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Well-posedness and global existence
for the Novikov equation

XINGLONG WU AND ZHAOYANG YIN

Abstract. In this paper, we mainly study the Cauchy problem of the Novikov
equation. We first establish the local well-posedness and give the precise blow-up
scenario for the equation. Then we show that the equation has smooth solutions
which exist globally in time. Finally we prove that peakon solutions to the equa-
tion are global weak solutions.

Mathematics Subject Classification (2010): 35G25 (primary); 35L05 (sec-
ondary).

1. Introduction

In this paper, we consider the Cauchy problem for the following partial differential
equation (PDE)

Ur — Urxx + 4u2”x = 3Buuyuyy + uzuxxxa
t>0, x eR, (1.1)
u(0, x) = ug(x), x e R.

Equation (1.1) arises as a zero curvature equation F; — Gy + [F, G] = 0, this being
the compatibility condition for the linear system [13]

v, = FVy,
\IJI‘ :G\Ij,
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where y = u — uyy,
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It was discovered very recently by Novikov in a symmetry classification of nonlo-
cal PDEs with cubic nonlinearity [21]. The perturbative symmetry approach [19]
yields necessary conditions for a PDE to admit infinitely many symmetries. Us-
ing the approach, Novikov is able to isolate the Equation (1.1) and finds its first
few symmetries. He subsequently finds a scalar Lax pair for it, also proves that
the equation is integrable. It is convenient to define a new dependent variable y,
Equation (1.1) can be written as

yt+u2yx + 3uuyy =0, Yy =U— Uxx.
Camassa and Holm [3] derived the equation
Vi +uyy +2uyy =0, Y =U— Uyy (1.2)

from an asymptotic approximation to the Hamiltonian for the Green—Naghdi equa-
tions in shallow water theory. To begin with, the Camassa—Holm equation ap-
proximates unidirectional fluid flow in Euler’s equations at the next order beyond
the KdV equation, it has a bi-Hamiltonian structure [12] and is completely inte-
grable [6], and with a Lax pair based on a linear spectral problem of second order.
Also, there are smooth soliton solutions of Equation (1.2) on a non-zero constant
background [4]. The Camassa—Holm equation has attracted a lot of interest in the
past seventeen years for various reasons.

One might wonder whether the Camassa—Holm equation is the only integrable
PDEs of its kind, being a shallow water equation whose dispersionless version has
weak solitons. Degasperis and Procesi used an asymptotic integrability approach to
isolate integrable third order equations, discovered the Degasperis—Procesi equation

Ye +uyx +3uyy =0, Yy =U— Uxx- (1.3)

The Degasperis—Procesi equation can be regarded as a model for nonlinear shallow
water dynamics. Degasperis, Holm and Hone [9] prove the formal integrability
of Equation (1.3) by constructing a Lax pair. They also show [9] that it has a bi-
Hamiltonian structure and an infinite sequence of conserved quantities, and admits
exact peakon solutions.

Despite the form is similar to the Camassa—Holm equation, it should be em-
phasized that these two equation are truly different. One of the important fea-
tures of Equation (1.3) is that it has not only peakon solitons [9], i.e. solutions
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at the form u(z, x) = ce~* 'l and periodic peakon solutions [23], but also shock
peakons [5, 18] which are given by

__ 1! x|
u(t, x) ; sgn(x)e "', k>0,

+k

and periodic shock peakons [11].
The Camassa-Holm equation has n-peakon solutions [2]

u(t,x) =Y pj(t)exp(—|x —q; (")),
=1

J

where the position ¢; and amplitudes p; satisfy the system of ODEs

n
g =Y prexp(—lg; — qrl),
j=1

n
Pj=Dj kZ prsgn(q; — qr) exp(—lq; — qil).
=1

here j =1,--- ,n.

Analogous to the Camassa—Holm equation, the Novikov equation has a bi-
Hamiltonian structure and an infinite sequence of conserved quantities, and admits
exact peakon solutions [13], i.e. solutions at the form

u(t, x) = £ Jece¥~¢t=%l =0, xq constant.
Also Equation (1.1) has n-peakon solutions [13]
n
u(t,x) =) pj)exp(—|x —q;@)]),
=1

J
where the position ¢; and amplitudes p; satisfy the system of ODEs

n

gj = > pkpiexp(=lq; —qkl = lq; — aiD),
k=1

n
Pj=Dj klZ Peqisgn(q; — qr) exp(—lq; — gkl — lg; — qil),
=1

here j =1,---,n.

The remainder of the paper is organized as follows. In Section 2, we establish
local well-posedness of Equation (1.1). In Section 3, we derive a precise blow-up
scenario and present a global existence result of strong solutions to Equation (1.1).
In Section 4, we prove that Equation (1.1) has weak solutions.
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2. Local well-posedness

In this section, we will apply Kato’s theory to establish the local well-posedness for
the Cauchy problem of Equation (1.1).
For convenience, we state Kato’s theory in a form suitable for our purpose.
Consider the abstract quasi-linear evolution equation

du

7 + A(w)u = f(u), t >0, u)=uop. 2.1

Let X and Y be Hilbert spaces such that Y is continuously and densely embedded
in X andlet S : Y — X be a topological isomorphism. L(Y, X) denotes the space
of all bounded linear operators from Y to X (L(X), if X = Y). Assume that:

(1) A(w) € L(Y, X) foru € Y with

I(AY) — A)wlx < ailly —zlixllwly, y.Z,weY,

and A(u) € G(X, 1, B), i.e. A(u) is quasi-m-accretive, uniformly on bounded sets
inY.

(i) SA(Y)S™' = A(y) + B(y), where B(y) € L(X) is bounded, uniformly on
bounded sets in Y. Moreover,

I(B(y) — B(2)wllx < axlly — zllyllwlx, v.zeY,weX.

(iil) f : Y — Y extends to a map from X into X. f is bounded on bounded sets in
Y, and satisfies

IfO) = f@Illy =aslly —zlly  y.z€Y,

I1f() = f@Dlx <aally —zllx v,z €Y.

Here a1, a2, a3, a4 depend only on max{||y|y, llzlly}.

Theorem 2.1 ([14, Kato]). Assume that (i), (ii), and (iii) hold. Given vy € Y, there
isaT > 0depending only on |vg ||y and a unique solution v to Equation (2.1) such
that

v=1u(,vp) € C(0, T); Y)NC ([0, T); X).

Moreover, the map vo — v is continuous from Y to C([0,T); Y) N cl(o, 7); X).

We provide now the framework in which we shall reformulate the Cauchy
problem of Equation (1.1).

First, we introduce some notations. All spaces of functions are over R and for
simplicity, we drop R in our notation of function spaces if there is no ambiguity.
Additionally, if A is an unbounded operator, D(A) denotes the domain of the op-
erator A, [A, B] = AB — BA denotes the commutator of the linear operators A
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and B, || - ||x denotes the norm of the Banach space X. For convenience, let || - ||s
and (-, -)y denote the norm and the inner product of H®, s € R, respectively, where
L", H® denote L™ (R), H*(R) spaces ,r > 1,s € Z.
With y = u — uy,, Equation (1.1) takes the form of a quasi-linear evolution
equation of hyperbolic type
Ve + ulyy +3uuyy =0, t>0, xR, 2.2)
)’(O,X) ZMO(X) _uxx(o’x), X € R '

Note that if p(x) = Je ", x € R, we have (1 — 327! f = p« f for all the
f € L? and p % y = u, here we denote by « the convolution. Then we can rewrite
Equation (2.2) as follows

w4+ uluy + px Guityiie, + 2ui +3u?u,) =0, t>0, x eR, 2.3)
u(0, x) = uo(x), x e R. ’
Or in the equivalent form
u+utu,=—1-90H"1(d §Ltuz +ud )+ 1u3 t>0,xeR
4 * x T\27* 2% ' T4

u(0, x) = uo(x), x eR.

Theorem 2.2. Assume that ug € H*, s > % Then there exists a unique solution u
to Equation (1.1) (or Equation (2.4)), and a T = T (|lugl|s) such that

u=u(,up) € C(0,T); H)NC([0,T); H™).

Moreover, the solution depends continuously on the initial data, i.e. the mapping
uo — u(-, ug) : H* — C([0, T); H) N C' ([0, T); H*~Y) is continuous.

Set A(u) = u?dy, f(u) = —(1 — 82) ' Guuyuyy +2u + 3uuy) = —(1 —
82)~! (ax(guui +ud) + %ui),x — B Y =H and S = A = (1 — 82).
Obviously, S is an isomorphism of H® onto H*~!. In order to prove Theorem
2.2, in view of Theorem 2.1, we only need to prove that A(x) and f(u) satisfy the

conditions (i), (ii) and (iii).
We first give the following four useful lemmas.

Lemma 2.3 ([15]). Let f € H*,s > 3. Then
IAT A NAA N 2y < el fllse P11k < s — 1,

where Ny is the operator of multiplication by f, c is a constant depending only on
r, k.



712 XINGLONG WU AND ZHAOYANG YIN

Lemma 2.4 ([14]). Let r, t be real constant such that —r <t <r. Then

. 1
I fglle = cllfll-lgll, ifr>a

gl -1 = el flirligl, if r<

where c is a positive constant depending only onr, t.

Lemma 2.5 ([20]). Let X and Y be two Banach spaces and Y be continuously and
densely embedded in X. Let — A be the infinitesimal generator of the Cy-semigroup
T(t) on X and S be an isomorphism from Y onto X. Y is —A-admissible (i.e.
T@)Y C Y,Vt = 0, and the restriction of T(t) to Y is a Co-semigroup on Y) if
and only if —Ay = —SAS~! is the infinitesimal generator of the Cq-semigroup
Ti(t) = ST(t)S™" on X. Moreover, if Y is —A-admissible, then the part of —A in
Y is the infinitesimal generator of the restriction of T (t) to Y.

Lemma 2.6 ([16]). Let g € CK(R, R) and g(0) = 0. Then

- 1
gl = g(llull), 5 <T =k

Moreover, if g € C*°(R, R) with g(0) =0, then

| =

gl = gCllullr), r>

here g is a monotone increasing function depending only on the g function.
We break the argument into several lemmas.

Lemma 2.7. The operator A(u) =u?d,, withue HS, s > %, belongs to G(LZ, 1, B).

Proof. Since L? ia a Hilbert space, we have A(u) € G(L?, 1, B) for some real
number B if and only if the following conditions hold [16]:

@ (A@w)y, y)o = =Bl
(b) The range of A1 4 A is all of X, for some (or al)A > S.

We first prove (a). Since u € H®,s > %,
lull oo, lluxllLoe < llulls. Thus

u and u, belong to L*°. Note that
1
[(A@)y, y)ol = [(u*dxy, y)o| = |5 (uuxy. y)ol

<1 2 2014112
< sllullzelluxllLeliylly < cllullgllyllg-

Setting B = c||u||2, we have (A(u)y, y)o = —Bllyll3-
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Next, we prove (b). Because A(u) is a closed operator and satisfies (a), (A1 +
A) has closed range in L?forall A > B. Therefore, it suffices to show that (A1 + A)
has dense range in L2 for all » > .

Givenu € HS,s > % and y € L2, we have the generalized Leibnitz formula

8x(u2y)=2uuxy+u28xy in H L
Since u, u, € L, we obtain
D(A) = Du?dy) = {y € L?, u*d,y € L?}

—(zel? -3,ul) el =D ((uzax)*) — D(A%).

Assume that the range of (A + A) is not all of L?. Then there exists z € L2,z # 0
such that (M + A)y,z)o = O for all y € D(A). Since H' C D(A), D(A) is
dense in L?. Hence it follows that z € D(A*) and Az + A*z = 0 in L2. Since
D(A) = D(A*), multiplying by z and integrating by parts, we obtain

0= (M + A"z, 200 = (A2, 2) + (z, A2)| = (L — B)IIzlIf, VA > B,

and thus z = 0, which contradicts our assumption z # 0. This completes the proof

of Lemma 2.7. U
Lemma 2.8. The operator A(u) = u?d,, with u € H%,s > %, belongs to
GH1 1, ).

Proof. Due to H® -1 being Hilbert space, A(u) belongs to G(H* -1, B) for some
real number g if and only if the following conditions hold [14].

@) (A@)y, Y)s—1 = =BIyIE_,.
(b) —A(u) is the infinitesimal generator of a Cy-semigroup on H* -1,

First, let us prove (a). Due tou € H,s > % so u and u, belong to L and
lullzoe, lluxlizoe < |lulls. Note that

ASTHA@Y) = AT w10,y + u? A1 (B y)
=[N w10,y +uto, Ay

Then we have
Ay, v = (A7 @), a7ly)

= ([As_l, w19y, As_ly)0 — (uu Ay, ATy
< AT WP IAP T Ly AT Y 1G + Nl A yIIG

< (Ccllulls + lulHIyI>_,,
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here we applied Lemma 2.3 withr = 0,k = s — 2. Letting 8 = (c||u|ls + ||u||f),
we have (A(w)y, y)s—1 = —BIIyIIZ_;.
Next, we prove (b). Let S = A*~!. Note that S is an isomorphism of H5~!
onto L2 and H*~! is continuously and densely embedded in L2 as s > % Define
Al(w) = SAWS™ = A TTAWATS, Bi(w) = A1(u) — Au).
Letye L?andu € H !, s > % Then we have

IB1@)yllo = A", u®d: 1Ayl

< A WINPT ey A ary o

=< cllullsllyllo,
here we used Lemma 2.3 withr = 0,k = s — 2. Thus we obtain B (u) € L(Lz).
Note that A;(u) = A(u) + B;(u) and A(u) € G(L?, 1, B) in Lemma 2.7. By a
perturbation theorem of semigroups (cf. [20, Theorem 2.3, Section 5.2]), we obtain
A1(u) € G(L?, 1, B1). Using Lemma 2.5 with X = L2, Y = H*!, § = A*~!, we
conclude that H*~! is — A-admissible. So —A(u) is the infinitesimal generator of a
Co-semigroup on H*~!. This completes the proof of Lemma 2.8. U

Lemma 2.9. Let the operator A(u) = u?dy, with u € H*,s > % Then operator
A(u)e L(H® ,H*~Y). Moreover,
(A — A@)wlls—1 < arlly — zlls—1llwlls, ¥,z w e H'.

Proof. Lety, z, w € H*,s > % Note that H~! is a Banach algebra. Then we
have

IAQY) — A@)wlls—1 < clly? = 22 ls—1 19 wlls—1
<l + 20 = Dlls—1llwlls

= ailly = zlls—tllwlls.

Take z = 0 in the above inequality to obtain A(u) € L(H®, H*® —1). This completes
the proof of Lemma 2.9. O

Lemma 2.10. The operator B(u) = [A, u?0,]A~" € L(H*™"), withu € H®,s >
%. Moreover,
(B(y) — B(x)wls—1 < azlly — zllsllwlls—1-

Proof. Lety, z€ H,we H !, s > % Note that H® is a Banach algebra. Then
I(B(y) — B@)wlls—1 = [A*'[A, (0* — 293 1A wlo
< IASTHA, OF = 2 IA T L2y 1A 20wl
<ally = zlsllwlls—1,

where we applied Lemma 2.3 withr =1 — s, k=5 — 1. Take z=0 in the above in-
equality to obtain B(u) € L(H*~'). This completes the proof of Lemma 2.10. [
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Lemma 2.11. Let f(u)=—(1—932)""(dx Guu? +u?) + u3). Then f is bounded
on bounded set in HS and satisfies for all s > 3,
1) = f@ls aslly —zlls. v, z € H,
1F ) = f@ls—1 aslly —zls—1, y, z€ H”.

Proof. Lety, z,€ H®,s > % Since H*~! is a Banach algebra, we have

lrm-ra| =] -aa- (%yyﬁ ey o da - 23)

2

N

3 1
< Euyy,% — 22251 + 1Y = 251 + Euyi — 23 |ls—1.

In view ofLemma 2.6,u — g(u) — g(0) isa C*°-map from H*~ "to H~!, where
g(u) = u, u?. From the mean value theorem [10], we infer that there is a some
M >0, dependlng only on max{||y|ls, lIzlls}, such that

le(y) —g@lls—1 < Mlly — zlls—1.
Hence

3 3 3IM
If0) = F@Is = S0 = Y2 s-1 + Ellz(yf — 22)ls—1 + =y =zl

3IM
= clly = zlls—1 +clly = zlls + —=lly — zlls
=clly = zlls.
Taking z = O in the above inequality, we obtain that f is bounded on bounded set
in H®.
Next,lety, z € H%,s > % Since H*~! is a Banach algebra, we have

3 3
1) = F@lls—1 < I — 8, (1 — 83~ 1( yy2+y —2zz§—z3) ls—1

1 1
+ = (1 =82~ 1( yx—gz)us |

Enyyx—zzxns N 1+—||yx 2 ls—2.
3 3M
EMy—zwmsz+—M@x gwy4+—5Wy—ZM4

3M
fdw—dh4+dw—ZM4+~EWy—ZM4
<clly = zlls—1-

This completes the proof of Lemma 2.11. O
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Proof of Theorem 2.2. Combining Theorem 2.1 and Lemmas 2.8-2.11, we can get
the statement of Theorem 2.2. O
Theorem 2.12. Assume that ug € H*, s > % Then T in Theorem 2.2 may be
chosen independent of s in the following sense. If u = u(-,ug) € C([0, T); H*)N
C([0, T); H™Y) to Equation (1.1) (or Equation (2.4)), and if ug € H*' for some
s1 # s, 51> 3, thenu € C([0, T); H) N C'([0, T); H*'~ 1) and with the same
T. In particular, ifug € H>® = (| H®, thenu € C([0, T); H*®).

s>0

Proof. 1t suffices to consider the case s; > s, since the case 51 < s is obvious from
uniqueness which is guaranteed by Theorem 2.2. In order to prove Theorem 2.12
for s; > s, let us return to Equation (2.2). Set y(¢) = A2u(t). Then we have

d
d_)t) + A(t)y + B(t)y =0, y(0) = Au(0), (2.5)
here A(t)y = 8x(u2y), B(t)y = uu,y.

Because u € C([0, T); H®) and ug € H', we have y € C([0, T); H*"2) and
y(0) = A?u(0) € C([0, T); H*'~2). It is our purpose to deduce ye C ([0, T); H*1~2),
which implies u# € C ([0, T); H*!). This will complete the proof of Theorem 2.12.

Since u € C([0, T); H%), uy, € H*~', H*~! is a Banach algebra, we obtain
B(t) € L(H*™Y).

To this end (see [15, Lemmas 3.1-3.3]), we first need to prove that the family
A(t) has a unique evolution operator {U (¢, )} associated with the spaces X = H h
and Y = H¥, where —s <h <s—2, 1 —s <k <s—1,and k > h+ 1. Therefore,
according to the proof of [15, Lemma 2.1], we need to verify the following three
conditions.

(i) A(r) € G(H", 1, ), Yy € HS.
(i) A"O[AFh, uIA K is uniformly bounded on L2
(iii) A(t) € L(H*, H") is strongly continuous in ¢.

Let us begin verify (i). Due to H" being a Hilbert space, A(t) € G(H", 1, B) [14]
if and only if there is a real number 8 such that

@ (A®y, yn > =Byl
(b) —A(¢) is the infinitesimal generator of a Co-semigroup on H k.

First, we prove (a). Take y € H". Note that

A3 (uy) = AMa, (—[A7" wPIAly + AT @A) )
=—A"o, (A" WP 1Ay + 0, (P A" y).
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Then we have

AWy, yn = — (Ao~ wl 1Ay, AMy) + (0,6 A"y). A"y)
1
= (AMAT WAy AR y) St Ay, Ay,
— 1
< AT @l ) 1A VI + 5 sl A" YIS

< (clulls + clul?) 1y1,

where we applied Lemma 2.3 withr = —(h + 1), k = 0. Setting 8 = (c|lulls +
cllull), we have (A()y, y)n = —BlIyll}-

Secondly, we prove (b). Let S = A*~!~". Note that S is an isomorphism of
H*~! onto H" and H*~! is continuously and densely embedded in H" as —s <
h < s — 2. Define

AL(1) := SA@D)S™ = AT A AP
Bi(t) := Ai(1) — A@) =[S, ADIS ™.

Letye H"andu € H®, s > % Then we have

IBi@)yln = A8 [A" w2 ]AM =Syl
< A" AT W A T ) A Y o
< cllullsIyln.

where we applied Lemma 3.1 withr = —(h 4 1), k = s — 1. Therefore, we obtain
B (t) € L(H™). Note that

Ay = 0y (u?y) = 2uuyy +u’dyy and uy € L(H™Y).

Applying Lemma 2.8 and a perturbation theorem for semigroups, we have H*~!
is —A(t)-admissible. Then by applying Lemma 2.5 with ¥ = H*~!, X = H"
and § = AS~!7" we obtain that —A;(¢) is the infinitesimal generator of a Cop-
semigroup on H". Dueto A;(t) = A(t) + By(¢) and B,(r) € L(H"), by a pertur-
bation theorem for semigroups, we have that — A(t) is the infinitesimal generator of
a Co-semigroup on H". This proves (b).

Next, we verify (ii). Take y € L?. Then we have

A" A" W IA Yo < cllullsliyllo,

where we applied Lemma 2.3 withr = —(h 4+ 1), k = k.
Finally, we verify (iii). Take y € H*. Then

18 (Wt + 1) — > (@)Y ln < @@ + 1) — (@) ylns1
< cllu*(t 4+ 1) — > Olls—1 1y lnt1
< cllullsutt + ) — u@® syl



718 XINGLONG WU AND ZHAOYANG YIN

where we applied Lemma 2.4 withr = s — 1, = h+ 1. By the continuity of u, we
prove (iii). Thus the above three conditions imply the existence and uniqueness of
evolution operator U (¢, T) for the family A(¢). In particular U (¢, ) maps H” into
itself for —s <r <s — 1.

Next, we choose Y = H*~2 and X = H* 3. Note that

y € C([0,T); H2)nCY([0, T); H ).

By the properties of evolution operator U (¢, T), we can obtain

d
LU Dy@) =00, T)(=B(1)y(1)).

Integrating the above equality in t € [0, 7], we obtain
t
Y0 = U050 ~ [ UG DB@ywr. 26)
0

If s < s; <s+ 1, then we have B(t) € L(H*' %) is strongly continuous in [0, ?),
and HS'HS 2 c HSZ2ass — 1 > % Dueto—s <s—2<s —-2<s—1,
the family {U (¢, t)} is strongly continuous on H $1-2 1o itself. Note that y(0) €
H*% 2. We regard Equation (2.6) as an integral equation of Volterra type which can
be solved for y by successive approximation. Then the result of Theorem 2.12 is
obtained.

If s1 > s + 1, we obtain the result of Theorem 2.12 by repeated application of
the above argument. This completes the proof of Theorem 2.12. O

3. Blow-up scenario and global existence

In this section, we will begin deriving a conservation law for strong solutions to
Equation (2.3). Using this conservation law, we obtain blow—up scenario. Then we
establish a global existence theorem.

At first, we give the following useful lemmas.

Lemma 3.1 ([17]). Assume that s > 0. Then we have

A%, g1f 2 < cldagliioe | A Fll 2 + 1A% gl 2ll fllze),
where c is constant depending only on s, and f, g, € L™ N H*~!.

Lemma 3.2 ([8]). Assume that F € C™2(R) with F(0) = 0. Then for every
5 <8 < m, we have

IF@)ls < F(llullo)llulls,  u € H,

where F is a monotone increasing function depending only on F and s.
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Lemma 3.3 ([17]). Assume that s > 0. Then H* (| L is an algebra. Moreover

I7glls < cUlflleliglls + Il fFllsliglize),
where c is a constant depending only on s, and f, g € L>° N H®.

Lemma 3.4 ([7]). Let T > 0 and u € C'([0, T); H*). Then for every t € [0, T),
there exist at least one pair points £(t), £(t) € R, such that

m(t) = inf u(t,x) =u(t,&()), M(@)=supu(t,x)=ul(t,()),
xeR xeR

and m(t), M (t) are absolutely continuous in [0, T')). Moreover,

dm() dM(@1) o
dt - ut(t? é(l)), T - ul‘(ta ((l’)), a.e. on [ ) )

Lemma 3.5. Letug € H*, s > % Then as long as the solution u(t, x) to Equation

(1.1) given by Theorem 2.2 exists, we have

/(uz(t,x) +u(t, x))dx = /(u% +uf )dx,
R R

where ug = u(0, x), ug,x» = ux(0, x). Moreover, we have

V2
lu(t, x)| < Tlluolll-

Proof. Applying Theorem 2.12 and a simple density argument, it suffices to con-
sider s = 3. Multiply Equation (1.1) by u, we have

Uy — Uy + 4u3ux = 3u2uxuxx + u3uxxx.

Integrating by parts on R,

1d

—— f W? + u?)dx = / (=4 uy 4 3uPusugy + uluyey)dx
2dt Jr R

= /(3u2uxuxx — 3u2uxuxx)dx
R
=0.

Thus we deduce that

/(uz(t,x) +ul(t, x))dx = / (ug + ug )dx.
R R
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In view of the above conservation law, we have

1
V2lu(t, x)| = (/ 2uuxdx—/ 2uuxdx>2
< ( / 2|uux|dx)i < ( / (w? +ui)dx)i
R R

1

2
_ ( /R W +u3,x>dx) — luolls.

This completes the proof of Lemma 3.5. O
Theorem 3.6. Let up € H',r > % If T is the maximal existence time of corre-

sponding solution of the initial data ug, then the H -norm of u(t, x) to Equation
(1.1) (or (2.4)) blows up on [0, T) if and only if

liml|u, (¢, X)|| Lo = 00.
T

Proof. Let u(t, x) be the solution of Equation (1.1) with the initial data ugy €
H,r > %, which is guaranteed by Theorem 2.2.

If limy4 7 |lux (, x) || L = 00, by Sobolev’s embedding theorem, we obtain the
solution u(¢, x) will blow up in finite time.

Next, applying the operator A” to Equation (2.4), multiplying by A"u, and
integrating by parts on R, we have

%(M, Wy = =2l ux, )y +2(f W), u)r, (3.1)

where f(u) = —(1 — 82)~! (ax(%uuﬁ + ) + Jul).

Assume there exists a M > 0, such that lim/y7 |lux (, x)||po < M. Then we
have

|Pux, u)e| = [(A” Puy), Aol
= [([A", u®Jux, A"u)o + (WA uy, A u)o|
< AT Y|l 2 | A ull 2 + Nl [ oo | A"l
<c (||<u2>x||Loo||A’*1ux||Lz + ||A’u2||Lz||ux||Loo) lul-  3.2)
+cM|lu)?
< ¢ (ol + M1, ) el + Ml

2 2
< cMllully < cllully,

where we applied Lemma 3.1 with s = r, Lemma 3.2 with F(u) = u”> and s = r.
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Similarly, note that H®, s > % is a Banach algebra, it follows that
et -y = A" wlud + uA" " u ]
-1 2
< c(lldxullLoellllz2 + 1A ull 2 llux |l Loo)
2 2
< c(Mlluxlly—1 + M~ |lull;—1) < cllull,.

On the other hand, we estimate the second term of the right hand side of Equation

3.1).
(f ), u), = (—(1 — 927! (ax Guuﬁ —|—u3> + %ui) , u)

3 2 3 1 3
= cllufly { 5 Huuy +ullr—1 4 Slluxllr— (3.3)

3 13
= cllully { Meellr + el —r + Sl

2
=< cllull;,

3

where we applied Lemma 3.2 with F(u) = u ,ui and s = r — 1 and the above

inequality.
From (3.1)-(3.3), we obtain

d 2 2
—|lully < cllull;.
77l = cllull;

Thus using Gronwall’s inequality, we get
le @I < lluoll} exp(cr).

This completes the proof of Theorem 3.6. O
Consider the following differential equation

2
qr =u-(t,q), t >0, x € R,
{Q(O,X)zx, x eR. (3.4

Applying classical results in the theory of ordinary differential equations, one can
obtain the following useful result on the above initial value problem.

Lemma 3.7. Let ug € H%, s > 3, and T be the maximal existence time of the cor-
responding solution u(t, x) to Equation (2.3). Then Equation (3.4) has a unique
solution q € Cl([0, T) x R, R). Moreover, the map q(t, -) is an increasing diffeo-
morphism of R with

t
qx = exp (/ 2uuy (s, q(s, x))ds> , V(t,x) €[0,T) x R.
0

Furthermore, setting y = u — u,x, we obtain

y(t, q)ql (t,x) = yox),  V(t,x) €[0,T) x R.
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Proof. First, for fixed x € R we deal with an ordinary differential equation. By
the Sobolev’s embedding theorem we have that u € C 1[0, T) x R, R). Therefore
classical results in the theory of ordinary differential equations ([1]) yield the the
first assertion. From Equation (3.4) we obtain

d
0= 2u(t, Qux(t,q)qc, t>0, x R,

Qx(O’X)ZL XER

Thus the solution is given by

t
gx = exp (/ 2uuy (s, q(s, x))ds> , V(t,x) €0, T) x R.
0

Applying Sobolev’s embedding theorem, we can find a constant K > 0 such that
g:(t,x) = e, (1,x) €[0,T) xR,

Next, differentiating the left-hand side of the above equation with respect to the
time variable ¢, and applying the relations , we have

d 3 3 3 1
o <y(t, q)q; (1, X)> = (s + Yxq1)q: + Eyq;?qxt

= (yr + Yxqr + 3uuyy)q

= (yr + yxu® + 3un,y)q
— 0.

Thus we obtain

3
y(t, @)qs (t, x) = yo(x), V(t,x) €[0,T) x R.
This completes the proof of Lemma 3.7. O

Next, in view of the blow-up scenario and Lemmas 3.5-3.7, we will establish
the following global existence theorem.

Theorem 3.8. Assume that uy € HS,s > % If yo = uo — uoxx doesn’t change
sign on R, then Equation (2.3) has a global strong solution u(t, x). Moreover, the

solution u(t, x) satisfies |ux(t, x)| < 4”140”1.

Proof. Applying Theorem 2.12 and a simple density argument, we only need to
assume s = 3. Let T be the maximal existence time of the solution u to Equation
(2.3) with initial data ug € H>.
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We first consider the case ygp > 0 on R. If yg > 0, then Lemma 3.7 ensures
that y > O forall r € [0,T). By u = p * y and the positivity of p, we infer that
u(t,-) > 0 forall r > 0. Note that

utt,x) = - / Ey bk + 5 / e y(1, £)de (3.5)

X

and

et x) = = / (bt + 5 / ety BdE. (3.6)

2 Joo x

From the above two equations, we deduce that

u(t, x) + uy(t, x) = €* / ~ e y(t, £)dE,

X

u(t,x) —uy(t,x) = e_xf eéy(t, £)dé. 3.7

—0o0

By y > 0Oforall ¢ € [0, T) and Lemma 3.5, we have

2
lux (2, )| < ult, x) < \/7—”’40”1’ V(r,x) €[0,T) xR.

In the case when yg(x) < 0 on R, we can repeat the above proof to get the desired
result. This completes the proof the theorem. O

4. Peakon solutions

In this section we define strong solutions and weak solutions for Equation (1.1). We
also prove that its peakon solutions are weak solutions.

Definition 4.1 ([22]). If u € C([0, T); H*) N C'([0, T); H*~') with s > 3/2is a
solution to Equation (2.3), then u(#, x) is called a strong solution to Equation (2.3)

(or (1.1)).

Note that Equation (1.1) has the soliton waves with corner at its peak, discov-
ered in [13]. Obviously, such solitons are not strong solutions to Equation (2.3). In
order to provide a mathematical framework for the study of solitons, we define the
notion of weak solutions to Equation (2.3). Let

Fu) = uzux + px* <3uuxuxx + 2u§ + 3u2ux) .
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Then Equation (2.3) can be written as
u; + F(u) =0, u(0, x) = ug. “.1)

Definition 4.2. Assume uy € H®,s € [0, %]. If u(t,x) € Ly .([0,T); H®) and
satisfies

T
/ /(u(p, — F(u)p)dxdt —f—/ upp(0, x)dx =0
0o JR R

forall ¢ € C°([0, T) x R). Let C2°([0, T) x R) denote the space of all functions
on [0, T) x R, which is restricted to [0, T) x R is a smooth function on R? with
compact support contained in (—7, T) x R. Then u(¢, x) is called a weak solution
to Equation (2.3). If u(¢, x) is a weak solution on [0, T') for every T > 0, then it is
called a global weak solution to Equation (2.3) (or (1.1)).

Theorem 4.3. The peakon solitary
u(t,x) = £/ce ¥=c=%l >0, xy = constant

is a global weak solution to Equation (2.3).
Moreover, NT > 0, u(t,x) € L®.([0,T); H").

loc

Proof. Since xy is constant, it is only to consider u (¢, x) = ﬁe"x —ctl Note that

T
/ / up; — F(u)pdxdt +/ upp (0, x)dx
0 R R

T
_ / / (s + F () pdxd 4.2)
0 R

T
= / / (ut + uzux + p* Guuyuyy + Zui + 3u2ux)> pdxdt.
0 R

Since

U = c%e"x_c"sgn(x — ct) = (cu)sgn(x — ct),
“4.3)
Uy = —Jce ¥ sgn(x — cr) = —(u)sgn(x — c1),

it follows that

u; + uzux = (cu — u3)sgn(x —ct). 4.4
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On the other hand, in view of (4.3), we have

p* <3uuxuxx + Zui + 3u2ux>

3 1
= 0yp * (Euu§+u3) +§p*ui

1 , 3 |
= / Oy (Ee_lx_”) (ym% + u3) (t, y)dy +f Ze I y'ui(r, y)dy
R R
* 1 3 1
= /;oo —Eey_x <§uu§ +u’ — Eui) (t, y)dy
1 3 1
+/ e (—uui +u’ + —ui) (t, y)dy
X

2 2 2

/x Loy 5—|—ls n( N )@, v)d
= ——e —+ = —ct) Ju'(t,
T 5+ 5sen(y y)dy

/ : Y : ( t) 3(t )
e sgn(y — ¢ u dy.
If x < ct. Using I/t(l, )C) = ﬁe lx Ctl, we deduce from (45) that

D * <3uuxuxx + 214)3c + 3u2ux)

X ct3
/ —e (1, y)dy + / Oy
X

—00

o0
+/ (1, y)dy.
C

't

* 3 Ay—x—3ct “3 3 gytx3a
=/ —c2e™ 7 Cdy—l—/ ECZeyx “Idy

—00 X

3
+ / C§€x+36t_4ydy.
ct

135 3 3

_ 5 3(x—ct) 5 x—ct 3(x—ct)

= ——c2e + —c? (e —e )-i—
4 4

3 _ 3 ¢
:_C2€3(x ct)+c2€x ”=cu—u3.

Similarly, if x > ct, we have

D * <3uuxuxx + 214)3c + 3u2ux) = —cu+u’.
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(4.5)

(4.6)

4.7)
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In view of (4.6) and (4.7), we obtain

D * <3uuxuxx + 214)36 + 3u2ux> = —(cu — u3)sgn(x —ct). 4.8)
Combining (4.2), (4.4), (4.8) with Definition 4.2, we deduce the desired result. This
completes the proof of Theorem 4.3. U
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