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Resonant nonlinear Neumann problems
with indefinite weight
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Abstract. We consider nonlinear Neumann problems driven by the p-Laplacian
plus an indefinite potential. First we develop the spectral properties of such dif-
ferential operators. Subsequently, using these spectral properties and variational
methods based on critical point theory, truncation techniques and Morse theory,
we prove existence and multiplicity theorems for resonant problems.
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1. Introduction

The aim of this paper is to study the existence and multiplicity of solutions for res-
onant nonlinear Neumann problems driven by the p-Laplacian plus an indefinite
potential. To do this, we need to develop the spectral properties of such differen-
tial operators. Thus far, such differential operators were used only in the context
of Dirichlet boundary value problems. In this direction we mention the works of
Cuesta [11], Cuesta-Ramos Quoirin [12], Del Pezzo-Fernandez Bonder [15], Fer-
nandez Bonder-Del Pezzo [16], Leadi-Yechoui [26], Lopez Gomez [32], who deal
only with the eigenvalue problem. On the other hand Birindelli-Demengel [7] study
Dirichlet problems with the p-Laplacian plus an indefinite potential and a superlin-
ear reaction. The study of the corresponding Neumann problems is lagging behind.
We mention the recent semilinear (i.e. p = 2) works of Li [27] and Qian [38] and
the quasilinear (i.e. p > 1) work of Aizicovici-Papageorgiou-Staicu [1]. However,
all the three works consider strictly positive potentials. In [1,38] the reaction is su-
perlinear, while Li [27] considers a reaction which exhibits an oscillatory behaviour.

Our work is divided into two parts. In the first part we deal with the eigenvalue
problem and we develop the basic spectral properties of the Neumann p-Laplacian
plus an indefinite potential, i.e. of eigenvalue problems having the form

—Apu + BlulP~%u = Au|P"2u ing,

du
— =0 on %2,
on
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where € is a bounded and smooth domain of RN, N > 1, Apu = div(|Du|Z_2Du)
is the usual p-Laplace differential operator and S is a weight function which may
change sign.

In the second part of the paper we study asymptotically p-linear problems,
which may be resonant, and we prove existence and multiplicity results for prob-
lems of the form

—Apu+ BlulP~2u = f(z,u) inQ,

u

— =0 on d0€2,

on
where f : @ x R — R is a function having asymptotically p-linear growth at
infinity and obeying different hypotheses, according to the different cases we shall
study.

Our tools are variational methods based on critical point theory, truncation
techniques and Morse theory.

We prove several existence and multiplicity results, allowing the weight to be
both unbounded or bounded, according to the conditions we put on the reaction
term. The semilinear case, i.e. when p = 2, can be investigated with the stronger
tools of Morse theory, improving the general multiplicity results we get in the gen-
eral quasilinear case.

For the reader’s convenience, in the next section we recall some of the main
notions and results from the aforementioned theories that we will use in the sequel.

2. Mathematical background

We start by recalling some elements from critical point theory. Let X be a Banach
space and let X* be its topological dual. By (-, -) we denote the duality brackets
for the pair (X*, X). Let ¢ € Cl(X); we say that ¢ satisfies the “Palais-Smale
condition” (“PS-condition” for short) if the following holds:

every sequence {x,},>1 € X such that {¢(x;)},>1 C R is bounded and
@' (xy) — 0in X* as n — 00, admits a strongly convergent subsequence.

Sometimes it is more convenient to use a more general compactness condition,
known as the ”Cerami condition” (“C-condition” for short): we say that ¢ € C L(R)
satisfies the C-condition if the following holds:

every sequence {x,},>1 € X such that {¢(x,)},>1 C R is bounded
and (1 + ||x, D@’ (x,) — 0in X* asn — oo,
admits a strongly convergent subsequence.

It was shown by Bartolo-Benci-Fortunato [3] that the Deformation Theorem, and
consequently the minimax theory of critical values, remains valid if the usual PS-
condition is replaced by the weaker C-condition.

The following topological notion is important in critical point theory and will
be used in the following sections.
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Definition 2.1. Let Y be a Hausdorff topological space and Dy, D and S be
nonempty closed subsets of Y such that Dy € D. We say that the pair {Dy, D}
is linking with S in Y if and only if

(@) DoNS =@,
(b) forall h € C(D,Y) satistying h|p, = Id|p,, we have h(D) N S # @.

Using this notion, we have the following basic minimax principle (see, for example,

[18]).

Theorem 2.2. If X is a Banach space, Dy, D and S are nonempty closed subsets
of X, the pair {Dy, D} is linking with S in X, ¢ € C'(R) satisfies the C-condition,

sup b < inf b,
Dy S

setT := {y €C(D,X) : yp, = IdlDo} and

¢ := inf sup ¢(y (u)),
Y€l yeD

then ¢ > infg ¢ and c is a critical value for ¢. Moreover, if c = infg ¢, then we can
find a critical point of ¢ in S.

By an appropriate choice of the linking sets, we obtain as corollaries of Theo-
rem 2.2, the Mountain Pass Theorem, the Saddle Point Theorem and the General-

ized Mountain Pass Theorem. For future use, we state the Mountain Pass Theorem.

Theorem 2.3. If X is a Banach space, ¢ € C'(X) satisfies the C-condition, xo, x| €
X satisfy

max {6 (x0), px)} < inf{o) : Ix —xoll = p} =np0  lx1 —x0ll > p,
set T = {y e C(10,11, X) : y(0) = xo, y(1) :x1} and

c:=inf sup ¢(y(?)),
Y€l ref0,17

then ¢ > n, and c is a critical value for ¢. Moreover, if ¢ = infyp,(x)) ¢, then we
can find a critical point of ¢ in 9B, (xp).

Remark 2.4. It is easy to see that Theorem 2.3 follows from Theorem 2.2 if we
choose Do = (0, x1), D = [xo, xi] = {x € X : x = (1 =n)xo+1x, 0= 1 = 1
and § = 9B, (xp).
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Next, let us recall some basic definitions and facts from Morse theory which
we will use in the sequel. Let (Y7, Y>2) be a topological pair with Y, € Y| C
X. For every integer k > 0, by Hy(Y1, Y2) we denote the k™-relative singular
homology group with integer coefficients for the pair (Y1, Y2). We also recall that
H; (Y1, Y>) = 0 for any integer k < 0. Moreover, if $ € C'(X) and ¢ € R, we
introduce the following sets:

¢ = {xeX : ¢(x)§c}, Ky = {xeX : gb/(x):O}

and K = {x €Ky () =c}.

The critical groups of ¢ at an isolated critical point x € X with ¢(x) = ¢ are
defined by

Ci(¢,x) := H (¢ NU, ¢ NU \ {x}) forallk >0,

where U is a neighborhood of x such that Ky N¢° N U = {x} (see Chang [9]). The
excision property of singular homology theory implies that the previous definition
of critical groups is independent of the particular choice of the neighborhood U'.

Now, suppose that ¢ € C!(X) satisfies the C-condition and that inf ¢ (K. ») >
—o00. Let ¢ < ¢(Ky); the critical groups of ¢ at infinity are defined by

Cr(¢,00) := Hi (X, ¢¢) forallk >0,

see Bartsch-Li [5].

The Deformation Theorem, which is valid since by assumption ¢ satisfies the
C-condition (see [3]), implies that the definition of critical groups of ¢ at infinity is
independent of the particular choice of the level ¢ < inf ¢ (Ky) used.

If K is finite, defining

M(t, x) = Zrankck(¢,x)tk forallt e R, x € Ky
k>0

and
P(t,0) := Zrankck((p, oo)t* forallt € R,
k>0

we have the Morse relation

D Mt x) = P(t,00) + (1 + 1) Q(1), (2.1)
XEK¢
where Q(1) := ) ;- ,Bktk is a formal series in + € R with nonnegative integer

coefficients (see Chang [9, page 36]).
Now, let X = H be a Hilbert space, x € H, U is a neighborhood of x and
¢ € C 2(H). If x is a critical point of ¢, then its “Morse index” is defined to be
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the supremum of the dimensions of the vector subspaces of H on which ¢”(x) is
negative definite. Also, we say that x is nondegenerate if ¢”(x) is invertible. The
critical groups of ¢ at a nondegenerate critical point x € H with Morse index m are
given by

Ci(p, x) = Sk mZ forall k > 0, 2.2)

where 8, is the usual Kronecker delta function

1 ifk=m,
ak,m: .
0 ifk #m.

In this study, we consider a bounded domain 2 with C 2 boundary; in addition to the
usual Sobolev space W7 (), we will also use the following “natural Neumann”
spaces:

1= 1= ou
cl@) = {ueC ) : a—:Oon&Q}
n

and
——1I-ll

Wyl (@) :=ClQ)

where || - || denotes the usual norm in YVLP (2). When p = 2 we also use the
notation Hn1 (€2). The Banach space C,% (€2) is an ordered Banach space, with order
cone

C, = {u e Cl(S) : u(z) > Oforall z € Q}

The cone above has a nonempty interior given by

intCy = {u €Cy tu(z) >0forall z € S_Z}

Another result which we will use is a theorem relating C ,]l (€)—and W,} P () — min-
imizers of a C! functional. More precisely, let fy : 2 x R — R be a Carathéodory
function (i.e., the map z — f(z, x) is measurable for all x € R and x — f(z, x)
is continuous for a.e. z € 2) which has subcritical growth, i.e.

| fo(z, )| < ag(z) +colx|"™" forae.z € Qandallx € R,
with ag € L*®°(Q)1 = {u e L®(Q) : u> O}, co > 0 and

Np
l<r<p*={N-p

Let Fy(z,x) = fOx fo(z, s) ds, and consider the C! functional v : Wnl’p(Q) - R
defined by

1
Yo(u) = ;IIDullﬁ —/ Fo(z.u(z))dz  forallu € W, ”(Q).
Q
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Concerning C ,{(S_Z)— and Wnl’p (£2)-minimizers for the functional 1, we have the
following result:

Theorem 2.5. Ifug € Wnl’p(Q) is a local C,ll (Q2)-minimizer of Vo, i.e. there exists
po > 0 such that

Woluo) < Yoluo +h)  forall h € CH() with |hllci gy < po.

then ug € C,l () and ug is also a local W,:’p(Q)-minimizer of Yo, i.e. there exists
p1 > 0 such that

Youo) < Yoluo +h)  forall h € WyP () with ||| < po.

Remark 2.6. For the “Dirichlet’space HO1 (€2), this result was first proved by
Brezis-Nirenberg [8]. It was extended to the spaces WO1 P < p < oo) by Gar-
cia Azorero-Manfredi-Peral Alonso [17] (see also Guo-Zhang [22] where p > 2).
The corresponding result for the “Neumann spaces” Wnl P(Q) (1 < p < 00)is due
to Motreanu-Motreanu-Papageorgoiu [34].

Let (-, ) denote the duality brackets for the pair (W, " (2)*, W,'”()) and
consider the nonlinear map A : W,} Q) - W,} P (Q)* defined by

(AQ), v) =f |Dul?">(Du, Dv)ydz  forallu, v € W, " ().
Q

Concerning the map A, we have the following classical result:

Proposition 2.7. The nonlinear map A : W,% P(Q) > W,% "P(Q)* defined above is
monotone, continuous (hence maximal monotone) and of type (S)+, i.e., if u, — u
in Wy'? (Q) and limsup,, , . (A(up), up — u) <0, then u, — u in Wy'"(Q).

As final remarks concerning notations, throughout this work, by | - || we will
denote the norm in the Sobolev space W7 (Q); as it is already clear from the
definition of v, by || - ||, (1 < p < 00) we shall denote the norm of L?(£2) or of
LP(Q,RN), by (-, -)ny and |-|n the scalar product and the norm in RY, respectively,
while the Lebesgue measure in RY will be denoted by %y (-). Finally, we shall also
use the notation r*+ = max{r, 0} for any r € R.

3. The eigenvalue problem

In this section we develop the spectral properties of the Neumann p-Laplacian plus
an indefinite potential. Let @ C R" be a bounded domain with a C? boundary d<2.
We consider the following nonlinear Neumann eigenvalue problem:

—Apu+ BlulP"2u = AulP™?u  in Q,

ou 3.1
— =0 on 0€2.
on
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Here Aj,u = diV(|Du|§,_2Du) is the p-Laplace differential operator and 8 €
L1(R), % < g < oo, is a weight function which may change sign. By an
eigenvalue we mean a real number A for which (3.1) has a nontrivial weak solution

u e Wn1 "P(Q). First we show that problem (3.1) has a principal eigenvalue. Note
that the weight function 8 can be both indefinite (i.e. changes sign) and unbounded.
We mention that problem (3.1) was studied for N = 1 (ordinary differential equa-
tions), using completely different methods by Zhang [43] and Binding-Rynne [6].

Proposition 3.1. If 8 € L1(Q2) with q > %, then problem (3.1) has a smallest

eigenvalue A1 € R which is simple and has a positive eigenfunction ii; € C“*(S)
with) < o < 1.

Proof. Let & : WP (Q) — R be the C! functional defined by
&) = IIDMII§+/Qﬂlu|pdz,
and consider the set M C WP (Q) defined by
M={uew @ ul,=1}.

By Liusternik’s Theorem (see, for example, [36], page 74) we know that M is a C!
Banach manifold. Let

Q= inf{g(u) Cue M}. (32)

Claim 1: )21 > —00.

Note that g > % = Np' (p’ being the conjugate exponent of p, i.e. % + # =1),

hence ¢’ < (Np') = and so we have pg’ < p*. Then, if u € WIP(Q),

Np
Np—p+1° )
by the Sobolev Embedding Theorem, we have |u|? € L9 (2). Hence, by virtue of
Holder’s inequality, we have

'/Qﬂlul”dz

We know that W17 (Q) < Lrd (2) — LP(£2) and the first embedding is compact.
So, invoking Ehrling’s inequality (see, for example, [36], page 698), given ¢ > O,
we can find c(¢) > 0 such that

< 1Blgllull}, - (3.3)

lull pgr < ellull + c(s)||u||£ forallu € Wh7(Q). 3.4
From (3.3) and (3.4) we have

I Duelly 4 lluelly — /Qﬁlul”dz < 1Dully + lullp + el Bllglull? + c@)Bllglully,



736 DIMITRI MUGNAT AND NIKOLAOS S. PAPAGEORGIOU

so that
(1 —elBlilull? < E@) + A + @Bl Nullb.

We now choose ¢ € (O, 1/||ﬂ||q). Then
c@Null? < E@+A+c@BlI)Nully,  with ée) := c(e)—ellBlly > 0. (3.5)
So, if u € M, then from (3.5) we see that
—(1+c@®)Bllg) < &),

and thus }:1 > —o00, which proves Claim 1.
Claim 2: The infimum in (3.2) is realized at a function iz; € M.
Let {u,},>1 C M be a minimizing sequence, i.e. & (u,) — )»;r asn — oo. It

is clear from (3.5) that {u,},>1 C WLP(Q) is bounded. So, up to a subsequence,
we may assume that

uy, — fiy in WHP(Q) and u,, — iy in L7 (Q) as n — oo. (3.6)

From (3.6) we infer that
| Déiy || < liminf|Du,|5 and  lim / ﬂ|un|pdz:/ Blii|Pdz,
n—oo n—oo Q Q

and thus &(i1]) < Aj.

It is clear from (3.6) that ||ii1 ||, = 1,i.e. ity € M. Hence &(it1) = 1, and this
proves Claim 2.

The Lagrange multiplier rule (see, for example, [36, page 76], implies that
A 1 is an eigenvalue for problem (3.1), with ii; € whr(Q) being the associated
eigenfunction. An application of the Moser iteration technique (see, for example,
Hu-Papageorgiou [23]) implies that i; € L°(£2). Then, invoking Theorem 4.4
of Le [25], we infer that #7; € C1%(Q) for some o € (0, 1). Moreover, since
&(ul) = &(u), we deduce that i1 does not change sign and we may assume that
i1 > 0. Then, using the Harnack inequality of Trudinger [41], we conclude that
i1(z) > 0forall z € Q. .

To show the simplicity of A;, we use the generalized Picone identity due to
Allegretto-Huang [2]. Let o; € W'P(Q) be another eigenfunction associated to
A1. From the previous discussion we know that 9; € C'%(Q) and we may also
assume that 01(z) > O for all z € Q. Now set v} := vy + 1/n, n > 1, and
introduce the following functions defined in €2:

np np

u u
1 ~An P 1
—— DV |y — P—=
PP @?

np
PO N AnP—2 u N
R(iy, 0f) = |Dity |y, — |DOYIR (D((ﬁn)ijl),Dv?) :
! N

A A A A -2 A A
L@y, 97) == |Diy |5+ (p— 1) | DO} [N S(DDY, Dity)w,
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From the generalized Picone identity of Allegretto-Huang [2] (see also [36, page
328], we have

05f L(al,a@dz:/ R(, 9)dz
Q Q

P
A ) A u
Z/ |Dity |y, — DO IR DO}, D | — IIH dz;
Q (Ul) N

since ﬁlp/ﬁf e WP (Q), by the nonlinear Green’s identity (see [36, page 330], the
last integral equals

iy iy
|Dity |5 + Ay ——— dzz/ |Diy |5, + Apd—-— | dz.
/Q A GO o NP eprt
Since v; solves (3.1), then the last integral is equal to
4 > yap—1 ﬁf
Du +(B -1V — daz.
/;2 | ul|N (B l)vl (v;’)l’—l Z

By the Lebesgue Dominated Convergence Theorem, passing to the limit, we finally
get

0< /Q [IDay |5, + Bat]dz — dilldn |y = &Gy — Ay,
since 1] € M. This clearly implies that fQ L(uy, 01)dz=0, and since L(ii1, 01) >0
(see [2,36]), then
L(i1(2),01(z)) =0 forae. z € Q,
which implies that there exists £ > 0 such that
iy = koy,

see [2,36]. ) .
This proves that A1 is simple, i.e. A1 is a principal eigenvalue. O

If B € L*°(2) (bounded weight function), then we can improve the conclusion
of the previous proposition.

Proposition 3.2. If B € L>°(R2), then problem (3.1) has a smallest eigenvalue reR
which is simple and has an eigenfunction iy €int Cy NCH%(Q) for some a € (0, 1].

Proof. The existence and simplicity of the smallest eigenvalue A1 € R follows from
Proposition 3.1, and again we have i1 € L°°(2). Since 8 € L*°(£2), we can apply
Theorem 2 of Lieberman [29] and conclude that ii; € C1%() for some « € (0, 1),
and that #; > 0. Note that

A a ~p—1 .
Apiy < (1Blloo + A0, a.e. in Q,

and thus #1; € int C, see Vazquez [42] and Pucci-Serrin [37, page 120]. O
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Remark 3.3. In (3.1) we can admit a weighted right hand side of the form
Am(2)|u(z)|P~2u(z) with m_ € L®(Q), m > 0, m # 0. Indeed, as above, we
have a principal eigenvalue Aj(m) € R. Moreover, m — Aj(m) is continuous on
L°(2)+ and exhibits the following monotonicity property: if m < m’, m # m,
then A1 (m’) < A1(m), see (3.2) and Proposition 3.1.

Next we show that any eigenfunction corresponding to an eigenvalue A # Al
is nodal (i.e. sign changing) and that X is isolated.

Proposition 34. If g € L1(Q), q > ;VTP, then every eigenvalue ) # & has nodal

eigenfunctions and )| is isolated.

Proof. Let A be an eigenvalue different from Apandletu € WhP (£2) be an eigen-
function associated to it. We know that u € C1¥(Q) for some & € (0, 1] (see
Le [25]). Suppose that u« is not nodal. Then, without loss of generality, we may
assume that u > 0. As before, using the Harnack inequality of Trudinger [41]
(see also Pucci-Serrin [37, page 163]), we have u(z) > 0 for every z € Q. Set
u® = u + ¢, & > 0. Then, as in the proof of Proposition 3.1, using the generalized
Picone identity, we have

0<gq L(ﬁl,ug)dz=/ Ry, u®)dz
Q

- » L L
M — it dz + Lo S S— —)»-/ [l " S—"
: fgﬁ”l ¢ /Q’g” wrer 1T " w1t

By the Lebesgue Dominated Convergence Theorem this implies
05(11—k)/ aldz =k — 1 <0,
Q

since A > A;. This is a contradiction, thus proving that the eigenfunction u corre-
sponding to A must be nodal.

Now, let D C 2 be a nodal domain of u (i.e., a connected component of
Q\ {u = 0}). We know that uxp € WP (Q) and D(uxp) = (Du)xp. XD being
the characteristic function of the set D. We also have

A) + BlulP~%u = AMu|P"%u. (3.7)
Acting on (3.7) with 2 = uxp, we obtain

<A(u),uxD>+/ ﬁlulpdz=)»/ ulPdz,
D D

that is, since D(uxp) = (Du) xp,

f|Du|§dz+/ ﬁ|u|l’dz=x/ lu|Pdz.
D D D
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Hence
Euxp) = A/ lu|Pdz. (3.8)
D

From the proof of Proposition 3.1 (see (3.5)), we know that there exists ¢; > 0 such
that
luxpll? < c1(Ewxp) + lluxpllh)

=ciO+ Dlluxply by (3.8)
< c1o+ DEN D) PP luxplly.,

since p < p* and so L?* () < LP?(Q). Thus, by the Sobolev Embedding Theo-
rem, there exists ¢ > 0 such that

luxpllbe < 2w (DY PP uxpllh.,

and hence, since u # 0,
1 <. Lyv(D)'PIP", (3.9)

Using this estimate, we can prove that the principal eigenvalue A1 is isolated.
We argue by contradiction: suppose that we can find a sequence {A,},>1 C R such

that A, — }A\T and A, is an eigenvalue for problem (3.1) for every n > 1. Then
there exist u, € WH-?(Q) N C'(Q) \ {0} such that

Altn) + Blunl” 2y = hnlun)P2up V= 1. (3.10)

Let y, = up/||unll,n > 1. Then ||y, || = 1 for all n > 1, and so we can assume that

y, — yin WhP(Q) and y, — y in qu/(Q) andae.inQasn — oco. (3.11)
Multiplying (3.10) by ||lu,||'~7, we obtain

AGin) + Blynl""2yn = Aalyal?2yn  foralln = 1. (3.12)

Acting on (3.12) with y — y, € W!P(Q), passing to the limit as n — oo and using
(3.11), we obtain

lim (A(yn, y» —y) =0,

n—oo

which implies, by Proposition 2.7, that
yp — yin WHP(Q) and a.e. in . (3.13)
Therefore, if in (3.12) we pass to the limit as n — oo and use (3.13), we have
AW) + BIyIP=2y = RilylP2y  with |y = 1 by (3.13).

Hence .
E) = rlyllp,
and so, by Proposition 3.1, there exists k € R \ {0} such that y = kii;.
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Without any loss of generality, we may assume that £ > 0. Now, let D" =
{z € : y2) < 0}. Since i1; > 0 in , we have £y (D") — 0 asn — oo,

which, together with (3.13), contradicts (3.9). Therefore, we conclude that ):1 is
isolated. O

Denote by o, (£2) the set of all eigenvalues for problem (3.1). It is clear from
the proof of Proposition 3.4 above, that the following result holds.

Proposition 3.5. If 8 € L1(Q2) withg > Tl’ then the set 0, (2) C R of eigenval-
ues of (3.1) is closed.

From Propositions 3.4 and 3.5 it follows that
By = inf{,\ L€ op(S)\ {)11}} € 0,p(S),

and this is the second eigenvalue for problem (3.1). For this second eigenvalue, we
have the following minimax characterization.

Proposition 3.6. If B € L1(Q) withq > —1’1 then

/\

= inf max &(y()),

yel —1<t<1
where T' = {y e CU-1,11, M) : y(=1) = —iiy, y(1) = ﬁl}.

Proof. First we show that & satisfies the PS-condition on the manifold M: let
{tn}n>1 € M be such that

|&(un)| < M for some M| > 0 and foralln > 1 (3.14)

and

(AGup). ) +/ 5|u,l|l’*2unhdz‘ <enllhll  forallh e T, M,  (3.15)
Q

where ¢, — 01 as n — oo. Here, as usual, Ty, M denotes the tangent space to M
at u,. We know that

T, M = {h e WP (Q) : f lun|P~?uph dz = 0}, n>1,
Q
for example see [18, page 600]. Then, for every y € W17 (), we have that

h=y—</ Iunlp_zu,,ydz) u, € T,,M foralln > 1.
Q
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Using this £ as a test function in (3.15), we obtain

< enllhl

(A, ) + / Blun|"2uny dz - ( / |un|”—2unydz) & (un)
Q Q

for all n > 1. By [20, page 48], there exists c¢3 > 0 such that

A 31+ Blal? Py dz—( I dz> )| = eacslyll (3.16)
Q Q
foralln > 1.
From the proof of Proposition 3.1, see (3.5), we know that there exists ¢4 > 0
such that
lunll? < ca(Ew,) +1)  foralln > 1.

Hence, by (3.14), we get that {u,},>1 WLP(Q) is bounded. Thus we may
assume that )
up — uin WHP(Q) and u,, — u in LP7 (). (3.17)

In (3.16) we choose y = u,, —u € whr(Q), pass to the limit as n — oo and use
(3.17); in this way we obtain

lim (A(u,), up —u) =0,

n—oQo

which, together with Proposition 2.7, implies that
U, — uin W-P(Q) as n — oo.

This proves that & satisfies the PS-condition on the C! Banach manifold M.

Now, we know that 4-; are both minimizers of & with &(+u;) = A1. More-
over, it is clear that both =i are strict local minimizers of &. More precisely, we
will now show that for pp > 0 small enough, we can find p+ € (0, pp) such that

g(iﬁ1)<inf{5(u) u e Mand |u—(+i)| = pi} and pi. < 2|1l (3.18)

We do the proof for i, the proof being analogous for —ii;. Arguing by contra-
diction, suppose that, given any p € (0, pp), we can find a sequence {u,},>1 C
M N 3B, (i) such that &(u,) — & (i) as n — oo. By (3.5) it is readily seen that
{untn>1 C WLP(Q) is bounded, thus we may assume that

Uy — uin WP(Q) and u, — u in L7 (Q). (3.19)
Since & is sequentially weakly lower semicontinuous, from (3.19) it immediately

follows that R
Ew) < liminf & (u,) = &) = Aq.
n—oo
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By (3.19) we get that u € M; hence from &(u) = &) = A we getu = i) by
Proposition 3.1. By the Mean Value Theorem we can find ¢, € (0, 1) such that

A

ép(un)_éa<un+ul) = ((g)/ ([nlxtn+(1 —tn)un;l/”), un_ul)

2 2
un‘i‘ﬁl) Up — U1

2 2 >

Mn+ﬁl
2

= (A (tnun + (=1t

+[

Assuming without loss of generality that , — ¢ € [0, 1], we pass to the limit as
n — oo in the previous equality: from (3.19), the sequential weak lower semicon-
tinuity of &, the convergence & (u,) — & (ii1), since t, + 1 > 0 and recalling that
u = iy, we obtain

tn + 1 7
lim sup %<A <tnun + (- t,l)un —;—m) S Uy — ﬁ1> <0,

n—oo

thttn +(1—1,) dz.

p=2 Up+ir\ up—i
‘ (tnun+(l_tn) a 1> - !

2 2

and thus

un+121

lim sup<A (tnun + (1 —1,)

n—oo

),tnun—i-(l —zn)””;”‘ —ﬁ1>§0,

which implies by Proposition 2.7 that

Up +121

thtty + (1 — 1) — 4 in WhP(Q).

But note that

un+121 ~ tn+1
—uill =

0 < lltgup + (1 — 1) > = )

iy — ity > g foralln > 1,

since ¢, + 1 > 1, a contradiction. Similarly for —#i; and these two things together
prove (3.18).
It follows that

A = inf maxlg(y(t)) > &(xiy) = A1,

yell —1<t<

since every path joining | and —it| necessarily crosses dB,,, (£i1). Since &) sat-
isfies the PS-condition, we can apply Corollary 3.6 of Ghoussoub [19, page 53-54]
and infer that A is a critical value of & |M» and thus an eigenvalue for problem(3.1)
with ): > )A»l.

We will now show that A = A, by showing that there is no eigenvalue of
(3.1) contained in the open interval (h1,X). We argue indirectly: suppose by con-
tradiction that A € (A1, A) is an eigenvalue of (3.1) and let u € WLP(Q) be an
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eigenfunction associated to A. From Proposition 3.4 we know that u is nodal, and
sobothu™ # 0 and u~ # 0. Now consider the following two paths on the manifold
M:

. ut —tu~™ 0.1 hi h ioi ut d
)/](l) = m, t e [ s ] (t 18 pat joins m an M)
—u= 4+ (1 —-ut
() = =+ (=t t €10, 1] (this path joins u and I ’Hp)
The concatenation of the two paths y = y; U y, joins Huu:H and ﬁ More-

over, note that the functions u™ and u~ have disjoint interior supports, and since
A@) + BlulP~?u = Alu|P~2u, acting first with ut™ € WI?(Q) and then with
€ WP(Q), we obtain

Ewr) = Aut|h and E@™) =l |},
Therefore, it easily follows that
EYi() = E( () = A forall 7 € [0, 1].

We now consider the set L, = {u e WhP(Q) : &u) < A}. Evidently, L,
is not path-connected, or otherwise we could violate the minimax expression of
A > A. Moreover, using the Ekeland variational principle and using the fact that

& m satisfies the PS-condition, we infer that every path component of L5 contains
a critical point of &'|). Since the only critical points of &y in L are £t and, as

already observed, L, is not path-connected, we infer that L, has exactly two path
components, one containing i1, and the other containing —;.

+ . . . + .
Note that HM"T” cannot be a critical point of &'}, since HMMTH has constant sign
p p

and (5’( TGP ) = A. So we can find a path s : [—¢, €] = M such that

d
sO = and - (Ep(s0) #0.

. . . + .
Hence, starting with this path, we can move from HMMT” to a point y € M along a
p

path on the manifold M which stays within L,, with the exception of the starting

point .Sou € Ly, and we denote by U] the path-component of L, containing

Hu+||
y. Without any loss of generality, we may assume that iz; € U;. Then we can join
y and i1y with a path remaining in U;. Concatenating such a path with the path s,
we see that finally we have a path y; : [0, 1] — Uj such that

+
v (0) = i1y, y4 (1) = ” ”ﬂ' and y4(t) € U; C Ly forall ¢ € [0, 1).
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In a similar fashion, if U, is the other path-component of 1:2 with —i1; € Us, we
can produce a path y_ : [0, 1] — U, such that

y_(0) = ﬁ, y-(1)=—ujand y_(¢t) € U, C 1:2 for all r € (0, 1].
Concatenating y4, y, y—, we produce a path y, € I" such that é‘: (y«(t)) < A forall
te[—1,1];hence A < A,a contradictiop with the fact that A < A. Ther~ef0r§, there
is no eigenvalue of (3.1) in the interval (A, A), and so we conclude that A = A,. [

Remark 3.7. In fact from the above proof we see that we also have the characteri-
zation

A

Ay = inf maxlé"()?(t)),

pef —1=r=

where
f={yecq-1.u.m:pn=0=70}

Now, let V = {u e WhP(Q) @ [qiudz = 0} and set
iy = inf{<§’(u) CueMn v}. (3.20)

Proposition 3.8. 5»1 < iv < Xz.

Proof. First of all, it is clear from (3.20) that A; < Ay.

Suppose by contradiction that ):1 = ):V. Then we can find a sequence {u, },>1 C
M NV such that &(u,) — A= )AW. By (3.5) we immediately see that {u,},>1 C
WP () is bounded, and so we may assume that

up — uin WHP(Q) and u, — u in L9 (Q). (3.21)

Exploiting the sequential weak lower semicontinuity of &, by (3.21) and since u €
M NV, we have

A< Ew) < liminf Euy) = A = Ay,
n—>oo

and hence
Eu) = A,

which implies that u = =i, a contradiction to the fact thatu € M N V.

Thus ):1 < )A»v-

Now, suppose that ):2 < ):V. Then, by virtue of Proposition 3.6, we can find
y € I' such that

Ey () <iy  forallt e [—1,1]. (3.22)
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From the very definition of T", we know that y (—1) = —ii; and y (1) = #;. So, if
we consider the continuous function o : [—1, 1] — R defined by

o(t) =/ nyy(t)dz forallt € [—1, 1],
Q

then o(—1) < 0 < o (1), and so by Bolzano’s Theorem on intermediate values, we

can find t* € (—1, 1) such that o (+*) = 0. Hence y (+*) € V and so Ay < E(y (t*))
by (3.20), which contradicts (3.22). U

Remark 3.9. Let S = {V cwhrQ) : whr(Q) =R V}, i.e. S is the set of
all topological complements of R in W17 (Q) and set

rs = infS sup & (v).

€0 yeV

A natural question is wether )13 = iz.

4. Nonlinear problems: existence theorems

In this section we use the spectral properties established in Section 3, in order to
study the existence of nontrivial smooth solutions for the following nonlinear Neu-
mann problem with indefinite weight:

—Apu+ BlulP~2u = f(z,u) ing,
du 4.1)
—=0 on 9€2.

an
First we prove an existence theorem for resonant (hence noncoercive) equations.
The hypotheses on the reaction function f are the following:
Hy: f: 2 xR — Ris a Carathéodory function such that f(z,0) = 0 a.e. in Q
and

(i): there exista € L®(R),, ¢ > 0 such that | f(z, x)| < a(z) + c|x|P~! for a.e.
z€Qandall x € R;

(ii): there exists 19 < Az, Bo > 0 and t € [1, p] such that, if F(z,x) =
fox f(z,s)ds, then

) F
< limsup ———

A F(z,x .
A1 < liminf M < no uniformly for a.e. z € Q
Ix[>o0  [x|P |x|—00 lx [P

and

F ) - ) .
Bo < liminf PFGx) = f& ) uniformly for a.e. z € Q.
|x|—00 |x|®
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(iii): there exist § > 0 and u € (1, p) such that uF(z,x) > f(z,x)x > 0 for
a.e. z € Qand for all 0 < |x| < §p. Moreover, there exist K > 0 such that
F(z,x) > K|x|* for a.e. z € Q and for all |x| < &p.

Remark 4.1.
1. It is clear that hypothesis Hj(ii) permits resonance at infinity with respect to

the principal eigenvalue A1; as a consequence, this hypothesis makes the energy
functional associated to problem (4.1) (see below) noncoercive.

2. Condition Hi(iii) is a reversed Ambrosetti-Rabinowitz condition near 0.

3. The second requirement in Hj(iii) is automatically satisfied if f : @ x R — R
is continuous, but in general is not true if f is defined only in €2, unless
inf eq F(z, £80) > 0, although this fact is not noted very often. For example,
consider a function f : (0, 7) x R — R which, for x small, is defined as f(z, x) =
sin z|x|*~2x; then it obviously verifies wF(z, x) > f(z,x)x > 0 a.e. in Q2 for all
x # 0, but there is no K > 0 such that F'(z, x) > K|x|* a.e. in 2 for x small. See
Mugnai [35].

Example 4.2. The following function satisfies assumption Hj (for the sake of sim-
plicity we drop the z-dependence):

Olx|*2x if |x| <1,

nxlP=2x — (= O)|x 97 %x if x| > 1,

f(X)={

With9<):1§n<igandl<q<p,l<,u<p.

Let ¢ : WHP(©) — R be the energy functional associated to problem (4.1),
defined by

¢ ) = %g(u) —/ F(z,u)dz forallu e WhP(Q).
Q

Evidently, assuming the hypotheses above, ¢ € C1(W!-7(Q)).

Proposition 4.3. If hypotheses Hy (i), (ii) hold and B € L(Q) withq > %, then
¢ satisfies the C-condition.

Proof. Let {up}p>1 C WLP(Q)bea sequence such that
| (un)| < M for some M, > 0andalln > 1, 4.2)

and
(1 + lup D@’ (un) — 0 in WhP(Q)* asn — oc. 4.3)

From (4.3) we have

enllhll

forall h € WhP(Q), withe, — Oasn — oco. (4.4)
1+ [Junl

@' (un), h)| <
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In (4.4) we choose h = u, € W!?(£2) and obtain
) - /Q F@unundz] <g,  foralln > 1. (4.5)
On the other hand, from (4.2) we have
—&(uy,) + p/Q F(z,uy)dz < pM> foralln > 1. (4.6)
We add (4.5) and (4.6) and obtain
./S;[pF(z, uy) — f(z,up)un] dz < M3 forsome M3z > 0andalln >1. (4.7)

By virtue of hypotheses Hj (i), (ii), we can find 1 € (0, Bp) and c3 > O such that
Bilx|* —c3 < pF(z,x) — f(z,x)x forae.z € Qandallx e R. (4.8)
We use (4.7) and (4.8) and obtain that
{untn>1 € LY (Q) is bounded. 4.9)

An additional estimate is needed: recall that T < p < p™* (see hypothesis Hj (ii)).

So we can find ¢ € [0, 1) such that % = 1=t L Invoking the interpolation

T p
inequality, we have
1—
lunllp < Netnllz™" Neanlllye,

and thus there exists M4 > 0 such that

lunllh < Mallunll’h  foralln > 1. (4.10)

First suppose that N # p and recall that in this case whr(Q) — LY (2) (Sobolev
Embedding Theorem, with p* = oo if N > p). Thus, from (4.10) we have that
there exists M5 > 0 such that

lunllhy < Ms|lu,||'P foralln > 1. (4.11)
Hypothesis Hj (i) implies that
| f(z,x)x| <c4(1+|x|P) forae. z € Q,allx € Rand somecy > 0. (4.12)
From (4.5) and (4.12) we have
E(uy) < Mg(1 + ||u,,||§) for some Mg > O and alln > 1;
and so, by (3.5),

lun P < M7(1 + ||un||§) for some M7 > 0andalln > 1,



748 DIMITRI MUGNAT AND NIKOLAOS S. PAPAGEORGIOU

which implies, with (4.11), that
lunll? < Mg(1 + ||u,]|™P) for some Mg > Oandalln > 1.
Now recall that 0 < ¢ < 1, and so it follows that
{tp}n=1 € WHP(Q) s bounded. (4.13)

If N = p, then WP (Q) — L4(Q) for all ¢ € [1, 00) by Sobolev Embedding
Theorem, and p* = oo. Thus, replacing p* by any ¢ > p in the previous reasoning,
we get (4.13) again.

By (4.13) we may assume that

Uy — uin WHP(Q) and u,, — u in LP4 (Q) as n — oo. (4.14)

Now in (4.4) we choose h = u, —u € WHP(), we pass to the limit as n — 00
and use (4.14) to obtain

lim (A(u,), up, —u) =0,

n—oo

which implies, by Proposition 2.7, that u, — u in WP (Q), i.e. ¢ satisfies the
C-condition. O

Recall that ii; € C1%(Q) (0 < « < 1), &1y > 0 is the LP-normalized principal
eigenfunction for problem (3.1) (see Proposition 3.1).

Proposition 4.4. If hypotheses Hy (i), (i) hold and B € L4 (Q) withq > ;VTP then
@ra, Is anticoercive, i.e. ¢(ti]) — —o0 as |t| — oo.

Proof. ltis clear from hypothesis Hj (ii) that, without any loss of generality, we may
assume that T < p. Moreover, we can find 81 € (0, Bo) and Mg = Mo(B1) > 0
such that

Bilx|" < pF(z,x) — f(z,x)x fora.e. z € Qand all x > My. 4.15)
Thus (4.15) implies
d <F(z,x)> _ [z, x)x — pF(z,x)

. T—p—1
el G — < —pix (4.16)

fora.e. z € Qand all x > My.
Integrating (4.16) over [y, x], Mg < y < x, we obtain

Fz,x) Fzy _ B ( 1 1 >

xP yP T p—1 \xPT N ypT

4.17)

fora.e.z € Qandall x > y > My.
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We now let x — o0; since T < p, from (4.17) and hypothesis Hj (ii), we have

A F(z,
AL @ ) < — Ai fora.e. z € Qandall y > Mo,
yP (p—D)yP="
that is
Mo, B
—yP = F(z,y) < — y fora.e. z € Qandall y > Mo,
P (p—1)
and so
A » B .
—y —F(z,y) < ———y" +¢5 forae.z € Qandall y > 0,
P (r—1)

for some c5 > 0.
Now, take ¢ > 0, so that by (4.18) we get

. Ao . B1 .
¢(tu1)=—||tbt1||§—/ F(z,tiy)dz < — t"lar 7 + ce
P Q (p—1)
for some ¢ > 0, and so ¢ (tii;) — —oco0 ast — o0.
In a similar fashion, we also show that
¢ (tii)) — —o0 as t > —o0,

and therefore we can conclude that ¢|r;, is anticoercive.

‘We now introduce the set

S = {u e WhP(Q) : Eu) = )\2||u||§}.

(4.18)

(4.19)

Proposition 4.5. If hypotheses Hy (i), (ii) hold and B € L4(Q) withq > 3%, then

@|s is coercive.

Proof. By virtue of hypotheses Hj (i), (ii), we can find n; € (1o, ):2) andc7 > 0

such that

F(z,x)§ﬂ|x|p+C7 forae. z € Qandall x € R.
p

Then from (3.5) and (4.19) we have that

lul|? < Cg||u||§ for some cg > O0andall u € S.

(4.20)

4.21)
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Therefore, if u € S, we have

¢(u) = lg(u) —/ F(z,u)dz
p Q

\%

1 .
— (A2 — D) llully — 788 (Q) (by (4.20) and the fact that u € S)
p

v

1 .
— (A2 —n)ull” —c7. LN () (by (4.21)),
cp

and thus ¢s is coercive, since n; < Ap. O

Propositions 4.4 and 4.5 imply that we can find #* > 0 large enough, and
bigger than 1, such that
d(£r*ay) < irS1f¢ =msg. (4.22)

Now, set Dy = {£¢*ii} and denote by D the convex hull of —#*#; and #*ii1, i.e.
D= {u e WLP(Q) : u = e(—t*iy) + (1 — &)(t*iiy), ¢ € [0, 1]}.

Proposition 4.6. If hypotheses Hy (i), (ii) hold and B € L(Q) withq > 3%, then
the pair {Dy, D} is linking with S in WP () (see Definition 2.1).

Proof. We consider the set £ = {u e W Q) - Ew) < ):z||u||1’}. Note

that +¢*i; € E by (4.22) and (4.19). We claim that E is not path-connected
and that +7*ii; belong to different path components of E. To this end, let y €
C([—1, 1], WL-P(R)) be a path which joins —¢*#; and #*i11. Then

7(=1)=—r*t; and (1) =t*u;.
We extend y along the line segments
conv{—t*ﬁl, —ﬁl} = {u e WhP(Q) 1 u=e(—=t*t))+(1—¢)(—i)), € €0, 1]}
and
conv{t*iy, di1} = {u € WHP(Q) : u = e(t*iy) + (1 — &) (@), & € [0, 1]}

in the obvious linear way, in order to reach —ii and i respectively. We denote this
extension of y by 7. Note that 7y € I" (see Proposition 3.6), and so

PO [¢/10)

1=t [poh

by Proposition 3.6. Thus there exists #y € (0, 1) such that y (9) ¢ E and this shows
that E is not path-connected and that the elements £7*ii; belong to different path
components of E.
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Now take y € C(D, WP (Q)) such that Yipo =1d|p,. Theny (—t*it) =—t*il;
and y (t*i1) = t*#i;. Since £¢*ii] belong to distinct path components of E, we have
y(D)NOJE # (). ButdE C S. Hence y(D) N S # ¢ and this proves that the pair
{Dy, D} is linking with S in WP (Q). O

Now we are ready for the first existence result.

Theorem 4.7. If hypotheses Hy hold and B € LY () with q > 521, then problem

(4.1) has a nontrivial smooth solution uy € C»*(Q) (0 < a < 1).

Proof. Propositions 4.3, 4.4, 4.5 and 4.6 permit the use of Theorem 2.2, so we can
find ug € WP () such that ¢’ (ug) = 0 and, by (4.22),

ms < ¢(uo) = yié‘rf* Jmax ¢(y (1)),

where T'* = {y e C([0, 1], W'P(Q)) : y(0) = —t*41, y(1) = t*ﬁl}. More-

over, we know that the pair {Dg, D} and S homologically link in wlr(Q) (see
Chang [9, pages 89-90]). Hence, by [9, pages 89-90], we have

Ci(¢,uo) #0. (4.23)

Hypothesis Hj (iii), saying that F'(z, x) > K|x|* for a.e. z € Q and all |x| < §p for
some K > 0, ensures that we can apply Proposition 2.1 of [24], see also [30], and
conclude that

Cr(¢,0)=0 for all k > 0. (4.24)

Comparing (4.23) and (4.24), we see that ug 7 0,and so it is a nontrivial solution
of problem (4.1). Nonlinear regularity theory (see Lieberman [29]) implies that
u € C¥(Q) for some « € (0, 1]. O

If the weight is bounded, we can drop hypothesis Hj(iii), which dictates a
p-concavity condition near the origin, and replace it by a condition which implies
a p-linear growth also near the origin, allowing for resonance with respect to the
principal eigenvalue A1 to occur. More precisely, we now consider the following
hypotheses for the reaction function f:

H. f: Q xR — R is a Carathéodory function such that f(z,0) = 0 a.e. in
2, hypotheses H (i), (ii) are the same as the corresponding hypotheses Hj (i), (ii),
and

(iii): there exists 9 > 0 such that F(z, x) < %|x|1’ fora.e. z € Qandall |x| < .

Theorem 4.8. If hypotheses H hold and 8 € L*°(R2), then problem (4.1) has a
nontrivial solution ug € C,%’a(S_Z) O<a=<l).



752 DIMITRI MUGNAT AND NIKOLAOS S. PAPAGEORGIOU

Proof. Since Hj(i), (ii) hold, we can apply all Proposition 4.3-4.6, so, as before,
via Theorem 2.2, we obtain a critical point u#¢ of ¢ such that

Ci(¢, uo) #0. (4.25)
On the other hand, if §p is as postulated by hypothesis Ha(iii) and u € C,ll (Q) is
such that ||”||C1(Q) < 8o, then F(z,u(z)) < %u(z)p a.e. in 2, and so, by (3.2),

1 A
D) = —E W) — |ullh >0 =¢(0)
P P

for all u € C, () with [lullcigy < So. Thus u = 0 is a local C,($2)-minimizer

of ¢. Hence, by Theorem 2.5, u = 0 is also a local Wnl’p(Q)—minimizer for ¢. By
(2.2) we have that

Cr(¢,0) = bk 0Z for all £ > 0. (4.26)
Comparing (4.25) and (4.26), we conclude that ug # 0. Moreover, ug € cj*“(s‘z)
(0 < o < 1), see Lieberman [29]. ]

We have another existence result for resonant Neumann problems with the
following assumptions on f:
Hjs: f: Q x R — Ris a Carathéodory function such that f(z,0) = 0 a.e. in £,
hypothesis H3(i) is the same as the corresponding hypothesis Hj (i),

. . pF@,x) .~
(i): lim ———— = Aj uniformly for a.e. z € 2 and
lx]|=-o00 |x|P
lim [pF(z,x)— f(z,x)x] = —oc uniformly for a.e. 7 € ;
|x]—o00

(iii): there exists 6 € L°°(£2) such that

A

6(z) <A ae inQ, 6#i

and

Sz, x)

x—0 |x|P*2x

< 6(z) uniformly fora.e. z € Q.

Remark 4.9. Hypothesis H3(ii) implies that the problem is resonant at infinity
with respect to the principal eigenvalue A; from the left.

Example 4.10. The following function satisfies hypotheses H3 (again we drop the
z-dependence):

0lx|P~2x if x| <1,
=1 . X .
fx) Mlx|P2x — = if x| > 1,
|x|?
where 6 < 5»1, ¢ = ):1 —6 >0and 1 <r < oo. Note that such a function does not
satisfy Hj(ii).

We start with a simple lemma which will be useful also in the next section.
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Lemmad4.11. If0 € L®(Q), 6 < A a.e. in 2L and 0 # i, then there exists
o > 0 such that

V() = &) —/ OlulPdz > pollull?  forallu € WP(S).
Q

Proof. Evidently ¢ > 0. Suppose that the lemma is not true. Then, exploiting the
p-homogeneity of , we can find a sequence {u,},>1 C WP () such that

lunl =1 foralln>1 and ¢ (u,) - 0" asn— oo.
We may assume that
up —~u inWHP(Q) andu, - u inLP(Q) asn — oo. 4.27)

It follows from (4.27) and the lower weak semicontinuity of & that ¥ (1) < 0, and
o)

Ew) = / OlulPdz < illullb. (4.28)
Q

If u = 0, then from (3.5) applied to u,, and (4.27), we see that u,, — 0 in whr(Q),
a contradiction to the fact that ||u,|| = 1 foralln > 1. Hence u # 0. But from
(4.28) and (3.2) we have &(u) = i1||u||£, and so u = =ti for some r > O.
Recalling that i1 (z) > 0 for all z € Q (see Proposition 3.1), from (4.28) and the
hypothesis on 6, we have &(u) < e ||u||§, again a contradiction. The lemma is
thus proved. O

Proposition 4.12. If hypotheses Hx(i), (i) hold, and B € L4(2) with ¢ > %
then ¢ satisfies the C-condition.

Proof. Let {up}y>1 C WhP(Q) be a C-sequence satisfying (4.2) and (4.3). Then,
as in the proof of Proposition 4.3, starting from (4.2) and (4.3) but using the reversed
signs, we obtain an inequality opposite to (4.7), i.e.

/ [pF(z,un)— f(z, un)uyldz> My forsome Mo >0andalln>1. (4.29)
Q

Claim: {u,},>1 € W"P(Q) is bounded.

Suppose that the Claim is not true. Then, by passing to a suitable subsequence
if necessary, we may assume that ||u,|| — oo. Let y, = u,/|luyll, n > 1. Then
lyn|l = 1 forall n > 1 and so we may assume that

Yo —y inW'P(Q) andy, -y inLP?(Q) asn— oco. (4.30)
Let F(z,x) = 5‘—101|x|17 + Fy(z, x). Itis clear from hypothesis H3(ii) that

Fo(z, x)

[x|—>o00  |x]|?

=0 uniformly fora.e. z € Q. 4.31)
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Then (4.31), and hypothesis H3(i) imply that, given ¢ > 0, there exists C, > 0
such that

Foz.x) < S|x|P + ¢, forae z € Qandall x € R. (4.32)
p

From (4.2), recalling that {u,},>1 is a C-sequence, we have that for all n > 1

. 5
My > ¢p(uy) = —éa(un)— ||un||p /Fo(z, uy)dz
p P Q

1 A te
> —&(uy) — —”unuz — e N (Q),
p p
and hence N
M 1t+e ngN(Q)

_5( n)_—“ n”p_
Y » Ynllp

El

lunll? —

and so, by (4.30),

llen

EW) = Ga +o)lyllp.
Since & > 0 was arbitrary, we let ¢ — 07 and obtain
EW) < Mllylp,

and by Proposition 3.1
E) = rlylp.

Thus, either y = 0 or y = =+t for some ¢ > 0.

If y =0, then y, — Oin wlr(Q) by (3.5), a contradiction to the fact that
lvull = 1foralln > 1. So y = *tiiy, and since i1 (z) > O for all z € , it follows
that |u,(z)| — oo forall z € Q as n — oo. Thus, by H3(ii) we have

lim [pF(z,uy) — f(z,up)u,] = —o0 forallz € Qasn — oo,
n—oo

and by Fatou’s Lemma we get

11m / [pF(z,un) — f(z,up)uyldz = —

which contradicts (4.29). This proves the claim.
Because of the Claim, we may assume that

up, —u inW'P(Q) andu, — u in LPY(Q) asn — oo.

From this, using Proposition 2.7 and acting as in the proof of Proposition 4.3, we
conclude that ¢ satisfies the C-condition. O
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Proposition 4.13. If H3(i), (ii) hold and B € L1(Q2) with g > If—ivl, then PRy, is
anticoercive.

Proof. The proof is similar to that of Proposition 4.4, and so we only sketch it. By
H;(ii) it is readily seen that also

| llim [pFo(z,x) — fo(z, x)x] = —oco uniformly for a.e. z € Q.

X|—> 00

Then
d F 5 9 - F )
— < 0 x)) = oz, x)x = pFo(z, x) >0 forae.ze€ Qandall|x| > M,
dx xP xp+l

for some M > 0. Integrating over [M, x], we get Fo(z, x) > xP Fy(z, M)/ MP and
analogously for x < 0. Hence limy|—. o Fo(z, X) = oo uniformly for a.e. z € Q.
Thus

lim ¢(tu;) = — lim Fo(z, tuy)dz = —o0,
|t]—o00 [t|—>o0 Jo
and the proof is complete. O

Using hypothesis H3(iii) and Lemma 4.11 we can now show the following
proposition.

Proposition 4.14. If H(i), (iii) hold and B € L9 () with q > % thenu = 0 is

a local minimizer of ¢.

Proof. By virtue of hypotheses H3(i), (iii), given any ¢ > 0, we can find ¢, > 0
such that

1
F(z,x)<—(0() + &) |x|P + ce|x|” forae. zeQ,all xeR, withr > p. (4.33)
p
Then for every u € WLP(Q) we have

¢(u) = l<5a(u) —/ F(z,u)dz
p Q

1 1
= —&u) - —/ OlulPdz — “ull” — collull” by (433) (4.34)
p P Ja p

po — €

v

|lull” — collull” by Lemma 4.11.

Choosing ¢ € (0, o), from (4.34) we have
o) > crollull? — collull” for some c1g > 0. (4.35)

Since r > p, from (4.35) we see that O is a local minimizer for ¢. O
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Now we are ready for the new existence theorem.

Theorem 4.15. [f hypotheses H3 hold and 8 € L1(2) withq > %, then problem
(4.1) has a nontrivial solution ug € CH*() (0 < o < 1).

Proof. From Proposition 4.14 we know that u = 0 is a local minimizer of ¢. By
(4.35) we actually have that u = 0 is a strict local minimizer. Hence we can find
p > 0 small enough such that

60 =0 <inf{$@ : full = o} =1, (4.36)

Then Propositions 4.12 and 4.13 and (4.36) above allow us to use Theorem 2.3 (the
Mountain Pass Theorem), and so we obtain ug € W17 () such that

¢'(up) =0 and  ¢(0) =0 < n, < $(uo). (4.37)

From the inequality in (4.37) we see that ugy # 0; from the equality we have that
ug solves (4.1). Moreover, ug € CH4(Q) (0 < « < 1) by nonlinear regularity
theory. O

As before, we can modify the behaviour of f(z,-) near O, assume that the
weight is bounded and produce a new existence theorem. So the new hypotheses
on f are the following:

Hy: f : Q x R — Ris a Carthéodory function such that f(z,0) = 0 a.e. in £,
hypotheses Hy (i), (ii) are the same as the corresponding hypotheses H3(i), (ii) and

(iii): there exist 8 > A, and 8§y > 0 such that

A

B

—|x|? < F(z,x)  foraeze€ Qandall|x| <§
p

and
Mixl? < f(z, x)x fora.e.z € Qandall x € R.

Remark 4.16. Hypothesis Hy(iii) implies that # = 0 is not a local minimizer of
¢ and so the mountain pass geometry fails. Thus our approach will be based on
Theorem 2.2. Note that Propositions 4.12 and 4.13 still remain valid under this new
set of assumptions.

Theorem 4.17. If hypotheses Hy hold and B € L™ (), then problem (4.1) has a
nontrivial solution ug € CH(€) (0 <« < 1).
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Proof. As before, we write F(z,x) = %|x|p + Fy(z, x). Then for all u € V (see
(3.20)), we have

1 A
()=~ Ew) — L jull? —/ Foz, ) dz
p )4 Q

A

> Low) — 2wy — Eulll - e By(@)  sce (3.20) and (432))
p pPAv p

>1 (1 _MA 8) EW) — ce.Ly(Q) by (3.20).
p Ay

(4.38)

Now choose ¢ € ():1, }:V) (see Proposition 3.8). Then, from (4.38) we see that ¢y
is coercive, and so it is bounded below. Using Proposition 4.13, we can find * > 0
large enough such that ¢ (£t*it1) < my = infy ¢.

We consider the sets Dy = { + i }, the convex hull

D = [—t*iy. "] = {u e W'P(Q) : u=e(—r*ii) + (1 —e)*iy, 0 <& < 1}

and the already introduced set V = {u e wWhr(Q) fQﬁlu dz = 0}. As in
Proposition 4.6, we check that the pair { Dy, D} is linking with V in whP(Q). So
we can apply Theorem 2.2 and obtain uy € W7 () such that

¢ (o) =0 and my < ¢(ug) = co = inf max ¢y (1)), (4.39)
pel €[,

where
= {)9 e C([0, 11, WhP(Q) = $(0) = ity (1) = —t*ﬁl}.

From the first equation in (4.39) we see that ug is a solution of (4.1) and ug €
C1(Q) (0 < « < 1), see Lieberman [29].

We need to show the nontriviality of ug. According to the minimax expression
of ¢ (ug) = co in (4.39), it suffices to produce a path p, € I such that ¢5, < 0.

To this end, let Mc = M N C'(Q). We consider M endowed with the relative
WP (Q)-topology and M furnished with the relative C'!(2)-topology. Evidently
M is dense in M. Now, let

r={rect-1.10.m:y- =iy =i}

and
Fe={y e CU=1.11. M) : y(=1) = —iny, y() =iy }.
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Then it is clear that "¢ is dense in I', and so, invoking Proposition 3.6, we see that,
given § > 0, we can find y = y5 € ¢ such that

max{é”(;?(z)) S 1} <o +8. (4.40)

Since y € I'c, we can find 1 > 0 small enough such that |y (1)(z)| < o for all
t € [—1, 1] and all z € 2, with ¢ as postulated by hypothesis Hy(iii). Then

~

F(z, uy(t)(2)) = gl,u)?(t)(z)lp forallt € [—1,1]and a.e. z € Q2. (4.41)

Therefore, for every r € [—1, 1], we have

p
PP (1) = %5(370))— /Q F(z. 17 (1)) dz

A

N
< “7()\2 +68) — g,ﬂ’uy(z)ug by (4.40) and (4.41) (4.42)
P, .
=L Gts-p),
P

since y has values in M.
Now recall that 8 > X, (see Hy(iii)). So, choosing § € (0, 8 — A3), we infer
that ¢ (uy (t)) < Oforallr € [—1, 1], and so

Gl <0 (4.43)

Of course, we can always assume i < t*, and so we can consider o : [u, t*] > R
defined by o (s) = ¢ (sit1). Then o is of class C!and

1
o'(5) = (¢/(sitn). i) = (£<sa1> _ /Q f(z,sﬁl)fu) <0

by Hy(iii), and so
o(s) <o(u)  foralls e [u,*]. (4.44)

Now, we consider the linear path y joining r*ii| and wii;. Then from (4.43) and
(4.44), we see that
Py, <0. (4.45)

We continue with y, = py, which joins wit; and —pii1, and along it we have
(4.43). Finally, reasoning as in the construction of y, we produce a path y_ joining
—uitq and —ti; such that

¢, < 0. (4.46)

We now concatenate y., y, and y_, producing a path p, € I such that, due to
(4.43), (4.45) and (4.46),

¢|7;* < O’
and so ug # 0. 0
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5. Nonlinear problems: multiplicity theorems

In this section we prove two multiplicity results for problem (4.1). In the first one
we assume that the weight function 8 is bounded, while in the second case we deal
with an unbounded weight function 8.

For the first multiplicity result the hypotheses on f are the following:
Hs: f : Q x R — R is a Carathéodory function such that f(z,0) = 0 a.e. in
2, hypotheses Hs(i), (iii) are the same as the corresponding hypotheses Hi (i), (iii)
and

(ii): there exist two functions wy € W17(Q) N C () such that

w_(z) <c_ <0<cy Swy forall z € Q,
esssup | £, w () = BOwL (P} <0
Q
<essinf{ £(, w-()) = BOW-O1 2w_()},

Aw-) <0< A(wy)  inWhP(Q)*

and for » = max {||w,||oo, ||w+||oo}, there exists & > 0 such that for a.c.
z € Q the function

x> [z + &P
is nondecreasing on [—r, r].
Remark 5.1. Since Hs includes part of hypotheses Hj, it is clear that again we
permit resonance with respect to the principal eigenvalue 1.

Example 5.2. The following function satisfies hypotheses Hs (again we have
dropped the z-dependence):

) {|x|‘f—2x —ElP 2 iflx <1,

nix|P2x —0|x|"%2x  if |x| > 1,

with1 < ¢, 7 < p, € > 14 |Blloc, 1 € [A1, A2) and 0 = + & — 1.

Example 5.3. With the function defined in the example above, a natural choice is
totake w_ = —land wy = 1.

First we produce constant sign smooth (i.e. C La(Q)) solutions.

Proposition 5.4. If hypotheses Hs hold and B € L°°(R2), then problem (4.1) has
two nontrival constant sign smooth solutions

uo € int Cy satisfying wy —uo € intCy
vo € —int C4 satisfying vo — w— € intC+

and both solutions are local minimizers of the energy functional ¢.



760 DIMITRI MUGNAT AND NIKOLAOS S. PAPAGEORGIOU

Proof. First we show the existence of the positive smooth solution. To this end,
take A > ||B|lc and consider the following truncation-perturbation of the reaction
term f:
0 ifx <0,
g (@ x) = f(z,x) +axP™! ifo<x<wi(@, 6D
[ wi@)+rwp@P ifwy(z) <x.

Of course, this is a Carathéodory function. We set G;r (z,x) = fox g}f (z,s)ds and
we introduce the C! functional q&; : Wn]’p (2) — R defined by

1 A
¢ (u) = ;@@(u) + ;||u||§ —/ Gl (z,u)dz forallu e WaP ().
Q

From (5.1) and since A > || 8]0, We see that ¢k+ is coercive. Moreover, exploiting

the compact embedding of W,}’p (Q) into LP4' (), we easily check that ¢;r is se-
quentially weakly lower semicontinuous. Thus, by the Weierstrass Theorem, there

exists ug € W,}’p(Q) such that
& wo) = inf {¢7 @) : w e WP @) =mf.

Of course, we can always assume that §y < min{1, c4}, see hypotheses Hs(ii), (iii).
Moreover, recall that by Hs(iii) there exist 5o > 0, u € (1, p) and K > 0 such that

F(z,x) > K|x|* a.e. in Q for all |x| < §p. (5.2)

Then for any € € (0, o] we have (recall that constant functions belong to Wn1 P (Q))

¢ (o) < ”ﬂ”“’sl’—/ F(z,8)dz see (5.1)
p Q 5.3)
1Bl .
< ) e — Ke" LN ().

Since u© < p, from (5.3) we see that by choosing ¢ € (0, §g], even smaller if
necessary, we will have qﬁ)’f(s) < 0. Thus

m’ = ¢ (uo) <0 =90,

and so ug # 0.
Now, recall that (¢>Zr)/ (ug) = 0, that is

Aug) + O + B)luolPuo = N;" (uo), (5.4)

where
NF@)() =g ¢ u())  forallu € W, ”().
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On (5.4) we act with —u, € Wnl’p(Q) and obtain

—/ |Du5|%dz—/(ﬂ+k)(ua)pdz=0 see (5.1),
Q Q

and so [luy || =0, i.e.
ug >0, ug # 0. (5.5)
Then X
A(uo) + (A + Bl = Ni (uo), (5.6)
that is |
—Apup + (A + ﬂ)ug_ = gf(z, up) ae.inQ,
0
P _o on K.
on

By nonlinear regularity theory (see [23] and [29]), we have that ug € Cy \ {0}.

Next we act on (5.4) with (ug — wy)™ € WaP(Q), and recalling (5.1), we
obtain

(Auo), (o — wi) ™) + /Q O+ Bl (o — o)tz
= /Q(f(z, wy) + Awh (o — wi)Tdz
< /Q(A + 8w o —wy)tdz by H(ii).
Since A(w4) > 0 by hypothesis Hs(ii), from the previous inequality we get
(Auo) — Awy), (o — wp)*) < /Q Gt B! =l Yo — wy)Tdz <0,
that is

/ (IDMOIZ_2DM0 - |Dw+|Z_2Dw+, Dup — Dwy)ydz <0,
{wo>w-)

so that Ly ({ug > wy)) =0, ie ug < wy.
Therefore, we have 0 < ug < wy, and so (5.6) becomes, by (5.1),

A(uo) + Bul " = N(uo),
with N(u)(-) = f(-,u(-)) forallu € W,}’p(Q), that is

—Apup(2) + Bul " = f(z,uo(z)) ae. inQ,

0 5.7
el =0 on d%2. S
on
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Now, let & > 0 be as in hypothesis Hs(i7). We can always assume that &, > || 8]l 0o,
and then we have

—Apuo(2) + G + B@Iu) " = (2 u0(2) +Euo()? ' 20 ae inQ,
and then
Apuo(@) < & + 1Bl ae. in €.

By the Strong Maximum Principle (see Vazquez [42] and Pucci-Serrin [37]) the last
inequality implies that up € intC.
Next, let § > 0 and set us = ug + 8 € int C. Then

— Apus(z) + (& + B(@))us(x)P !
= — Apug(z) + (& + B@)uo(2)P ' 4 p(8) with p(8) — 0t as § — 0+

=f(z,u0(z) + &uo2)’ " + p(8)
<fz,wi@) +Ewi@P M+ p(8) ae. inQ

(5.8)

by Hs(ii) and the fact that ug < w..
Let o = ess sup {f(-, w () — ﬂ(~)w+(-)”_1} < 0 by Hs(ii). Since p(5) —
Q
0t as§ — 0T, for § > 0 small we have that p(§) < —o. Hence

p(@®) + £z, wi(2) < BRQw (P! a.e. in Q,

and by (5.8) we immediately get

Aus) + &+ Puf ™' < & +Pwl " < Awp) + & + pHuwl

by Hs(ii), and so
Aus) — Awy) + & + Bl —wh™h) <o.

Acting on this inequality with (u5 — wi)" € W,}’p (2), we immediately obtain
us < wq,and so wy —ug € intC4. Recalling that ug € intC4, we can find p > 0
so small that

20 () =
B wo) = ue Ch@ ¢ = wollcye = o

C [0, wi] = {u e WP(Q) 1 0 <u(z) < wilz)aein sz}

Note that ¢)_»F\[0,w+] = ¢jj0,w,]- Therefore, ug is a local C,{(Q)-minimizer of ¢, and

hence ug is a local W,} "7 (©)-minimizer of ¢ by Theorem 2.5.
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To produce the negative smooth solution, we introduce the “negative” trun-
cation-perturbation of f defined by

f@w_(@) +Aw_()|"2w_(z) ifx <w_(2),
g;(z, x)=14 f(z,x)+ Alxlp_zx ifw_(z) <x <0, (5.9
0 ifx > 0.

Of course, this is a Carathéodory function. Then, as natural, we set G, (z,x) =
fox &, (z,s)ds and we consider the C ! functional o, : W,: "P(Q) — R defined by

o - _
6 (u) = —5’<u>+—||u||p—/ G (2, u(2)) dz
p p Q

for all u € W,} P(Q). Working as above, using this time (5.9) in place of (5.1),
and w_ in place of w4, we can produce a second smooth constant sign solution
vg € —int C4 with vg — w—_ € int C4, which is a local minimizer of ¢. O

The previous result can be immediately improved by using the tools recalled
above.

Theorem 5.5. If hypotheses Hs hold and B € L°°(S2), then problem (4.1) has at
least three nontrivial smooth solutions

up € intCy, woe€—intCy and yoeCLQ)\{0).

Proof. From Proposition 5.4 we already have two constant sign smooth solutions
ugp € intCy4 and vg € —intC,. We also know that both are local minimizers of
¢, and without loss of generality we may assume that ¢ (vo) < ¢(up). Now, let
p € (0, 1) be so small that

P < pluo) < inf {$@) : Ju—uol =pf=n,.  (5.10)

Let Do = {vo, uo}, D = {u = cug+ (1 —&)vo : 0 <& < 1} and S = 9B, (uo).

It is easy to see that the pair {Dg, D} is linking with § in W,} P (). Also, since
Hs (i), (ii) coincide with Hj (i), (ii), Proposition 4.3 can be invoked, and thus ¢
satisfies the C-condition. In conclusion, we can apply Theorem 2.2 and find yy €

W, 7(Q) such that

¢'(yo) =0 and  $(vo) < P(uo) <np < P(yo) = ;21; l23§]¢(y(t)), (.11

where I' = {y € C([0, 1], WrP Q) 1 y0) = v, y(1) = uo} and n,, is defined
in (5.10).
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From the second relation in (5.11), we see that yy & {vg, 1o} and from [9, pages
84-85, page 90] we know that (recall that yy is a critical point of mountain pass type)

Ci(¢, yo) #0. (5.12)

On the other hand, recall that, by [24, Proposition 2.1], hypothesis Hs(iii) implies
that
Cr(¢,0)=0 for all k > 0. (5.13)

Comparing (5.12) and (5.13), we infer that yg # 0. Finally, from the equality in
(5.11) we have that yo solves (4.1), and nonlinear regularity theory implies that
yo € CH(Q). O

In Theorem 5.5 the weight function g is bounded, and this requirement appears
to be essential in the proof. It is natural to ask wether we can have a multiplicity
result when g is unbounded. In this case, for the solutions we do not have regularity
up to the boundary, and so we do not have at out disposal Theorem 2.5 relating
local Sobolev and Holder minimizers. For the case of unbounded 8, we will prove
a multiplicity theorem for coercive (hence nonresonant) problems.

Remark 5.6. We believe it is an interesting open problem wether one can have a
multiplicity theorem for resonant problems in presence of an unbounded weight
function .

In light of the considerations just made, the hypotheses on the reaction f now
are the following:
Hg: f: Q x R — Ris a Carathéodory function such that f(z,0) = 0 a.e. in £,
hypothesis Hg(i) is the same as the corresponding hypothesis Hj (i) and

(ii): there exists 6 € L°°(L2) such that

A

0(z) < A ae. inQ, 0 #AX

and
F(z, .
lim M <60(2) uniformly for a.e. 7 € Q;
x—0 |x|P
o f(@x) . . A
(iii): lim = A uniformly for a.e. z € 2, with A > Ay and A ¢ 0,(Q2).

x—0 |x|1’*2x

Remark 5.7. Hypotheses Hg(iii) is not very satisfactory, because from the point of
view of the spectral properties developed in Section 3, it is not excluded the possi-
bility that at least for some domains 2 we will have o, = {):1 Ju [}:2, 00). We must
underline that this is not the case if p = 2 (see Section 6) and if N = 1 (ordinary
differential equations, see Zhang [43] and Binding-Rynne [6]). Nevertheless, such
hypothesis has been already used in the literature (see, for example, Liu-Li [30] and
Medeiros-Perera [33].



RESONANT NONLINEAR NEUMANN PROBLEMS WITH INDEFINITE WEIGHT 765

Example 5.8. The following function f satisfies hypotheses Hg:

Alx|P~2x if x| <1,

fo = Olx|P~2x + (. — O)|x|972x  if x| > 1,

with A > A2, A € 0,(Q),0 < ijand 1 < g < p.

Let A > )12, A ¢ op(82), and consider the C! functional ¥, : W'P(Q) - R
defined by

V() = lc?(u) - 5||u||§ forallu € Whr(Q).
p p

Proposition 5.9. Co(;,0) = C; (¢, 0) = 0.

Proof. Consider the open set i = {u € W'P(Q) : &w) < Alullh}. Clearly
:|:l21 el.

We now show that I/ is path connected. To this end, let u € U/ and let V, be
the path component of U/ containing u and set

&
Ny = inf va cveV,t <A (5.14)
lvllp

For the previous optimization problem (5.14), we consider a minimizing sequence
{un}n>1 € Vu, and due to the p-homogeneity of &, we can suppose that

lunll, = 1foralln > 1 and &(u,) — n, asn — o0. (5.15)

From (3.5) and (5.15) we immediately infer that {u,},>1 C WP () is bounded.
So, passing to a suitable subsequence, if necessary, we may assume that

up — uin WHP(Q) and u, — u in LP4(Q) as n — oo. (5.16)

Invoking the Ekeland variational principle and recalling that M = { ve WhP(Q) :
lvll, = 1}, we can find a sequence {v,},>1 € V, N M such that
1 1
é"(vn)fé"(un)imﬁ-ﬁ, ||Un_”n||§;
and .
@@(vn)féa(v)-l——zllv—vnll forallv e V, N M. (5.17)
n

If v, € 9(V, N M) for infinitely many #’s, then from Lemma 3.5(c) of Cuesta-de
Figueiredo-Gossez [13], for the related sequence of indexes, say for all n > 1, we
have that

g(vn):)bfg(un)fnu+i2<)\»
n
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a contradiction. Therefore, v, € V, N M for all n > 1 and so, from (5.17), we get
in a standard fashion
(&\m) (vy) > 0 asn — oo. (5.18)

From the proof of Proposition 3.6, we know that &), satisfies the PS-condition.
Therefore, from (5.18) it follows that, at least for a subsequence, we have
v, —> Vo in WhP(Q) asn — oo,
and thus
weV,NM and Ewo) =ny < A

As above, via Lemma 3.5(c) of [13], we infer that vy € V,, N M. Hence, in order to
show the path-connectedness of U, it suffices to join i and v with a path staying
inU. If vy < 0, then by virtue of Proposition 3.4, we have vg = —ii1, and then the
desired path exists because of Proposition 3.6 and since A > 2. Analogously, if
vo > 0, then vg = 1| and we are done. So, we may assume that vgt # 0. Let

vy — (1 =Dy

llvg — (1 = 0)vg Il

Y = eM forall ¢ € [0, 1].

By (5.18) and the strong convergence of v, to vy, we know that

(A(vo),h)+/ Blvol? 2vohdz = n,,/ lvolP2vohdz ~ forallh € WP (Q).
Q Q

(5.19)
In (5.19) first we choose h = v(")Ir , and then & = —v,,, obtaining respectively

Ewy) =mallvg Iy and  E@g) = nullvg I}

From these equalities and since the functions UJ and v, have disjoint interior sup-
ports, we have

EW) = nullylly =ny  forallz € [0, 1],

and thus y, € U for all ¢ € [0, 1].

Finally, note that yo = vo/|lvoll, = wvo, since vo € V, N M, and y; =
var / ||v6r |, = it by Proposition 3.4. Therefore, the map ¢ +— y; is the desired
path in U/ which joins vy and i2;. This proves that I is path connected.

Now, let z € U. Then we have (for example, see [9, page 5])

Ho(U,z) =0. (5.20)

The p-homogeneity of the functional v, easily implies that the set

vl ={uew @ : v <o}
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is contractible (it is enough to consider the segment fu for any u € w}?). Hence (for
example, see [21, page 389]),

Hy(yY,2) =0 forallk > 0. (5.21)

The Second Deformation Lemma (see, for example, [18, page 628]), ensures that
Wg \ {0} and ¥, © are homotopy equivalent for ¢ > 0 small enough, since u = 0 is
the only critical point of ;. Similarly, if

0 = {u e WhP(Q) 1Y) < 0},

then from Granas-Dugundji [21, page 407], we have that w)? = U and v, © are
homotopy equivalent if ¢ > 0 is small enough. Therefore, it follows that ¢/ and
%(3 \ {0} are homotopy equivalent, and so

H U, z) = Hy Y2\ {0},z)  forallk >0,

0 (5.22)
Ho(y; \ {0},2) =0  (see (5.20)).
Now, we consider the following reduced homology sequence:
o He (Y \ {0}, 2) >Hi (¥, 2) =0
(5.23)

5 Hw 0\ (0D B Ho 0\ (0}, 2) —> ...

where i, is the group homomorphism arising from the inclusion map, and 9, is
the boundary homomorphism (for example, see Granas-Dugundji [21, page 388]).
From (5.23), together with (5.21), we have

ker 0, = imi, = {0}.

Thus 9, is an isomorphism between Hk(wg, 1//)? \ {0}) and a subgroup of Hy_1 (1//8 \
{0}, z). Hence, by (5.22), and noting that # = 0 is the only critical point of ¥, we
get

Ci(¥2,0) = Hi(y5, ) \ {0}) = 0.
This identity and (5.23) finally imply that
Co(¥3,0) =0,

and the proposition is thus completely proved. O

Using this proposition, we can now prove our multiplicity result for problem
(4.1) when the weight function g is unbounded.

Theorem 5.10. If hypotheses Hg hold and B € L9(2) with q > Iﬁva, then problem
(4.1) has at least three nontrivial smooth solutions ug, vy, yo € C Le@) 0 <a<1)
with

v0(2) <0 < up(2) forall 7z € Q.



768 DIMITRI MUGNAT AND NIKOLAOS S. PAPAGEORGIOU

Proof. Let 3(z) = |B(2)] + 1, so that ,é € L9(2)4, and consider the following
truncation-perturbations of the reaction f:

N 0 ifx <0,
f+@x) = {f(z, x) + B@xP~! ifx >0, (5.24)
and
R o _
fox = {fw) PRORE = (525)
0 if x > 0.

Of course, both fi are Carathéodory functions. Then we set ﬁi (z,x)= fox fi (z,8)ds
and consider the C! functional qAbi : WP (Q) — R defined by

A 1 1 N A
P+(u) = —é"(u)+—/ ﬁ(z)lu(z)lpdz—/ Fi(z,u(z))dz
p P Ja Q

forallu e WP (Q).
First we produce the positive solution ug. By virtue of hypothesis Hg(ii), given
& > 0, there exists c¢;; = c¢11(e) > 0 such that

1
F(z,x) < —0(() +8)|x|” +c;; forallx e Randae. z € Q. (5.26)
p
Therefore, for u € WP (Q) we have
R 1 1 n » A
o+(u) = —Ew) + — | B@Iu@)|Pdz— | Fi(z,u(z))dz
p pPJa Q
1 1 A 1 e
> —&Wu) + —/ BlulPdz — —/ 0w )Pdz — —|lu™|y — 11 LN (R)
p pJa pJa p
by (5.24) and (5.26). The last line of the previous inequality is

> ! [o@(u*) —/ 0(u+)”dz] - illuﬂlp
p Q V4

1 N
+— [5(14‘) +/ ﬁ(u‘)”dz] — 11N (RQ)
p Q

po — € 1 -
> ——[ut 1”4+ = Du” |}
p p

+ % / B+ B)w)HPdz — c11. %y () ( by Lemma 4.11)
Q

Mo — € 1 _ o _
> ———lu 1P + = 1Du" |y + —lu" ) — c11 LN (Q),
p p p

since B+ B =2B" + 1.
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Choosing ¢ € (0, o), we see that
1) = ciollul” — c11Zy(Q)  forsomeciz >0,
and so <13+ is coercive.
Moreover, it is easy to see that ¢ is sequentially weakly lower semicontinuous

in WP (). Therefore, by the Weierstrass Theorem, we can find ug € whr(Q)
such that

b (o) = inf{¢3+(u) ue Wl"’(Q)} — (5.27)

By virtue of hypothesis Hg(iii), we can find 8o > O such that
F(z,x) > %‘|x|1’ forae. z € Qandall0 < |x] < §p.

Thus, if # € (0, 1) is sufficiently small, we have 7]|it| ||oo < 0, and hence

b (thy) = %é"(n}l) —/ F(z,i1)dz (see (5.24))
Q

Mo .
/ —@tu)? — F(z,tuy) | dz <0,
Q\P

bug) =y <0 =(0),

%

and so, recalling (5.27),

ie uy #0.
From (5.27) we also have ¢/, (uo) = 0, that is

Auo) + (B + B)luol”*uo = Ny (uo), (5.28)

where Ny (u)(-) = fi(, u(-)) forall u € WHP(Q).
On (5.28) we now act with —u, € whr(Q); by (5.24), and recalling that
B + B > 1, we immediately obtain

— (P — (P
1 Dug lIp + llug lIp <0,

that is u, = 0, and so ug > 0, ug # 0.
Therefore (5.28) becomes

Auo) + Bul ™" = Nuo),
with, by (5.24),

N@)() = f(,u())  forallu e WHP(Q);
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that is 1
—Apuo(@) + B@ul (2) = f(z,uo(z)) ae. in €,
0
Uo =0 on 0%2,
on

i.e. ug solves problem (4.1), and, as usual, ug € Cl""(Q) for some o € (0, 1].
Moreover, from the Harnack inequality of Trudinger [41] (see also Damascelli
[14] and Pucci-Serrin [37]), we have that ug(z) > O for any z € Q.
Next we show that ug is also a local minimizer for ¢. Thus, suppose that
U, — uo in WP () as n — oco. We will show that there exists ng > 1 such that

¢ (un) > ¢ (uo) for all n > nyp. (5.29)

To this end, we write

1
Pun) = — [Ew) + Ew,)] - / F(z,u)dz — / F(z,u;)dz
p Q Q
| (5.30)
> o)+ ;éa(u,?) - 013||Mn||£q,

for some c13 > 0, thanks to Holder’s inequality and hypotheses Hg (i), (iii).
Since ug > 0 and u,, — ug in Wl’p(Q), we have

wf —>us and u, -0 asn— oo.
If u,, = 0 forall n > ngp, then uf{ = u, for all n > ng and so (5.29) holds from
(5.30). Thus, passing to a subsequence if necessary, we may assume that u, # 0
forall n > 1. Now, forevery n > 1, we set Q, = {z e :u,(z) < O}, which has
thus positive measure.

Claim 1: ZN(2,) — 0asn — oo.

From the regularity of the Lebesgue measure on R", we know that, given ¢ > 0,
we can find a compact set K. C Q such that £y (KS) = £y (Q\ K¢) < e. From
the very definition of €2, we have

lun — uolly = / lup —uol’dz > f lup —uol’dz > f luol”dz,
Q Q,NK, QuNK,

and so
lun — uollhy > nl L (2, N Ky, (5.31)

where ©, = min {uo(z) 1 Z € Kg} > 0.
Since u, — wug in WP(Q), in particular we have that u,, — ug in L? (),
and so from (5.31), we have

N2, NK) — 0 asn— oo. (5.32)
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On the other hand, note that
Q, C(Q,NKU KEC = (R, NK,)U(Q\K,),
and so
IN(RQ,)) < (R, NKe) + INn(Q\Ke) <IN (Q, NKy)+e foralln > 1;
(5.32) now immediately implies that

limsup Zn(R2,) <e.

n—oo

Since ¢ > 0 is arbitrary, we can conclude that £y (2;) — 0 as n — oo, and
Claim 1 is thus proved.

Claim 2: there exists ng > 1 such that
! - —P
;éo(un) > c13lu, ||pq/ for all n > ny.
We argue by contradiction: so, suppose that, at least for a subsequence, we have

1
—&uy,) < Cl3||bt;||£q, foralln > 1.

Set y, = ||u"l’|7| , n >. Then, using the homogeneity of &, we get
n lpg’

1
—&(yp) < c13 foralln > 1,
p

and so, by (3.5), we have that {y,},>1 C WLP(Q) is bounded. Hence, we may
assume that

yu — yin W'P(Q) and y, — y in LP4 (Q) as n — 0.

Note that ||y||,,» = 1 and that y > 0, y # 0. Thus, we can find A > 0 so small
that, setting Qp = {z ey > A}, we have

() > 0. (5.33)
Then

Ilyn—y||5=/ Iyn—ylpdzzf lyn — yIPdz
Q QA\R,

> / yPdz  (by definition of ©2,)
QAN

> AP LN (QA\ Q) = AP(y(Q4) — Zn (@) foralln = 1,
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and so, by Claim 1,
0= lim [y, — ylh = AP LN (Qn),
n—oo

which contradicts (5.33). This proves Claim 2.
Returning to (5.30), and using Claim 2, we obtain

¢un) = ¢(uy) = p(uo)  foralln > no,

since ¢jw, = (<$+)|W+, where W, = {u e WhP(Q) : u > 0}, that is ug is a local
minimizer for ¢. .

Similarly, working with ¢_ and using (5.25) in place of (5.24), we obtain a
second constant sign smooth solution vg such that

v eChQ) O<a<1) anduvy(z) <0 forallz e

and such that vg is another local minimizer for ¢.

Having ug, vp and assuming without any loss of generality that ¢ (vg) < ¢ (ug),
as in the proof of Theorem 5.5, via the use of Theorem 2.2, we can find a third
critical point yg of ¢ such that yo # uo, vg. Then yg solves problem (4.1) and, as
usual, yo € C*(Q) (0 < o < 1). Now we need to show that yy # 0.

We consider the homotopy 4 : [0, 1] X whr(Q) - WP (Q) defined by

h(t,u) = (1 — D) + 1y, ) forall (¢, u) € [0, 1] x WHP(Q),

where v, : WP (Q) — R is the C! functional introduced in Proposition 5.9. We
will show that # = 0 is an isolated critical point of A(¢, -) uniformly in ¢ € [0, 1].
Arguing by contradiction, suppose we could find two sequences {#,},>1 < [0, 1]
and {u,},>1 C W1-P(Q) such that

tp >t €[0,1], wu, — 0in WHP(Q)asn — oo

(5.34)
and h,(t,,u,) =0 forall n > 1.

From the equation in (5.34), we have

Aup) + Blun|?2uy = (1 — ty)N(un) + tod|un|?2u, foralln > 1, (5.35)

where, as above, N(u)(-) = f(-,u(:)) forallu € whr(Q).

Let y, = IIZZII’ n > 1. Then ||y,|| = 1 forall n > 1 and so we may assume

that
yp — yin W'P(Q) and y, — y in L9 (Q) as n — oo. (5.36)

From (5.35) we obtain

N(u
A(yn) + Blynl? Pyn = (1 — tn)ﬁ + tyA|ya|P 2y, foralln > 1. (5.37)
n
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On (5.37) we act with y, — y € WLP(Q), pass to the limit as n — oo and use
(5.36), obtaining
(A(yn), yn — y) =0,

lim
n—oo
which implies, with Proposition 2.7, that
ya — yin WHP(Q), andso [|y| = 1. (5.38)
Using hypothesis Hg(iii), we have

N (un)

— s AyP2y  inLP(Q) asn — oo. (5.39)
llat |1

So, passing to the limit as n — oo in (5.37) and using (5.38), we obtain

AY) + BlyIP~2y = Aly|P 2y,

that is

—Apy(@) + B@IY@IP2y() = Ay@)IP*y(2)  ae. inQ,
dy (5.40)
— =0 on 0L2.
on
Since & ¢ 0,(£2), from (5.40) we infer that y = 0, which contradicts (5.38).
Therefore, we can find p € (0, 1) so small that u = O is the only critical point

in B, = {u e Whe(Q) ¢ Jull < p} of h(t,-) for all r € [0, 1]. Note that
h(0, -) = ¢(-), which is coercive due to hypothesis Hg(ii) and Lemma 4.11, hence
it satisfies the PS-condition, while A(1,-) = ¥,.(-), and since A ¢ 0,(2), also
Y, satisfies the PS-condition. Thus, from the homotopy invariance of the critical

groups (see Chang [10, page 334]), we have
Cr(h(,-),0) = Ck(n(1,+),0)  forallk =0,

that is
Ci(¢,0) = Cr(¥2, 0) for all k > 0. (5.41)

From Proposition 5.9, we have Co (¥, , 0) = c1 (¥, 0) = 0, and so, from (5.41), we
get
Co(¢,0) =C1(¢,0) =0. (5.42)

From Chang [9, pages 84-85] we know that
Ci1(@. y0) #0, (5.43)

see also (5.12).
Comparing (5.42) and (5.43), we conclude that yy # 0, as claimed. ]
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6. Semilinear problems

In this section we deal with semilinear problems (i.e., p = 2), so the problem under
consideration is now the following:

—Au(z) + B()uz) = f(z,u(z)) ae.in,
ou (6.1)
— =0 on 9€2.

on
In this section we will assume that 8 € L°°(2) and that f(z, ) isaC ! function on
R. Using the tools of Morse theory, which is more effective since we work in the
framework of Hilbert spaces, we are able to obtain stronger multiplicity results.

We start by considering the following linear eigenvalue problem:

—Au(z) + B(2u(z) = iu(z) ae.in Q,
ou (6.2)
— =0 on 9L2.

on
Suppose that 8 € L9(2) with ¢ > N/2. Then, from the Sobolev Embedding
Theorem, we have that 1 € H'(Q) implies u € qu,(Q). Also |fQ ,Buzdz| <

1Bllg ||u||%q,. From (3.5) with p = 2 we have

lull® < &) + c1allull3 for some 14 > 0 and allu € H'(Q). (6.3)
Therefore, by (6.3),

<A<u),u>+/ puldz = ||u||2+/ Budz = Ew) > |lul® — crallul?
Q Q

for all u € H'(Q). Invoking Corollary 7.D, page 78, of Showalter [39], we see that
problem (6.2) has a sequence {A,},>1 of distinct eigenvalues such that

—Cp <A <A =<...<A;—>00 asn— Q.

Moreover, we know that we can choose a corresponding sequence {ii,},>1 <
cl(Q) of eigenfunctions which form an orthonormal basis for L?(€2) and an or-
thogonal basis for H'(Q). Again, only A1 has constant sign eigenfunctions, while
all the other eigenvalues have nodal eigenfunctions. Finally, if 8 € L°°(£2), then
{Ankn=1 € CHQ).

We start with a multiplicity result for problems which are resonant at higher
parts of the spectrum, i.e. with respect to eigenvalues A > 2. Now, we do not
require an oscillatory behaviour of f(z, -) (as in hypothesis Hs(iii)), and near the
origin we do not have concave terms (as in hypothesis Hs(iii)). Moreover, in order
to exploit the full strength of Morse theory, we need a C? energy functional, which
of course means that f(z, -) is of class C'. More precisely, the new hypotheses on
f are:

Hy: f : Q@ x R — R is a measurable function such that f(z,0) =0 and f(z,-) €
C'(R) a.e. in , and
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(i): there exista € L®°(R2)4, ¢ > 0 and r € [2,2*) such that
| fi(z,x)| < a(z) +cjx""2 forae.ze Qandallx € R;

(ii): there exist an integer m > 2, no € L°°(2), no Z):m a.e. in 2, ny # Am, Bo >0
and 7 € (0, 2) such that

no(z) < lim infM < lim sup fz,x) < )Aum+1 uniformly for a.e. z € Q
[x]—o00 X |x|— 00 X
and
—2F
Bo < liminf f G x)x @ x) uniformly for a.e. z € Q;

|x|— 00 |x|®

f(z,x)

X

< 5»1 uniformly for a.e. z € Q and f,(-,0) # 5»1.

(iii): fi(z,0) = 1im0

Remark 6.1. Hypotheses H7 dictate a linear growth for f(z, -) both near zero and
near 00. Moreover, hypothesis H7(ii) permits resonance with an eigenvalue A
bigger than the first two, i.e. A & {A1, A2}.

Example 6.2. The following simple function f satisfies hypotheses Hy:

Ox + ex3 if x| <1,
3

fx) =

nx —3ex'3if x| > 1,
with n < A1, € Ry A1l m > 2,and e = Ly — 6) > 0.

=—IIl
We will use the Sobolev space H,} Q) =C ,ll (2) ', for which we have the

following orthogonal direct sum decomposition:

HNQ) = @i=1 E(),

where E(4;) denotes the eigenspace corresponding to the eigenvalue %i. Recall that
the eigenspaces E (Ai), i > 1, have the “unique continuation property” (UCP for
short), namely: if u € E (ii) vanishes on a set of positive measure, then u(z) = 0
for all z € Q.

Now, let ¢ : H,} (2) — R be the energy funtional associated to problem (6.1),
defined by

¢(u) = %é"(u) —/ F(z,(u))dz forallu € H,}(Q).
Q

Hypotheses H7 immediately imply that ¢ € C 2(Hn1 (2)).
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Proposition 6.3. If hypotheses H7(i), (ii) hold and B € L°°(R2), then ¢ satisfies
the C-condition.

Proof. Let {up}p>1 C H,} (2) be a sequence such that
|p(uy)| < My, forsome M, >0andalln > 1 (6.4)

and
(A + lunN@'(un) — 0 in HY(Q)* as n — oo. (6.5)

As in the proof of Proposition 4.3, from (6.4) and (6.5), we have
/ [f(z, u)u, —2F(z, un)] dz < M3 forsome M3 >0andalln > 1,
Q

which implies that

1

l[unll®

f [£ (@ )t — 2F (2, u,)] dz < MITT
Q

< foralln > 1. (6.6)
llstn |

Claim: the sequence {u,},>1 € H,} (€2) is bounded.

Suppose by contradiction that the Claim is not true. Without any loss of gen-
erality, we may assume that ||u,| — oo as n — oo. We set y, = u,/||lunl, n > 1.
Then ||y,|| = 1 for all n > 1, and so we can assume that

ya — yin H () and y, — yin L*(R) as n — o0. 6.7)

Thus, from (6.5), we immediately have

forall h € H'(Q), (6.8)

’(A(Yn)7h>+/ uphdz— Mkd '<M
Q

zZ| =<
o llunll L+ [Junll
with &, — 0 as n — 00, and, as above, N (u)(-) = f(z,u(-)) forall u € H,} (2).
Hypotheses H7(i), (ii) readily imply the existence of @ € L°°(2)+ and ¢ > 0 such
that
| f(z,x)| <a(z) + ¢lx| fora.e. z € Qandall x € R. (6.9)

lluen

From (6.7) and (6.9) it follows that {N W} | S L3S is bounded, and so we
n=

may assume that
N (upn)
N
llean

Using hypothesis H7(ii), we have that

in LZ(Q) as n — oo. (6.10)

g=1hy  withno() < A() < Ant ae. in Q. 6.11)
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Now, recall that A € f(H,} (€2), H,: (2)*). So, if in (3.11) we pass to the limit as
n — oo and use (6.7), (6.10) and (6.11), we obtain

A(y) + By = iy. (6.12)
Ifn # )A»mH, then acting on (6.12) with y0 = projEde)y, where projE():mH)y is

the orthogonal projection of y onto the eigenspace E (}:m+1 ); exploiting the orthog-
onality of the spaces E(A;), we have

1DyI2 + /Q BOYdz = /Q 0 2dz,

and so
/ (1(2) = Ams1)¥° (2)%dz = 0.
Q

On the other hand, by virtue of the UCP of E ():m+1) (see above), we have

fQ (1) — dm41)¥°(2)2dz < 0,

which contradicts the previous identity.
If 7 = A1, then from (6.12) we have

—Ay+ By =Anst1y ae inQ,

0

oy =0 on 092,

on
thatis y € E(im+1). Moreover, if in (6.8) we choose h = y — y,, € H,} (€2), pass
to the limit as n — oo and use (6.7), we have

lim (A(yn), yn — y) =0,
n—00

hence y, — y in H,} (2) by Proposition 2.7. Therefore, y € E():mH) \ {0}. By the

UCP of E():,,H_]), this implies that |y(z)| # 0 a.e. in €2, and then |u,(z)| — oo for
a.e. 7 € Qas n — oo. Then, by virtue of hypothesis H7(ii), we have
S (@ un(2)un(z) = 2F (2, un(z))

Bo < liminf forae. z € Q. (6.13)
n—00 lun ()|

Hence, by Fatou’s Lemma, we have
1

lim inf - / [f(z, up)u, —2F (z,u,)] dz
n=>00 luy ||t Jo
) —2F )

:liminf/ J G tunun = 2F(@ ttn) ey

n—00 Jq 17 (6.14)

) —-2F ) ’

2/ limin & 4n)¥n & u")lynlt dz

Q oo lun|*

z/ BolylTdz > 0
Q
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by (6.13) and (6.7). On the other hand, from (6.6) we have
1

lim sup
n—oo |lun|l®

/ LF s )it — 2F (2, up)] dz < 0. 6.15)
Q

Comparing (6.14) and (6.15), we reach a contradiction and thus the Claim is proved.
By virtue of the Claim, we may assume that

Uy — win H'(Q) and u, — u in LX(R). (6.16)

Then, choosing h = y, —y € Hn1 (2) in (6.8), passing to the limit as n — 00
and using as before (6.16) and Proposition 2.7, we conclude that ¢ satisfies the
C-condition. O

Next we compute the critical groups of ¢ at infinity.

Proposition 6.4. If hypotheses H7 (i), (ii) hold and B € L*°(R2), then Cy (¢, 00) =
Sk.dp L for all k > 0, where dy, = dim @72 | E(;) > 2.

Proof. We fix A € (A, A1) and consider the C! functional ;. : Hn1 Q) —-R
defined by
1 A5 _—
Y (u) = Eéa(u) - Ellullz for all ui H, ().

Now, we consider the homotopy % : [0, 1] x Hn1 (Q) —> H,} (£2) defined by
ht,u) =1 =)o) + ty; (u) for all (¢, u) € [0, 1] x Hnl(Q).

Evidently, 4 (0, -) = ¢, h(1, -) = ¥, and both satisfy the C-condition (see Proposi-
tion (6.3) and recall that A & 02(£2)).

Claim: There exist « € R and § > 0 such that for every (¢, u) € [0, 1] x H,} ()
with h(t, u) < o, there holds (1 + |[u|])||h, (¢, u)]l« > 6.

We argue by contradiction and suppose the Claim is not true. Then we can find
two sequences {t,},>1 € [0, 1] and {u,},>1 < Hn1 (€2) such that

In —> [07 1]7 h(tn, Un) — —0Q, ”un” — 0

) - (6.17)
and (1 + [lup Dhy(t,u) = 0in H, ()" asn — o0.

From the last convergence in (6.17), after some rearrangements, we easily have

(AGun). ) + / Buphdz — (1 —1,) / Fleouphdz — tyh / whdz
Q Q Q

enllhll
T lual

(6.18)

forall h € H!(Q) withe — 0% as n — oo.
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Now, set y, = up/||lunll, n > 1. Then ||y,|| = 1 for all n > 1 and so we may
assume that
ya — yin HY(Q) and y, — y in L3(Q). (6.19)

From (6.18) we have

‘<A(yn) ) / Bywhdz — (1 — 1) f J@unh f o dz
Q

[l
enllhll
A NualDlluall

(6.20)

forall h € H!(Q2) and all n > 1.

From hypotheses H7(i), (ii) it is clear that {f (“’:””(')) } . C L?() is bounded,
n nZ

and so we may assume that

f(‘? ul’l(')) N g in LZ(Q)
lluan | (6.21)
and g = 7y, with 7o(z) < 7(2) < Apq41 ae. in ,

thanks to hypothesis H7(ii).
As before, if in (6.20) we choose h = y, — y € H,} (£2) and pass to the limit
as n — 0o, then we end up with the fact that y, — y in H,}(Q) as n — oo and

Iyl = 1.
If in (6.20) we pass to the limit as n — oo and use (6.19) and (6.21), then we

have
A() + By =[(1 =i + 1]y,

that is
—Ay(@) + B@y@) =[1 —DA@E) +1A]y(zx) ae. inQ,
8_y =0 on 982 (622)
on ’

If0 <t <1,then

—Ay(2) + B@)y(@) =N(2)y(z) ae. inQ,
a_y =0 on 02 (6.23)
on ’

where we have set 7;(z) = (1 — 1)#(z) + tA, and with A, < 7;(z) < Amg1 a.e. in
Q, since t > 0. From (6.23) and the UCP of the eigenspaces E(im) and E():m“),
we infer that y = 0, a contradiction.

If t = 0, then (6.22) becomes

—Ay(2) + B@)y() =n()y() ae. inQ,

9
Do on 9.
on



780 DIMITRI MUGNAT AND NIKOLAOS S. PAPAGEORGIOU

If n #£ ):,,H_ 1, then, as above, by virtue of the UCP of the eigenspaces, we have
y = 0, which is a contradiction.

If § = Ams1, then y € E(Amgr) and so y(z) # 0 ae. in 2 by the UCP of
E():m+1); as a consequence, |u,(z)| — oo fora.e. z € 2 asn — oo. Then

Bo < liminf iz, un(z))uly;(Z() )_|,2F(Z’ un(2)) forae. z € Q. (6.24)
n—00 a(z

From the second convergence in (6.17), we see that we can find an integer ng > 1
such that

Ewy) — (1 — tn)/ 2F(z,up)dz — tn)»||un||% <0 foralln>ng. (6.25)
Q

On the other hand, from (6.18) with & = u,, € Hn1 (£2), we see that, given ¢ > 0,
we can find n1 = ny(e) > ng such that

—&(uy) + (1 — t,,)/ f(z,up)u, dz + tnkllun||% <g foralln >n;. (6.26)
Q

Recall that t, — 0, since we are considering the case t = 0, so we may assume that
1 —1t, > 0forall n > nj. Adding (6.25) and (6.26), we obtain

foralln > ny,

/ LF (s )it — 2F (2, )] dz < —
Q 1

n

and so |

lim sup
n—oo |lun|l*

/ [f(z,up)up —2F(z,u,)] dz <0. (6.27)
Q

O the other hand, from (6.24) and Fatou’s Lemma, we have

1
lim inf / [f(z, up)u, —2F (z,u,)] dz
n=00 |unll" Jo

_2F(,
fimin [ & Un)tn @) v (6.28)

n—o0 JQ ltn|”

> o / Iy[Tdz > 0.
Q

Comparing (6.27) and (6.28) we reach a contradiction, and this proves the Claim.
The Claim permits us the use of Proposition 3.2 of Liang-Su [28], and so we
have
Cr(h(0, ), 00) = Cr(h(1, ), 00) forall k > 0,

that is
Cr(p, 00) = Cr (Y, 00) forallk >0 (6.29)
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Since A & 02(£2), the only critical point of ¥, is u = 0. Hence
Ci(Yry, 00) = Cr (Y, 0) forall k > 0. (6.30)

But clearly # = 0 is a nondegenerate critical point of ¥, of Morse index d,, =
dim @2, E(;) > 2, since m > 2. Hence

Cr(Y2,0) = 8k.a,Z forall £ > 0. (6.31)

From (6.29), (6.30) and (6.31) we conclude that Cy (¢, 00) = 8k 4, Z for all k > 0,
as claimed. O

Now we are ready for the first multiplicity result for the semilinear prob-
lem (6.1).

Theorem 6.5. If hypotheses H7 hold and B € L°°(S2), then problem (6.1) has at
least three nontrivial smooth solutions

up € intCy, vo € —intC and yo € C}(2) \ {0}.

Proof. Let A > ||Blloo, and consider the following truncation-perturbations of the
reaction f:

0 ifx <0
2 <0,
,X) = . 6.32
S+ @) fz,x)+xx ifx>0 (6.32)
and
£y <
Frin =[S @0 A il <0, (6.33)
0 if x > 0.

Of course, both fi are Carathédodory functions. We introduce the natural functions
Fl(z,x) = f(f ft(z, 5)ds and consider the functionals ¢} : H,!(Q2) — R defined
by

A 1 A2 A 1
S Eg(u) + EHMII2 — | Fi(z,u)dz forallu € H, ().
Q
Evidently ¢4 is of class C? in H(£2), with the only possible exception of the point
u=>0.

By virtue of hypothesis H7(iii), given ¢ > 0, we can find § = §(¢) > 0 such
that

1
F(z,x) < 5(90 +e)x>  forae. z e Qandall x| <39, (6.34)

where we have set 6p(-) = £ (-, 0).
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Letu € C,lZ () be such that ”u”Cr'l(Q) < §. Then we have

1 A
Prw) = 56w + Flul o)

1 1 A e
—&®u) — —/ 90u2d1+—/(u+)2dz— —/ u?dz
2 2 Juso) 2 Jo 2 Jo

1 1 9 £ 5
2éa(u) Z/QQOM dz 2||u|| (by (6.34))

A
F(z,u)dz——/ u?dz
2 Ju=0)

%

(6.35)

v

> %uuw (by Lemma 4.11).

Choosing ¢ € (0, ug), from (6.35) we see that

¢ () >0=¢40) forallu e C}(Q) with luller @y <8,

and then # = 0 is a local minimizer of (Mr (see Theorem 2.5).

We may always assume that # = 0 is an isolated critical point of d)j\r. Indeed,
if this is not the case, we can find a sequence {u,},>1 C Hnl (2) such that u, — 0
in Hn1 (2) asn — oo and

@) (un) =0 foralln > 1,

that is
Aup) + (B + Mup = N (up), (6.36)

where N (u)(-) = f1(-,u(-)) forall u € H)(Q).
In (6.35) we act with —u,; € H,} (2). Thanks to (6.32) we thus have

Ey) + Muy |3 =0,

and so, recalling that A > || 8|0, we get ||u,, || = 0, and hence u,, > 0, u,, # 0, for
alln > 1.
Then (6.36) becomes

A(uy) + Buy = N(uy) foralln > 1,

where N(u)(-) = f(-,u(:)) forall u € Hn1 (2). Thus u € C4 solves (6.1) for all
n > 1, and by the maximum principle of Vazquez [42], u, € intC4 foralln > 1.

So we have produced a whole sequence of nontrivial smooth solutions of (6.1)
which are strictly positive in €2, and the first statement of Theorem 6.5 is obviously
proved.
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Therefore, we assume that u = 0 is isolated; thus we can find p € (0, 1) so
small that

910 =0 <inf{¢hw) : full = p} = n}. (637)
Hypothesis Hy(ii) implies that
¢ (th)) - —co  ast —> oo. (6.38)

A slight modification of the proof of Proposition 6.3 shows that qbi satisfies the C-

condition (recall that only the principal eigenvalue A1 has constant sign eigenfunc-
tions). Thus, this fact, together with (6.37) and (6.38), permit the use of Theorem
2.3 (the Mountain Pass Theorem). Hence we can find ug € H,} (£2) such that

¢ (0) =0 < 0t < ¢ (uo) and (¢)' (ug) = 0. (6.39)

From (6.39) it follows that ug # 0, and acting as done from (6.36) for u,, we get
that ug € C4 \ {0} and solves (6.1).

Since f(z,-) € C'(R), by using hypothesis H7(i) we see that for every r > 0
we can find & > 0 such that for a.e. z € Q the function x — f(z,x) + &-x is
nondecreasing on [0, r]. Let us choose r = ||ug||oo- Then

—Aug(z) + (B@) + &) uo(z) = f(z,u0(z)) +&uo(z) ae. ing2,

and so
Auo(z) < (I1Blloc +&r) uo(z) ae.in €.

As usual, an application of the Strong Maximum Principle of Vazquez [42], implies
that ug € intC.
Since uy is a critical point of mountain pass type, as above, we have

Cr(@), uo) = 81Z  forallk >0, (6.40)

see Chang [10].
Now, recall that g € int C and note that qﬁf\H c, = ¢|c..- Hence

Ce(@l 1) 40) = C(@icy@ys wo)  forall k > 0. (6.41)
But from Bartsch [4] and Liu-Wu [31] we know that
Ce(@k 1) 40) = C(@) uo)  forallk >0 (6.42)

and
Ck(¢|q@), ug) = Cr(¢p,ug) forallk > 0. (6.43)

From (6.40), (6.41), (6.42) and (6.43) it follows that

Ci(¢,up) = 86k14 forallk > 0. (6.44)
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Similarly, working with the functional ¢* and using this time (6.33) in place of
(6.32), we produce another constant sign smooth solution vp € —int C4 such that

Ci(p,v9) =8k1Z forall k > 0. (6.45)
Since u = 0 is a local minimizer of ¢, we have
Ci(¢,0) =6k 0Z forallk > 0. (6.46)

From Proposition 6.4 we know that Cy (¢, 00) = &k 4,,Z for all k > 0. This means
that there is yg € H,} (£2), a critical point of ¢, such that

Ca, (®, y0) # 0. (6.47)

Since d;;, > 2, comparing (6.47) with (6.44), (6.45) and (6.46), we infer that yo ¢
{0 uo, vo}. Moreover, by regularity theory, yo € C!(Q) and it solves problem
(6.1). O

Remark 6.6. A natural question is whether it is possible to relax the assumption
on B, and to have the previous result when 8 € L9(2) with ¢ > N/2. Indeed,
if we were dealing with the Dirichlet problem, then this would have been the case.
Because then, by a bootstrap technique, we have that the solutions belong to Cé (Q),
so they are smooth up to the boundary (see Struwe [40, pages 270-271]). For the
Neumann problem, this is no longer true. So our proof, with the application of
Theorem 2.5, fails, and we do not know if the multiplicity theorem is true when
B € L1(Q2) withg > N/2.

Finally, we have the “semilinear” version of Theorem 5.5, producing this time
four nontrivial smooth solutions for problem (6.1).

The hypotheses on f now are:
Hg: f : Q@ x R — R is a measurable function such that f(z,0) =0 and f(z,-) €
C!(R) a.e. in Q, hypothesis Hg(i) is the same as the corresponding hypothesis
H~5(i) and

(ii): there exist ng € L°°(2), no > )11 ae. inQ,ny # A1, P >0and 7 €[1,2)

such that
n0(z) Sll;rlllnolcf @ Slfgfgf % < uniformly for a.e. z € Q
and

By < liminf L& DT 2F@ 0 rmly forae. £ €

|x|—o00 [x|*

(iii): there exist 8y > Oand € (1, 2) such that uF(z, x) > f(z,x)x > Oa.e. in Q
for all 0 < |x| < §p. Moreover, there exist K > 0 such that F(z, x) > K|x|*
a.e. in Q for all |x| < §p;
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(iv): there exist two functions w+ € H'(2) N C() such that

w_(z) <c_ <0<cy <wy forall z € Q,
esssup { £ wi () = BOW+ ()} <0 <essint ¢ w-() = BOw-()],
Q Q

Aw_) <0< A(wy)  in H(Q)*.

Remark 6.7. The reader will recognize that Hg(iii) is simply Hj(iii) = Hs(iii)
with p = 2, while Hg(iv) coincides with Hs(ii) when p = 2.

Example 6.8. The following function satisfies hypotheses Hg:

axl/o —pxl/3 if x| < 1,

fe = {nox—e if [x] > 1,

with ng € (A1, A2l, A, 1> 0, =4 > [|Blloc and 6 = 3y — 21 > 0.
Concerning problem (6.1), we have the following final multiplicity result.

Theorem 6.9. If hypotheses Hg hold and 8 € L°°(S2), then problem (6.1) has at
least four nontrivial smooth solutions

up € intCy, vo € —intCy, yo, y € CH(Q).

Proof. From Theorem 5.5 with p = 2, which can be applied thanks to Remark 6.1,
we already have three nontrivial smooth solutions

up € intCy, vo € —intCy and yg € CL().

By Proposition 5.4 applied with p = 2, we know that the two constant sign solu-
tions ug and vg are local minimizers of ¢. Hence, by (2.2),

Cr(¢, uo) = Cr(¢p, vo) = Sx.0Z forall k > 0. (6.48)

Moreover, y is a critical point of mountain pass type (see the proof of Theorem
5.5), and since ¢ € C>(H,'(R2)), we have

Ci(d, yo) = Sk Z forall k > 0, (6.49)

see Bartsch [4].
Also, recall that hypothesis Hg(iii) implies that

Ci(¢,0)=0 for all k > 0. (6.50)

Finally, it is not hard to see that an analogous of Proposition 6.4 holds with d,, = 1,
being m = 1 and E(X;) = R; and from such a result we immediately have

Ci (¢, 00) = 8k 1 Z forall k > 0. (6.51)
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Now, suppose by contradiction that {0, ug vo} are the only critical points of ¢. Us-
ing (6.48), (6.49), (6.50), (6.51) and the Morse relation (2.1), we obtain

2D+ (=D = (=D,

a contradiction. This means that ¢ has one more critical point § ¢ {0, uo vo}. Then,
asusual, y € C ,i (£2) and it solves problem (6.1). ]
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