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Convergence in capacity on compact Kiahler manifolds

SL.AWOMIR DINEW AND PHAM HOANG HIEP

Abstract. The aim of this note is to study the convergence in capacity for func-
tions in the class £(X, w). We study the problem under several restrictions on the
Monge-Ampere measures of the functions considered, such as common domina-
tion by a fixed measure or control on the variation.

Mathematics Subject Classification (2010): 32W20 (primary); 32Q15 (sec-
ondary).

1. Introduction

In [2,3] Bedford and Taylor laid down the foundations of the theory of the complex
Monge-Ampere operator which is nowadays a central part of pluripotential theory.
In [3] the notion of relative capacity C, was introduced (see Section 2 for the defi-
nitions of all the notions appearing in this note). Initially Bedford and Taylor used
this capacity to solve deep problems concerning small sets in pluripotential the-
ory. It was soon realized, however, that capacities are very useful technical tools
in solving Monge-Ampere equations with singular data. Especially the discovery
of Xing [21], who proved that the complex Monge-Ampere operator is continuous
with respect to convergence in capacity, attracted much interest. This is in contrast
to convergence in L”, 1 < p < oo, since it is known [8] that the Monge-Ampere
operator is discontinuous with respect to such topology. Recently convergence in
capacity in the setting of domains in C" (which for brewity will be referred to as the
local setting in this note) was studied by many authors. We refer to [4-6,9,15,17],
which is by far an incomplete list of recent contributions, where the reader may
obtain a complete picture of the developments in the field.

Quite recently alternative pluripotential theory on compact Kéhler manifolds
was developed by Guedj and Zeriahi [12, 13] and Kotodziej [18]. It should be noted
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that both theories differ significantly especially when it comes to global results -
some of the differences were discussed in [13] and [11]. In [18] Kotodziej intro-
duced the capacity Cx 4, on a compact Kéhler manifold (X, w), which is modelled
on the relative capacity C,, of Bedford and Taylor from the local setting. Despite its
non nocal character this notion plays similar fundamental role as C,, does in solving
complex Monge-Ampere equations.

In [13] Guedj and Zeriahi (building on local desults due to Cegrell [5, 6]) in-
troduced the new Cegrell class £(X, w) of w-psh functions for which the complex
Monge-Ampere operator is well-defined. Roughly speaking, it is the largest class
of w-psh functions where the Monge-Ampere operator behaves like it does in the
bounded functions setting. The authors obtained various basic properties of this
function class. Later on, building on their work Xing [22] studied the convergence
in capacity Cy ,, (one should also mention that various results in the bounded func-
tions setting were also known (compare [14,19])). As Xing noticed, however, vari-
ous technical difficulties appear in the analysis in the whole £ (X, w) and therefore
some of his results are proven only in the smaller class £' (X, ). This leads to the
question of what remains true in £(X, ).

The aim of the present note is to answer this question. The main goal will be to
study the convergence in capacity Cx_,, in the class £(X, w) — Section 3. We obtain
fairly complete description of that convergence under various additional assump-
tions such as common domination of the Monge-Ampere measures of the functions
by a fixed measure or assumptions on the measures’ variation. Analogous results
in the local case (except Theorem 3.6 and Lemma 3.7 which are completely new)
were obtained by Kolodziej and Cegrell in [9]. We wish to point out that while
some of the results look as a straightforward generalizations of the corresponding
theorems due to Xing [22], the applied techniques are by necessity of different
nature, which allows us to deal with the formerly intractable case of functions in
E(X,w) \ £(X, ). These essential new technical tools, namely the partial com-
parison principle and the uniqueness of solutions to the Monge-Ampere equation in
the class £(X, w), are borrowed from [11].

The results obtained, in the authors’ opinion, yield better understanding of
the class £(X, w) and the non-linear nature of the Monge-Ampére operator in this
singular setting.

ACKNOWLEDGEMENTS. The authors would like to thank an anonymous referee
of the previous draft of this manuscript whose remarks improved significantly the
exposition.

2. Preliminaries
First we recall some elements of pluripotential theory that will be used in the paper.

We refer the reader to [20] for a recent general overview of pluripotential theory
both in the local and in the Kéhler setting.
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Given a domain €2 in C" one associates to any compact K C 2 the Bedford-
Taylor relative capacity C, introduced in [3]:

Definition 2.1. Let K be a compact subset of a relatively compact domain €2 in C".
Then the relative capacity Cp, (K, €2) is defined by

C,(K, Q) = sup {/ ddw)" : u e PSH(Q), -1 <u<0y,
K

where PSH(€2) denotes the space of plurisubharmonic functions in €2.

Throughout the note X will denote a (fixed) compact Kéhler manifold of com-
plex dimension n equipped with a fundamental form @ = wyx normalized by
[yo" =1.

We shall deal with the w-plurisubharmonic functions on X, which are defined
as follows:

Definition 2.2. An upper semicontinuous function ¢ : X — [—00, 400) is called
w-plurisubharmonic (w-psh for short) if ¢ € LY(X) and wy = w+dd9 > 0,
where the inequality is understood in the sense of currents. By PSH(X, w) (re-
spectively PSH™ (X, w)) we denote the set of w-psh (respectively negative w-psh)
functions on X.

Modelling on the definition of C,, above Kolodziej in [18] introduced the ca-
pacity Cx :
Definition 2.3. Given any Borel set E C X we define its capacity Cx ., on X as

Cx(E) = Cx,0(E) = sup{/ ol : ¢ € PSH(X, w), —1 <¢ < 0} :
E

where a)g = (w+ddp)" and n = dim X.

We refer to [12, 18] for more information about this capacity.

It follows from the locality of the Monge-Ampere operator that it can be de-
fined for any bounded w-psh function [3]. As noticed by Guedj and Zeriahi this
is not so for unbounded ones and therefore one has to restrict to a subclass of
PSH(X, w). The following class of w-psh fuctions was introduced by Guedj and
Zeriahi in [13]:

Definition 2.4.
EX,w) = {(p € PSH(X, w) : lim Oax(g.— j) =/ " = 1} .
i=00 Jip>—j) ’ X

Intuitively the space £(X, w) consists of those functions which have mild singular-
ities (or do not have —oo poles at all), so that no Monge-Ampere mass concentrates
near those poles. In particular it can be proven (see [13]) that any such function
must have zero Lelong numbers everywhere.
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Let us also define
EX,w)=EX,0)NPSH™ (X, w).

We refer to [13], where the reader can find the basic properties of these function
classes.
The convergence in capacity is defined as follows:

Definition 2.5. Let u;, u € PSH(X, w). We say that {u ;} converges to u in Cx if
Cx({luj —ul >6}) —0

as j — oo, for every (fixed) 6 > O.

For our later reference we shall need the notion of uniform absolute continuity
with respect to capacity. It is modelled on the uniform continuity with respect to a
measure.

Definition 2.6. A family of positive measures {uq} on X is said to be uniformly
absolutely continuous with respect to Cx-capacity if for every € > 0 there exists
8 > 0 such that for each Borel subset £ C X satisfying Cx(E) < § the inequality
Ue(E) < € holds for all . We denote this by 1y < Cx uniformly for o.

Note that by [12, Theorem 6.2] we know that the sets satisfying Cx(E) = 0
are precisely the w-pluripolar sets. In particular all measures that are continuous
with respect to capacity must vanish on pluripolar sets.

The next two propositions are well-known:

Proposition 2.7 (cf. [13, Theorem 1.5]). Let u € £(X, w), v € PSH(X, w). Then

k k
/ wmax(u,v) AT = / Wy, N T,
{u=<v} {u=<v}

foralll <k <nandT =wy, A ... Nwy, , wither,...,¢pk € EX, ).

Proposition 2.8 (cf. Proposition 3.6 in [12]). Letu € PSH™ (X, w). Thenfort >0
supu| +c
X

Cx(u <—th) = ——,

where the positive constant ¢ does not depend on u.
Next we state a simple criterion for uniform continuity in terms of capacity.

Proposition 2.9. Letu; € £~ (X, w). Then the following two statements are equiv-
alent:

i) infj>1 supy u; > —oo and a);’j & Cx uniformly for j > 1;

) Timy 4o T o fi, <y @), =0,
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Proof. 1) = ii) This is a direct application of Proposition 2.8.

ii) = i) We claim that inf ;> supy u; > —o0.

Suppose on contrary that inf;~ supy u ; = —o0. Hence
j= xUj
lim o = lim | o! =1,
i J i J
j—00 {uj<—1) j—oo Jx

but this contradicts the assumption that
lim  lim W) =0.

t—>+00 j—>o00 {ujf—t}

Let us fix € > 0. We choose 7y and then jy = jo(#9) > 1 such that

/ w;’j < €,
{uj<—to}

for all j > jo. For each Borel set E C X can estimate

J J J
E ENf{u;<—to} EN{u;j>—1}

n n
= / wuj + / wmaX(uj,—to)
{u;<—1o} EN{uj>—to}

S/ w;’/.-i-tSCX(E) <e+1;Cx(E)
{uj<—to} -

907

for all j > jo. On the other hand, since Z,f):] a);’k <« Cx we can choose 61 > 0

such that Z}f):1 wy, (E) < € for all Borel sets E C X with Cx(E) < 8;. Hence
a);‘j(E) < 2¢ for all j > 1 and all Borel sets E C X, such that Cx(E) < § =

min(dy, %).

The next proposition is a modified version of [22, Lemma 2]:

O

Proposition 2.10. Letu;,v; € E7 (X, w) be such that uj >vjfor j > 1. Assume
that wﬁj & Cx uniformly for j > 1. Let also infj>;supyv; > —o00. Then

a);’j & Cyx uniformly for j > 1.

Proof. By [13, Theorem 1.5] we have

f a)Z_fZ”/ Lo 52”/ . a)ﬁ_§2"/ ol
uj<-21 ' j<d—-1y 7T j<d-1y "’ vj<—1) '

for every t > 0. By Proposition 2.9 we obtain wﬁj &« Cx uniformly for j > 1. O



908 SLAWOMIR DINEW AND PHAM HOANG HIEP

We remark that the proof shows that the result still holds for any family of
functions u, and v,, a € A instead of just sequences.

Proposition 2.11. Letu; € £(X, w), u € PSH(X, w) be such that uj — u in Cx.
Then the following two statements are equivalent:

D uelX, w);
ii) w, < Cx uniformly for j > 1.

Proof. 1) = ii) By Proposition 2.7 we have

a)n_:/ a)ﬂ( L S/ a)n’ o +f a)n( -
/{“j<t} uj uj=—1) max(uj,—t) (<—111) max(uj,—t) (I j—ul>1) max(uj,—1)
= / Onaxuj,—n T 1 Cxluj —ul > 1}).
{u<—t+1} -

By coupling the quasi-continuity of # (in [3, Theorem 3.5]) and the facts that
10} K Cx uniformly for j > 1 and " n < Cx uniformly for ¢ > 0

n
max(u, max (u,—

(see Proposition 2.10), we get

0.

lim lim " < lim " =
t—+00 j—00 {uj<—1} i = t>+o0 (u<—1+1) max(u,—1)

By Proposition 2.9 we obtain w,’jj & Cx uniformly for j > 1.
ii) = 1) This is a part in [22, Theorem 3]. O

Finally we would like to mention that recently Benelkourchi, Guedj and Zeri-
ahi [1] have developed analogous theory for compact complex manifolds equipped
with big forms (i.e. smooth semi-positive forms w satisfying [, @" > 0). We leave
to the reader as an exercise to check that our results still hold in this more general
setting.

3. Convergence in capacity

Below we prove various results regarding convergence in capacity in the class
E(X, w). We begin with a technical theorem which will be used later on. This
result is a generalization of similar ideas in [14, Lemma 2.3] (where the case of
bounded functions is considered) and in [22, Theorem 2], where the author works
in the smaller function class £' (X, w).

Theorem 3.1. Letu;,v; € £(X, w) be such that

1) a);’j & Cx uniformly for j > 1;
i) lim;_ o0 f{uj<v,~—8} wy, =0 forall § > 0.

Thenlimj_, oo Cx({u; <vj —8}) =0 forall§ > 0.
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Proof. We can assume, by adding constants to both u; and v; if necessary, that
supy uj = Oforall j > 1. Setu, := max(u;, —t). Foreachk =0, ..., n we will
prove inductively that for every § > 0

lim sup / o * Aol 9 ePSH(X, 0), -1 <9 <0 =0. (3.1)
J—00 {uj<v;—38} /
Note that if £ = 0 then (3.1) holds by assumption.

Assume that (3.1) holds for £ — 1. We will prove that

lim sup / w;’f"/\wé: ¢ e PSHX,w), —1<¢<0; =0
J—>00 {uj<v;—38} !
forany § > 0. We fix ¢t > 1 and ¢ € PSH(X, w) satisfying —1 < ¢ < 0. For
notational ease we denote the set {u; + ?u jr < vj+ %ga — 268} by U and let also
8,
nj, Bj be the w-psh functions defined respectively by n; = 1)’17%28, B =
t

)
uj+5u;j
~L_1L Then we have

143
D" Ak < | o TF A,
uj (0] uj (0]

{uj<v;—368} U

. So—d8u ;
since 222Ut o s,

The measure on the right-hand side can be enlarged to

t+39 n—k , k-1
—5 @ Nwy "t Aoy

Thus, by consecutive application of [11, Theorem 2.3] and yet another set inclusion
obtained as the one above we get

) _ _ ) _ _
— wnj/\w;',k/\wélf— a)gj/\wz,k/\wle

§ Ju / § Ju g

t _ _ _ _
5—/ a);’_kﬂ/\a)gl—l-/ a)ujt/\w;'_k/\a)é L

) {uj<vj—3s} J {uj<vj—38} J

Using form [13, Corollary 1.7 ] this last sum can be in turn estimated by

+/ SN N
5 J J @
{uj<v;—8} {uj=—1}

t+46 _ _ _ _
< — wZ,kH/\w(];l—i-/ wﬁ.kH/\wa L
8 Jwj<vi-op {uj<—1}

t+46
n—k+1 k—1
—_— Wy A @,
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By the induction hypothesis we get

fim sup / Wi * Aok g e PSH(X.w), —1 <9 <0
{uj<v;—36} !

j—00o
ssup{/ i T g € PSH(X, w), —lfgofo,jzl},
{uj<—1}

forevery t > 1.
Note that "’;ﬂp > uj — 1, thus by Proposition 2.10 we get that a)’,ijﬂ, < Cyx
B

uniformly for j > 1. Expanding the left-hand side we obtain

a);’j_kH A a)l(z_l « Cx uniformly for j > 1.
Now by letting # — 400 (and using a);’j_"+l A a)’;_l &« Cyx uniformly for j > 1),
from Proposition 2.8 we obtain

lim sup{/{ 3B}a)”__k/\a)f;‘): ¢ e PSHX,w), -1 <9 <0 =0.
Uj<vj—

Jj—00 uj

Theorem 3.1 has various consequences regarding continuity of the Monge-Ampere
operator. Below we list some of them.
As a direct corollary we obtain the following theorem:

Theorem 3.2. Letu;,v; € E(X, w) be such that

i) a)zr:j +a)ﬁj & Cx uniformly for j > 1;
ii) limj—>oo[_[{u,~<vj75} G)Zj + -/l{vj<uj78} a)lr)‘]] = Ofor all § > 0.

Thenu; —v; — 0inCy.

Recently the second named author obtained a characterization of convergence
in capacity for bounded w-psh functions (in [14, Theorem 2.1]). Our next result
provides such a characterization in the class £(X, w):

Theorem 3.3. Letu; € £(X,w) andu € PSH(X, w). Then the following three
statements are equivalent:

)uel(X,w)yanduj — uinCx;
ii) a)zi & Cx uniformly for j > 1 anduj — u in Cx;

1ii) a)Zj & Cyx uniformly for j > 1, Epw uj <u andlimj%oo f{uj<u—8}a)n =

uj
0 forall 5 > 0.
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Proof. 1) < ii) This equivalence is the content of Proposition 2.11.
ii) = iii) This implication is trivial.
iii)=-1) This is a direct application Theorem 3.1, coupled with Proposition 2.11. [J

Recall that the weak convergence of Monge-Ampere measures does not imply
the weak convergence of the corresponding functions (and vice versa). Thus these
convergence problems are considered with additional restrictions. Usually results
in this direction are called stability theorems in the literature, since they show that
suitable small modification of the Monge-Ampere measures do not lead to large
deviation of solutions (i.e. the solutions are stable). In [9] good convergence prop-
erties were obtained (in the setting of domains in C") under the assumption that
all the Monge-Ampere measures are dominated by a fixed measure vanishing on
pluripolar sets. In the Kihler setting the corresponding problem was studied by
Xing in [22]. He worked in the subclass £ (X, w) c £(X, w), however all his ar-
guments can be applied in the whole &£ (X, w) provided one has uniqueness (modulo
an additive constant) for the solutions of the Monge-Ampere equation

a)('; =u, ¢ € £X,w),

where p is any positive Borel measure satisfying [, du = [y o and vanishing on
pluripolar sets. This uniqueness statement was recently obtained in [11]. Thus cou-
pling Xing’s arguments with Theorem 3.2 one gets the following stability theorem:

Theorem 3.4. Letu; € £(X, ) and u € PSH(X, w). Assume that a);’j < du for

some measure djn < Cx. Let also supy u; = supy u. Then the following three
statements are equivalent:

)uj —>uinCy.
i) uj — win L',
iii) wy, — w weakly.

Proof. The implications ii) <> iii) are essentially due to Xing. In particular in [22,
Corollary 1] (and Proposition 2.11) yields ii) = iii). For the other implication one
can proceed exactly as in [22, Theorem 8]: below we sketch the details from [22]
for the reader’s convenience.

Due to the normalization assumption one can extract a subsequence from u
convergent in L' to some function v € PSH(X, w). Note that one also has supy v =
supy u. The result follows if one can show that v actually coincides with u, since
the chosen convergent subsequence is arbitrary. But the Monge-Ampere measures
of the functions in the subsequence are again dominated by p, hence from [22,
Theorem 4] one concludes that v belongs to £(X, w) and moreover the Monge-
Ampere measures tend weakly to . Thus one gets w], = w), so by uniqueness
(now in £(X, w)) and normalization ¥ = v. Thus, since any subsequence has
subsequence convergent in L' to u one concludes that u j —> uin L.
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Since implication i) = ii) is trivial, we only have to show that ii) implies i).
But we know that wﬁ/ « Cyx (since all the measures are dominated by w). By [7]
(see also in [9, Lemma 1.4]) we know that

VM eR lim max(u;, M) — max(u, M)du = 0.

J=ooJX

(Indeed, the results in [7] and [9] are proven in the local case, but this convergence
statement is of purely local nature and hence can be easily transplanted to the Kéhler
setting).

Thus we obtain

1
/ wﬁ—l—/ wﬁf/ du+—/|max(uj,M)—max(u,M)|du.
fuj<u—8) ' Ju<uj—s) {u; <M}Ufu<M} 3)x

If M is sufficiently negative by the assumption u <« Cyx and Proposition 2.8 we
obtain that the first term on the right-hand side can be made arbitrarily small (inde-
pendently of j). Finally we obtain

lim / a)z—f—/ w), | =0.
J=00 | Juj<u—6} ! {u<uj—38}

Thus by Theorem 3.2 u; — u in Cx. O

Before we proceed further we recall the notion of variation of a measure. Given
any Borel measure u (non-necessarily positive) one defines its variation ||u|| on a

Borel set A by
[o¢]
[lilI(A) := sup {Z |M(Rk)|} :
k=1

where Ry, k € N is any disjoint at most countable partition of the set A by Borel
sets. The classical Hahn decomposition theorem states that in fact that it is enough
to consider only the special partition given by the two Hahn sets — intutively — the
pieces where u is positive and negative.

Remark 3.5. It would be interesting to know whether the above result still holds
if instead of domination by a fixed measure one assumes merely that a)gj < Cxy.
Indeed large parts of Xing’s proof can be dealt verbatim, yet some details remain
unclear to us.

Our next result concerns a new type of stability. Instead of controlling the
deviation of u ; from v; we impose an assumption on the variation of their Monge-
Ampere measures. Since in concrete situations the Monge-Ampere measures of
functions in concern are given (while the information on the functions themselves
is very limited) this result seems more suitable for applications than Theorem 3.2.
Such a theorem is new even for bounded w-psh functions.
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Theorem 3.6. Letu;, v; € E(X, w) be such that

i) limj_, o0 |supy uj —supy v;| =0;
ii) oy, + oy, K Cx uniformly for j > 1;
1ii) limj_mo fX ||a)$] — wﬁ]“ =0.

Thenuj —v; — 0in Cy.

Note that the first assumption is an obvious normalization which can always
be assumed after adding suitable constants to the functions in concern. Before we
start the proof we state an auxiliary lemma which might be of independent interest.

Lemma 3.7. Letu,v € £(X, w). Thenforanyk € {0, - - - , n} we have the estimate

n—k

k n—k n n n o
/ [lw, Ny ™™ —wy,|| <2 / [lew, — will .
X X

1
= E[wz + .

Proof. Set

We choose f, g € Ll(du), f, g = 0 such that
w, = fdu, w, =gdu.

By the inequality for mixed Monge-Ampere measures ( [10], see also in [11, Theo-
rem 2.1]) and the Holder inequality we get

/EwﬁAw’J"‘—/szz/Effg"n—kdu—/Efdu

= [ [ - = [ g
z—fEff'i|g—f|”nkduz—[fEfdu]%[/E|g—f|duﬁ
z—UELg—ﬂdu]nTz—[/X||wZ—wﬁ||TT

for any Borel set E C X. Similarly we get

n—k n—k

gn—fn

dup

k

e
k n—k no- n n "
w, Nw, " — w, = — ||6!)u—0)v|| .
X\E X\E X
n—k
n
/a)l’j/\a)ﬁ_k—/a)ZS |:/ ||a),'j—a)ﬁ||j|
E E X

Hence



914 SLAWOMIR DINEW AND PHAM HOANG HIEP

for all Borel sets E C X. A combination of these inequalities yields

k n—k n
/ (,()u A\ (,()v — / (,()u
E E

for all Borel £ C X. This implies that

n—k
n n "
< [/ Iy, —wvll} ,
X
n—k

k —k n
/nwumﬁ —w{’,lls2[/ ||wz—w:}||} . -
X X

Proof of Theorem 3.6. Our strategy will be to start with the bounded functions case.
It will turn out that the general case follows in a rather simple manner from this one.

Casel:uj,v; € PSH(X, w) N L>(X). Set

1
Py

. k —k — .
aj = [sup{/xlla)uj/\a)ﬁj — o Aoy " 1§k,m§n”

Note that our assumptions coupled with Lemma 3.7 yield lim; . a; = 0. From
now on we assume that a;’s are small.
The crucial point in the proof will be the following equality

lim sup / w, ¢ =1 (3.2)
J7 0 teR {|uj—vj—t|§aj} J

Indeed, suppose (3.2) is already proved. Then we can choose k; € R such that
lim w,. =0.
JZO MHuj—vj—kj|>a;}
Moreover from iii) we get
lim w; =0.
I 00 Hluj—vj—kjl>a;}

By Theorem 3.2 we obtain u; — v; — k; — 0 in Cx. Also from i) we get
lim; ,ook; =0. Hence u; —v; — 0in Cyx.
Thus we have to prove (3.2). Suppose on contrary that there exists g > 0 such

that
/ a);’j <1-—2¢
{luj—vj—ti<a;}
forallt e R, j > 1. Set

ti=supiteR: w, <l—ey.
{uj<vjtttaj}
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{uj<vj +aj}wu, =l-e

Replacing v; +¢; by v; we can assume that 7; = 0. Then f

and -/I{Mjfl)jﬂ’aj} wy, = 1 — €. Hence

/ wZ,:l—/ wZ4=1—/ w),
{vj<uj+aj} ! {uj+a;=<v;} ! {uj<vj+a;} J

—i—/ o) <1—e.
{vj—aj<uj<vj+a;} !

Consider now the interval [—a; + az,a j— a?]. It contains [1 /a j] — 2 disjoint

J b
closed intervals each with length 242 i ([ ] denotes the integral part of x). Observe
that the sets {lu; —v; — p| < az} are pairwise disjoint when p varies among

the centers of those intervals. Smce f < 1 we can thus choose

n
{lu; —v]|<aj}wj
a2
sj €[—aj —I—aj, ji— j] satisfying

/ a)zj < 2a;.
. 2
{luj—v; sj|<aj}

(For otherwise we would get 1 > 2a;([1/a;] —2) > 2a;(1/a; —3) > 1forall a;
small enough).

Replacing v; + s; by v; we can assume that s; = 0. One easily obtains the
following inequalities

/ a)Zj < 1—60,/ a)Zj < 1—60,/ a);’j <2aj. (3.3)
{uj<vj+a?} {vj<uj+a?} {Iuj—Uj|<aj2}

In [13 Theorem 4.6] we can find p; € £(X, w), such that supy p; = 0 and a)” =

T 60 l{u <UJ}a) tej l{uj>vj}a) (the constant ¢; > 0 is chosen so that the measure
has total mass 1 while 14 denotes the characteristic function of the set A). Set

Uy ={1 —a?)uj <@ —a?)vj —I—a;,oj} C{u; <vj}.

By the inequality for mixed Monge-Ampere measures [10] we get

n—1 3y, .n—1 a? n
@y; - A @—adyvj+aip; = (1l —apo,;” Aoy + ——o,,
(I —eo)n
on U;. In [11, Theorem 2.3], our assumptions and the definition of a; we obtain
J p J
3 a; n n—1
(I —aj )/ /\a)vj + 71/‘ a)uj = f a)(lfa3.)vj+a3.p]- /\a)uj
(1 —€p)r JU; Uj / I

< n—1 _ _ 3 n 3 n—1
< / D(1—adyu; axe (1 a])/ w,; +aj 0N @y
Uj Uj Uj
<(1-a) N Awy, +at | +a oA L
J J J J J Uuj
Uj Uj
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Hence

1 1
(1 —eg)n | Huj=vj—aj} {P./S— } (1 —e€p)n JU;

4j

faj—i—/ w/\w;’/_lfaj—i—/ w/\w;’/fl.
Uj ’ {uj<vj} :

Similarly to p; we define ¥; € £(X,w), such that supy ¥; = 0 and a)gj =

1
1—€g

(3.4)

l{vj<uj}a);’j +d; 1{szuj}w,’jj (d; plays the same role as ¢; above). Set

Vi={(-a)vj < —a)uj+a}w;} C{vj <u}.

Similarly we get

1 1
— / , wZ, —/ a3 ij = 71/ CUZ,-
(I —ep)n | Jvj=<uj—aj} {191‘5— } (I —ep)n JV;

4j

Saj—l—/ w/\wz;lfaj—i—/ w/\a)Zj_l.
V: {vj<uj}

Note that coupling (3.3), (3.4) and (3.5) one obtains

(3.5)

1 n
—(1 )1 1 —2a; -2 { H;}wuj
— €Q)n Pj=——4

4j

1
=< - 1 f 0)31_2/ 1-a3 (’UZJ
(1 — o) | JHuj—vjlza?) {pi=—=}

§2aj—|-1.

Now, by Proposition 2.8 and assumption ii), if we let j — oo we would obtain

1
71 5 ]‘7
(1 —€o)n
a contradiction.

Thus (3.2) and the whole proof in the bounded functions case is finished.
Below we consider the general case.

Case II: uj,v; € E(X, w). We can assume, adding constants if necessary, that
supy uj = supy v; = 0. Choose t; — +00 such that lim;_, -/l{ujf—l‘j}a);lj +
f{vjs—zj} wﬁj = 0. Using Case I for max(u;, —¢;) and max(v;, —t;) we obtain
max(u j, —t;) — max(v;, —t;) — 0in Cx. Therefore u; —v; — 0in Cx. O
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Our last result is a generalization from [22, Theorem 5] and from [19, Theorem
3.4]. Kolodziej proved the statement for bounded functions, while Xing needed the
additional assumption that Vj > 1, v; > vp for some fixed function vg € £(X, w).
Note that such an assumption is quite hard to be checked especially if we know
a priori only the Monge-Ampéere measures of each u ;. In fact we show that this
condition is superflous.

Theorem 3.8. Let u;,v;,v € £(X,w), u € PSH(X, w) and A > 1 be such that
uj —> uin LY(X) and a)Z/, < Aa)’gi for j > 1. Assume that v; — v in Cx. Then
ue&X,w)andu; — uinCyx.

Proof. For eacht > 0 we set

ujr = max(u;, —t), u; ;= max(u, —t), vj, := max(v;, —t), vy := max(v, —1),

n—1
e k n—1—k
Tj = E Wy, A Dy, .
k=0

/ o), < A/ .
{uj<u—8} J {uj<u—38} J

The latter integral can be estimated by

/ Wy, < / Wy, + / W),
{uj<u—3s} {uj<—t}U{u<—1}U{v; <—t} {u js <u,—38}

1
n PR/
wv_,- + S ¥ |M[ u]t|wvjt

‘We have

<

ﬁLIjS—I}U{MS—I}U{UjS—I}
€

a)"—l-l lus + € —ujilol +
. s . t Jt Vjr S

<[ U
fuj<—0Uus—Ufv<—1}

where we have used from [13, Corollary 1.7] in the first inequality and Chebychev’s
inequality in the second one.
Note that the middle term can be estimated by

1 / t+e€ €
—f Uy —uip)o” + / o 4+ =
8 Jx v 8 {uji>u;+e} s

1 1
<= / (wr —uje)(@y, —op) + < / (ur — ujr)ayy, (3.6)
3 Jx 3 Jx

" t+e / "oy €
w, . —.
) {ujr>u;+e} vt )

Integration by parts in the first term yields (recall the definition of T';)

/ (ur —ujr)(wy,, — )= / (vr — vj) (@, — @u,) A Tjr. (3.7)
X X

Uj;
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Now coupling (3.6) and (3.7) one can estimate f{ uj<u—s) w,’j}, by

1
/ ng-f——/ vy — vjel(wu;, + @u,) AT
{u; <—1)Ufu=—1}U{v; <1} 8 Jx

1 t+e¢ 2¢
—i——/(u —uj)wl + f o)+ —
s X ' i s {ujr>u;+e} bt )

forallt > Oandall e > 0.

Observe that the second term goes to 0 as j — 00, since the integrated function
converges to 0 in capacity and all the measures are uniformly absolutely continuous
with respect to Cx for j > 1 (and fixed ¢). By [7] (recall the argument used in the
proof of Theorem 3.4) we also get

lim | (u; —uj)oy =0.

j—00
Note that Hartogs’ lemma (see [16, Theorem 3.2.13 ]) yields Cx ({u j; > u;+¢€}) —
0 as j — oco. Moreover, since wﬁjt <« Cx uniformly for j > 1 we obtain

. no_
lim vj =

Jj—>00 {uji>us+e}

Coupling all these and letting j — oo we get

o n n 2¢
llm a)M i 5 Sup Cl)v, + PSR}
=0 Jui<u—sy 7 T jz1 Jwj<—nUlus—nUly;<—ry 7 8
forallt > 0, € > 0. Letting ¢ — 0 and t — +00 we obtain
lim w, =0.
J=00 Ju;<u—sy
By Theorem 3.3 we obtain that u; — u in Cx. O
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