —
f are continuous in the sense of the metrics of the two spaces involved. The proof
of Theorem 1.1 is organized as follows. In Section 2 we shall prove that equation
(1.5) has a local solution near x = 0 by using an implicit function theorem on
function spaces and a theory of multiplicative Wiener-Hopf equations developed
by Iwasaki-Kamimura [12, 13]. In recasting neighborhoods of O in the function
spaces to an interval I, := {kx : x € I} near x = 0, we employ a scaling operator
S, defined by (Si f)(x) = f(kx). The commutative property XS, = SK of
the transform /C on the scaling operator makes it possible to obtain a solution of
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the equation on the interval /, with sufficiently small «. In Section 3 we explore a
significant characteristic of the equation; a solution f of the equation remains in the
space M!#(I), as long as F belongs to M!#T9(),. To show this good behavior
of the solution we make use of the so-called fractional calculus together with a
technique established in Kamimura [17]. Loosely speaking, by differentiating (1.5)
1 — ¢ times and then letting ¢ tend to 0, we shall prove that the solution never
goes to infinity. An explicit statement and a rigorous proof of this fact is given
in Lemma 3.9. The characteristic of the equation is rather delicate. Actually a
solution of (1.5) does not necessarily remain in the space MO ), even though F
belongs to M@+ (] )y, as will be indicated by Example 4.5 at the end of Section
4; the conclusion in Theorem 1.1 breaks down generally when a pair M (1 ), and
ML+ (1), s replaced by M%¥(T), and M +9(T),. For this reason the proof
of Lemma 3.9 becomes considerably technical. In Section 4 we shall prove that
each solution f € Mbep ) of the equation on a closed subinterval /" C I can be
extended to both sides of I’. Following this observation, in Proposition 4.3 we shall
prove that our transform /C is a bijection from Mbea )y onto Mbets (g )y The
continuities of the correspondences f +— F and F +— f are established in Lemma
2.3 and Proposition 5.4, respectively.

Our study on the transform /C is motivated by an inverse problem in bifurcation
theory (inverse bifurcation problem). Let f be a positive, continuous function on
a bounded, closed interval / containing O and consider the nonlinear eigenvalue
problem

w4+ duf)=0 on (0,1), =4,
u0) =u(l) =0, (1.6)
u#0 on (0,1).

By the condition that u # 0 on the interval (0, 1), each solution u of (1.6) is positive
or negative in the interval. Hence the solution has its maximum or minimum value
at the middle point % of the interval. By means of the value %, as a projection
into (0, 00) x [ of the first bifurcating branch of (1.6), we define a set I'(f) in
(0, 00) x I by

r(f):= {(A, h) € (0, 00) x I|3ueC[0, 1] satisfying (1.6) and u(}) =h}. (1.7)

Then, as is easily seen (see Lemma 6.1 in Section 6), the set I'(f) is expressed as
LC'(f) ={(x(h), h) : h € I \ {0}} in terms of a positive function A(4) defined by

2

! dt
h) =2 /— :
0 J[sf(hs)ds

We thus have a correspondence (the forward bifurcation transform)

(1.8)

B f(u)— A(h) (1.9)
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Figure 1.1. The bifurcation transform.

(see Figure 1.1), where the trivial function f = f(0) corresponds to the trivial

bifurcation A(h) = f”(—é) in the linear case.

The inverse bifurcation problem is to ask whether f can be recovered from
A(h). By (1.8), the bifurcation transform 13 is written as Bf = 2(K f)? in terms
of the transform JC with § = %, B = 2 in (1.1). Accordingly we can draw the

following conclusion from Theorem 1.1.

Theorem 1.2. For any o, n such that0 < n <o < %, the bifurcation transform B

is a homeomorphism of M-* (1), onto Mbe+s (I)y.

The rigorous statement of the inverse bifurcation problem and an example in-
dicating the meaning of Theorem 1.2 is given in Section 6.

The inverse problem to determine a nonlinear term from a first bifurcating
branch was studied in Kamimura [14], Iwasaki and Kamimura [11, 13] for a class
of Sturm-Liouville equations different from (1.6). In these papers, the local exis-
tence of nonlinear terms realizing a prescribed bifurcating branch was established.
That is, it was proved that, for each curve sufficiently near the trivial bifurcation
in the linear case, there exist nonlinear terms (not unique, in general) realizing the
curve as their first bifurcating branch. Studies for some related inverse problems
to determine nonlinear terms of semilinear differential equations from spectral data
can be found in Zhidkov [33], Shibata [29]. Theorem 1.2 asserts that the inverse
bifurcation problem is well-posed globally for the simpler problem (1.6).

The inverse bifurcation problem mentioned above is directly connected to a
classical inverse problem (inverse time-map problem): determine a function g rep-
resenting a restoring force in the newtonian equation ii 4+ g(#) = 0 from a time-map
T (h) assigning to each half-amplitude the corresponding half-period. In fact, by a
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scaling VA x =t and the setting g(u) = uf (1), the problem (1.6) becomes

i +gw) =0 on 0,v3), =g,
u(0) = u(v/2) =0, (1.10)
u>0 on (0,+2),

provided that / = [0, b] and A > 0. Hence the mapping 7 : & — +/A is no other
than the time-map (see Figure 1.2). In view of (1.8), the time-map associated to g
is expressed as

! dt h dn
T(h):«/i/ —:«/Ef S (1.11)
O S st hs)ds 0 I a®)de
or written as
T =V2Kf (1.12)

in terms of the transform /C with § = %, B =2in(1.1).
u
b —
7

¢} T(h) t
Figure 1.2. The time-map.

The inverse time-map problem has been studied in many publications. The first
important contribution to the problem was given in Opial [23], which showed that
if two time-maps T;(h) associated to continuous functions g;, i = 1, 2, satisfy
Ti(h) < Ta(h) for all b > O then [ g1(€)d& > [of g2(£)dE for all h > 0. The
uniqueness of a continuous g for each given T is immediate from this result. The
local existence of g was first established in Urabe [30,31] (see also [32]) under the
assumption that the derivative of T is Lipschitz continuous. This local existence re-
sult was improved in Alfawicka [1, Theorem 3.2], which proved the local existence
of g under the assumption that T itself is Lipschitz continuous. The global version
of Alfawicka’s result has recently been established in Kamimura [18]:

Theorem 1.3 (18, Theorem 1.2 and equation (4.2)). Given a positive, Lipschitz
continuous function T on the interval [0, b], there exists a (unique) continuous
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function g defined on the interval [0, b], positive on the interval (0, b] and such that
the time-map associated to g equals T (h) for h € [0, b]. Moreover,

g(h) = (w/T(0)*h+ O(h?), as h— 0. (1.13)

It should be noticed that Alfawicka [2], Mafiosas and Torres [22] studied the inverse
time-map problem in a framework of analytic functions. Also some related topics in
view of Hamiltonian systems may be found in Cima, Mafiosas and Villadelprat [4],
Cima, Gasull and Mafiosas [3]. A similar inverse problem concerning a time-map
assigning half-period (or period) to each energy level, in place of to each half-
amplitude, has been studied in detail by Schaaf [27]. This inverse problem, which
has been referred to as determination of the potential energy from the period of
oscillations, can be reduced to Abel’s integral equation (see Landau and Lifshitz
[20, Section 12], Keller [19], Gorenflo and Vessella [9, Section 2.4]). In [27] this
problem was discussed in connection with bifurcation theory. Also, in Henrard
and Zanolin [10], it was discussed in an application to Hamiltonian systems. A
class of inverse problem of determining g of u” = Ag(u) from a sort of time-map
has also been considered in Denisov [6], Denisov and Lorenzi [7], Lorenzi [21],
Kamimura [16] (see also Denisov and Lorenzi [8]).

Theorem 1.3 presents a global existence result to the inverse time-map prob-
lem. In addition, since the method in its proof is constructive, we can get a general
strategy for reconstruction of g (see [18, Corollary 4.3]). However Theorem 1.3
mentions neither bijectivity, namely whether the correspondence g +— T becomes
a bijection between any suitable function spaces nor stability, namely whether g
depends continuously on 7 in any reasonable topology. By applying Theorem 1.1
to the transform (1.12) we can give answers to these questions. For example, taking
n = o, we get the following answer:

Theorem 1.4. Let o be fixed in (0, 1/2). Then:
(1) A function T (h) is the time-map associated to a function g in the space
Xa;:{g e Cl*0, b : g(0) =0, g'(0) >0, g(h) >0 for any h € (0, b]}

if and only if T (h) belongs to the space
Yy := {T eC,L[0,b1NCY(0,b] : }}in})hT/(h) =0, [hT' (W) |at1/2),0 < oo} .

Here C1-[0, b] denotes the standard Holder space with exponent 1 4+ « and
| - lat(1/2),« denotes a semi-norm defined by

|12 (h) — k2 (k)|

= su
|Pla+(1/2).a 05h;£5b |h — k|e+t1/2)
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(2) The correspondence g — T is a continuous, one-to-one map from X, onto Yy
and its inverse is also continuous with respect to the metrics

dx (g1, 82) == llg} — &5 la:
dy (T, T2) :== |T1(0) — T2(0)| + [A(T1 — T2) (W) la+(1/2),e»

where || - ||o denotes a norm of C%%[0, b):
lp(h) — ¢ (k)|
l¢lla == sup |p(h)|+ sup ——————.
0<h<b O<hk<b |h —Kk|

Roughly speaking, the metric space Y, is of all positive functions such that the
Euler derivative AT’ (h) being Holder continuous with exponent o + (1/2) at h # 0
and with exponent o at h = 0, like T (h) = T (0) + O(h*) ash — 0.

Theorem 1.4 contains the following global existence result:

Corollary 1.5. Given a function T € Yy, there exists a restoring force g in X such
that the time-map associated to g equals T .

Since a typical function g(h) = ch+h**t!in X, withsomec > 0, « € (0, 1/2)
does not satisfy (1.13), and so, the time-map associated to this function g is not
Lipschitz continuous. Thus it turns out that Theorems 1.3 and 1.4 are independent
of each other.

In our framework, the inverse bifurcation problem is equivalent to the inverse
time-map problem. The latter gives a vital, physical viewpoint to the former, while
the former gives a wider perspective, at least, in three directions: Firstly it has
a meaning even if A is non-positive though the time-map has no physical sense.
Secondly, in ordinary differential equations, it can be posed even for the nth branch
bifurcating at the nth eigenvalue from trivial solutions. In fact the case n = 2 was
treated in Kamimura [15] for a different class of equation from (1.6). Thirdly it can
be formulated for a multi-dimensional equation, for example, Au + Ag(u) = 0 in
an n-ball.

ACKNOWLEDGEMENTS. The author is very grateful to the referee for his valuable
suggestions that improved the original manuscript.

2. Local solvability

In this section we shall develop a local theory. Let I be a bounded, closed interval
containing 0 and set I, := {kx : x € I} for « > 0. Then our goal in this section
can be stated as follows:

Proposition 2.1. Let 0 < § < 1, 8 > 0,let0 < n < a < 1 — 4, and let
F € MVe+3(1),. Then:

(1) If k > 0 is sufficiently small then the equation Kf = F on I, has a solution
in MM(L),.
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(2) If f1, f2 are solutions in /\/ll""(l),7 of Cf = Fonl then fi = f> on I for
sufficiently small k > 0.

Proposition 2.1 is proved by means of the implicit function and a scaling operator.
Setting of a map and function spaces will be given as Lemmas 2.2 and 2.4 below.
The proof of Proposition 2.1 will be given after Lemma 2.5.

To solve KC f = F, we may assume that F(0) equals to

1
y;:/ S A @1
0 1 g_
(fz sP 1ds)

by redefining y F (x)/F (0) so that we call F(x). Noting that a solution f of L f =
F for F with F(0) = y satisfies f(0) = 1, we define a transform L by

! dt 1 dt
(Eg)(x)=/ - —/ —. xel. 22)
0 (ftl sP-1(1 + g(xs))ds) 0 (ftl Sﬂ—lds)

Then the equation /Cf = F has a solution f € /\/ll")‘(l),7 for F € M"‘"J”S(I),]
if and only if £L(f — 1) = F — y has a solution f — 1 € C¥(I), for F — y €
C 1,a+48 (1)77 .

We must solve Lg = G in Cl’“(l),, for G € C1’“+3(I),, given in a neighbor-
hood of 0. We use the (local) implicit function theorem in the following framework.

Lemma222. LetO<a<a+d6<1,8>0,Ilet0<n<a,and set
U= {g eC(I), : 1+g(x) >0 for x € 1}.
Then L defined by (2.2) is a C'-map of U to C1**5(1I),. The Fréchet derivative
L' (go) of L at gy € U is given by
dr

1 t
(L'(g0)g)(x) = (6 —1) / 1P~ g(xr)dr / 75 (23)
0 O (P10 + goCesds)

We omit the proof of Lemma 2.2, since it is standard. As a consequence of
Lemma 2.2, we obtain:

Lemma23. LetO <a <a+8<1,8>0,0=<n<a. Then K defined by (1.1)
is a continuous map from M¢ (1), to Ml'“+8(1),7.

Proof. Define metric subspaces M})’“(I )yC ML), and M})’“H(I )yC MEEH(Ty,
by

My Dy = {f € MM (D), £(0) =1},
MGy = (F € MYH(1), - F(0) = ).
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Moreover, let w, be a map that assigns (’;%i f(0)) to each f € M@ (I)y. Itis
easy to see that w, is a homeomorphism of M1 (1), onto the product metric space
./\/l(l)’“(l )y X R*, where Rt := (0, c0) is viewed as a metric space with a usual
metric |b — c| for b, c € R*. Similarly the map wqys : F(x) — (%F(x), F(0))
is a homeomorphism of Ml""+5(1)n onto the product metric space Mé’“” 1)y x
R™. Furthermore we define a transform K¢ from /\/l(l)’a (DyxR* to M(l)"”s (I)y x

R* by Ko(fo,¢) := (Kfo,y/c'%). Then we have the following commutative
diagram:

Ml’a(l)n K N Ml,ot-i-a(l)n

wal awl (2.4)

MYy, x R~ et (1), < R

By Lemma 2.2, Ko(fo,¢) = (L(fo — 1) + v, y/c'7%) is a continuous map from
./\/l(l)’“(l),, x RT to ./\/l(l)’“J“S(I),] x RT. Since the vertical arrows wgy, wyys are
homeomorphisms, /X is a continuous map from /\/ll’o‘(l),7 to MLatd (I)y. O

To apply the implicit function theorem to Lg = G, we require the following:

Lemma2d4. Let0 <o <a+68 <1,8>0andlet0 <n < a. Then L' (0) isa
homeomorphism of C1%(I), onto C1-4+3(I),,.

Proof. We use the notation (Jpg)(x) = fol ®(t)g(xt)dt. Then, by (2.3), —L'(0) =
Jo,, where
dr

t
Do) = (1 —8)tP! / -
(g o)

Moreover, by setting ®(¢) := t7dg(t), we have the following commutative dia-
gram:

Cle(ng —— ety

\xwl Wi

-L'(0)
Cl,a(l)n Eadh CI’OH_S(I),),

where the vertical arrows |x|"- are homeomorphisms. An elementary calculation
shows that
o) = AP — 1P+ R(t), A=p'"

with R(¢) satisfying the estimates

IR()| < M, |[R'(t)] < Mt~ (1 —0)®~L, |R"(1)] < Mt72(1 —1)°72,
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with some constant M. This enables us to employ Theorem 3.1 in Iwasaki-Kami-
mura [13], which tells us that Jg is a homeomorphism of C1-¢ (1) onto C1*+8(I)g
if

1
Do (2) := /0 ®()t*dr # 0,

in the half plane Rez > 0. Note that the space CX*(I)g in this paper is the same
space as C-%(I) in [13].

But, for ®(¢) = t"®(¢), we have
dr

(#s7tas)™

1
=(1- )f — 5/ 1Pl gy
/. sﬂ 1ds r

1-6 L] — pntptz
2—8/ r
n+pB8+z o (1 —rky2=s

1 t
Do(z) = (1 —3)/ z"+ﬂ+z—1dz/
0 0

which does not vanish if Re z > 0, because
Re (1 — 1P+ = | — p1HPHRE co5((Im 2) log r) > 0

for r € [0,1). Thus Jo is a homeomorphism of C1-%(I)y onto C1**9(I)g, and
so, by the commutative diagram, —£’(0) is a homeomorphism of C1*(I )y onto
Cl o+ (1)77 . ]

Lemmas 2.2 and 2.4 allow us to use the implicit function theorem (see, e.g.,
Schwartz [28, Theorem 1.20]). We draw the following conclusion:

Lemma 2.5. Under the same assumption as in Lemma 2.4, the transform L maps
a sufficiently small neighborhood U of 0 in C1*(1 )y homeomorphically onto a

neighborhood V of 0 in C1**°(I),.. Thismap L : U — V is a C'-diffeomorphism.
We are now in a position to give:

Proof of Proposition 2.1. Let F be a function in M+ (] )y with F(0) = vy,
where y is a number given in (2.1). Then the equation /Cf = F for f € /\/ll""(l),]
is equivalentto L(f — 1) = F —y for f — 1 € U. Weset G := F — y. Then
G e Cht(I),, y +G(x) > 0on 1.

We employ a scaling operator S, for « > 0 defined by (S,¢)(x) = ¢ (kx).
We view S, as an operator from Cl"’(IK),7 onto Cl"’(l),,, v = a,a + 5. Since
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LS, = S L, we have the following commutative diagram:

Cl,a(IK)n L) CI’OH_B(IK);’]

5| 5|
C’l,ot(l)]7 _i_> CI’OH_S(I),].

We denote the norm of ¢ € Cl’”(I,C),7 by l|¢1l1,v,7:«- Then S, has the norming prop-
erty: [|Sc@ll1,v,y = €"l|@ll1,0,7:«- Hence the vertical arrows in the above diagram
are homeomorphisms. Notice that S, 1= 1 (see Figure 2.1).

Let G* denote the section of G := F — y on I.. Applying S, to G, we have

I1ScG* 11,a+8.1 = "I G* I a46,n:-

Figure 2.1. Diagram of the proof.

Since ||G*|l1,a+s,n:« i not greater than the original norm ||G|l{,¢+5, of G in
Cl+3(1),, if we take k > O sufficiently small, then the norm [|S, G* [l1 g5,y is
so small that S, G* is in the small neighborhood V stated in Lemma 2.5. (Note
that we assume 7 > 0.) Hence, by the lemma, there exists a solution g € C1-% (I )
of Lg = S,G*, and hence the pull-back g* := SK_lg, which belongs Cl""(l,(),,,
satisfies Lg* = G on I, or equivalently, (1 + g“) = F on I,. Thus we get a
solution £ := 1+ g € M"“(I), of Kf = F on I.

We turn to the proof of assertion (2). Assume that there exist solutions f; —1 €
Cle(I),,i =1,2,0f L(f —1) = F —y on I and let f{¢ and F* be the sections
of f; and F on I, respectively. Then L(f} — 1) = F“ — y on I, and hence
LS (ff =1) =S (F° —y),i =1,2. If we take k¥ > 0 sufficiently small then
Se(fff —1) € U and S (F* —y) € V, because [|Sc(f — Dlt,ay = €7 f —
e < &l fi — Hlt,ey and || S, (F* — Y tatsn = KM F* — YIlats.ne <
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K" F — yl1,a+s.n- Therefore, by Lemma 2.5, we have S, (f{ — 1) = S (f5 — 1.
This shows that f|" = £, thatis, fi = f> on I;.. The proof is complete. O

We conclude this section with the following:

Remark 2.6. Proposition 2.1 remains true even though the symbols MV, v =
o, o + 8 are replaced by M%V, v = a, o + & respectively. In other words, the local
solvability and uniqueness of the equation JCf = F in the sense of the assertions
in Proposition 2.1 still hold for the transform IC : M%¥(I) — MO*+3(1). We
omit the proof of this fact, because it is obtained by simply tracing the proof of
Proposition 2.1.

3. Fractional calculus

We view K as a transform from M "¢ (1), to Ml’“+5(1),7, where [ is a bounded,
closed interval containing 0. However, since ¢ € C1¥(I ) if and only if sections
¢+ of ¢ on I := I N R4 belong to Cl""(li),] respectively, it suffices to treat the
case either I = I or I = I_; here and hereafter, we treat the case I = [0, B],
B > 0. Throughout this section, for b > 0, C,[0, b] denotes the set of positive,
continuous functions on [0, b].

A crucial characteristic of the equation ICf = F, namely,

! dt
/0 : — = F(x), G.1)
(fl sﬁ_lf(xs)ds)

is that a solution f remains in the space M'< [0, b], as long as F lives in
Mt b],, which enables us to obtain an extension of a local solution we ob-
tained in the previous section. To describe the characteristic, it is convenient to
adopt the following

Definition 3.1. A function f is said to be regular on [0, b] if it satisfies
fecCy0,b]nCYO, ], |0f1, < oo with some n > 0. (3.2)

Moreover, f is said to be a regular function on [0, b) if it is regular on [0, b'] for
any b’ < b. A function f is said to be a regular solution on [0, b] of K f = F if
it is regular on [0, b] and satisfies (3.1) on [0, b]. A regular function on [0, b) that
satisfies JCf = F is said to be a regular solution on [0, b).

Our goal in this section is the following:

Proposition 3.2. Let 0 < o < o+ 6 < 1, B > 0 and suppose that F €
MUF3[0, blg. Then:

(1) A regular solution f on [0, b] of Kf = F belongs to M*[0, b]y.
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(2) If f is a regular solution on [0,b) of Kf = F, then there exists a regular
solution f on [0, b] of Kf = F such that f = f on [0, b).

Proposition 3.2 implies that a regular solution f on [0, ) of f = F converges
to a positive value and a function obtained by adding the value at x = b, which we
denote by f , necessarily belongs to M1¥[0, b]y. The proof of this proposition is
divided into several steps and will be completed only after Lemma 3.10.

The equation /C f = F is rewritten as

/X - < — =x""PPF). (3.3)
0 (f& rﬁ_lf(r)dr>

In view of this recast, for a > 0, we introduce a fractional integral operator / g’w of
the following form:

(13 ,®)(x) = F((S)/

where I'(-) is the Gamma function. Then (3.3) can be written as
OUxP-1f(x)  T()

40)
PP fr)dr)

— EP7 f(©)dE, (3.4)

x!TATB R (x). (3.5)

The operator /] 8 w 18 a fractional integral by a weight function w(x) = f =1 F(r)dr
(refer to Samko Kllbas Marichev [26, Section 18.2]). The reason for a > 0 is the
term A1, Let I be the Riemann-Liouville operator:

9@
L@ Ja (x =81

Then, provided that f > 0, the operator 1, 5,w may be connected with the Riemann-

(L) (x) = dt.

Liouville operator 19 by the relation I‘f’w = QI(‘)S O~ ! in terms of a substitution
operator Q defined by

(Q9)(x) = p(w(x)), w(x)= / rP=1 f(rydr. (3.6)

Hence, characteristics of the fractional integral operator 1 ;f,w are passed on from
those of the Riemann-Liouville operator Ig. In particular, the inverse of / C‘?’w 18
given by the associated differential operator Dgyw defined as

1 d

5 _ 1-6 —
Da,w—le Dw—may

a,w’

(3.7)

in an appropriate framework. Some remarks on these fractional operators may be
helpful at this stage:
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Lemma 3.3. Assume that f € Cila,b)N LY(a, b) and let 13
defined by (3.4), (3.7). Then:

s
w>» Dy be operators

(1) If 81,82 > O then 1), I2%¢ = 1.2 for ¢ € Cla, b).
) If0 < 6 < 1 then

1 X /
Phut =t |+ [ 2O
=D aretredr)” e (fxri=t fyar)

for ¢ € ACla,b]. Here AC|a, b] denotes the set of absolutely continuous
functions on [a, b].
3) Ifo € L}U(a, b), namely, fab | (x)|w' (x)dx < 00, and if ¢ € C(a, b), then

. S .
51330(1“’”@()() =¢(x)

at each x € (a, b].
4) If0 < 8 < 1then I ,¢ € CYPla,b] for ¢ € Cla,b]. Here CO%[a, b is a
weighted Holder space defined by

C%a,b] :=={¢p € Cla,b]: sup 19 = oW1 ¢(y)|6
a<x#y<b lw(x) — w(y)|

(5) If0 <& <8+ < 1then DIFIS ¢ = Do’ ¢ for ¢ € €' —[a, b].
©) If0 <6 <8+¢€ < 1then

1 ¢ (x)
LA =8) ([*rb=1 £ (rydr)’

. $ /’“ d(x) — (&)
ra-:9) Jq (f;rﬁ_lf(r)dr>
for ¢ € C%%F¢[a, b].

(D] ) (x) =

58 f©dE, a<x<b

Proof. All the assertions are rewritings of well-known facts via the operation Q
in (3.6):

(1) follows from the semigroup property 0 1§2¢ = 12‘+82<;b for ¢ € Cla, b] (see,
e.g., [26, equation (2.21)]) of I%;

(2) is arecast of a formula ( [26, Lemma 2.2]) for a solution of the Abel’s integral
equation;

(3) follows from a well-known result [26, Theorem 2.7] for 1 C‘? .
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(4) is arecast of the fact ( [26, Corollary 2 of Theorem 3.1]) that / [‘f is a bounded

operator from L°°(a, b) into the Holder space C 0.8[a, b];
(5) follows from (3.7) and (1) as DY 12 ¢ = DylIf 12 ¢ = Dylitip =
1—(8+¢) ,.
Da,w (p’

(6) is known as the Marchaud fractional derivative (see [26, Section 13 and equa-
tion (18.30)]). n

Lemma 3.3 is standard. We need another lemma concerning mapping properties of
the operator Ig w

Lemma34. Let0O <o <a+ 38 < 1, 8 > 0. Then we have the followings:

(1) If f € C4[0, b] then the operator Ig » IS @ homeomorphism of C%¥|0, bli_g

onto C%*+9)0, bli—pg+ps. The inverse is given by Dg w» Which is expressed in
the Marchaud form

¢(x)

D? =
( O,w¢)(x) F(l — 8) (f()x rﬁ—lf(r)dr)a

d(x)— @) B—1
d 3.8
m_a) / o ]f(r)ders F®)dE (33)

for ¢ € CO%T[0, b]1_p4 ps.

(2) If f is a regular function on [0, b], then the operator Ig’ » 18 @ homeomorphism
of CH¥|0, bli—p onto Ccletdp, bli—p+ps. The inverse is given by Dg,w

Proof. We first prove the assertion (2). Let p > —1, put bp := fob rB=1 f(r)dr,
and set ®(t) = t”(1 — ¢)°~1/T'(8). Then it follows from [13, Theorem 3.1] that
an operator Jg defined by (Jopg)(x) = fol ®(¢)g(xt)dt is a homeomorphism of
C1e[0, bolo onto CH¥H3[0, bglo, since [} ®(1)r*dt = B(p + z + 1,8)/T(),
where B(-, -) denotes the beta function, has no zeros inRe z > 0 in view of p > —1.
Accordingly, by the commutative diagram

Chof0, bolo —2>  ChH[1, byl

\xlpi lef””si

3

1
Che10,bgly, —— CLH3[0,bo]pts,
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1§ is a homeomorphism of C!*[0, bg1, onto C*+[0, bg],+s. The inverse (1)
of I(‘)S is given by
1 ¢ 8 To(x) —9©)

-9 » "TA-8J G-

I 'p(x) = - ds  (3.9)

for ¢ € C1oH3[0, bol,+s (see [26, equation (13.2)]).

We now let Q be an operator defined by (3.6). Then it follows from an el-
ementary estimation that, for each p € R, the operator Q is a homeomorphism
of Ch¢[0, bol, onto cleo, blg, provided that f is a regular function on [0, b].
Hence we have the commutative diagram
8

1
Che10,bgl, —— CY [0, bolyts

0| 0| (3.10)
)

1
CL0,blg, ——> C1*H9(0, blg(prs).

Here the top and vertical arrows are homeomorphisms provided that p > —1, and so
is the bottom arrow. Accordingly, by setting p = 8! — 1, we conclude that I(‘)S w 18

a homeomorphism of C-%[0, bli_p onto clhatdfo, bl1—p+ps. The expression (3.8)
follows from (3.9) via Q in (3.6). We have completed the proof of the assertion (2).
Following the same steps as above, with C% instead of C1V, v = o, @ + 8, we may
prove the assertion (1). Unlike (2), no condition other than f € C.[0, b] need be
imposed on f. O

We now return to the equation IO f = F. By means of Lemma 3.4 we can de-
rive its differential form of the order &, which is useful in studying a priori properties
of its solutions:

Lemma 3.5. LetO <a <a+ 6 < 1, B > 0. Then we have the followings:

(1) Under the assumption F € CO2+310, by, a regular function f on [0, b] satis-
fies K f = F on [0, b] if and only if f satisfies

- 1 F(x)
sinzd f(x) (fol sﬁ_]f(xs)ds)(S
+5/1 Fx) =t PP F )
1 5+1
0 (ft sﬂ—lf(xs)dS)

(3.11)

P71 f(xr)dr

on [0, b].
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(2) Under the assumption F € C Lat310, b, if f is a regular solution on [0, b]
of Kf = F or/and (3.11), then f(x) belongs to C'-*[0, blo. In this case, for
each a € (0, b), the equation K f = F on [a, b] is equivalent to

m 1 xPF(x) N | X (x) — o' PTPOF (a)
sinzd f(x) (fx rﬁ_lf(r)dr) (fa rf- 1f(r)dr)
B—1,pBs B—1£p8
+8/ P xPPF (x) —x iHF(E)
rﬂ 1f(r)a’r)
2P 1/ @(él ’3+’3‘3F(S)1d
“ (f;rﬂ_lf(r)dr>

f(&)dé

(3.12)

Proof. As is already noted, (3.1) is written as (3.5). Suppose that a regular function
f on [0, b] satisfies (3.1) on [0, b]. Then, by the estimate

Y E N af (5) = (B)(©)
y f®&)?

X
/ %‘"“ldé“ < Ma|x — y|*,
y

o o

A
f® fml

3

< dM;

f()c)_1 belongs to C%[0, b]o for each « € (0, 1), and hence (3.5) holds in the
framework stated in (1) of Lemma 3.4. Hence, applying the operator Dg’w in
Lemma 3.4 to (3.5), we find that (3.1) is equivalent to

feo= an) P=IDE x PP F (x). (3.13)

By means of (3.8) and I'(§)[" (1 — §) = =/ sin 4, this equality can be rewritten as
T 1 xPF (x)
SInTs £ ([ b1 £ (r)dr)’
+5/ P~ 1xﬂ‘sF(x) —xP1EPF(§)
S rb= 1f(r)dr>8+

(3.14)

f(&)ds.

The corresponding substitutions show that this is equivalent to (3.11). If F €
C1e%90, b]o then, by Lemma 3.4.(2), f (x)~! belongs to C1**[0, b]o. This, together
with f € C[0, b], yields |68f|o < 00, [6f|a,0 < 00. Hence f € cl-e[0, bo.
Conversely, if a regular function f on [0, b] satisfies (3.11), then we have
1 1 D
xB=1f) T TE) O

BB E(x), 0<x <b.
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Applying Ig » to this equality, we arrive at (3.5).
We maﬁl rewrite (3.14) as
T 1 xPF(x)
sinzd f(x) (f()x rﬂ_lf(r)dr)a
+8/” EFIXPF(x) —xPT1EPF(§)
° rﬁ—lf(r)dr>8+l
x gf—1,88 _ B—1gp8
v [ ST S0 roas asx sk
© (e oar)

f(&)dé§

If F e C1**%[0, b]o then, by an integration by parts, we have

x £f—1,88 _ _B—1£B8
8/5 xPOF(x) —xP7§ F(S)f(s)ds

(fgx rﬁ_lf(r)dr)(SH
X PF@) —a FF@) | / © T EE)
(=t Fary o (o)

595

for 0 < a < x < b. Hence we obtain (3.12). O

We give three remarks regarding Lemma 3.5: (1) Lemma 3.5.(2) tells us that
if F € Mb*%[0, by then a regular solution f on [0,b] of Kf = F neces-
sarily belongs to M"#[0, b]y. When we know a priori the solution f to be in
Mo, al, with some a > 0, this implies that f € Mo, b],, since if a func-
tion f € Mb¥[0, b]g belongs to ML¥[0, al, with some a > O then f belongs
to M12[0, bl,; (2) in the case where 1 — 8 4+ 6 > 0, equation (3.12) becomes
much simpler because we can take a = 0; (3) equation (3.12) is a representation
of (3.13) via the Marchaud form. Hence, by Lemma 3.4.(2), the function in the
right-hand belongs to C1-%[0, b] provided that f is a regular function on [0, 5] and
F e C1+%[0, blo.

In what follows we shall study behaviors at b of regular solutions on [0, b)
of Lf = F. We begin with the following lemma, which states that each regular
solution on [0, b) of I f = F keeps away from zero.

Lemma3.6. Let0 < a <a+8 < 1, B > 0, suppose that F € M"“*+3[0, b],
and let f be a regular solution on [0, b) of Cf = F. Then 0 infb f(x)>0.
<x<

Proof. We fix numbers a, d sothat0 < a < d < b and let b’ be anumber in (d, b).
By using Lemma 3.5.(2) with any &’ in (a, b) in place of b in the lemma, it follows
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that f satisfies (3.12) for a < x < b’. Hence we have
T 1 - xﬁ6|F(x)| e xlfﬂ‘HSBF(x) + alfﬁJrﬁSF(a)
sin§ f(x) — (fég rf’—lf(r)dr>8 (fadrﬁ_lf(”)dr>a
s [ IETT I E@) —xPTIERF @)
+ P 5+1
0 (fa rﬁ—lf(r)dr)
AL

-1
o /a <f rf- 1f(r)dr)

ford < x < b'. It follows from this inequality that

d (£1-B+B5
i v | & @ PP EE)|
7 <A0+xﬁ—1f : ldg, d<x<b

a

sinzd f(x) ~ (f; rB-1 f(r)dr)

with some constant Ag. This constant is independent of &', since F € M La+d[0,b]o.
In addition, ford < x < b/,

f(&)dg

e Pre)|
/a (- 1f(r)dr>
[l G PFE)|
¢ (fr et per)
e Pren|
/“ (4 o=t pryar)
+/x f—g(élﬁwéF(i))‘dS( - f(x)>—5.
¢ (fgrﬂ—ldr) dsxsh

Hence there exist positive constants Aj, A independent of 4’ such that

/a (f rb- 1f(r)dr>

-5
f(l)_ 1+A2(mii1b,f(x)) , d<x<b.

By ming<y<p f(x) < f(x) ford < x <b’, we arrive at

1-68
1< A (dg}cigb’ f(x)) + Ay (dg}igb/ f(x)) .
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Since A; X + Ay X! approaches 0 as X — 0, this implies that there exists a
positive constant m independent of b’ such that m < ming<,<; f(x). This proves
the lemma. O

Hereafter we use the notation: m y = info<x<p f(x). By Lemma 3.6, m s is a
positive number. With the aid of this fact we can draw the following conclusion:

Lemma 3.7. Under the same assumptions as in Lemma 3.6, there exists a limit of
f(x)’1 asx — b:
1
3 lim
x—~b f(x)

< 00

Proof. We take a number a in (0,) and let x— b in (3.12). Since (/. r#~! f(r)dr)_(S
is monotonically decreasing, the first three terms in the right-hand side in (3.12)
converge as x — b. Hence the proof of the lemma is reduced to showing that the
fourth term there converges as x — b. We rewrite it as

d (g1-p+ps —
fo/ &P F(g))adézx’%/l %iﬂ ﬂ+ﬂ8F(xt);dt
o () o ([P )ar)

fora < x < b. It follows from the assumption F € MLetd[0, by that

5@ PP ()
(f;z rﬁ_lf(r)dr)(S

fora < x < b. Here M, M| are constants independent of x € [a, b). This enables
us to use Lebesgue’s convergence theorem. Thus we have

_ M 1 _ M

x i(glfﬁﬂg@p(ég)) 1 4 1-B+BS p(pt
lim xf~! / a5 ~dt = b*%/ ' ( ))8
x—b a (fgx rﬂ_lf(r)dl’) a/b (fbbt rﬂ—lf(r)dr)
The proof is complete. O

We now turn to a question of whether it can happen that a solution f of (3.1)
blows up. Actually, f does not blow up, namely, f converges to a finite value as
x — b. To prove it we require the following preliminary lemma:

Lemma 3.8. Under the same assumptions as in Lemma 3.6,

b
/ P F(rdr < .
0
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Proof. We rewrite (3.3) as

1
/ a — =x PR, (3.15)
0 ([ perdr)

X
By Lemma 3.6, the integrand is estimated as, for0 <a <x < b,
1 1 am
X 1-6 = X 1-6 = 1 AN
(fxt rﬂ_lf(r)dr) mfl_(S (fxtrﬂ—ldr) (1 —2F)

where M is a constant independent of x. Hence, by applying Lebesgue’s conver-
gence theorem to (3.15), we have

1

/ dt __ p ),

0 (b g1 1-5
<szr f(r)dr)

Accordingly, if fob rB=1 f(r)dr = oo then F(b) = 0. This contradicts the assump-
tion F(x) > 0 on [0, b]. Thus we have proved the lemma. O

The following lemma assures that a solution f(x) of (3.1) never blows up as x
tends to b as long as F € Mb¥%9[0, b].

Lemma 3.9. Under the same assumptions as in Lemma 3.6, the solution f con-
verges to a finite value as x — b:

3 lim f(x) < oco.
x—b

Proof. By Lemma 3.7, we have the alternative: either f(x) converges to a finite
value or f(x) tends to co as x — b. We shall show that the latter case does not
occur by contradiction; let us suppose that

lin}) f(x) = oco. (3.16)

We take d so that 0 < d < b and rewrite (3.3) as

d X
/ i [ +/ =« [ = x! PP ()
O (J e ar) < (f e ar)

ford < x < b. Thus, by setting

d dg
q(X)2=/ 5, d=x=Db,
0 <ng rﬂflf(r)dr)
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we have

/x = =5 =x""PtPFx) —q(x), d<x<b.
d (f; rﬂflf(r)dr)

This is written as
7 1 _ 1
dwxB=1f(x)  T()

(x1—5+ﬁ5F(x) - q(x)> (3.17)

in terms of the fractional integral operator / 3,w defined in (3.4). Since

q'(x) = (5—1)/

we have fd I’ (x)|dx = q(d) — q(b) < oo. This implies that g(x) € AC[d, b].
Therefore x! AT F(x) — q(x) € AC[d,b]NC'(d, b].

We now let 0 < ¢ < 1 — § and apply the fractional differential operator Dfll;j
defined in (3.7) to (3.17). Then

Dl*&‘[a 1 1
d,w d,wxﬂ_]f(x) F((S) d w

We shall first consider the limit as ¢ — 0 of the right-hand side in (3.19) at x = b.
By observing that d'~#tP3F(d) — q(d) = 0 and using Lemma 3.3.(2) it follows
that

5P @) <0, (3.18)
S rp f(r)dr)

( 1=B+B3 () — q(x)). (3.19)

¥ (' PR () — q(8))
I'(e) Ja x g I—e
(e o=t rwar)

_ e JETP 0 —q@)
B X1 f ()

ford <x <b. Welete — 0. Then, by Lemma 3.3.(3), (3.16), (3.18), we obtain
{(xl_ﬂ"“ﬂ‘sF(x)—q(x))/ }' B (xl—,B-HSSF(x) _ q(x))/‘
=b

Dy (¥ F @) - g) = de

lim Idw

xP-1f(x) xB=1f(x)

x=b

=(1- 8)/ 55 > 0.
rﬂ 1f(r)dr)
This shows that

lim =5 (D‘ 8( 1=B+B (1) —q(x))) ) > 0. (3.20)
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We shall next consider the limit as ¢ — 0 of the left-hand side in (3.19) at x = b.

We employ (3.12) witha € (0, d) to show that x!=B f (x)~! belongs to the weighted
Holder space C g’l’a[d , b] defined in Lemma 3.3.(4). Notice that (3.12) still holds
at x = b in view of Lemma 3.8. Moreover, by Lemma 3.8, we see that |w(x) —

wy)| < f; rB=1 f(r)dr =: M for any x, y € [d, b]. Hence, by the estimation

1 - 1 ’: S/X SO
G reary @rsoay | D (o)™
< ) / e fae
= ]
(=t porar) ™
I} 1—8 248
< S lwx) —w)| °M°, d<x,y<h,

) (]glrﬁ_lfKr)dr)

we can show that the first term of the right-hand side in (3.12) belongs to the
weighted Holder space C%!'~°[d, b]. In a similar way, we can verify that the second
and third terms there also belong to C%I*‘S [d, b]. Moreover, by Lemma 3.3.(4), the
fourth term belongs to C 3’ 1=3[a, b] because it is written as

1-B+p8 / 1-B+p3 '
B—1 N (x F(x)) (x F(x))
X =81, (—xﬂ_lf(x) , Where —xﬁ_lf(x) € Cla, b].

Thus the function x'=# £ (x)~! belongs to the weighted Holder space C%:!'~9[d, b],
and hence, by using of Lemma 3.3.(5),(6), we obtain

l—¢ 78 1 A 1—=(5+e) 1
Pawldn i TG0 = Paw ST
__ 1 1
ré+e (f; I’ﬁ_lf(r)dr)l_‘s_’? X1 £ (x)
1—8—¢ [F EFLF(E) ( 1 1 )
+ — d
Pl f(x)  EPTF(E) :

2—5—¢
ré+e Jy (f; r/g_lf(r)dr)
for d < x < b. This, combined with (3.16), yields

_ 1 S§+e—1 (P d&
D¢ —) b) = .
( dulin 5756 ) P = Tave i (fébrﬁflf(r)dr)z_s_s

This must converge to a positive value as ¢ — 0 in view of (3.19), (3.20). But
it is impossible because the right-hand side of the above equality is negative for
8 4+ & < 1. The proof is complete. O
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By Lemmas 3.7 and 3.9, a regular solution f on [0, b) of K f = F converges
to a finite, positive value as x — b. Our next task is to prove the following:

Lemma 3.10. Under the same assumptions as in Lemma 3.6, the derivative f'(x)
of the solution f(x) converges to a finite value as x — b.

Proof. Differentiating (3.11) we get
T f@ F(x)
sinms f(x)2 (flsﬂ_lf(xs)ds>8
+5/1 F(x) — t!= PP F (x1)
0 <le sﬁflf(xs)ds)

-t f (xt)dt

B
—8(+1) / Jo 1 s 5 (FO0) =t P F ey P f (enydi
/; sﬂ 1f()cs)ds)

P71 f(xr)dt

LR/ () — 12 Pl
+5/ (x) — gﬁ)
0 (ftl sﬂ_lf(xs)ds>
for 0 < x < b. The second term of the right-hand side is rewritten as
JE (PR () dr
sxP 2 f — &P f(&)de.
rﬂ 1f(r)dr)

Also, by an interchange of the order of mtegratlon the third term is rewritten as

rI=PHBOE (1)) dr
—5(5+1)’“/ Pr&ad /
x EPf(&)dE (7 1P prydr)

A1 f(1)dr.

Therefore, by setting

sinwéd 4,
2T xf2

K(x, &) =— f0)%EP x

JJe (TP E@) dr — 56+ 1 )/sf (PP E@)) dr
5H " 542
(S ro=1p@yar) e rf=par)

smme( )2

HEx Y VFo) = 2P )
: : +8/ St f(xt)dt ¢,
(5 o= edn)’) o (g1 5ot pesyas)

P f(rydey

p(x) == —
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we have

[ —/0 K(x, &) f'(¢)dé = p(x), 0<x<b.

Let a be fixed in (0, b). By Lemmas 3.7 and 3.9, we may view f as a function in
C4[0, b]. Hence we get the estimate |K (x,&)] < M(x — )% fora < x < b,
& < x with a constant M independent of x, £. Moreover, by the assumption F €
MLetd[0, b]y with @ > 0, we can show that p € Cla,b]. Therefore p;(x) :=
p(x) + f(f K (x, &) f'(§)d& belongs to Cla, b]. In this way we arrive at

X
f/(X)=p1(x)+/ K(x,&)f'(§)dg, a<x<b, (3.21)
a

where K (x, £) satisfies | K (x, £)| < M(x —&)79. By setting L := max,<x<p p1(x)

this yields

T 1f®)
(x —&)°

From this it is readily seen by the Gronwall inequality that sup, ., _;, | f'(x)| < oo.

Hence, by letting x — b in (3.21), it follows that f/(x) converges to a finite value
as x — b. The proof is complete. O

|f/(x)|SL+M/ dé, a<x<b.

We are now in a position to give:

Proof of Proposition 3.2. A function f belongs to M!-%[0, b]o if (and only if) f is
positive and belongs to C L0, b]. Hence assertion (1) is immediate from Lemma
3.5.(2). By the assumption in the proposition and Definition 3.1, f satisfies (3.1)
for 0 < x < b, and so, by Lemma 3.5, satisfies (3.12) for 0 < x < b. Hence,
by Lemmas 3.7 and 3.9, the solution f converges to a finite, positive value fp.
This implies that a natural extension f that is defined by just setting f b)) = f
in addition to f(x) = f(x) for 0 < x < b belongs to C4+[0, b]. But, by Lemma
3.10, f'(x) also converges to a finite value. This implies that f € C'(0, b], as is
immediately checked by the mean value theorem. Thus f is a regular solution on
[0,b]of Kf = F. O

4. Extension

In the previous section we have shown that each regular solution on [0, b) of K f =
F can be extended to a regular solution on [0, »] of the equation. In this section we
shall show that the solution can be extended beyond 5. Our goal in this section is to
show that /C : ML (Hy — /\/ll"’”r‘s(l),7 is a bijection (Proposition 4.3).

We adopt the following:
Definition 4.1. A solution fj of JCf = F is said to be a regular extension on [0, 1]

of solution f if f is a regular solution on [0, b], f1 is a regular solution on [0, b1],
b < by,and fi(x) = f(x) on [0, b].
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Then we have:

Proposition 4.2. Let F € MULet3[0. Blo, let 0 < b < B, and let f(x) be a
regular solution of K f = F on [0, b]. Then there exist a number by € (b, B] and
a regular extension fi on [0, by] of f. This extension is unique, if f, is a regular
extension on [0, by], then fr(x) = f1(x) for 0 < x < min(by, b7).

Proof. We proceed in four steps.

Step 1. By Lemma 3.5, the equation K f = F on [0, B] is equivalent to (3.11) on
[0, B]. We shall prove the proposition by applying the implicit function theorem to
(3.11). Let f7(x) be a linear function in the interval [b, B] defined by

L) == f(b) + f'(b)(x — b).
We take a number ¢ € (b, B] so that f7(x) > 0 in [b, c] and define a function f,
on [0, c] by
fx) for 0<x<b,
fo(x) for b<x <c.

fe(x) :== {

Then f, is a regular function on [0, c]. Next we define a function A on [b, c] by

A(x):= fr(x) fo(xt)dty.

F(x) +5/ F(x)—t PP F (x1) e
(fol sﬁ—lfc(xs)ds)(S 0 (fz sP— 1fc(xs)ds)
(4.1)

By remark (3) just after the proof of Lemma 3.5, the function A(x) belongs to
the Holder space Cl[b,c]. In particular A(x) € C (b, ¢]. Moreover we have
Ab) = §1n718’ A'(b) = 0, since fr(b) = f(b), f(b) = f'(b) and f(x) satisfies
(3.11) on [0, b]. In view of A(b) > 0, we may assume that A(x) > 0 on [b, c] by
retaking ¢ near b if need be. In what follows let both f (x) and A (x) be positive
on [b, c]. (See Figure 4.1.)

Let Cé [b, c] be a Banach space defined by

CiIb, ¢l :={h € C'[b, c] : h(b) = K (b) = 0}

with the norm
Al = Jmax Ih ()1,

and consider a mapping 7 on C0 [b, c] defined by

F(x)

(T (h))(x) := (fL(x) + h(x)) - .
(fol sP=1(fe(xs) + h(xs))ds>

+8/1 F@) = 7P F )
‘ (f,l P (felxs) + fz(xs))ds)

7 17 (feet) + h(xet))di § — A(x),
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where
fz(x):: 0 for 0 < x <b,
h(x) for b <x <c.

If h € Cl[b,c] then i € C'[0,c] and h(x) = A'(x) = 0 on [0,b]. Hence
(T (h))(b) = (T (h))'(b) = 0 for each h € C}[b, c]. Thus 7 maps C}[b, c] into
itself. Moreover 7 (0) = 0. Notice that (3.11) is rewritten as 7 (h) = =2 — A(x).

sinmé
As is easily verified, 7 is a C'-mapping of an open neighborhood of 0 in

Cé [b, c] into Cé [b, c]. The Fréchet derivative 7'(0) at 0 of 7 is given as

A X
(T Oh)x) = 2 {h(x)— / L(x,E)h(E)dé}
fr(x) b
for h € CJ[b, c], where
A2 | B EG eBE() — xPIER ()
L(x,é) =346 A( ) X 1 5+1 - §+1
D | (i fer) (J A= fetrrr )

+(8 + 1eP! /5 sP PO F () — xP1sPOF (s)
(j;x rﬂ_lfc(r)dr)a-i-Z

By the assumption F € Mbetd[o, By, F belongs to C'[b, c]. Hence there exists
a constant My independent of x, & such that |L(x, &)| < Mo(x — & )9,

fc(S)dS}, b<é<x<c.

A(x — by + b)

sin

Figure 4.1. Diagram of the proof.
Step 2. Given H(x) € Cé [, c], we consider 7’ (0)h = H, which is written as

fr(x)
Ax)

h(x) — /x L(x,&)h(§)dE = Hix), b<x<ec. 4.2)
b
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We set Li(x, &) := f; L(x,z)dz. Then, for h € Cé [b, c], equation (4.2) is rewrit-

ten as
fr(x)
A(x)

h(x) —/ Li(x,§)h'(§)dé = H(x), b=x=c. (4.3)
b

Observing that

X L B=1,BS Fx) — xP-1,BF U B=1E(x) — B F (xt
/ P x (x) —xP7'z () :/ (x) (xt) . (44)
& &

(JX rB=1 furydr)™! ()5 etesds)

/x g /z sP=IxBSF (%) —xﬂ_lsﬂ’SF(s)f (s)ds
¢ 0 (f5rB1 foryar)’™

[t )

1 § sPIxPOF (x) — xP15POF (5)
— g6 = [ ™
p 0 (I e ferydr)”
L (1= tP) (1P F (x) — tPPF(x1))

B Je/x (ftl sﬁ—lfc(xs)ds)a_.a

feGenydt,

and noting that F € MBe+9[0,b]y with « > 0, we obtain the estimate | o L1(x,6)] <

M 1(x=8&)" —% with a constant M. Hence, differentiating (4.3) and setting L (x,§) :=
Ll(x &), we get

X d
W) — fb Lar, £ (€)de = - (f L((x))

I (x )) b<x<ec. 4.5)

The kernel L, (x, &) satisfies |Lo(x, &) < Ma(x — S)_‘S with some constant M>.
Moreover the right-hand side of this equation belongs to the Banach space

Clb, ¢l :={h € Clb, c] : h(b) = 0},

equipped with the norm ||A] := maxp<x<. |h(x)|. Hence, by a standard method
of successive approximation for the Volterra equation of the second kind, equation
(4.5) has a unique solution /4’ in Cg [b, c]. Moreover, as is easily verified by in-
tegrating (4.5) from b to x, the function A(x) := flf h(y)dy € Cé [b, c] satisfies
(4.3), and hence (4.2). This shows that 7'(0) : C& [b,c] — Cd [b, c] has a bounded
linear inverse. Hence, by the implicit function theorem, 7 maps a sufficiently small
neighborhood U of 0 in Cé [b, c] homeomorphically onto a neighborhood V of 0 in
C,lb, cl.
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Step 3. For p € (b, c] we define a function H, on [b, c] by

g
—A for b<x < p,

Hp,(x) := {sinmé 2 oroe=x=p
Ax—p+b)—A(x) for p<x<c.

Then H, € C}[b, c] by virtue of A(b) =
Cl9[p, c] we have

A’(b) = 0. Recalling that A €

smm?’

IHpll= sup |H,(x)|= sup [A'()[+ sup [A'(x—p+b)— A

b<x<c b<x=<p p=<x=<b
A (x)—A
< sup N+ sp BWZAWDN  pe
b<x<p b=<x#y=<c lx — |

which tends to 0 as p approaches b because of A’(h) = 0. Accordingly there
exists a number by € (b, c] such that Hp, (x) is in the neighborhood V stated above.
For this function H = Hj, (x), the equation 7 (h) = H has a solution % in the
neighborhood U'. Since Hp, (x) = — A(x) for b < x < by, the solution A

sin 718

satisfies 7 (h) = 5—s — A(x) forb <x < by.
We finally set
)5 for 0 <x <b,
fi= {fL(x) +h(x) for b<x<bi

Then fj is a regular function on [0, b1]. By 7 (h) = s1nrr8 — A(x) forb < x < by,
the function f; satisfies (3.11) on [b, b1]. Thus f] is a regular extension on [0, b1]
of f. We have proved the existence of a regular extension.

Step 4. We shall prove the uniqueness of the extension. Let f;, i = 1, 2, be regular
extensions on [0, b;] of f. Then f(x) = f1(x) for 0 < x < b and, by (3.14),

B B—1,B38 B—15pB8
fato) | Ty [P T SR g ey
(o rB=1 fatryar)’ S rB=1 patryar )
B x £B—1,B8 _ W B—1gB8
R IF(X) S+ / £ PO 5O b egas
(fo r#=" fi(r)ar) © (Bt aer)

for b < x < ¢, where ¢ = min(by, by). We set f(7,x) := (1 — 1) f1(x) + tfo(x).
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Then we get

xPOF(x)
(X rB=1 fo(rydr)’
+8/ gP- lx'%F(x) xPLEPIF (&)
5+1
S b= lfz(r)dr>

bd P F
= —fikx) / e T 5 dT
0 AT ([Frf=lf(z,r)dr)

/ ffﬂ LPOF(x) — xP1EPOF(§)
0 dr rﬁ Lf(z, r)dr)(H_1

(f2(x) = f1(x)) {

f2(§)d§

f(z, §)dEdr

Computing the right-hand side of this equality by an interchange of the order of
integration, observing that the left-hand side of this equality equals to (f>(x) —
fi (x))shfwfg(x)_l, and noting f>(x) — f1(x) =0 for 0 < x < b, we obtain

fr(x) = filx) =/b Fo(x, &) (f2(8) — f1(§))dE, b =x=c, (4.6)

where we define a function I'g(x, &) on b <& < x < cby

inmzd
Fo(x, &) 1= 8 2 f1(x) fa(x) x
/1 £F=1xPS F(x) / Lgh- lx/”F(x) PP
(fyrt=" f@rdr)” S B f (e rydr) k

1,58 B—1 B8
(6 + 1)EP 1/ dt/ S F(x) a S(Si(s)f(t,s)ds .
[FrB=1 f(z,r)dr) +

By noting that f (7, x) is a positive function on [0, 1] x [b, c] and that F € Clip,cl,
it follows that there exists a constant M independent of x, & such that |Tg(x, §)| <
M (x — £)~°. Hence, by applying the Gronwall inequality to (4.6), we get f>(x) —
f1(x) =0 foreach x € [b, c]. O

We are now in a position to establish the following:

Proposition 4.3. Under the same assumptions as in Theorem 1.1, the transform
K : MY (1), — MYeT8(1), is a bijection.
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Proof. As was stated in the beginning of Section 3, it suffices to prove the propo-
sition in the case I = [0, B], B > 0. We shall first show that X is injective.
To do so, let f; € Mo, Bl,, i = 1,2, be solutions of f = F, where
F € M"“*%[0, B],. Then, by Proposition 2.1.(2), we get fi = f> on [0, k B]
for sufficiently small ¥ > 0. Let fp denote this solution f1(= f>) on [0, « B]. Then
f1. f> are regular extensions on [0, B] of fp. Thus, by Proposition 4.2, we conclude
that fi = f> on [0, B].

We shall next show that K is surjective. To do so, given F € Mbetd[o, Bly,
we define an interval J C [0, B] by

J :={b € (0, B] : there exists a regular solution on [0, b] of K f = F}.

By Proposition 2.1.(1), we get a solution fy € M¥[0, kBl,on[0,kBlof Kf =
F provided that « > 0 is sufficiently small. Since a function f € M1L¥[0, b, with
n > 0 is a regular function on [0, b], this solution is a regular solution on [0, k B]
of the equation. This implies that J is not empty; we put b* := sup J. Then, for
any b’ < b*, there exists b € (b, b*) for which we have a regular solution on
[0, "] of the equation. We define f(x) on [0, '] as the section of the solution
on [0, b']. By the uniqueness of the extensions, this definition is independent of
the particular point b” € (b, b*). Thus we get a regular solution f on [0, b*) of
K f = F. But, by Proposition 3.2.(2), this solution is extended to a regular solution
on [0, b*] of the equation. If b* < B then, by Proposition 4.2, this regular solution
on [0, b*] is further extended beyond b*, contradicting the definition of b*. This
implies that b* = B. By repeating the above argument at b* it follows that there
exists a regular solution f on [0, B] of ICf = F. But, by Proposition 3.2.(1), this
solution f must belong to M'-%[0, B]y. By the uniqueness of the extensions, this
solution is an extension of fy on [0, x B], which belongs to Mbeqo, k B],. This
shows that f € M1L[0, B1],. The proof is complete. O

Remark 4.4. An inspection to Step 4 in the proof of Proposition 4.2 shows that the
assumptions f1, f» € C[b,c] and F € Cl[b, ¢] with ¢ = min(by, by) are enough
for the uniqueness of the extensions. This, combined with the fact described in
Remark 2.6, yields the following conclusion: if fi, f2 € MO’“(I),] satisfy Kf = F
for F e MYet5(1),, then fi(x) = fo(x) for any x € I.

We conclude this section with an example:

Example 4.5. Let § = 1 and consider the function f,(x) = (1 — x)* on [0, 1].
Note that this function belongs to M %[0, B ], for any positive B < 1 and any «,
suchthat0 < n < @ < 1—4§, while it does not belong to ./\/ll""[O, 1], unless . = 0;
if u > O then f,,(x) is not positive at x = 1 and, by contraries, if ;& < 0 then f}, (x)
diverges to +o00 as x — 1: unless i = 0, the function f, has the point x = 1 as a
singularity in the sense that either f,(1) = oo or f,(1) = 0.
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We shall first treat the case where > —1. Then we get

1 1-68
Kf)() = (1+ )~ /0 ( x ) di

(1 —xn)lF — (1 — x)l+»

1-6
1—x
- (=) a1

1 1
—(1 1—8/ .
(I+w 0 L ( Ix )1+M (1 =0)1-8(1 — xr)n1-9)

1—xt

Since (1 —s)/(1 — s1+"“) is a positive, continuous function on [0, 1], the function

(K fu)(x) diverges to +o00 as x — 1if u > 1875’ and converges to a positive value
then if u < % Even in the case u < %, the function K f,, does not belong to

C'[0, 1] unless u = 0. To see it, we note that

s—1 (1 ['sL f,(xs)ds

Kf) (x) =
( fu) (x) x 0 (f,l fu(xs)ds>278
1! _ B
el B e (AT
o (ftl fM(xs)ds> *
and that
(14~ f’: W) @.7)
0 (ft fﬂ(xs)ds>
2-5
_/1 1_<%) 1 —=x)*—t(1 —xt)*
P\ (11—_;t)1+u (1 =1)273(1 — xt)H2=9)
. 2-8 o\
—_/] ﬂ 1_(11—xf) x s
" 1— ( 1—x )H‘M 1 — <11_—;ct) (1 — )1=8(1 — xp)l+ud=9)

1—xt
2—6
1 11— (f%;) 1
+/0 1= (i) ) a0t &

1—xt

The second term in the right-hand side of the above equality converges as x — 1
provided that © < 1‘375, while the first term there diverges then because of (1 +

wn)(1—38) > 0, unless o = 0. Hence (K f,)'(x) — oo even though . < % where

K f,. € C[0, 1]. Thus, in the case of © > —1, u # 0, the function (K f,)(x) has
the point x = 1 as a singularity in the sense that K f,, ¢ C 1o, 11.
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We shall next treat the case © < —1. Then we get

1 1-6
K@) = (=1 +pn'~? /0 < a ) dt

(1—x)1*r — (1 — xp)ltr
1-s

! 1_(%) 1—xr\I7°
= (=143 (1 —x)~TFW =) / ( ) dr,
0 1_(1;x)‘(“’” 1—t

1—xt

provided that u # —1. By —(1 + u)(1 — 8) > 0 this implies that (C f,,)(1) = 0.
Also when ¢ = —1 we can draw the same conclusion by an easy computation.
Thus, in the case u < —1, the function (K f,,) (x) has the point x = 1 as a singular-
ity in the sense that (C f,,)(1) = 0. In this way we have shown that, for each . # 0,
the function f,,(x) = (1 — x)* is transformed by K to a function that has the point
x = 1 as a singularity in the sense that either K f,, ¢ Cc'[0, 1] or (K fin) = 0.
This situation is illustrated in Figure 4.2.

X s X 5
m>ﬂ>00 O0>pu>—-1735>#u>0
| . |
1 i 1 1 Y
-\ Fy
_ 8 ) K T A ‘ - 5
k=1=7" s - L
—1> )
0 1 I 0 1/8 Kfa

Figure 4.2. (1 — x)* and IC(1 — x)*.

It is of worth to mention that Example 4.5 means that the transform IC is not

necessarily bijective from MO )y onto MOeFs(f ). We focus on the case

% < pn < 1875’ w # 0 and define F,, := K f, in this case. It follows from

(4.8) that F, (x) can be estimated as

Lo 1 dt
FM(X) =0 /(; (1 _ t)l—S(l __xt)l‘i‘ﬂ(l_a)

when x — 1. Here O stands for Landau’s symbol. With the aid of the formula

: dt — (1 — )~ H0(-8) : ds
0 (1— t)1_8(1 _ xt)H—u(l—(S) - 0 sl—a(l _ XS)S—M(I—S)

(a transformation formula on Gauss’ hypergeometric function), which is verified by
the substitution # = (1 — 5)/(1 — xs), we have

Fl,(x) = O((1 —x)~(Hm1-9)
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as x — 1. Noting that —1 < —(1 + u)(1 — §) < 0, we get the estimate

/ IF,'L(%‘)IdS'
y

<aMm )(1 _ )= =8) _ () _ 1=+ (1-5)

|Fu(x) = Fu()| =

for 0 < x,y < 1, where M, M’ are constants independent of x, y. Let us now
confine further ourselves to the case % < @ < 0. In this case we can take a
number o so that 0 < a < (1 — §)(—u) since (1 — 8)(—u) > 0. Then « satisfies
a+8 <1—({1+ pu( —35 < 1. Hence, by the above estimate, we see that
F, € M%¥*%[0, 1], for each n € (0, a]. Thus if 3=} < 4 < 0, then, by taking
a,nsothat0 < n <a < (1 —8)(—u), the function F,, belongs to MO-atdQ, 11,.
However there is not a function f € M%%[0, 11, such that K f = F,,, because, by
Remark 4.4, the function f;,(x) = (1 — x)* is the only solution in MO0, B, of
Kf = F, for each B < 1, and so, if there were a solution f € MO0, 1], then
it would equal to f,,(x) on [0, 1); it is impossible since f,(x) — ocoasx — 1in
view of u© < 0.

5. Continuity

In Proposition 4.3, we have established that the transform C : Mbea ) —>
Mbetd (g ), is a bijection. In this section we shall show that the inverse Kt
Mboats (Hy— ./\/ll")‘(l),7 is continuous. Throughout the section, let f; e M1« D)y,
i = 1,2, be solutions of K f; = F; for F; € Mo+3 (1) respectively. We first treat
the case where F|(0) = F>(0) = y, where y is a number defined in (2.1). This
additional condition implies that f1(0) = f2(0) = 1.

Lemma 5.1. Let Fy € /\/ll"”‘S(I),,, F1(0) = y, and let f € ./\/ll")‘(l),7 satisfy
K fi = F1. Then there exist constants ky and My such that if Fp € ./\/ll""J”S(I)
satisfies F>(0) = F(0) then the solution f, € ./\/ll’o‘(l),7 of K fo» = F; satisfies

”fzK - f]IC”l,a,n;K = MO”FZ - Fl”l,(x-‘:—é,)r

for any k < kg. Here fl.’(, i = 1,2, denote the sections of f; on I, == {kx : x € I},
and || - ||1,a,n:« denotes the norm in Cl’“(l,()n.

Proof. By the assumption, L(f; — 1) = F; —y,i = 1,2,0on I. By Lemma 2.5, £
maps a neighborhood U of 0 in C1-% (1 ), homeomorphically onto a neighborhood

V of 0 in CLo+o(1 ). Since this map is a C I_diffeomorphism, there is a constant
My independent of G, G, such that

I1£71(G2) — L7HG ) 1.y < MollGa — Gill1.ats.y (5.1)
forG;,G, e V.
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As in the proof of Proposition 2.1, let « > 0 and let f;, F; be sections of
fi and F; on [. By ”SI((F{( —Pia+sy = KUHF{{ = vltatsme = kM Fy —
¥ ll1,a+5,y, there exists a positive number ko such that if k < ko then S, (F} — )

belongs to the neighborhood V mentioned above. Moreover

1S (Fy —¥) = Sc(Ff — Wllats,y = kNFy — F{ ll1,a48,n:¢
< k" Fy — Fill1,a+s,y-

Hence there exists a positive number p such that if ||, — Fill1,o45,7y < p then
S« (Fy —y) also belongs to V. Since L(S (f) — 1)) = S (Ff —y),i = 1,2, and,
in view of Proposition 4.3, the solution g of £(g) = G is unique in C1%(J )y We see
from Lemma 2.5 that S, (f/ — 1) belong to U. Thus

LTS (Ff = y) = Se(ff = 1)
by L' : V — U. By applying (5.1) to G; = Se(Ff — ), we get
IS¢ (fy = fid)lay < Moll Sk (Fy — F)ll1.a+8.n < Mokl F2 — Fill1.a+5.n-
Since ||Se (fy — fi)lla.y = k"1 f5 — fi l1,a.n;1» We arrive at
I fy — [l e < MollFa — Fill1,a+s.9-

This completes the proof. O

Let R, be the restriction operation which assigns to each f € ML M
the restriction f|;, on I,. Lemma 5.1 tells us that R, K" : /\/ll"”‘s(l),7 —
Mbe (1i)y is continuous if « is sufficiently small. We turn our attention to the
continuity of REA ™!, where RS denotes a restriction operation which assigns to
each f e Mbo(I )y the restriction of f on the closure 1\ I, of the complement of
.. Tt is enough to consider the case where I = [0, B], I \ I, = [« B, B]. We take
k sothat 0 < xk < kg and set b := k B.

Lemma 5.2. The mapping
REK™: (F e M"F[0, B], : F(0) = y} — C'[b, B]
is continuous. In particular, there are positive constants p, M such that
1F2 = Fillia+s.p <o = l1f2— fillcip gy < MIF2 — Fill1,a+8.9-

Proof. We proceed in four steps.

Step 1.Let F; € M"-*%%[0, B], be fixed and let f; € M"[0, B], be the solution of
K fi = F1. We may assume that F1(0)=y and so f1(0)=1.If F> € Mbets[o, B,
satisfies F2(0) =y and is sufficiently near Fy, say ||F2 — Fill1,a4s,n < &/Mo with
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My in Lemma 5.1 and sufficiently small ¢, then, by the lemma, the solution f>
of Kfr = F; satisfies maxo<x<p | f2(x) — f1(x)] < € and so ming<y<p f2(x) >
ming<y<p f1(x) —&. Moreover an inspection to the proof of Lemma 3.6 shows that
forany M > O there exists m > 0 such that if maxp<,<p |F (x)|+|F’(x)| < M then
a solution f of ICf = F satisfies miny<y<p f(x) > m. Hence there are positive
numbers p, mgq such that

it |[F2 — Fillt,a48,n <P thenomian,-(x) >mg, 1=1,2. (5.2)
=x=

Step 2. Since K f = F is equivalent to (3.14), we obtain

B3 X gB-1 B () — xP-1£BO
£(x) . x : 2(x) : 5/’ EPT xP°Fa(x) — x §5+1 2(S)f2($)d5
(/0 rf- fZ(r)d”) 0 (f; rﬂ_lfz(r)dr>
BS B—1 ,ssF B—1gBs
— AW X : 1(x) / EPT XPPF 1 (x)—x $5+11(§)f(5)d5
(for rB=1 fi(rydr)’ JErpm fl(r)dr)

By setting (§F)(x) := Fi1(x) — F2(x), f(r,x) := (1 — 1) fi(x) + t/2(x), this is
rewritten as

xP3 B (x)
(5 rB=1 far)dr)’
+5/ £ “Fz(x)—xﬁ ‘sflez(@
S b= lfg(r)dr)

(f2(x) = fi(x)) {

f2(&)dE
= fi(x) { xm(gF)(X)
(> rB=1 fi()dr)’

[ £~ lxﬁ5<aF><x>—xﬁ 65 () (&)
S5+1
r/3 1fl(r)dr>

1 88
A {/‘ dd i X Fz(x) ~dr
0 AT ([Frf=lf(z,r)dr)

/ / &0~ 1xﬁ5Fz(x)—xﬂ e P )
0 dr JErE1f G, r)dr)6+1

f1)dE

f(z, §)dédt
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Hence, by operations similar to those carried out for the deduction of (4.6), we have

f2(x) = fi(x) = R(x) +/0 I'(x,6)(f2(6) = f1i(§)ds, 0=<x=<B, (53)
where we define a function R(x) and a function I'(x,£) on0 <& < x < B by

PO (SF)(x)
(> rB=1 fi(r)dr)’

x gB—1, B (S F _ P1gBS(SF
o [ IR0 P IRODO)
0 (&Pt fiar )

R(x) = fi1(x) {

and

siné
[(x,8):=9

J1(x) f2(x) x

R L i 2Y6)) 'gh- lx"%Fz(x) XPIEPFa(6)
/ 1 5“ / N
(fo rB-1f(z, r)dr rﬂ Lf(z, r)dr>

B—1,.85 A1 gB
(6 + DEP- 1/ d‘t/ ! FZ(X) i ZZ(S)f(r,s)ds .
[ rB=1f(x, r)dr) *

Step 3. We suppose that || F2 — Fi||1,4+5,5 < p. Then, by (5.2), we get

P T RE) | B e s e 10T RO I

(feretr@nar)™ | mo” (f — Py
B p g G (Rl + 6Bl _ 1(§>“ x
= (P — gB)p = \x) -

where M) is a constant independent of F3, f,. This leads to the estimates

1 /& B %8
IT'(x, &) SMFfz(X)g (;) ma 0<&<x=<B, (5.4)
IR(xX)| < MRISF|I1,0+8,n = MRIIF2 — Fill1,0+8.7 (5.5)

where Mr, Mg are constants independent of F5, f5.
We set I'0(x, &) := I'(x, £)/f>(x) and

b
Ri(x) :== R(x) + f1(X)/O r(x, )(f2(5) — fi(§))dE.
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Then, for b < x < B, equation (5.3) is recast as
<1 - /Ox I, 6)(HE) - fi (E))dé) (f2(x) — f1(x)) (5.6)
= Ri(x) + fi1(x) /bx rx, £)(f2(6) — fi(§)dE, b<x <B.
By (5.4) we have |T0(x, £)| < Mr&P=1x=P3(1 — (&/x))~%. Accordingly,

d(x) = ‘ fo PO(x, £)(f2(8) — fi(€))dE

< MrB(p3, 1—5)031§l§x |f2(8) = f1(5)]

for b < x < B. By Lemma 5.1, if ||, — Fil[1,a+s,5 is sufficiently small, then
db) < 1 and so,ifc > bis enough near b then d(c) < % and hence

x -1
<1 —/0 rx, )(f2(6) — fl(«‘E))dé) =2 (5.7)

on the interval [b, c]. Similarly, it follows from (5.4), (5.5), Lemma 5.1 that there
exists a constant M;’Q such that |R;(x)| < 2_1M§||F2 — Fi|l1,q45,5 forb < x < B.
Further, by (5.4), we get the estimate |F0(x, &) < 2_1M111 (x — S)_‘S forb <& <
x < B. In this way, from (5.6), we have the integral inequality

1
(x — &)

for b < x < c¢. Here the constants M z and M{Z are independent of F», f>. By the
Gronwall inequality, this inequality is solved as

| f2(x) = fi(x)] < MYIFa— Fill1.as.n+ M2 fi(x) L | 2(E) — f1(§)|dE

. 1
| 2(x) = fi(0)] < MRIIF2 — Fy ||1,a+5,n+Lfb WMﬁlle—Fllll,aM,ndE

)

for b < x < ¢ with a constant L independent of >, f>. Hence, if | F2 — Fil1,a+5.5
is sufficiently small then max,<y<. | f2(x) — f1(x)| is enough small so that

¢ 1
‘ /b M 66 — fiENdE| < 3

as long as d(c) < % This shows that (5.7) still holds even at x = B, because if
d(x) > % for some x € [b, B] then, at a point x* for which d(x*) = % we would
have the contradiction

X

b *
d(x*) = /O rO(e*, €)(f2(6) — f1(€))dE +/b rO0*, €)(f2(6) — f1(€))dE

<
4

o0 | =—
N —



INTEGRAL TRANSFORM AND INVERSE BIFURCATION 901

Hence we conclude that there is a constant M g such that

| f2(x) = i) < MY F>y — Fill1.ats.n

forb < x < B.
Step 4. We set T'j(x, &) = f; I'(x,2)dz = fr(x) f; I'%(x, z)dz. Then, by (5.4),

we have the estimate |I'1(x, &)| < M(1 — (S/x))1_5 with a constant M. Hence an
integration by parts to (5.3) shows that

f2(x) = fi(x) = R(x) —/0 Ti(x, &)(f,(€) — f{())dE. (5.8)
Here we used f2(0) = f1(0) that follows from the assumption F>(0) = F;(0). By
a similar computation to that in (4.4), it is verified that |% Ci(x, &) <Mi(x—8)7°

forb < x < B,0 <& < x < B with a constant M. Hence, differentiating (5.8)
and setting ['2(x, &) := a%Fl(x, &), we get

X
fx) = fiix) = R'(x) _./o Ta(x, £)(f5(5) — f{(§))dE, b <x<B.
It is easy to see that R'(x) € C[b, B] satisfies |R'(x)| < Mg/|F> — Fill1,a+51
with a constant Mg independent of F3, f>. By the decomposition —I'2(x, §) =

F00T21(x, &) + Toa(x, &) with Ty (x, &) = —T'1(x,§)/f2(x) and T2 (x, &) =
— ()% [¢ TO(x, 2)dz, this is written as

L) = fix) = R'(x) + fé(X)/O Da1(x, §)(/,6) — f(§))dE

+ /0 oo (x, €)(f4(E) — f1(6))dE.

From this, in a similar manner to that for the derivation of (5.6), we have
(1 — /0 a1 (x, §)(f5(€) — f{(é))dé) (f2(x) = f1(x))
=R+ [ T OO - i@, br<B

where Ry (x) satisfies |Ro(x)| < M§2||F2 — Fill1,4+s,5 and [(x, &) satisfies
IT'(x, &) < Mllil(x — &% forb < x < B,0 < & < x < B with constants
Mlbez’ MI}Z , independent of F>, f>. Hence, as in Step 3, we conclude that there is a
constant M }9 such that

| f5(x) = £{O)| < MYIF> — Fill1.ats.n

forb < x < B. O
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Our next task is to prove the following:
Lemma 5.3. The inverse transform

K=1(F e M0, B], : F(0) =y} — (f e M"*(), : £(0) =1}
is continuous.

Proof. Assume that F;(0) = F»(0) = y and let f; € Mo, Bl,;,i =1,2,be
solutions of K f; = F; for F; € Mb*+3[0, B],, respectively. Then, by (3.5),

1

b s - ~ By = Do.y) =
_ r(&)x (F2(x) — Fi(x)) (Io,w2 ’o,wl) B H(x)
n+1

By setting p = “5= — 1 in the commutative diagram (3.10), it follows that Ig’wl is

(5.9

a homeomorphism of clefo, Bly+1-p onto Ccletdp, Bly+1-p+ps and the inverse
is given by Dg,w]‘

The function x! A+ (F,(x) — F; (x)) belongs to C1**°[0, B], 11—+ 5. Since
the multiplication operator by x!~#+#? is a homeomorphism of C1***3[0, B], onto
C 310, Bly+1-p+ps

Ix" PP (Fy(x) — Fro) I1.ats,nt1—p+ps < CLIF2 — Fill1 ats.s

where C is a constant. On the other hand, by Lemma 5.1, if x < kg then || f, —
f1ll,a,n:c < MollF2 — Fill1,4+s,7 and so, by (5.2),

1 1
PThHx) xBTf(x)

where C; is a constant. Hence, by (5.9),

< C2||F2 — Fill1,e+6.9s
Loa,n+1-Bik

=< C3||F2 - F1||1,ot+6,r7 (5‘10)

(0, - )
2 X0 | ges 1t poik
with a constant C3. In other words, the second term in the right-hand side of (5.9)
is small enough in C1*+%[0, k Bly+1-p+ps, provided that F, — F is sufficiently
small in C1#*9[0, B], and 0 < « < K.
Let b < xoB be fixed and consider the function

1
p(x) :==T(5) <Ig,w2 - Igﬂ”l) xB=1 fr(x)

[ e A dt
0 (fgxrﬁflfz(r)d},.)l_(S (fgxrﬁflfl(r)d’)l_s gﬂ_le(g:)
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on the interval [b, B]. We take a so that 0 < a < b and, using an integration by
parts, we decompose p(x) as p(x) = p1(x) + p2(x) + p3(x) where

1) = / ) B ILS) ds
T 1-68 1-6 B—1 ’
O\ (i pear) T (e aear) ) SO

1 * 1 5 * 1 ’ —1
= ([ o) = ([ o) § G
L o far Y — ([t frear ) (4 d
p3(x).—g/a (/; r° fa(r) r) —</€r fi(r) V) (E sz(é‘)) §.

It is easily seen from (5.2) that p;(x) is twice differentiable and

11" (0] < const. {Il 2 = fillcrpp, gy + 1f5 — Filt e}
for x € [b, B]. This, together with Lemmas 5.1 and 5.2, leads to
Ip1”(x)| < const.||F2 — Fill1,a+s.
for x € [b, B]. Hence we have
lp1(Ollcrepp gy < const. | F2 — Fill1,a+s,n, (5.11)

where | - [|c1app, gy i8 the standard norm of the Holder space C Lerp, B]. Similarly
we have
P2 ity 5y < const. | Fa — Fill1.as.- (5.12)

A computation shows that

P H(x) P ()
1-48
rh-1 fz(r)dr) ( S P fiodr)

(G o)
d& &P~ 1fz(rS)

— P B - A1) / : (i ! )ds
rﬂ 1f1(r)dr) =6 \d& £P-1 f(8)

p3'(x) = /ax (f

1 1
+xP- 1fz(x)/ 5~ =5 ( %

b= 1fz(r)a’r) ’ (fgxr’s_lfl(r)dr>

(i . )
ds EP-1HE&)) 7
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Hence, by setting

* 1 d 1
q1 (-x) = / 1—§ <_ B—1 )dé’
a (/‘; rﬂ_]fl(r)dr) dé g fZ(é:)

fg rB=Y ) — fi(r)dr d 1
( )2—/ / d <— 7) dg,
= rﬁ Lf(z, r)dr) -5 dg EP-1f(8)

we have

p3' () = xP L H(x) — A1ENGIx) + 6 — DxP () g2 (x). (5.13)
Set ¢(£) := j—g Wlfz@) which belongs to C%[b, B], and letb < y < x < B.
Then, as in [12, p.488], we decompose g1 (x) — q1(y) as

q1(x) —q1(y)

:/ax(f PO / 7 _¢(s> s

S Bl (r)dr rA= firydr )

C ) — oW
=/ - —dt (5.14)
(P )

Y 1
+ / 5 5 { G©) —p())dE
“\(Zrepear) T (R )

x dt y dE
1 =/ = [
“ (fEremtamar) T e (et )

=1+ L+
The first term /7 of the right-hand side is estimated as

1l < l@llcoep, B]M/ € Sf 3

where [|¢||co.app p) denotes the standard norm of the Holder space Cc%[p, B],
namely the norm with w(x) = x in Lemma 3.3.(4), M depends only on fi, 8,
and M| = M B(«x + 1, §). By the substitutions & = yt, r = ys, the second term I
of the right-hand side of (5.14) is written as

1

I = (Ex/y, 1) — €L, ) (@ (y1) — P (y))ydt

aly

! 1y e
zf (@(yr) —¢(y))ydtf 8—(u,t)du,
aly 1 u

d& = M1l courp. g (x — 1),
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where £(u, 1) = (/" yBsP~1 f1(ys)ds)®~!. Since

a a B
N2 —<Z<t<u<=—

SM(M_ —= = —= )
B~y b

¢
—(u,t
‘Bu(u )

with a constant M independent of y, ¢, u, the term I is estimated as

1 x/y
1] < Ml coapp 51 / JCRE0RTl /] (u — 1)°2du
aly

| §—1
_ M||¢||c0sW[b,B] // (1—-0* {(1 — t)3—1 _ (g — z) }dt.
aly

But, by the L’Hopital rule and the substitution # = (1 — 5)/(1 — (y/x)s), we have

lim ;/1(1 —nela—ntl = (f —t)H dt
1 (1_1>“+5 0 y
y

y

1= 1 -2
:_1—>1a+8 °‘+5 1_/( <__t> d

1-6 i (y>a+1/ 5@ 4 1—5/1 5% J
— im (= s = § < OQ.
o« +8 i \x 0 (1= Ls)** a+38Jo (1—s)ot

Hence, |Io| < Ma||@llcowpp p(x — ) for b < y < x < B with a constant M»
independent of x, y. By the substitution & = xt, & = yt, the third term /3 of the
right-hand side of (5.14) is written as

o (-/;,‘1 Sﬂ‘lfl(XS)dS)

1 x4 1-B8(1-6)
+/ dt/ e 1_(Sdqu(y).
aly Jy @2 (f,l sB=1 (zs)ds>

Since |(1 — (a/x))® — (1 — (a/y))’| < IM|x — y|forb < y < x < B in view of
a < b, the term /3 is estimated as |I3| < M3|¢|lcoapp p1(x — et forb <y <
x < B with a constant M3 independent of x, y. Thus, there exists a constant M
such that

1
dx xP=1 fr(x)

In view of (5.2), this is the same as saying that

g1 ()l coe+spp gy < M ‘
CcOafp, B]

lg1 (Ol coe+sp, gy < const.|| f2llcrepp, py- (5.15)
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In a similar way, we can show that there exists a constant independent of f> such
that

g2 | co.etspp gy < const.|| f2 = fillcipp, py-
This, together with (5.13) and (5.15), implies that
I P3llcretspy, gy < const. || f2 — fillcip, gyl f2llc e, By
Hence, by Lemma 5.2,
1p3llcrassy. gy < const. [|Fs — Filltats.0ll f2ll g - (5.16)
Combining this with (5.11), (5.12), we arrive at

1
)£ £ )7 <const.||Fr, —F 1+ ,oz .
(8= 1) 755 T2 |y gy = IP2 Fillassan (4L folcrens, )

This, together with (5.10), yields
1
8 8
(Io,wz_ IO,U”) xﬂ_] f2 (X)
Therefore, by (5.9),
1 1
xFlHhe 2P fi(x)

<const. || Fo—Filli,a+s,y (I 2l crepp, 57)-
1a+8,1-+1—+B8

< const. | Fo — Fill1,a+8,n(L+ | f2l ctep, B7)
La,n+1-p
(5.17)
because I(‘)S w, is a homeomorphism ofCI’“[O,B],,Jr]_,g onto C1-@ 190, Blyt1-p+ps-
This implies that
If2 — fillcreps, gy < const. [ F2 — Fill1,e+s.7(1 + | f2lcrepp, 5))-

Hence

||f2||cl,a[b,B] <Ifi ||c11a[b,3] + 12— fi ||c1»a[b,3]
< I fillcrep, gy + const. [|F2 = Fill1,a+5.0(1 + | 22llcreps, 5))-
It follows from this estimate that if ||F2> — Fi|l1,a4s,y is sufficiently small then

| f2llcrep, 5y < AM1. Hence, by (5.17), if [|[F2 — Fill1,a+s.y is sufficiently small
then

1 1
- < M| F2 — Fillv,a48,9-
xﬂ_le(x) xﬂ_lfl (x) La,n+1-p e

By (5.2) we arrive at || f2 — fill1.e.n < MIIF2 — Fill1,a+6.5, provided that || F> —
Fill1,a+5,y is sufficiently small. The proof is complete. O

We are now in a position to establish the continuity of the transform /.
Proposition 5.4. Under the same assumptions as in Theorem 1.1, the inverse trans-
form K= : MUt (1), — MY(T), is continuous.

Proof. 1t suffices to treat the case where I = [0, B]. By Lemma 5.3, the inverse of
the map g in the diagram (2.4) is continuous. Since the vertical arrows wgy, wy-+s
in the diagram are homeomorphisms, the inverse transform C~! is continuous. []



INTEGRAL TRANSFORM AND INVERSE BIFURCATION 907

6. Bifurcation transform

It is well-known in a general framework of bifurcation theory (see, e.g., Crandall
and Rabinowitz [5], Rabinowitz [24]) that if f is a continuous function on R with
f(0) > 0 then the n-th bifurcating branch of the nonlinear Sturm-Liouville equation

{u// +xuf(u)=0 on (0,1), 6.1)

u0)=u()=0

FON
solutions, where A, := (7(7(70))2, n =1,2,..-, are the eigenvalues of the linearized
problem

W' +ruf@©) =0 on (0,1),
u(©0) = u(l) =0

of (6.1). Here, by a solution to (6.1), we mean a pair (A, u) in R x Cc?[0, 1] satisfying
(6.1). Let E be the space of C! functions on [0, 1] satisfying the boundary condition
in (6.1), let S,, be the set of solutions (A, u) to (6.1) in which u has exactly n — 1
zeros in (0, 1), and let S, be the closure of S, in R x E. A maximal (with respect
to inclusion), closed connected subset of S, containing (A,, 0) is referred to as the
nth bifurcating branch of (6.1). Foreachn = 1, 2, - - -, the nth bifurcating branch
is an unbounded set (see Rabinowitz [24,25]).

We now suppose that f(u) > 0 on I where / is a bounded, closed interval
containing 0 on R and focus our attention on the first bifurcating branch, in which
u is a positive or negative solution of (6.1). Then we have the following:

Lemma 6.1. We suppose that f is a positive continuous function on 1. If (7, u) is
a solution of (6.1) satisfying u # 0 on the interval (0, 1) then A > 0 and u attains
its maximum value or minimum value at the middle point % of the interval (0, 1).
The value h € I \ {0} and A are related via

1 dt A
/0 : 0 = \/; (6.2)

S} s (hs)ds)

Proof. Let (A, u) be a solution of (6.1). Then, by an integration by parts, we have

1

1 1
oz/ u(@u” (1) + @) f u(t))dt = —/ u’(t)zdt—l-)»/ u()? f (u(t))dt.
0 0 0

Since f > 0, this implies that A > 0. By a standard calculation, it follows that
u = u(t) satisfies

u(t)
u' (1) + 2/\/ rf(r)dr =u' (0%, t€]0,1]. (6.3)
0
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This shows that u'(0) % 0 and the value of u at the point fy where u'(fp) = 0
is uniquely determined by this identity. We denote this value u(#p) by i. Then

u'(0)% =2 foh rf (r)dr, and therefore, by (6.3),

h
u' (1) =22 f rf(r)dr. (6.4)
u(t)

Therefore, if u(t) > 0 fort € (0, 1), namely if & > 0, then

) /h dt | 1 /h du
0= - u= 9
o du VS0 S yar
dt =

- fo dt 1 /0 du
o= [ Y= .
n du V2 In e prydr

This shows that 7y = % and

/h du _ \F
o S rreyar V2
u
By the substitutions u = ht, r = hs, we arrive at (6.2). The case & < 0 can be
treated in a similar manner. |

Let Sf be the set of solutions (A, u#) in (0, c0) x E to (6.1) in which u # 0
on (0,1) and u(¢) € I on [0, 1]. We define a map @ : SII — (0,00) x I by
o (Au)— (A, u(%)). Then @ is a continuous map from SII onto I'(f), where
['(f) is the set defined in (1.7).

Lemma 6.1 tells us that I'(f) is written as I'(f) = {(A(h), h) : h € I\ {0}},
where A(h) is a function on I defined by (1.8). The correspondence B : f(u) —
A(h) is referred to as the bifurcation transform:

2

dt
VS st (hs)ds

The inverse bifurcation problem we are concerned with consists of three questions:
Problem 6.2.

1
Bf)h) =2 /0 65)

1. (Existence) Given a positive function A on 7, does there exist a positive function
fonlsuchthat Bf =A?

2. (Uniqueness) Is f unique for each A ?

3. (Stability) Does f depend on A continuously ?
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By (6.5), the bifurcation transform B is written as Bf = 2(f)? in terms of the
transform K with § = %, B = 2in (1.1). But, as is easily verified, the transform

g +— 2g2 is a homeomorphism of Ml"”%(l ), onto itself when > 0. Accord-
ingly, as an immediate consequence of Theorem 1.1, we obtain the following an-
swer (Theorem 1.2): the bifurcation transform B is a homeomorphism of M9 (I )
onto ./\/ll"“”%(l)n, provided that0 < n < a < %

Example 6.3. Let / = [a,b] with —1 < a < 0 < b < 00, and, for a given
function A(h) := (VA +1+ 5 — 1)2, consider Bf = A. Obviously, A(h) is a
positive function on / belonging to CZ(I ). Hence, for each «, n such that 0 < n <
o< %, the function A (%) belongs to Ml"’”r% (1)y. By Theorem 1.2, there exists a

unique function f = f(u) in M"*(I), such that Bf = A. The function f(u) is

determined as g

A R ey

because, for the function f,

2
! h
dt
/o VWRFT =12 = +1-1) )
z 2
=(/2(1+(Vh+1—1)sin<p)d<p) :(x/h+1+%—1>2,
0

1
Bf)h) = 7 (

where we have used the substitution /ht +1 —1 = (W/h + 1 — 1) sing. Thus we
conclude that

B! («/h+1+%—1)2(u)= 8

u+l+Vu+1

The solution u = u(t; h) on the point (A(h), h) (see Figure 6.1) is given as the
inverse function of

0<uc<hb.

T—1
() A—\/Az—(«/u-i—l— 2 4sint Y2 L

1
~ 2 /A { A

where A = +/h + 1 — 1. The set Sll of solutions (A, u) to (6.1) in which u(¢) #= 0
on (0, 1) and u(¢) € I is determined as {(A(h), u(t; h)) : h > 0}. It should be noted
that, since f determines all the solutions such that u(z) € I, A(h) determines all the
solutions in § II .

Though the function f = B~!A belongs to M!“[a, b], for any b > 0, it
does not belong to Mbe—1, b, since it blows up at & = —1. The reason is

that the function A does not belong to Ml"”%[—l, b], (the derivative A'(h) is
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Figure 6.1. Case where A(h) = (VA +1+ 5 — 1)2.

8—1

not continuous at # = —1). This situation is the same as that in the case 5—

2-46

u < 0 of Example 4.5; unlike the conclusion in Theorem 1.2, it does not hold in
general that the bifurcation transform B gives a homeomorphism of M%¢ (1 ) onto

MO,a+% (1)77'
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