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Abstract. We determine the best (optimal) constant in the L2 Folland-Stein
inequality on the quaternionic Heisenberg group and the non-negative functions
for which equality holds.
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1. Introduction

The goal of this note is to determine the best (optimal) constant in the L? Folland-
Stein inequality on the quaternionic Heisenberg group and the non-negative ex-
tremal functions, i.e., the functions for which equality holds. Alternatively, this
is equivalent to finding the Yamabe constant of the standard quaternionic contact
structure of the sphere.

The proof is inspired by the case A = Q — 2 of the recent remarkable paper of
Frank and Lieb [11] who obtained the sharp form of the Hardy-Littlewood-Sobolev
(HLS) inequalities [10] with exponent A, 0 < A < (@, on the Heisenberg group
H" of homogeneous dimension Q = 2n + 2 and the standard CR unit sphere
s+l - ot together with their limiting cases A = 0 and A = Q (see [22]
for the Euclidean version and [11] for other results in the CR setting). Previously,
Branson, Fontana and Morpurgo [6] settled the limiting case A = 0 and pointed out
that the old idea of Szeg6 [26] and Hersch [20] can be used to find the sharp form
of the logarithmic HLS inequality and its dual Onofri’s inequality on the Heisen-
berg group. This center of mass technique and the conformal invariance was used
earlier by Onofri [25] on the round two dimensional sphere (see also [2] and [12])
and Chang and Yang [8] who extended it to higher dimension thereby giving an al-
ternative proof of the Beckner-Onofri’s inequality, see [4]. As well known, the case
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A = Q — 2 is dual to the L? Sobolev embedding inequality, whose sharp constant
on the Heisenberg group and the CR sphere was found by Jerison and Lee [19].
In fact, [19] found all non-negative solutions to the CR Yamabe equation that is
the Euler-Lagrange functional of the CR Yamabe functional. In comparison, [11]
determines the best constant and all functions for which the minimum is achieved,
by simplifying parts of [19] while answering a less general question. However,
thanks to [11] we have the sharp form of the general Hardy-Littlewood-Sobolev
type inequalities.

The conformal nature of the problem we consider is key to its solution. The
analysis is purely analytical. In this respect, even though the quaternionic con-
tact (qc) Yamabe functional is involved, the qc scalar curvature is used in the proof
without its geometric meaning. Rather, it is the conformal sub-laplacian that plays
a central role and the qc scalar curvature appears as a constant determined by the
Cayley transform and the left-invariant sub-laplacian on the quaternionic Heisen-
berg group. Note that this method does not give all solutions of the qc Yamabe
equation on the quaternionic contact sphere. The complete solution of the latter
problem requires some additional very non-trivial argument and it is at this place
where the geometric nature of the problem becomes even more important. In the
CR setting, the solution of the CR Yamabe problem was achieved with the help
of an ingenious divergence formula by Jerison and Lee [19]. The other known
sub-Riemannian case is that of the qc Yamabe equation on the seven dimensional
standard quaternionic contact sphere [17]. Another relevant result appeared ear-
lier [13], where the sub-Riemannian Yamabe equation was solved in the unifying
setting of groups of Iwasawa type under an additional assumption of partial symme-
try of the solution. This result can be used at the final stage of all known proofs after
such symmetry has been shown to exist. We recall that the groups of Iwasawa type
comprise of the complex (=“usual”), quaternion and octonian Heisenberg groups,
which are defined by (1.4) replacing, correspondingly, the quaternions [H with the
complex numbers C, the quaternions H, and the octonians Q.

Given a compact quaternionic contact manifold M of real dimension 4n + 3
with an R3-valued contact form n = {11, 12, 13}, i.e., a codimension three horizon-
tal distribution H determined as the kernel of 1 such that dn,,, are the fundamental
two forms of a quaternionic hermitian structure (g, I1, I2, I3) on H, (dny)|, =
2g(Is.,.) = 2ws,s = 1,2,3, a natural question is to determine the qc Yamabe
constant of the conformal class [n] of 1 defined as the infimum

MM, [n]) = inf{T(u): f u¥ Vol, = 1, u >0}, (1.1)
M

where Vol, = ny Anz Az A (w1 )?" denotes the volume form determined by 7. The
gc Yamabe functional of the conformal class of 1 is defined by

2 .
Tw) = f (4Q—+ |Vul> + Su2> Vol,,, / u? Vol, = 1, u >0,
m\ Q-2 M

denoting by V the Biquard connection [5] of 5, and S standing for the qc scalar
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curvature of (M, n). This is the so called gc Yamabe constant problem. In this pa-
per we shall find A(S*"*3, [#7]), where 7 is the standard qc form on the unit sphere

§4113 see (2.1). The question is of course related to the solvability of the qc Yam-
abe equation
2 — o
ﬁuE4Q—+Au—Su=—Su2_1, (1.2)
0-2

where A is the horizontal sub-Laplacian, Au = tr8(Vdu), S and S are the qgc scalar
curvatures correspondingly of (M, n) and (M, 1), n = u4/(Q_2)n, and 2* = é
Here, and throughout the paper, O = 4n + 6 is the homogeneous dimension. The
natural question is to find all solutions of the qc Yamabe equation. This is the so
called gc Yamabe problem, which is equivalent to finding all gc structures conformal
to a given structure 7 (of constant qc scalar curvature) which also have constant qc
scalar curvature. As usual the two problems are related by noting that on a compact
quaternionic contact manifold M with a fixed conformal class [5] the qc Yamabe
equation characterizes the non-negative extremals of the qc Yamabe functional.

The 4n+ 3 dimensional sphere is an important example of a locally quternionic
contact conformally flat qc structure characterized locally in [18] with the vanishing
of a curvature-type tensor invariant. From the point of view of the qc Yamabe
problem the sphere plays a role similar to its Riemannian and CR counterparts. A
solution of the qc Yamabe problem on the seven dimensional sphere equipped with
its natural quaternionic contact structure was given in [17] where more details on
the qc Yamabe problem can be found. The main result of [17] is the following:

Theorem ([17]). Let n = ﬁn be a conformal deformation of the standard qc-

structure 7 on the quaternionic unit sphere S’. If n has constant gc scalar cur-
vature, then up to a multiplicative constant n is obtained from 1 by a conformal
quaternionic contact automorphism. In particular, A(ST) = 48 (4m)'/3 and this
minimum value is achieved only by n and its images under conformal quaternionic
contact automorphisms.

Another motivation for studying the qc Yamabe equation and the qc Yam-
abe constant of the qc sphere comes from its connection with the determination of
the norm and extremals in a relevant Sobolev-type embedding on the quaternionic
Heisenberg group [13] and [27] and [28]. As well known, the sub-Riemannian
Yamabe equation is also the Euler-Lagrange equation of the extremals for the L?
case of such embedding results. Recall the following Theorem due to Folland and
Stein [10].

Theorem (Folland and Stein). Let Q2 C G be an open set in a Carnot group G
of homogeneous dimension Q and Haar measure dH. For any 1 < p < Q there
exists S, = S,(G) > 0 such that for u € CJ°(S2)

. 1/p* I/p
</ Jul? dH(g)> =5 (/ | Xul? dH(g)> ; (1.3)
Q Q
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where | Xu| = r;’:l IXjul2 with X1, ..., X, denoting a basis of the first layer of

%
G and p* = Qp—_Qp.
Let S, be the best constant in the Folland-Stein inequality, i.e., the smallest constant
for which (1.3) holds.

In [17] we determined all extremals, i.e., solutions of the qc Yamabe equation,
and the best constant in Folland and Stein’s theorem when p = 2 in the case of
the seven dimensional quaternionic Heisenberg group. In the case of the complex
(i.e. "usual”) Heisenberg group this was done earlier by Jerison and Lee [19] who
determined all solutions to the CR Yamabe equation on the CR sphere.

Following the idea of [11], the main result of this paper determines the best
constant in the Folland and Stein’s theorem when p = 2 and the functions for
which it is achieved in the case of the quaternionic Heisenberg group G of any
dimension.

As a manifold G = H" x Im H with the group law given by

(¢, 0" = (Go.w0)o(q, ) = (go + g, 0 + w, + 2Imq,q), (1.4)

where ¢, g, € H" and w, w, € ImH. The standard quaternionic contact(qc)
structure is defined by the left-invariant quaternionic contact form

~ ~ ~ ~ 1
O = (01, 0, O3) = 5 (do — q'-dq' + dq' - @),

where - denotes the quaternion multiplication. The purpose of the present note is to
prove the next

Theorem 1.1. a) Let G = H" x ImH be the quaternionic Heisenberg group. The
best constant in the L? Folland-Stein embedding inequality (1.3) is

—1/(4n+6
S5 — [23 w4n+3] /@0
2T T o /amyrD

where wany3 = 2212 /(2n + 1)\ is the volume of the unit sphere S**+3 ¢ R¥+4,
The non-negative functions for which (1.3) becomes an equality are given by the
functions of the form

—(n+1)
] , y = const, (1.5)

F=y[a+iaP? + lof

and all functions obtained from F by translations (3.2) and dilations (3.3).

b) The gc Yamabe constant of the standard qc structure of the sphere is

]1/(2n+3) ]

AST ) = 1600 +2) [((20)!) wants (1.6)
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These constants are in complete agreement with the ones obtained in [17] and
[13] taking into account the next Remark and the well known formulas involving
the gamma function

'n+1)=n!, F'z+n)=z@z+1...(z+n—-DI'(Q), neN,

1
I'2z) = 2%l =172 r'er (z + 5) — the Legendre formula,

2(m+2)/2 7 m/2
W, m-even ,
Oy = 27.[(m+1)/2/1-* ((m+1)/2) = { 27m+D/2
m-odd ,

m—1 "

5 !

where w,, is the volume of the unit m—dimensional sphere in R”*!. Our result
partially confirms the Conjecture made after [13, Theorem 1.1]. In addition, the
fact that any function of the described form is a solution of Yamabe problem was

first noted in [14] in the setting of groups of Heisenberg type. Of course, this class
of groups is much wider than the class of groups of Iwasawa type.

Remark 1.2. With the left-invariant basis of Theorem 1.1 the quaternionic Heisen-
berg group is not a group of Heisenberg type. If we consider it as a group of Heisen-
berg type then the best constant in the L? Folland-Stein embedding theorem is,
cf. [13, Theorem 1.6],

1/(4n+6
S, — 1 43/@n+6) _—(4n+3)/2(4n-+6) < ['(dn +3) ) e
Jan(4n + 4) I'((4n +3)/2)

and extremals are given by dilations and translations of the function

—(n+1)
F@.o) =y [1+1aP? + 16PD)] . @0 €G.

It is worth pointing that the Yamabe extremals in the sub-Riemannian setting have
applications to sharp inequalities in the Euclidean setting. For example, in the pa-
per [29] the extremals are determined of some Euclidean Hardy-Sobolev inequali-
ties involving the distance to a n — k dimensional coordinate subspace of R". This
is achieved by relating extremals on the Heisenberg groups to extremals in the Eu-
clidean setting. In the particular case when k = n one obtains the Caffarelli-Kohn-
Nirenberg inequality, see [7], for which the optimal constant was found in [15].

Convention 1.3. We use the following conventions:

e the abbreviation gc will stand for quaternionic contact;

e G will denote the qc Heisenberg group;

e i will denote the standard qc form on the unit sphere S4'+3, see (2.1). Note that
this form is actually twice the 3-Sasakain qc form on $*'+3;
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e Vol,, will denote the volume form determined by the qc form », thus Vol, =
AN AN A (w1, see [16, Chapter 8].

ACKNOWLEDGEMENTS. The authors thank the referee for useful comments con-
cerning the references to some previous work.

2. The model quaternionic contact structures

In this section we review the standard quaternionic contact structure on the quater-
nionic Heisenberg group and the 4n 4 3-dimensional unit sphere. We will rely heav-
ily on [16], but prefer to repeat some key points in order to make the current paper
somewhat self-contained. Besides serving as a background, this section will supply
some key numerical constants - the qc scalar curvature and the first eigenvalue of
the sub-laplacian of the standard qc form of the sphere. This will be achieved using
the conformal sub-laplacian and the properties of the Cayley transform.

First let us recall the quaternionic Heisenberg group [16, Section 5.2]. We
remind the following model of the quaternionic Heisenberg group G. Define G =
H" x ImH with the group law given by (¢', @) = (g0, wo) o (g, w) = (g, +
q,w+ w, +21Img, q), where q, g, € H" and w, w, € Im H. In coordinates, with
w =ix+jy+kzand gy = to+ixXe+ jYo+kzq, @ =1, ...n,abasis of left-invariant
horizontal vector fields Ty, Xy = 11Ty, Yy = DTy, Zy = Ty, = 1...,n1s
given by

Ty = 0, +2xq0x +2y40y + 2240, Xy = Ox, — 2tq0x — 2240y +2y40;
Yo = 0y, +22¢0y — 2140y — 2x40; Zy = 0z, — 240y +2x40y — 2t50; .
The above vectors generate the horizontal space, denoted as usual by H. In ad-
dition, by declaring them to be an orthonormal basis we obtain a metric on the

horizontal space, which is the so called horizontal metric. The central (vertical)
vector fields &1, &, &3 are described as follows

£ =20, £ =20, & =20,.

The standard quaternionic contact form, written as a purely imaginary quaternion
valued form ® = i®; + jO; + k®3), is

20 = do — q'-d§' + dq’ -q’,
where - denotes the quaternion multiplication. The Biquard connection coincides

with the flat left-invariant connection on G, in particular the qc scalar curvature
vanishes.



THE OPTIMAL CONSTANT IN THE L? FOLLAND-STEIN INEQUALITY 641

Following [16], we give another model of the Heiseneberggroup, which is the
one we will use in this paper. Let us identify G with the boundary X of a Siegel
domain in H" x H,

T ={(q.p) el xH : %p = ¢,

by using the map (¢/, @) — (¢, |¢'|*> — &'). Since dp' = ¢’ -dq" + dq’ -
q¢' — do', under the identification of G with ¥ we have also 20 = —dp’ +
2dq’ - §’. Taking into account that ® is purely imaginary, the last equation can
be written also in the following form

40 = (dp' — dp') + 2dq'-q' — 2q'-d7’.

Now, consider the Cayley transform, see [21] and [9], asthe map C : S +— ¥ from
the sphere § = {lgl*> + |p|*> = 1} ¢ H* x H minus a point to the Heisenberg
group X, with C defined by

@.p)=C(@p), ¢=0+pla P =0+pa-p

and with an inverse map (¢, p) = C~! ((¢’, p") given by

g =20+p)"q, p=0a+pH)a-p).
The Cayley transform maps S*'+3\ {(—1,0)}, (—1,0) € H" x H, to ¥ since
oy = g AP g t=pl el o
1+ p? 1+ p? 1+ p?

Writing the Cayley transform inthe form  (1+p)g’ = g, (A+p)p = 1—p,
gives

dp-q' + (1+p)-dq" = dg. dp-p' + (1+p)-dp = —dp,
from where we find
dp’

dq’

—2(+p)~ dp- A+ p)7!

(1+p)~"ldg — dp-(1+p) 7" -ql.

The Cayley transform is a conformal quaternionic contact diffeomorphism between
the quaternionic Heisenberg group with its standard quaternionic contact structure

© and the sphere minus a point with its standard structure 7. In fact, by [16, Section
8.3] we have

def “I\k ~ 7 8 =
e =xr-(C A= —— 0.
(N T
where A = |1 + p| (14 p)~! is a unit quaternion and 7 is the standard contact

form on the sphere,

n=dq-q +dp-p —q-dqg— p-dp. (2.1
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Lemma 2.1. The gc scalar curvature S of the standard gc structure (2.1) on S*+3 is

S = %(Q+2)(Q—6) =8n(n +2). (2.2)

Remark 2.2. Notice that the standard qc contact form we consider here is twice the
3-Sasakian form on $**13, which has qc scalar curvature equal to 16n(n 4 2) [16].

Proof. Let us introduce the functions

1 1
h= —1 /2:_[1 711242 /2]’
16| + P 16(+|q|)+IwI

(q/’p/) €Y C H” % H, p/ — Iq/|2 +w/,
and 2.3)

. _ —(0-2)/4
& = n) QIR =@V (1 419/ + ] ,

so that now we have
0=~ &= 0D,
2h

With the help of [16, Section 5.2] a small calculation shows that the sub-laplacian

of h wrt. © is given by Ah = Q776 + QTH|q/|2 and thus @ is a solution of the qc
Yamabe equation on the Heisenberg group X

AD = —K 21, K =(0—-2)(Q—6)/8, (2.4)

where A is the sub-laplacian on the quaternionic Helsenberg group. Denoting with
L and L the conformal sub- laplacians of ® and 0, respectively, we have

oL@ u) = o2 Lu.

We remind, cf. [5] and [17], that for a qc contact form ® the conformal sublapla-
cian is,
L=alg — So, a=4——,
(C] (C] 0— 2’
where Ag is the sub-laplacian associated to ©, i.e., Apu = tr(VOdu)-the hori-
zontal trace of the Hessian of u, using the Biquard connection V® of ®, and Sg is
the qc scalar curvature of ®. Thus, letting u = ® we come to £(1) = &'~ L,
which shows —Sg = —4%1( . The latter is the same as that of 7 since the two
structures are isomorphic via the diffemorphism C, or rather its extension, since
we can consider C as a quaternionic contact conformal transformation between the

whole sphere $%+3 and the compactification 3 Uoo of the quaternionic Heisenberg
group by adding the point at infinity, cf. [17, Section 5.2]. O
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We turn to the task of determining the first eigenvalue of the sub-laplacian on
§4+3 1In fact, we shall need only the fact that the restriction of every coordinate
function is an eigenvalue. The proof of this fact can be seen directly without any
reference to the Biquard connection. Alternatively, we can invoke [1] where spher-
ical harmonics are studied on the homogeneous space (sphere) S = K /M which
is 1-quasiconformal [3] to the group of Iwasawa type N via the Cayley transform,
where G = N AK is the Iwasawa decomposition of the rank one simple Lie group
G and M is the centralizer of A in K. Since this will require setting a lot of notation
unnecessary for the current goals, we prefer to use a result from [16].

Lemma 2.3. If¢ is any of the (real) coordinate functions in R4 = H" x H, then

. S
A{ = —)»1;, }\,1 = m =2n (25)

for the horizontal trace of the Hessian, where A is the sub-laplacian of the standard
gc form ij of S +3.

Proof. Itis enough to furnish a proof for the sub-laplacian on the 3-Sasakain sphere
since the two qc forms differ by a constant. We can see that every ¢ of the consid-
ered type is an eigenfunction by using [16, Corollary 6.24]. It will be enough to
see this for one coordinate function since the sub-laplacian on the sphere is rotation
invariant. Thus, let us take { = ;. Notice that ¢ is a quaternionic pluri-harmonic
function [16, Definition 6.7] since it is the real part of the anti-regular function
t1 + ix; — jy1 — kz1. Thus, its restriction to the 3-Sasakain sphere is the real
part of an anti-CRF function. Therefore we apply [16, Corollary 6.24] which gives
tr(Vd¢) = 4in for the sub-laplacian of the 3-sasakain qc structure on the sphere.
Next, we compute A, which can be found in [16, Theorem 6.20]. Using that the
sphere is 3-Sasakian it follows the Reeb vector fields are obtained from the outward
pointing unit normal vector N as follows, §&1 = iN, & = jN and &3 = kN, where
for a point on the sphere we have N(¢q) = g € H"*!. Therefore A = —t; = —¢.
To make this more apparent notice that only the first four coordinates of N matter.
So, if we assume n = 0 (i.e. N(¢) = g € H') we have iN = —x + it + ky — jz,
JN = —y+iz+ jt —kxand kN = —z — iy + jx + kt, so we need to sum the real
dot product of these vectors with i, j and k, respectively, which gives —¢. Thus, for
the sub-laplacian on the 3-Sasakian sphere we have

tr(Vde) = —4n,

where ¢ is the restriction any of the coordinate functions of R4+ = H" x H.
Since the qc contact form ® is twice the 3-Sasakain qc contact form on the sphere
it follows A is 1/2 of the 3-Sasakain sub-laplacian. Thus

A= —2n¢,

which shows A :2n:%(Q—6)=§/(Q+2). O
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We finish this section with a simple lemma which will be used to relate the
various explicit constants. Its claim also follows from the conformal invariance of
the Yamabe equation, but we prefer to give a proof, which is independent of the
notion of qc scalar curvature. We recall, see [16, Chapter 8], that Vol,, will denote
the volume form determined by the qc form 7, thus Vol,, = n1 A m2 A n3 A (w1)?".
Also, for a gc form n we let |IVIF|? = Zi"zl |dF (eq)|? be the square of the length
of the horizontal gradient of a function F taken with respect to an orthonormal basis
of the horizontal space H = K er n and the metric determined by 7.

o
Lemma 2.4. Let FeD 2(G), cf. (3.1), be a positive function with fG FZ*Vol@ =1.
Then we have

/ alVOF 2 Vol =/ (a|vﬁg|2+§g2) Vol;,  a=4@2"—1), (2.6)
G S4n+3

/ g¥ Vol; = 1,
G

g=C*(Foh, 2.7)
and, as before, C : S*"t3 — X is the Cayley transform, ® = ®*/Q@=2@, ¢f. (2.3).

and

where

Remark 2.5. Notice that Volg = 273 (2n)!dH, where dH is the Lebesgue mea-

sure in R¥*3_ which is a Haar measure on the group.

Proof. It will be convenient for the remaining of this proof to denote by small letters
the pull-back by the Cayley transform of a function denoted with the corresponding
capital letter. Thus, f = C*F = FoC, ¢ = C*(®) and g = f¢~!. By the
conformality of the qc structures on the group and the sphere we have

Volg = > Vol (2.8)
By (2.8) we have F 2*Vol(;) =f 2*qb’z*Volﬁ, which motivates the definition (2.7)

of the function g which is defined on the sphere and should be regarded as corre-
sponding to the function F. Thus, we have for example F = G ®. By definition we

have
/ g* Vol; = 1,
G

so our next task is to see that the Yamabe integral is preserved

/G IVOFI Vol = /54 . (|V'7g|2+1(g2) Vol;. 2.9)

Here is where we shall exploit that a power of the conformal factor of the
Cayley transform is a solution of the Yamabe equation. Let (V(")CID, V(")G) =
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Zi”:l(eafb) (e,G) where {eq, ..., e4,} is an orthonormal basis of the horizontal
space H. Using the divergence formula from [16, Section 8.1] we find

f IVOF 2 Vol :/ IVO(G®)[? Vol
G G
=/ (c*voor + q>2|v@G|2+<c1>v@<1>, V®G2>> Volg,
G
— /G (@2IVOGP - GPons® )Volg,
Now, the Yamabe equation (2.4) gives
f IVOF|* Vol :/ (929G + KG20¥ ) Vol
G G
=/ (472 19°G1+0) + Kg* ) Vol
§4n—+3

taking ipto account that C is a qc conformal map. Finally, a glance at (2.4) and (2.2)
shows S/K = 4(2* — 1) = (4(Q + 2)/(Q — 2) which allows to put (2.9) in the
form (2.6). O

3. The best constant in the Folland-Stein inequality

In this section, following [11], we prove the main Theorem. It is important to
observe that a suitable adaptation of the method of concentration of compactness
due to P. L. Lions [23,24] allows to prove that in any Carnot group the Yamabe
constant and optimal constant in the Folland-Stein inequality is achieved in the

o
space D 12(G), see [27] and [28]. Here
0 —lllo

D'*(G)=CP(G) P26,

o
The space D '?(G) is endowed with the norm

lallg i = 111VHI L2 (3.1)
where Vu is the horizontal gradient of  and |Vu |2 = 2":1 (equ)? for an orthonor-
mal basis {eq, ..., e4,} of horizontal left-invariant vector fields.

In this regard an elementary, yet crucial observation, is that if u is an entire
solution to the Yamabe equation, then such are also the two functions

g & uor, heG, (3.2)
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where 15, : G — G is the operator of left-translation 7, (g) = hg, and

w, & a0-22 5, A>0. (3.3)

The Heisenberg dilations are defined by
5 (@ o)) = (04", 2%)), (@ o)€@

It is also well known, [27] and [28], that there are smooth positive minimizer of the
Folland-Stein inequality on the quaternionic Heisenberg group G. These facts will
be used without further notice on regularity and existence.

We start with the "new” key, see [6, 11] and also [25] and [8], allowing the
ultimate solution of the considered problem.

Lemma 3.1. For every v € L'(S*"*3) with fS4"+3 v Vol = 1 there is a quater-
nionic contact conformal transformation  such that

W v Vol = 0.

S4n+3

Proof. Let P € S*"*3 be any point of the quaternionic sphere and N be its antipodal
point. Let us consider the local coordinate system near P defined by the Cayley
transform Cy from N. It is known that Cy is a quaternionic contact conformal
transformation between §4"*3 \ N and the quaternionic Heisenberg group. Notice
that in this coordinate system P is mapped to the identity of the group. For every
r,0 < r < 1, let ¥ p be the qc conformal transformation of the sphere, which
in the fixed coordinate chart is given on the group by a dilation with center the
identity by a factor §,. If we select a coordinate system in R**+* = H" x H so that
P =(1,0) and N = (—1, 0) and then apply the formulas for the Cayley transform
from [16, Section 8.2] the formula for (¢*, p*) = ¥ p(gq, p) becomes

-1
¢ =2 (14720 +p7 = p)  (1+p)a

p= (1420t p A=) (1-20 4 - p). e

We can define then the map W : B — B, where B ( B ) is the open (closed) unit
ball in R*¥*+4, by the formula

V(rP)= Bwlfr,PUVOIf,.

S4n+

Notice that W can be continuously extended to B since for any point P on the
sphere, where r = 1, we have ¢j_, p(Q) — P whenr — 1. In particular, ¥ = id
on S%'*3. Since the sphere is not a homotopy retract of the closed ball it follows
that there are r and P € S*'13 such that W(r P) = 0, i.e., Jgans3 Y1—r,p v Vol = 0.
Thus, ¥ = Y1, p has the required property. O
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In the next step we prove that we can assume that the minimizer of the Folland-
Stein inequality satisfies the zero center of mass condition. A number of well known
invariance properties of the Yamabe functional will be exploited.

Lemma 3.2. Let v be a smooth positive function on the sphere with f54,,+g v *V01~ =
1. There is a smooth positive function u such that f gant3 (4 Q+§ |Vu|? + Su )V01~ =

Sgan+3 (48—3 IVv]2 + § v2) Volj; and [ganss u® Vol;; = 1. In addition,

/ Pu* (P)Vol; =0, P e R —H" x H. (3.4)
§4n+3

In particular, the Yamabe constant

A(ST3 [

i . 35
=inf{/ (4Q IVu? + sz)Volﬁ:/ v Vol; = 1, v>0} ©-2)
snt3N Q —2 §4n+3

is achieved for a positive function u with a zero center of mass, i.e., for a function
u satisfying (3.4).

Proof. By [16, Section 8.1], Vol = n1 Am An3 A (a)1)2” is a volume form on a
gc manifold with contact form 7. Thus if 5 is a qc structure on the sphere which is
qc conformal to the standard qc structure 7, n = ¢*/(€=2)7, then Vol,, = q&z*Volﬁ.
This allows to cast equation (1.2) in the form

¢~ v L(¢~v) Vol, = vL(v) Vol;.

Therefore, if we take a positive function v on the sphere f gan+3 v?’ Vol; = 1 and
then consider the function

u=¢ " (voy™h), (3.6)
where v is the qc conformal map of Lemma 3.1, n = (¢ ~")*#, and ¢ is the
corresponding conformal factor of i, we can see that u achieves the claim of the
lemma. [

We shall call a function u on the sphere a well centered function when (3.4)
holds true. In the next step, following [11], we show that a well centered minimizer
has to be constant using the products of the coordinate functions with the optimizer.

Lemma 3.3. Ifu is a well centered local minimum of the problem (3.5), then u =
const.

Proof. Let ¢ be a smooth function on the sphere S*'3. After applying the diver-
gence formula [16, Section 8] we obtain the formula

Y (Su)

B 0+2 0+ 2.5 . 3D
_/S4n+3C ( 0_ 2|Vu| —I—Su)Vol 4—Q 2[94n+3u ¢ AL Volj.
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This suggests to take as a test function ¢ an eigenfunction of the sub-laplacian A
of the standard qc structure. In particular, we can let { be any of the coordinate
functions in H" x H in which case A = —A1¢.

. 2/2*
It will be useful to introduce the functional N (v) = ( f gAn+3 v? Vol;]) SO
that

MY ) =infEW) s ve DY), EM Y T)/NW.  (8)

Computing the second variation 82& (u)v = j—;g(u + tv)|,_, of £(u) we see that
the local minimum condition §2€ (u)v > 0 implies

4n+3

T() — (2" - I)T(u)/ u? ~2? Vol; >0
s

for any function v such that f gan+3 u? 1y Vol; = 0. Therefore, for ¢ being any of
the coordinate functions in H" x H we have

Y(@Gu) = 2" = DY () f u?'¢% ol; >0,
§4n+3

which after summation over all coordinate functions taking also into account (3.7)
gives

Yu)— 2= DY) +402" = 1) u? Vol; > 0,

S4n+3

which implies, recall 2* — 1 = (Q +2)/(Q — 2),

0<42"—1) (2" - 2)/ |Vul* Vol;

S4n+3

< (4)»1(2* -1 —(2"=2) S‘)f u® Vol;.

S4n+3

Thus, our task of showing that u is constant will be achieved once we see that
4425 —1)— (2 =2)§ <0, ie, 41 < 5/(Q+2). (3.9)

By Lemma 2.5 we have actually equality A; = S/(Q + 2), which completes the
proof. It is worth observing that inequality (3.9) can be written in the form

ra<(2*=2)8,

where a is the constant in front of the (sub-)laplacian in the conformal (sub-)lapla-
cian, i.e.,a = 4% in our case. ]

At this point the proof of our main Theorem 1.1 is easily deduced as follows.
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Proof of Theorem 1.1. Let F be a minimizer (local minimum) of the Yamabe func-
tional £ on G and g the corresponding function on the sphere defined in Lemma
2.4. By Lemma 3.2 and (3.6) the function gg = ¢! (go ¥~ 1) will be well centered
and a minimizer (local minimum) of the Yamabe functional £ on S*'*3. The latter
claim uses also the fact that the map v +— u of equation (3.6) is one-to-one and
onto on the space of smooth positive functions on the sphere. Now, from Lemma
3.3 we conclude that g, = const. Looking back at the corresponding functions on
the group we see that

—(0-2)/4
Fo=y | +1g')? +1o/1]

for some y = const. > 0. Furthermore, the proof of Lemma 3.1 shows that F
is obtained from F' by a translation (3.2) and dilation (3.3). Correspondingly, any
positive minimizer (local maximum) of problem (3.11) is given up to dilation or
translation by the function

]—(Q—Z)/4

F=y [(1 +1¢'1)% 4 |o'? , y = const. > 0. (3.10)

Of course, translations (3.2) and dilations (3.3) do not change the value of £. In-
cidentally, this shows that any local minimum of the Yamabe functional £ on the
sphere or the group has to be a global one.

We turn to the determination of the best constant. Let us define the constants

o *
Ay Einf f|W|2 Volg : veD"*(G), v=0, /Ivl2 Volg =1
G G

and (3.11)

o *
A L inf f|Vv|2 dH : ve D"} G), v=>0, /|v|2 dH = 1
G G

Clearly, Ag = S(Z)z, where Sg is the best constant in the L? Folland-Stein inequality

. 1/2* 3 1/2
(/G |u|? Vol@) < Sg (/G |V®u|2V01(;)) , (3.12)

while A = S 2 is the best constant in the L? Folland-Stein inequality (1.3) (taken
with respect to the Lebesgue measure!). By Remark 2.5 we have

1/(2n+3)
é | A

Ag = [2_3(211)!
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Furthermore, by Lemma 3.3 and equations (2.6) and (2.7) with g = const, we have

1 g IVOF|2 Vol

Ap = — =
© 2 * 2/2*
S5 [Jg I FIP* Vol ]!
Jsss (IV7gP + 5 ¢2) Vol
1/(2n+3
= —— = 4n(n+ D (@MY @auia] T
[f 2% Vol 2/2
§4n+3 |g| Y n]
Here

Winys =212/ T2n 4+ 2) = 27212 /20 + 1)!

is the volume of the unit sphere S*'*3 ¢ R*** and we also took into account
Remark 2.2 which shows that Vol gives 223 ((2n)!) wap+3 for the volume of

§41+3 Thus,

I 1/(4n+6)

]1/(2n+3)>*1/2 _ [(2n)!) ®an+3

So = <4n(n—|—1) [(2m)) want3 NCED) ’

which completes the proof of part a).
b) The Yamabe constant of the sphere is calculated immediately by taking a
constant function in (3.8)

2 2
ASH i) =ahg,  a=4272 24" "2
0—2 "nt1

(3.13)

This completes the proof of Theorem 1.1. O

Remark 3.4. In view of the above lemmas it follows that in the conformal class
of the standard qc structure on the sphere (or the quaternionic Heisenberg group)
there is an extremal qc contact form for problem (1.1) which is also qc-Einstein,
see [16, Definition 4.1], and has partial symmetry, see [13, Definition 1.2], if viewed
as a qc structure on the group. Thus, the above precise constants and extremals can
also be taken directly from [16, Theorem 1.1 and 1.2] or the result of [13]. However,
the functions (3.10) depend on one more arbitrary multiplicative parameter y since
in the current paper we are dealing with the functions realizing the infimum of (3.8)
rather than with the qc Yamabe equation with a fixed qc scalar curvature.
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