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Elliptic operators with unbounded
diffusion coefficients in L?” spaces
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Abstract. We prove that, for N > 3, o > 2, %

m(x)(1 4+ |x|*)Au generates an analytic semigroup in L? which is contractive
if and only if p > %. Moreover, for @ < & we provide an explicit

< p < oo, the operator Lu =

description of the domain. Spectral properties of the operator L are also obtained.
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1. Introduction

In this paper we focus our attention on a class of elliptic operators with unbounded
diffusion coefficients. We deal with operators of the form

Lu=m(x)(1+ |x|%)Au, (1.1)

for positive values of o, on L” = LP(RY, dx) with respect to the Lebesgue mea-

sure. We assume that m € Cl‘gC(]RN ) for some 0 < o < 1 and that there exist

constants x, X > 0 such that « < m(x) < X for every x € RY. We are interested
both in parabolic problems associated with L

u; — Lu=0 u) = f
and in the solvability of the elliptic equation
A—Lu=f
for A € C. The case & < 2 has been already investigated in literature and for this
reason we shall assume o > 2 throughout the paper, even when some arguments

easily extend to lower values of «.
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We refer to [2] where it is proved that, if @ < 2, then L generates an analytic
semigroup in L”, 1 < p < oco. Moreover, if 1 < p < oo, then

D(Ly) ={uelL? :a'’Vu,aD*u € LP)

where a(x) = (1 + |x|%). Actually the authors prove the same results for more
general a satisfying a > 0 and |Va| < Ca'/?.
In the general case the situation appears more involved. The a-priori estimates

11x1* D?ull, < Cllx|* Aullp, I+ x*)D?ull, < ClI(A + |x[*Aull,

hold in CZ° for o < % where p’ is the conjugate exponent of p, see [6] and [11].
On the other hand, we are not aware of generation results for the operator L even
for the above values of «.

We prove that, for % < p < 00, the operator L generates an analytic semi-
group in L?, which is contractive if and only if p > (N+a—2)/(N —2). Moreover,
according with the previous remarks, we provide an explicit description of the do-
main when o < .

The paper is organized as follows. In Section 2 we recall known facts on L
in spaces of continuous functions, important for our discussion. In Section 3 we

prove some negative results in L?. We consider the operator L » = (L, D p) on any
domain D), contained in the maximal domain

Dp max(L) = {u € we (1+ |x|*)Au € LP}

and show that,if m =1, N =1,2and 1 < p <ocor N >3and p < N/(N —2),
then p(L ) N[0, co[= .

In Section 4 we show that, if N/(N — 2) < p < oo, the operator A — L
invertible on D, max (L) for every A > 0, and moreover (A — L)"!' < (-L)"!and
|(h —L)~Y| < |IT||. The crucial point consists in proving (weighted) estimates for
the integral operator

_ F(y)dy
T = /RN m(y)(1 4 [y|9)|x — y|N=2

Such estimates are then used in Section 5 to prove that, if @ < N/p’, then the
maximal domain coincides with the weighted Sobolev space

Dy ={ueLP@®Y): (1+|x*u, (1+ |x[*"HVu, 1+ |x*) D?u € LP(R)}.

Explicit examples show that, when & > N/p’, then D, is a proper subset of
Dp max(L). If @ < N a partial characterization of the domain in Cy is obtained
in Section 6.

In Section 7 we prove that the resolvent of (L, Dp max(L)) is compact in L?
and that the spectrum of L consists of eigenvalues independent of p. The introduc-
tion of a suitable weighted Hilbert spaces allows us to prove that the spectrum lies
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in the negative real axis. In order to prove the solvability of the elliptic equation
Au — Lu = f for complex A and to show generation of an analytic semigroup we
proceed in several steps. We use a Hardy-type inequality to prove that the operator
Ly = (Y + |x]*)A, s > 0, is dissipative if and only if p > (N + o — 2)/(N — 2).
Then, under these restrictions on p, (L, Dy max(L)) generates a positive semigroup
of contractions in L?, which is analytic if p > (N + « — 2)/(N — 2). This is done
in Section 8. In Section 9 we use an iteration procedure which, combined with per-
turbation and scaling arguments, shows that (L, D max(L)) generates an analytic

semigroup in L? for every % < p < oo.

Notation 1.1. We use L? for LP(RY, dx), where this latter is understood with
respect to the Lebesgue measure. Cj,(R") is the Banach space of all continuous and
bounded functions in RY, endowed with the sup-norm, and Co (RN) its subspace
consisting of all continuous functions vanishing at infinity. C2°(R") denotes the
set of all C* functions with compact support. B(p) is the open ball with centre O
and radius p. Cp7 . (RY) is the space of locally Hélder continuous functions in RY .

2. Solvability in spaces of continuos functions

Following [10], we recall the main results in spaces of continuous functions which
will be useful throughout the paper.
Let A be a second order elliptic partial differential operator of the form

N N
Au(x) =Y a;j(x)Diju(x) + Y F;(x) Diu(x) xeRY
i=1

i, j=1

under the following hypotheses on the coefficients: a;; = aj;, a;j, F; are real-
valued locally Holder continuous functions of exponent 0 < o < 1 and the matrix
(a;j) satisfies the ellipticity condition

Y aij(0EE = Ax)IEP

1

N
ij=
forevery x, £ € RY, with infg A(x) > 0 for every compact K C R". The operator
A Ii]s locally uniformly elliptic, that is uniformly elliptic on every compact subset of
. 'We endow A with its maximal domain in Cp(RV) given by

Dimax(A) = {u € C,RM) N W2P(RY) forall p <oo: Au e CpRM)}.

loc

The main interest is in the existence of (spatial) bounded solutions of the parabolic
problem
— N
{u,(t,x)_Au(t,x) xeRY, >0, 1)

u@©,x) = f(x) xeRV
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with initial datum f € C,(R"). The unbounded interval [0, oo[ can be changed
to any bounded [0, T'] without affecting the results. Since the coefficients can be
unbounded, the classical theory does not apply and existence and uniqueness for
(2.1) are not clear. Quite surprisingly, existence is never a problem as stated in the
following theorem.

Theorem 2.1. There exists a positive semigroup (T (t));>0 defined in Cp(RM)
such that, for any f € Cp (RN), u(t,x) = T(t)f(x) belongs to the space

C lloJcri e ((0, +00) xIRN), is a bounded solution of the following differential equa-

tion

N N
wi(t,x) =Y aij(x)Diju(t,x)+ Y _ F;(x)Diu(t, x)
i, j=1 i=1

and satisfies
lirr(l) u(t,x) = f(x)
t—

pointwise.

When f € Cyp (RM), then u(t, ) — f uniformly as + — 0. This, however,
does not mean that 7' (¢) is strongly continuous on C (RM) since this latter need not
to be preserved by the semigroup.

The idea of the proof is to take an increasing sequence of balls filling the whole
space and, in each of them, to find a solution of the parabolic problem associated
with the operator. Then the sequence of solutions so obtained is proved to converge
to a solution of the problem in R". More precisely, let us fix a ball B(p) in RY and
consider the problem

u;(t,x) = Au(t,x) x € B(p), t >0,
u(t,x) =0 x €0B(p), t >0 (2.2)
u@©,x) = f(x) xeRV,

Since the operator A is uniformly elliptic and the coefficients are bounded in B(p),
there exists a unique solution u, of problem (2.2). The next step consists in letting
o to infinity in order to define the semigroup associated with A in R". By using the
parabolic maximum principle, it is possible to prove that the sequence u,, increases
with p when f > 0 and is uniformly bounded by the sup-norm of f. In virtue of
this monotonicity and since a general f can be written as f = f — f~, the limit

T f(x):= pli)ngo uy(t, x)

is well defined for f € C,(R") and one shows all relevant properties, using the
interior Schauder estimates.

It is worth-mentioning that also the resolvent of A, namely (A — A)~L, is, for
positive A, the limit as p — oo of the corresponding resolvents in the balls B(p).
The construction then shows that, for positive f € Cp (R¥) and 1 > 0, both the
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semigroup 7 (¢) f (and the resolvent (A — A)~! f) select in a linear way the minimal
solution among all bounded solutions of (2.1) (of Au — Au = f). For this reason,
from now on, the semigroup 7 (¢) will be called the minimal semigroup associated
to A and will be denoted by Tyin(?). Its generator (A, D), where D C Dpax(A),
will be denoted by Apin

In contrast with the existence, the uniqueness is not guaranteed, in general, and
relies on the existence of suitable Lyapunov functions. We do not deal here with
such a topic and refer again to [10]. We only point out that uniqueness holds if and
only if D = Dpax(A), i.e. when Ap;, coincides with (A, Dpax (A)).

Let us specialize to our operator L.

Proposition 2.2. Let L = m(x)(1 + |x|%)A.

() Ifa < 2, the semigroup preserves Co(RN) and neither the semigroup nor the
resolvent are compact.

(i1) Ifa > 2and N =1, 2, the semigroup is generated by (A, Dmax(A)), Co (RN)
and L? are not preserved by the semigroup and the resolvent and both the
semigroup and the resolvent are compact.

(iii) Ifoa > 2, N > 3, then the semigroup is generated by (A, Dmax(A)) NCo(RY),
the resolvent and the semigroup map Cp,(RV) into Co(RN) and are compact.

See ([10, Example 7.3]). In particular (ii) will imply that, if ¢ > 2 and N =1, 2,
problem (2.1) cannot be solved in L”. Observe also that (iii) and the discussion
above show that (Tiin(2))s>0 is strongly continuous on Cy (RM).

3. Preliminary considerations in L?

We consider the operator L » = (L, D p) on any domain D p contained in the maxi-
mal domain in L?(R") defined by

Dpmax(L) = fu € L" N W2 . Lu € LP). 3.1)

Note that D) max(L) is the analogous of Dyax (L) for p < co. We are interested
in solvability of elliptic and parabolic problems associated to L. We show that for
certain values of p the equation

Au—Lu=f

is not solvable in L? (RN) for positive A.
In the following proposition we show that functions in D, max (L) are globally
in WP,

Proposition 3.1.

Dpmax(L) = {u € W>P : (1 + |x|*)Au € LP}.
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Proof. 1t is clear that the right hand side is included in the left one. Conversely,
ifu € Dy max(L), then u, Au € LP and we have to show that u € W2P. Let
v € WP be such that v — Av = u — Au. Then w = u — v € LP solves
w — Aw = 0. Since w is a tempered distribution, by taking the Fourier transform
it easily follows that w = 0, hence u = v. O

The next lemma shows that the resolvent operator in L?, if it exists, is a positive
operator.

Lemma 3.2. Suppose that A € p(f,p)for some A > 0. Then for every(Q < f € LP,
—Lpy~'f =0

Proof. By density we may assume that 0 < f € C>°(RV). Suppose first that
A>0 Wesetu = (A — f,p)*lf. Suppose supp f C B(R). Then u satisfies

A —Lu=f

in B(R) and

Au—Lu=0
in RV \ B(R). By local elliptic regularity, see [5, Theorem 9.19], u € Cfog RM).
In RN \ B(R), u satisfies

m(x)Au = e LP(RM).

1+ |x|

By elliptic regularity again ([5, Theorem 9.19]), u € W>?(RN \ B(R)). If p > %,
we immediately deduce u € Co(RN \ B(R)). Otherwise u € LP' (RN \ B(R))

where % = s% - % (with the usual modification when p = N/2). As before

it follows Au € LPY(RN \ B(R)) and u € W>P1(RN \ B(R)). By iterating this
procedure until p; > % we deduce u € Co(RY). Therefore u attaints its minimum
in a point xo € RY. The equality

Au(xo) = m(xp)(1 + |x0l%) Au(xo) + f(x0)

shows that u(xg) > 0, since A > 0,henceu > 0.If L =0 € p(ip), then A € ,o(ip)
for small positive values of A and the thesis follows by approximation. O

Lemma 3.3. Suppose that ) € p(f, p) for some X > 0. Then for every 0 < f €
CC(RN)) ~
=Ly~ f =G~ L) f.

Proof. Let0 < f € CP(RN) and setu = (A — ip)_lf. Lemma 3.2 and its proof
show that 0 < u € Dpax(L). Since (A — Luin) ™! f is the minimal solution, we
immediately have u > (A — Lmin) ! f. O
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In the next two results we assume that L = (1 + |[x|%)A.
Proposition 3.4. Assume thatm =1, N >3, a0 >2and p < % Then ,o(I:p) N
[0, co[= 4.
Proof. Let & > 0 and xp@©) < f =< xB(1) be a smooth radial function. Denote by u
the (minimal) solution of Au — Lu = f in Cy (RN). Observe that from [10, Example

7.3] it follows that the above equation has a unique solution in Co(RM) (not in
Cp(RM)). Hence, since the datum f is radial, the solution u is radial too and solves

N-1,
u(p)>=f(p)-

Au(p) — (1 + p%) (u”(p) +

For p > 1, u solves the homogeneous equation
N -1

Au(p) — (1 + p%) (u”(p) + u’(ﬁ)) =0.
Let us write u as u(p) = n(p)p>~" for a suitable function 7. Elementary compu-
tations show that 7 satisfies

3—N
An(p) — (14 p%) (77”(,0) + Tﬂ) =0 (3.2)

for p > 1. First observe that, since f # 0 is nonnegative, the strong maximum
principle, see [5, Theorem 3.5]), implies that u# (and so 7) is strictly positive. We
use Feller’s theory to study the asymptotic behavior of the solutions of the previous
equation (see [3, Section VI.4.c]). We introduce the Wronskian

P3—-N _
W<p>=exp{—/ - ds}=pN :
1

and the functions

1 P 1 1
= |/‘/ d — N-2 —_ 1
=7 +pa>W(p>/1 s = N a3 :
and
1

. 1% 1  N-3 1%
R(”)_W(")/l drsowm&=r /1 (1 FsaysH 395

Since « > 2 by assumption, we have Q € L'(1, +00) and R ¢ L'(1, 00). This
means that oo is an entrance endpoint. In this case there exists a positive decreas-
ing solution 1y of (3.2) satisfying lim,_. ., 71(0) = 1 and every solution of (3.2)
independent of n; is unbounded at infinity. This shows that our solution u grows at
infinity at least as p>~" and therefore it does not belong to L”(R"). By Lemma
3.3 we deduce that A & p(L ). O

When N = 1,2 and o > 2, then (2.1) is never solvable in L?.
Proposition 3.5. Lerm =1, N = 1,2, a > 2. Then p(L ) N [0, co[= @.

This follows from Proposition 2.2 (ii), using Lemma 3.3. O



310 GIORGIO METAFUNE AND CHIARA SPINA

4. Solvability in L?

In this section we investigate the solvability of the equation Au — Lu = f in L7,
for A > 0. We start with A = 0. Since the equation —Lu = f is equivalent to
—Au(x) = f(x)/m(x)(1 + |x]¥), we can express u and its gradient through an
integral operator involving the Newtonian potential. For f € L? we set

fdy
T = =C 4.1
Jx) =ux) N/RNm<y)<1+|y|“>|x—y|N—2 1)

and
SO —x)dy
gy m(y)(1 + [y[*)|x — y|V

where Cy = (N(N — 2)(1)/\/)_1 and wy is the Lebesgue measure of the unit ball in
RN,

Sf(x) =Vux) =Cn(N —2) 4.2)

We prove a preliminary result which will be useful to prove estimates for the
norm of the operator 7 in L?.

Lemmad4.1. Let2 < 8 < N. Then

1 /‘ dy _ |x|2_’3.
NQ2 - Ny Jry [x —=y[N2[ylf 2= BN - B)

Proof. Set

) 1 / dy
u(x) = .
N2 —N)oy Jry [x —y|N=2|y|P

By writing x, y in spherical coordinates, x = sn, y = rw, with n, o € Sy_1,
s, r € [0, +00), the expression of u becomes

N=1qy
e — d
u(sm) N(z—N)wN /s “’/ 57 — re|N2|r|P

pN-1- 5dr
T N@-Noy N)wN /SNI / 2| N2

_ o ﬂ/ /°° sN - Pk
NQ2 - N)oy N)wN Sy In— N2

By the rotational invariance of the integral,

00 N—1— 'Bdf
“SM = N Mon N)a)N /SN 1 / le) — Ew|V 2

NQ2 - N)wN /RN le1 —yIN 2|ylf”
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where e is the unitary vector in the canonical basis of Sy_j. Therefore u(x) =
C|x|>~# with

1 dy
C = N3 .
N2 — N)woy Jry ler — y|N=2|y|P

To compute the constant C we note that u solves

A 1
u=—:
|x|f
or, in spherical coordinates,
/" B 1 1
u(p)+ u(p) = —5.
0
Inserting u(p) = Cp*P. we getC = m O

In the following lemma we investigate the boundedness of the operators 7', S
in weighted L?-spaces. Even though we need here only the boundedness of T in
the unweighted L”-space, we prove the general result which will be of a central
importance in the next sections.

Lemma 4.2. Leta > 2 and N/(N —2) < p < o0. For every 0 < B,y such that
B<a—-2B8< % —2andy <a—1,y < % — 1, there exists a positive constant
C such that for any f € L?
- 1Pull o gny < ClLENlLo@my:
-1 Vullpreyy < CIF e @y

where u is defined in (4.1).
Proof. Since m(x) > «, it is sufficient to prove the boundedness of T, S when

m=1.
Setx = sn,y = pw with s, p € [0, +00), nw € Sy—1, then

B 1 ©  fpw)pNdp
u(sn) = —— dw ——
N2 - N)wy Jsy_, o (I+p%)|sn—pwl¥~

1 / /OO s*f(sEw) EN 1 dg
NQ@2—=N)on Jsy_, 0o (1+ 65N —Eo|N-2
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We compute the L? norm of | - |Pu(-). We start by integrating with respect to s the
inequality above. We have, using Minkowski inequality for integrals,

1
(/ |u(sn)|psﬂp+N_1ds>p
0
/ /oo SN ld%- /'OO |f(S-’;:(l))|p SN*1+2P+ﬁP ds
_N(N 2)60N Sn-1 In—&wlN=2\Jo (1 +s*6*)P

)
“wov- St 0 jp—goN-26 7 P2 o (+u? |

By recalling that 8 < o — 2 and since

248
(248 N w a-2+48
1+v* “ \a—-2+p8 a+2B8

=

we obtain

00 1 248
(Froros) <2400 2
’ T \a—2+p a+28 NN —2uwy

[ee) N-—1 [ee) %
x/ da)/ d dEN </ |f(va))|1’vN_1dv)
Sv-i 0y — gwN-2g P A0

Let us observe that, by Lemma 4.1 and the assumption 8 < % — 2, we have

1 SN ldf
el M| yAe
NSy oy — gpN-2¢ 7 (4.3)

~ (N+Bp)(Np =N —pp—2p)’
By applying Jensen’s inequality with respect to probability measures

%-N—l

dt do,

cln — EwlN-2¢ 72
where c is the right-hand side in (4.3), we obtain
oo 2 ) 14 p—1

/ Gl PVt gs < (228 b eat ) R
0 a—2+4+p a+2p N(N —2)wy

[e9) N—-1 oo
d
x/ dw/ d SN / | f (vw) [PV~ dv.
Svor o n = gw N2 2 o

Q+Bp
o
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By integrating with respect to  on Sy_1, we obtain

@+p)p _ » 1
/ Iu(x)lplxlﬂpds<<i) (a 2+ﬂ) cP
-2+ 8 a+2B N(N —2)wn

N— ld o)
/ da)/ dn/ § SN / | f (o) PN ! dw.
SN—1 SN—1 0 |n _%‘w|N—2§;+ﬂ+2 0

A simple change of variables gives

/ dnfoo éN_]ds / dn/ ZLN—ldt
Sva 0 gV 2g T Js f— w27

/R”| — N~ 2|y|,,/ 5

By applying Lemma 4.1 again it follows that that

/ |u(x)|"|x|ﬂpdxscp/ ()17 dx
RN RN

with
2 248
_ D ( 2+ 8 ) « a—2+8 4.4)
(N+Bp)(Np—N —Bp—2p) \aa—2+p a+28 :
The L? norm of | - |¥ Vu(-) is estimated in a similar way. O

By the previous lemma, the following estimate for the L”-norm of the operator
T immediately follows.

Corollary 4.3. Leta >2and N/(N —2) < p < 0o. Then

R

o—2 p?

1T, <« :
oa—2 a N(WNp—-N-2p)

Proof. The estimate follows by setting f = 0 in (4.4) and estimating m from below
with «. 0

Remark 4.4. The estimate with the constant C given by (4.4) is stable as p — o0
only if 8 > 0. On the other hand, the operator T is bounded also in L*> (and
its norm will be computed later in Proposition 6.4). It is possible to prove that
the operator 7 (with B = 0) is of weak-type p — p with p = N/(N — 2) and
then interpolate between N /(N — 2) and oo to obtain stable estimates for large p.
The weak-type estimate is deduced as follows. Write T f as the Riesz potential I,
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applied to the function f(x)/(1 + |x|¥) to get, using the classical estimate of the
Riesz potentials through the Hardy-Littlewood maximal function M,

110 22N ()
ITf(x)| <C <M <_1 - |a‘) <x>) amT

2/N

1

then Holder inequality to control the L'-norms in terms of the LY/N=2)_norm of
f and the weak 1 — 1 estimate for M. Such a proof works only for § = 0 and gives
constants depending on those of the Marzinkiewicz interpolation theorem and of
the Hardy-Littlewood maximal function.

We can now prove the invertibility of L on D) max(L), defined in (3.1).

Proposition 4.5. Let o > 2 and N/(N — 2) < p < o0o. The operator L is closed
and invertible on Dy max(L) and the inverse of —L is the operator T defined in
4.1).

Proof. The closedness of L on D), nax (L) follows from local elliptic regularity. If
u € D) max(L) satisfies Lu = 0, then Au = 0 and then u = 0, since u € LP.
This shows the injectivity of L. Finally, let f € L? and f, € C®[R") be such
that f, — fin L?. Thenu, = Tf, — u = Tf in L?, since T is bounded (apply
Lemma 4.2 with 8 = 0). By elementary potential theory

Su(x)
m(x)(1 + |x[%)

hence u, € Dy max(L) and Lu, = f,. By the closedness of L, u € D) max(L) and
Lu=f. O

Auyp(x) =

Theorem 4.6. Let « > 2, N/(N —2) < p < oo and . > 0. The operator
A — L is invertible on D, max (L) and its inverse is a positive operator. Moreover, if

feLPNCyRN), then (A — L)™' f = (O — Lonin) ' .

Proof. Let p be the resolvent set of (L, D max (L)) and observe that the proposition
above shows that 0 € p. Lemma 3.2 with D= D) max(L) shows thatif 0 < A € p,
than (.— L)~ > 0 and hence, by the resolvent equation, (A—L)_1 < (—L)_1 =T
and therefore

I = L)~ < Tl (4.5)

where the norm above is the operator norm in L?. Let E = [0, oo[Np. Then E
is non empty and open in [0, co[, since p is open, and closed since the operator
norm of (A — L)~! is bounded in E. Then E = [0, oo[. To show the consistency
of the resolvents we take f € C°(RV) and let u = (A — L)™' f. As in Lemma

3.2 we see that u € Co(RY) N CP(RN) forany B < 1. If supp f C RV \
B(R), then the equation Lu = Au holds outside B(R) and shows that u belongs
to Dmax (L) N Co(RY), which is the domain of Ly, in Co(RY), see Proposition
2.2 (iii). Therefore (A\ — Liin) ™' f = u = (A — L)™' f. By density, this equality

extends to all functions f € L? N Co(RN). O
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It is worth mentioning that the resolvents of L in L? and L are consistent,
provided that p,g > N/(N — 2). This easily follows from above, together with
a simple approximation argument, since both resolvents are consistent with (A —
Lmin)~'. Observe also that estimate (4.5) shows only that the resolvent is bounded
on [0, ool and is not sufficient to apply the Hille-Yosida theorem and prove results
for parabolic problems.

5. Domain characterization

The main result of this section consists in showing that, for N > 3,1 < p < oo,
2 <a < N/p’, the maximal domain D, max(L) defined in (3.1) coincides with the
weighted Sobolev space D, defined by

D, ={ueW 2 FRMNLY RN ):(1+1x | 2)u, (14 |* ") Vur, (14Hx[*) D>ueL? (RV))
and endowed with its canonical norm

lullp,)
=1+ X172 ull Loy + 1+ 151DVl oy + 1A+ 12 D2l Lo vy

As a tool we shall also use the space

A

DP
—(ueW2PRMNLP RN : (14 x| D), 14+ x| HVu, (14-|x|%) Au e LP (RN )

loc

endowed with its canonical norm, too.

Remark 5.1. Observe that the assumption 2 < o < N/p’ forces p to be strictly
greater than %, according with Proposition 3.4. Observe also that the condition

a < N/p'isequivalentto p > N/(N — ).

Lemma 5.2. The space C°(RY) is dense both in D, bp with respect to their
canonical norm.

Proof. We give a proof for D, that for D p» being identical. Let us first observe
that a function u € W?P?(R") with compact support can be approximated by a
sequence of C* functions with compact support, in the D(A,) norm. Indeed, if
pon are standard mollifiers, u, = p, xu € C?O(]RN), supp u, C supp u + B(1)
forany n € N and u, — u in D, since (1 + Ix[72), (1 + |x|*7Y), (1 + |x|%)
are bounded (uniformly with respect to n) on supp u + B(1). Next we show that
any function u in D, can be approximated, with respect to the norm of D, by a
sequence of functions in W2?(R") each having a compact support. Let 5 be a
smooth function such that n = 1 in B(1), n = 0in RV \ B(2),0 < 5 < 1 and set
n(x) =n (%) If u € Dy, then u, = n,u are compactly supported functions in
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W2P(RN), u, — uin LP(RN), (1 + |x[*"2)u, — (1 + |x|*"Hu in LP(RY) by
dominated convergence. Concerning the convergence of the derivatives we have

1 X X
(L "DV, = — (1 + x[*"HVy (;) w+ (1+ x| n (;) Vu.
As before,

(1 + [x|* Ny (f) Vu — (1 4+ |x[*"HVu
n

in L?(RY). For the left term, since V7 (x/n) can be different from zero only for
n < |x| < 2n we have

1 _ X -
() [ (5l = €+ 1Dl st <2,

and the right hand side tends to 0 as n — oo. A similar argument shows the
convergence of the second order derivatives (or the Laplacian) in the weighted L”
norm. 0

We now prove that L is closed on D, and that D), = D -

Proposition 5.3. Assume that2 < o < N/p'. Then D, = ﬁp and there exists a
positive constant C such that for any u € D),

(L + 112Dl oy + 1L+ I Vall oy + 1+ 1) D22l vy
< CllLullpr@wn)-

Proof. Letu € C2°(RV) and set f = —Lu. Then

Au() = — D
m(0) (14 [x]®)”

By elementary potential theory, u is given by (4.1). By setting § = o — 2 and
y =« — 1 in Lemma 4.2 and since o < %, we deduce that

1+ 12l eny < CllLull oy < Cllull

and
I+ =) Vall ey < CllLul oy < Cllulp,

forevery u € CX° (RM). In order to prove the estimates of the second order deriva-
tives, we apply the classical Calderén- Zygmund inequality to (1 + |x|*)u and the
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estimates of the lower order derivates obtained above. We deduce

11+ 1x1%)D?ull Lp @,
< C@[ID*(( + x|l . gwy)
1A+ D Vul oy + 11X+ 151 Dull Lo @ |
< C(N, p, )[IIA + [xV) |l Loy + I Lull Lo )]
< C(N, p, )[II(1 + x|*) Aull L p@ny + I Lull Lo @n ]
< C(N, p,)l|lLullLp@vy < C(N. p.a)ullp -

We have therefore proved that the graph norm of L, the Dj,-norm and the D p-norm
are all equivalent on CZ° (RM). Since, by Lemma 5.2, C° (RV) is a core both for
D, and D p» the proof is complete. O

Finally we characterize the domain of L.

Theorem 5.4. If2 < a < N/p/, then D, coincides with the maximal domain in
LP?, that is

2
Dp={uel?NWyl: LuelLPl}

Proof. The inclusion D), C Dj max(L) is obvious. Since the inverse of the oper-
ator (L, Dp max(L)) is the operator —7 defined in (4.1), see Proposition 4.5, it is
sufficient to show that T maps L? into D,. Let f € L? and u = Tf. We use
Lemma 4.2 with § = o — 2 and y = o — 1 and the equality Lu = — f to deduce
that u € D,. Since D, = D,, the thesis is achieved. O

Next we show that if m = 1 and « > N/p’ then D,, is properly contained in
Dp max(L). This fact depends simply on the decay at infinity of the fundamental
solution of the Laplace equation, together with the invertibility of L.

Proposition 5.5. Letm =1, N >3, p > N/(N —2),« = N/p'. Then D, is a
proper subset of Dp max(L).

Proof. Observe that o > 2. Let xp1) < f < xB(2) be a smooth radial function.
Denote by u the unique solution in D) max(L) of Lu(p) = (1 + p%) f(p), see
Proposition 4.5. Since the datum f is radial, by uniqueness, the solution u is radial

too, hence it solves
N -1

u”(p) + u'(p) = f(p).

For p > 2, u solves the homogeneous equation

N -1

u”(p) + u'(p) =0,
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hence it is given by u = cp>~ " for some positive ¢ (note that ¢ > 0 by the strong
maximum principle [5, Theorem 3.5]). Then

o0
fR N+ xRl = /2 (14 p*2)P pP@=N) N1 g
0
> C‘/z ppa—Np—t-N—ldp.

The last integral converges if and only if ¢ < %. In a similar way one can show

that (14 [x|*~")Vu and (1 + |x|*) D?u are not in LP(RN). O
A partial characterization of D), max(L) can be obtained from Lemma 4.2.

Proposition 5.6. LetN >3, p > N/(N=-2),a > N/p'. If0 < B < N/p'—2and
0<y < N/p —1,then |x|Puand |x|Y Vu belong to L?, for every u € Dy max (L).

Proof. This follows immediately from Lemma 4.2, since the operator —7 defined
in (4.1) is the inverse of (L, Dp max(L)). Ll

Observe that for 8 = y = 0 the above result has been already proved in
Proposition 3.1.

Ifa > N/p',a > 2, then C2°(RV) is not a core for L. This fact also gives
D # Dp max(L) in this case.

Proposition 5.7. Leta > N/p'. Then L(C°(RY)) is not dense in L (RV).

Proof. 1t is sufficient to observe that 0 £ eLV (RN) and

1
m(x)(1+]x[|*)

L
/ —M dx = / Audx =0
av m@) (1 + ) T o

for every u € C° (RM). O
Proposition 5.8. Leta = N/p'. Then L(C>°(RN)) is dense in LP (RV).

Proof. Let g € L' (RN) such that

/ gLudx =0
RN

for every u € C° (RM). It follows that A(gm(1 + |x|%)) = 0 in the distributional
sense, hence in a classical sense. Set A(x) = g(x)m(x)(1 + |x|¥). Since & is an
harmonic function, it satisfies

C
IVh(O)If—f \hldax
RN+1 B(O.R)
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for every R > 0. By assumption g = € LP' (RN), therefore Holder’s

inequality yields

___h
m(x)(14]x]%)

C A ~N-1+Y 4o
Vh0)| < —— 1+ |x|%dx <CR P
VEO = o /B<0,R>1+|x|a( 1xI%)

_N_
—CR* 7 '=cr"

Letting R to infinity, we deduce that |VA(0)| = 0. In a similar way one proves
that |Vh(xo)| = O for every xo € RN It means that » = C for some constant C
and g = m € LP/(RN). Since o = N/p’, then C = 0 and the proof os
complete. U

It can be proved that the a-priori estimates of Proposition 5.3 for p = 2 still
hold in CZ*° (RM) if « # N/2 and m = 1. However, since cx (RN) is not a core
for (L, Dy max(L), for ¢ > N /2 they do not extend to the domain of L. Next we
show that the a-priori estimates fail even in C2° RNy if « = N/p’, which is a core
by the Proposition above.

Proposition5.9. Letm = 1, p > N/(N —2), N > 3, a = N/p'. Then the
estimates in Proposition 5.3 do not hold on C° (RM).

Proof. Observethata > 2. LetR >2,¢ € C* (R™) be a radial function such that
¢ =1in B(R)\ BQ2).¢ = 0in BAY)U(RY \ B2R)). [9yllcc < §. [94]lo0 < &
and set u(p) = ¢prp> N, N > 2. Thenu € C(?O(RN) (we omit to indicate the
dependence of u on R) and

Au=u"+ W' =¢r(0)p" N + B = N)pr(p)p' V.

A straightforward computation shows that, for o = %,
/ (lul” +1(1 + x|*) Aul?) dx < C
RN

with C independent of R. On the other hand u’(p) = ¢}, (p)p* N +pr(2—N)p'—N
and

o0
/ (14 p* " HP N1 ()7 dp
0

2R
= [T
1

The last integral tends to co as R — 00 since

300> + pr2 — N)p'N|" ap.

2R
)4
/ (14547 0% |or@— M)p' ¥ do = Clog k.
1
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Therefore the L”-norm of (1 4+ |x|*~1)Vu cannot be controlled by the LP-norms
of u and Lu on C° (R™) Similarly one shows that the L”-norm of (1 + |x|*)D?u
cannot be controlled by the L”-norms of u and Lu. O

6. The operator in Co(R")

Let
D(L) = Dmax(L) N Co(RY)

be the generator of (Tmin(¢))s>0 in Co, see Proposition 2.2 (iii) and note that we
need the only restriction N, @ > 2. As in the LP-case we give a description of the
domain when @ < N and a partial description when & > N. We need the analogous
of Lemma 4.2 for p = 0o

Lemma 6.1. Lety, 8 > Osuchthaty < N andy + B > N. Set

J(x) —/ dy
S Jry I = yP (L4 |ylF)

Then J is bounded in RN and has the following behaviour as |x| goes to infinity

cilxN-0B) if B <N
J(x) = { colx| 7 loglx| if B=N
a3lx|™Y if B>N

for suitable positive constants ci, 2, 3.

Proof. Since W and W are radial decreasing J(x) < J(0) < oo. In order to

prove the asymptotic behaviour, we write J in spherical coordinates. Set x = s7,
y = pw with s, p € [0, 400), nw € Sy—1, then

[e'e) N—-1
pdp
J = d
G /;Nl ‘”/o (I + p)ls7 — pol V2
_/ da)/oo SN%-N—I d%‘ _/ dw/oo sN—ygN—l dé
s Jo sTA+GEOP)n—tol” s, Jo (1 +5PEP)er —Ewl
% SN_VSN_I d%- [ee) SN_VEN_I d:i:
= d d .
/le ‘”/o (1+sﬂsﬂ>|e1—sw|y+fsw ‘“/ (I + sPEP)Jer — Ewl?
1 N—ygN—1
2 s & d&
J = d
em /s ‘“/o (1 +5PEP) e — £al”

o] SN_VSN_ldg
J = d .
2 /SN_I ‘”/ (1 + 5PEP)ler — fwol?

Set

and
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Concerning J>, we have

lim s?tF=Np, / /oo £ 1 de / D _c.p
s=>+oo Sn-1 EPler—Ewl”  JrV\po.1) IyIPler — 17

for some positive contant C. Therefore
Jr(x) = C|x|N=0+h (6.1)

as |x| — oo. Let us estimate the remaining term. We have

p i sN=veN=1 g¢ ) N-1 gy
Ji(sm) = w/ B / / :
! sy Jo (+sPEP)e1—Ew|” sy Jo (L+tB)|er — Lo’

Since 1 5 =< ’el — —a)| < %

; _y/% N1 ar ;
c <s <c
1J1 = ATET 2J1

for some positive c1, ¢>. Evidently

S N1 gy IsIN- B if B < N,
s_V/ ———— >~ { |s| Vloglx| if B=N,
o A+eP) | g~ if B>N

as s goes to infinity. From (6.1) and the last estimate the aymptotic behaviour of J
follows. O

The following two results are deduced from the lemma above as Theorem 5.4
and Proposition 5.6 are deduced from Lemma 4.2.

Theorem 6.2. Let2 < o < N. Then
D(L) ={ueCo: (1+|xI*2u, (1+x[*HVu, 1+ |x|*)Au € Co}

Proposition 6.3. Let N >3, > N.If0<B8 <N —2and0 <y < N — 1, then
for everyu € D(L), |x|Pu and |x|Y Vu belong to Cy.

Finally, in the case when m = 1, we compute the operator norm in Cy of the
operator T = (—L)~" defined in (4.1)

Proposition 6.4. I[f N > 3 and o > 2 then

T
(2
(N —2)a sin <—n)
o

ITlloo =
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Proof. We have

1 1
Tf=——— sup J(t) = ————J(0
7= NN Doy 207 = ¥ ey’ ©

. 1 / dy
NN = 2oy Jry [yIN=2(1+[y[*)

Since
1 / dy /oo sN—l
= —————ds
Noy Jev [yIN 20 +y14) Jo s¥72(1 +5%)
1 [ e T
a Jo 141 . (2 )
asin| —x
o

the proof is complete. O

7. Discreteness and location of the spectrum

Throughout this section, to unify the notation, when p = oo, L? stands for Cy and
D max (L) for D(L).

Proposition 7.1. [f N/(N —2) < p < 00, 2 < a < 00, then the resolvent of
(L, Dp max(L)) is compact in LP.

Proof. Let us prove that D, nax (L) is compactly embedded into L? for p < oc.
Let U be a bounded subset of D) max(L). Fixing0 < g <« —2, N/p’ —21in

Lemma 4.2 we obtain flRN |(1 + |x|#)u|? < M for some positive M and for every
u € U. Then, given ¢ > 0, there exists R > 0 such that

/ lul? < &?
|x|>R

for every u € U. Let U’ be the set of the restrictions of the functions in U to B(R).
Since the embedding of WP (B(R)) into LP(B(R)) is compact, the set I/’ which
is bounded in W2?(B(R)) is totally bounded in L”(B(R)). Therefore there exist
neN, fi,..., fn € LP(B(R)) such that

U | Jir e LPBR) : NIf = fillowwy < &)
i=1

Set f; = f; in B(R) and f; =0in RY \ B(R). Then f; € L?(R") and

US| JIf eL?®RY): NIf = Fillrw < 26).
i=1
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It follows that Z{ is relatively compact in L? (R"). The compactness of the resolvent
of (L, D(L)) in Cq follows similarly from the results of the previous section or from
([10, Example 7.3]). ]

Clearly, the spectrum of L consists of eigenvalues. Let us show that it is inde-
pendent of p.

Corollary 7.2. If N/(N —2) < p < 00, 2 < a < 00, then the spectrum of
(L, Dp max (L)) is independent of p.

Proof. Let p,, p; be the resolvent sets in L?, L9, respectively. Then 0 € p, N
pq and the inverse of L in L” and in L7 is given by the operator —7 defined in
(4.1), see Proposition 4.5. This shows the consistency of the resolvents at 0 and,
since p, N pg is connected, the consistency of the resolvents at any point of p, N
Pq» see [1, Proposition 2.2]. An application of [1, Proposition 2.6] concludes the
proof. O

In order to have more information on the spectrum of L, we introduce the Hilbert
space L2, where du(x) = (mx)(1+ |)c|‘)‘))_1 dx, endowed with its canonical
inner product. Note that the measure u is finite if and only if « > N. We consider
also the Sobolev space

H={uelL:VuelL?

endowed with the inner product
(u,v)g = / (uvdu + Vu - Vo dx)
RN

and let V be the closure of C2° in H, with respect to the norm of H. Observe that
Sobolev inequality
lul3- < C31IVull; .1y

holds in V but not in H (consider for example the case where « > N and u = 1).
Here 2* = 2N /(N — 2) and C; is the best constant for which the equality above
holds.

Lemma 7.3. If o > 2, the embedding of V in Li is compact.

Proof. The proof is very similar to that of Proposition 7.1 once one notes that on
any ball B(R) the measure p is bounded above and below from zero. Therefore, it
suffices to show that given I/ a bounded subset of V and ¢ > 0, there exists R > 0

such that
f |u|2d,u <&
|x|>R

for every u € U. This easily follows from (7.1) since

1-2
WP dp < k! #rdx) .
n =<k [u] X N ax - O
Ix|>R x|>R bel>R (1 4 |x]¥)2

2|
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Next we introduce the continuous and weakly coercive symmetric form
a(u,v) = / Vu-Vvodx (7.2)
RN
for u, v € V and the self-adjoint operator £ defined by

D(E):{ueLi : there exists f € Li ta(u,v)= —/ fvdu forevery v € V}
RN
Lu=f.

Since a(u, u) > 0, the operator £ generates an analytic semigroup of contractions
in '~ in Li. An application of the Beurling-Deny criteria shows that the generated
semigroup is positive and L°°-contractive. For our purposes we need to show that
the resolvent of £ and of (L, D), max(L)) are coherent. This is done in the following
proposition.

Proposition 7.4.

D(L) C{ueVNWel:(1+|x|) Au e L2}

loc

and Lu = m(x)(1 + |x|%)u foru € D(L). If » > 0and f € LP N L,Zp then

-0 'f=0-0D7"f

Proof. The first part of the proposition easily follows from local elliptic regularity,
testing with any v € CZ° in (7.2). To show the coherence of the resolvents we
consider f € C°, supp f C B(R)andu = (A — Luin) "' f. Then u € D(L)

solves
AU

1+ [x|®

m(x)Au =

outside B(R) and is a C2-function. Theorem 4.6 implies that u € D) max(L) for
every p > N/(N —2). If N > 4, then u € Dy max(L) hence Vu € L?, see
Proposition 3.1, and clearly u € L/a. This yields u € H but not yet u € V. To show
that u can be approximated with a sequence of C2°-functions, in the norm of H, we
fix a smooth C® function n such that » = 1 in B(1) and n = 0 outside B(2) and
set n,(x) = n(x/n). Clearly n,u — u in Li. Concerning the gradients we have

V(nau) = n,Vu + uVn,. The term 1, Vu converges to Vu in L2, since Vu € L?
and we have to show that uVn, — 0 in L2. Since u € L? we can use Holder’s
inequality to deduce

2
C AT
/ ul? Vi *dx < = ul*dx < C (/ Jul? ) (7.3)
RN n= Jn<|x|<2n n<|x|<2n
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which tends to zero as n — oo. This shows u can be approximated with a sequence
of W2 compactly supported functions and to produce a sequence of smooth ap-
proximants it is now sufficient to use convolutions. Then u# € ) and, by integration
by parts,

a(u,v) = —(hu = f,v)2,

that is u € D(L) and Au — Lu = f. By density, this shows the coeherence
of the resolvents of Ly, and £ for A > 0, hence of £ and (L, Dp max(L)), see
Theorem 4.6. The cases N = 3, 4 require some variants, since p = 2 does not
safisfy the inequality p > N /(N — 2). To show that u belongs to Li we use the
fact that u € L? with p = 2N /(N — 2) and therefore

2
2 -1 e = ! "
lul“du <k |u| -2 dx —dx .

RN RN RY (1 +|x[*)2

Next we show that Vu belongs to L2. Since u € C? and

/ Vqudx:/ A — fHudu
RN RN

for every v € C2°, the same equality holds for every v € W' having compact
support. Taking v, = n,u we get

/ nHIVulzdx =/ (Au—f)nnudu—/ uVu - Vn, dx.
RN RN RN

Since

1
/ uVu - Vn, dx = ——/ |u|2Ann dx
RN 2 RN

we can proceed as in (7.3) to show that this term tends to zero and hence Vu € L?.
From now one, the proof proceeds as in the case N > 4. O

We can now strengthen Corollary 7.2.

Proposition 7.5. If N/(N —2) < p < 00,2 < o < 00, then the spectrum of
(L, Dp max(L)) lies in ] — 00, 0[ and consists of a sequence A, of eigenvalues,
which are simple poles of the resolvent and tend to —oo. Each eigenspace is finite
dimensional and independent of p.

Proof. Since the resolvents of (L, Dp max(L)) and (L, (D(L)) are coherent and
compact in L?, Li, respectively all the assertions except the density of the eigen-

fuctions follow from [1, Proposition 2.2] (see also [9, Proposition 5.2] for more
details). ]
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Observe that 0 is in the resolvent set of L, since it is injective. This is clear in
L? or Cy because Au € L? implies u = 0. However, constant functions are in H
if @ > N and this explains why we work with V (constant functions are never in V),
since V embeds into L2*).

Next we show some methods to estimate the first eigenvalue A1, when m = 1.

Proposition 7.6. Let L = (1 + |x|*)A. The following estimates hold

2

_2\a —2)2

A < _(oz . 2> a (N-=2) (7.4)
oa—2 4

and
! (2 )
asSm| —mw
A < —(N—-2)— % /. (1.5)
T

Proof. By Corollary 4.3, we obtain

2

||L1||§< ) .
o—2 o N(Np—N —2p)

By classical spectral theory then

2
— 2\« N(Np—N -2
ol = (¢ a NWNp p)
2 oa—2 p?

The function appearing on the right hand side attaints its maximum for p = 2__}\/2

where it reaches the value
2
a—2\e a (N-2)2
2 o —2 4 '

Since the spectrum of L is independent of p we obtain (7.4). (7.5) is obtained in a
similar way from Proposition 6.4. O

2
a—2\e «
2 o—2
is always greater than or equal to 1, and it is 1 for « = 2, co. Then (7.4) improves
the estimate A; < —(N — 2)?/4 which can be obtained using the classical Hardy

inequality. On the other hand (7.5) is better than (7.4) for large o and small N, but
worse for « close to 2 or large N.

Observe that the coefficient
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Since L is self-adjoint in L2, its eigenvalues can be computed through the
Raleigh quotients and, in particular,

—Al =min{/ |Vu|2dx:/ luldp = 1}.
RN RN
, . 1-22 1 2/N
< .
/RN ul du < (/RN ul dx) (/RN (]+|x|a)N/2dx>

) 5 1 2/N
= Z/RN' v x(/w (1 + [N x)

it follows that —A; > (C%L(oz))_1 where Cj is given by [14] and

1 2/N
v = (o armme)

Obesrve also that, when o« — oo, then (formally) A tends to the first eigenvalue of
the Dirichlet Laplacian in the unit ball.

Since

8. Dissipativity in L7

In this section we show that L = (s* 4+ [x|¥)A, s > 0, generates an analytic
semigroup in L?, for large p, which is contractive in a sector. Our proof works for
more general operators like a(x) A whenever a(x) satisfies the following pointwise
estimates

IVa@)| < alx|*! x| < a(x). (8.1)

Observe that the condition @ < (p—1)(N —2) in the next Theorem can be rewritten
asp>(N+aoa—2)/(N—-2).

Theorem 8.1. Let N >3, p > N/(N —2),2 <a < (p— D(N —2). If(8.1)
holds, then (L, Dp max(L)) generates a positive semigroup of contractions in LP.
Ifa < (p— 1)(N — 2), the semigroup is also analytic.

Proof. Observe that the positivity of the semigroup follows from Lemma 3.2, once
its existence has been proved. Take f € LP(RY), p > 0, » € C and consider the
Dirichlet problem in L?(B(p))

{ku—Lu = f in B(p),

u=20 on 0B (p). (8.2)

According to [5, Theorem 9.15], for A > 0 there exists a unique solution u, in
w2p (B(p)) N Wol’p (B(p)). In order to show that the above problem is solvable
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for complex values of A and to obtain estimates independent of p, we show that
eHOL is dissipative in B(p) for 0 < 6 < 6y and a suitable 0 < 0y < 7w /2. Set
u* =Tupluyl? ~2. Multiply Lu p by u* and integrate over B(p). The integration by
parts is straightforward when p > 2. For1 < p < 2, |up|f”_2 becomes singular
near the zeros of u,. It is possible to prove the integration by parts is allowed also
in this case (see [8]). Notice also that all boundary terms vanish since u, = 0 at the
boundary. So we get

/ Lu,u*dx = —/ a(x)|u,|P~* Re (1, Vu,)|*dx
B(p) B(p)
—/ a(x)|u, P~ Im (@1, Vu,)|>dx
B(p)
—/ Uy |P~Va(x)Vudx—(p — 2)/ a(x)|up|P~*i,Vu, Re (1, Vu,)dx.
B(p) B(p)
By taking the real and imaginary part of the left and the right hand side, we have
Re </ Lu, u*dx) =—(p—1) a(x)|u,|P~* Re (i1, Vu,)|>dx
B(p) B(p)
—/ a(x)|up|P~*|Tm (@, Vu,)|*dx
B(p)
—f lup|P2Va(x) Re (#,Vu,) dx;
B(p)
Im </ Lu, u*dx) =—(p— 2)f a(x)|u,|P~* Im (@, Vu,) Re (i1, Vu,)dx
RN RN
- / |up|p_2Va(x) Im (4, Vu,) dx.
RN

By Hardy’s inequality as stated in Proposition 9.10,

/ |up|P2Va(x) Re (u,Vu,) dx
B(p)

1 1
< p—4 ..o Re (. V 2d 2 P (x—Zd 2
<a lupl® x| Re (up Vup)|“dx lupl®|x] x
B(p) B(p)

50{/ lup|P72|x|* "1 Re (5, Vu,)|dx
B(p)

oap -4 1@ - 2
< — up| P~ x|*|Re (u,Vu,)|“dx
N+Ol—2/3(p)|p| lx["| Re (1, Vu,)|
oap —4 — 2
<— uy,|P"a(x)|Re (u,Vu,)| dx.
_N+a—2/;;(p)|p| (x)|Re (upVu,)|
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It follows that

op —4
—Re (/ Lu u*dx)Z(p—l—7>/ a(x)|uy|? " |Re (u,Vu )| dx
Bo) N+a—=2)]p(p) g P

+f a(x)|u, [P~ Im (@, Vu,)|>dx
B(p)

‘Im (/ Lu, u*dx)‘
B(p)

<(p-2) ( /B " |up|P~*a(x)| Re (ﬁpwp)ﬂdx)z
P

and

X (/ |u,,|P4a(x)|1m(ﬁpvup)|2dx)
B(p)

+ oz/ lup| P72 1x|* 7 Im (5, Vu,)| dx
B(p)

op —4 = :
= (r-2 e ms) ([, oo mvantas)

1

2
x (f lup|P~*a(x)| Im (ﬁpwp)Fdx)
B(p)

Setting
B2=/ lup|P~*a(x)| Re (1, Vu,)|dx,
RN
czzf lup|P~4a(x)| Im (&, Vu,)|?dx,
RN

we proved that

op 2 2
—Re L *dx | > —-1-——— B C
([ owea) 2 (p=1- 535 =5) 27+

* ap
Im Lu,u*dx || < -2+ ——— ) BC.
' (/I;(p) g ) _(p N+O‘_2)

Observe that, p — 1 — Nﬂ 2 is positive for ¢ < (N — 2)(p — 1). In this case it is
possible to determine a positive constant /,, independent of p, such that

<p—1—L>BZ+szla<p—2+L>BC

and

N+a-—2 N+oa-—2
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and, consequently,

‘Im (/ Lu, u*dx) <! {—Re (/ Lu, u*dx)} .
B(p) B(p)

If tan Oy, = [y, then e L is dissipative in B(p) for 0 < # < 6,. The previous
computations give also the dissipativity of L if « = (N —2)(p—1). Let us introduce
the sector

Yo ={LeC\{0}:|ArgA| < /2 + 0}.

It follows from [12, Theorem 1.3.9], that problem (8.2) has a unique solution for
every A € g and 0 < 6 < 6, and that there exists a constant Cyg, independent of
p, such that the solution u, satisfies

Co
lupllr i) < m||f||LP- (8.3)

In the case @« = (N — 2)(p — 1) the solutions u, exist for Re A > 0 and satisfy the
estimate

1
lupllLe By < m”f”ut

Next we use weak compactness arguments to produce a function u € D max(L)
satisfying Au — Lu = f. For definiteness, we consider the case « < (N —2)(p—1),
the other one being simpler, and fix A € Xg, with0 < 6 < 6,.

Let us fix a radius r and apply the interior L? estimates ([5, Theorem 9.11])
together with (8.3) to the functions u, with p > r + 1

lupllw2rpey < Cillldup — LupllLese+1) + luplliLese+in] < Call flle.

By weak compactness and a diagonal argument, we can find a sequence (p;,) — o0

such that the functions (u,,) converge weakly in Wé’cp to a function u. Clearly u
satisfies Au — Lu = f and, by (8.3)

Cy
lullLr < mllfllu)- (8.4)

In particular 4 € Dj max(L). To complete the proof we need only to show that
A — L is injective on D, max (L) for A € Zy. Let

E={r>0:Z9gNB) C p(L, Dp,max(L))}

and R = sup E. Since 0 is in the resolvent set, by Proposition 4.5, R is positive.
On the other hand the norm of the resolvent exists in B(R) N ¥y and is bounded by
Co/|A[, by (8.4), hence cannot explode on the boundary of B(R). This proves that
R = 00 and concludes the proof. O
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Finally we show that the condition on o < (p — 1)(N — 2) is necessary for the
dissipativity.

Proposition 8.2. Suppose that the operator L = (s*+|x|*)A, s > 0, is dissipative.
Theno < (p — 1)(N —2).

Proof. Suppose L dissipative. Then, for every u € D), max(L), u real-valued,
/ (s + |x|YululP 2 Audx < 0.
RN

If u above is in C2°, we may integrate by parts twice and, using the identity V|u|? =
pululP~Vu, we get

Ply|2d—2 p(p / o p—2
/Rlul X" dx 7(N+a_2) (s* + 1xI)ulP 2| Vul*dx. (8.5

By applying (8.5) to u(x-), for A > 0, we obtain

Dly1a—2 p(p / oy p—2
/R lu ()P |x]" 7" dx < 7(N+a—2) (2% + x| |ul P2 Vu(x)[* dx.

Letting A — 0 we get

Pl 1a—2 p(p / p—2 2
/]R | ()| P x "7 dx 7(N+a—2) | |* |l P~ Vu(x)] " dx

for every u € C°(RYN) and, by density, for every u € W7 (RV) with compact

2
support. Since (m) is the best constant in Hardy’s inequality above (see
Proposition 9.10), we obtain

p(p—1) >( P >2
aoN+a—-2) " \N+a-2) "~

which implies ¢ < (p — 1)(N — 2). [

9. Analyticity in L”

In this section we prove that (L, D, max(L)) generates an analytic semigroup in L?,
for every N/(N — 2) < p < oo. The results of the preceeding Section show that
this is the case if p > (N +a —2)/(N —2) and L = Ly = (s* + |x|*)A; they are
the starting point of an iteration procedure which proves the result, together with
perturbation and scaling arguments.

In order to motivate the next lemmas we explain the main ideas behind the
proof.
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Fors > Olet I, : L? — LP defined by I;u(x) = u(sx). Clearly I; is invertible
with inverse /-1 and || l;ul|, = s_N/l’||u||p.
Since L| = 52’“‘ISLSIS’1 if A € C, . = row with w in the resolvent set of Ly,

then the equality
2—a
s —1
A—lelsr(a)— )IS
’

A= Lill £ =l = L)L
||
In order to make this argument rigorous, we need information on the resolvent
sets of Ly and estimates on the norm of (w — Ly)~! which are independent of
0 < s < 1. Formally we can define L also for s = 0. Lg is scale invariant
ie. Lo = s %I,Lol ;1 but is singular at 0 and it would lead to extra difficulties
due to the lack of regularity at the origin. For this reason we shall assume that
s > 0. To treat the singular limit at O we introduce, for 0 < s < 1, the operators
Mg = ag A, where ag(x) = s% + |x|* for |x]| < 2 and a4(x) = s% + 2%, for |x| > 2.
Observe that the operators M, have bounded coefficients. Similarly, to investigate
the behavior for large |x|, we set Ny = bs(x)A, where bg(x) = 1 + s* for |x]| < 1
and bs(x) = s% 4 |x|* for x| > 1.
For0 <0 < m, p > 0, we denote by ¥ , the closed set

yields the decay

Y00 ={r€C:|A| = p, |Argir| < 6}.

Let (L, D) be the operator aA with D = D), nax(L) on L?, where a is bounded
below from 0. Wa say that (L, D) satisfies P(6, p,C,y), where C,p > 0,y >0
and 0 < 0 < 7 if Xy, C p(L) and for every A € Xy , the following estimates
hold

16— 1)1 = — ©.1)

A '

Finally, (L, D) satisfies P(0,p,R,C,v,8), R > 0,8 € Rifitsatisfies P(, p, C, y),
a(x) < C for x € C(R) and moreover

_ C
(A —L) 1||Lp—>Wl,p(c(R)) = [EVEk 9.2)

Here C(R) = B(2R) \ B(R) and the last norm is understood as the operator norm
from L? to WP (C(R)).

Clearly, L generates an analytic semigroup if and only if P (6, p, C, y) holds
forsome 6 > /2,y = 1.

Lemma 9.1. Let L1 = a1A, Ly = axA satisfy P(@, p, R,C, y,§) in LP, with
8 > 0. Assume that aj(x) = ax(x) for R < |x| < 2R and let L = aA with
alx) =a;(x) if |x] < Rand a(x) = ax(x) if |x| = R. If there exists Ly > 0 such
that . — L is injective for . > Ao, then L satisfies P(0, p1,C1, y) in LP, where
p1, C1 depend only on p,0,p,R,C, vy .
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Proof. Observe that the domains of L and L, coincide. Let 0 < 5y, np < 1 be
positive C*°-functions supported in B(2R) and RV \ B(R), respectively, such that
77% + r]% = 1. For A € g, set Ri(A) = n; (A — L) 'n; fori =1,2. Observing
that Lyn; = L;n;, it follows that, if f € LP(RY),

O — LR f = h—Lynia— L) (i f)
ni— L) — L) (i f) 4 i, LI — L) ™ (i f)
n2f + i, LI — L)~ i f)

where
[ni, Lilg = niaAg —aA(n;g) = —2aVn;Vg —a(An;)g

is a first order operator supported on C (R). It follows that
G=LRMWf=nif+SMf

where S;(A) f = —2aVn;V(, — L)~ (i f) — a(Anj)(A — L)' (n; ). By (9.2),
it follows that

C1

|A[8

for A € Xy, , and with c; depending only on C, R. Thereore

15 () fllp <

A=LRMNf=f+S0Nf
where

2 2
RO)=)_Ri(M), SO =) S,
i=1 i=1
Choosing |A| > pj large enough, we find

IS =

N —

and we deduce that the operator 7 4+ S(}) is invertible. Setting V(L) = (I +S )1
we have

A =L)YRONVMSf =)
and hence the operator R(X)V (1) is a right inverse of A — L and, by (9.1), satisfies

2C
RV = [ 9.3)

for A € Xy ,. Clearly R(A)V (1) coincides with (A — L)~! whenever this last is
injective, in particular for A > X¢. The a-priori estimates (9.3) show that the norm
of the resolvent cannot explode in the set %y ,, hence this set is contained in p(L)
where the resolvent operator coincide with R(1)V (1) and satisfies (9.3). O
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We specialize our results to the operators Mg, Ny, 0 < s < 1 defined before.
We recall that My = ayA, where ag(x) = s* + |x|* for |x|] < 2 and a3(x) =
sY 4 2% for |x| > 2 and Ny = by(x)A, where by(x) = 1+ s* for |x| < 1 and
bs(x) = s% + |x|* for |x| > 1. Observe that My = N, for 1 < |x| < 2. For later
use we introduce also the operators C; = ¢y A where ¢s(x) = 1 + s* for [x] < 1,
cs(x) =s% + |x|* for 1 < |x| <2andcg(x) =2% + s* for [x]| > 1.

Lemma 9.2. For every 1 < p < 00, there exist 0 > w/2, p, C > 0 such that for
every0 < s <1 Mg and C; satisfy PO, p, 1,C, 1,1/2).

Proof. We give a proof for M, that for C being identical. Clearly there a;(x) <
14 2% in C(1). The other properties follow from [2] after observing that the results
proved in the paper remain true if the diffusion C!-coefficients a are replaced by
Lipschitz coefficients. In fact a; satisfies the estimate |Va;(x)| < cay (x)!/? ae. in
RY with ¢ independent of 0 < s < 1 and [2, Theorem 2.7] shows that there exist
0 > /2, C, p > 0 (still independent of s) such that (9.1) holds. An application
of [2, Lemma 2.4] (see also [2, Corollary 2.8]) shows that

1/2 _
las >V — M)~ <

| )\l 1/2
for A € Xy, and C independent of s. Since az(x) > 1in C(1), (9.2) holds. O
We now turn to the operators N;

Lemma 9.3. Let p > N;,r—"_‘gz Then there exist 0 > /2, C > 0 such that for every
0 <s <1 N; satisfies P(0,0,1,C, 1, 1/2).

Proof. Clearly by(x) < 1+ 2% in C(1). Moreover |Vb(x)| < a|x|*~! and |x|* <
bs(x) for every x € RN 1t follows from Theorem 8.1 that there exist > 7 /2,
C > 0, independent of 0 < s < 1 such that (9.1) holds in the sector Xy with y = 1.
Concering the gradient estimate (9.2) we observe that there exist ¢ > 0 such that
for every u € W2Pand0 < s < 1 | Aull, < cl|Nsullp. If u solves Au — Nyu = f,
with A € Xy, then by the analyticity estimate proved before, [A|||ull, + || Nsull, <
Cll fllp,hence ||Aul|, < C| f|, and the inequality ||Vu||2 < cllullpllAull, gives

C
IVullp < W”f”p

with C independent of s. O

For smaller values of p, we start by showing the boundedness of the resolvent
in a half-plane which includes the imaginary axis.

Lemma94. Let p > % Then there exists Lo < 0, C > 0 independent of

0 < s <1, such that, for Re . > ro, L € p(Ny) and ||(A — Ny ' <cC.
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Proof. Since by > 1, Proposition 4.5 and Corollary 4.3 show that 0 € p(Ny) and
that there exists a positive constant ¢ independent of s such that || N U <e It

follows that the ball B(c™1) is contained in the resolvent set of Ny and

A—=N) N <ION = DN < <2
II( ) < I(AN; )" N; ”_1—|A|c_ c

for A € B((2¢)™1).

We know from Corollary 7.2 that the spectra of Ny in L? and Cy coincide, as
well their resolvent operators. Moreover, Proposition 7.5 shows that the spectrum is
discrete and lies in the negative real axis, hence in ] — 0o, —(2c)_1, hence the spec-
tral bound of N, is less than —(2¢)~!. For Re & > —(2¢)~! we can therefore write
the resolvent in C¢ as the Laplace tranform of the minimal semigroup (7s());>0,
see [3, Lemma 1.9, Chapter VI].

Then for every f € Co(RV),Re A > —(2¢)~!

KA—N»”f@M=ﬂ/weﬁﬁuaﬂmm s/me*m”ﬁunU@nm
0 0

= (Re A — Ny) 7| f1(x),

since the minimal semigroup is positive. By integrating on RY, in virtue of the
coherence of the resolvent and by a density argument it follows that

I =N fll, < IRe A — No)T £l

for f € LP(RYN). On the other hand (A — N, )l is bounded (in L?) in the interval
[—(2¢)™", (2¢)7"1, uniformy with respect to s by the previous computations, and
bounded in [0, co] by the constant ¢, by Theorem 4.6 (see also equation (4.5)). [

We start now the iteration procedure. Note that we can take as p; in the follow-
ing Proposition any number greater than (N 4+« —2)/(N —2), by Lemma 9.3. Note
also that gradient estimates (9.2) follow resolvent estimates since W?2P embeds into
the domain of N

Lemma 9.5. Let N/(N —2) < g < p1 < 0o and let Ly be as in Proposition 9.4.
Suppose that N satisfies P(0, p, C, 1), relatively to p|, where 0 > /2, p,C > 0
are indipendent of 0 < s < 1. Then for every0 <t < 1 and

l_l—r T

p p1 q

there are constants p1 = p V 1, C1 > 0 independent of s such that for every A € C
with |A| > p1 and Re A < Ao

_ _ _ _1
I =N, <CLAM™, IV = N7, < Crial™ 2.
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Proof. The estimate for the resolvent follows using the Riesz Thorin theorem, in-
terpolating between the resolvent estimates given by Lemmas 9.3, 9.4. The gradient
estimates follows as in Lemma 9.3. In fact from Au — Nyu = f and the bound on
u we deduce that [|Aul| < C(L+ A fIl <2CIAF| fI if |A] > p1. O

The main step in the iteration procedure is contained in the next Lemma. Note
that here 7 is smaller than 1/2 in order to produce decay in the estimate of gradients.
We recall that Ly = (s + |x|*)A.

Lemma 9.6. Let N/(N —2) < g < p1 < 00 and suppose that Ny satisfies
P@,p,C,1) where 0 > /2, p,C > 0 are indipendent of 0 < s < 1. Then
foreveryQ <t < 1/2 and

1 -7 =

p P1 q

there are constants _9_ > /2, p,C > 0 independent of 0 < s < 1 such that L and
N; satisfy P, p, C, 1).

Proof. Let us first observe that Ly coincides with M; in B(2) and with N; in
RN \ B(1). M; satisfies P61, p1,1,C1,1,1/2) in LP for suitable 6, > /2,
o1, C1 > 0 independent of 0 < s < 1, by Lemma 9.2. By Lemma 9.5, N; sat-
ifies P(7/2, p2,1,C2,1 — 7,1/2 — ) in L? for suitable po, C; > 0 indepen-
dent of 0 < s < 1. Since T < 1/2, Lemma 9.1 then implies that L satisfies
P(m/2,p3,1,C3,1 — 1,1/2 — 1) in L? for suitable p3, C3 > 0 independent of
0 < s < 1. The points +ip3 are therefore in the resolvent set of Ly and the norms
of (£ip3 — Ly)~! are bounded uniformy in s. Since also the right half plane is
in the resolvent set of L; it follows that we can find @ > 7/2 such that the arc
Q = {p3e'" : || < 6} is contained in p(Ly). Finally, | — Ls)~!|| < C4 for every
weQand0 <s <1,by P(n/2,p3,1,C3,1 —17,1/2 — 7).

Finally, we use the scaling argument explained at the beginning of this section.
Consider the dilations /;u(x) = u(sx) so that L = sz_"‘ISLSIs_1 and fix w € Q.
Then, for every A = rw,r > 1, we have

s2—a
A—Li=ILr|w-— Ly ) 17"
r

By choosing s = rﬁ < 1, we deduce

Cs

_ Cs _
=L)< - L™ < =
r |A]

The identity Ly = s"‘_ZIS_ILlls then gives for A € Eé,m

A
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hence c
A—L) <=2

II( )= W

and Lj satisfies P, p3, Ce, 1). Property P@, p,C,1) for Ny (possibly for other
parameters 8 > m/2, p, C, still independent of s) follows from Lemmas 9.2 and
9.1 by gluing together the operators Ly and Cy = ¢y A where ¢g(x) = 1 + s* for
x] <1, cs(x) =s5%+ |x|* for 1 < |x| <2andcs(x) =2% + s* for |x]| > 1. O

Finally, we complete the iteration procedure.

Lemma 9.7. Let % < p <00, > 0. Then, for every 0 < s < 1, the operator

Ly = (s“ + |x|%) generates an analytic semigroup.
Proof. We may assume that p < (N +« —2)/(N —2) and fix p; > (N + o —
2)(N — 2) and g such that N/(N — 2) < g < p. Fixing 0 < 7 < 1/2 and setting
1 -1 T
(-0, ©
Pn+1 Pn q
we apply repeatedly Lemma 9.6 obtaining sequences 6,, > 7 /2, p,, C,, > 0 such
that for every 0 < s < 1 L, satisfies P(6,, pn, Cp, 1). Since p, converges to g we
can find m such that p,, < p and L; is sectorial in LP. Since L; is also sectorial
in L?!, by interpolation it is sectorial in L?”. O

We can now prove the main result of this section.
Theorem 9.8. Let a(x) be a positive continuous function such that
a(x
im L:l, [>0, leR.
lx]—o00 1 4 |x|*

If p> N/(N —2), then (L, Dp max(L)) generates an analytic semigroup.

Proof. For every r > 0, let B, = a, A where a, is a continuous strictly positive
function bounded from below such that a,(x) = a(x) for [x|] > r and a, — |
uniformly in RY, as » — oo. Obviously the operator /(1 4 |x|%)A generates an
analytic semigroup. Observe also that all the operators considered have the same
domain. Given ¢ > 0 there exists R such that, forr > R, |a,(x) — | < ¢ for every
x € R" and hence

1By —1(1 4 |x|)All < elll(1 + |x[)A]

for r > R. By [3, Chapter III, Lemma 2.6], Br generates an analytic semigroup in
L?. Evidently the operator L coincide with Bg for |x| > R and with a uniformly
elliptic operator L for |x| < 2R (consider any bounded and uniformly continuous
extension of mpg outside B(2R), bounded below from 0). Both operators Bg, L
satisfies P(0, p, R, C, 1, 1/2) for suitable p, C > 0 and 6 > m/2. Estimate (9.2)
holds for Bg with § = 1/2, by sectoriality, since D(Bg) embeds continuously in
W2P and for L since D(i) = W?>P. Lemma (9.1) shows that L has property
P@, p, C, 1) and concludes the proof. ]
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Finally, let us show that on L? N Cy (]RN ) the semigroup coincide with T, of
Section 2. In particular, the semigroups are coherent in different L” spaces.

Corollary 9.9. Let (T, (t)) be the semigroup generated by (L, D) max(L)) in L?,
p > N/(N —2), and (Tin(?)) be the minimal semigroup in Co(RYN). Then for
every f € Co(RM)NLP, T,(®) f = Twin(?) f. Moreover, if p,q > N/(N —2) and
felPnNLi thenT,t) f =T,1)f.

Proof. Since (A — L)’lf =(A- Lmin)’lf for f € LP N Co(RM), see Theorem
4.6, the thesis follows by representing the semigroups as the limit of iterates of the
corresponding resolvents, see [3, Chapter III, Corollary 5.5]. O

Appendix
Here we prove a Hardy-type inequality used throughout the paper.

Proposition 9.10. Let u € WP (RN) with compact support, 1 < p < 0o, y > 0.
Then

2
/ |u|p|x|7’dx§< P )/ lu|P~4 Re @Vu)|?|x|¥ T dx.
RN N+)/ RN

2
Moreover (ﬁ) is the best constant in the previous inequality.
v

Proof. Let firstu € C°(RY) and set g(t) = u(¢x). Then

00 B _8g
lg(D|P = —p/ lgl”*Re (g—) dt
1

p
|u(x)] ”

o
—p/ lu(tx)|P % Re @Vu(tx))x dt.
1
It follows that

/ lu(x)|P|x|Vdx < p/oodt/ lu(x)|P 72| Re (@(tx)Vu(rx))||x|? Hdx
RN 1 RN

o0 o0
p/ dt/ dw/ lu(trw)|’ =% Re @(tro)Vu(tro)|r’ ™ dr
1 SN—1 0

o0 1 o0
- p=2 — y+N
p/l AN dt /SNl dw/o lu(sw)|’~“|Re (u(sw)Vu(sw)|s ds

__Pr
N +y

/|M(X)|p2|Re(ﬁ(x)Vu(x)||x|V+ldx.
RN
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By density this inequality holds for every u € W!?(R") having compact support.
At this point Holder’s inequality yields

/ |u ()7 |x|" dx
RN

3 3
<P (f |u(x>|p|x|ydx) (f Iu(x)l”‘4|Re(ﬂ(x)Vu(x)llxI”zdx)-
N—|—]/ RN RN

Concerning the last assertion, we consider first the functions u;s defined by us(p) =
p~P1 for p < 1 and us(p) = p~#2 for p > 1 with

Nty=8 , N+v+s
= - = —
P p

Bi

and then their truncated u, s = n,us with n, = n(ﬁ), n being a smooth function
supported in B(2) and equal to 1 in B(1). It is easy to check that

/ lun|?|x|” dx Z/ lu|P|x|” dx =/ lu|P|x|" dx +/ lu|P|x|” dx
RN |x|<n lx|<1 1<|x|<n

1 1
== lu|P 72| Vu x| Pdx + — P2 Vu|? x| dx
2 2
B1 Jixi<1 By Ji<ix|<n

%

1 1

— P72V |x|" Pdx = — || P2 Vi x| 2 dx
2 2

B5 Jixi<n B5 Jixi<n

1
-2 2 2 -2 2 2
=— (/ |tn P72 | Vun|*|x|7 2dx —/ |t P2 | Vity |* x|V dX>
By \Jr¥ n<|x|<2n

1 AC
=— (/ |72 |V [P x| Pddx — —3>
ﬂz RN Adn

where A,C >0 do not depend on n, § and satisfyfn<|x|<2n
=5 and [ |un P72V, *[x]Y F2dx > A. It follows

L( C
[ ez 2 (1= 50 ) [l 210 i
RN ,32 A(Sn RN

2
This proves that <NL_;V> is the best constant in the inequality. O

|t |72 [ Vit |* x| P2dlx <
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