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Cauchy problem and quasi-stationary limit
for the Maxwell-Landau-Lifschitz
and Maxwell-Bloch equations

ERrRIC DUMAS AND FRANCK SUEUR

Abstract. In this paper we continue the investigation of the Maxwell-Landau-
Lifschitz and Maxwell-Bloch equations. In particular we extend some previous
results about the Cauchy problem and the quasi-stationary limit to the case where
the magnetic permeability and the electric permittivity are variable.
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1. Introduction

The models. This paper deals with two physical models which describe the prop-
agation of electromagnetic waves, that is of the magnetic field H and of the electric
field E, in some special medium which occupies an open subset Q2 of R>, with mag-
netic permeability 1 and electric permittivity e. In both cases we denote by f the
extension of a function f by O outside the set 2. The time variable is ¢+ > 0, and
the space variable is x € R>.

The first model refers to Maxwell-Landau-Lifschitz equations (see [10] and
[28] for Physics references). The magnetic field H and the electric field E satisfy
the Maxwell equations in R3:

wd; H +curl E = —pud, M,
g, E —curl H =0,
diviu(H + M) =0,
diveE =0,

(1.1)

where M stands for the magnetic moment in the ferromagnet €2 and takes values in
the unit sphere of R3. It is solution to the Landau-Lifschitz equation:

oM =yMANHr —aM AN (M A Hy) forx e Q, (1.2)
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where y # 0 is the gyromagnetic constant, and « > 0 is some damping coefficient.
Neglecting the exchange phenomenon, the total magnetic field Hr is the sum

Hr = H + Hy(M) + Hex, (1.3)

where the anisotropy field writes H,(M) = V3, ®(M), for some convex function
@, and Hey; is some applied (exterior) magnetic field.

The second model refers to Maxwell-Bloch equations (see for example [7, 8,
16,35,38,41]). In this setting €2 denotes some quantum medium with N € N energy
levels described by a Hermitian, non-negative, N x N density matrix p. Assuming
the usual dipolar approximation, these quantum states change under the action of
an electric field E by the quantum Liouville-Von Neumann (or Bloch) equation:

ip=[A—-E-T, p]+iQ(p). (1.4)

The N x N Hermitian symmetric matrix A, with entries in C, represents the (elec-
tromagnetic field-) free Hamiltonian of the medium. The dipole moment operator
I' is a N x N Hermitian matrix, with entries in (C3, and depends on the material
considered. The (linear) relaxation term Q(p) takes dissipative effects into account
(see [5,6,32]). The polarization P of the matter is given by the constitutive law
P = Tr(I'p) which influences back the electric field E. Again, the electromagnetic
field satisfies the Maxwell equations in R3:

wosH +curl E =0,
e E —curlH = —9,P,
div(¢E + P) =0,
divuH =0.

(1.5)

Cauchy problems. We first address the questions of global existence, unique-
ness and stability for the Cauchy problem associated with these equations. The
physically relevant solutions have finite energy: they satisfy the usual (L?) energy
estimates. Mathematically, this regularity leads to weak solutions and is usually
not enough to ensure the desired uniqueness and stability properties (requiring for
these hyperbolic semilinear systems in space dimension 3, in the general theory, H*
Sobolev regularity with s > 3/2).

However, in the case of the Maxwell-Landau-Lifschitz system, Joly, Métivier
and Rauch [24] noticed that specific (algebraic) properties of the nonlinearities,
as well as (geometric) properties of the differential operator involved, allowed to
show the existence of global finite energy solutions (essentially, using compensated
compactness arguments) enjoying stability properties. Furthermore, only a small
amount of regularity (curl H and curl E in L?) ensures uniqueness. This is achieved
using dispersive properties of the system; namely, a limit Strichartz estimate con-
trolling the L?LS° norm of (a limited frequency part of) the fields H and E. These
results were obtained for equations posed in the whole space (2 = R?) and for
constant coefficients ¢ and .
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In practice, the various coefficients of the system may not be constant. Typi-
cally, the magnetic permeability and electric permittivity may depend on the space
variable x and have jumps across the boundary of the domain 2.

Adapting the above mentioned compensated compactness argument, Jochmann
established in [23] the existence and weak stability of global finite energy solutions
for the Maxwell-Landau-Lifschitz system, considering any domain  C R?, and
variable, possibly discontinuous coefficients (g, u € L°°(R3)). In the (space) 2-
dimensional case, we refer to the work of Haddar [21].

Concerning the Maxwell-Bloch system, the first author noticed that it shares
with the Maxwell-Landau-Lifschitz some of its structural properties. This author
thus showed in [18] results on existence and uniqueness of global finite energy
solutions, similar to the ones of Joly, Métivier and Rauch, but for some general class
of systems including the two models above. Again, these results where obtained for
equations posed in the whole space and for constant coefficients ¢ and u.

Here, we continue this study, again for a general class of systems including
the Maxwell-Landau-Lifschitz equations and the Maxwell-Bloch equations, so as
to enlight the similarities and differences between these two models. Adapting
Jochmann’s method, we show the existence and stability of global finite energy
solutions, for a given domain Q C R3, and L™ coefficients. Then, for smooth
coefficients, constant out of some compact set, we prove a limit Strichartz esti-
mate analogous to the one obtained by Joly, Métivier and Rauch in the constant
coefficient case. This allows us to show propagation of regularity and uniqueness
when initially, curl # and curl E belong to L>(R?). As a corollary of a result of
Saint-Raymond [40], we also infer generic uniqueness of the global finite energy
solutions.

Quasi-stationary limits. Next, we turn to the problem of the so-called quasi-
stationary limit. Physically, this regime appears when the domain €2 is small com-
pared to the wavelength. Mathematically, it amounts to some long-time asymptotics
(replacing in the equations 9; by nd;, for some small parameter 1) with weak non-
linearities (also scaled so as to have an amplitude of size 7).

Jochmann showed in [23] the weak convergence of the corresponding solutions
to the Maxwell-Landau-Lifschitz system towards the solutions of some reduced sys-
tem driven by the magnetization, using the weak stability property. Starynkevitch
extended this result, proving strong and global-in-time convergence in the constant
coefficient case in [42], thanks to local energy estimates performed on the explicit
fundamental solution of the associated wave equation. He also obtained the same
result in the case of smooth coefficients, constant out of some compact set, in [43],
thanks to dispersive estimates obtained from resolvent estimates on elliptic opera-
tors.

Here, we apply the same methods to our general systems to get weak and
strong convergence in the quasi-stationary limit. For the latter however, some time
integrability assumption is needed to conclude, which is satisfied by the Maxwell-
Landau-Lifschitz system (since d; M € L?((0, 00) x Q)), but we do not know if the
Maxwell-Bloch system enjoys such a property.
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Remark 1.1. Taking exchange energy into account, one should add to the total
magnetic field in (1.3) a term —K AM with K > 0. The resulting system is then
parabolic. We refer to [1,2,12—14] and [45] for works on the corresponding (weak
or strong) Cauchy problem, long-time asymptotics and quasi-stationary limits.

2. Main results

Let us stress that we do not assume that 2 is bounded, for the moment. To deal
with both the Maxwell-Landau-Lifschitz system (1.1)-(1.2) and the Maxwell-Bloch
system (1.4)-(1.5), we put these two models above into a single class of systems
consisting in the coupling of the Maxwell equations (with the fields H and E as
unknowns) with some ODE (corresponding to a third unknown variable). The re-
sulting sytem is symmetrizable hyperbolic, with semilinear nonlinearity, and some
structure assumptions are made, such as affine dependence of the nonlinearity with
respect to the electromagnetic field, and a priori pointwise estimates on the third
unknown variable. One of the key points in our study is that the electromagnetic
fields decompose into an “irrotational” part, which is directly related to this third
unknown, and a “divergence free” part, which solves some wave equation.

2.1. An abstract setting

On any finite-dimensional vector space R", we denote by u - u’ the usual scalar
product between vectors u and u’, and by | - | the associated norm. For all r > 0,
B, denotes the (closed) ball centered at O, with radius 7.
We consider two scalar functions «1(x) and x> (x), which are uniformly posi-
tive:
fori =1,2, & € L°@®R?, and 3Jc¢>0, >c. (2.1)

We denote by H,y the space of functions f in L?(R3,IR3) with curl fin L?(R3,R3).
We consider the operator B defined by

B(uy, M2)=(K1_1 curl uo, —K2_1 curluy) for u:=(uy1,uz) € D(B):= Hcun X Heurl.

This is a skew self-adjoint operator on the Hilbert space L>(R?, R®) endowed with
the scalar product

((uy, u2), Uy, uh)) iy iy o= /3(K1u1 -y + kouy - uh)dx.
R

We denote by P(u1,us) = (Plul, Pguz) the orthogonal projector on (ker B)*t
with respect to the weighted scalar product above, so that for i = 1, 2,
ran P; = {u; € L>(R*, R?) | div(k;u;) = 0},

2.2
ran (Id — P;) = {u; € L>(R*,R?) | curl(u;) = 0}. @2
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We consider a function F : R? x RY x R® — R?, where d € N, affine in its third
variable, and written

F(x,v,u) = Fo(x,v) + Fi(x, v)u. (2.3)

For each j = 0, 1, F; is measurable with respect to x and continuously differen-
tiable with respect to v. Furthermore,

for j =0,1, foralmostallx € R3, Fi(x,0) =0,
and VR > 0, foralmost all x € R?, Vv € Bg, (2.4)
[Fj(x, v)| + 10, Fj(x, v)] < Cr(R).
Finally, we assume that there exists K > 0 such that:
for almost all x € R3, V(v,u) e RY x RS,  F(x,v,u)-v < K[v]®. (2.5)

Remark 2.1. The constant K above may sometimes be taken equal to zero. In
this case, Estimate (i) in Theorem 2.6 is improved, since v does not undergo any
growth. This is the case for the Maxwell-Landau-Lifschitz model, as well as for
the Maxwell-Bloch model, when only transverse relaxation is taken into account
(Q(p) = —ypod, for some y = 0, and with p,4 the off-diagonal part of p).

We also consider a function I = (I;,1) € (L®[R3, L(RY, R3)))2, where
L(R?, R?) denotes the space of linear functions from R? to R3. We introduce the
following shorthand notation: for any x € R?, (k~! - 1)(x) is the mapping from R¢
to R®, such that

for almost all x e R, Vo eR?, (k™! - D) (x)v:= (k1 (x) ' 1 (X) v, k2 (x) " o (x)v).
Then, for any U := (u, v) in
L% := L*(R3 R® x L*(Q,RY),
the conditions
div(kiuy — L1v) =0, div(kouy — o) =0,

may be equivalently written

(Id — P)(u — (k' - )T) = 0. (2.6)

We look for U € C ([0, 00), LZ), solution to
0 +Bu= k" DF(x,v,u) forxeR>, (2.7
ov=F(x,v,u) for x € Q, (2.8)

and (2.6). We recall that for any function f defined on 2, we denote by f the
extension of f (to R?) by 0 outside 2. We also impose the condition

v e LX.((0, 00), L™ (2, RY)). (2.9)

Equations (2.6)-(2.8) are understood in the distributional sense, noticing that (2.9)
gives sense to the nonlinear term, since the function F'(x, v, u) is affine in u.
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Remark 2.2. Equations (2.6)-(2.8) reduce to the Maxwell-Landau-Lifschitz sys-
tem (1.1)-(1.2) whenu; = H,up = E,v = M (withd =3),x1 = u,kp = ¢&,11 =
—,lp =0, F(x,v,u) = yvA(u1+Hg(v) + Hex) —av A (VA (1 + Hy (v) + Hext))
and to the Maxwell Bloch system (1.4)-(1.5) when u; = H, up = E, v = p (with
d =Nk =pky=¢61l =015 =TT, F(x,v,u) = —i[A —us -
[, v] + Q(v). The exterior magnetic field above is usually depending on time. We
did not consider such time-dependent coefficients in our study, since it would have
made notations more intricate; up to some integrability assumptions, this extension
is straightforward.

Definition 2.3. We call U = (u, v) € C([0, c0), L?) a global finite energy solution
to (2.6)-(2.8) if (2.9) holds true and U is a solution to (2.6)-(2.8) in the distributional
sense.

Remark 2.4. Equation (2.6) has to be seen as a (linear) constraint, which propa-
gates from ¢ = O for solutions to (2.7)-(2.8):

&Ud— P)(u— («~'-Dv) =0. (2.10)

Indeed, by definition of the projector P, we have (Id — P)B = 0, so that we get
(2.10) when applying (Id — P) to (2.7), using (2.8) (which extends to all x € R3
since F'(x, 0, u) = 0) and commuting the derivative d; with (Id — P) and k1l

We therefore have to consider initial data Uy satisfying (2.6), and for such
constrained initial data, the solutions to (2.7)-(2.8) also satisfy (2.6) as long as they
exist. We shall write Uinit := (Uinit, Vinit) With init := (Uinit, 1, Uinit,2)-

Definition 2.5. Let Lg;, be the set of functions U := (u,v) € L2(R3, R%) x
(L2(Q2, R?) N L®(2, RY)) satisfying (2.6).

2.2. Cauchy problems

Our first result states the existence of global finite energy solutions to (2.6)-(2.8).

Theorem 2.6. Assume (2.1) and (2.3)-(2.5). For any Uipit in Lgiy, there exists U 1=
(u,v) € C([0, 00), L?), global finite energy solution to (2.6)-(2.8) with Uini as
initial data. Moreover, for all T > 0, there is C = C(T, F, [, || Vinit|| L) such that

() for almost all x € R>, forallt > 0, |v(t, x)| < |vini(x)|eX! (with K from
(2.5));
(i) forallt € [0, T], [|(u, v)(D)lL2 < CllUinitlly2;
(iii) ve WI})’COO((O, 00),L2(2, RY)), and for almost every t € [0, T'], [0 v(?) || .2y
C||Uinitl.2-

Finally, if Ui is a bounded set of Lgiy which is compact in L2, then forall T > 0,
the set U of the above solutions with Cauchy data in Uy is compact in C ([0,T],L?).
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To establish this first result, we follow the strategy of Jochmann in [23], which
is itself an improvement of the method by Joly, Métivier and Rauch in [24]. This
is the classical regularization method, in which (global-in-time) approximate solu-
tions U" = (u", v") are built first (Section 3.2); the delicate step consists of course
in passing to the limit # — oo in the regularization (Section 3.3). Pointwise bounds
are available for v, which imply L? bounds for (/d — P)u" = (Id — P)(k~'-Dom,
for finite p. The main argument relies on compensated compactness, applied to Pu”
(Lemma 3.4).

As a byproduct of the proof of Theorem 2.6, we also have the following version
of stability, where we assume strong convergence only for the v part of the initial
data. It will be useful below (cf. proof of Theorem 2.10) when considering the weak
quasi-stationary limit.

Proposition 2.7. Let (U"),cN be a sequence in L°.((0, 00), Lgiv), bounded in

loc

L.((0, 00), L?), with (v"),en bounded in W,5>°((0, 00), L2(2)) N L2, ((0, 00),
L%(Q)) satisfying (2.8), v"|;—0 — vinit in L*(Q) and Bu" = 8, D" with (D"),
bounded in Lf'&((O, 00), LZ(R3)). Then, up to a subsequence, v" converges to v in

L ((0, 00), LP(2)) for any p = 2 and in L7, ((0, 00), L*°(2)) weak *, u" con-

loc

verges to u in L>.((0, 00), LZ(R3)) weak %, and U := (u, v) satisfies (2.6), (2.8),

loc
as well as v|;—g = Vinit.

Let us now turn our atttention to smoother solutions. We need to assume more
smoothness on the coefficients ¢ and w. Of course, when considering in some
physical situation a domain €2 with boundaries, the coefficients € and ¢ experiment
discontinuity jumps. Since we do not know how to tackle this physical case, we
assume from now on that

Qisbounded, andwith=Q, «; —1¢€ C,%O(R3), i=1,2, (2.11)

where C¢° (IR3) is the space of C* functions on R3, with support contained in /.
In order to get a uniqueness result, we only need to ensure that the “divergence
free” part Pu of the fields has the H' regularity. To this end, once a finite energy
solution is given, we make use of the linear system solved by Pu, with coeffi-
cients depending on the rest of the solution. As in [24], we proceed in two steps:
we begin with the propagation of H* regularity, for u € (0, 1), using Strichartz
estimates (Proposition 4.6). Applying this result with 4 = 1/2 provides enough
integrability for the coefficients of the above mentioned linear equation to ensure
propagation of H'! regularity. This implies that u is “almost” L, a natural con-
dition to prove uniqueness of the solution. Technically, a L°° approximation of u
is built thanks to a limit Strichartz estimate for low frequencies (Proposition 4.7).
We also need a decoupling assumption, which was introduced in [18], and is sat-
isfied by the Maxwell-Landau-Lifschitz system as well as by the Maxwell-Bloch
system.
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Theorem 2.8. In addition to the assumptions of Theorem 2.6, assume (2.11). Let
w €10, 11, and Upir € Lgiy with curl upi; € H* ' (R3), for i = 1,2. Then, the
following holds true:

(a) Any solution U to (2.6)-(2.8) with Uit as initial data given by Theorem 2.6
satisfies curlu; € C([0, oo], H*~'(R3)), fori =1, 2.
(b) If u = 1, assuming moreover that

there exists j € {1,2} such thatl3_;F =0

(2.12)
and such that F depends only on (x, v, uj;),

there exists only one solution to (2.6)-(2.8) with Uyt as initial data as in The-
orem 2.6.

Theorem 2.8 asserts that the uniqueness property holds for initial data Ujpj; in Lgiy
with curl uinie; € L2(R3), i = 1, 2, which are dense in Lgjy for the topology of L2,
The following theorem says that the uniqueness property even holds generically for
the following topologies. Let 7, and 7, denote respectively the strong and weak
topologies of LZ(R3, R%) and let 7, denote the strong topology of L?(2, RY). We
consider the product topology 74, (respectively t,,5) on L? obtained from 7, (re-
spectively 1) and ;.

Theorem 2.9. Under the assumptions of Theorem 2.8 (b), for any Cinit > 0, there
exists a Gg dense set Lgiy in the set {Uinit € L‘HYJ lVinitll 2o (@) < Chnit} for the
topology tss and T, such that for any Uinit € Lagiy, there exists only one solution
to (2.6)-(2.8) with Uiyt as initial data, with the same properties as in Theorem 2.6.

Let us stress that we cannot expect that the problem (2.6)-(2.8) admits smoother
solutions than the ones given by Theorem 2.8 since, by definition, v is discontinuous
across the boundary 92. However it follows from the general theory of discontinu-
ous solutions of hyperbolic semilinear systems [34,39] that the problem (2.6)-(2.8)
admits piecewise regular solutions discontinuous accross 9<2 (let us also refer to the
appendix of [44]). Yet the general theory only guaranties local-in-time solutions.
We do not know if in the particular case of the problem (2.6)-(2.8) global-in-time
solutions can be obtained.

2.3. Quasi-stationary limits

As described in the Introduction, the quasi-stationary regime consists in the limit
n — 0T for (2.6)-(2.8), where 9, is replaced with 79;, and F is replaced with nF.
Equations (2.6) and (2.8) are invariant under this rescaling, whereas (2.7) becomes

Mo + Bu = nic~ ' - [)F(x,T,u), forxeR>, (2.13)

For this semi-classical version of (2.8), it is still true that the constraint (2.6) is
propagated from the initial data. Formally, in the limit n — 0%, v still satisfies
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(2.8), whereas u satifies (2.6) and Bu = 0. But for U = (u, v) € C ([0, 00), L?),
these last two conditions are equivalent to the fact that for all # > 0, u(¢) is directly
determined by v(¢), and more precisely:

u=(Id—Pu=Ud—-P)x ' D7, (2.14)
with P from (2.2). Then, (2.8) becomes
v =F(x,v, ((Id— P)(x! -DY))g). (2.15)

Using the stability result given by Proposition 2.7, we have a first result of conver-
gence towards the quasi-stationary limit, weakly for # and locally in time for v:

Theorem 2.10. Assume (2.1) and (2.3)-(2.5). For any Uit in Lgiy, for any
n € (0,1), let U" := (u",v") be a global finite energy solution to (2.6), (2.8)
and (2.13) with Uyt as initial data. Then, up to a subsequence, v" converges
in L5 ((0,00), LP(R2)) for all p > 2 and in L5, ((0, 00), L>(2)) weak * to-
wards a solution v to (2.15), with vipit as initial data; Pu" converges to 0 in
L ((0, 00), L?*(R)) weak x, and (Id — P)u" = (Id — P)(k~" - [)v" converges in

L. ((0, 00), LP (R?)) for all p > 2 towards u, given by (2.14).

Convergence of the whole sequence U is ensured as soon as the Cauchy prob-
lem associated with the limiting equation (2.15) has a unique solution. This is given
by the following proposition, which extends [43, Theorem 3.1] by Starynkevitch.

Proposition 2.11. Assume (2.11), and let vipiy € L°°(2). Then, there is a unique
v € C([0, 00), LZ(Q))ﬂLlfC((O, o0), L®°()) solution to (2.15), with vini; as initial
data.

We also prove strong and global-in-time convergence for u, assuming (2.11)
again, as well as integrability in time for ||8,U||i2 @ and non-trapping for some
wave operator:

Theorem 2.12. Under the assumptions of Theorem 2.10, assume moreover (2.11),
the non-trapping hypothesis (6.6) and that 0,v" is bounded (with respect to n) in
L2((0, 00) x Q). Then, Pu" goes to zero in L*((0, o), L2, (R?)).

loc

Remark 2.13. In the case of the Maxwell-Landau-Lifschitz system (1.1)-(1.2),9; M
actually belongs to L2((0, 00) x Q). Define the energy £(¢) as

1 1
Et) = —f (8|E|2+MIH|2)dx+/ u(¢<M>+—|Hext—M|2> dx.
2 R3 Q 2

Differentiating formally this expression with respect to time, we see that the integral
of H-curl E — E - curl H = div(E A H) vanishes, as well as M - 9; M (since |M |
is constant). Using the orthogonality relations of the nonlinearity, we get

M- Hr =alM A Hr* and |3, M|* = (&® +y>)|M A Hr %,
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so that estimate (ii) in Theorem 2.6 is improved to

1
g(t) + / ||\/_81M(t )”LZ(Q) Eux/ﬁHeXt(l‘)”iZ(Q)

t
—l—/ (/ wM - B,Hextdx> dt' = cst,
0 Q

and the same is true with the quasi-stationary scaling. Assuming for example that
Heyt € L"OL2 and 9; Hexy € L), we deduce that & is bounded, and 9, M belongs to
L%@anxm.

In the case of the Maxwell-Bloch system, we do not know if such an estimate
is available for o; p.

t,x°

3. Existence of global finite energy solutions: proof of Theorem 2.6

3.1. Technical interlude 1
3.1.1. Intersections and sums of Banach spaces

We recall some useful properties of the intersection and the sum of Banach spaces.
Consider two Banach spaces X and X that are subsets of a Hausdorff topological
vector space X. Then

XiNXo:={feX| feXi feX}
(respectively X1 + Xo :={f € X | E(f) # 0},
where E(f) :=={(f1. ) e Xi x X2 | i+ 2=}

is a Banach space endowed with the norm

£ 1xinx, = 1 lxy + 11 fllx,
(respectively || fllx,+x, == inf{ll fillx, + I 22llx, | (f1. f2) € E(HHD.

If furthermore X; N X3 is a dense subset of both X; and X», then (X; N X)) =
X|+ X} and (X1 + X2)" = X N X}, (cf. Bergh and Lofstrom [4, Lemma 2.3.1 and
Theorem 2.7.1)).

3.1.2. Mollifiers

We shall use the following symmetric operators R”" : L3(R3) — L2(R3), defined
by

(R"f(x) := /R3 fOHw"(x —y)dy forx e R3, (3.1
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where w'" € C8°(]R3) is a mollifier with supp w” C B(0, 1/(1 4 n)) and fR3 w" =
1. These operators have the following well-known properties: there exists C > 0
such that for all f € L2(R3),r > 1andn € N,

If = R fll2@sy = 0. IR fll 2@ < ClFIL2@s). (3.2)
||Rnf||L2(B,) <C||f||L2(B,+1)v and ||R”f||L2(R3\B,)<C||f||L2(R3\B,_1)- (3.3)

Moreover for all n € N, there exists C, > 0 such that for all f € L>(R?),

IR" £l oo 3y < Call fll 2R3 (3.4)

3.2. Approximate solutions

The following lemma claims the existence of global solutions to some regularized
problem.

Lemma 3.1. For all n € N, there exists U" := (u", v"") € C([0, 00), L?), with
v" € C([0, 00), L™(2,RY)) N C'([0, 00), L*(2, RY)), (3.5)

solution to the regularized problem:

(3 + Bu" = k™" I)F"  forx e R, (3.6)
" = F" forx € Q, (3.7

where
F"(t,x) := F(x,v"(t, x), R"u" (¢, x)), (3.8)

with Uinit as initial data. Moreover, for alln € N,

(a) For almost all x € R3, forall t > 0, |v"(t, x)| < |vinit(x)|eX? (with K from
(2.5)).

(b) For all T > 0, there is C = C(T, F,1, k, ||vinitl L) such that, for all t €
[0, T 1™, v" )2 + 100" (D)l 12y < CllUnitll2-

Proof. The local-in-time solution is constructed via a usual fixed point argument
for the mapping A" : C([0, T1,L?) — C([0, T, L?),

A (u, v)(t, -
t t
= (exp(_tB)”init+ f exp((t—t)B)Y (™ - DF" (', ydt v+ | F (), ~)dt/> :
0 0
where

F'(t, ) = F(,v(@, "), R"u(t,)).
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For T > 0 small enough, A" is shown to be a contraction mapping thanks to
properties (2.3)-(2.5) of F, (3.4), and because B is a skew self-adjoint operator in
the Hilbert space L2(R?, R®) endowed with the scalar product (-, -)¢, -

Global existence is given by the a priori bounds (a) and (b). The first one
follows directly from (2.5) and Gronwall’s lemma. In the same way, taking the L>
norm of (u", v")(t) = A"(u", v")(t), one gets

t
@™, v )l < |Uinitllg2 +/ (Ul L) IF" (@, ) adt
0

One may add to this inequality the one obtained from (3.7),
90" (2, 2 < NF" (2, )l 2
From (2.3), (2.4), we have
IF" (@, )2 < Cr(llvinidllzooe® ) 1@, v") () 2,

so that Gronwall’s lemma concludes. |

3.3. Passing to the limit n — oo

Let us stress that Estimate (3.4) is not uniform with respect to n. However, we have:

Proposition 3.2. For all T > 0, there is a subsequence of (U™),eN given by
Lemma 3.1 that strongly converges in C ([0, T], L2) to U := (u, v) € C([0, 00), L?),
global finite energy solution to (2.6)-(2.8) with Uinit as initial data, and satisfying
the estimates (i), (ii), (iii) of Theorem 2.6.

Proof. First we infer from the bounds (a)-(b) in Lemma 3.1 that there exists a sub-
sequence, still denoted (1", v™), such that u” (respectively F’) tends to u (respec-
tively to Fiim) in L°((0, T), L?) weak x (respectively L>®((0, T), L*(R3)) weak )
and v" tends to v in W1°((0, T),L2(§2)) weak * and in L= ((0, T), L*°(Q)) weak .
This is enough to ensure that (u, v) satisfies (2.6). Moreover, Fatou’s lemma yields
that u and v satisfy (i)-(ii) of Theorem 2.6 for almost every ¢ in (0, T).

Since the function F is not linear, these weak limits do not suffice to pass to
the limit in Equation (3.7). The strategy is to carefully study the nonlinear term
F" to prove that the solutions U” of the regularized problems (3.6)-(3.7) actually
converge (strongly) in L2. The key step consists in proving the strong convergence
of v".

It shall be useful several times to keep in mind that, thanks to the growth con-
ditions (2.4) on F' and to the pointwise bound Lemma 3.1, (a) of the v”, there holds,
foralln,m € N, forall (¢, x) € [0, T] x R,

|F (1, x)| < Cr(eXT vl o), (3.9)
|F (1, x) — F"(t, x)| < Cp(eXT |JumicllL) [V7 (7, x) — v (2, x)|,  (3.10)

where F/' = F;(x,v"),i =0, 1.
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Strong convergence of v"". We perform energy estimates on (3.6)-(3.7). Since
u may be unbounded, we introduce a weight function, which precisely depends on
u. More exactly, we choose a positive function po(x) in L®(R?) N L2(R3) and
define

p(t, x) = po(x)e Lo lus-0lds 3.11)

with L > Cr(eXT || vini¢|| o). First, using (3.7) we get

1d
53 (10" =v")0)) @

:/ p2@" — V™) - (F" — F™)dx — L/ o2 lul v — v™Pdx.
Q Q

Next, decompose F" — F" according to (2.3) to get

1d
35t (190" =00 0)) 0 = [ 207 = o) (g~
s ( @) 0= .

+/ pz(v"—v’")-(F{’R"u"—F{"Rmum)dx—L/ o2 lul v —v™ Pdx.
Q Q

The first term in the right hand side of (3.12) can be estimated by Clp(v" —

v’”)||iz(m (¢) thanks to (3.10). Now, decompose F|'R"u" — F{" R™u™ into

F'R"W" — F'"R™u" = F{(R"u" —u) — F{"(R"u™ — u) + (F' — F{")u.

The terms produced by the third parenthesis are estimated thanks to (3.10), and
absorbed by the last term in (3.12), so that

1d
S5 (100" = V")) 6 < Cllo®" = V)2 1)
+/ 2" —v™) - F(R"u" — u)dx
Q
+/ 2™ — vy - FM(R™u™ — u)dx.
Q

Then, decompose R"u" and R™u™ according to the orthogonal projector P to get

o = 0™ 22g)) ) < Cllp@" = ") gy ()
3 (3.13)

+ Z hjsm,ﬂ(t) + hj,n,m(t),
j=I

7ai
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where
hima(t) = /sz(v" —v") - F/'R"P(u" —u)dx,
By mon(t) == prz(v" —v™) - F'R"(Id — P)(u" — u)dx,
B3 () == /sz(v” —v™) - F{'(R"u — u)dx.

The following lemma deals with the term A1, , (¢).

T
/ hl,m,n(t)dt <
0

Lemma 3.3. There holds

V8 >0,3INs €N, Vn > N5, Vm € N,

26.  (3.14)
Proof. First notice that
hl,m,n(t) = f R"(Pz(v_" — ™). Fln)P(un —u)dx.
R3

We first handle the case where x is outside of a large ball. Using the Cauchy-
Schwarz inequality, the second property of R"” in (3.3), the uniform bound in
L>([0, T], L>(R3)) for v" given in Lemma 3.1, (b) and the bound (3.9) for F7,
we get that

/ / (D7 = VM FY) - P — w)|dxdt
R3\ B,

<c /O 102 2o\, -

(3.15)

By definition of p there exists > 0 so that this integral is less than &.
It remains to tackle the case where x € B,. We use the following compactness
lemma:

Lemma 3.4 (Jochmann [23, Lemma 3.4]). Let (G"),en and (K™),en be bounded
sequences in L®([0, T), L>(R3, R%)), with K" converging to 0 in L*([0, T),
L*(R3, R®)) weak . Suppose that (G")nen is equicontinuous from [0, T] to
L2(R3 R®) and that BK" = 8,C" with (C"),en bounded in L ([0,T),L*(R3,R%)).
Then for allr > 0,

sup
peN

T
/ / GP@)- PK"(t)dxdt| — 0. (3.16)
0 B, n— 00
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Let us denote G¥! = Rk (,oz(y - W) . Flk) and K" = u" — u. Thanks to (3.9),

(3.2) and to Lemma 3.1, (b), we get that (Gk’l)kyleN and (K™),en are bounded in
L®([0, T), L2(R3)). Moreover K" tends to zero in L ([0, T), L?>(R?)) weak =,
by definition of u. Let us denote " = fot(/c_l-l)F”dt’ and F = fot(/c_1 D) Fiimdt'.
From (3.6) we infer that

BK" =9,C", with C"':=F"—u" — (F —u).

The sequence (C"),cN is bounded in L*°([0,T), L2(R?)).In the same way, equicon-
tinuity is obtained from the bounds on d;,v" = F". We therefore apply the lemma
observing that, for all m,n € N,

< sup
k,leN

T
//G’"’”(t)-PK”(t)dxdt
0o JB,

T
/ / Gl (1) - PK"(t)dxdt
o JB

Lemma 3.4 therefore ensures that there is N, s € N such that, for n > N, s and for
allm e N,

T
/ /R"(pz(v_”—v_’”)Fl”)-P(u"—u)dxdt <,
o Ja

and Lemma 3.3 is proved. O

We now deal with the term %2, 5 (2).
Lemma 3.5. There holds
V8 >0,3dNs €N, Vn > N5, Vm € N,

T . . (3.17)
[ hamantde] <54 CUpT =9 oG~ Dl
0 X 1,x
Proof. The (u", v") satisfy (2.6) and so does their weak limit («, v). Thus
hymn(t) = —/ P (" —v™) - FIR"(Id — P)(k ™' - 1)(v" — T)dx
Q
= —/ P> — V™) - FIR"(Id — P)(k™" - 1) (0" — D)dx.
R3
Then we decompose
T T o o
[ hamatiar< [ [ @mom-rp[ R - P 0@ <)
0 0 R3
— pR"(Id — P)p(k~! -1)(v_n—v)]dx dt (3.18)

T
+/ )/3 p(" — ) - FI'R"(Id — P)p(c~" - 1)(V" — D)dx|dt.
0 R
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The second integral in the right hand side of (3.18) is estimated thanks to Holder’s
inequality:

[

< Cllp@™ =M 2 0@ =Dl

/3 p(" — VM) . F'R"(Id — P)p(k ™' - [)(v" — D)dx|dt
R

where C depends only on T, F, [, ||vipit|| 2. To deal with the first integral in the
right-hand side of (3.18), we use the following commutation lemma.

Lemma 3.6 (Jochmann [23, Lemma 3.5]). Let p belong to L*>((0,T), L>(R3) N
L0, T), L (R?)), and let (M"),en be a bounded sequence in WH°((0, T),
L2(R3))NL>®((0,T),L>®R>)) which converges to 0 in L*°(0,T),L*(R3)) weak .
Then

T
/||p(t)2R"(Id—P)M"—p(t)R"(Id—P)p(t)M"||L1(R3)+L2(R3)dt — 0, (3.19)
0 n—
T
and/ lp(0(1d=PYM" = p(t)(1d = P)p()M" | 1 g3 12z3ydt — 0. (3.20)
0 n—

We apply Lemma 3.6, (3.19) with M" = (k=1 (" — D): the first integral in the
right-hand side of (3.18) is estimated by

T
C(T, F,IlvinitllLoo)/ V"=Vl o2 | P> RY (T d—PYM"—p R" (1d—P) pM"|| 11, 1241,
0
and thus goes to zero as n goes to infinity, uniformly with respect to m. Hence, we

get (3.17). O

For all § > 0, we also bound %3, , by § for all n > Ns and all m € N thanks
to (3.2). Finally, summing up with (3.14) and (3.17), we have from (3.13):

V8 >0, 3dNs €N, Vn,m > Ng, Vt € [0, T],
lp@" = V™) 72 @) 3.21)

g Cc (8 + ||,0(Un - vm)”%Z((O’T)XQ) + ”p(vn - v)||%2((O,T)><Q)> .

Use Gronwall’s Lemma, then let m go to oo, and use Gronwall’s Lemma again to
deduce:

¥8>0,3Ns €N, Vn > Ny, Vi € [0, T],  [lp(" = )72, (1) < C8,

which implies that v"* converges towards v strongly in L2((0, T)x 2, p(t,x)*dtdx).
Up to a subsequence, convergence then holds almost everywhere, for the measure
,ozd tdx,ordtdx, since p is positive almost everywhere in (0, T') x 2. Thanks to the
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pointwise estimates (a) from Lemma 3.1, dominated convergence thus ensures that
v" converges towards v strongly in L?((0, T) x , dtdx). Then, equicontinuity
of {v} U {v*},en in C([O, T, L3(R)) implies (by Ascoli’s Theorem) the strong
convergence of v" in C ([0, T], L2(2)). This, together with the uniform bounds on
{v} U {v"},en and with the weak convergence of u”, is enough to pass to the limit
in (3.6), (3.7) to get (2.7), (2.8).

Strong convergence of u”. Since u" and u satisfy (3.6) and (2.7) respectively, their
difference is solution to a hyperbolic equation with source termin L 1, 1),L*(RY)),

0+ B)W" —u) = (k"' D(F" — F(x,7, u)).

The standard energy estimate then gives

t
1 —ull ) <C [ 1F" = Fx, 3wl 2 ()
. 0 (3.22)
<cf (1E3 = Fole. 0l 12 () I FI R — Fy (e D (1)) i
0

Thanks to the growth conditions (2.4) of F and to the pointwise bound Lemma 3.1,
(a) of the v", there holds, for all n, m € N and (¢, x) € [0, T] x R3,

|F(t, %) — Fi(x, 0, )| < Cre® [[vinicll L) [ (2, x) — (2, x)1. (3.23)

In particular this yields that for any ' € [0, T, | F| — Fo(x, )|l ;2(¢') goes to zero
as n goes to infinity.
Furthermore,

|F{ R u" — Fy (x 0)u| <|FPIIR™ " —w) |+ FT|(R" = Id)ul+| F{' — F1 (x,0)]|u].

Thanks to the L bounds on v" (cf. Lemma 3.1, (a)) and on F{' (c¢f. (3.9)), and to
the property (3.2) of the operator R”, the first term in the right hand side above is
bounded by Cr X7 || vinitll o) |u” — u]. In the same way, the second term goes to
zero in L? as n goes to infinity. Finally, up to a subsequence, the third term tends to
zero almost everywhere, and is bounded by C(F, T, ||Vinit| L) |u|. By dominated
convergence, it thus goes to zero in L2. Finally, we get from (3.22):

t
lu" —ull2(t) < C(F, T, ||Uinit||L°°)/ lu" — ull2(")dt" + o(1),
0

and Gronwall’s Lemma shows that u” converges to u in C ([0, T'], L?). O

Thanks to a diagonal extraction process (using times 7 € N*), Proposition 3.2
produces U € C([0, c0), L?), solution to (2.6)-(2.8) with Uiy as initial data.
Estimates (i) and (ii) are then straightforward. To prove Theorem 2.6, there re-
mains to show its last statement: the stability property. To this end, consider a
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sequence (Uj:)neN, bounded in Lgiy, and converging to Uit in L% 1t gener-
ates a (sub)sequence of solutions (U"),¢n, With, from the bounds (i), (ii) in Theo-

rem 2.6, u” converging to u in L} ((0, 00), L2(R?)) weak * and v" converging to

v in WIL’COO((O, 00), L*(2)) weakly * and in L ((0, 00), L*(2)) weak *. Then,
define the weight p from (3.11) and estimate v"* — v as in (3.12), with R"u" and
R™u™ replaced with u” and u™, respectively. This leads to the analogue to (3.13),
with no %3, , and h3 , ,, terms, and no R" in hy ,, , and h2 ,, ,. Apply Lemma 3.4
and Lemma 3.6, (3.20) (instead of (3.19)), to get strong C ([0, T, L?) convergence
of v" towards v (in (3.21), the term ||v; — vir. [l ;2 goes to zero, and contributes
to 8). Strong convergence of the fields u” is then obtained as above , with an initial
term ||u; . — winitll L2 going to zero added to the right hand side of (3.22).
The same process proves Proposition 2.7.

4. Propagation of smoothness and uniqueness: proof of Theorem 2.8

It is worth noting that, under the smoothness assumption on ¢ and w in (2.11),
u € L2(R3 RS with Pu € H*R? R iff u € L*(R3, R®) with curly; €
H Y[R3, RS fori = 1, 2.

We thus split the proof of Theorem 2.8 in several steps. In Section 4.1, we
isolate a Cauchy problem for the projection Pu of u. This allows some dispersive
estimates that we etablish in Section 4.3, while in Section 4.2, Littlewood-Paley
decompositions are introduced. We consider first the case where u is in (0, 1),
then we prove the part (a) of Theorem 2.8 in the case © = 1, which concerns the
propagation of smoothness, and finally the part (b), which concerns uniqueness.

Remark 4.1. Let us mention that in the proof of the propagation of H' regularity
givenin [18], the step “u € (0, 1)” is missing, and the resulting estimates (collected
here in Lemma 4.18) are claimed without proof.

4.1. Preliminaries

Lemma 4.2. For any solution U := (u, v) to (2.6)-(2.8) with Uipit := (Uinit, Vinit) €
Lgiv as initial data given by Theorem 2.6, the part u :== Pu solves for x € R3,

(3; + B)u = P(Au) + Pg, 4.1
ul;—0 = Puini, 4.2)

where
Alt,x) = "V DF(x, D), (4.3)
g, x): =" DF(x, 7, (Id— P)k™ - D)D), (4.4)

= VD&, + & DR 0)Ud - PYT D). (4.5)
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Proof. First, apply the projector P to the system (2.7), observing that P commutes
with both 9; and B. Then, split ' according to (2.3), splitu intou = u+ (Id — P)u
and finally use the constraint (2.6). ]

The projectors P;,i = 1, 2, defined on L2(R3, R3), extend to LP (R3, R3) (this re-
sult extends the classical one by Calderén and Zygmund [11] on singular integrals,
in the spirit of the extension by Judovic [46]):

Lemma 4.3 (Starynkevitch [43, Lemma 3.13]). Under assumption (2.11), the
projectors P;, i = 1,2, extend to LP(R3, R?) and for all py > 1, there exists
C > 0 such that for all p € [po, 00), their norm from LP(R3, R3) into itself are
less than Cp.

We deduce estimates for the right-hand side of (4.1):

Lemma 4.4. As in Theorem 2.8, assume (2.3)-(2.5) and (2.11). Let Ujnit =
(Uinit, Vinit) € Ldiv, and let U := (u, v) be any solution to (2.6)-(2.8) with Ujpi; :=
(Uinit, Vinit) € Laiv as initial data given by Theorem 2.6. The following holds true
for A and g given by (4.3)-(4.5):

A € L.((0, 00), L®(RY)), (4.6)
A € C([0, 00), L2(R?)), (4.7)
A € LZ.((0, 00), L*(R)), (4.8)
g € Ni<p=0oC ([0, 00), LP(RY)), (4.9)
dg € Ni<g<2L2((0, 00), LP(RY)). (4.10)

Proof. For all t,t' > 0, there holds

TA | ooy <l ™" 1 oo 3 CF (lvinitl| Looe ™), (4.11)
IA@) — A | 2 sy <l ™" 1l oo sy CF (lvinitl o eX ) [0 (@) =0 (@) [ 12y (4.12)
ll0; A(2) ||L2(R3)<||K_1' l||LO<>(R3)CF(||Uinit||L°°€Kt)||atU(t) 22 (4.13)

what yields estimates (4.6)-(4.8).

Since v e C([0,00),L*(Q2))N L. ((0,00),L°°(2)), we have v e N, >1C([0,00),
L?(€2)) — using the boundedness of 2 for p < 2, and by interpolation for p > 2.
Lemma 4.3 then yields (4.9). Next, using that |F;(x, v)| < Cr(||vinicllzeX")|v]
fori =0, 1, we infer from (2.8) that 9,v € N1 g2 L. ((0, 00), LP(R3)). Since

loc

38t x) = (k™" - D{0,Fo(x,v) - 8V + Fi(x,v)(Id — P)(x " - 1)
ST+ (B Fi(x,0) - 8,0) - (Id — P)(k " - DT},

thanks to Lemma 4.3, we finally get (4.10). O

Also, for a given v, the “fields part” u is in fact uniquely determined:
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Lemma 4.5. Let A € L2 ((0, 00), L°(R?) and g € LL _((0, 00), L2(R?)). For

loc loc
any uinic € L2(R3), there exists only one solutionu € C ([0, 00), LZ(R?)) to (4.1)-
(4.2) with Puinit as initial data. Furthermore, it satisfies u = Pu.

Proof. Existence is given by Lemma 4.2. To prove uniqueness, consider two solu-
tions u; and uw in C ([0, 00), LZ(R3)) to (4.1)-(4.2), and T > 0. Then

t .
Vi=0, (u—w)() = / ¢ IBP A — wp)(s)ds,
0
so that, using (4.6), for t € [0, T'],

t
[(wp —w) ()l 2@s < Clk, T)/O [(wy —w2) ()l 2(g3yds.

Hence, by Gronwall’s Lemma, u; = up on [0, T'], for any 7 > 0. Thus, there is
only one solution u. Finally, in the same way, u — Pu simply satisfies:

vt 20, (8 +B)u—Pu)r)=0,

so that u = Pu. O

4.2. Technical interlude 2: Fourier analysis

We recall the existence of a smooth dyadic partition of unity: there exist two radial
bump functions x and ¢ valued in the interval [0, 1], supported respectively in the
ball B(0,4/3) := {|¢] < 4/3} and in the annulus C(3/4,8/3) := {3/4 < |§| <
8/3}, such that

VEER, x®+) ¢Q7H =1, VE€R\{0}, Y ¢ ) =1,
j>0 Jez

j—Jj'1>2= suppp /)N suppp2~/) =9,

j=1= supp x2/)N suppp(27/) = 0.

The Fourier transform F is defined on the space of integrable functions f € L'(R?)
by (Ff)() := ng e 2mxE f(x)dx, and extended to an automorphism of the space

S'(R3) of tempered distributions, which is the dual of the Schwartz space S (R3) of
rapidly decreasing functions.

The so-called dyadic blocks A ; correspond to the Fourier multipliers A ; :=
¢(27/ D), that is

Aju(x) =2 / h@2/y)u(x — y)dy forj >0, whereh:=F ¢.
R3
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We also introduce Sy := x (D), that is
Sou(x) := / h()u(x — y)dy, where h = F~ly.
R3

We will use the inhomogeneous Littlewood-Paley decomposition Id = S_; +
>_jenA j, which holds in the space of tempered distributions S’ (R3), and the homo-
geneous Littlewood-Paley decomposition /d = ;.7 A j, which holds in S, (R3),
the space of tempered distributions « such that lim;_, _ || Zk< j Arul| L®[R3) = 0.

We now recall the definition of the inhomogeneous (respectively homoge-
neous) Besov spaces B?7 4 (respectively B q) on R? which are, for » € R (the
smoothness index), p,q € [1,400] (respectwely the integral-exponent and the

sum-exponent), the spaces of tempered distributions u in S’(R%) (respectively
S;, (R?)) such that

£ 183, @) = 1S0.f o) + Q7 NA £l Loyl o
(respectively | f1l 3 o) = Q718 o)l @)

is finite. These Banach spaces do not depend on the choice of the dyadic partition
above (cf. for instance the book [3]).

4.3. Dispersion

Propagation of smoothness or singularities for solutions to hyperbolic Cauchy prob-
lems, such as

= (0 + B)u = f, with ul;—o = uinit, (4.14)

obeys the laws of geometrical optics. Let us refer here to the survey [19] by Garding
for an introduction to the subject. The characteristic variety of the operator L is
defined as

Char(L) := {(t,x,7,&) e Rx R x C x (R*\ {0}) | det L(z, x, 7, &) = 0},

where L(t, x, 7, &) denotes the (principal) symbol of the operator L, which is the
6 x 6 matrix

Lt,x,t,6)=L(x,1,&):=1tld+ B(x,§),

-1 )
where B(x, £) := |:K2(x)01§ N Kl(x)O EN :| .

For all (x,£) € R? x (R?\ {0}), the matrix B(x, £) admits three eigenvalues:
At (x, €) := £(k1k2(x))~V/2|£| and 0, each one with multiplicity 2. The eigenspace
associated with the eigenvalue O is precisely ran (/d — P). We introduce

1
Pi(x,§) = — L(x,—z, &) 'dz,
271 Jje—a e ®)l=r
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where r is chosen small enough for A4 (x, §) being the only eigenvalue inside the
circle of integration. The matrix P+ (x, §) is the spectral projection associated with
the eigenvalue A4 (x, £), that is the projection onto the kernel of L (x, —rt(x,8),& )
along its range. These spectral projections are homogeneous of degree 0 with re-
spect to &, and the associated pseudo-differential operators Py satisfy Py + P_ =
Id — P. In addition, Id — P, P4+ and P_ are orthogonal projectors (in the weighted
L? space introduced in Section 2.1) commuting with B, and acting on Besov spaces.

Now the point is that considering the Cauchy problem (4.14) for solutions u
satisfying (Id — P)u = 0, we select the branch of the characteristic variety which
are curved, what generates dispersion. We shall need the following indices pi, 1,
q1, S1, 4, 0 and p:

p1€[2,00) and 1/ri+1/p1 =1/2; (4.15)
qgr€(1,2] and 1/s;+1/q; =3/2; (4.16)
neR, o=pu—142/p1 and p:=u—1+2/q. 4.17)

Proposition 4.6. Let py, r1, q1, S1, 4, 0 and p be given by (4.15)-(4.17). Under
assumption (2.1), there is a non-decreasing function C : (0, 00) — (0, 00) such
that, for any T > 0, for any initial data uiyir in H K such that (Id — P)uinit = 0,
and for any source term f in L51((0, T), B;,z(R3)) such that (Id — P) f =0, any

(weak) solution u to the Cauchy problem (4.14) belongs to L' ((0, T), 321,2(R3))
and satisfies u = Pu, as well as

1Pl (0,8 ) SCD) @ Pl +1PS ) .1, 351,2<R3>)>' (4.18)

In the case py = 2 (hence ry = 00, 0 = ), the function u = Pu is even in
C([0, T1, H*(RY)).

The result of Proposition 4.6 is false forr; = 2, p; = 00,51 = 1,91 =2 and
uw = p = 1,0 = 0. However, it is true when truncating frequencies. We use, for
A > 0, the low frequency cut-off operator S*, which is the Fourier multiplier with
symbol x; := x(-/1), where the cut-off function x € CSO(R" , [0, 1]) takes value 1
when || < 1/2, and 0 when |&] > 1. Then, we have:

Proposition 4.7. Under assumption (2.1), there is a non-decreasing function C :
(0, 00) — (0, 00) such that, for all », T > 0 and for any u € C([0, T), H'(R?))
solution to (4.14),

A
15" PullLaqo,1), 103
< C(T)\/ ]n(l + )LT) (||3x Puinit”LZ(Rii) + ||8x Pf||L1((0,T),L2(R3))) .
Estimate (4.19) is proved in the case where the operator P is P := —A in [24]

Proposition 6.3. Even in this case Estimate (4.19) without the cut-off S* is false
[26,30]. Proposition 4.7 extends [24]’s result to (smooth) variable coefficients.

(4.19)
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Let us mention that one can deduce from these results some similar estimates
for the R -valued solutions u of wave equations of the form:

@+ Au=finR  8ulj—o=u, forv=0,1,

where A (= —a(x)A + Z';zl Bj(x)d; + C(x), whena — 1 € CIO(O(R3), alx) >
co > 0 and the B; and C are in CIO(O(R3, My« n(R)). These equations stand for
the propagation of waves in an inhomogeneous isotropic compact medium K C R3
surrounded by vacuum.

To prove Proposition 4.6 and Proposition 4.7 we use the Lax method, that is
an explicit representation of the solution which allows to take advantage of oscilla-
tions via the method of stationary phase, for each dyadic block, to get a pointwise
dispersive estimate. The final step relies on the 77* argument and the summation
over the dyadic blocks.

This kind of strategy is now very classical. In particular, the 77* argument is
due to Ginibre and Velo [20], and the use of bilinear interpolation was initiated by
Keel and Tao [25]. We refer here to the book [3] by Bahouri, Chemin and Danchin
for a larger overview of its use and of its consequences. However we did not find
Proposition 4.7 in the literature so that we now detail a little bit its proof.

Proof of Proposition 4.6. Let us first remark that it is sufficient to prove Estimate
(4.18) for smooth data (by the usual regularization process) and locally in time.
More precisely, it suffices to prove that there is a constant C > 0 and 77 > 0 such
that, for all A > 0 and for all u € C([0, T1], H' (R?)) solution to (4.14),

I Pu”Lr1 ((0,T1),B§1,2(R3)) s¢ (H P”init”Hﬂ + Pf”L‘” ((0,T1)73514,2(R3))) (420

Indeed, apply several times Estimate (4.20) on time intervals of the form (k77, (k +
1)T1), with k an integer ranging from zero to the integral part K of 7/ T (plus the

interval (K 77, T)): on the right hand side, || Pu(kT1)|| ;. is estimated by C (|| Pu((k—

DTl + 1P (k. (RB))). Summing up gives (4.18).

Now, consider the operator S(t) := ¢~"8 P. It admits a parametrix, and thus
is given by a sum S(¢) = I (t) + I_(¢) of operators on the dispersive eigenspaces,
which are Fourier Integral Operators: for any smooth function u(x),

i (\P(t,x,é)ony-e,f)
e

(I=(0)u) (x) =/ a(t, x, §)u(y)dédy,

R3xR3

and we drop the subscript % in the sequel. The phase W(¢, x, &) is real, positively
homogeneous of degree one in &, C* for & # 0, and satisfies the eikonal equation:

W (1, x,8) = £(kia(x)) VW1, x, £)], (4.21)
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with
W|—o(x, &) =2mx - &. (4.22)

The amplitude a is in Hormander’s class S°, and admits an asymptotic expansion
whose successive orders satisfy a sequence of linear hyperbolic equations. Such a
method was initiated by Lax in his pioneering paper [29]. Because of the caustic
phenomenon, the lifespan of smooth solutions to Equation (4.21) is limited. How-
ever, since W is homogeneous in £ and the set K x S2 is compact, there exists
T; > 0 such that the solution to (4.21)-(4.22) remains smooth on [—T77, T1]. Let us
mention here that Ludwig [33] succeeded in extending Lax’ analysis into a global-
in-time result. The arguments have been refined thanks to Hormander’s theory of
Fourier Integral Operators [17,22]. But we use the parametrices (and the solution
operators I (¢)) only locally in time and we refer for their construction to the work
of Chazarain [15], Nirenberg and Treves [37] and [36], Kumano-go [27] and Bren-
ner [9]. In particular we refer to the last one for the following precious informations
about the phase ([9, Lemma 2.1]): there exist ¢, C > 0 such that

(i) clg] < W] < Clglon [Ty, T1] x RY x (R?\ {0});

(i) cld < W], < Cld, ¥}, being real symmetric, on [—T7, T1] x R? x (R?\
{0});

(iii) llfé’é is semi-definite with rank 2 for |&§] £ 0, ¢ # 0; and for |§| = 1, x € K,
there is a constant cp > 0 such that the moduli of the non-zero eigenvalues of
lI/é’s are bounded from below by cglt|;

(iv) forx ¢ K, the above results are consequence of the exact formula: W (¢,x,£)=
2mx - €+ 2m (ke (x) V2 |E).

Note that these results imply that the kernel of 7 (¢) is a Lagrangian distribution.
We use the 7'T* method for the frequency localized operators

Ti(t) := A1), j €Z.
The composed operator 7 ()T ;(¢')* is then
Ti(OT;j (1) = A1t —1)A;.
Here is the 7'T™ result.

Lemma 4.8. There exist 0 < ¢ < C such that for all j € 7, u € L*(R?), p,r €
[1, 00l and f € L"((0, T), L” (R%)),

1
ITjOullpr0,1y.Lr®3) < lullz2gs) sup (g, 82, (4.23)
geBl,

= sup [b;(f. 8], (424)
L(O.T).LPRY)  gepl,

T
and H/ Ti()Tj(t")* f(t')dt
0
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with

bj(f.8) 1=/ (T;OT; () f(1), g(0)) 2 sdrdl,

(0,7)x(0,T)

Brj, p the space of functions g(t, x) in B, , whose Fourier transform is supported
in 2/ < |E| < C2/, and B, p the space of smooth functions g(t, x) satisfying
”g”L’,((O,T),LP/ (R3)) <L

Proof. Begin with

IT;@ullpro,1),Lr®3)) = SUp
gebrp

/ Ti(t)u(x) - g(t, x)dtdx
0,T)xR3

Then, use the Plancherel identity plus the properties of the support of the Fourier
transform of 7' (¢)u to get

IT;@ullpro,1),Lr®3)) = SUp

. / \ Ti(t)u - gdtdx
geBl, 0, T)xR

Using Fubini’s principle, transposition and Cauchy-Schwarz inequality, observe
that

(4.25)

T
U T;(t) gdt
0

ITj(Oull 20,1y, L0 ®3) < llullz2@s) sup
geBl, L2(R3)
Using again Fubini’s principle and transposition, get

2

T
HA T;(t)* g(t)dt

= bj(g, 8). (4.26)
L2(R3)

This leads to (4.23). Moreover,

T
HA Ti()T;(")* f("dt'

L7 ((0,T),LP (R3))

T

= sup ’/ (/ Tj(t)Tj(t’)*f(t’)dt’)-g(t)dtdx
geB,jp 0,T)xR3 0

= sup |b;(f, &I O
g€B/,

Now, we need to estimate b ( f, g). We start with a pointwise estimate.
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Lemma 4.9. There exists C > 0 such that for all j € Z, (t,t') € (0,T) x (0, T)
andu € L'(R?),

T (THE Y ull ooy < €27 (1 + 271t = /)7l 1 gy

Proof. Since A is a bounded operator on L? (R3) for all p € [1, oo], it is sufficient
to prove that forall r € (=T, T) and u € L' (R?),

1T A jull oo sy < €237 (14271t lull 1 g3y (4.27)

Writing down I (¢) A ju, we get, for all x € R3:

(I () A ju)(x) =/3 3ei(w(t’x’s)_zﬂy's)a(t,x,S)(p(Z_jD)u(y)dédy
R>xR

_ f VXD v E)p2IE)AE)dE
R3
— 23 /R3 PV gt x 20 (a2 y)dn,
so that

|(1 (1) A ju)(x)| < 2% sup
yeR3

/]1;3 P VO M=Y D g1 x 2T n)(n)dn el 13y -

To get (4.27), simply apply the following lemma of stationary phase.

Lemma 4.10 (Littman [31]). Ler V(&) be a real function C* such that the rank
of its Hessian matrix ‘I’gg is at least p and let v(§) be a function supported in a
ring. Then there exists M € N and C > 0 (which depends only on a finite number
of derivatives of V, of a lower bound of the maximum of the abolute values of the
minors of order p of \Ilé’é, on supp v) such that, for all A € R,

_ ; _p
IF M W)l oy < CA+IADTZ - > 1DV L1 gy
loe| <M

To use this lemma, distinguish between short times, for which the eikonal equation
(4.21) implies that the phase W admits the expansion

Wt x, E) = 27r<x 4+ z(mz(x))—l/2|s|) 10,

(thus p = 2, A = 27 (k1x2(x))~ V2t is suitable), and subsequent times, for which
Estimate (4.3) on the phase gives p = 2 (and A = 2/). This yields

sup
yeR3

/3 Y @Oy 4 (f x Zjn)(p(n)dn‘ <CU+2n7' (428
R,

O
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Since T;(¢)T;(¢')* is also bounded on L?(R3), from the above result and the Riesz-
Thorin Interpolation Theorem, we infer the following.

Lemma 4.11. There exists C > 0 such that forall j € Z, (t,t") € (0,T) x (0, T),
p €[2,00]andu € LP/(R3),
N5 T () el sy SC2 2P (1427162 1) ™2 ]|y s (4.29)

Lemma 4.12. For any p1, p2 € [2,00), define ri andry by 1/r1 + 1/p1 = 1/2
and 1/ry + 1/py = 1/2. Then, there exists C > 0 such that for all j € Z,
f e L0, T), LP1(R3) and g € L"2((0, T), LP2(R3)),

2j(A/ri+1/r2)
bj(f, &)l < C2 L7104 .74 ) 181125 (0.1 18 ) 430)
Proof. Using (4.29), we apply Holder’s inequality to get
. 6j/m1 1. n=2/n ,
b1 91 < C2M | (4271 D % 1A ) VN o1

Using again Holder’s inequality, we get

1b;(f, &)l
< C20i/m

(271D % 11 ) )

o Bl (0. @)

Thus, the Hardy-Littlewood-Sobolev inequality implies

|b (f g)| C24]/r1 ||f|| ((0 ), Lpl(R3)) ||g|| ((0 ), Lp1 (R3)) (431)
Moreover, (4.26) yields
T
/ T f@dl| = bi(f HYE<CRM g 4.32)
o’ L@ L1 (0.1), L7 ®)°

Now, we observe that

T T
bj(f,g)=f0 </O Tj(f')*f(t')dt’,Tj(t)*g(t)> dt.

L2(R3)

We use the Cauchy-Schwarz and the uniform boundedness of the T (¢)*, for ¢ in
(0, T), in L2(R?) to get

1b;(f. )1 < bi(f, N gLo.1).2w)- (4.33)

Using now Equation (4.32) yields
Yy
0 VS C2IMSN 1 (. 1t o) I8Nt @22y (439

Interpolating between (4.31) and (4.34), we find (4.30). ]



530 Eric DUMAS AND FRANCK SUEUR

To complete the proof of Proposition 4.6, we need to sum over all frequencies.
Apply Duhamel’s principle to get

t
Pu(t) = ¢7"B Pujni + / B pE(dr . (4.35)
0

The first term in A ; Pu(t) is thus
AT ()uinit = Z AGI(1) Agttinit-
keZ

An important fact in order to estimate A ;I(f)uiy; is that the quasi-orthogonality
of the dyadic blocks is not destroyed by the parametrix [ (¢). Actually, according
to [9, Proposition 1.1 and Lemma 1.4], there exists L € N* such that for all j € Z,

ALty =Y AjJIOA+ R;(),
j=kI<L

where R(7) := ), R () satisfies

=
IRl 0.7y 3 ey < Cl e (4.36)
This shows that there is C > 0 such that
AT (@) utinitll 1 g3y < CHAGT@)A jutinicll Lr1 (v3y + 1R (O ttinitll r1 (w3)
so that

11 (#) tinic || £y (0.7),B5 5(R)

< C 118 T OA jinil o @) 2o |

L"(0,T)

+ H || (21(7 || R] (t)l/linit”LPl (Rz))] ”lz(Z) ‘ L'1(0,T)

< C”(Zja||Aj1(t)Ajuinit||U1 .7y, @) jll2z)
+ 17RO inicll 111 (0. 7). .71 ®3))) i | 22 by Minkowski’s inequality
L CIQIOH2NA juinicl 2 @3) 12z

+ QP IR Oinidll .7 101 @) l2zy by (4.23) and (4.30)
< Cllttinit|| g7 for some new constant C, using u = o + 2/rq and (4.36).

The estimate for fot e'-0Bp f(")dt' follows the same lines, using (4.24) instead
of (4.23).

To conclude the proof of Proposition 4.6, consider the case p; = 2. As (4.18)
holds, it is easy to see that u is continuous with respect to time: using a smooth
approximation f; € L ((0, T), H") of f, we get Luy = fi, and since s; > 1, the
usual energy estimates show that (uy ), is a Cauchy sequence in C ([0, T'], H *). By
(4.18), as fi tends to f in L*1((0, T), B ,), uy tends to u in C([0, T], H*). O
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Proof of Proposition 4.7. Now, in order to prove Proposition 4.7, it suffices to come
back to the proof of Lemma 4.12, taking p; = oo (and r; = 2). Using the standard
Young inequality instead of the Hardy-Littlewood-Sobolev inequality leads to

b;(f. )l < C2 In(L+ 27 D) fll 201y, @p I8l 2oy i@sy.  (4-37)
In particular for any g in L?((0, T), L' (R?)), this yields
1b(g, 9)I'* < C2/VIn(1 + 21 T)1gll 12(0.7y.L1 ®))-
Then we apply Lemma 4.8 with (p, r) = (2, 0o) and use (4.33), where we commute

f and g, to estimate the right hand side of (4.24). We find that for any u € L*>(R?),
forany f € L'((0,T), L*(R%)),

1T Oull 20,7y, L0 @3y < C2/ VInA+2IT) ull 12 @3,
<C2VIn(A+2 D fll 0.1 2@

L2((0.T),L>°(R))

T
H /O Ti()T(t")* f(t")dt

Then we proceed as in the proof of Proposition 4.6 to sum over the dyadic blocks
whose frequencies are below the cut-off parameter A, with an extra factor

V/In(1 + AT) (and (4.36) holds for r; = 2, p; = 00). O
4.4. Propagation of smoothness: proof of Theorem 2.8, case where . € (0, 1)

In the case where . € (0, 1), Theorem 2.8 is a consequence of the following propo-
sition:

Proposition 4.13. Suppose that A and g satisfy the estimates (4.6)-(4.10), that
w € (0,1) and uiny € L*(R3, RO with Puinix € H*(R3,R®). Then the unique
solution u € C ([0, 00), L2 (R>)) of (4.1)-(4.2) given by Lemma 4.5 belongs to
C ([0, 00), H*(R?)).

In order to prove Proposition 4.13 we introduce, for 7 > 0, the space
YH(T):=C([0,T], H*R*)NC' (10,71, H* {R*)NL'(O,T), B) ,(R), (4.38)

where p := 2/(1 — u) and r := 2/u. These indices belong to (2, co). We shall
also use the space ZH(T) := Z{‘(T) + Zg“(T), where

Z(T) == L'(0, T), H*(R*) N C ([0, T, L*(RY)),
ZY(T) :={f € C(0, T], L’ R)) N L' (0, T), B, ,(R)) |
o f € L'(0, T), H* ' (R)) + L*((0, T), B ,(R*))},

where g = 2/(2 — n) and s = 2/(1 4+ ). These indices belong to (1, 2).
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Lemma 4.14. Suppose that u, T € (0,1), and f € Z*(T). Then there exists
C > 0 such that for any iy in H" (R3, R®) such that Puinit = Winit, the unique
corresponding solution u € C([0, 00), L2(R%) to Lu = f, with u|;—0 = Uiy,
belongs to Y*(T) and

lallyery < CUinitll o3y + 11/ | zecr))- (4.39)

Proof. By definition f splits into f = f1 + f2, with f; € ZIH (T), and u into
u = ug + u1 + uy, where the u; solve the following hyperbolic Cauchy problems:

Lug = Sof with  ugli=0 = SoUinit,
Luy={d—So)fi with  ui|i=0 = (Id — So)Winit,
Luy, = (Id — So)f» with  us|;— =0.

We already have by energy estimates that the u; are in C ([0, 00), L?*(R?)). Then
one gets the estimates of the u; in C!([0, T], H*~'(R?)) by using the equations.
To get the estimates in Y#(T') it therefore only remains to get the estimates in
L7((0,7), B) ,(R)).

For uy this just follows the energy estimate thanks to Bernstein lemma.

In order to estimate u| we apply Proposition 4.6 with p;1 = p,r; =r, q; = 2,
s1 = 1,0 =0, p = w. This gives the estimate of u; in L" (0, T), 3272(11%3)) by
the right-hand side of (4.39).

In order to estimate u, we observe that d;u; satisfies Lo;uy = (Id — Sp)o; f2,
with d;uz|;=0 = (Id — So) f2]=0. By assumption there exists g, € Ll((O, T),
H*1(R3) and g, € L*((0, T), 83,2(R3)) such that 3, f» = g, + gp. We split
accordingly o;u7 into d;uy = u, + up, where u, solves Lu, = g,, with uy|;—0 =
(Id — So) f2l1=0, and up, solves Lup = gp, with up|;—¢9 = 0. In order to estimate
u, (respectively up) we apply Proposition 4.6 with p; = p,r;1 = r, q1 = 2,
s1 = 1,0 = —1, p = u — 1 (respectively with p; = p, ry =r, q1 = q,
s1 =s,0 = —1,p = 0and u — 1 instead of ). This yields the estimate of
o;up in L"((0, T), B;é(]l@)) by ||f2||z§‘(T)- As a consequence Buy = —odiup +

(Id — So)f» € L"((0,T), B, 5(RY). Since Puy = u this entails that uy €
L"((0,T), B) ,(RY). 0

The proof of Proposition 4.13 follows by induction of the following lemma:

Lemma 4.15. Suppose that A and g satisfy the estimates (4.6)-(4.10), and u €
(0, 1). Then there exists Ty > 0 and C > 0 such that for any uiniy € L*(R>, R%)
with Puinic € H*(R3 R®), the unique corresponding solution ue C([0,00), L*(R3))
to (4.1)-(4.2) given by Lemma4.5 belongs to Y"(T1) and

lallyecry) < CUPuinitll gu w3y + 11811z (ry))- (4.40)

Proof. In order to prove Lemma 4.15 we recall the following estimate:
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Lemma 4.16 (Joly-Métivier-Rauch [24, Lemma 5.3]). There is a constant C,
which depends Ol’lly on ” A” Loo((O,T),LOO(R3))’ || 8,A” LOO((O,T),LZ(R3)) and u, such that
forall T € (0,1)andu € Y*(T), Au belongs to Z*(T), and

Il Aulizecry < CT*|ullynry + Cllull oo 0.7y, L2 @) - (4.41)

Let us warn the reader that there is a small misprint in the right hand side in [24,
Lemma 5.3], which is corrected above. We also have:

Lemma 4.17. If g satisfies (4.9)-(4.10), then for any T > 0, g belongs to Z*(T).

Proof. Since 1 <q <2 < p < oo there hold continuous embeddings L7 C Bg , and
L? C Bg , C Bp_l, so that, using (4.9)-(4.10), we get, for any T > 0, that g is in
Z5(T) C Z™M(T). O

According to Lemma 4.16 and Lemma 4.17 there is a constant C such that for
all T € (0,1),ifu e Y*(T) then f := P(Au) + Pg € Z*(T) and

£ N zecry < CTH2ullyuery + Clull oo, ), 12 - (4.42)
Therefore applying Lemma 4.14 and choosing 77 small enough we get Lemma
4.15. O
4.5. Propagation of smoothness: proof of Theorem 2.8 (a), case where 1« = 1

We now consider Uipit in Lgiy With curl uinic; € L2(R3), fori = 1,2, and we
consider U solution to (2.6)-(2.8) with Ujy;; as initial data given by Theorem 2.6.
The idea is to estimate B(Pu) = P(Au) + Pg — 9; Pu from (4.1).

Lemma 4.18. Define A and g by (4.3)-(4.5). The following holds true:

A € L0, 00), L*(R?)), (4.43)
dg € LX.((0, 00), L*(R?)). (4.44)

Proof. We apply Theorem 2.8 in the case u = 1/2. This yields that u belongs
to C([0, 00), H'/2(IR3)) and thus also to L,((0, co), L3(R?)). We then infer that

loc

3 v e L®((0, 00), L>(R3)) and then we get the estimates (4.43) and (4.43). O

loc

Lemma 4.19. Define A and g by (4.3)-(4.5). Ifu € L®((0,00), H/(R3)N

loc

ngf"((o, 00), L2(R?)) then f:= P(Au+g) satisfies 0, f € L.((0, 00), L*(R?)),

and for any T > 0, there exists C > 0, which only depends on T, A and g, such
that

“ Btf ”Lx((O,T),LZ(R3))<C(”u”LOO((O,T),HI (R3)) + ||alu||L°°((O,T),L2(R3)) + 1) (445)
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Proof. We have 0, f = P(0;Au + Adsu + 9,g), so that using Holder’s inequality,
the continuous embedding LO(R?) ¢ H'(R?) and the estimates (4.43)-(4.44), we
get (4.45). O

Now we observe that 9;u solves for x € R3,

(0; + B)dsu = 9;(P(Au) 4+ Pg), (4.46)

0ru|;=0 = —Buinit + P (Al;=0Winit) + Pglr=0- (4.47)
This provides an estimate of d,u in L}, ((0, 00), L% (R?)), and using (4.1)-(4.2), of
Buin L.((0, 00), L?(R?)), hence of u in L. ((0, 00), H! (R?)).

loc

4.6. Uniqueness: proof of Theorem 2.8 (b)

Let us recall that in this section we assume that there exists j € {1, 2} such that
[3_jF = 0 and such that F depends only on (x, v,u;). Let Ui € Lgiv With
curl 4init,; € L2(R?), fori = 1,2. Let U and U’ be two solutions to (2.6)-(2.8),
given by Theorem 2.6, both with Uy as initial data. The difference U = U’ —
U = (8u, v) between U = (u,v) and U’ = (', v') is solution to the following
hyperbolic system

M@SU) := ((8; + B)du, 8;8v) = (k' - 1)8F, §F),

ro (4.48)
where 6F = F(x,v,uj) —F(x,v,uj).
Thanks to (2.3) we have
§F = Fo(x, v, u;) — Fo(x, v, uj) + (Fi(x,v) — Fi(x,v)) - u;
(4.49)

+ Fi(x,v) - (uj — u/j).

The first and last terms in (4.49) are easily estimated in L3(R3?) by
Cp(llvollLOO(R3)eKt)||8U||L2(R3). To deal with the second one we construct a L
approximation of the field u ; (analogous to the ones of [24, Lemma 6.2], and [21,
Lemma 2.7]).

Lemma 4.20. There is a non-decreasing function C : (0, 00) — (0, 0o0) and for
all T > 0, there exists (”ﬁ,j)l>€ C L0, T) x R?) such that for all .. > e,

||U|)|L,j(t)||L00((o,T)xR3) < C(T)Ina,
and — |[((Id = Puj —uj ;)Dll 23 < C(T)/A, (4.50)
forall tel0,T],

IS*Pjujll 20,7y, %) < C(T)VInk,
and —||((Id = S*)Pjuj ()|l 23y < C(T)/A, (4.51)
forall tel0,T].
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Let us admit for a while Lemma 4.20 in order to finish the proof of Theorem 2.8.
Fix T > 0 and consider ¢ € (0, T). In the second term on the right-hand side of

(4.49), decompose uj = uj ;+ ((Id — Pjuj — uﬁ’j) +S*Pjuj+(Id—S*)Pju;.
We infer from Lemma 4.20 that

18F 2y < Cr (Jvimicllpoogirye™™ ) (4.52)

A C(T)
||8U||L2(Rs)+(C(T)lnk+||S P u]||LOO(R'5 )|I8v”L2(R3)+2 ||8UI|L°°(R3)

The energy estimate, together with Gronwall’s Lemma, gives
t t
18U @l 23y < 2CFC(T)X exp(Cp 0(l—i—C(T) InA+ ”S)LPjuj(t/)”Loo(R:%))dt,).

Since fot(l + C(T)Ink + |8* Pjuj ()|l oo 3))dt’ < C(T)In A with C(T) T—>00,

we choose T small enough (in order to have C(Tp) < 1), and let A go to infinity.
This shows that U (¢) vanishes on [0, Tp]. Repeat this procedure on intervals of
size Tp to get the desired conclusion.

Proof of Lemma 4.20. We define u ; by setting u} ;(t,x) := (Id — Pj)u;(t, x) if
|(Id — Pj)u;(t,x)| < ClnA, and uﬁ’j(t, x) := 0 otherwise, where the constant C
is chosen below (independently of (¢, x) € [0, T] x R3). Therefore, for p € [2, 00),

I((1d = Ppuj — uff YOI
:f |(Id— Pj)u (1) 2dx<(CIn \)>P|[(Id— Pju ;(0)||7,. (4.53)
[({d—Pj)u ;| 2C In 1

Now, according to Lemma 4.3, the projection /d — P acts continously in any L?
with a norm less than Cq p. Furthermore, we have

lviniel 7, < viniell oo |21,

so that (||vinitll Lr)1<p<oo 18 bounded. Thus, using Equation (2.6) and the bound
from Theorem 2.6 (iii), we infer from (4.53) that

(Co p 5T ||vinitll Lr)?
(Clnr)P—2

I((1d = Ppuj —uls O3> <

C
(a2 T by Mol

’

choosing p = 2InA. With C big enough, we obtain (4.50) (C(T) =
2CeKT+! SUP| <y <oo [Vinitll La is suitable).
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We are now concerned with the first inequality in (4.51). Coming back to
(4.1)-(4.2), the idea is to use the Strichartz estimate (4.19). However, since we are
not able to bound 8, f in L.((0, o), LZ(R?)), we cannot apply (4.19) directly.

loc
To overcome this difficulty we introduce some potential vectors. Since Puini; €

H'(R?) (respectively since f = (fi, f2) € Wi ((0, 00), L2 (R?)) (¢f. (4.42) and
(4.45)) and Pf = f), fori = 1,2, there exists ¢init := (Pinit. 1 Pinit.2) € H>(R?)
(respectively ¥ 1= (Y1, ¥) € WIL’COO((O, 00), H'(R?))) such that

div(k3—i@iit,i)) =0,  curl(Pinit,i) = Kiltinit,i, (4.54)
(respectively div(kz_; ;) =0, curl(¥;) = ki f;)- (4.55)

We consider the operator B defined by

B(¢1, d2) = (5 ' curl ¢, —«; ' curl ¢y)
for ¢ := (¢1, $2) € D(B) := D(B) = Heunt X Heurl.

The operator B is simply deduced from B by switching «; and «;. It therefore
shares the same properties and estimates. In addition it satisfies the identity:

-1 -1
|:/c1 O(:url _10 :|B _3B |:/c1 curl _10 :| (4.56)
K,  curl 0 K,  curl

Let ¢ := (¢1, ¢») be the solution (for x € R3) of
@+ B¢ =y, withdlimo = Binic (4.57)
Using the identity (4.56) and Lemma 4.5 we obtain
curl(¢;) = kju;, fori =1,2. (4.58)

Now observe that 9;¢ verifies (3; + B)d;¢ = 9, , with d;¢|,=0 = ¥ |1=0 — Bini.
Applying the Strichartz estimate (4.19) we obtain

||SA3z¢||L2((o,T),L°c(R3))
< VI + 2T (1819 le=oll 2wy + 100V 1.1, 228 )

From the definitions of ¢ and iy and from the estimates (4.42) and (4.45) of the
previous sections we get :

||8x3t¢|t:0||L2(R3) + ||8zaxK[’||L1((0,T),L2(R3)) < C(T)||Puinit||Hl(R3)- (4.60)

(4.59)

Using now (4.57), observing that f3_; and therefore y3_; vanish because of As-
sumption 2.12, and using (4.58), we obtain the first inequality in (4.51). The second
one follows by applying Bernstein lemma. O
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5. Generic uniqueness: proof of Theorem 2.9

We apply the following general result of generic uniqueness for evolution equations
by Saint-Raymond.

Theorem 5.1 (Saint-Raymond [40, Theorem 1]). Let Einit be a topological space
and £ a metric space. Let (S) be an evolution equation admitting a solution in €
for any initial data in . Consider the following hypotheses.

&

(H1) For any initial data Uiy € Einit, for any (Uy,)e tending to Uit in Einit, for

any (U?®), in & respective solutions to (S) with U, as initial data,
(i) there exists a limit point of (U®), in E;
(i1) any limit point of (U?®), in £ is solution to (S) with Uy as initial data.

(H2) There exists D, dense subset of £, such that for any Uiy, in D, there exists
only one solution to (S) in € with Uiy as initial data.

Under these two hypotheses, there exists a G dense Epnit of Einic such that for any
Uiit € Einit, there exists only one solution to (S) in £ with Uiy as initial data.

Recall that we denote by 75 and 1, respectively the strong and weak topolo-
gies of L>(R3, R%), and by 7, the strong topology of L?(2, R?). We consider the
product topology 74 (respectively ty,5) on L2 obtained from T, (respectively 1)
and ;.

For any Ciyit > 0, consider

Einit := {Uinit € Laiv | Vinitll 2o (@) < Cinit}s
endowed with the topology i (respectively t,s) inherited from L2, and

£ :={U € C([0, 00), L?), satisfying (2.9)
and the estimates (i), (ii), (iii) of Theorem 2.6},

endowed with the strong topology (respectively the weak * topology relative to 7)
of C([0, 00), L?). Hypothesis (H1) is a direct consequence of the stability property
stated in Theorem 2.6 (respectively Proposition 2.7). Now, set

D := {Upnit € Laiy with curlujny; € L2@R?), fori = 1,2},

which is dense in & for the topology 7 inherited from L2. Moreover Theo-
rem 2.8 yields that Hypothesis (H2) is satisfied. We can therefore apply Theorem
5.1, what proves Theorem 2.9.
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6. Quasi-stationary limits: proof of Theorem 2.10, Proposition 2.11
and Theorem 2.12

Proof of Theorem 2.10. We first observe that the bounds (i), (ii) given by Theo-
rem 2.6 for U" are uniform in n € (0, 1). Therefore, up to a subsequence, U"
converges to U := (u, v) in Wli)’coo((O, 00), L*(Q)) weak * and v" converges to
v in L ((0, 00), L>(R2)) weak . In addition, there holds Bu” = 8;D", with
D" := —nu" — (k~' - I)v7). Passing to the limit already yields that U satisfies
the (linear) equations (2.6) and Bu = 0. Using Proposition 2.7, we also get that U
satisfies (2.8), which means that v solves (2.15). O

Proof of Proposition 2.11. The proof is very similar to the uniqueness proof in The-
orem 2.8 (b): it relies on some L°° approximation of (/d — P)(x~' - )v. Consider
vi,v2 € C([0, 00), L2(2)) N Lﬁ)‘;((O, 00), L°°(£2)), solutions to (2.15) with the
same initial data vy, and define §v := v; — vp. Fix T > 0. From the properties

(2.3)-(2.5) of F, we get the pointwise estimate

(180 < Cr((1Td=P) ™" Dor [+ DIsv+|(Td—P) (™" D)5l 6v])
on [0,7T]x L,

6.1)

for some constant Cr = Cp (||viniteKT ”LOO(Q)). Now, defining for M > 0

M . —1
Wit = Liga—pye-to iguTd = P)™ - Dy,
we get from Lemma 4.20 that there is C (7)) > 0 such that
VM =1, w0y« < M,

”(Id - P)(K_l : l)U] - wﬁw”LOO((O’T)’LZ(Q)) < C(T)B_M/C(T),

Integrating (6.1) over €2, using the Cauchy-Schwarz inequality and increasing the
constant C (which is still independent of M), we obtain

o (1801220, ) < Cr (M + DIB0I g + C(T)e MDY,

Then, Gronwall’s lemma yields

(1) -
Vi €l0. T 18v(ljag < grge M.

Now, choose T so small that CrMT — M/C(T) < 0 (which is possible, since
C is a non-decreasing function of 7), and let M go to infinity. This shows that

dv vanishes on [0, T']. Repeating the argument on successive time intervals yields
v = V). ]
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Proof of Theorem 2.12. For each n € (0, 1), consider a solution U" (given by The-
orem 2.6) to (2.6), (2.8) and (2.13). Convergence of v” (and (/d — P)u') is obtained
as in the proof of Theorem 2.10 above. Now, drop the index n for simplicity. Then,
symmetrizing the system by the change of dependent variables

we get in the distributional sense:
fori =1,2, nddii +(—=1> 7 Ry_jiis_i = ni; /> 10,0,
and therefore, applying 9; and combining,
fori = 1,2, n?02a+R!Rili =(~1) nRs_ic; 2180+, 1020, (6.2)
where we have set

—1,2

i=1,2, R = "Pcurlc"*(= R}_,, for the duality in L*(R?, dx)).

System (6.2) shall be understood as a system of wave equations for the “divergence
free” parts m;i1;, when

fori =1,2, m;:= / P/c_l/z.

Then, w = (;r1, ) is an orthogonal projector in the space L2(R3, dx)x L*(R3, dx).
Furthermore, from the description of ran P; and ran (1 — P;) in (2.2), we deduce
that
fori =1,2, Rimi=R; (and m;R7 =R by transposition).
Thus, we have finally:
fori=1,2, 8 — 12 1/ 21,020
1= N0 miui—Qi ity = ( 1) nR3— 1K3 i l3- latv+77 TiK lid7v, (6.3)

with
fori =12, Qi:=—RRi+ "V (" ey divie )).

From [43, Lemma 3.10], we know that for i = 1, 2, the differential second-order
operator (—(Q;) is a self-adjoint, positive, and elliptic. Thus, with v € Lloc((O, 00),

L®(R2))N Wl1 ((0, 00), L*(R)) given, and for given initial data,

~ 1/2 ~
Tilli),_y = Tik; ' Uinit,i and n(0;miu;),_,

2
= N7k 12 li F (Vinit, #init) + (— 1) R3— 1K3/lum1t3 i
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the solution (7111, moi2) to the linear wave equation system (6.3) is uniquely de-
termined. We recover it via vector potentials: defining

. —1/2 - ~
fori=1,2, n282¢i— Qi =nmic; *1:9:5, ¢ij,_y=0, i, =Tilli|_o» (6.4)

we have
fori =1,2, mu; =nd¢i + (=1)'R3_;¢p3-;. (6.5)

The problem (6.4) also determines uniquely the vector potentials ¢;. Since m;¢;
also satisfies the problem (6.4) we infer that 7;¢p; = ¢;. Furthermore, [43, Lemma
3.10] ensures that for i = 1, 2, Q; does not admit O as a resonance. One then needs
to assume the following:

fori = 1,2, Q; is non-trapping. (6.6)
This is enough to apply

Theorem 6.1 (Starynkevitch [43, Theorem 3.2]). Let Q be a non-trapping,
(L?-)self-adjoint, negative, and elliptic differential second-order operator, for
which 0 is not a resonance. Let s > 1/2, y € (=3/2,1/2) and R > 0. Then,

there exists C = 0 such that: for all (ug, uy) € H5+1(R3) X Hg(]l@), and f such
that (x)*(—=Q)"/? f € L?((0, 00) x R3), the solution u to

32u — Qu= fon(0,00) xR, withu,_,=uo, du,_,=ui,
satisfies

1@t B 120,001, ™ (B x 1 B

<C (nuon ey T el ey + ||<x>5(—Q)V/quLz((o,oo)st)) :
For all 1 € R, the space H 5 (IR?) is defined by the norm

101l sy = 1= 2vll 2 sy
We apply the result above to ¢; (nt, x), whith y = 0 and s = 1. This leads to:

VR > 0, ACr > 0,
1/2
(i, nat¢i)||L2(((),oo),1-'11(BR)XLZ(BR)) < CR(nl/ZHT[iK,'/ Minit,i||L2(R3)

—1/2 —
+ 7]||(.X>7T[Kl- / lia[U||L2((0’OO)’L2(]R3))).



ON THE MAXWELL-LANDAU-LIFSCHITZ AND MAXWELL-BLOCH EQUATIONS 541

The right-hand side is controlled thanks to

Lemma 6.2 (Starynkevitch [43, Lemma 3.11]). For all R > 0, there exists Cg >
0 such that, if m € L*(R3) and supp(m) C Bg, then

fori=1,2, |mim(x)| < CR(x)_3||m||L2(R3) for a.e.x € R>.

Since 7;¢; = ¢;, by the usual TT* argument, || Ri@ill 2(p,) < i Il 771 (B> and we
deduce from (6.5):

fori=1,2, mit; =0(/n) inL>*((0,00), L, (R)),

which yields the convergence of Pu” to zero in L2((0, 00), L? (R3)). ]

loc
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