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Two-sided weighted Fourier inequalities

EL1JAH LIFLYAND AND SERGEY TIKHONOV

Abstract. Fourier transform estimates for ||J?|| Lyw via || f| Lpw from above and
from below are studied. For p = ¢, equivalence results, i.e.,

CillfliL,y <15 1L,5 < CallflL,,. @) =wd/xxP2 1<p<oo,

are shown to be valid for functions from certain classes under the Muckenhoupt
conditions: w € Ap or w € Ap ). Sharpness of these conditions is proved.

Mathematics Subject Classification (2010): 42A38 (primary); 26D15, 46E30
(secondary).

1. Introduction

The theory of Weighted Fourier Inequalities studies the following (L ,, L) inequal-
ities:

1l s@® S IHAIL,..®): l<p=<gq<oo (1.1)

where the Fourier transform
fn = / fe ™ dt
R

is defined in certain regular or distributional sense (see, e.g., [8]).

‘We use the notation ,S ” and Z ” as abbreviations for “< C” and “> C”,
respectively, while “ < ” means that “ < and “ 2 hold simultaneously. Here and
below C, C1, C; denote positive constants.

The norms in weighted spaces are defined by

1/p
IfllL,..® = (/1.% | ()P w(x)dx)
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for L pows and similarly for Ly, where w and w are weights, that is, non-negative,
locally integrable functions on R.

Such inequalities are not only of interest by themselves but also have important
applications (this is discussed in [8]), such as the uncertainty principle [3], and
restriction theory (see, e.g., [5,9]). In a simple form, one faces such inequalities
while justifying the differentiation formula for Fourier transforms.

The celebrated Pitt’s theorem (see, e.g., [7]; in [27,33] the case of Fourier
series is considered) states that for the power weights

~ — ,_
wx) = |x|Y and @ = |x| vq/p+q/p 1’

(1.1) holds for all f € L, if and only if
y e [max{O, p—2}p— 1).

In particular, fis well-defined in this case (see [4,6], [7, Example 5]).

In fact, Pitt’s theorem contains the Plancherel theorem and classical (non-
weighted) versions of both Hardy-Littlewood’s inequality (1 < p =¢ <2,y =0
or p =¢q > 2,y = p—2; see [36, Theorem 79, 80]) and Hausdorff-Young’s
inequality (g = p’ > 2, y = 0; see [36, Theorem 74]).

A natural question arises of whether the results of type (P) can be obtained
with a larger selection of weights. Our first observation is concerned with monotone
weights. In general, sufficient conditions in terms of weights were studied in [4—
7,18,21,22,26], etc. Typically, conditions for (1.1) to hold are given in terms of
decreasing rearrangements of weights. Moreover, when the weights are assumed
monotone, inequality (1.1) necessarily implies certain integral conditions in terms
of w and w. To formulate such results due to Benedetto et al. [6], we recall the
Muckenhoupt A, condition (see, e.g., [34, Chapter V]).

Forl < p <oo,we A,(R) if

! d ! —/p=D g ,,_1<1 1.2
Il Iw(x) x T Iw(x) X ~ (1.2)

for all intervals I C R. For p = 1, w € A|(R) if

P)

L/w(t)dt < w(x) (1.3)
1| Jr

for almost all x € I and all intervals I C R.

The following generalization of (P) provides the necessary and sufficient con-
dition for (1.1) to hold for monotone increasing weights ([6]). It is an analogue of
the condition y > 0 in Pitt’s inequality.

Theorem A. Let 1 < p < g < p' < o0 and w be an even weight which is
non-decreasing on R.. Then for W(x) := w(1/x)4/?|x|2/P'=1,

(1.1)  holdsifand only if — w?'P € A1 (y/p)(R),
or, equivalently, if and only if w € A, (R).
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We note that, in general, for any weight w and o > 1,
w® € A1+a(p_1)(R) - wE AP(R), (1.4)

which easily follows from the monotonicity in « of the integral means

1/a
(ﬁ f] w(x)“ dx) . On the other hand, using [14, Proposition 2.3(d)] (see also

[15, Corollary 6.3]), we get the reverse implication in (1.4) for any even non-
decreasing weight w. Taking @« = ¢/p gives an equivalence of the two Muck-
enhoupt’s conditions in Theorem A.

We also remark that assuming w to be non-decreasing is essential, since, for
p = g say, (1.1) with any non-increasing weight w # 0 implies w < const (see [6,
Section 4]).

Let us now refer to functions rather than to weights. Our second observation
is related to functions which are either monotone or general monotone; the latter
will be specified below (see (1.6)). It is convenient to study such functions on R .
Further we use

1/p R ‘
11l pow = ( f |f @)l w(x)dx) . o= / F@) e ™ dr,
Ry R,

and

Feos) = | f@) cosxtdt,  Fan(x)= | f(t) sin xt dt,
Ry Ry

with obvious relation f+ = fcos —1 fsm We will assume w to be even: in this case
w € Ap(R) if and only if w € A,(Ry), and ||fcos||p w =< ||f||L,,,L(R) when f is
even, while ||fsm||p,w = ||f||Lp_w(R) when f is odd.

The well-known Hardy-Littlewood theorem [36, Chapter V] states that

1A 1 p.5 = 1 f 1o W(x) == w(l/x)x"2, (1.5)

with f: f;os, 1 < p < o0, and w = const, holds true for any monotone decreas-
ing function f integrable near zero.

The weighted — for power weights — version of (1.5) came as a conjecture
of Boas in [10]; the proof followed shortly after: Sagher [29]. We present that
statement as

Theorem B. Let 1 < p < oo and w(t) = t¥. Then for any monotone decreasing
function f, integrable on [0, 1],

(1.5) holds if —1 <y <p—1. (B)
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Comparing now (B) and (P), we note that monotonicity of functions, on the one
hand, extends the range for y in Pitt’s inequality and, on the other hand, allows one
to write a two-sided inequality. The study of both of these phenomena for more
general function classes and for weights subject to a Muckenhoupt condition is the
main goal of this paper. Our key result (see Theorem 3.1) states that for w € A,
equivalence (1.5) holds for each general monotone function, that is (see [23]), for
f : Ry — R; locally of bounded variation out of the origin and vanishing at
infinity (we will call such functions admissible), which satisfies for any x > 0

2x cx
f |df(t)|§C/ PACIDS (1.6)

Jo 1

with some ¢ > 1. If an admissible f satisfies (1.6), we will write f € GM.

Assuming additionally the weight w be such that w(x) < w(y) for any y <
x < 2y (written w € A%), we can obtain the following extension of Theorem B
(see Theorem 3.3): Equivalence (1.5) holds

(A) for any general monotone f and for (f, ﬁos) if and only if w € A,(Ry),
1 <p<oo,

[0 0)
or/ wx) dx Sw(), p=1,
5 X

(B) for any general monotone f and for (f, ﬁin) if and only if w € Ay,(Ry),
1 <p<oo.

For the power weights w(x) = x” it just means that (B) is refined as follows: (1.5)
holds true for (f, feos), With f € GM, if and only if y € (=1, p — 1), while for
(f, fsin), with f € GM, ifandonly if y € (—1,2p — 1).

We remind the reader that the range max{0, p — 2} < y < p — 1 is, gener-
ally, sharp for Pitt’s inequality || f1l,,5 S IIfllp,w to hold without any regularity
assumption on f. Attempts to widen this range were taken by many authors (see,
e.g.,[5,8,16,17,28,31]). A typical condition for this is vanishing of certain moments
of function f. In particular, Sadosky and Wheeden [28] proved that the (L, L))
Pitt’s inequality holds for p — 1 < y < 2p — 1 for f having mean value zero.
Unlike the approach for general monotone functions, the limiting case y = p — 1
is excluded even under this restriction on f.

The paper is organized as follows. We start with L estimates in Section 2.
In Section 3, we formulate our main results. In Section 4 we prove general upper
and lower estimates for the integrability with weights of the Fourier transforms. In
particular, we extend Theorem A by assuming either regularity of w or regularity

of f:

Theorem 1.1. Let | < p < q < oo and an even weight wi/P ¢ Aty p)R).

Then Pitt’s inequality IIf\IIq,w S N fllp,w holds provided either w is increasing
(g < p)), or f is general monotone.
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In the last section we encompass multidimensional generalizations of Boas
type result (B3) for radial functions.

We finally mention that the class of general monotone functions consists of
functions with much more complicated structure than monotone ones [25]. It is
clear that any monotone function is in G M. Further, a function f on R is quasi-
monotone if there exists T > 0 such that f(x)/x" is monotone decreasing. Such
functions are in GM as well. However, for any monotone f one can define

A1) = FEOx01E) + D an f @) xgu (), > 1,
n=0

axy =1,
= k=0,1,2,---
fn {azk+1=0,

so that fi is general monotone but neither monotone nor quasi-monotone. Note that
if we consider a function with different oscillation properties, say

L) = Hfx) =) an f ) Xt (),

n=0

then f» € GM not for all f. For example, if f(x) = x !, € R, then f» ¢ GM,
while if f(x) =e™*, then f, € GM.
One of the properties of the G M functions often used is (see [25])

- @dt, c> 1. (1.7)

|f ()] 5/
x/c

ACKNOWLEDGEMENTS. The authors are indebted to Fulvio Ricci for stimulat-
ing discussions. The authors gratefully acknowledge the support of the Centre de
Recerca Matematica in Barcelona and the Centro di Ricerca Matematica Ennio De
Giorgi in Pisa.

2. Starting points: L estimates

In this section, weighted Fourier inequalities are studied in L;. In particular, we
give pointwise estimates from above of the Fourier transforms (see Lemma 2.2)
and lower estimates for the integrated Fourier transforms (see Lemma 2.3). These
auxiliary results will be useful in our further study. Using Lemmas 2.2 and 2.3, we
estimate

/ | feos@) | x~'w(1/x)dx and / | fan(0) | x " w(1/x) dx
Ry

Ry
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from above and from below (see Propositions 2.1 and 2.4). Denoting

2t
B(1) = D(f: 1) =f df (o). @1
t

we first give upper estimates.

Proposition 2.1. Let f be admissible. If f is integrable near the origin,

B o0

[e.¢] o0 t
/x—lw(x—1)|ﬁos(x)|dx§/ |D (1) z—I/w(x)dH/ x_lw(x)dx]dt. (2.2)
0 0 L

0 t
If tf (¢) is integrable near the origin,

o o B t o0
/xlw(xlnﬁin(x)mxg |D(1)] tlfw(x)dfo xzw(x)dx:|dt. (2.3)
0 0 L

0 t

Proof. The following auxiliary result was proved in [23] (see Lemma 2.2 and cor-
responding remark on page 1141).

Lemma 2.2. Let f be admissible. Then

R 1/x 00
| feos(X)] 5/ d(r)dt +X_1/ l‘_lfb(t) dt 2.4)
0 1/x
and
R 1/x 00
| fsin(0)] S X/ t®(t) dt +x_1/ 1~ () dr. (2.5)
0 1/x

The proof of Proposition 2.1 immediately follows from Lemma 2.2 and Fubini’s
theorem. O

To obtain general lower estimates for p = 1, we need a preliminary result that
will be used for lower estimates when p > 1 as well.

Lemma 2.3. Let ﬁos and ﬁin exist as improper integrals, converge uniformly on
every compact set away from zero, and be locally Lebesgue integrable over R... Let

f = 0 such that

o0

/ @dt < 00, (2.6)
1

and ¢ > 1. If f(t) is integrable near zero, we have
cz | 1/z R
/ t f(t)dtf,f |fcos(x)}dX,
z/c 0
and if tf (t) is integrable near zero, we have

cz 1/z .
/ t f (@) dt 5/ | foin(x)| dx.
z/c 0
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Proof of Lemma 2.3. Let, for example, fii, be subject to the same assumptions as
in the lemma. Since we understand the Fourier transform in the improper sense, we

have for x > ¢, ¢ > 0 fixed, and A large enough fOA f(@t)sinxtdt = ﬁin(x)—i—o(l).
By this, on each finite interval [e, u] the family fOA f(¢)sinxt dt is controlled by

the integrable function |ﬁin(x)| + 1. For f > 0, applying the Lebesgue dominated
convergence theorem, we have

PN ) w oA ) o0 cos et — cos ut
Fin(x)dx = lim f)ysinxrdidx = | fo) ST 4y
£ A—o0 Je Jo 0

t

Using assumptions on f and dominated convergence, we obtain, letting now ¢ tend
to zero,

/u Fon(x) dx = 2/00 F @)t sin®(ut /2) dt > 0.
0 0

Further,

/z ez __ ez
/ | Fan(0)] dx > / Fan(0)] dx > / Fan() dx
0 0 0

= 2/00 FOr " sin’(1/(2cz)) dt
0

cZ
> 2sin2(1/2c2)/ = @) de >0,
z/c
the desired estimate. For ﬁos, the proof is similar for

/u Feos () (1 — x) dx.
0

A slightly different argument for integrable f can be found in [21]. The proof is
complete. O

Let, for some ¢ > 1,

C.

\D(x):llf(f;x):/ xflf(t)dt. (2.7

x/c

Proposition 2.4. Let f > 0 satisfy (2.6). If f € L1(0, 1), then

00 0o 1/t
/ Y(x)w(x)dx 5/ | feos (1) (/ w(X)dX> dt; (2.8)
0 0 0

and iftf(t) € L1(0, 1), then

o] oo 1/t
/ Y()wx)dx S / | fsin(D)] < / w(x)dx) dt. (2.9)
0 0 0
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Proof. To apply Lemma 2.3, we must check the convergence conditions on the
Fourier transforms assumed there. Denoting both Fourier transforms by F, we
have for each of the right-hand sides of (2.8) and (2.9)

[ee) 1/t
/ |F (1) (/ w(x)dx) dt < oo. (2.10)
0 0
Further,

u 1/t u 1/t
/ |F(t)|</ w(x) dx) dt — / |F (1) (/ w(x) dx) dt
0 0 0 1/u

1/u u
=/ w(x)dx/ |F (1) dt
0 0

is equivalent to f0” |F(¢)| dt for any fixed u. Both integrals on the left-hand side of
(2.11) are bounded for any u because of (2.10). Now, Lemma 2.3 yields

/oo\ll(x)w(x)dx</ u)(x)/
0

Then (2.8) and (2.9) follow by Fubini’s theorem. O

(2.11)

fCO§

A (t) dtdx.

3. Main results

In the sequel, we will assume that condition (2.6) is fulfilled, i.e. f 100 @ dt < o0.
Define

M'={f:f>0, feL(©1), feGM)
and

GM*>=1{f:f>0, tf(r) € L0, 1), f € GM}.

3.1. Two-sided (L, L) inequalities

The following criteria are the central results of our paper. We denote w,(x) :=
x Pw(x).

Theorem 3.1. Let 1 < p < oo.

(A) Ifwe A, and f € GM, then

/OO |ﬁos(x)|pxp_2w(l/x) dx =< /OO w(x) f(x)? dx. (3.1)
0 0
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(B) If either w or w), belongsto A, and f € GM?, then

/OO |ﬁin(x)|pxp_2w(1/x)dx = /00 w(x) f(x)? dx. (3.2)
0 0

Remark 3.2. Let us note that assuming condition (2.6) is essential only in lower
estimates (where Lemma 2.3 is used), while for the upper estimates it follows from
the corresponding conditions on weights. Itis proved in [19, Lemma 2] thatw € A,
along with f € L, , imply fol | f@)|dt + fl t~Yf ()| dt < oo. For w, € Ap
along with f € L, ,, this yields fol t1f®ldt + 717 f(#)|dt < oo. Further, it
is known (see [24]) that for f € G M condition (2.6) implies f to be of bounded
variation away from zero. Along with integrability conditions near the origin, this
ensures both existence of the Fourier transforms in the improper sense and their
uniform convergence on every compact set away from zero (see [12, Chapter 1]).

In the next theorem, we require additional regularity of the weight w to estab-

lish the complete characterization of equivalence || f |l 5, < || fl p,w in terms of w.

Recall that if a weight w satisfies w(x) < w(y) forany y < x < 2y, we write
w e A2
2

Theorem 3.3. Let1 < p <ocoand w € A%.

(A) Let 1 < p < oo and w satisfy
1 $
3/ wx)dx < w(d). (3.3)
0

Then (3.1) holds for each f € GM" if and only if w € Ap.
(A) Let p = 1 and w satisfy (3.3). Then (3.1) holds for each f € GM" if and
only if

/oo W) e < we). (3.4)
8

X

(B) If w € Az, then (3.2) holds for each f € GM?. If w satisfies (3.3), then
(3.2) implies w € Azp.

Remark 3.4. Note that in the proof of (A”) we do not use the condition w € A%.
Also, any increasing weight (see Theorem A) clearly satisfies condition (3.3). In
addition, we note that the assertion of Theorem 3.3 is false without the general
monotonicity condition (see [6, Section 4], [20, Theorem 8], [28, Section 5]).

When w is a power weight, Theorem 3.3 furnishes necessary and sufficient
conditions for Boas’ criterion to hold. Thus, Theorem B is extended as follows.
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Corollary 3.5. Suppose 1 < p < oo and w(x) = xV; then

(A) relation (3.1) holds for f € GM ifand only if y € (—1, p — 1).
(B) relation (3.2) holds for f € GM ifand only if y € (—1,2p — 1).

Results for trigonometric series with quasi-monotone and general monotone coeffi-
cients similar to (A) were obtained in [2] and [35] respectively. When p = 1, part
“if”” is known for monotone functions, see [32] and [11]. For the weight w(x) = xV,
y > —1, we illustrate our results (A) and (B) by the next

Example 3.6. Take f(t) = e/, then foos(x) = 1/(1 +x2) and Ffan(x) = x/(1 +
x2). We therefore get that || f]l ., < oo provided y > —1. On the other hand,
||ﬁos(x)||p,@ < oo provided —1 <y < p—1 (we remind that w(x) =w(l/x)xP2),
while ||ﬁin(x)||p,1; < ooprovided —1 <y <2p — 1.

3.2. Two-sided (L, Ly, Ly) inequalities

Theorem 3.1 is a partial case of the next two (L, L;) and (Ly, L) Fourier in-
equalities. Further, we always suppose that | < p < g < s < o0. Allied to w is
the weight w(x) = w(1/x)4/Px4/P'=1 If we use a weight denoted by w (in lower
estimates, in fact), this is any weight w that relates to w, p, ¢, and s by means of
the condition

r 1/s [e'e) 1/q'
sup (f w(x) dx) (f w(l/x)l/(ql)xzdx> < 00. (3.5)
r>0 0 r

Recall that ®(¢) and W (x) are given by (2.1) and (2.7), respectively.

Theorem 3.7. Let f be a non-negative admissible function, integrable near the
origin, and let w9/P Ay qp) and (3.5) be satisfied. Then

W lisw < N feosllg. S 1P p,w- (3.6)

Theorem 3.8. Let f be a non-negative admissible function, with tf (t) integrable
near the origin, and let either wi/P or wg/p
satisfied. Then

belong to Ay1(p), and (3.5) be

Wl S N fsinllg.s S 1P p,w- (3.7)

Comparing the right-hand sides of (3.6) and (3.7) with Theorem A, we arrive at
Theorem 1.1 (using Lemma 4.4 below).
For the power weights, Theorems 3.7 and 3.8 can be written as follows.
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Corollary 3.9. Suppose 1 < p < ¢ s < o0 and w(x) = x7, wkx) =

<
x~va/pta=a/p=1 g (x) = xvHDs/p=1. then
(A) inequality (3.6) holds if y € (—1, p — 1).
(B) inequality (3.7) holds if y € (—1,2p — 1).
If additionally, f € GM, then

£l S Weosllg.w S I fllpw  holdsif y (=1, p—1); (3.8)
1l S W fsinllg.s S N fllp,w  holdsif ye(=1,2p—1.  (3.9)

In the context of weighted classes, estimates (3.6)-(3.9) refine the previous results
of Benedetto et al. [5-7], Heinig [18], Jurkat-Sampson [21, 22], Knopf-Rudnick
(see [22, pages 258-259]), Sadosky-Wheeden [28], Sagher [29].

4. Proofs
We will first prove upper estimates for the cosine and sine Fourier transforms, under
more general conditions on w than those in Theorems 3.7 and 3.8.

Theorem 3.7'. Let f be a non-negative admissible function, integrable near the
origin. Let the weights w, W, and w satisfy (3.5) along with

00 1/q r (p—D/p
sup (/ w(x)4/Pxa/P=a-1 dx) (/ w(x)/a=p dx) <oo (4.1)
r r 0

and

r 1/q o) (p—1/p
sup (/ w(x)q/pxq/p_ldx> </ [xpw(x)]l/(l_p)dx> < 0. (4.2)
r 0 r

Then inequality (3.6) holds.

Theorem 3.8'. Let f be a non-negative admissible function, with t f (t) integrable
near the origin. Let the weights w, W, and W satisfy (3.5) and (4.2) along with

00 1/q r (p—1D/p
sup(/ w(x)q/pxq/p_zq_ldx> (/ [x_pw(x)]l/(l_p)dx> <o00. (4.1)
r r 0

Then inequality (3.7) holds.

Let us explain the logic of our proofs: Theorems 3.7" and 3.8’ = Theorems 3.7
and 3.8 = Theorem 3.1 and the “if” part of Theorem 3.3 (p > 1). Theorems 3.7,
3.8 and Theorem A = Theorem 1. Further, Propositions 2.1 and 2.4 = Theorem
3.3 in case of p = 1. Corollary 3.9 follows from Theorems 3.7 and 3.8, except the
case w(x) = xP~! which follows from Theorem 3.8'.

Before proceeding to the proofs we need certain preliminaries.
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4.1. Weighted Hardy inequalities.
We will frequently use the following two weighted Hardy’s inequalities (see [13]).

Lemma4.1. Let1 <o < B < 00. Suppose u, v > 0 on (0, 00). Then

%) X B 1/8 00 1/a
(/ [u(x)/ ¥ () dti| dx) < (/ [w(x)v(x)]“dx> 4.3)
0 0 0

holds for each > 0 if and only if

00 1/ r (—1)/c
sup (/ u(x)’sdx> (/ v(x)“/(“l)dx> < 0. (4.4)
r>0 r 0

The counterpart

) 00 B 1/8 00 1/a
</ [u(x)/ ¥(t) dt] dx) < (/ [w(x)v(x)]“dx) 4.5)
0 X 0

holds for each > 0 if and only if

r 1/8 o0 (a=1)/a
sup (/ u(x)ﬁdx> (/ v(x)_"‘/(“_l)dx> < o0. (4.6)
r>0 0 r

In parallel, we will use Hardy’s inequalities for w satisfying Muckenhoupt’s con-
dition. Here we continue investigations by Sadosky and Wheeden and will use the
following two lemmas from [28] (see Lemmas la and 2a). Let a function ¥ be
non-negative.

Lemmad4.2. Letl < p <q < ocoand wi/? e Ai4q/p - There holds

00 , 00 q 1/q
(/ [xl/p _1/qw(1/x)1/”/ V(1) dt] dx)
0 X

(4.7)
00 1/p
< </ w(x)”x2p_2w(l/x)dx> .
0
Lemmad4.3. Let1 < p <q < ocoand wi/? e Ai1q/p - There holds
o) X q 1/q
</ [x—l/!’—l/qwa/x)l/"/ W(t)dt} dx)
0 0 (4.8)

00 1/p
< (/ w(x)pxp_zw(l/x)dx) .
0

We will also need the following norm estimate for the average operator ®.
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Lemma4.4. Letw € A, orw, € A, for 1 < p < o00. Then || @ pw S 1 fllpw
foreach f € GM.

Proof of Lemma 4.4. Using f € GM, we estimate

00 cx f(f) p 1/p
IPlpw S IVl pw = </ w(x) ( —dt) dX> S llpw-
0 x/c t

The last inequality will be true for w € A, if we have at once

00 1 X p 1/p
(/ w(x) (—/ f(f)dt> dx) SIflpw 4.9)
0 X Jo

00 00 P 1/p
(/ w(x) ( @ dt) dx) < 1l pw- (4.10)
0 X

Using Lemmas 4.2 and 4.3 with p = ¢ (changing variables in (4.7) and (4.8)), we
arrive at (4.9) and (4.10).
Similarly, if w, € A, then

o0 1 X )4 1/p
(f W (x) <— f tf(t)dt) dx) <1l
0 X Jo

00 o0 )2 1/p
(/0 wp<x>(/ f(t)dt) dx) <1 M s

which gives Wl p,w S 1l p.w- [

and

and

4.2. Proof of Theorem 3.1

When 1 < p < o0, it follows from Lemmas 4.3 and 4.1 that w € A, implies (3.5)
with p = ¢ = s and w = w. Then, by Theorem 3.7 with p = ¢ = s, we have

W pw S M feosllpis S N9 p,w-

Now, statement (A) of Theorem 3.1 follows from property (1.7) of general mono-
tone functions on the one hand, and from Lemma 4.4 on the other hand. The state-
ment (B) is proved in the same way. O
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4.3. Proof of Theorem 3.3.

First, we will conduct the proof of part (B). Let w € A;, 1 < p < oco. This and

w e A% yield
B B .
1>6872P (/ w(x)dx) </ w(x)'—zl’dx)
0 0
8
> §72p (/ w(x)dx) (52P—1w(5)—1),
0

which gives (3.3).
Further, by [19, pages 232-233], w € A, implies the well-known Arifio-
Muckenhoupt condition [1]

2p—1

© w(t) C x
/x v < pr/O w() dr; (Bsp)

the same relation with r in place of 2p will be recorded as w € B,. Denoting
fot w(s)ds =: W(t), we derive from this

W) < W(x)

Py S 4.11)
The latter inequality and the monotonicity of W immediately give
Wt < w w
@) < ) 45 < WO X<t (4.12)

2p ), sl T Y x2p

Hence for any ¢ > 1,

CcX CcX
Wicx) _ Wicx) ﬂ <¢ W (1) di < Cs W(x)
(CX)Z‘D (Cx)2p X ! X 12+

x2

Taking ¢ > 1 suchthatlnc > Cy > 1, we choose 0 < ¢ < 1 satisfying Inc = ¢*C».
This implies % < ¢?P~¢_ The latter gives

W) (t)zp_e, X <1 (4.13)

W) ~ \x

X

Indeed, let 7 € (cFx, ck*1x), where k is non-negative integer. For k = 0, that is, if
t € (x,cx), (4.13) follows from (4.12). For k > 1, we have

W W) e < (L)Zp*s
W) — Wk ~\x '
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In particular, this implies W € A%. Then for any x < ¢, using w, W € A% and
conditions (3.3) and (4.13), we get

we) _ [P w@dz _ Wen _ W) - We) - wk)
{2p—1—¢ ~ t2p—¢ N~ f2p—e ™ 42p—e ™~ y2p—e ™~ y2p—l-¢’

4.14)
Similar argument, applied to condition (3.3) instead of (4.11) along with w € A2,
gives

w() _ w)
t—l+e ™~ x—1+e’

x <t 4.15)

With (4.14) and (4.15) in hand, we are going to prove equivalence (3.2). Suppose
that 1 < p < oo. By straightforward calculations, all the inequalities (3.5), (4.2),
and (4.1"), with p = ¢ = 5, w = w and W(x) = w(l/x)xP~2, follow from (4.14)
and (4.15). For instance, let us show (4.2). By (4.15),

r 1/p r 1/p
I = </ w(x)dx> < (rlaw(r)/ xaldx) < [rw(r)]'/?P
0 0

and

0 (p=1/p
I = (/ [xPw(x)) /(=P dx)
r

00 (p—D/p
< <[r1—£w(r)]l/(1—p)/ [xs-i—p—l]l/(l—l’)dx) < lrw(r)] VP,

~

Thus, sup, I1 2 < C, that is, (4.2) holds.
We are now in a position to use Theorem 3.8’, which gives (3.7). Further, using
the general monotonicity of f (see (1.7) and Lemma 4.4), we arrive at

1 lpw S TWpw S N fsinllpw S NP pw S N1 pw-

Thus, (3.2) is verified for I < p < oo.
When p = 1, conditions w € B and (3.3) give

o0 t
t/ W) ey 1/ w(x)dx < w(t).
t rJo

x2

Therefore, by Propositions 2.1 and 2.4, we get

. 00 X £(1)
1w ST ILw S I fsinlli §/ ( —ft dt | w(x)dx
0

x/c

o0 1 cX
- / - (f f(t)w(t)dt) dx < || fll1w,
0o X x/c

where we have used w € A%. Thus (3.2) holds.
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Let us now prove the second part in (B). Assume that (3.2) holds for any GM
function. Taking f(z) = x(0,r)(2), we estimate

1t pt
th/ w(x)d </ / zxdz
. X 0 0

< f / f(2)sinzx dz
0 0

in other words, w € Bjj. Using the same argument as before (note that (3.3) is
assumed), we obtain (4.14) and (4.15). These, in turn, imply w € Ayp, for1 < p <
0.

To prove the necessity part in (A) and (A’), we use similar argument as above.
In this case, for f(z) = x(0,)(2),

t”/ w(x)d </‘°°
t xP 0

i.e.,w € By, 1 < p < oo. Then for p = 1, the latter and condition (3.3) give (3.4).

If 1 < p <oo,thenw € B, fo‘S w(t) S dw(s),and w € A% imply (4.15) and
the condition

p
xP72w(1/x) dx

P t
xp_zw(l/x)dx,S/ w(x)dx,
0

f(z)coszxdz

p t
xP72w(1/x) dx 5/ w(x) dx,
0

W we
tp—1—¢ ~ yp—l-¢

X <t

in place of (4.14). Then both conditions yield w € A,
We finally show the sufficiency part in (A’), since the sufficiency part in (A) is
given in Theorem 3.1. Let p = 1. Under our assumptions,

00 t
/ w(x) derl/ w(x) dx < w(r).
t ! 0

X

Therefore, using Propositions 2.1 and 2.4, namely, (2.2) and (2.8), we have

191 5/0 wd /x)|fcos(x>|dx_ | Feos 1.

< /OO|CI>(t)| [z—‘/ w(x)dx—l—/oox_lw(x)dx} dt < D1
0 0 t

Since f is general monotone (see (1.6)), we estimate

||<I>||1,w,§||\v||1,w=/0 ( / &dt> () dx </ f()(/ (x)dx) i

0 t o0
5/ £) [r—‘/ w(x)dx+/ x“w(x)dx} dt <1 f .
0 0 t

Finally, using (1.7), we arrive at || fll1, S 101w S I feosllnz S I 1w, that s,
(3.1) with p = 1. O
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4.4. Upper estimates in Theorems 3.7/, 3.8, 3.7, 3.8 and Theorem 1.1.

357

To prove upper estimates of || ]"\Hq,@, we are going to systematically use Lemma 2.2.
In order the right-hand sides of (2.4) and (2.5) to be finite, the boundedness of
variation on [1, co) is needed, since [;° [df ()| S [ & dt S [7ldf (). As
a matter of fact, this follows from the assumptions of the theorems. Indeed, by

Holder’s inequality,

> o 00 1/p
/ ldf )] < / 2O 4 S Pl p,w </ [tpw(t)]l/(l—p)dt>
! 1/ 12

2

The right-hand side is finite, for functions f so that || ®]|, , < 00, because of (4.2).

So we will use Lemma 2.2 below without indicating the details.

Proof of Theorem 3.7'. Using inequality (2.4) of Lemma 2.2, we have

/ |f;os(x)|q[x_1w(x_l)]4/17xq—1dx
0

00 1/x q
5/ (/ @(z)d:) bl w™H)19/Pxd dx
0 0

[ee) o0 q
+/ (/ t—lcb(z)dt> x lwx™H1Px " dx = J; + .
0 1

/x

Equivalently,

00 oo q
Ji =/ {[x_lw(x_l)]l/pxl_l/qf t_2<1>(1/l)dl} dx.
0 X

To prove

q/p

5 < (/Oo {x—2q>(1/x)w(1/x)1/1’x2—2/1’}p dx>
0

o0 q/p
= </ ®(x)Pw(x) dx) ,
0

(4.16)

(4.17)

we just apply (4.5) and (4.6) with appropriate weights u and v, where (4.6) is (4.1)

after routine calculations.
Further,

q

J2=/ {[x_lw(x_l)]l/px_l/q/xt_lq)(l/f)dl} dx.
0 0

(4.18)
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Similarly, applying (4.3) with u(x) = [ lwE~H]VPx~14 and v(x) =
[x~'w(x~1H]"/Px1=1/P under condition (4.4), which is (4.2) for the indicated
weights, we obtain

q/p

< (/Oo {x_lw(l/x)l/pxl_z/pQJ(l/x)}p dx)
0

00 q/p
= (/ ®(x)Pwx) dx) .
0

The proof of the right-hand side inequality in (3.6), i.e., ||ﬁos||q,w S fllpws is
complete. O

(4.19)

Proof of Theorem 3.8'. Changing variables, we rewrite the obtained bound (2.5) for
the sine transform as

o0 X
|fsin(x)|§x/ t_3<1>(1/t)dt+x_1/ o1 /1) dr.
x 0
With this estimate in hand, we estimate
m -
/ | foin()|90xw(x~H19/Px47 dx
0
) (e q
5/ (f t_3CI>(1/t)dt> x w9/ Px2 dx
0
[e'e) ; X q
+/ (/ t_ldD(l/t)dt) x'waxH19PxVdx = 1) + b.
0 0

We wish to bound I by

00 p q/p 00 q/p
(/ {x—3c1>(1/x)w(1/x)1/l’x3—2/1’} dx) =</ <I>(x)l’w(x)dx) (4.20)
0 0

as the case of (4.5) with u(x) = [x'wE™)]YPx>" 14 and v(x) =
X371/ Px=lw(x=1)]Y/P. Applying (4.6) with these weights, we arrive at (4.1') after
routine calculations.

The proof of the estimate I» S || P|l .y is similar to (4.18) and (4.19) for the
cosine transform, and it follows from (4.2). ]

Proofs of Theorems 3.7 and 3.8. To prove the inequality ||ﬁos||q@ S N fllpw in
Theorem 3.7, we apply the corresponding Hardy inequalities from Lemmas 4.2 and
4.3 under assumption wi'P e A 14+q/p'- They, in fact, are (4.5) and (4.3), respec-
tively, with appropriate # and v, which leads to (4.1) and (4.2). Finally, Theorem
3.7 implies the claimed estimate.
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To prove Theorem 3.8 when wi'P € Aly(q/p), We first observe that (2.5) in
Lemma 2.2 gives

. 1/x oo
| fin()] S / ®(1)dr +x~" / ' () di
0 1/x
Since (4.1) always implies (4.1"), we can repeat the proof for the cosine case.
Let now [x Pw(x)]?/? € Ai4(/p)- By Theorem 3.8, it suffices to prove
(4.1") and (4.2) for the weight x "Pw(x). Using Lemmas 4.1 and 4.2 with this
weight, we get (4.17). Further, Lemma 4.3 and (4.4) yield

r 1/q o0 (p—D/p
sup (/ [x "Pw(x)]9/Px4/P~! dx) (/ w(x)/A=p dx) < 00.
r 0 r

This gives (4.2), which completes the proof. O

Proof of Theorem 1.1. The first part follows from Theorem A. Applying Theorems
3.7 and 3.8, we obtain || flg,5 S Pl p,w. Further, since wi/P e Ai4q/p) yields

w € A, (see (1.4)), we use Lemma 4.4 to finish the proof: ||f||q,@ S®lpw S
ILf 1l pw- O

4.5. General lower estimate.

Below we prove the lower estimates in Theorems 3.7 and 3.8 (and 3.7, 3.8, that
is, [Wls.w S Nl feosllg.w and [Wlls@ S |l fsinllg. under condition (3.5).

Proof. We can apply Lemma 2.3 to functions with locally integrable Fourier trans-
form. The initial assumption in lower estimates is the boundedness of the || F'|l4,#,

where by F we denote either ﬁos or ﬁin. Applying Holder’s inequality

u u (g—1)/q
/ |F<x>|dxs(/ w(x)”“f”dx) IF .
0 0

we derive that the right-hand side is bounded by observing that the integral on the
right is exactly the last integral in (3.5) (after substituting x — 1/x and denoting
1/u = r for complete similarity).

Using now Lemma 2.3 and obvious substitution, we arrive, with F the same as

above, at
K 1/s
dx)

00 1/s %) /(2cx)
(/ \Il(x)sw(x)dx> 5(/ lZJ(X)/ F(t)dt
0 0 0
X s 1/s
/F(t)dt dx)
0

T [ _ 5
=<—/ w(m/(2cx))x
0
9] 1/q
s(/ [x—‘w(l/x)]q/”x“‘—‘/q)|F(x>|qu) =|Fll.
0

2c
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provided, by (4.3) witha = ¢, B = s, u(x)’ = w(r/cx))x2, and v(x)? =
[x~tw(1/x)]9/Pxa~1,

00 1/s r 4 (g—1)/q
sup (/ w(w/(2cx)) x 72 dx) (f xlw(1/x)]"PaD x ! dx) < 0.
r 0

r>0

For ¢ large enough, the latter can be converted, by routine substitutions, to (3.5). [

5. Remarks on multidimensional generalizations

The obtained results allow us to derive immediately their versions for the multidi-
mensional (n > 1) Fourier transform of a radial function f(x) = fo(|x]), x € R".
Let f denote its usual Fourier transform on R”. The following result due to Leray
(see, e.g., [30, Lemma 25.1']) asserts that when

o0
f LA+ 002 fo(0)] dr < oo, (5.1)
0
the following relation holds
R o.¢]
fx) = 2n<"1>/2f 1(t) cos |x|t dt, (5.2)
0
where the fractional integral [ is given by

I1(1) = / 7 fo(s)(s2 — 2324,
) t

2
(n -1
| ——
2
Supposing the weight w to be radial, w(x) = wo(|x|), we present one analogue of
Theorem 3.1 (A).

Theorem 5.1. Let a non-negative radial f € L1(R"). If wo € Ap,(Ry), 1 < p <
00, then

o
L AR < [ @
n 0

This result is proved by passing to the polar coordinates and applying Theorem 3.1.
It is worth mentioning that the condition f € L (R") implies (5.1), I(¢) € L1(0, 1),
and I(t)/t € L1(1, 00).

Remark 5.2. We observe that for n = 1 understanding / formally as fy reduces
Theorem 5.1 to Theorem 3.1 (A). In case n = 3 one can write the Boas-type crite-
rion in terms of fy. Indeed, the Fourier transform (if exists) of a radial function in
IR3 is of the form

f(x) =4m|x|! / tfo(t) sin |x|t dt.
0
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Applying the result for the sine transform (B) to the non-negative function #fy (),
with corresponding assumptions on it, we derive that if either # = wq(¢) ort 2Py (t)
belongs to A,(IR}), then

/R3 | F @ 1Pwo (1/1x1) [ PP ~*dx < /0 Jo(O)Pwo(t)dt.

Here we use the fact that 7 fp(¢) € GM if fy € GM.
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