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Global hypoellipticity and compactness of resolvent
for Fokker-Planck operator

WEI-X1 L1

Abstract. In this paper we study the Fokker-Planck operator with potential V' (x),
and analyze some kind of conditions imposed on the potential to ensure the va-
lidity of global hypoelliptic estimates (see Theorem 1.1). As a consequence, we
obtain the compactness of resolvent of the Fokker-Planck operator if either the
Witten Laplacian on O-forms has a compact resolvent or some additional assump-
tion on the behavior of the potential at infinity is fulfilled. This work improves
the previous results of Hérau-Nier [5] and Helffer-Nier [3], by obtaining a better
global hypoelliptic estimate under weaker assumptions on the potential.

Mathematics Subject Classification (2010): 35H10 (primary); 47A10 (sec-
ondary).

1. Introduction and main results

In this work we consider the Fokker-Planck operator

2
P:y-E)x—BxV(x)-ay—Ay—l—%—%, (x,y) € R (1.1)
where x denotes the space variable and y denotes the velocity variable, and V (x)
is a potential defined in the whole space R’. There have been extensive works
concerned with the operator P, with various techniques from different fields such
as partial differential equation, spectral theory and statistical physics. In this paper
we will focus on analyzing some kind of conditions imposed on the potential V (x),
so that the Fokker-Planck operator P admits a global hypoelliptic estimate and has a
compact resolvent. This problem is linked closely with the trend to equilibrium for
the Fokker-Planck operator, and has been studied by Desvillettes-Villani, Helffer-
Nier, Hérau-Nier and some other authors (see [2, 3, 5] and the references therein).
It is believed that the global estimate and the compactness of resolvent are related
to the properties of the potential V (x). In the particular case of quadratic potential,
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the theory is well developed. As far as general potential is concerned, different
kind of assumptions on V (x) had been explored firstly by Hérau-Nier [5] and then
generalized by Helffer-Nier [3]. This work is motivated by the previous works of
Hérau-Nier and Helffer-Nier, and can be seen as an improvement of their results.
Our main result is the following.

Theorem 1.1. Let V(x) € C2(R") be a real-valued function satisfying that
Viel=2,3C >0, [0V@|=Co(1+10V@PR)° with s <. (12)
Then there is a constant C, such that for any u € Cgo (]RZ”) one has

2
[ocveortul , < c{iPula+lule ), (1.3)

and

1
2

H(I—Ax)guHLz—l—H( — Ay P)

=cfiPule 4l | (4
L

whereéequalsto%ifsf %,%—sif% <5 < %,and———lf— <5 < §
As a result the operator P has a compact resolvent if the potential V (x) satisfies
additionally that
lim |9,V (x)| = +oo0.
|x]—4o00
Here and throughout the paper we will use || - || ;2 to denote the norm of the com-
plex Hilbert space LZ(RZ"), and denote by C§° (Rz") the set of smooth compactly

supported functions.

Remark 1.2. In particular, if the assumption (1.2) is fulfilled with s = %, then we
have the following hypoelliptic estimate which seems to be optimal:

Vu e CP (R, H|a V(x)|zuH +H(1— x)mH 2§C{||Pu||Lz+||u||Lz}.

Moreover one can deduce from the above estimate a better regularity in the velocity
variable y, that is,

VuecE®™), [ (1-a,+nP)u| , =clipule+ulz .

This can be seen in Proposition 2.1 in the next section.

To analyze the compactness of resolvent of the operator P, the hypoellipticity
techniques are an efficient tool, one of which is referred to Kohn’s method [7] and
another is based on nilpotent Lie groups (see [4, 8]). Kohn’s method had been
used by Hérau-Nier [5] to study such a potential V (x) that behaves at infinity as a
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high-degree homogeneous function. More precisely, if V (x) satisfies that for some
C,M=>1,

1 1
()Ml < (1 + |ax\/(x)|2)2 and V |y|>0,

C WV =<C, ()M (15)

1
where (x) = (1 + |x|2) 2, then Hérau-Nier established the following isotropic hy-
poelliptic estimate, by use of the global pseudo-differential calculus,

< C{IPullp> + llull2 | (1.6)

1
A yu
L2

1
with Ay, = (1 — A=A+ A VP + L |y|2) ? By developing the approach
of Hérau-Nier, Helffer-Nier [3] obtained the same estimate as above for more gen-
eral V (x) which satisfies that, with some constants ¢ > 0 and k > 0,

1

1,44 2)2 k
—f = (1+1v@P) =@t W

1

Vipl=1, [0V <Cyp(1+18:V(x)*)2.

As for the Kohn’s proof for the hypoellipticity, the exponent 3—1 in (1.6) is not op-

timal. A better exponent, which seems to be % as seen in [8], can be obtained
via explicit method in the particular case when V (x) is a non-degenerate quadratic
form. Moreover Helffer-Nier [3] studied such a V (x) that satisfies

I-p

2

1
Vi =2 V| =Co(1+10:V@P) T with p> 2 (18)
and obtained the estimate

2
H|BXV(x)|§uHL2 <C{IPullp+ Il ). (1.9)
This generalized the quadratic potential case, and their main tool is the nilpotent
technique that initiated by [8] and then developed by [4]. Although the estimate
(1.9) is better, the condition (1.8) is stronger than (1.7) for the second derivatives,
and comparing with (1.6), we see that in (1.9) some information on the Sobolev
regularity in x is missing. In (1.2) we get rid of the assumptions on the behavior
of 9,V (x) at infinity. This generalizes the conditions (1.5) and (1.7). Moreover,
the exponent in (1.3) is 3, better than J established in (1.6). Besides, we have
relaxed the condition (1.8) by allowing the number p there to take values in the
interval ] — % + oo[. As seen in the proof presented in Section 3, our approach is
direct, which seems simpler for it doesn’t touch neither complicated nilpotent group
techniques nor pseudo-differential calculus.
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Another direction to get the compact resolvent is to analyze the relationship

between P and the Witten Laplace operator A&?}z defined by

2O = At L vemP - taw
v =~ x+Z|x €9] T o (x).

In [3], Helffer-Nier stated a conjecture which says that the Fokker-Planck operator
P has a compact resolvent if and only if the Witten Laplacian A%Z has a compact
resolvent. The necessity part is well-known, and under rather weak assumptions on
the potential V, saying V € C OO(]RZ”) for instance, the Witten Laplacian A@z has
a compact resolvent if the Fokker-Planck operator P has a compact resolvent. The
reverse implication still remains open, and some partial answers have been obtained
by [3,5]. For example, suppose V € C oO(RZ") such that

1
iyl z0, Vx e R, [Vl =c, (1410 v@P)’,
AM, C>1, VxeR¥, |3,V(x)| <Cx)M,

and

1
k>0, Vel =2 YrxeR™ [o2V)|=Cu(1+10.V®P) (x)7

Then the operator P has a compact resolvent if the Witten Laplace operator Ai?;z

has a compact resolvent (see [3, Corollary 5.10]). Due to Theorem 1.1, we can
generalize the previous results as follows.

Corollary 1.3. Ler V(x) satisfy the condition (1.2). Then the Fokker-Planck op-
erator P has a compact resolvent if the Witten Laplacian A$;2 has a compact
resolvent.

Remark 1.4. In fact the above corollary is just a consequence of a part of Theo-
rem 1.1. This can be seen at the end of Section 3.

The paper is organized as follow. In the next section we introduce some no-
tations used throughout the paper, and then present some regularity results on the
velocity variable y. Since the proof of Theorem 1.1 is quite lengthy, we divide it
into two parts and proceed to handle them in Section 3 and Section 4. The proof of
Corollary 1.3 will be presented in Section 3.

ACKNOWLEDGEMENTS. The author would like to thank Nicolas Lerner for his
fruitful discussions and help during the preparation of this paper, as well as the
referee for valuable comments regarding the revision of this paper.
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2. Notations and regularity in velocity variable

We firstly list some notations used throughout the paper in Subsection 2.1, and then
establish the regularity in the velocity variable y in Subsection 2.2. This will give
the desired estimate on the second term on the left of (1.4).

2.1. Notations

Throughout the paper we denote by (&, n) the dual variables of (x, y), and denote
by (-, -);2 the inner product of the complex Hilbert space LZ(RZ"). Set

Dy, =—idy,, Dy,=—idy, and Dy=(Dy,, -+, Dy,), Dy=(Dy, -, Dy).

Let A be the operator given by

1
Ay=(1+5bF-a,)

Observing |9, V (x)]| is only continuous, we have to replace it sometimes by a equiv-
alent C! function f(x) given by

1

feo = (1+1vP)’.

Denoting Q =y-Dy—09,V(x)-Dyand L; = 8yj + }7’] =1, ---n, we can write
the operator P given in (1.1) as

n
P=iQ+) LiL;. (2.1)
j=1

2.2. Regularity in the velocity variable

In view of the expression (2.1), we see that the required estimate on the term
||A ylt H ;2 1s easy to get, without any assumption on the potential V'(x). Indeed,
As aresult of (2.1), we have

n
YueCP®RY), Y |Ljuli. <Re(Pu, u), 2.2)
j=1

from which one can deduce that
Vue CER™), | Ayulls < cf[(Pu, ] + i, |. 2.3)

This gives the desired estimate on the second term on the left of (1.4).

For constant potential, i.e., 9,V (x) = 0, starting from the regularity in x, we
can derive a better Sobolev exponent, which is known to be 2, for the regularity in
y variable (see for instance [1]). When general potential is involved, we have the
following estimate.
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Proposition 2.1. There exists a constant C such that for any u € C° (RZ"),
2 1
|83u] , =cfloveortu] , +|a-aotu]  +ipue) @4

or equivalently,

n
> it
j=1

Proof. In this proof we show (2.5). Using (2.2) gives

(ngc{waV(xn% uHL2+ H(l—Ax)% uHL2+||Pu||L2}. @.5)

LiL%u
J=j L

( < Re<PL*-u, L*-u>
2 J J L2

2

- Re<[P, L:u, L7u>L2 +Re<Pu, Lijfu>L

< Re([P, Lilu, Liu) |+ ! |LiLu ‘2 +2Pul?
= I i e T [T 2 L2
Hence

2
L
Now assume the following estimate holds, for any ¢ > 0,

|LiLu

* * 2
=2t 2w Lju) |+ 41Pui?

2
* * *
5 5 < 3, )
o0V iu| |+ a—a0tul  +1pui, }.
L L

+cg{

Then combining the above two inequalities and then letting ¢ small enough, we get
the desired estimate (2.5). In order to show (2.6), we make use of the following
commutation relations satisfied by i Q, L, L}, j,k =1,2,--- ,n,

) 1
iQ, Lj]= —Eaij(x) + 0, [Lj, Ll =1[L5, Lgl=0, [Lj, Lil =8k

this gives

1

1
< (L%, Lju>L2+ ‘((— Eaij(x)Jraxj)u, Lj.u>

L2

2 2 1
< C{H|ax\/(x)|é uHL2+ H(I—Axﬁ "

2 2
L+ Il

2
2|

2
+C {HLJ» oveltul 4+ a - a0t
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Moreover, note that

12 2
HLj 18,V ()]} ”Hu = (L3L,u, lov @l u>L2

2 2
= (LiLju v @) = (u V@) .

and hence

L2 e 22 5
ves0, |Ljlavlie| | se|L |+ |aveia i,
Similarly,

L2 .12 L2 5
Ves0, ‘Lj(l—Ax)6uHszeﬂLijuHLz—i—Cg ‘(1—A)C)3L¢HL2+||M||L2 .

These inequalities yield (2.6). The proof of Proposition 2.1 is thus completed. [

3. Proof of Theorem 1.1: the first part

In this section we only show (1.3) and postpone (1.4) to the next section. Let V (x)
satisfy the assumption (1.2). Then using the notation

feo = (1+1ver)’,

we have 4
VxeR", |0,f] <Cf(x)* with s < 3 3.1

The following is the main result of this section.

Proposition 3.1. Suppose f satisfies the condition (3.1). Then
2
300, YueCF®RY), | fwiu , <cliPula+lule). G2

Proof. To simplify the notation, we will use the capital letter C to denote different
suitable constants. Let R € C'(IR?") be a real-valued function given by

_2
R=R(x,y)=2f(x)30:V(x)-y.
We can verify that

Vue CR®R™), IRulz = C |yl folul = ca,rebul

L2’
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Recall P =iQ +Z'}=1 LjfL.,- with Q =y - Dy —0xV(x)-Dyand L; = 9y, + y7’
Then the above inequalities together with the relation
n
Re (Pu, Ru),» = Re (iQu, Ru),> + ReZ<LjL.,-u, Ru>L2
j=1

yield
. 2 12 & %
Re (i Qu, Ru)r2 < | PulZ, + | A, r() bl —i—ZIKLiju, Ru) | 63
]:

Next we will proceed to treat the terms on both sides of (3.3) by the following three
steps.

Step 1. Firstly we will show that for any ¢ > 0 there exists a constant C, > 0 such
that the estimate

[avr@ia], <e|roial, + e fipul, v} G

holds for all u € C$°(R?"). To confirm this, we use (2.3) to get

IA

Re<Pf(x)%u, f(x)%u>L2
Re<Pu, f(x)%u>L2+Re<[P, f(x)%]u, f(x)%u>L2.

2
L

s,

The upper bound of the term Re<Pu, f (x)%u>L2 can be obtained by Cauchy-

Schwarz’s inequality. Then the required estimate (3.4) will follow if the following
inequality holds: for any ¢1, &, > 0, there exists a constant C;, ¢, such that

([P ref]u, sl

- . 2 X (3.5)
<eél HAyf(x)3uH , T & ‘f(x)3uH , T Cep e lluelly 2 -
L L
To prove (3.5), we use (3.1); this gives
1 _2

[P, ot = cilrer,

and hence
1 1 12 s—2 |I?

Ve >0, Re([P,f(x)s]u, f(x)3u>L2§81 HAyf(x)Su L ACey | F SM‘Lz.
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Since s — % < % fors < % then the following interpolation inequality holds:

s—2 2 2 12 2
ver=0, | feriul e r@i]  +co ..

Now combination of the above inequalities yields (3.5).

Step 11. Next we will show that there exists a constant C > 0 such that

y 112
Hf(x)MHLZ <C {Re (i Qu, Ru)pz + I1Pull®, + llull2, } . (3.6)

Since Q =y- Dy —93,V(x)-Dyand R = 2f(x)_%8xV(x) -y, then it’s a straight-
forward verification to see that

2[& 0] = r@ i ver -y o (FoFavw ).
As a result, we use the relation
Re (iQu, Ru);» = % ([R, Olu, u);2
to get
Re (i Qu, Ru);> = Hf(x)%u”; - Hf(x)—%uH;
~((v-a(reo3ave - y))u u) .
This gives

1@t <Re(0u, Ry 2+l {]y -0 (F@ R0V ) - y) |, )

L2’
Moreover, by use of (3.1), we compute
_2 s—2 .2 2, 2
o (r@Ti v )| < crmTi e = o @i Iye,

which implies that for any ¢ > 0,

(v o (s Favw-y)|u u) <cimrwia], <clarwia],

2 12 2 2
e |roiul +cfipuld, + i, |,
the last inequality using (3.4). Consequently,

2 2 2 2
Ve=0, | f@iu| , <RetiQu, Ru) e | foiul +ColiPuld,+ul?,}.

Letting ¢ > 0 small enough gives (3.6).
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Step 1I1. Now we prove that for any ¢ > O there exists a constant C, such that
n i} L2 i i
Z; ‘<Liju, Ru>L2( <e Hf(x)SuHL2 rC. {IIPulle + lul2, } .G
]:

As a preliminary step, we firstly show the following estimate:

Czefrwia] re Pl vz ). 6

Ve>0, H(y>2u 2=

where (y) = (1 + | y|2)%. Using (2.3) gives
2 2
| =c{RetP 0yu )upe + 10w, |

=C{Re(Pu, (7u) | +Re(P, (Mlu, M u)pe | +C ) uls.

|2

This together with (2.3) implies that

2]

L2

= c{iPulds + i, |+ C [P, M, G wpa|. 39)
Moreover observe that
ILP, (]ul < C{l0x V)| lul + |dyu| + lul } < C{f @) lul + |dyu| + |ul },

and hence for any ¢ > 0,

(TP, Wu, ) uhga] < | Feoiu

2 12 5
LG {HAyf(x)3uHL2 + A2 } .
This along with (3.4) and (2.3) gives
) 2

Ves0, [(IP, (Mu, ()| e Fiu] 4 {iPul, + i, }. 310

Now combining (3.9) and (3.10), we get (3.8). As a result of (3.8), we have
Ve>0, |A 2, < Sl e Pl 2 3.11
e>0. A, uli <e| s +cfipuid ). Gy

Indeed by (2.3) one has

[Ay 0 ulfs = € {Re (P hu, ()u)z+ 1) ull, |

=ClapP, Mu, ]+ {IPuld, + |0

ol
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So (3.11) can be deduced from (3.8) and (3.10). Now we are ready to prove (3.7).
Observe

(Lieu, Ru)Lz‘ = |(r@iLu. FeOTILiRu)

2
< [roh s ool

Then in view of (3.4), we see that the required inequality (3.7) will follow if the
following estimate holds:

1 2 2
Ves>0, Hf(x)—zLjRu‘ <8Hf(x)§uHL2+C£{llPuII%z—{—IIuII%Z}.(3.12)

2
L2~

Since
LiRu =2uf(x)" 39y, (0:V(x) - y) + 27073 @ V() - ) dy,u
+ @73y V) W,

then
_1 2 2 2
[reoesmal = e fiifa+ Ay 0rulis |

This along with (3.11) gives (3.12), completing the proof (3.7).
Now we combine the inequalities (3.3), (3.4), (3.6) and (3.7), to obtain

2 |12 2 |12 2 2
ve>0, |rdul ), se|reia] +co{ipuid, + i, |
Taking ¢ = % gives the desired estimate (3.2). This completes the proof of Propo-
sition 3.1. O

The rest of this section is occupied by the proof of Corollary 1.3 which is in
fact a consequence of Proposition 3.1.

Proof of Corollary 1.3. Observe the compactness of the resolvent (14 P)~! can be
deduced from Proposition 3.1 together with the condition that

|lirn fx) = 4o0. (3.13)

|x|—+

Then it suffices to show (3.13) holds whenever 1 + A(\?}z has a compact resolvent.

-1
Let’s suppose that (1 + A@z) is compact and that, contrary to the condition

(3.13), there exists a sequence {xu }MZ ! in R” and a constant M such that

lim |x,| =400 and su x,) <M.
el sup f (xp) =<
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As to be seen in Lemma 4.2, the condition (3.1) allows us to find a positive number
r and a constant C, both independent of u , such that

-1~ f&x) <

C, 3.14
= Flon = (3.14)

VxeB(xM;r)(jéf{zeRn; |Z—X,L| <r}, C

due to the fact 1 < f(x,) < M. Moreover since |xu} — +00 we could choose a
subsequence, still denoted by {xﬂ } such that the Euclidean balls B(x,; r) are
mutually disjoint. Now we take

u=1

hu,(x) =x _X;L)

with x a smooth function such that
supp x C {z € R"; |zl <r}, / x> dx = 1.
Rn

It then follows that b, € C§° (B(x,, r)) and

(hlta hU)L2(R") = 5#,1)' (315)
Furthermore we could find a constant Cs » depending only on M and r, such that
VMZ 17 VxeRn’ |(1_Ax)hu(x)| SCMJ"

and that by virtue of (3.14) and (3.1),

1 1
V=1, VxeR", ‘(Z 9,V ()% — EAvm) hu ()| < Cat,r.

As a result there exists a constant C um.r depending only on M and r, such that

sup H <1 + A$;2> hﬂ‘

=< CM,r‘
p=1 )

L2 (R"

-1
Since (1 + A%?}Z) is compact then { hy }M>1 admits a strongly convergent sub-
sequence in L?(R™). This contradicts (3.15). The proof of Corollary 1.3 is hence

completed. O
4. Proof of Theorem 1.1: the second part

This section is devoted to the proof of (1.4), and then the proof of Theorem 1.1
will be completed. As a convention, we use the capital letter C to denote different
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suitable constants. Let V satisfy the assumption (1.2). As a result we have, with
1
@ =(1+10V@P),

. 4
VxeR", |0,f(x) <Cf(x)* withs < 3 4.1)

In view of (2.3), to prove (1.4) one only has to show

Proposition 4.1. I V (x) satisfies the assumption (1.2), then
5
vuecP®?), [a-antu|  scfipulp+iu) @2

2 - 2 4 2 10 2 s =10 4
where8equalst0§lfs§§,§—szf§<s§3,and§—§tf3<s<§.

We will use localization arguments to prove the above proposition. Firstly let’s
recall some standard results concerning the partition of unity. For more detail we
refer to [6] for instance. Let g be a metric of the following form

g = f(0)* ldx|?, x eR", (4.3)
where s is the real number given in (4.1).

Lemma 4.2. Suppose f satisfies the condition (4.1). Then the metric g defined
by (4.3) is slowly varying, i.e., we can find two constants Cy,r > 0 such that if
gx(x —y) <r?then

8x

8y

-2
C,.° <

<C2
Proof. We only need to show that

_f)?

3r,C,>0,Vx,yeR", |x—y|<rf(x)"I=C,'<
f()?2

< Cy. (4.4)

Making use of (3.1) and the fact that s < %, we have

VxeR", <fo N fwl<Ccfx <

o (77

with C the constant in (3.1). As a consequence, one can find a constant C depending
only on C and the dimension 7, such that

VxyeR', [f@E - f»73 = Cle -y,

from which we conclude that if |x — y| <rf (x)_% then

<rCfx)72.

ORENION
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Thus
3 -
‘f(x)i —1|<rC.
f(?2
This gives (4.4) if we choose r = % and C, = 2. U

Let g be the metric given by (4.3). We denote by S(1, g) the class of smooth
real-valued functions a(x) satisfying the following condition:

slyl

VyelZ,, YxeR", }Bya(x)| < Cyf(x)%'

The space S(1, g) endowed with the seminorms

_sk
lalksag = sup f)72[%al)|, k>0,

xR, |y|=k

becomes a Fréchet space.
The main feature of a slowly varying metric is that it allows us to introduce
some partitions of unity related to the metric. We state it as the following lemma.

Lemma 4.3 ([6, Lemma 18.4.4.]). Let g be a slowly varying metric. We can find
a constant ro > 0 and a sequence x,, € R", u > 1, such that the union of the balls

Qur, = {x eR™ gy, (x—xu) < e }

coves the whole space R". Moreover there exists a positive integer N, depending
only on rq, such that the intersection of more than N balls is always empty. One can
choose a family of nonnegative functions {(p,L } uniformly bounded in S(1, g)

such that

n=1

supp @ C Q. 1y Z (pi =1 and su[i |8x<pu(x)| < Cf(x)%. 4.5)
n=1 mz

Here by uniformly bounded in S(1, g), we mean

S‘;p |‘/’M|k,5(1,g) =Cx k=0

Remark 4.4. If we choose ry small enough such that ro < r with r the constant
given in Lemma 4.2, then there exists a constant C, such that for any i > 1 one has

Vx,yesuppo,, C'f(y) < fx)<Cf(Q). (4.6)
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Lemma 4.5. Let V (x) satisfy the assumption (1.2), and let {gau } be the parti-

u=1
tion of unity given above. Then for any u € Cg° (]RZ") we have

S (- degu)ul. <€ HAyﬂx)%uH; @7
=3
and
3 [0 (0 Vo) = 8V (x,) - dyu 22 < € H Ayf(x)%uHi2 (4.8)

n=1

Proof. Firstly we show (4.7). Observe
|3 Begu) 72 = ((y Begu) . u)Lz :

and by Lemma 4.3, we see that Zuzl |8x(pu|2 is a sum of at most N terms and
hence bounded from above by f*. As a result,

S (- dewu@)’ < CP Y [aeeu]’ < CIyP £,

u>1 n>1

Then (4.7) follows. Next we estimate (4.8). Note that \x - xu| < Cf(xu)_% for
any x € supp ¢, and hence we can deduce from (1.2) and (4.6) that

> 0u()? |8V ) — 0Vt < C Y 0u)? F0F |x —xu[* = CF ()

u=1 u=1

This along with the inequality

Z H(pu (axv(x) - 8XV(XM)) ' ayu”iz
pn=1

’

< <Z 00?0,V () — 8V ()| |9y ayu|>
= .2

implies (4.8). Then the proof is completed. O

Lemma 4.6. Let {gou }M>1 be the partition given in Lemma 4.3, and let a €]0, 1/2[

be a real number. Then there exists a constant C, depending on the integer N given
in Lemma 4.3, such that for any u € C§° (RZ”) we have

| = 20%u]7 <€ 3|4 = 20 guuljz + CIPulZ, + C llul, . (4.9)
u=l

In order to prove Lemma 4.6 we need the following technical lemma.
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Lemma 4.7. Let b €]0, 1] be a real number and |Dx|b be the Fourier multiplier
defined by, with u € CSO(R”),

D ut) = F~' (Igl a®))

Let {(pu }u>1 be the partition given in Lemma 4.3. Then there exists a constant C
such that for any u € Cg°(R") we have

Z[lD |b _5/2 ] Pult

u=1

< C ”u”LZ(Rn) (410)
L2(R")

and

|2t 7727

Recall here f(x) = (1 + IE)XV()C)IZ)I/2 and s is the real number given in (4.1).

LZ(R’!) < C ||M||L2(Rn) . (411)

Proof. In the proof we use C to denote different suitable positive constants, and for
simplicity we use the notation

wy = f—s/2(pﬂ.

In view of Lemma 4.3 and the estimate (4.1), we have

1

2
sup (Z lou ()] ) sup <Z | (x) — a)ﬂ(x/)|2>
xeR" u>1 x,x'eR" u>1

: (4.12)
+ sup (Z IB a)ﬂ(x)I )
xeR” u>1
Next we will show the following relation:
VueCPMRY, Dy’ ux)= Cb/ p) —ulx = 1) e (4.13)
n |X |n+b

with Cp # 0 being a complex constant depending only on the real number b and
the dimension 7. In fact, the inverse Fourier transform implies

u(x) —ul(x —Xx) N i 1 —ei%E
/anxsznu@)e 5<fRanx)dg.

On the other hand, we can verify that

| —ei¥t . 1 — e 'O
/ﬂwdlesl /’1wdz.
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Observe that [, ‘ET,,‘E' dz # 0 is a complex constant depending only on » and

the dimension 7, but independent of £. Then the above two equalities give (4.13).
Now we use (4.13) to get

|Dx|b (a)u Pu u)(x):Cb/

wu(x)(pu(x)u(x) - wu(x X)‘Pu(x —Xu(x — x)
| |I’l+b

n

Qulx —Xu(x — x)(a)u(x) —wu(x — 55)) Ji
X,
|£|n+b

— () Da” (9 w)(x) + C f

n

which gives

[1D:1%, 0] ()

_ Cb/ Pu(x — Du(x — ) (wp(x) — ou(x — X)) - (4.14)

|£|n—|—b

Let p be the characteristic function of the unit ball {x € R”; |x| < 1}. We compute

>[I0l @, ] g

u=1

= |Cp| / <

L2

- 2
Z/ ulx — x)fpu(x x)(a)u(x)—a)u(x—x))di> dx

uzl e
% 5 = - 2
<2Cy2 Zf p@u(x — )y (x —~x)(zou(x)—a)u(x—x)) AN
R~ =1 |x|l’l+
2
+2ICy 2 Z (1=p (X)) u(x—x)g (x jcb)(wﬂ(x)_wu(x x)) AN
R~ =1 R~ |x|n
= A + A.

Now we treat the terms .A; and .A,. Cauchy’s inequality yields

Z Pu(x — %) (0u(x) — o (x — 55))‘

n>1

(Z |6 — )| ) (Z |0 (%) — @, (x — F)| )

n>1 n>1

1

This along with (4.12) gives that for any x, X € R", we have

Y oulx — %) (0p(x) —wp(x =) = C

u=1
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and hence

Ay < C/,l < B a —p(X))nlJlrdb(x — 9l ) .

X1

Moreover, using the relation

1
wu(X) — wy(x — %) = /0 ou(tx + (1 —1)(x — X)) - X dt

and the inequality (4.12) yields that for any x, ¥ € R” we have
1
) 2
<Z |wu(x) — wp(x — )| ) < C|#|
u>1
and hence

D o = ) (0u(x) — 0u(x — H)| < C I3,

u=1

- . 2
Ay < C/H (/ —p(xlylﬁi_lxﬂ di) dx.

Combining these inequalities gives
3 ’ @ uer =5 )2
b pX) lulx —x)| .
[lel va)u:lgop,u SC/H </nwd.¥) dx

MEI L2
(1 —=pXx)) lu(x —x)|
—I—C/n(Rn b x) dx.

|X|

which implies

Moreover, for the terms on the right side of the above inequality, we can use Young’s
inequality for convolutions and the fact that p is the characteristic function of the
unit ball, to get

p(X) |u(x —X)|
Jo (2 ) s

and

(1—p (X)) lu(x— X)|
/n< o |x|"+b )dX<C||M”L2(Rn

We combine these inequalities to get the desired estimate (4.10). The estimate
(4.11), which is easier to treat, can be obtained via the similar arguments as above.
This completes the proof. O

p 2 2
‘W‘ s =€ 12y

2
l1—p
|x|n+b

C “I/l ”LZ(R” .
L'(R”)
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Proof of Lemma 4.6. We only need show that, with b €]0, 1[,

Yu e CP(R™),

2 2 4.15
[iD.u] , <3 |iDel guu| , +ClPulZs + €, &1
oA t
By (4.5 Dolbul, = Db 2ul . Th
y (4.5), we see “l | ”“LZ—HZ;el' | gouuHLz. us
) 2
[ipaul |, <2 o [10e . 1 20u] 0t
1
"= L (4.16)
+23 " f 30, 1D gy fru
n>1 L2
In view of (4.10) we have
2 2
So[ioets s euriu) <c| s < clpuid i, @17
n=l1 L2

the last inequality following from (3.2). It remains to handle the second term on the
right side of (4.16). For each > 1, set

IM:{vzl; supp ¢, N supp(pu#(?J}.

Then I, is a finite set and has at most N elements. Recall here N is the integer
given in Lemma 4.3 such that the intersection of more than N balls is always empty.
Direct calculus give that for any u € C° (R?") we have

2
> 20, 1D g fiu
u=1 12
= Z Z <(pl‘f7% |Dx|b QDMf%”’ (Pvf7% |Dx|b ‘Puf%u>L2
u=lvel,
H s |2 _s s |12
= et D gustu| L+ Y e s B D g R
u=lvel, u=lvel,
; .2
=233 s i gurtul
n>1lvel,

2
L2’

<23 3 [t Dl gl

nu>1lvel,
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Since 1, has at most N elements then it follows from the above inequalities that

2

_s b s _s b s |2
> Tl g fru <N Y| EID et L @)
pu=1 L2 pu=1
One the other hand, one can verify that
_s b s |12 b _s s |12
S|t euriu) =23 |[i0al s 178 ous b
u=1 u=l
S 5 2
123 |iDl £ R bl
u=l
o N s Lo
u=1 u=1
2
< CIPul +C lulls +C Y |Ial g .

n=l

the second inequality using (4.11) and the last inequality using (3.2). These in-
equalities along with (4.18) gives, with u € C§° (R?"),

2

=Cy " |IDi g

2 2 2
LA CIPuUl +Cluls.
L2 pu=1

Z f_éq)u |Dx|b Pu ffu

pu=1

This along with (4.16) and (4.17) yields the desired estimate (4.15) , completing the
proof of Lemma 4.6. O

4.1. End of the proof of Theorem 1.1

In this subsection we prove Proposition 4.1. Let {(pﬂ } be the partition of unity
n=1
given in Lemma 4.3. For each ;1 > 1, define the operator R, by

Ry=—y-0rpu(x) — oy (BXV(x) — BXV(xM)) - Oy. 4.19)

We associate with each x,, € R" the operator

y? n
qu:y.ax—axV(xu).ay_Ay_i_T_E‘

Then we have

ouPu= Py, opu+ Ryu
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with R, the operator given in (4.19). This gives
S lPg wuuls =23 (lowPulp + [ Runl2)
u>1 u>1

<20Pul?, +2 Y | Ry
u=1

(4.20)

Proposition 4.8. There is a constant C independent of x,,, such that for any u €
Cgo (RZ”), one has

4 12 2
0V @) [P el + (1 = 803, < e {|Pgulf w1, | @2
or equivalently,
2

=Pyl | @2
L

~ 2
3
Ay, u

1
where 1~\xu = (1 + % |8)CV(xﬂ)|2 — Ax)z .

The above proposition can be proven in the same way as [3, Proposition 5.22],
by taking Fourier analysis in the variable x and then reducing the problem to a
semi-classical problem. We refer to [3] and references therein for more details.

Lemma 4.9. Suppose V (x) satisfies the assumption (1.2). Let R, be the operator
given in (4.19). Then

VueCe(RY), ZHRMuHizsC{ e
u=1

2 2 2
o T IPulls +llullys o (4.23)

where § = %—8 with § givenin (1.4), i.e., § equals to 0 if s < %,s—% lf% <s < %,

s 10 4
and 5 if 5 <s < 3.

Proof. As a convention, we use the capital letter C to denote different suitable

constants. Since V (x) satisfies (1.2), then (4.1) holds. Observe 3, | Ryt 75
is bounded from above by B

2310 den) 32 +2 > @) (8 V () — 0cV () - dyu 72 -
u=1 pu=1

Then in view of (4.7) and (4.8), we have

2
L2’

> IRl =€ Ay fou

pu=1
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o112
So we only have to treat the term H Ay f(x)2u H " It follows from (2.3) that

2
2|

+ Hf(X)%u

[ayrwid ), <c {\(Pf(xﬁu, f @)

L2
Since 5 < % then by (3.2) we have

VueCy <R2">,

)3

L= r@ie] L =cipule + e ). @24

The above two inequalities yield that for any u € C3° (R*"),

[avr@ia], < c{[(Preotu, rwia) |+ 1pa + i) @

a) Firstly let us consider the case when s < % In such a case, we have

L2

(Preotu. fdu) | = (P, feru)| +[([P f003]u £eotu)

SR P e s

= CIPul, +C lull, + ([P £ @3 Ju f oo 7u).

2

s

2

the last inequality using (3.2). This along with (4.25) gives

[avr@ia, < cipais + c i +|([P. s e, rwia) |-

On the other hand using (4.1) with s < % implies, for any & > 0,
([P ro2u retu) | = clayreota] | ul
)
<e| Ay reie) |+ Coui,.

Combining the above two inequalities and taking ¢ < % we get

)
[Avrsu] ), = clpull, + .

Co2
. 2 s . .
Since ) w1 H Ru“”Lz <C HAyf(x)zuHLz, then the above estimate gives the

validity of (4.23) for s < .
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b) Next we shall prove (4.23) for % <s < %. If % <5< %, then it follows from
(4.25) and (4.24) that

s |12 s 12
veg (R7), [a st = c|preotul +ipulla+c i, . @26

This gives the validity of (4.23) for s €], 3[.
Now we focus on the case when % <5 < %. Observe that

(Preotu. o) '(Pf(x)iu, f(x)%+(%_%)u>

L2 ‘ 12

< |(Preor=iu, foiu) |+ ([P r@3 ] rote fota) .

Moreover since f(x) satisfies (4.1), then

[P s3] r@i] = C ol F@> S ul,

and thus

([P, re0s 3] s rota) | <e a5, v reoiul .

Combination of the above three inequalities gives

(Prootu reota) | =e|ayreo? =l

L2

2 2 2 2
e fpswria], + ool |
10

9> then

Wl

Moreover since 2s — 3 < % fors <

2s—3 2 s |12
HAyf(x) ”‘HLz < HAyf(x)zu L

and hence by (3.2) we obtain

2
L2

(Preotu, i) | <e|a,reiu

rC, i” P 3u

2 2 2
L IPul 4l

Inserting the above inequality into (4.25) and then taking ¢ small enough, we get
the desired estimate (4.23) for % <5 < %. Thus the proof of Lemma 4.9 is
completed. O

Now we are ready to prove the main result of this section.
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Proof of Proposition 4.1. Now we want to show that

s 2
fa—aobul ), sclipuid, + i | “27)
RecallSequalsto%ifs < %,%—sif% <s§s < %, and%—%if% <s§5 < %.Using

the estimates (4.20) and (4.23) gives that

YueCE(R™), S|Py, guuls gc{ﬂ PF(x)’u
u=1

2 2 2
| IPUIR el 428)

where § = % — §. We can verify that
—S+s—1=<0. (4.29)
Firstly let us consider the case that s < % Then § = 0 and (4.28) becomes
2
VueCE®R™), Y|Py, = € {iPull, + i |
=g

On the other hand, using (4.9) with a = % and then using (4.21), we have

L2 i 2 2 2
[a—a0tu), =c Y |a-a0sguu|  +clPul, +clul,
u=1

<C> | Popuuli+Cd  lowu|2+C 1Pl +C llul?, .
u>1 uw>1

As a result, it follows from these inequalities that
L2
Vu e C5°(R) H(1 — A3 MHLZ <C {||Pu||i2 + lull?, } .
This gives the validity of (4.27) for s < %
Now we consider the case when % <5< %. Note that § = % —§. Then we use
(4.9) witha = S to get

|2 s 2 2 2
[a—a0tu], <c > [0 —a0b g, +ClPul, +C i,
nz

2
1 2 3
=Y (14310 V @l = o) guu) +ClPuIZ+C lul?,
pu>1 L2
1 ; 1 ?
2 3 2 2
> (1+§|8xV(xM)| —Ax)*(1+§|axV(xﬂ)| — 1) T
u>1 L?

+ CllPull?, +C llull?,

<CcY

n=l

1 ] -
(143 v = a0 re0 g

2+C||Pu||iz+cnu||§2.
L
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Consequently, using (4.22) yields

5|2 2
[0 -a0tu) =Y A CIPUIR +Clul
u=1

Py, fOx) " puu

Thus (4.27) will follow if we can show that

Y|

n=l

- 2
Po, fO0) gu| = cfiPull, + 2} @30

To prove (4.30), we write

Fo o= (FOT F @) g f0)

Then

>

u>1

- 2
Po, f) g, =+ D
with (1), (II) given by

(=23 (e £030~) Py g r 0

u=1 L
and
N . -2
an =23 |[Po £ 0 ool .
n=l
By (4.6), we see

n=cy|

n=l

Py, ouf () u

2
2’
This along with (4.28) gives

(H=c { 1Puls + | Preo=ul, + | oo

2
(Lz } . @3
By use of (4.1) and (4.29), we have

o2 o 2
[P, 1@~ Ju| |, = c | r@ ||, = clisluld,,

and hence
—5 2 2 2 2
|Preo~ul Lo=c{ipul + i |

= 20Puls +2| [P f0~ Ju
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This along with (4.31) gives

1=c{iPuld + i, |

Now it remains to treat the term (/7). The equality

[Po FO7 F @0~ ] = (v (F0)) For0™

gives

an=23"|(v-o (50)) s s g, @3

pu=1

By (4.6), (4.1) and (4.29), we have

So

S (o (£@)) s 50 g
u=1

Fa)=f@) Sy <Cf) 15 <.

o (f0°)

2
I SCZ{ku vl =Claul:.
>

This along with (4.32) gives

(D =€ [ ayul = € fipulds + i, |

Combining the estimate on the term (I), we get the required inequality (4.30). The
proof of Proposition 4.1 is thus completed. O
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