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Metric currents, differentiable structures,
and Carnot groups

MARSHALL WILLIAMS

Abstract. We examine the theory of metric currents of Ambrosio and Kirch-
heim in the setting of spaces admitting differentiable structures in the sense of
Cheeger and Keith. We prove that metric forms which vanish in the sense of
Cheeger on a set must also vanish when paired with currents concentrated along
that set. From this we deduce a generalization of the chain rule, and show that
currents of absolutely continuous mass are given by integration against measur-
able k-vector fields. We further prove that if the underlying metric space is a
Carnot group with its Carnot-Carathéodory distance, then every metric current 7
satisfies T |p= 0 and T | 9= 0, whenever 6 € Q!(G) annihilates the horizontal
bundle of G. Moreover, this condition is necessary and sufficient for a metric
current with respect to the Riemannian metric to extend to one with respect to the
Carnot-Carathéodory metric, provided the current either is locally normal, or has
absolutely continuous mass.

Mathematics Subject Classification (2010): 30L99 (primary); 49Q15 (sec-
ondary).

1. Introduction

In [1], Ambrosio and Kirchheim introduced a definition of currents in metric spaces,
extending the theory of normal and integral currents developed by Federer and
Fleming [10] for Euclidean spaces. The extension of these classes of currents al-
lows the formulation of variational problems in metric spaces, and the validity of
the compactness and closure theorems of [10], proven in the metric setting in [1],
allows for their solution.

In this paper we investigate the theory of metric currents in spaces that admit
differentiable structures, in the sense of Cheeger [4] and Keith [18], with a partic-
ular emphasis on Carnot Groups equipped with their Carnot-Carathéodory metrics.
Most of the results were originally proved in the author’s doctoral thesis [30].
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Metric currents

The classical theory of currents goes back to de Rham [8]. A current, in the sense of
de Rham, is a member of the dual space to the space of smooth differential forms, in
analogy with distributions being dual to smooth functions (in fact, distributions are
0-dimensional currents). A prototypical example of a k-dimensional current in R”
is the map w +— f u@s where M C R” is an embedded Riemannian submanifold
of dimension k. With this example in mind, one defines a boundary operator via
Stokes’ theorem, in a similar manner to how one differentiates distributions using
integration by parts. Likewise, the push-forward of a current along a map is defined
through duality by pulling back forms.

Federer and Fleming studied various classes of currents with finite and locally
finite mass [10]. Continuing with the analogy between distributions and currents,
one should think of a current of finite mass as being analogous to a measure, and in
fact, this can be made precise if one is willing to consider vector valued measures.
The authors of [10] introduced the classes of normal currents (currents with finite
mass whose boundaries also have finite mass) and integral currents (normal currents
represented by integration along a rectifiable set). They then proved a number of
compactness and closure theorems, providing new tools for the formulation and
solution of area minimization problems in R”, including the well-known Plateau
problem.

Motivated by an idea of De Giorgi [7], Ambrosio and Kirchheim [1] extended
the Federer-Fleming theory to general metric spaces by replacing the space of
smooth forms with a space DX(X) of Lipschitz k-tuples (f, g', ..., g*), written
suggestively as fdg' A --- Adgk. A metric k-current T € My (X) is defined to be
a real-valued function on DF(X) that is linear in each argument, continuous in an
appropriate sense, vanishes where it ought to (namely, on forms fdg' A --- A dgk
such that one of the functions g’ is constant on the support of f), and satisfies a
finite mass condition. They demonstrated that most of the results of [10] carry over
to this more general setting, and that moreover, the classes of classical and metric
normal currents are naturally isomorphic in the Euclidean case. They also proved
that rectifiable currents can be classified using the metric and weak* differentiation
theorems from the paper [2], mentioned below.

Lang [22] has introduced a variation of the Ambrosio-Kirchheim theory tai-
lored specifically to locally compact spaces. In this setting, the finite mass axiom is
eliminated. In spite of this, a number of results from [1], including the Leibniz rule
and a chain rule, remain true, though the powerful closure and compactness theo-
rems still require assumptions on the masses of currents and their boundaries [22],
as is the case for the corresponding results in [1] and [10].

Differentiable structures

To formulate the most general of our results below, we will need the notion of a
differentiable structure, defined by Keith [18], and motivated by Cheeger’s differ-
entiation theorem.
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A (strong measured) differentiable structure on a metric measure space X is
a measurable covering of X by coordinate charts (Y, 7). Here 7: ¥ — Eisa
Lipschitz map into a Euclidean space [E. The defining property of a differentiable
structure is the existence, for any Lipschitz function f, of a measurable map y +—
d” fy € E*, satisfying

f) = f) +{d" fy, w(x) — 7 (y)) + o(dist(x, y)) (1.1)

at almost every y € Y. We denote this full measure set of differentiability by Y.

The differentiation theorems of [4] and [18] state that a nice enough metric
measure space X has a countable covering of measurable coordinate patches X;,
possibly of different dimensions, on each of which one can differentiate Lipschitz
functions. “Nice enough” means, in the case of [4], that X has a doubling mea-
sure and satisfies a Poincaré inequality, as defined in [16]. This differentiation
determines a “measurable cotangent bundle” on X, which coincides with the usual
cotangent bundle if X is a Riemannian Manifold [4].

The theorems of [4] and [18] generalize a number of earlier results. The clas-
sical version of Rademacher’s theorem states that a Lipschitz map between Eu-
clidean spaces is differentiable almost everywhere. Pansu [24] generalized the the-
orem to maps between Carnot groups, stratified Lie groups equipped with the so-
called Carnot-Carathéodory metric. Ambrosio and Kirchheim [2] proved analogs of
Rademacher’s theorem for maps from Euclidean spaces into general metric spaces,
using Banach spaces as an intermediary tool. Cheeger and Kleiner [5] have re-
cently extended the original differentiation theorem from [4] to Banach space-
valued maps.

Metric currents and differentiation

We state our main results here, deferring some of the more technical definitions to
the preliminary material in Sections 2, 3, 4, and 7.

Our first results concern the compatibility of the theory of metric currents with
the differentiable structures of [18]. The most fundamental of these is a compat-
ibility theorem which states that metric forms that are equivalent in the sense of
differentiable structures are also equivalent in the sense of currents, provided the
current is concentrated where the forms are defined.

As preliminary notation, let

= Bodgl A+ Adgt € EF(X),

seS

where S is finite, and let ¥ be a coordinate patch. Here €é‘ (X) denotes a space
of “measurable metric k-forms”, defined precisely in Section 3, but which should
intuitively be thought of as the space of differential forms with compact support and
measurable coefficients.
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Denote by Y,, C Y the set of points y € ¥ such that all of the functions g, for
i=1,...,k, s € S are differentiable at y, and such that

D B dTg A AdT gl =0.
N

We then obtain the following compatibility theorem relating the theories of currents
and differentiable structures.

Theorem 1.1. Let X = (X, d, ) be a locally compact metric measure space ad-
mitting a strong measured differentiable structure, let (Y, w) be a chart, w: Y — E,
and let ~

w e EFX).

Then for every T € M}COC(X ) concentrated on Y,
T(w) =0. (1.2)

See Sections 3 and 4 for more precise definitions.

From Theorem 1.1, we are able to derive a number of results, including the
following generalization of the chain rule in [1] to mappings into arbitrary spaces
admitting differentiable structures.

Theorem 1.2. Let F: Z — Y be a Lipschitz map, where (Y, ) is a coordinate
chart. Let B € BX(Z), and let (g', ..., g") € Lipioc(Y)X. Let Yg = ij:lYg,».
Then for any current T € My (Z) such that Fy(T | g) is concentrated on Yg,

T(Bd(g' o F)A---Ad(gFo F))

ai
=7 Y ﬂdet(agaj oF> A o F) A Ad(n% o F)
s

The terminology will be explained precisely in the discussion in Section 5 preced-

ing Corollary 5.2. Loosely speaking, one should think of the functions azjf;j as

coordinates of the Cheeger differential d” g/, in analogy with partial derivatives in
R".

Theorem 1.2 was proved for Y = R” in [1, Theorem 3.5 (i)], and then gen-
eralized [22, Theorem 2.5] to currents that might fail the finite mass axiom. In
both versions, C!-smoothness is assumed for the functions gi ,so that Y, o = R”" by
hypothesis. As a result, there are no hypotheses necessary regarding the measure
||T]|. In contrast, the locally-finite-mass assumption of Theorem 1.2 is irremovable;
a Lipschitz function need not be differentiable everywhere, and so we must require
our current to be concentrated on a set where it is.

We also prove that certain currents are given by integration against a vector
measure. This is already known to be true for all Federer-Fleming currents of lo-
cally finite mass [9, 4.1.5], and thus it also holds for all metric currents in R" as
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well, via an embedding given in [22, Theorem 5.5]. In our generality, we are forced
to restrict our attention to currents with absolutely continuous mass relative to the
underlying measure p of the space X.

We define a k-precurrent T to be a functional on the space of metric forms
given by integration against a measurable “k-vector field” AY > /\k E.

T(ﬂdglA---Adg'")=f<ﬂd”g1A---Ad”g",i>du.
Y

Theorem 1.3. Let X = (X, dist, u) be a metric measure space admitting a dif-
ferentiable structure. Then every metric k-current T in X, with ||[T|| < u, is a
k-precurrent.

The converse of Theorem 1.3 is true in Euclidean space [1], but, as we shall
see in Theorem 1.4, precurrents need not be currents in the general case.

Carnot groups

A Carnot group is a simply connected nilpotent Lie group G whose Lie algebra g
admits a stratification

g:VIQB@Vn

such that [V;, V;] = V;y; with the convention that V,, = 0 for m > n. The
subspace H = Vi, together with its left translates, forms what is known as the
horizontal bundle. A theorem of Chow and Rashevsky says that any two points in
a Carnot group can be joined by a path whose velocity is horizontal at each point.
This leads to a natural definition of a metric on Carnot groups, the so-called Carnot-
Carathéodory metric distcc(p, q), given by the shortest horizontal path between p
and ¢ (with respect to some invariant Riemannian metric).

The simplest non-Riemannian examples of Carnot groups are the Heisenberg
groups H". The Lie algebra of H" is spanned by vector fields X1,..., X,, Y1,...,
Yy, and Z satisfying [X;, Y;] = (S;Z and [X;, Z] = [Y;, Z] = 0, and thus admits a
stratification

Span(X1y, ..., X, Y1,..., Yy) @ Span(Z2).

The geometry of H", equipped with its Carnot-Carathéodory metric, is highly non-
smooth. One can show, for example, that its topological dimension is 2n + 1,
whereas its Hausdorff dimension is 2n + 2 [12]. In spite of this, Jerison [17] proved
that a Carnot group satisfies a Poincaré inequality, and so by the result of [4], it
admits a differentiable structure. The earlier differentiation theorem of Pansu [24]
actually gives an explicit formulation of this structure. In fact, Cheeger [4] and
Weaver [28] showed that Cheeger’s cotangent bundle is given by the dual to the
horizontal sub-bundle of the classical tangent bundle.
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Currents in Carnot groups

The non-commutativity of Carnot groups will prevent certain precurrents from sat-
isfying the continuity axiom for currents. Our main result characterizes exactly
which precurrents are currents in a given Carnot group.

First we must remark that in Carnot groups, there is a natural way to apply
metric currents and precurrents to differential forms, as such forms can be written
as linear combinations of the form f A dg! A --- A dg. We describe this in more
detail in Definitions 8.3 and 8.4 (compare also the embeddings in [22, Theorem 5.5]
and [1, Theorem 11.1]).

Let 6 € Q'(G). We say that 6 is vertical if 0 annihilates the horizontal bundle
of G. For example, the contact form in a Heisenberg group is a vertical form.

Theorem 1.4. Let G = (G, dcc, t) be a Carnot group, equipped with its Carnot-
Carathéodory metric dcc and Haar measure |1, and let k > 2. Then a k-precurrent
T is a current if and only if

TOANa+dOAB) =0 (1.3)

whenever 6 € QY(G) is vertical, « € Q1 (G), and B € QK2(G). Moreover,
every currentin T € M}("C (G) satisfies equation (1.3).

In the case G = R", the horizontal bundle is the entire space, so that only 0 €
QN (R") is vertical, whereby Theorem 1.4 reduces to a known result [1, Theorem
3.8] that every precurrent in R” is a current. From the bi-Lipschitz invariance of
both the classes of metric currents and precurrents, it follows immediately that the
same is true for metric currents in a Carnot group equipped with a Riemannian
metric (or, for that matter, any rectifiable set equipped with its Hausdorff measure).
We therefore have the following corollary to Theorem 1.4.

Corollary 1.5. Let Gg = (G, distg, n), Gee = (G, distce, ) be the Carnot
group G equipped, respectively, with Riemannian and Carnot-Carathéodory dis-
tances, and Haar measure . Then the pushforward map Iy: M}(OC(GCC) —

M}(OC (GR) induced by the identity map I : Gec — Gp restricts to an isomorphism
. 1 loc, H
I#|M}:§bs(GCC). Mk(?gbs(GCC) g Mk,abs (GR)’

where
M0 (Gee) ={T € M (Gee) : IT|| < )

and
M (GR) = {T € M(GR) : |IT|| < e and T satisfies (1.3).}

We do not know if the condition of absolute continuity of the mass can be removed
entirely from Corollary 1.5. However, we are able to replace it with normality. A
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metric current T € M}COC(X ) is locally normal (written T € N}COC(X )) if its boundary
has locally finite mass, i.e., 0T € M}(OC(X ). Let

N}COC’H(GR) = {T € NI(Gp) : T satisfies (1.3).}

Theorem 1.6. The pushforward map Iy : M}{OC (Gee) — M}(OC(G R) restricts to an
isomorphism I#IN}COC(GCC): N}(‘)C(Gcc) — NLOC’H(GR).

Applications to Heisenberg Groups

Theorem 1.4 and Corollary 1.5 have a number of implications when applied to
Heisenberg groups. As observed by Rumin [27, Section 2], the space Q*(H") of
smooth k-forms, for k > n, consists entirely of forms o A 0 + § A d6, where 0 is
the contact form. From this, Theorem 1.4, and a density result for smooth forms
(Corollary 8.9), we obtain a bound for the dimension of a nonzero metric current in

H".
Corollary 1.7. Let k > n. Then M°°(H", distcc)) = 0.

Corollary 1.7 generalizes a result of Ambrosio and Kirchheim [2, Theorem 7.2]
that says that nonzero k-rectifiable currents do not exist in H" for k > n. We discuss
the issue of rectifiability in Section 12, where we explore the relationship between
our results and those of [2], as well as a more general result due to Magnani [23].

Franchi, Serapioni, and Serra Cassano [11] have recently developed an exten-
sion of the Federer-Fleming theory to Heisenberg groups. For k < n, equation (1.3)
is a defining property of their “Heisenberg currents”. This suggests that metric cur-
rents, rectifiable or not, might best be thought of as fundamentally low-dimensional
objects.

Organization of the paper

Section 2 establishes basic notation. In Section 3 we review the basic facts from the
theory of currents as developed in [1] and [22], introducing some variations in the
notation necessary for our purposes. In Section 4 we recall the notion of a differ-
entiable structure as introduced by [18], motivated by the differentiation theorems
of [4]. The definitions and notation in these sections make precise the statements
in Theorems 1.1, 1.2, and 1.3, which we proceed to prove in Section 5. Section 6
briefly discusses the behavior of metric currents in a group setting, establishing a
density result for currents of absolutely continuous mass (Proposition 6.1). For the
remainder of the article, we restrict our attention to Carnot groups. After reviewing
the important facts from the theory in Section 7, we perform in Section 8 an analy-
sis of precurrents in such groups. In Section 9, we prove Proposition 9.3, a special
case of Theorem 1.4. The general result is then proved in Section 10. We prove
Theorem 1.6 in Section 11, and conclude with a discussion relating our results to
previously known rectifiability theorems in Section 12.
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2. Notation

Throughout this paper, X = (X, dist) will denote a separable, locally compact
metric space.We will frequently make use of the notation |x; — x| = dist(x, x2)
when x1,x; € X, and the metric is unambiguous. The closed ball of radius r
centered at a point xo € X is denoted by B, (x).

A Euclidean space is a finite dimensional vector space whose metric is given
by an inner product. Typically, we will use the notation [E to refer to a Euclidean
space of unspecified dimension, as well as e to denote the Lie algebra associated to
the Lie group (E, +).

The term “function” will always denote a real valued map, and we will denote
the support of a function f by Spt(f). This is defined to be the smallest closed set
outside of which f vanishes.

The Lipschitz constant of a map F': X — Y is denoted by L(F). We write
Lipc(X), Lipioe(X), and Lip; (X) to denote, respectively, the spaces of Lipschitz
functions with compact support, locally Lipschitz functions, and functions with
Lipschitz constant at most 1. We equip these spaces with notions of convergence,
though we do not define topologies on them, since we are interested only in conver-
gence of sequences, and knowledge of such convergence is not generally sufficient
to describe a vector space topology.Instead, we simply say that a sequence of func-
tions f; € Lipc(X) converges to f € Lip:(X) if the sequence converges to f
pointwise, and all of the functions f; and f have uniformly bounded Lipschitz con-
stant, as well as uniformly compact support. Similarly, a sequence f; € Lipjoc(X)
converges to f € Lipioc(X) if it converges to f pointwise, and for any compact
subset K C X, all of the functions f; and f have uniformly bounded Lipschitz
constants when restricted to K. Though we do not discuss them here, [22] describes
locally convex vector space topologies which yield the same notion of convergent
sequences.

We say that a subset S C Lipc(X) is dense if every function in Lip.(X) is a
limit of a sequence of functions in §. Note that since X is locally compact and
separable, each subset S M where

S%z{f € Lipc(X) : L(f) < M, |f(x)| < M for all x € X, and Spt(f) C K},

is compact (and hence separable) in the topology of uniform convergence, by the
Arzela-Ascoli Theorem. Here M > 0 and K C X is compact. It follows that
Lip.(X) is separable in the sense that it has a countable dense subset.
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We denote by B (X), B°(X) and B (X) the spaces of Borel functions that
are, respectively, bounded, bounded with compact support, and locally bounded.

If u is a Borel measure on a space X, and F: X — Y is Borel measurable,
then Fyu denotes the pushforward of p by F'; that is, Fyu is the Borel measure on
Y given by Fpu(A) = w(F~1(A)) for every Borel set A C Y.

By H¥(A) we denote to the k-dimensional Hausdorff measure of a subset A C
X. If V is a vector space, /\k V is the k™ exterior power of V. Finally, we denote by
Ak n the set of k-indices of the form (i1, ..., i) satisfying 1 <i; <--- < iy <n.

3. Metric k-currents

Let X be a locally compact metric space. We recall a few definitions from [22].
We will follow [22] throughout this section, except as noted otherwise. One small
addition will be our linearization of the spaces of “forms” via tensor products and
exterior powers, as described below.

First we define the space DX (X) of compactly supported simple metric k-forms
by

DE(X) = Lipe(X) x Lipioc (X)*.

The motivation for calling elements of this space “simple forms” will be explained
below. We say that a sequence of k-forms w; = (f;, gl.l, cees gl{‘) converges to

w=(fg' ..., g% if fi convergesto f and gi] converges to g/ for j = 1,... k.
Here and throughout, unless otherwise stated, the convergence of a sequence of
Lipschitz functions is defined as in Section 2.

We also define a number of other spaces, in which we will not concern our-
selves with notions of convergence:

DE(X) = Lipe(X) ® /\" Lipioe(X),
D*(X) = Lipioe(X)**,

D*(X) = Lipioc(X) ® \ Liproc (X),
EX(X) = BR.(X) x Lippoe(X)¥,
Ex) = B2 ® \" Lipioe (X),
EL(X) = BE(X) x Lipioe(X)",
E(x) = BE(X) ® \" Liproc(X).

Remark 3.1. The number of different spaces of “forms” may at first appear daunt-
ing, but we do not require deep study for most of them. As stated before, we do not
topologize any of these additional spaces - any time we speak of convergence of a
sequence of forms, we always refer to a sequence of simple forms in D’C‘(X ).

Our use of tensor and exterior products here is a deviation from both [1] and
[22]. The motivation for this is two-fold. Philosophically, in order to complete
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the analogy between “metric forms” and classical differential forms, we would like
for metric forms to constitute a linear space. More practically, in our formulation
and proof of Theorem 1.4, we need to deal with metric forms that are not simple.
However, it should be noted that this deviation from the theory is entirely cosmetic,
due to our lack of topological considerations on any of the additional spaces. We
use them only to more naturally phrase statements that would otherwise require
repeated discussion of linear combinations of forms.

Definition 3.2. A metric k-current on X is a map 7: D¥(X) — R satisfying the
following axioms:

(1) Linearity: T is linear in each argument.
(2) Continuity: T (w;) converges to T (w) whenever w; converges to .
(3) Locality: T((f, g",...,g%) = 0 provided that for some i, g’ is constant on
Spt(f).
The space of metric k-currents on X is denoted Dy (X).
We will frequently drop the adjective “metric” in the future.
Remark 3.3. We should point out that a priori the locality axiom as defined in [22,
Definition 2.1] is only required to hold when g is constant on a neighborhood of
Spt(f), but it is later proven there that this is equivalent to the above definition.
Also, as a consequence of the locality axiom, we may modify any of the functions
g' away from Spt(f), or in turn modify f away from Spt(g’), without changing
the value of T((f, g', ..., g)) (to see that the second statement is true, note that f
vanishes on a neighborhood of Spt(g’) if and only if g’ vanishes on a neighborhood
of Spt(f)). In particular, if (£, g', ..., g*) € D*(X), and one of the functions g’ is
Lip.(X), we may unambiguously define

T((f. 8" ....6N =Tt g, .... ",

where o € Lipc(X) is any function satisfying o = 1 on some neighborhood of
Spt(g').

The following theorem provides some intuition for the use of the term “form”
above.

Theorem 3.4 ([22, Proposition 2.4]). If T: D’C‘ (X) — R is a k-current, then T
satisfies the alternating property and the Leibniz rule:

T(f. g ....8,....¢0 ....dN=-TWfg" ....¢",....¢" ....d". 3.1
T(fg' oo 8N +T W& foe 8 =T &' 8% ... 8" (3.2)

Notice that the right hand side of equation (3.2) is well-defined by Remark 3.3.
Although we are using the definition of currents from [22], in light of Theorem
3.4 we will borrow the suggestive notation

fdg' n---ndgh=(f.g".... 8" (3.3)
from [1].
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Moreover, if one of the functions g’ is compactly supported, we define
dg' A ndgh =1, g, ..., ¢". (3.4)

This latter notation is justified by Remark 3.3, and the locality property.
With this new notation, equations (3.1) and (3.2) can be rewritten:

T(fdgl/\---/\dgi/\---/\dgj/\--~/\dgk) s
=—T(fdg1/\/\dg//\/\dgl/\/\dgk) .

T(fdg' A---ANdg") +T(g" df ndg®> An--- Adgh)

(3.6)
=TWd(fgH) ndg*> A--- Adgh).

Since T is linear in each variable, and satisfies the alternating property (3.5), there
is a unique linear map, which we also denote by T : D¥(X) — R, satisfying T(f ®
A Ag) =T (fdg" A--- Adgh). We will therefore use the notation

fdg' Ao ndghk = FRg A A g (3.7)

Since T(f®g'A---Agh) =T((f, g, ..., g5)), there is no potential for ambiguity
between the notations introduced with equations (3.3) and (3.7); the only situations
in which we consider metric forms involve pairing the forms with currents, with
the one exception being that we at times discuss convergence of forms in their own
right. In this latter context, we only deal with convergence of simple forms in
D]c‘ (X), and so in such a setting, we assume the forms are in that space, rather than
Dk (X).

With our introduction of the space D’C‘ (X), we are able to rephrase the defini-
tion of mass from [22] ([22, Definition 4.1], but see also [1, equation (3.7)]). We
first make a definition that is somewhat reminiscent of the usual notion of comass
for differential forms.

Definition 3.5. Letw € f)é‘ (X). The comass of w, written ||w||, is the number
= inf )
lloll = (inf > |fi]
seS

where the functions f; satisfy

w:Zfsdgsl/\---/\dg‘lvC

ses

for some functions gé € Lipjoc (X) such that L(g;' Ispt(r)) < 1.

We now give our reformulation of [22, Definition 4.1].
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Definition 3.6. Let 7 : D¥(X) — R be any function that is linear in each argument.
The mass of T is the Borel regular outer measure ||7|| on X given on open sets U
by
ITIW) = sup  T(),
weDEU), llol|<1

and on arbitrary sets A by

NT[I(A) = inf [||T][(V).
UDA,U

open

It follows from [22, Theorem 4.3] (and the succeeding remarks) that ||T|| is in-
deed a Borel regular outer measure. Notice that we do not require any continuity
restrictions on 7.

We denote by My (X) (respectively M}{OC(X )) the space of metric k-currents of
(respectively locally) finite mass, that is,

Mi(X) ={T € Dp(X) : [IT||(X) < oo},
and
M}COC(X) = (T € Di(X) : ||IT||(A) < oo whenever A C X is compact.}.

It can be shown [22, Proposition 4.2] that My (X) is a Banach space under the mass
norm ||T||(X).

We recall [22, Theorem 4.4] that for every k-current T of locally finite mass,
there is a canonical extension of 7 to Eé‘ (X), and hence to gf (X), such that if
fi € Lipc(X), B € BX(X), and { f;} converges to § in L'(X,||T|]), then for every

ordered k-tuple (g', ..., g%) € Lipjoc(X)F,
T(Bdg' A---Adgh) = lim T(fidg"' A--- Adgh). (3.8)
1—> 00

The mass measure ||7|| can be characterized alternatively [22, Theorem 4.3] as the
minimal Borel regular measure satisfying

k
T(fdg' A+ ndgh) < ]‘[L(g’wspt(f))/X Fardival (3.9)
i=1

forevery fdg' A --- Adgk e DX(X).
From the definition, the extension of T to Sé‘ (X) also satisfies equation (3.9).

k
rdg e ndgh <[] [ ipanri (3.10)
i=1

In the case k = 0, currents of locally finite mass act on functions by integration
against a signed Radon measure, absolutely continuous with respect to ||7||. The
following lemma, and proof, were communicated to the author by Urs Lang.
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Lemma 3.7. Let T € M%)OC(X). Then there is a function . € L®°(X, ||T]|) such
that for every B € E9(X) = BX(X),

T(ﬁ)=/ BLd|IT].
X

Proof. The mapping T is continuous in the norm of L'(X, ||T||), by inequality
(3.9). Moreover, the compactly supported Lipschitz functions are dense in this
norm, and so 7 extends to a map T elL! (X, 11T|])* (This is, in fact, precisely the
argument used in [22] to define the extension (3.8) above). Thus the existence and
uniqueness of A follows from the Riesz representation theorem. O

As with the classical definition, the boundary of a current is defined through
duality:

Definition 3.8. Let T : D¥(X) — R be a k-current. The boundary of 7 is the map
dT : DE=1(X) — R given by

AT(fdg' A+ ANdgE™ "y =Tdf ndg" A+ AdgF ).

As noted after [22, Definition 3.4], the map T +— 9T is well-defined, linear in each
argument, and satisfies 9(d7T) = 0.

Typically we do not expect the boundary of a current to have finite mass. If a
current and its boundary do each have finite (respectively locally finite) mass, the
current is said to be a normal (respectively locally normal) current. The space of
such currents will be denoted N (X) (respectively N}{OC (X)).

Though one of the highlights of [22] is the elimination of the assumption of
finite mass, or even locally finite mass, as a necessary axiom for the theory of cur-
rents, all of the currents we consider from now on will have locally finite mass.
Indeed, our motivation for following [22] rather than [1] is primarily that the for-
mer allows for locally finite mass, rather than just finite mass. For this reason, we
introduce the following convention:

Throughout the rest of this paper, except where otherwise noted, the word “cur-
rent” will denote a metric current of locally finite mass.

Given a k-current and a j-form, with 0 < j < k, there is a natural way to
produce a (k — j)-current.

Definition 3.9. Let 7 € MI®(X), and o = Bdh' A --- A dh/ € E/(X). The
restriction of the current 7 by the form w is the (k — J) -current T |, € M10c (X ),
given by

Tlo(fdg' A Adg"=y =T (Bfdh' Ao AdhI Adg' A+ AdgFTT). (3.11)
If A C X is a Borel set, we define

Tla= Ty,



272 MARSHALL WILLIAMS

Note that for a fixed current T € My, the restriction map T'| : £/(X) — M}{O_c ; (X)

is linear in each argument, and thus induces a linear map 7 | : Ei (X)) —> M}c"f j (X).
It can be shown [22, Lemma 4.7] that ||T [ 4|| = ||T||La. Using restrictions,
we also have notions of concentration and support for currents.

Definition 3.10. We say that T is concentrated on a Borel set A € X if T|[4= T,
or equivalently, if ||T'|| is concentrated on A. The support of a current 7', denoted
Spt(T), is the smallest closed set on which T is concentrated.

Definition 3.10 lets us update equation (3.10):

k
T(Bdg' A~ ndgh) < []L( Ispur) / Bld||T]|. (3.12)

i=1 X
We recall the notion of the push-forward of a current.

Definition 3.11. Let F': X — Y be a proper Lipschitz map between metric spaces
X and Y. The push-forward of a current 7 € M}(OC (X) along F is the current

F4T € M}(OC(Y) given by
FyT(fdg' A Adg") =T(foF)d(g' o F) A--- Ad(gF o F)).

Remark 3.12. If T is compactly supported, we may drop the assumption that F' is
proper. Indeed, in this case we define

FyT(fdg' A Adg) =T - (foF)d(g' o F) A--- Ad(gX o F)),

where o is any compactly supported Lipschitz function such that o|spy7) = 1.
It follows immediately from the definition of Spt(7") that this is well-defined, and
coincides, in the case of a proper map, with the Definition 3.11.

4. Strong measured differentiable structures

We recall the notion of a differentiable structure from [18], inspired by [4].
Definition 4.1. Let X = (X, d, ) be a metric measure space. Let ¥ C X, and
let 7 = (w!,...,7n"): Y — E be a Lipschitz map, where E = R” is a Euclidean
space, and e it’s tangent space. We call (Y, 7) a coordinate patch if the following
holds: For any f € Lip(X) there is aset Yy C Y, with u(Y\Yy) = 0, for which
there is a unique measurable function d” f: Yy — ¢* (written y > d” f)), such
that for every y € Yy,

F@) = )+ @™ fy w(x) =7 (1) + Ef (), 4.1)
where
Ef()
x—y dist(x,y)
X admits a strong measured differentiable structure if X is a countable union of
coordinate patches.

4.2)
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Remark 4.2. It is important to note that the Euclidean inner product (, ) on E, in-
duces, via the exponential map, a natural pairing (, ) between ¢* and E, through
which equation (4.1) should be interpreted. The reason for such care in distinguish-
ing between Lie groups and Lie algebras will be more apparent when we discuss
Carnot groups.

Iam greatly indebted to Stefan Wenger for suggesting the following useful fact,
which has strengthened the result of Theorem 1.1 while at the same time simplifying
its proof (also, compare [2, Section 3]).

Lemma 4.3. Let X be locally compact and separable, Y C X, and letw:Y — E
be a coordinate patch as in Definition 4.1. Let f € Lip.(X), € > 0, and let
v be a Radon measure concentrated on Yy. Then there is a compact set Z =
Z(f,v,€) C Yy, with v(Y\Z) < €, such that as r approaches 0, the Lipschitz

constant L(Ezf |znB, (x)) of the restricted error function E Zf |znB, (x) converges to 0
uniformly in z, for z € Z. That is, there is a continuous function n: [0, c0) —
[0, 00), with n(0) = 0, such that for all z € Z and r € R,

L(E! | 208, 00) < n(r). (4.3)

Proof. Consider the functions E,: Yy — R given by

f
Ej (x)
E (y)=  sup dy4
xeB, (y).x£y dist(x, y)

Let S be a countable dense subset of X (which exists by the separability of X),

and observe that for any point yg € Y, the function £ go is continuous (and there-
fore measurable), by the continuity of the remaining terms in equation (4.1). We

therefore have
f
E; (x)
E,(y) = sup {}7)(&@)} .

XES, xF£Y dist(x, y)

Thus E, is the supremum of a countable family of measurable functions, and is
therefore measurable.

By equation (4.2), the functions E, converge to O pointwise on Yy. Thus
by Egorov’s Theorem, there is a subset Z; C Yy, with v(Yf\Z;) < €/3, on
which the functions E, converge uniformly. That is, there is a continuous func-
tion 1y : [0, 00) — [0, o0), with n1(0) = 0, such that E, (z) < n1(r) forall z € Z;.
On the other hand, by Lusin’s theorem, the measurability of the function d” f guar-
antees the existence of a subset Z, C Yy, with v(Yr\Z3) < €, on which d” f is
uniformly continuous, i.e., there is a continuous function 77 : [0, co) — [0, 00),
with 7(0) = 0, such that [|d™ fx —d™ f,|| < na(dist(x, y)).
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Let Z = Zy N Z;. Then u(Ys\Z) < €, and for every z € Z and every
x,y € B.(2)NZ,x # y, we have

Ef (x) - E{ (v)

_ | = fO) =@ fe () — ()

dist(x, y) dist(x, y)
@ = o) =@ w1 @) — a0 + [ o = dT fy 7 () = 7 ()]
- dist(x, y)
[l (x) — 7w (y)I]
<E @+ nz(r)d.— <= m@) +n@)L(w).
ist(x, y)
Letting n(r) = n1(r) + n2(r) L(;r) completes the proof. O

5. Currents and differentiation

In this section, we prove Theorems 1.1 and 1.3, as well as some other useful results
for relating metric currents and differentiable structures. All of our other results in
this section stem from Theorem 1.1, which we now prove.

Proof of Theorem 1.1. Fix T € M}("C (X) with ||T'|| concentrated on Y,,. We assume
with no loss of generality that L(gé) < 1fori =1,...,kand all s € S, that
|Bs(x)] < 1forevery x € X and s € §, and that L(r) = 1. It is enough to show
that for every € > 0, equation (1.2) holds when T is replaced with T'| z, where

7 = (U Spt(ﬁs)> N2 T ).

and where each set Z (gé, [IT]], €) is chosen as in Lemma 4.3, so that for every z €

Z, each restricted error function ES’|p, () has Lipschitz constant L(ES*|p.(;)) <
n(r). Indeed, if this is the case, then by the mass criterion (3.12), we have

IT (@) =T yp\z(@)| < k#S - |[T|[(Y\Z) < k#S - €,

from which the result follows upon passing to the limit as € approaches O.

By the remarks in the previous paragraph, we may assume without loss of gen-
erality that T = T | z. Further, we will assume that for each i and s, ||d”™ gé || <1lon
Z,where || - || is the dual norm to the Euclidean norm on [E. This is a harmless as-
sumption, as the differentials are measurable, and hence bounded by some number
M away from a set of arbitrarily small ||7 ||-measure on Z. Rescaling the functions
allows us to assume M = 1. Notice that under this assumption, for all z € Z, the
Lipschitz constants of the functions y — (d™ gé} 2> (y)) are at most 1, that is,

L({d"g}..m)) < 1. (5.1)
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Finally, by Egorov’s Theorem, we may assume without loss of generality that Z
and 7 have been chosen so that each function S is uniformly continuous on Z, with
|B(z2) — B(zD)| < n(lza — z1]) forall z1, z2 € Z.

Fix r > 0, cover the compact set Z with finitely many disjoint Borel subsets
Ci, ..., Cy, each of diameter at most r, and choose a point c; € C; for each j. For
each s € S, we have

ol ol
8 =85(c)) +(d7gf . — 7))+ E& By =C +(d" g5, @) + EE |3 (cj)

for some constant C.
Then by equation (4.1) and the locality axiom, we have

T@) =Y > Tlc,(Bdg} A+ Adg))
j=1"s

m 1
=> > Tlg (ﬁs d ((d”g;,cj, )+ ES |B,(c‘,l)) ANdgIA - A dgf) :
j=1"s

1
Therefore, since for each j, L(Ef‘ |B, (c/-)) < n(r), we have

T@ =Y > Tle, (B d(d™gl e, ) Adg A+ ndgl)
=15

=<

m 1
> > Tl (ﬂs d(EE |B,cp) Adgs A+ A dgf)
i S

j=1

<n(r) '#S‘Z“TH(CJ) =n(r) - #S-[[T[|(Z).
j=1

Arguing similarly fori = 2, ..., k, and additionally using inequality (5.1), we have

T(w) — ; Xs: Tc; (ﬂs d((d”gsl,c,-’ TN A A d((d”gfycj, n>))‘ (5.2)

<kn(r)-#S-|[T|(Z).

Moreover, since |Bs(c) — Bs(cj)| < n(r) for all c € C;, we can invoke the mass
inequality (3.10) to conclude that
Lo, ((Bs = Bole) d(td™g) o)) A+ nd(@gh 7))

(5.3)
< n)A +nE)ATIIC)).
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Combining inequalities (5.2) and (5.3) yields

T@ =YY Tle,(Bilepd(@™gl e, m) A+ Ad((d™gk . n>>)‘
j=1 s

(5.4)
< #Sn(r)k + (L + n@DITI(Z).
We next claim that foreach j =1, ..., m,
S Tle, (B d(a™gl e, m) A nd(@ gl 7)) =0, (55)
seS
Indeed, equation (5.5) may be rewritten
DB EDF (@ gy dg5 ) =0, (5.6)

ses
where F (E*)* — R is given by
Fi1,....00 =Tlc;(d({(01, ) A+ Ad({bk, 7)) .

By the linearity and alternating properties of currents, F'; is linear and alternating,
and therefore induces a linear map F it /\k E* — R such that F JO1LA - ANO) =
Fi0y,---,0) forall (0y,---,6k) € (E*). Therefore, we have

D BCHF gy s d g =) Fj(Bi(c)d gi A AdT G )
seS seS
=F<Z,3s(c]')d”gsl,’cj A-ee A d”gf’cj) -0,
seS

since by assumption the argument in the last expression vanishes, and so the claim
is proved.
Combining equation (5.5) with inequality (5.4), we see that

IT ()] < #Sn(r)(k+ (1 + ()Y DITID).
Passing to the limit as r approaches O completes the proof. O
Theorem 1.1 gives us an immediate bound on the dimension of most currents.
Corollary 5.1. Suppose the chart w: Y — IE has dimension n, i.e., dim(E) = n.

Then there is a subset Yo C Y, with w(Y'\Yy) = 0, such that every nonzero current
concentrated on Yy has dimension at most n.
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Proof. Let G be a countable dense subset of Lipjoc (X). Recall from Section 2 that

such a subset exists. Since G is countable, the set Yy = ﬂ P Y, has full measure

in Y. On the other hand, for k > n, /\k [E* = 0, so Proposition 5 implies that every
k-current T concentrated on Yy must satisfy

T(fdg' A---Andgb) =0
whenever each g’ € G. The density of G in Lipjoc(X) then implies that T = 0. [

Though Theorem 1.1 itself is entirely coordinate free, there are a number of
consequences when coordinate functions are chosen for the differentiable structure.
Letey, ..., e, be abasis for E, and let x!, ..., x" € E* be the corresponding dual
basis. Also, let 7/ = x! o . For every g € Lipioc(X) and each y € Y, let

9s (y) = (d™ gy, ei), so that

!

n
0g ;
dTgy =) ()7, (5.7)

Corollary 5.2. Let (Y, ) be a coordinate chart on X, let p dg' A - Adgh e
Sf (X), and let Yg = ﬂleYgi. Then for any current T € My (X) such that T | g is
concentrated on Yg,
P i

g‘> A A ndr% | (5.8)
o/

T(Bdg' A+ ndghy=T| > ,Bdet(

aeAk,n

Proof. The corresponding differential forms for both sides are equal when defined,
ie.,

P i
ﬁd”gl /\“'/\d"gk - B Z (det(i) A4 /\.../\dﬂnak) =0
omJ
aelhg,
almost everywhere. Applying Theorem 1.1 then completes the proof. O

Proof of Theorem 1.2. Apply Corollary 5.2 to the current Fy(T |g) and the form
dg' A - Adgh. O

We are about ready to prove Theorem 1.3, but first we must define precurrents
precisely.

Definition 5.3. A linear map 7T : Sf(X ) — R s a k-precurrent on Y if
Tpdg' A ndg™ = [ (BaTs e nd" R dn,
Y
for some locally integrable map A: ¥ — /\k [E. Such a map 1 is called a (measur-

able) k-vector field. If T' | y is a k-precurrent on Y for every coordinate patch Y, we
simply say that T is a k-precurrent.
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Note that the linearity and locality axioms from Definition 3.2 are easily seen
to be satisfied, but the continuity axiom need not be, as Theorem 1.4 demonstrates.

Proof of Theorem 1.3. We must show that T |y is a precurrent for the chart Y,
whenever Y is a coordinate chart. We fix such a chart Y.

The correspondence between O-currents and measures given in Lemma 3.7
says that there are functions A* € L°°(Y, ||T||) such that

TBdr™ A+ Ndr™) =T lgzai nondgzan (B) = / Br dp (5.9)
Y

for any B € BZ°(X). Since ||T|| < w, the functions A* are locally p-integrable.
Leti: Y — /\k E be given by

A% = Z A%q N Neg,.

a€Ny py

Since Yg has full p-measure, and by assumption, 7 is concentrated on Y with
[IT]] < p, we see that T is concentrated on Yg. Thus we may invoke Corollary 5.2.
Applying equation (5.9) to the right hand side of (5.8), we see that

al
T(fdg' n---ndghy= 3 T(fdet( -2 ) dn® Ao Adn®
o4
aeAk,n
a agl T 1 T k 7
= Y | frdet Ndu= | (fd"g"' A---AdTgK, M) dpu.
Y o Y

aeAk,n

6. Metric groups

We begin our study of currents in Carnot groups with a more general setting. Sup-
pose I' = (T, e, dist(-, -), ) is a locally compact group with identity e, left-invari-
ant metric dist(-, -) and left Haar measure p. In such a group, we will abuse notation
and identify an element y € I" with the associated left translation map « — ya.

Our main result in this section is that on a metric group, the set of k-currents
of absolutely continuous mass is weakly dense:

Proposition 6.1. Let T € M}COC(F) be a current of locally finite mass in a metric
group . Then there are currents T, € M}COC(F) whose masses ||T¢|| are absolutely
continuous with respect to ., and such that T, converges weakly to T as € converges
t00,ie.
lim Te(w) = T (w) (6.1)
e—0

for each w € D’C‘(F).
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Proof. Forw € D’C‘ (I'), we define

Te(w) =][ (vaT)(w) dp(y).
B(e,e)

We must first check that for each € > 0, T¢ is a current. Fix €, and suppose the
forms w; = f; dgl.1 A-ee /\dgik converge to w = fdg' A--- AdgF.

Since the functions f; converge uniformly to f, and the translation maps are
isometries, all of the functions f; o y are uniformly bounded in absolute value, say

|[fioyl =M. (6.2)

Similarly, the functions gl.j have locally uniformly bounded Lipschitz constants,

and so there is some N > 0 such that L(gl.j|N2€(K)) < N for all i and j, where
K = USpt(fi), and No(K) = {y € T : dist(y, K) < 2¢}. It follows, again
because the translation mappings are isometries, that for each y € Bc(e), and each
i and j, _

L(g! oyIn.k)) < N. (6.3)

Inequalities (6.2) and (6.3), as well as the mass criterion (3.9), imply that for all
and j, and for y € Bc(e),

veT () < MN¥||IT||(Ne(K)).
Moreover, by the continuity axiom, for each y, T (w;) converges to T (w). Thus
Te (w;) converges to T (w) by the Lebesgue Dominated Convergence Theorem.

To prove that ||T¢|| < w, it is enough to show that whenever u(A) = 0,
TeLa= 0, since this implies ||T¢|| 4= ||TcLall = 0. To establish that T, | 4= 0,
we argue as follows: If A C T" with u(A) = 0, we use Fubini’s theorem and
Definition 3.6 to conclude that

I Tela(fdg' A--- A dgh)]

][ T(Ouf)oydE oy)nendig o) du(y)'
B(e,e)

<f |t (cunovde oy and on)| dut)
B(e,€)

< N sup (][ ( / |<fo><yy>|d||T||<y>) dﬂ()/))
[fI=1 B(e,€) r

— N* sup ( / (][ I(XAf)(Vy)Idu(V)> d||T||<y>)
[fI=<1 r B(e,e)

= N* sup (/ <][ |(XAy(J/)f(Vy)|dM(1/)) dIITII(y)> =0.
1f1=1 \JT \UB(e.o)
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Note that the second to last line vanishes because right translations map null sets to
null sets. This follows from the fact that left and right Haar measure are in the same
measure class, and thus have the same null sets, so that 1(Ay) =Oforall y € I'.

It now remains only to check that (6.1) holds for every w € Df ().

We argue by contradiction. Suppose T, does not converge weakly to 7. Then
for some w = fdg' A--- AdgF € D’C‘(F), 8 > 0, and some sequence {¢;} with
¢ — 0asi — oo, we have

|(Te;, — T)(w)| = 6.
For each i, we therefore have some y; € B(e, €;) such that

8 < |(yi#T — T)(w)|
<IT(foyd(g oy)An---Ad(g oy)) —T(fdg' A---Adgh)l.

On the other hand, y; — e, from which it follows that f o y; converges to f in
Lip.(T"), and g/ o y; converges to g’ in Lipjoc(I") for each j. This contradicts the
continuity of 7. O

Proposition 6.1, in combination with Corollary 5.1 and the alternating property,
immediately yields the following result.

Corollary 6.2. Let T" be a metric group with a differentiable structure of dimension
n. Then T admits no nonzero k-currents for k > n.

7. Carnot groups

We recall some definitions and facts about stratified Lie groups, also known as
Carnot groups, equipped with their Carnot-Carathéodory metrics. All of this ma-
terial is surveyed in [14]. A much more in-depth study of Carnot-Carathéodory
spaces can be found in [12], and of Carnot groups specifically, in [24].

Definition 7.1. A Carnot group is a connected, simply connected Lie group G =
(G, -), with unit element e and left Haar measure u, whose Lie algebra g = T,G,
with bracket [-, -], admits a stratification, i.e., a direct sum decomposition

g=V1® - & Vn

such that [Vy, V;] = V4 for j <m,and [g, V;;] = 0.

We call G a Carnot group of step m.

For p € G, let 7, denote the left-translation map g — p - g. Throughout this
chapter, we will take the point of view that k-vector fields and k-forms, respectively,
are maps from G into A¥g and A g*. Notice that this agrees with the usual
notion by way of the canonical identification between T}, and g = 7, given by
the translation map ..
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We assume g is equipped with an inner product (-, -), so that G has a left-
invariant Riemannian structure. We denote by distr (-, -) the metric induced by this
structure.

We refer to H = V; as the horizontal subspace. The vector bundle H =
Upeg Tp+H is called the horizontal bundle. A piecewise smooth path y: I — G

is said to be horizontal if ‘2—’; € 'H for all but finitely many 7 € 1.
Definition 7.2. The Carnot-Carathéodory distance between two points p, g € G is

distcc(p, g) = inf{l(y) : y is a horizontal path joining p and ¢.}

It is a deep result of Chow [6] and Rashevsky [25] that the Carnot-Carathéodory
distance is in fact finite, and therefore a metric on G.

If v € g, we denote by X" the unique left invariant vector field on G satisfying
X, =v.

Finally, if f: G — R is differentiable (in the usual sense, as opposed to the
Pansu-differentiability described below) at p € G, we write d, f,: g — R for
the differential of f, as the symbol df has already been expropriated for metric
currents. The “r” is to emphasize that this differential is the one that should exist
almost everywhere (by Rademacher’s theorem) for functions that are Lipschitz in
the Riemannian metric on G. A theorem of Pansu (Theorem 7.5 below) provides
an analogous differential, d., for Lipschitz functions in the Carnot-Carathéodory
metric.

A Carnot group’s Lie algebra g is equipped with a one-parameter family of
linear dilations 8, : g — g givenby §,(v;) = ri vj forv; € V;. The maps §, are Lie
algebra homomorphisms, and so induce Lie group homomorphisms A,: G — G
via the exponential map, such that the A,.(e) = 4. Notice that since A, is a
homomorphism, we have A, o 7, = Ta(p) 0 A, forevery p € G. It follows that for
everyu € H, p € G, and r > 0, we have

A,*Xlu, = ApsTpsll = TA, (p)s Drsll =TT, (p)sld = rXZr(p). (7.1)

Thus the dilation A, rescales the metric distcc by a factor of r, as the name implies.

The number Q = Zf-"zl i dim(V;) is called the homogeneous dimension of G.
As motivation, we note that the dilations A, have Jacobian r<. A Carnot G with ho-
mogeneous dimension Q has Hausdorff dimension Q as well, and is in fact Ahlfors
Q-regular [14]. Since the metric distcc is invariant under left translations, and the
Hausdorff Q-measure H€ is positive and finite on balls, we adopt the convention
that the Haar measure . = <. Note that this implies

A =77 (7.2)

for each r > 0. For a noncommutative Carnot group (i.e., one of step m > 1), Q
always exceeds the topological dimension, and so such groups give us a rich supply
of fractal spaces to study.

Lastly, we note that Carnot groups, being nilpotent, are unimodular [26].
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Example 7.3. The n'" Heisenberg group H" is a (2n + 1)-dimensional Lie group
whose Lie algebra is spanned by vector fields X;, ¥; and Z, fori = 1,...,n,
satisfying the relations

[Xi, Yil=Z

with all other generators commuting. The group H” is a step-2 Carnot group with
stratification Span(X1y, Y1, ..., X,, ¥,) @ Span(Z). The homogeneous dimension
Q is 2n 4 2, one more than the topological dimension.

Density of smooth functions

The following lemma will allow us to employ the smooth structure of a Carnot
group G in our analysis of My (G).

Lemma 7.4. The space C°(G) of smooth functions on G with compact support is
dense in Lip.(G). Similarly, C*°(G) is a dense subset of Lipioc (G).

Proof. The proof is a standard smoothing argument, and is essentially the same as
the argument given for the case G = R” in [22, Section 1.5].

Let f € Lip.(G), with Lipschitz constant L. Let ¢: G — [0, c0) be a smooth
function supported on Bj(e) such that ngbd,u = 1. For every ¢ > 0, define

oc(p) = G_Q¢ o A¢. Note that ¢ is supported on Bc(e), and that fG ¢ = 1. We
then define smooth functions fe: G — R by

fop) = f@ F@™ pde(@dn(g) = [G F e (p2du(2).

Then at every p € G, and for every € > 0,

|fe(p) = f(P)] = [G |f (2)¢e(p2) — f(P)ldu(2).

By continuity of ¢, the right hand side converges to 0 with €, so that f, converges
pointwise to f. Moreover, for every pi, p2 € G, we have

[fep1) = fe(po)] = ‘f@ (f@'p0—f@ ' p) ¢e(q>du(q>'
< [ @ p0 =1 po)| @it
< [ [Ldisiccta™ prog™ po|oe@rduta)

< /G L distec(p1. p2)| e(@)dp(@)

= Ldistcc(p1, p2).
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Thus the functions f, have uniformly bounded Lipschitz constant. Moreover, for
€ < 1, they are supported on the relatively compact neighborhood N (Spt(f)) =
{p € G : distcc(p, Spt(f)) < 1}. Therefore fe converges in Lip.(G) to f.

The same argument shows the density of C*°(G) in Lipioc (G). The only differ-
ent part of the argument is to show that the functions are locally uniformly Lipschitz.
To see this, note that for any compact set K C G, if f|a; (k) is L-Lipschitz, then
felk is L-Lipschitz for € < 1, and so the Lipschitz constants of f¢|x are uniformly
bounded for each K. O

Differentiable structure

According to aresult of Jerison [17, Theorem 2.1], a Carnot group admits a Poincaré
inequality, and thus by Cheeger’s differentiation theorem, also admits a differen-
tiable structure. In fact, the structure can be described by differentiating in the
horizontal directions, as stated precisely in Theorems 7.5 and 7.6 below, due to
Pansu and Cheeger-Weaver, respectively.

Before we state the theorem, a number of remarks are in order. First, the
Lie subalgebrav =0 V, @ - -- @ V), is an ideal, and so the corresponding Lie
subgroup V C G is normal [13]. Moreover, we can identify H with g/v by way of
the quotient map 74: g — g/v (here 7: G — G/V is the quotient map between
Lie groups). By way of this identification, we equip g/v with the inner product from
H, and notice that with respect to this inner product, the map m, is 1- Lipschitz. It
follows that the map 7 is Lipschitz with respect to the Carnot Carathéodory metric
on G and the Riemannian metric on G/V (which is just a Euclidean metric). In
the future, we will denote by H the group G/V, equipped with the aforementioned
metric. We will also denote by h = g/v the Lie algebra of the group H.

The following generalization of Rademacher’s differentiation theorem was
proved by Pansu [24].

Theorem 7.5 ([24, Theorem 2]). Let f: G; — Gy be a Lipschitz mapping be-
tween two Carnot groups. For every p € G and t > 0, define f;,: Gi1 — Gy 1o be
the rescaling

@ =2 Fp) - fp- A@))). (7.3)

Then at almost every p € Gy, there is a Lie group homomorphism D, f,: G| —
Gy, commuting with each dilation map A;, given by

Defp(g) = lim fp@). (7.4)

We call D, f), the Pansu differential at p. When it is defined, we say f is Pansu-
differentiable at p. Notice that each of the maps f7 are Lipschitz with the same
Lipschitz constant L( f), so that if it exists, D¢ f, is L(f)-Lipschitz as well. We
also define d. f), to be the induced Lie algebra homomorphism d. f}, = (DC fp)*.
We are interested in the case where G, = RR. In this case, since R is Abelian,
the map D, f), vanishes on V, since the latter group is the commutator of G, as fol-
lows from the stratification of g. Therefore there is an induced homomorphism
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D?fp: H — R such that Di‘fp om = D.fp. Note then that dg‘fp oy =
defp: 9 — R. Also, since d. f, is an element of g*, we will write d. f,(u) =

(defp,u).

The stratification of G indicates that exp(ru) = exp(8;u) = A;(exp(u)) for
every u € H. It follows that at every point p € G of Pansu differentiability, and for
every u € H, the partial derivatives X7 (f) exist, and we have

f(p-exp(tu)) — f(p)

t

= D, fp(exp(u)) = (d. fp, u).

u

d
X, () = d—tlt:of(p -exp(tu)) = llg%

_ f(p-Arexpu)) — f(p)
= 1um
t—0 t

(7.5)

Moreover, if f: G — R is differentiable (in the usual sense), then for any g € G,
the map t — f(p - A;(q)) is differentiable at #+ = 0, from which it follows that f
is Pansu differentiable at p. From equation (7.5), then, we have that

(dcfp’ u) = XZ(f) = (u, drfp)- (7.6)

Note that the Pansu differential is compatible with dilations in the following sense.
If f: G — R is a Lipschitz function, and r > 0, then

F(Ar(pA:(g)) — f(Ar(p)
t

=71Dc fa,(p)(q)-

De(f o Ar)p(q) = lim(f o ADyY(g) = lim

_ 1 S (A (P)Ar(q) — f(A(p))
= 1luumrtwr -
t—0 rt

Differentiating, we obtain
dc(fOAr)p :rdcfA,(p)- 1.7)

By a theorem of Cheeger and Weaver, differentiation in the horizontal directions
provides a concrete description of the differential structure of a Carnot group.

Theorem 7.6 ([4, Remark 4.66], [28, Theorems 39 and 43]). Let G be a Carnot
group with H, b, and H as defined above. Then G admits a differentiable structure
with a single coordinate chart, namely the quotient map 7 : G — H defined above.
For every f € Lip(G), the differential d™ f : G — b* is given by d” f, = dﬁ’fp,
whenever the latter is defined. If p is a point of (Pansu) differentiability, then for
everyu € H, X} (f) exists and satisfies

(@ fp, meu) = X5 (). (7.8)
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8. Precurrents in Carnot groups

From Theorem 7.6, we know that precurrents in Carnot groups have the form
T(rdg Aendgh = [(fdlg nndig Ddn 6D
G

where i: G — /\k h is locally integrable. Since the restriction of the projection
map | AH: /\k H — /\k b is an isomorphism (via the isomorphism 7w, |z H —

h), it follows that there is a locally integrable k-vector field 1: G — /\k H such
that

T(fdg' A+ Adgh) = / Fprdigh Ao ndligh, m G p) du(p)
¢ (8.2)

= [ e A desh B dutp)

We denote the precurrent in the above equation by 75. For the rest of this chapter, all
k-vector fields under consideration will be locally integrable, and so we generally
omit this modifier and simply refer to such an object as a k-vector field.

Let 7!, ..., 7" be defined as in the discussion following Corollary 5.1. Let
{u, ..., u,) be the (orthonormal) basis for H dual to {d.7! ..., d.n"}. Then the
simple k-vectors ity = g, A - - Alig, form a basis for /\k H, and so every k-vector
field A has the form

A= Z iy, (8.3)

for locally integrable functions A% on G.

An initial observation is that, as with the currents described in this paper, pre-
currents have locally finite mass.

Lemma 8.1. Let T be a k-precurrent in G. Then T has locally finite mass.

Proof. LetT =T, letw € D’g(U) with ||w|| < 1,andlet U C G, with U compact.
We may then write w = Y ¢ fsdgl A -+ Adgk, with 3" ¢ || < (1 +¢) for
some € > 0, and gé € Lip,(U) for each i and s. Since ||u || = 1, equation (7.6)
implies that |((dcgl)p, u;)| = |X%(gi)| < 1 forevery i and j, so that

» n!
[(fdegl A -+ Adegh,iig)] < alf!
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We therefore compute

T3 (@) < Y IT(fydgd A AdgDI <Y Y | Tag, (fydgl A--- Adgh)

seS seS aeA(k,n)

<> > /|x“|-|<fsdcg}A~-Adcgf,aa>|du (8.4)

seS aeAkn)’U

<> > [z asol ¥ /Mdu,
ae(k,n)

seS aeAtkn) U

where the last line is finite as a result of the local integrability of the functions
A%, O

As is the case with currents, the finite mass condition extends the domain of a
precurrent to £X(G), and to EX(G).

We define restrictions of precurrents exactly as we did in Section 3 for currents.
That is, if T is a k-precurrent, and w € £ J(G), we define the restriction T |, by
equation (3.11).

Recall that given a k-vector i € /\ g and a j-covector a € /\j *, there is
a unique k — j vector ii|;€ AF7/ g such that for all b € A g*, (b, iil;) =
{an b, ). Thus

T5 L g ant nvnani U dg' A+ AdghT)

:/(.}(ﬂfdchl/\--'/\dchj Adeg' Ao Adegh Ry dp

= fg(f deg' A+ Ndeg® Al g gt nendoni) it

(fdg' A Andgh),

M—ﬂd W Avndehd

and so a restriction of a precurrent is again a precurrent.
As a result of the expansion in equation (8.3), every precurrent 7 has the form

T=T,= Y Tag= Y Tilw (8.5)

aelNg aelgp

Remark 8.2. Note that 7 = 0 if and only if A = 0 almost everywhere for each
a € Ak . Indeed, if AP £ 0 on a set of positive measure, then

T; Lamy, novndmy, = Z Tz, Lademy, nendemy, = Tﬁbtkbdp”bl/\'“/\dcﬂbk =T #0,
aelN,

where A? is viewed as a 0-vector field. To prove the last equation, assume without
loss of generality that > > ¢ > 0 on a compact set of positive measure S C G, so
that we have

T, (xs) = / AP > en(s) > o.
S
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It follows from the previous paragraph that the vector field A in the expansion (8.5)
is uniquely determined up to null sets, so that TA] =Ty, if and only if A1 = X;
almost everywhere.

Smooth forms and smooth restrictions

We have already defined the restriction of a current or precurrent by a metric form,
or extended form. We now discuss the case where a form is smooth.

Definition 8.3. The elements of the subspaces SK(G) = C®(G)*! ¢ DK(G) and

Sk G) =C*G)® /\k C>®(G) c D) are called simple smooth forms and
smooth forms, respectively.

Ifw = fdg' A--- Adgk € SY(G), we denote by & the differential form
fdog' Ao Ado gk e QF(G). Because every differential k-form 6§ € Q¥(G) can
be written

0= D fadiXa A Adrxg,
aeA(k,dim(G))

the map Sk (G) — QK(G) given by w — & is surjective. Here we have implicitly
invoked the fact that, as G is nilpotent, connected, and simply connected, the ex-
ponential map exp: g — G is a diffeomorphism, and g in turn is diffeomorphic to
R4M®) For an arbitrary manifold, of course, we could prove surjectivity by way

of a partition of unity argument.
Note thatif o = fdg' A--- Adgh e Sk (X), then equation (7.6) implies that

for every precurrent 75, we have
T;lo=T:

Mpdeglnondegk —  Plraggiaonggk — Aa”

In particular, if T is a precurrent and &@; = @, then T |, = T |,. With this in mind
we define the restriction of a precurrent by a smooth differential form.

Definition 8.4. Let T be a k-precurrent, and 6 € Q/(G). We define the restriction
of T by 0 to be the (k — j) precurrent

To=T o
where w € Sj (G) is any form such that ® = 6. We also define, for w; € 15’5 "G,
wy € DR(G) and 6 € Q8 (G), with ky + ka + k3 = &,
T(w1 A O Awp) = (—DRRT [g(w) A ).
Finally, we note that the extension to smooth forms applies to currents as well as

precurrents. To see this, suppose wi, w2 € Sk(G), with @] = & = 0 € QXG).
Then for any T € M (G), with [ < k, with absolutely continuous mass ||T||, T is
a precurrent, and so we have

Tl = T lo- (8.6)

By Proposition 6.1, equation (8.6) extends to all currents in My (G), making the
restriction to 6 well-defined.
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Normal currents

If T is a k-precurrent, we can define the boundary 97 as in Definition 3.8. It is
not necessarily the case that 9T is also a precurrent — the proof of Proposition 9.3
will provide a counterexample to this as well. However, boundary continuity is
closely related with the question of which precurrents are currents, as the following
proposition indicates.

Proposition 8.5. Let T be a k-precurrent such that 0T is a (k — 1)-precurrent.
Then T € N°(G).

Proof. Multi-linearity and locality follow respectively from the linearity and local-
ity of the Pansu-differentiation operator, and we have already shown precurrents
have locally finite mass in Lemma 8.1 above. All that remains, then, is to check
that 7 is continuous.

We wish to show that for every sequence of forms f; d gi1 A--Nd gf‘ converging

to fdg' A--- Andgk e DK(G), we have
ilin;oT(ﬁdg}/\---Adgf):T(fdglA---Adg"). (8.7)
We first decompose the limit in (8.7).
Lm T(fidg! n---Adgh)
i—00
=lim T (fi—f)dgi A+~ Adgi)+IimT (fd(g] —g') Adgi A+ Adgf) (8.8)
+ lim T(fdg' Adg?--- Adgh).

By the locally finite mass condition mentioned above for 7', the first term on the
right-hand side of equation (8.8) is 0. By way of the Leibniz rule, we next compute

lim T(f d(g} —g') Adgi Ao ndgp)

=1im 3T (f (g} —g")dg? A --- Adgk)—lim T((g} — g")df ndg? A--- Adgh)
11— 00 11— 00

= 0.

Here both terms in the second line vanish on account of the locally finite mass
condition, since 7 and 07 are both precurrents.
Equation (8.8) then reduces to

lim T(f;dg! A---Adgh) = lim T(fdg' Adg? A--- Adgh). (8.9)
1—> 00 1—> 00

Moreover, by the alternating property, from equation (8.9) we deduce that for 1 <
J =k,
i

HmT(fi dg/A- - Adgh)=1lim T(f dg/n---dg! "' Adgindg! T'A- - -Adgh). (8.10)
1—> 00 1—> 00

Applying equation (8.10) successively for j = 1, ..., k yields equation (8.7). [
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1-currents

Though we will see shortly that a k-precurrent need not be a current when k > 2,
1-precurrents are always currents.

Lemma 8.6. Every 1-precurrent in G is a current.

Lemma 8.6 follows from a simple observation, which will itself be of use mo-
mentarily, in the proof of Proposition 9.3.

Lemma 8.7. Let G be a Carnot group. Then an invariant 1-precurrent has vanish-
ing boundary.

Proof. We must show that for any f € Lip.(G), and any u € b,
nds) = [ xt(n =0, (8.11)

Without loss of generality, we will assume ||u|| = 1. Since G is unimodular, we
recall from the theory of topological groups (see, e.g., [20, Theorem 6.18]) that for
any unimodular subgroup S C G, with Haar measure pg, there is a left-invariant
measure ug,/s on the quotient G/S such that for any g € C.(G), we have

/ gdp = / (/ g(pS)dus(s)> dugs(pS). (8.12)
G G/s \Js

We apply equation (8.12) with g = X*(f), S = exp(Span{u}), and dus = ds,
where ds is the arc-length measure. Notice that since ||u|| = 1, the map y(¢) =

p - exp(tu) is an isometry, as well as an integral curve of the vector field X*. We
thus have

u u d
/SX (f)d5=/RX(p.exp(m))(f)dl=Aa(foy)dt=0,

since f has compact support. Now equation (8.11)follows from equation (8.12). [J

Proof of Lemma 8.6. It is enough to show that invariant 1-precurrents are actually
currents. Indeed, once we have proved this, we see that each of the precurrents 7,
are 1-currents. But restricting a 1-current by a function or form, as in Definition 3.9,
gives us another current. Thus every precurrent of the form 7 = Y '_, T, |, is a
current. By equation (8.5), every 1-precurrent has this form.

The proof now follows from Lemma 8.7 and Proposition 8.5. O

Though we will see that precurrents need not be currents, the following corol-
lary to Lemma 8.6 shows that precurrents are separately continuous in each variable.
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Corollary 8.8. Let T be a k-precurrent, let w; = fdg' A --- Adg/™! A dgij A
dg/tV A Adgh e D/C‘(G) be a sequence of forms, let o = fdg' A --- Adgk e
DK(G), and suppose g/ converges to g/ in Lipioc(G). Then

lim T(w;) =T (w). (8.13)

Equation (8.13) holds as well for the case j = 0, if f; converges to f in the topology
of Lipc(X), where f; = g?, and f = g°. If T is a (k + 1)-precurrent, then equation
(8.13) holds when T is replaced by oT .

Proof. The restriction of T to a metric(j — 1)-form is a 1-precurrent, and hence a
current by Lemma 8.6. Thus

lim T'(w;) = lim (_l)kijTLdg‘/\---/\dgf‘lAdgf“A---Adg" (f dgi])
1—>00 1—>00

= (=DM T Lygt poondgi-t ndgiti nonagh (f d87) = T ().

The continuity in the variable f follows from the same argument. The argument for
oT is identical. 0

As a consequence of Corollary 8.8 and Lemma 7.4, two precurrents are equal
if they are equal when evaluated on smooth forms, and similarly for boundaries of
precurrents.

Corollary 8.9. Suppose T and T, are k-precurrents, and that
T (w) = Tr(w) (8.14)

for any smooth form w € S/C‘ (G). Then Ty = T». Similarly, if 0T (o) = 0T> (')
for every o' € S]é_l(G), then 0T} = 0T>.

Proof. Suppose there is a number j,0 < j < k4 1, such that equation (8.14) holds
whenever w = fdg' A --- A dgF, where g" € C>®(G) whenever j < m < k
(letting g° = f). We claim then that the same is true for j + 1. Indeed, by Lemma
7.4, there is a sequence of smooth functions gl.] converging to gj in Lipjoc(G). Then
by Corollary 8.8, we have

AT (f Adg' A---Adgh) = lim T(df Andg' A---Adg] - AdgF) =0,
1—> 00

The result now follows by induction on j, as the case j = 0 is true by hypothesis,
and the case j = k41 is a restatement of the corollary. The last statement is proved
with the same argument. O



METRIC CURRENTS AND CARNOT GROUPS 2901

9. Invariant currents

In this section we prove Proposition 9.3, which characterizes translation invariant
currents. From the definition, a precurrent 7 = 75 is invariant if and only if Lo
Ty = 2 almost everywhere, which in turn occurs if and only if A is constant almost
everywhere.

To formulate Proposition 9.3, we will need the notion of a “vertical form”. We
will call a differential 1-form # € Q!(G) vertical if T |y= 0 for every k-precurrent
T. Equivalently, 6 is vertical if and only if 8 annihilates every horizontal vector
field, i.e., (6, X*) =0 forevery u € H.

Example 9.1. In the n'M Heisenberg group H”, the basis Xi,...,Xn.Y1...., Yn, Z
has a dual basis consisting of forms dxi,..., dx,, dyi,...,dy,, 6. The form 0 is
a vertical form, as it vanishes when paired with every horizontal vector field. 8 is
sometimes called the contact form, as (H", 6) is a contact manifold, meaning that
0 A (d9)™" is a volume form on H".

It can be shown [27, Section 2] that 8 and d6 generate QF(H") for k > n; that
is, every w € QF(H") has the form w = a A 0 + B A d6.

The following lemma describes the push-forwards of an invariant precurrent
along the dilation maps A,.

Lemma9.2. Let T = T; be an invariant k-precurrent. Then AyyT = rk=or.
Proof. We compute, via equations (7.2) and (7.7),
AT (fdg' A+ ndgh)

- fG (A (P delg' 0 Ay A~ Adelgh 0 Ay, T) du(p)
— fG (D) deghy oy A+ A e 0 3 dia(p)
= [y degy Ao A el R dBran(p)

G

:rk—Q/G (f(P)dcgpn -+ Adegly, 2y du(p)=r*"CT(fdg" A--- Adgh). D

Proposition 9.3. Let T be an invariant k-precurrent in a Carnot group G. The
following statements are equivalent:

(1) T is a current.

2) oT =0.

(3) T |ag= O for every vertical 1-form 6 € QK(G).

(4) T |go= O for every invariant vertical 1-form 0 € QK(G).
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Proof. Weprovel & 2,and2 =3 =4 = 2.

1 = 2: Suppose T is an invariant k-current. We wish to show that a7 = 0,
that is, for g' dg? A --- Adgk € DE1(X), T(dg' A--- Adgh) =0.

We may assume without loss of generality that T (dg! A- - -Adgk) > 0. We also
assume that each function g; has compact support, and hence all of the functions
are supported in some ball Bg(e) centered at the identity.

For every € > 0, we define the rescaled functions gé by

g:(p) =g’ o AL,

and note that g’ is supported on Bg /e and has the same Lipschitz constant as g
Also, we let N C Bg/2(0) be a maximal 4€ R-separated subset of the ball Bg/2(0).

By the Q-regularity of G, #N > Ce~2. We define the functions g’ by

§Q=Zgéofp-

peN

Again, we note that gg has the same Lipschitz constant as g'. Moreover, for p, g €

N, p # g, we have Spt(gé oty N Spt(gg o 7p) = ¥, and so by the invariance of T
under left translations,

T(dgi A---Adgl) if pr=--=pi,

1 k
T(dgeotp N---Ndgeotp) = 0 otherwise

But now, with the help of Lemma 9.2, we compute
T(dgin---AdE) =) T(dgi A+~ Adge) =#N-T(dgl A+ Adgi)

pPeEN
=#N-"T(d@g o A)A---Ad(gh o A1) =#N - A1, T(dg" A Adgh)

—#N -€9T(dg" A+ AdgX) > CT(dg' A--- Adgh).

As € approaches 0, the functions §é converge to O uniformly and with bounded
Lipschitz constant, so CT (dg! A --- A dg*) must approach 0 by continuity of 7.
Since the functions g’ are independent of €, T (dg' A --- A dg) = 0.

2 = 1: This follows immediately from Proposition 8.5.

2 = 3: If 3T = 0, then for any fdg' A--- Adgk™? e S]C‘_Z(G) and any
vertical 0 € Q1(G), we have

Tlao(fdg' A+ Adg" ™) =T(fdo ndg' A+ ndg"?)
=TWd(fO)ANdG" A ANdg" ) =T df NOAdg' A+ AdgF?)
=T (fOANdg A Adg" D)+ Tlodf Adg' A+ AdgF™?) = 0.
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Here the second term vanishes because 6 is vertical.

3 = 4 is clear.

4=2:1etT =T; = ZaeA(k’n) Taj,, where here, since T is invariant, each
A% is constant. For w = fdg' A--- A dgk € S’C‘(G), and each a € A(k, n), we
compute

0Ty, () = T, (dw) = /G(dw, Ug)
k .
=/ Z(—l)"lxuaf (@, gy A N, A+ ANug)) d
Gi=1

+/([; Z(_l)i+j<wa[uaiaua_f]/\ Ugy " - /\I/Ta\; AN /\u/a\j AN /\uak)dl’l’ 9.1)

i<j
k .
=D (DT, (@ sty Ao Ay A+ Atg,))
i=1

+Z(—1)i+j/(;$a), [uai,uaj]/\ Ug, -+ A ﬁ;i/\ . '/\M/a\j/\ cAlg)d .

i<j

See [21, Proposition 3.2], e.g., for the expansion in the second and third lines of
(9.1); here, as in [21], the symbol “  above a vector means that vector should be
omitted.)

By Lemma 8.7, 97,,,, = O for all i, so the first sum in the last line vanishes.
Since [ug,, uq 1l eWn for all i and J» expanding the second sum in the last line
shows that the boundary 97 satisfies

0T, (@)= > | (0.0 Aup Ao At ,), (9.2)
beh, s’ C

where each v, = vp(a) € V,. Again, this holds for every w € Slc‘ (G). Of course,
the vectors v, do not depend on the choice of w.

Since T = Zbe Alk.n) AP T3, , and the boundary operator is linear, it follows
that 0T (w) can be written in the form of equation (9.2).

T = /(w,vbl\ubl/\-n/\ubk_z). (9.3)

beAy k-2 G

Thus a7, when applied to a smooth form, is given by integration against an invariant
(k — 1)-vector field in V> A ( N2 H).
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Now suppose T |so= 0 for every smooth invariant 1-form # € Q!(G), and
recall that {dcnl, ..., d.mt"} is the dual basis to {uq, ..., u,}. Then for every such
0,every a € A, x—2, and every f € C°(G), we have

0= T'lao Lg.xo1 noo-ndx—2 (f) = @T Lo+(T Lo)) Lgz1 - nde -2 (f)
=T (fO Adet™ A+ Ader™2)

= Y [Gf<9AdrnalA--.Ad,n“kZ,U,,AublA---Aubk_2>du

beA, k-2

S /fag<9,ub>=/f<9,va>.
behns—o?C ¢

Here 83 = 1 if and only if @ = b, and 0 otherwise. Since this holds for all f, and
in particular, any nonzero, nowhere negative f € CJ°(G), we have (0, v,) = 0. If
vy # 0,then v, ¢ H, so there is an invariant vertical 1-form 0 such that 9, (v,) # 0,
a contradiction. Thus v, = 0. This holds for all a € A(k, n), so by equation
(9.3), we have 3T (w) = O for all @ € S*1(G). Therefore, by Corollary 8.9,
oT =0. O

10. General currents in Carnot groups

In this section we prove Theorem 1.4. We need to relate arbitrary precurrents to
invariant ones, and so we introduce a kind of tangent approximation. Let T = T;
be a k-precurrent. At a given point p € G, we define the current 77 by the equation

TP = Tip'
Note that 77 is well-defined up to sets of measure 0.

Lemma 10.1. A k-precurrent T is a current if and only TP is a current for almost
every p € G.

Proof. Let T = T;, and suppose first that for almost every p € G, T? is a current.
Now suppose that p is a Lebesgue point of each function A* for a € A(k, n). Note
that since each A? is locally integrable, almost every p € G satisfies this condition.
For every € > 0, there is a number R = R(e, p) > O such that for0 <r < R, we
have

> f AT =g du < ep(By(p)).
ae(k,n) Y Br(p)
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Thus by inequality (8.4),

!
T —TP|(B, (p))<— Z / A?,ldus%eu(B,(p)). (10.1)
“aeA(k,n) Y Br(p) :

Since equation (10.1) holds for almost every p € G, and every r < R(e, p), by the
Vitali Covering Theorem, there is a countable pairwise disjoint collection of balls
B; = By, (p;) such that u(G\ Uﬁl B;) =0, and such that r; < min(e, R(e, p;)).
Let Tc = Y 72, TP | p,. We claim this sum converges locally in mass. Indeed,
given a relatively compact subset U C G, let U, = {q € G : dist(U, g) < €}. Then

ST IW) < Y ITP s lIW) < > ITPI(B)
i=1

pi€Uc picUc

<y <||T||(Bl)+6 M(Bt)) = IT(Ue) + en(Ue),

pi€Uec

and so the sum converges.
Moreover, we have

. n! n!
1Te=TIW) = D NT =TPIB) < Y ern(Bi) < enUo).
pi€Ue pi€Ue ’ )

Thus T¢ |y converges to T |y in mass as € approaches 0. Since each T¢|y is a
current, T'| iy is also a current, by the completeness of the space of currents in the
mass norm. Being a current is a local property (indeed, the continuity axiom is
satisfied for 7 if and only if it is satisfied for T |y for every relatively compact open
set U C ), and so T is a current.

Conversely, suppose that 7 is a current, and let p be a Lebesgue point for
each A% as above. Let A? denote the dilation centered at point p, that is AY =
Tpo Ao T,1. Let Ry > 0, and let R = R(e, p) be as above. Finally, let s = RO

From Lemma 9.2, and the invariance of 7?7 under translations, we have A f T =

sk=@T. Moreover, since the dilation map A? scales distances precisely by a factor
of s, it follows from Definition 3.6 that for any k-precurrent 7, || A 4T'II(Bry(p)) =
s ||T [|(Br(p)) (see also [22, Lemma 4.6 (2)] for the same argument applied to
currents). Thus by equation (10.1),

IsC~*ALT — TP1I(Bry(p) = sCTHIAZ(T — TP)I|(Br, (p)

= s k|| T — TP||(Br(p)) < s%eu(Br(p))
= eu(Br,(p)).

The currents s 2% Af#T therefore converge locally in mass to 77, and so 77 is a
current. 0
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We are now ready to prove Theorem 1.4.

Proof of Theorem 1.4. Let T = T; be a k-precurrent. Since by definition, all pre-
currents satisfy T(6 A ) = 0 for every vertical # € Q'(G), equation (1.3) is
equivalent to the condition that 7' [p= 0.

If T is a current, then by Lemma 10.1, T? is an invariant current for almost
every p € G. Let T, be as in the proof of Lemma 10.1. Then for any w € D*~2(G),
and any vertical & € Q!(G), by Proposition 9.3 we have

o0

Telao(@) =) TP las(@) =) TPlaglp (@) =0.
iz i=1

Since T, converges locally in mass, and hence weakly, to 7', we have T | 49 (w) = 0.

Conversely, suppose T is a k-precurrent, with T | 49= 0 for every vertical form
6. Notice that if 6 is vertical, then so is Af’ *9, since translations and dilations both
respect the horizontal bundle. Thus for all ¢+ > 0, we have

(Af#T)LW: Atp#(TLA,p*da) = Atp#(TLd(Af*a)) =0.

Since, at almost every p € G, the currents @k Af#T from the second half of
Lemma 10.1 converge locally in mass to 77, it follows that T?| 9= 0. Thus by
Proposition 9.3, T'? is a current, and by the first half of Lemma 10.1, so is T'.

For the last statement of the Theorem, suppose that T € M}("C (G),and 0 €
Q!(G), is vertical. By Proposition 6.1, T can be approximated weakly by currents
Te of absolutely continuous mass. By Theorem 1.3, each current 7 is also a pre-
current, so that 7¢ [¢= 0, and from the first part of the theorem, 7¢ [49= 0 as well.
Thus we have

Tlag(w) =T O Nw) = 611_13}) Te(dO N w) = 6111}) Telag(w) =0,

and the same computation shows that 7 | g (w) = 0. ]

11. Normal currents in Carnot groups

In this section we prove Theorem 1.6. We first establish a preliminary result to
allow us to restrict our attention to smooth forms.

Proposition 11.1. Ler T: SK(G) — R satisfy the linearity and locality axioms
in Definition 3.2, with respect to the Carnot-Carathéodory metric distcc. Assume
further that T and 0T satisfy the finite mass condition in Definition 3.6, where the
Lipschitz functions in the definition are required to be smooth. Then T has a unique
extension T € N}(OC (G).
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Proof. Letw = fdg' A---ndgh € DEG). Letw, = fedgln---ndgh e S’g(G),
where f. and g{ are constructed as in the proof of Lemma 7.4. We claim T ()
converges as € converges to 0. Indeed, for every € > 0 and €1, €3 € (0, €), we have

IT(we,) — T(@e)| < T ((fe, = fe,) dgl, A+ A dgh)]

k
+ Y AT (feydgly A Ad (gl —gl) A+ A dgh)]
j=1
=T ((feo, — fe) dgl, A+ A dgh)]
) (11.1)
+ ) 10T (fo (8l — 8l dgiy Ao~ NdglT  ndglT A - Adgl))]
j=1

k
+ Y IT(gL — glydgl, Ao Adfey Ao AdgE).
j=1

By the finite mass assumption on 7" and 97, and the fact that the sequences { f.}
and {gg } converge to f and g/ (respectively), with the same respective Lipschitz
constants, each term on the right hand side of equation (11.1) converges to zero
with €, independently of the choice of €] and €. Thus T (w,) converges, and so we
let T'(w) = lime_o T (we).

By the linearity of the convolution operators in the proof of Lemma 7.4, and
the linearity of T', T satisfies the linearity axiom.

If g/ is constant on a neighborhood of Spt(f), say N¢, (Spt(f)), then for every
€ < €, gg is constant on Spt(f). By the locality property of T, T (w¢) = O for
such €, so that T (w) = 0. From Remark 3.3, we may conclude that T satisfies the
locality axiom as well.

We next claim that 7' has locally finite mass. Indeed, suppose U C G is open,
and w € ﬁlg(U ) with ||w|| < 1. From the definition, we may write

o=y fidg] A+ ndgf

seS

for some functions gi € Lipjoc(X) such that L(gglspt( 1)) < 1. Moreover, by Re-
mark 3.3, we may assume without loss of generality that L(gl) = 1, since we
may replace g/ with g, where g is a McShane extension of gi|sp(s) to G (see,
e.g., [15, Theorem 6.2]. With this assumption, we have ||w¢|| < 1 for each € > 0.
Since U is open and Spt(f) is compact, f, is supported in U for sufficiently small
€, so that |T (we)| < ||T||(U) and |0T (we)| < ||9T||(U). By the construction of
T, and the locally finite mass assumptions on 7" and a7, ||f(U)|| < ||IT(U)|| < ¢
and [|3T||(U) < [|dT (U)]| < 0.
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The continuity axiom follows immediately from the local finiteness of ||T'||
and [[07T'||, via the decomposition (11.1), with w¢, and we, replaced by w; and w,
respectively.

Finally, uniqueness of T is a consequence of Corollary 8.9. O

Proof of Theorem 1.6. By Proposition 11.1, it suffices to show that every metric
current 7 € N}(OC’H(G r) satisfies the linearity and locality axioms of Definition 3.2
for smooth forms, as well as the local finiteness of ||7'|| and ||07 || when defined
using smooth forms, and with respect to the metric distcc.

Linearity and locality follow from the fact that T is a current. To prove the
local finiteness of ||T'|| and ||0T ||, we first let {vy, ..., v, } be a basis for the ver-
tical subspace b C g. Since by definition, |y = 0, we have (d.m', v i) = 0 for
i=1,...,nand j = 1,..., m, so that the dual basis to {uy, ..., u,, v1,..., Un}
is {d.m!, ..., d.w", 0, ...,0™), where ', ..., 0™ are vertical. Thus for every
smooth function g € C*°(G), we have

n m

drg =) X"(@)dem' +)_ X" ()6,

i=1 j=1

Moreover, by Rademacher’s Theorem, d, is the Cheeger differential for the Rie-
mannian metric, so Theorem 1.1 implies that

Tlag=TLyn | xvi(g)demi+X, X" (907
and since T vanishes on vertical forms, we further have that
Tl_drg= TL27:1 X”i(g)dni' (112)

As in the proof of Lemma (8.1), we let w € S’C‘(U) with [|w|| < 1 (where co-
mass is defined using smooth forms, and the metric distcc), and let U C G,
with U compact. We may then write @ = D oses [ dg} ANERRIVAN dgf, with fi €
CXW), Y ,cslfsl < (1 + ¢) for some € > 0, and g¢ € Lip;(U) N C®(U)
for each i and s. Note that under these assumptions, we have |X“ (g/)| < 1.
Moreover, the projection w was defined so that the Lipschitz constant with re-
spect to the Riemannian metric of each function 7' is 1. Thus foreach s € § , We
have

n!
S E|fs|7

r

fs (Xn: X”f(gsl)dni) ARERRA (Xn: X' (gf)dni>

i=1 i=1
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where || - ||, denotes the comass of a metric form with respect to the Riemannian
metric. It follows that ||w][, < (1 + G)Z_;' This holds for all € > 0, so we have

llwl], < Z—: Thus |T (w)| < ’,Z—§||T||(U) < oo for each open set U, by the local

finiteness of ||7'||. The argument for 97 is identical, and so by Proposition 11.1,
the proof is complete. O

12. Rectifiability

We interpret our results in the context of rectifiable sets in metric spaces.

Definition 12.1. A metric space X is called k-rectifiable if it is the union of count-
ably many Lipschitz images of subsets of R* and an F*-null set. That is,

X = (U Fi(Ai)) UN

where each A; € RX, F;: A; — X is Lipschitz, and H¥(N) = 0. If every k-
rectifiable subset S of a space X is trivial (i.e. HK(S) = 0), X is said to be purely
k-unrectifiable.

Ambrosio and Kirchheim studied rectifiable sets in metric spaces in [2], con-
tinuing earlier work by Kirchheim [19]. With the help of an area formula and a
metric differentiation theorem developed in [19], they proved that one can take the
maps F; in Definition 12.1 to be bi-Lipschitz. This immediately implies that a non-
trivial k-rectifiable set must admit nonzero metric k-currents, as one can simply
push forward a Euclidean current from one of the sets A;.

We now examine some consequences of our results in terms of rectifiability.
First, Corollary 5.1 has immediate implications for the dimension of a rectifiable
subset of a space admitting a differentiable structure.

Corollary 12.2. Let X = (X, d, i) be a proper, doubling, metric measure space
admitting a differentiable structure of dimension n. Then there is subset N C X,
with w(N) = 0, such that X\N is purely k-unrectifiable for any k > n.

The area formula and metric differential are also used in [2] to prove the fol-
lowing theorem. Though stated there for n = 1, the proof given in [1] extends to
the general case.

Theorem 12.3 ([2, Theorem 7.2]). The Heisenberg group H" = (H", distcc) is
purely k-unrectifiable for k > n.

In light of the fact that one can use bi-Lipschitz maps in the definition of rec-
tifiability, it is clear that Theorem 12.3 can also be viewed as a consequence of
Corollary 1.7. On the one hand, this argument for unrectifiability is not much dif-
ferent from the one in [2], in that it uses the same ingredients, namely, Pansu’s
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differentiation theorem and the area formula. On the other hand, the method of
proof by way of currents uses the area formula only implicitly, and solely for the
purpose of using bi-Lipschitz maps in Definition 12.1. Moreover, this argument
relies on differentiation of maps from H' into Euclidean spaces, rather than vice-
versa. Thus no analysis of the metric differential of any map into H' is required.
Instead, one computes the Cheeger differential of a map from H! into a Euclidean
space.
Magnani [23] generalized the results of [2] to arbitrary Carnot groups.

Theorem 12.4 ([23, Theorem 1.1]). A Carnot group G is purely k-unrectifiable if
and only if every horizontal Abelian subalgebra of its Lie algebra g has rank less
than k.

We can interpret this result in the context of currents as well. Indeed, sup-
pose we pick linearly independent horizontal vectors uy,...,u; € H, and let
ﬂzulA-~-Auk.

By the boundary computation (9.1), the boundary 97; of the simple k-current
T; vanishes if and only if [u;, u;] = O for all i and j. This in turn is true if
and only if the Lie subalgebra generated by the vectors u1, ..., uj is Abelian (or,
equivalently, is horizontal). Combining this with Proposition 9.3, we obtain the
following corollary to Magnani’s Theorem.

Corollary 12.5. A Carnot group G has a nontrivial k-rectifiable subset if and only
if it has a nonzero, invariant, “simple” k-current Ty = Ty n...nuy -

We are unaware if Corollary 12.5 can be deduced independently of Theo-
rem 12.4. In particular, we do not know whether either implication is true in a
general metric group with a differentiable structure.

Remark 12.6. It is not true that the absence of k-rectifiable sets in G implies the
nonexistence of arbitrary (i.e., non-simple) k-currents. To construct an explicit
counterexample, let g have the stratification

g = Span(uy, uz, u3, ug) @ Span(vy, v2, V3, V4, Vs)

satisfying the relations [u1, up] = [u3z, u4] = vy, [u1, u3] = vo, lur, ua] = vs,
[u2, u3] = v, and [ug, ua] = vs. It is easily verified that any two linearly inde-
pendent horizontal vectors do not commute, and so by Corollary 12.5 and Theo-
rem 12.4, respectively, G admits no nonzero simple 2-currents, nor any nontrivial
2-rectifiable sets. On the other hand, T}, nuy—uzau, 1S @ 2-current, and is in fact a
cycle, again by equation (9.1). Thus there are purely k-unrectifiable spaces which
still admit normal k-currents, for k£ > 2. In this sense, the theory of metric currents
is at least somewhat more general than the theory of rectifiable sets. This contrasts
starkly with the Euclidean case, where every normal metric current can be identi-
fied with a normal current in the sense of Federer and Fleming [22, Theorem 5.5],
and where the latter can be approximated in Whitney’s flat norm [29] (and hence
weakly) by polyhedral chains, which are of course rectifiable.
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