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Lipschitz surfaces, perimeter and trace theorems for BV functions
in Carnot-Carathéodory spaces

DAVIDE VITTONE

Abstract. We introduce intrinsic Lipschitz hypersurfaces in Carnot-Carathéodory
spaces and prove that intrinsic Lipschitz domains have locally finite perimeter.
We also show the existence of a boundary trace operator for functions with
bounded variation on Lipschitz domains and obtain extension results for such
functions. In particular, we characterize their trace space.

Mathematics Subject Classification (2010): 53C17 (primary); 46E35 (sec-
ondary).

1. Introduction and statement of the main results

In the last few years there has been an increasing interest towards analysis and ge-
ometry in metric spaces and, in particular, towards geometric measure theory and
the study of spaces like those of Sobolev or bounded variation (BV) functions. In
this paper we would like to give a contribution in these two directions, by deal-
ing with the study of “Lipschitz regular” hypersurfaces and their relationship with
the perimeter measure, and by establishing trace and extension theorems for BV
functions in a metric setting. Our framework will be that of a Carnot-Carathéodory
(CC) space, i.e., the space R" endowed with the CC distance d arising from a family
X = (X1, ..., X;») of smooth vector fields. See Section 2 for precise definitions.

In the setting of Carnot groups (see Section 3 for the definition), intrinsic Lips-
chitz surfaces have been introduced in [36,38] as graphs of intrinsic Lipschitz maps
between complementary subgroups. For the case of codimension one, we propose
here a new definition of Lipschitz surface which agrees with the previous one in
Carnot groups (see Theorem 3.2) and can be stated in the more general framework
of CC spaces.
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Definition 1.1. A set S C R” is an X-Lipschitz surface if for any x € S there exist
a neighbourhood U, a Lipschitz function f : U — R and j € {1, ..., m} such that

SNU ={f =0} and X;f=21l L"ae onU

for a suitable [ > 0.

Notice that X-regular surfaces (see Section 2.4) are also X-Lipschitz.

To fix terminology, we will say that an open set 2 C R" is a X-Lipschitz
domain if for any x € 0€2 there exist a neighbourhood U, a Lipschitz function
f:U—Randje{l,...,m}such that

e QNU ={f>0orQNU ={f <0}
e there exists / > O such that X; f > L"-a.e. on U.

One of our main results is the following

Theorem 1.2. If Q C R" is an X-Lipschitz domain, then Q has locally finite X -
perimeter in R".

We refer to Section 2.3 for the definition of the X-perimeter measure [0 E|x of a
measurable subset E C R”. An easy consequence of Theorem 1.2 is the fact that
subgraphs of one-codimensional intrinsic Lipschitz graphs in Carnot groups have
locally finite X -perimeter, see Corollary 4.6. In the setting of the Heisenberg group,
this fact has already been proved in [38] together with a Rademacher-type theorem
for intrinsic Lipschitz graphs of codimension one. It would be very interesting to
understand whether a Rademacher-type theorem holds for X-Lipschitz surfaces in
a more general setting. A milder regularity result can be proved in equiregular CC
spaces (see Section 4.2 for the definition), where X-Lipschitz surfaces are locally
(and up to a diffeomorphism of the ambient space) graphs of Holder continuous
functions. See Proposition 4.10.

In equiregular CC spaces Theorem 1.2 can be refined to prove Ahlfors regular-
ity of the X-perimeter of X-Lipschitz domains. Related results have been proved
in [17-20, 24,40] for more regular domains. We denote by Q € N the Hausdorff
dimension of (R", d).

Theorem 1.3. Let Q be an X-Lipschitz domain with compact boundary in an
equiregular CC space (R", X). Then the X-perimeter measure |02 x is (Q — 1)-
Ahlfors regular on 02, i.e., there existr > 0 and X > 0 such that

1271 <19QIx(Bz, 1) < a9 foranyz € dQ, 0 <r <. (1.1

As a consequence, we obtain that the X-perimeter measure of an X-Lipschitz
domain with compact boundary is doubling, see Corollary 4.13. An asymptotic
Ahlfors regularity of the perimeter measure, together with an asymptotic doubling
property, was obtained by L. Ambrosio in [1]. The proofs of Theorems 1.2 and
1.3, as well as many others in this papers, are based on the representation of the



LIPSCHITZ SURFACES AND TRACES OF BV FUNCTIONS IN CC SPACES 941

X-perimeter in certain local coordinates given by an implicit function theorem for
X-Lipschitz surfaces, see Propositions 4.1 and 4.5. Here we have to acknowledge
the influence of the analogous implicit function theorem proved in [22, Theorem
1.1] for X-regular surfaces.

The second part of this paper deals with trace theorems for functions of
bounded X-variation in CC spaces. The theory of traces for Sobolev functions
in this framework has been deeply investigated: here we mention [6-8, 11,23-26,
49, 58] and refer to the beautiful introduction of [26] for an account on the subject.
On the contrary, the theory of traces for BVy functions in CC spaces is still at an
early stage. To our best knowledge, trace and extension theorems for B Vy functions
have been established in [54] only for H-admissible domains (a class containing,
for instance, C' domains with no characteristic points) in Carnot groups of step 2.
We are able to prove trace and extension theorems for BVy functions defined on
X-Lipschitz domains of a CC space.

Theorem 1.4. Let @ C R" be an X-Lipschitz domain with compact boundary.
Then, there exists a bounded linear operator

T : BVx(Q) — L'(0%, |99x)

such that
/udivxgdﬁn = —/(au,g)leul—i-/ (va, ) Tu d|dQ|x (1.2)
Q Q Q2

for any u € BVx(Q) and g € C'(R", R™).

Here, | Xu| denotes the total X-variation of u and ¢, : 2 — S ! is the Radon-
Nikodym derivative of the vector measure Xu with respect to |Xu|, so that Xu =
ou|Xul. Moreover, divxg = X7g1 +-- -+ X, gm and vg is the generalized inward
normal to Q. See Section 2.3 for precise definitions. The trace operator 7 is not
continuous if BVx(€2) is endowed with the topology of weak* convergence (see
e.g. [2]). We prove in Theorem 5.6 that 7 is instead continuous with respect to the
so-called strict convergence.

Concerning the problem of the extension of BVx functions, we want to men-
tion also the paper [9] were, in a more general framework, it is proved that the
existence of an extension operator for BVy function on a domain €2 is equivalent
to the validity of certain isoperimetric-type inequalities in 2. Here we prove the
following

Theorem 1.5. Let @ C R" be an X-Lipschitz domain with compact boundary.
Then, there exists C=C(S2) with the following property. For any w € L' @$2,|0Q|x)

and any § > 0 there exists u € C*°(2) N W)l(’1 (2) such that

Tu = w, / |M|d£” g § and / |XM|d£n < C”w”Ll(BQ,me) . (13)
Q Q
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If 02 is also X -regular, then u can be chosen in such a way that
[ ixular <+ swliign s (14
Q

We have denoted by W)l(’l(Q) C BVx(S2) the space of functions u € LY()
such that Xu € L'(Q). Let us point out that Theorems 1.4 and 1.5 characterize
L3, |02 x) as the trace space of BVx(€2) functions. Theorem 1.5 allows to
obtain an extension result for B Vy functions defined on X-Lipschitz domains, see
Corollary 5.4.

Finally, we prove that, in equiregular CC spaces, the trace of u on €2 can be
characterized in terms of the approximate limit of u at points of 9€2.

Theorem 1.6. Let (R", X) be an equiregular CC space, @ C R" an X-Lipschitz
domain with compact boundary and u € BVx (S2). Then

1
lim —/ lu —Tu(z)|dL" =0  for |02 x-a.e. 7 € IR (1.5)
r—0t+ r@ QNB(z,7)

and in particular
Tu(z) = lirgJr QB U dL"  for |0Qx-a.e. z € 0. (1.6)
r—

The paper is organized as follows. In Section 2 we introduce the basic notions on
CC spaces, functions with bounded X-variation and sets with finite X-perimeter.
The equivalence between X-Lipschitz surfaces and intrinsic Lipschitz graphs in
Carnot groups is the object of Section 3. Section 4.1 is devoted to the study of
X-Lipschitz surfaces and the proof of Theorem 1.2, while Theorem 1.3 is proved
in Section 4.2. Finally, Theorems 1.4, 1.5 and 1.6 are proved in Section 5 together
with the aforementioned related result.

ACKNOWLEDGEMENTS. It is a great pleasure to thank E. Spadaro for many illu-
minating discussions. The author is also grateful to R. Monti, R. Serapioni and F.
Serra Cassano for their interest in the paper and for several stimulating discussions.

2. Notation and preliminary results

We briefly introduce Carnot-Carathéodory spaces and refer to [10] for a more gen-
eral account on the subject.
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2.1. Carnot-Carathéodory spaces

Let X = (X1, ..., X;») be a fixed family of C*° vector fields in R". As common in
the literature, we will systematically identify vector fields and first order differential
operators. We call horizontal (at a given point x € R") any vector that is a linear
combination of X (x), ..., X;;(x). An absolutely continuous curve y : [0, T] —
R" is sub-unit if

p() =Y hj®Xj(y®) and Y hi(t)<1 forae.tel0,T],
j=1 j=1

with &y, ..., h,, measurable coefficients.

Definition 2.1. We define the Carnot-Carathéodory distance d between x, y € R”"
as

. _ there exists a sub-unit path y : [0, T] - R”
d(x,)’)—mf{T>0’ such that y(0) = x and y(T) = y :

If the above set is empty we set d(x, y) = +o0.

If d(x,y) < oo for every x, y € R”, then d is a distance on R”. We shall
generally assume that

d is finite and the identity map (R”, d) — (R", |- |) is a homeomorphism. (2.1)
Condition (2.1) holds, for example, when the Chow-Hoérmander condition
rank £(Xq,..., X,)x) =n
is satisfied for any x € R” (see [52]); here, £(X1, ..., X;) denotes the Lie algebra
generated by X1, ..., X, and their commutators of any order. We will use the
notation B(x, r) for balls with respect to the CC distance, while Euclidean balls in
R¥ are denoted by B(x,r).

Given E C R" and k > 0, the k-dimensional Hausdorff and spherical Haus-
dorff measures of E are defined, respectively, by

HY(E) = %iiginf{ > o(diam Ep* 1 E C UXE;, diam E; < §}

SK(E) = %if(}inf{ > o(diam Bk : E € U B;, diam B; < 8, B; C R" balls}.

The standard Euclidean Hausdorff measures in R"” will instead be denoted by
H*, SK.
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2.2. Lipschitz and C}, functions

When u : @ — R is a measurable function on an open set 2 C R” we define its
horizontal gradient Xu as

Xu = (Xu, ..., Xnu),

where the derivatives are to be understood in the sense of distributions. It is well
known that, if u :  — R is Lipschitz continuous with respect to d, then Xu €
L%°(2). Viceversa (see [32,40])), if u is continuous and Xu € L°°(S2), then u is
Lipschitz on any open set Q' € Q.
We will say that u is of class C;((Q) if u and Xu are continuous. If u is of class C)l(,
then it is differentiable (in the classical sense) along the vector fields X1, ..., X,.
In the sequel, we will use several times the following simple lemma, whose
proof is given for the sake of completeness.

Lemma 2.2. Let f : R" — R be a continuous function and Y a vector field in R"
with smooth coefficients. Assume that Y f > | holds, in the sense of distributions, on
an open set U C R" and for a suitable positive constant . If x € R" and hy < hy
are such that exp(hY)(x) € U for any h € (hy, hy), then

flexp(tY)(x)) = f(exp(sY)(x)) +1(t —s) foranyt,s € (hy, hy) withs < t.

In particular, if there exists t € (hy, hy) such that f(exp(tY)(x)) = 0, then such a
t is unique.

Proof. Up to a smooth change of coordinates (see also the proof of Proposition 4.1,
where a similar argument is used) we may assume that there exists a neighbour-
hood V. C U of the compact set {exp(hY)(x) : h € [s,t]} suchthat Y = ¢, =
,...,0,1) on V. Therefore, for any & € [s,t] we have x;, := exp(hY)(x) =
xs + (h — s)ey.

For k € N let y € C2°(A(xs, 1)) be such that y > 0 and [y dL" = 1.
For any h € [s, t] define 1,k (y) := Vi (y — (h — $)ey). If k is large enough, then
T, ¥ has support in V for any & € [s, t]. Clearly, as k — oo the functions 7,y
converge to the Dirac delta at x;.

Since the inequality dx, f > [ holds in the sense of distributions on V, by the
continuity of f we have

S = flxg) = lim. (/me/fkdﬁ” —/me/fkdﬁ”)

4 )
=kll>n;o i E(/Vfrhl//kdﬁ)dh
t
— lim (— / F0) 2%y ey dy) dh
\%

k—o0 Jg 9xy,
t
> lim / l/ Yy —tey)dydh = l(s —t)
k—oo Jg 1%

and the lemma follows. O
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2.3. Functions with bounded X-variation and X -perimeter

The space of functions with bounded X-variation has been considered in several
papers, see e.g. [14,16,24,31,39]. If ¢ = (g1,...,8m) € CC1 (2; R™) we set
divy g := Z’;?:l X 7 gj» where X j‘ is the formal adjoint operator of X ; given by

n a l
Xy =Y %(x) Vi € CHRY)

1

i=1

and where we have set X ;(x) = (a1;(x),...,a,;j(x)). Notice that the m-vector
function g can be canonically identified with a section of the horizontal bundle,
namely g1 X1+ -+ guXm-

Definition 2.3. Let 2 be an open subset of R”; we say that u € L'(Q) has bounded
X-variation in Q if

1 Xu|(Q) := sup{/gudivxgdﬁn cg e CHQRM), |g] < 1} (2.2)

is finite. The space of functions with bounded X-variation in 2 is denoted by
BVx(£2).

It is well known that u belongs to BVx(2) if and only if Xu is represented by a
Radon vector measure u = (i1, ..., i) on 2 with finite total variation. More-
over, the measure | Xu| coincides with the total variation' |x| of u and there exists
a | Xu|-measurable function o, : Q@ — $”~! such that © = Xu = 0,,|Xu| and

m
/udivxgdﬁnz—Z/gjduj=—/(g,<7u)d|xu|
Q =iJe Q

forallg e C Cl (2, R™). The space BVx(2) is a Banach space when endowed with
the norm

lullBvy (@) = llullp1(q) + [Xul(€2).
We also introduce the Sobolev space W)l(’1 (£2) as the space of those functions u €
LY(Q) such that Xu is represented by a function in LY(Q, R™). Tt is a Banach space
if endowed with the norm

||M||W)1(.1(Q) = ullpr ) + I Xullpyg)

and, clearly, W)I(’I(Q) C BVx(2).

1 Recall that the total variation of y is defined by

|1l (A) = sup(52 | (A - A = U; A, Ai disjoint).
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It follows from (2.2) that the total X-variation on open sets is lower semicon-
tinuous with respect to the Ll—convergence, ie., if u,ur € L'(Q) are such that
ur — uin L1(Q), then

|Xu|(R2) < liminf | Xug|(Q).
k—o00

We will say that a sequence (uy)x C BVx(R2) strictly converges tou € BVx(Q2) if
up — uin LY(Q) and  |Xugl(Q) = | Xu|().

It was proved in [31,39] that u € L'(€2) has bounded X-variation in 2 if and only
if there exists a sequence (ug)r C C°°(2) N BVx(L2) such that uy — u strictly.

Strict convergence guarantees upper semicontinuity of the total X-variation on
closed sets; actually, under some additional assumption it provides also the conti-
nuity of the total X-variation on open sets, as stated in the following lemma.

Lemma 2.4. Let Q C R” be open and u, uy, € BVx(Q2) (k € N) such that
up — win LY Q) and | Xup|() — | Xu|(Q)

as k — oo. Then, for any relatively closed set C C 2 (i.e., if 2\ C is open) we
have
| Xu|(C) = limsup | Xug|(C) .

k— o0

Moreover, if U C Q2 is an open set such that | Xu|(QU) = 0 we have
| Xu|(U) = lim |Xui|(U).
k—o00

Proof. We have
lim sup | X ug |(C) =limsup[|Xuk|(Q) — | Xug|(2\ C)]

k—o00 k— 00

=|Xu|(2) —l}cminleukl(Q\C)
—00
SIXul () — [Xul(R\C) = [Xu|(C)
and the first part of the statement is proved. Thus, if | Xu|(dU) = 0 we get also
|Xu|(U) = | Xu|(UNK) > limsup | Xur|(UNK) > 1}(minf|Xuk|(U) = | Xu|(U)
— 0

k—o00

and the proof is accomplished. O

It is convenient to introduce also the notion of weak™ convergence in BVy. A
sequence (ug)r weakly* convergestou € BVx(Q) if uy — u in LY(Q) and (Xup)
weakly™ converges to Xu in €2, i.e.,

lim ndXuy = / ndXu foranyn e Co(£2)
Q Q

k—o00

where Cq(£2) is the closure of C?(Q) in the sup norm.
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As the following result shows, strict convergence implies weak® convergence. We
use the standard notation Cj,(€2) to denote the vector space of continuous and
bounded real functions on €.

Lemma 2.5. Assume that u,u;, € BVx(Q) are such that uy — u in L'(Q) and
| Xup|(R2) — | Xu|(2). Then

lim ndXeuy = / ndXeu foranyne Cp(Qandl=1,...,m. (2.3)
Q Q

k—o00

Proof. We follow the proof of [2, Proposition 3.15] and prove, more generally, that
for any continuous and positively 1-homogeneous function F : R” — R it holds

lim / HF(Uuk)d|XMk|:/ nF(o,)d|Xeul VneCp(2),=1,...,m.
k—oo Jo Q

2.4)
Equality (2.3) follows on choosing F(oy, ..., op) = 0.
Possibly splitting F in positive and negative part we can assume with no loss of
generality that F > 0. By [2, Proposition 1.80] we obtain that

1im/nd|Xuk|=/ nd|Xu| foranyn e Co(R2).
k—o0 Jo Q

In particular, we can apply Reshetnyak continuity theorem (see [2, Theorem 2.39])
to get

lim F(auk)leuk|=/ F(o,) d|Xu|.
k—oo Jo Q

More generally: for any Q' C € such that | Xu|(d2") = 0, we have by Lemma 2.4
that | Xu|(Q) — |Xu|(R') and, reasoning as before, we obtain

lim F(auk)leuk|=/ F(o,) d|Xu|.
Q/

k—o0o Jor
Taking into account that any open set ' C 2 can be approximated from inside by
a sequence (£2),);, of open sets with [ Xu|(d€2)) = 0, we get

liminf/ F(ouk)d|xuk|>/ F(o,) d|Xul
k—oo Jor Q

and (2.4) follows from [2, Proposition 1.80]. [

Following the classical approach to sets of finite perimeter a la Caccioppoli-De
Giorgi, as in [16,30,31,39] we define the X -perimeter measure |0 E|x of a measur-
able set E C R”" as the X-variation of its characteristic function xg. Namely, for
any open set 2 C R” we define

I0E|x(Q) = sup{/EdivX gdl": g e CHQ,R™), |g| < 1} .
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Clearly, E has finite X-perimeter in Q if and only if xg € BVx(£2). Open sets with
smooth boundary have locally finite X-perimeter and representation formulae for
the associated measure are available, see e.g. [16,31,44]. Notice that the measure
|0 E|x is invariant under modifications of E on L£"-negligible sets and that |0 E|x =
BR" \ E)|x.

If E has finite perimeter in €2, then the |0 E|x-measurable function vg = o, :
Q — §" ! satisfies

/ divygdl" = —f (g, vE)d|OE|x forany g € CCI(Q,]R’").
E Q

The map v is called horizontal inward normal to E.
The following coarea formula, which will be used extensively throughout the
paper, was proved in [50].

Theorem 2.6. Suppose that the vector fields X1, ..., Xy satisfy assumption (2.1).
Let f : R" — R be Lipschitz continuous with respect to d and let u : R" —
[0, +o0] be L"-measurable. Then

+o00
/ u(OIXF ()] dx =/ / wd|dE, |x ds,
R —o0 Jif=s)
where Eg :={f < s}.

2.4. Regular surfaces in CC spaces

Intrinsic regular surfaces have been introduced in [22,33,35], in different settings,
as noncritical level set of C )1( functions. We say that S C R” is a X-regular surface

if for any x € § there exist a neighbourhood U and f € C )1( (U) such that
SNU ={f =0} and Xf #0onU.

A Euclidean smooth hypersurface ¥ is X-regular provided it contains no charac-
teristic points, i.e. points x € ¥ such that

span(X(x), ..., X;u(x)) C Tan, X

where Tan, X denotes the Euclidean tangent hyperplane to X at x. On the contrary,
genuine X-regular surfaces can be very far from being Euclidean regular, as they
may have a fractal behaviour (see [42]). The importance of X-regular surfaces
arises evident in the theory of rectifiability (see [33]). The problem of the intrinsic
measure of surfaces in CC spaces has been attacked in several papers like [3, 16,
22,44,45,50], but this list is surely incomplete. Clearly, X-regular surfaces are
X-Lipschitz according to Definition 1.1.

We will say that an open set 2 C R" is a X-regular domain if for any x € 9<2 there
exist a neighbourhood U and a function f € C )1((U ) such that

e QNU ={f>0lor2NU ={f <0}
e Xf#0onU.
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3. X-Lipschitz surfaces and intrinsic Lipschitz graphs in Carnot groups

A Carnot group G of step k (see e.g.[15,28,29,43,53,56,57,59]) is a n-dimensional
connected and simply connected Lie group whose Lie algebra g admits a step «
stratification, i.e., there exist linear subspaces Vi, ..., V, C g such that

g=V1®---®Ve, [Vi,Vil=Vig1, Ve #{0}, [V,Vil={0}, (G.D

where [V}, V;] is the subspace of g generated by the commutators [X, Y] with X €
Viand Y € V;.
Let m; := dim(V;), nj == my +---4+m; (i = 1,...,«) and ng = 0; clearly,

n, = n. Choose a basis vy, ..., v, of g adapted to the stratification, that is, such
that

Un;_14+1,..., Uy iSabasisof V; foranyi =1,..., k.
Let (X1, ..., X;) be the family of left invariant vector fields such that X;(0) =

v;. By (3.1), the family X = (X1, ..., X;) (m := m) Lie generates the whole
algebra g and the Chow-Hormander condition is satisfied. We endow G with the CC
structure induced by X; in this way, G is an equiregular CC space (see Section 4.2).
The homogeneous dimension of G is Q = ) ;_, im; and this integer coincides
with the Hausdorff dimension of the CC space G (see [48]).

The exponential map is a diffeomorphism from g onto G, i.e. any x € G
can be written in a unique way as x = exp(x1X; + --- + x,X,,). Using these
exponential coordinates, we identify x € G with the n-tuple (xy,...,x,) € R”
and, accordingly, G with R”. In this way, the group identity is the origin of R”
and the Haar measure of G is the Lebesgue measure £". The explicit expression of
the group operation, which we denote by -, is determined by the Baker-Campbell-
Hausdorff formula and, in exponential coordinates, takes the form

x-y=x+y+Q0(x,y)

for suitable polynomial functions Qg, ..., Q. It is well known that Q;(x, y) =
0 for any i = 1,...,m, i.e., the group operation is commutative in the first m
coordinates.

Recall that G is endowed with a one-parameter family (8,),~¢ of dilations
which, in exponential coordinates, read as

S (X1, s Xn) = (rxy, .78 Oxi oy,

where, fori = 1,...,n, d(i) is defined by X; € Vy;). A function f : G — Ris
homogeneous of degree d (briefly: d-homogeneous) if f 08, = r¢ f forany r > 0.
If f is d-homogeneous and C! regular, then X f is (d — 1)-homogeneous.

Let us introduce the pseudo-norm

n 1/Q
Ixlle = <Z |x,~|Q/d<l>> . x=@1..., %) €G.
i=1
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The map x — ||x||g is 1-homogeneous, continuous on G and of class C ! on the
open set G \ {0} because Q/d(i) > 1. Consequently, there exists ¢ > 0 such that

1
—x"yllg <dx,y) <cllx”'-ylg foranyx,y e G. (3.2)
C

The set W := exp(span {X>, ..., X,;}) is a normal, 1-codimensional maximal sub-
group of G. For any x € G, there exists a unique xyy € W such that x =
xyy - x1eq, where for h € R we set he; := (h,0,...,0) € G. Clearly, one has
xw = x - (—x1e1) = exp(—x1 X1)(x). We also point out that

x-se; = exp(sX1)(x) forany x € G,s € R.

For o > 0, the homogeneous open cone C, along X of center 0 and aperture 1/«
is defined as
Co={x €G:xl>alrwlc};

we also introduce
Chi={xeCy:x1>0}.

Let o C W and ¢ : @ — R, the intrinsic graph (along X) of ¢ is the image
®(w) C G of the map

D(y) ==y -p(yey, YyEw. (3.3)

In a similar way it is possible to define intrinsic graphs along any vector field X ;,
Jj € {l,...,m}. It turns out that, if S C G is an intrinsic graph along X ;, then for
any x € G the left translation x - S is an intrinsic graph along X ;. Without loss
of generality, however, here and in the following we will treat only intrinsic graphs
along X . For more details, see [37].

According to [5,36,38], we say that ¢ is intrinsic Lipschitz (and that ® (w) is
an intrinsic Lipschitz graph) if there exists « > 0 such that

) Nx-Cy={x} foranyx e ®(w). (3.4)

The Lipschitz constant of ¢ is defined as the infimum among all positive o > 0 for
which (3.4) is satisfied.

The main result of this section is the equivalence between the notion of X-
Lipschitz surfaces and that of intrinsic Lipschitz graphs in the setting of Carnot
groups. To this end, we will need the following preliminary result.

Lemma 3.1. For any a > 0 there exists a Lipschitz function f, : G — R such that
Xify = 1/2L"ae.onG and C) ={xe€G:x =a|xwlc} = {fx =0}.

In particular, dC;} is an X -Lipschitz surface.
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Proof. Let us define

x1 —allxwllc iflxll < 2alxwlle
fu(x) =13 x1/2 if x; > 2alxwlc
3x1/2 if x; < 2allxwl|lg-

The function fy is continuous and dC; = {f, = 0}. Since L"(3Ca4) = 0, by the
continuity of f, it is enough to show that

Xife21/2 and |Xfol SC  onG\0Cx = {x €G: |x1] # 2afxwlc} .
It is easily seen that

Xfo = (1/2,0,...,0) if x; > 2alxwlc
Xfy = (3/2,0,...,0) if x; < —2a|lxwlc.

Moreover, we have
xw = (x - hep)w = (exp(hX)(x))w foranyx € G,h € R,
thus the map x +— ||xw| g is constant along integral lines of X. In particular
Xifax) =1 if |xi| < 2allxwlc.
Defining g : G — R as g(x) := x; — a||xw| g, we are only left to show that
IXgl<C  on{x €G: x| < 2allxwlc}. (3.5)

Taking into account that x — xyy is smooth, that || - ||g is of class ClonG \ {0}
and that

xw=0&x¢el:={x=(,x) eRxR"! =G:x' =0},
we get that g is of class C!' on G \ L. Moreover, g is 1-homogeneous, thus Xg is
0-homogeneous (i.e., invariant under dilations) and continuous on G \ L. Inequality
(3.5) will follow if we prove that
|Xgl<C  ondBO,)N{x eG: x| < 2elxwlc}

The sets L and dB(0, 1) N {x € G : |x1| < 2a|xwllg} are compact and disjoint,
thus they have positive distance and in particular

sup {|Xg(x)| : x € B0, 1), |x1| < 2xfxwllc} < +o0
which allows to conclude. O

We can now prove the main result of this section.



952 DAVIDE VITTONE

Theorem 3.2. A set S C G is an X-Lipschitz surface if and only if S is locally
the intrinsic graph of an intrinsic Lipschitz function defined on an open subset of a
maximal subgroup.

Theorem 3.2 is an easy consequence of the following Proposition 3.3 or, more
precisely, of the fact that the latter could be stated also “replacing” X with a generic
Xj, j =2,...,m. Namely, one could prove that, if § = {f = 0} is the level set
of a Lipschitz function f : U ¢ G — R with U open and X;f > | > 0,
then § is locally an intrinsic Lipschitz graph (defined on an open subset) along X ;.
Viceversa, if S is an intrinsic Lipschitz graph (defined on an open subset) along X ;,
then S is locally the level set of a Lipschitz function f : U C G — R with U open
and X; f > 1> 0.

Given I ¢ W and J C R, we adopt from now on the compact notation [ - J
todenote the set{p-qe1 € G:pel,qg e J}.

Proposition 3.3. Let S C G. The following two statements are equivalent:

(i) for any x € S there exist an open neighbourhood U C G, a Lipschitz function
f:U—>Randl > 0suchthat SNU ={f =0}and X, f =21 L"-a.e. on
U;

(ii) for any X € S there exist an open set o C W, a,b € R and an intrinsic
Lipschitz map ¢ : w — (a,b) suchthatx € U := w-(a,b) and SNU =
D (w), where D is defined as in (3.3).

Proof. Step 1. ())=-(ii).

Let x € S be fixed; up to a left translation, we may assume that x = 0. Up to
a localization argument we can suppose that U is of the form U = o - (—a, a)
for suitable @ > 0 and @ C W open with 0 € w; we can also assume that f is
continuous on U = @ - [—a, a]. Since f(0) = 0, reasoning as in Lemma 2.2 we
have

f(aer) =exp(aX1)(0) = al >0, f(—aey) =exp(—aX1)(0) < —al <0.
Therefore, by the continuity of f we may assume that w is such that
f(y-ae) >0 and f(y-—aey) <0 foranyy € w.

This implies that for any y € w there exists s, € (—a, a) such that f(y - sye) =
exp(syX1)(y) = 0. Such sy is unique by Lemma 2.2 and we can define ¢ : v —
(—a,a) by ¢(y) :=s,. Clearly, SN U = ®(w) where ® : @ — G is defined as
in (3.3).

We claim that ¢ is intrinsic Lipschitz with Lipschitz constant not greater than
o= 2% > 0, where L is the Lipschitz constant of f and ¢ > 0 is as in (3.2).

Letx € ®(w) and x” € x - Cy with x” # x: we have to show that ' g O(w) =
SNU. If x' ¢ U there is nothing to prove; if instead x’ € U N x - Cy, we need



LIPSCHITZ SURFACES AND TRACES OF BV FUNCTIONS IN CC SPACES 953

to show that f(x") # 0. We have x’ = x - pw - p1e; for some py, pw such that
Ip1l = ol pwllg. If p1 > 0, by Lemma 2.2 we get

f&) > f(x-pw)+ip1 = f(x)—Ld(x- pw, x)+Ipy = —Lc|pwllc +Ip1 > 0,

where we have used the Lipschitz continuity of f and the fact that f(x) = 0. Notice
also that Lemma 2.2 could be applied because x - pyy - he; € U for any & € [0, p1],
which in turn is due to

(x - pw - hep)w = (x - pw - pren)w € ®
(x-pw-he)) =x1+h e (x1,p1) C(—a,a).

Similarly, if p; < 0 we have

FO < fee-pw)=lpil < f)+Ld(x-pw, x)=1p1| < Lellpwlc—Ip1l <0

and the claim follows. Notice that the Lipschitz constant of ¢ depends only on /
and the Lipschitz constant L of f.

Step 2. (ii))=(i). Fix « > 0 such that (3.4) holds and let f, be as in Lemma 3.1.
Given y € G let us introduce fy y(x) := fo(y~'-x);in this way y-9C} = {fo.y =
0}. We claim that the map f : G — R defined by

J&) = sup foy(x)

ye@(w)

is Lipschitz continuous with X1 f > 1/2 L"-a.e. and ®(w) = {f = 0} N U. This
would be enough to conclude.
Let us prove our claim. The maps fy,  are uniformly Lipschitz continuous, so
f shares the same Lipschitz continuity. For fixed x € Gande > Olety € ®(w)
be such that
foz,y(x) fx) —e€;

=
since X1 fo,y = 1/2, we have forany 1 > 0
fx-her) 2 fay(x-her) = fay(x)+h/22 f(x) —€+h/2

whence f(x - he;) = f(x) + h/2 forany x € G and 2 > 0. This implies that
X1 f(x) = 1/2for L"-ae. x € G.
Let us prove that ®(w) C {f =0} NU. Letx € ®(w) C U be fixed. For any

y € ®(w),y # x,wehave x & y - Cj and so Ja,y(x) < 0. Since fux(x) =0 we
obtain by definition f(x) = 0, as claimed.

Finally, we prove that { f =0} NU C ®(w) by showing that, if x € U \ ®(w), then
f(x) # 0. Notice that, if x € U \ ®(w), then mw(x) € w and x1 # ¢ (rw(x)). The
conclusion easily follows from Lemma 2.2 and the fact that X f > 1/2: indeed, if
x1 > ¢ (myw(x)) we obtain

f@) =f(exp ((x1 — ¢ rw())X1) (P (rw(x))))
> f(@(rw(x) + (x1 — ¢ (rw(x)))/2 = (x1 — ¢ (mw (x)))/2 > 0
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while if x; < ¢ (7w (x))

S =f(exp ((x1 — @ (rw () X1) (P (mw (x))))
<f(@w(x))) — X1 — ¢ (rw(x))[/2 = —|x1 — P (w(x))|/2 < 0.
This concludes the proof. O

We conclude this section by showing an extension result for intrinsic Lipschitz
graphs; in the Heisenberg group setting this result has already been proved, with a
similar technique, in [38].

Proposition 3.4. Let ¢ : w — R be an intrinsic Lipschitz function defined on a
subset o C W; assume that a > 0 is such that (3.4) holds. Then there exists an
intrinsic Lipschitz map ¢ : W — R such that ¢\, = ¢. Moreover, the Lipschitz

constant of ¢ is not greater than a suitable B = (o).

Proof. The proof is essentially contained in the proof of Proposition 3.3. Fory € G
and f, as in Lemma 3.1 define f, y(x) 1= fqu (y_1 - x) and

f&) = sup foy(x). (3.6)

yed(w)
As before, it is possible to prove that f is Lipschitz (with Lipschitz constant de-
pending only on «) and such that X; f > 1/2 and ®(w) C {f = 0}.

Reasoning as in the proof of Proposition 3.3, Step 1, it is not difficult to check
that {f = 0} is the intrinsic graph of a map ¢ : W — R with ¢, = ¢. As we
noticed, the Lipschitz constant of ¢ can be controlled in terms of / = 1/2 and the
Lipschitz constant of f, i.e., in terms of «. O

Remark 3.5. With the same notation of Proposition 3.4 and its proof: the intrinsic
subgraph of ¢

Eg:={y-sei:ycw,s <o)
is an X-Lipschitz domain. Just check that E7 = {f < 0} for f as in (3.6).

4. X-Lipschitz domains and X-perimeter

4.1. X-perimeter of X-Lipschitz domains

We begin this section by proving an implicit function theorem for X-Lipschitz sur-
faces. As already said in the Introduction, this result is inspired to [22, Theorem
1.1].

Proposition 4.1 (implicit function theorem for X-Lipschitz surfaces). Let S be
an X-Lipschitz surface given as level set, S = {f = 0}, of a Lipschitz function
f:U— R U CR"open, with

X, f>1 L"-a.e. onU

for suitable j € {1,...,m} andl > 0. Then, for any x € S there exist
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an open neighbourhood Q@ C U of x;

an open bounded domain 1 C R*™ ! with0 e I;

a positive real number a;

a diffeomorphism G : I x (—a, a) — Q with G(0) = x;
a continuous function ¢ : I — (—a/2,a/2) with $(0) =0

such that dG_l[Xj] = 0y,, where (s1,...,Sy) are the coordinates of points in
I x (—a,a) c R"! xR, and

G SN ={(. () :yel}. (4.1)

Proof. We complete the family X to asystem X1, ..., X, of vector fields that forms
a basis of R” in a neighbourhood U’" C U of x. Define

G(s1,...,5n):=exp(sp X ) exp(s1 X1+ +s; 1 Xj_1+s; X1+ 521 X)) (x).

The map G is a diffeomorphism from some neighbourhood V' C R” of the origin
to some neighbourhood U” C U’ of x; by definition, G(0) = x and X ; = dG/[d;,].
We may assume that V = [ x (—a, a) for some I and a as in the statement. Set
Q:=G(V). _ _

Let us define the continuous map f := f oG : V — R; we have f(0) =
f(x) =0and asnf =(X;jf)oG >=1>0ae. onV.ByLemma 2.2 we have

f©,...,0,a/2) >al/2>0 and f(0,...,0,—a/2) < —al/2 <O.
Possibly restricting 7, by the continuity of f we may assume that

f(y, —a/2) <0 < f(y,a/Z) forany y e I.

By the continuity of f and Lemma 2.2, for any y € I there exists a unique ¢(y) €
(—a/2,a/2) such that f(y, (y)) = 0. This gives (4.1).

Finally, the continuity of ¢ follows from that of f : indeed, forany y €  and € > 0
we have by Lemma 2.2

FO. () —e) < —el <0<el < f(y,p(y) +6€)

thus there exists § > 0 such that

FOLe() —€) <0< f(Y,¢(y) +e) foranyy el with|y —y'| <35.

This gives ¢ (y) — € < ¢(y') < ¢(y) + € for any such y’ and proves the continuity
of ¢. O

For X-regular surfaces, the parameterizing map ¢ was introduced in [33] (in
the setting of the Heisenberg group), [35] (in Carnot groups) and [22] (in the general
framework of CC spaces). The problem of the optimal regularity of ¢ is a delicate
matter even for X-regular surfaces, see [3,12,13,22].

A first consequence of Proposition 4.1 is the fact that X-Lipschitz surfaces
have null Lebesgue measure.
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Corollary 4.2. Let S be as in Proposition 4.1; then L"(S) = 0. In particular, any
X-Lipschitz surface has null Lebesgue measure.

Proof. Ttis enough to prove that for any x € S there exists a neighbourhood Q such
that £(S N Q) = 0. Let then x € S be fixed and Q and G be given by Proposition
4.1. By (4.1) we have £"(G~'(SNQ)) =0 and this gives £*(SNQ) =0. O

The following two technical results will be extensively used in the sequel:
roughly speaking, they allow to choose the defining function of X-Lipschitz or
X-regular domains “as smooth as possible”. As already done in the proof of Propo-
sition 4.1, we hereafter agree to use a tilde to denote functions, sets, etc., when
they are considered not in the CC space R” but in the coordinates given by Propo-
sition 4.1.

Lemma 4.3. An open set Q@ C R" is an X-Lipschitz domain if and only if for any
X € 0K there exist a neighbourhood U, a Lipschitz function f : U — R and
jel{l,....m}suchthat QNU ={f >0}or QNU ={f <0} and

feC®U\IQ)  and Jnf Xjf > 0.

Proof. One implication is clear: if €2 is such that for any x € 92 we can find U, f, j
as in the statement, then €2 is an X-Lipschitz domain because of Corollary 4.2.

In order to prove the reverse implication, we assume that €2 is X-Lipschitz.
Given x € 9% there exist an open neighbourhood Uy C R”, a Lipschitz function
fo:Up— R, >0and j € {l,...,m}such that

QNUy={fo>0lorQNUy={fo <0} and Xjfo=1L"-ae onlp.

Let Q, I, a, G be given by Proposition 4.1 (aEplied to S = 9dQNU and with fy and
Uy in place, respectively, of f and U). Set fo := foo G : [ x (—a,a) — R and
Wi :={lfol > 1/k},k > 1, so that

Wit {fo #0) = (I x (—a.@))\G~'(0QN Q).

Let I’ € I be a fixed open set and define V := I’ x (—=a/2,a/2). One can fix
functions n € C2°(Wi2 \ W) such that

o0
0< <1l and e =1lonVN{f #0}. 4.2)

k=0
We fix a smooth mollification kernel K supported in the Euclidean unit ball
2(0,1) C R" and set K.(z) := ¢ "K(z/¢). If ¢ is smaller than the Euclidean

distance between sptn and 9 (Wi2 \Wk), then the function uy : I x (—a,a) — R
defined by

up(s) :=mx fo)*Kek(s) if the Euclidean distance between s and spt 7y is less than €
ur = 0 otherwise
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is of class C>°. We define f : V — R by

f_ Zk 0 Uk OnVﬂ{f();ﬁO}
onVN{fo=0=VNGlaNnQ9).

Notice that the summation is locally finite, whence f is of class C* on V N { fo #
0}. We claim that, possibly restricting €, I’ and a, the statement of the lemma
is fulfilled by U := G(V) and f := fo G~ ! : U — R. To begin with, the
C°°-smoothness of f on U \ 9<2 is straightforward.

Stepl. QNU ={f >0lorQNU ={f <0}.
It will be enough to show that

VN{fo>0=VN{f>0 and VN{fo<0=VN{f<0}. (43)
Notice that Wy is the disjoint union of the two open sets WkJr = { fo > 1/k} and
. = {fo < —1/k}. Thus we have
J— _+ _ —_—
Wi \ Wi = (Wi, \ W) U (W, \ Wy)
and our choice of ¢; gives

ifs € W, \ Wy, thenuy >0
ifs € W, \ Wy, thenuy <0
This implies that

f>0o0n{fp>0} and f <Oon{f <O0}. (4.4)

Due to (4.2), forany s € V \ {fg = 0} there exists k > 1 such that ng(s) > 0. This
givess € VN Wi, \W,; and
+

\ Wi
k+2 .5)
ug(s) <0ifs e VN E+2\W,;.

ug(s) >0ifs e VN Ww

By (4.4) and (4.5), if s € V we have
fo(s) >0 f(s) >0 and fo(s) <0< f(s) <0
which is (4.3).

Step 2. f is continuous on U. _
It is enough to show that f is continuous on V. Since f is clearly continuous on
{ fo # 0}, it suffices to show that forany so e VN {fyp =0} =V N G l'OAQNn Q)

lim  f(s)=0=f(s).

§—> 5
SGVﬂ{fo#O}
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If sg — so, (sp)e C VN {fo # 0}, we have s, € Wi, 41 \W—k@ with ky — o0;
therefore, it will be enough to show that

1 -
/1< + =1 O Wern\ We. (4.6)

Since spt ny C W42 \ Wi we have

»|~

lug ()] < / k(s — h) | fols — h)| K¢ (h)ydL"(h) <
B(0,¢x)

Inequality (4.6) follows because f = up + ug—1 on Wiy \ W

Step 3. f is Lipschitz on U.

We claim that, if each ¢ is small enough, then |X f | is bounded on V, where
foranyi =1,...,mweset X; :=dG~ 1[X]andX X1,..., m) This would
imply that | X f | is uniformly bounded on U and, in turn, that f is locally Lipschitz
continuous on U. The Lipschitz continuity of f on U follows up to restricting /
and a.

Write X; = >4_, b}y, for suitable smooth coefficients b} : I x (—a, a) — R.
Forany k € Nandi =1, ..., m it is (see also [40, Lemma 2.6] and [32])

)?iuk = (i,(nkﬁ))) * K¢, + R]i onV

where for s € V we have defined

. 1
R (s) := ;/R [nk(s + exh) fo(s + exh) Z Bu

MMWASM:JHG+QM—H@»KM)Wﬂwe
ang

ab!
(s, h) —ek—(s + &) K (h) + (bl (s + exh) — b[(s))—(h)

b}
=¢; |:—(s)K(h) + (Vbz(s) h) (h) + O(ek)]
thus

. ab!
Ri(s) = /R ﬂk(5+6kh)f0(s+€kh)2|: S:f ()K (h)
; K
+(Vby(s), h) —(h) + 0(ek)] dh
dhy

= le(S)fO(S)/ Z[ 0% )k (i

+(Vb(s), h) = oK (h)} dh +o(1) + O(er)

=o(l) + O(&)
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where the last equality follows because the integral on (0, 1) is null due to an
integration by parts. Notice also that, as €y — 0, the quantity o(1) is uniform in
s € V due to the uniform continuity of 1 fo. Therefore, if ¢ is small enough we
may assume |R,i(s)| <2 %on V.

Recall that u is supported in Wy \ Wy, thus

Xif= (gi(nkﬁ)))*Kek"‘R]i“‘(gi(nk+lﬁ)))*K6k+1+R1i+1 on VOWiyo\ Wiyt
“4.7)

whence

X F1 < WX f0) * Kep + (Xi i1 J0)) # Koy | +217%

|(fo Xime) * Keg + (fo Ximes1) * Key, |

+ [k Xi fo) % Keo| 11 Xi fo) % Koy, 14217 on VAW 42\ Wi

<
<

Since nx + k41 = lon VN Wk+2 \ Wi41, we have
(fo Ximk) % Ke, + (fo Ximks1) * Kepyy —> foXiO 4+ mie) =0 (4.8)

uniformly on V N WHQ \ Wit as €, €x+1 — 0. Therefore, if €; and €;1 are
sufficiently small we have

X, £1 < 20X follLevy + 2275 < 20X foll Loy + 227 in VN Wiga \ Wigd

and our claim is proved.

Step 4: lnfU\dQ X; f > 0
It is enough to estimate X; f from below on V \ G~'(0QN Q) =V N {fo # 0};
notice that Rk = 0 for any k because XJ =(0,...,0,1). We have

gj]; = ax,,f = Zl(c)io(foasn nk)*Kek+Zzio (nkasnf())*Kek onV N {fO # 0}.

Reasoning as in (4.8) we may choose each € so small that for any k

|(fo 9sumk) * Kep + (fo Osymicr1) * Ky | <174

Since for any k

(o]
‘ Z (f0 35, mk) % Kep | = 1(fo 95, mic) % Ky +(fo g, Mt 1) % Ky | 00 VAW io\ Wiy g
k=0
we obtain
~ o0 [e.¢]
X; f Z nkasnfO * Kek ‘Z fO s,,’]k) * Kek
k=0 =0
oo ~
21 O Ke) —1/4 on V N {fo #0}.

k=0
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By (4. 2) we have Zk ok * K¢) = 1/2 provided the €;’s are small enough,
whence X ; f [/4onV N {fo # 0}, as desired. O

In case €2 is not only X-Lipschitz but also X-regular, Lemma 4.3 can be refined
as follows.

Lemma 4.4. An open set Q@ C R" is an X-regular domain if and only if for any
x € 0K there exist a neighbourhood U and a function f : U — R such that
QNU={f>0orQNU ={f <0} and

feCk)NC®W\ Q) and Xf #0onU.

Proof. As in Lemma 4.3, one implication is clear. For the reverse one, we assume
that 2 is X-regular and namely that for any x € d<2 there exists a neighbourhood
Up and fy € Cy(Up) such that

QNUy={fo>0orQNUy={fo <0} and Xfyg#OonU.

Up to restricting Uy and possibly changing the sign of f, we may assume that there
exists j € {1,...,m} such that X ; fo > [ on Uy for a suitable / > 0. We can then
follow the proof of Lemma 4.3 and define in the same way

fB!GigcU07§i7§7Wk’V?nk7€k9f7f7U‘

We have only to check that Xf is continuogs on U, i.e., that X f exists and is
continuous on V. Due to the smoothness of £ on V \ G~1(3Q2 N Q), it is enough
to prove that forany so € VNG 1OQN Q) = V N {fy =0}

lim X 7(s) =X folso). 4.9)

55
seV\{fo=0}

Indeed, this would 1mply that X f exists at so and coincides with X fo (so); more-
over, the continuity of X f would be now straightforward.

Reasoning as in (4.7) and (4.8), we may assume that the €;’s are small enough to
have foranyi =1,...,m

1X: f = Xi fol
<I(Xi 0k fo)) * Kep + (Xi (st o)) * K, — Xi fol + IR + RE |
<I(mk Xi fo) * Ke, + (i1 Xi fo) * Key, — Xi fol
+1(fo Xin k) * Ke, + (fo Xﬂ?k+1) * Ky | +217F
<I(me X; fo) * Ke,+ (k41 X; fo) * Key\, — Xi fol #2575 on VN Wiga\ Wert.

The continuity of X fo ensures that

(i Xi fo) % Ke, + (k1 Xi fo) % Key,y — Xifo  uniformly on V N Wiio \ Wit
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as €, €x+1 — 0. Therefore we may assume that
1Xi f — Xifol <227Fon VA Wigo \ Wiqr -

Using the continuity of X fo and the fact that, if s — sp and sy € V' \ { fo = 0} then
s¢ € VN Wi,2 \ Wi 41 with k, — oo, we get that for any so € VNG~1(0QN Q)
it holds . .
Jim X7 = X fotso)| =0.
seV\{fo=0}

Equality (4.9) follows and the proof is concluded. O

We can now prove that X-Lipschitz domains have locally finite X-perimeter.
Theorem 1.2 will follow quite easily from the next result, where we provide an
explicit representation formula for the X-perimeter in the local coordinates given
by Proposition 4.1. Similar formulae have been obtained for X-regular surfaces
in [3,22,33,35].

Proposition 4.5. Let S be an X-Lipschitz surface given as level set S = {f = 0}
of a Lipschitz function f : U — R, U C R" open, such that f € C*°(U \ S) and

l;:li]r{ngf>0 for a suitable j € {1,...,m}.

Let x € Sand Q = {f > 0} C U. Then the open neighbourhood Q@ C U of x
given by Proposition 4.1 can be chosen so that

1 [9QIxL O = (G o ®)(p L™ 'L 1) (4.10)

for a suitable p € L*°(I,R™). Here I, a, G, ¢ are as in Proposition 4.1 and ® is
the map defined by I 3 y — ®(y) := (y,¢(y)) € I x (—a/2,a/2).
In particular

10QIxL Q = (G o ®)4(|pIL 'L 1) (4.11)

and |02 x (Q) < 0.

Proof. Let us define fi=foG:Ix(—a,a) — Rand Q:=6"1QnQ) =
{f > 0}. We also set

Q:={f>€ and Q:=G'(QNQ) ={f>e}.
Since Jg, f = (X f) oG = I, the classical implicit function theorem ensures
that (possibly restricting I) for small enough € > 0 there exists a smooth map

¢c : I — (—a, a) such that

(f=e)={0,¢():yel}.
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Since 95, f > 1> 0 we have that  and . are the epigraphs of ¢, ¢.:

={(s1,...,80) €I X (—a,a) : s, > d(S1,...,5-1)}

e =1{(1,...,80) €I X (=a,a) : sy > e(s1, ..., Sn—1)}. (4.12)

LN

Moreover, ¢, > ¢s > 0 for any € > § > 0. For any y € I we have by Lemma 2.2

e=f(y, ) — f(y, o)
=f(exp((Pe(¥) — d())3s) (7, 9 (1)) — F (1, (1)) = L (y) — $()) > O,

whence ¢, — ¢ uniformly on /.
Letg e CC1 (Q, R™) be fixed; since 92 is smooth we have

—/ divygdL" = — lim / divygdL" = lim / (nQE, ZZZ:I gka)d'H”_l R
Q e 082

e—0 e—0
(4.13)
where ng,_ is the Euclidean inner normal to d€2.. Taking into account the classical
area formula (see e.g. [55]) we obtain

f (na., Y i) gk Xy)dH"! :/ (nac, Yre ) gk Xk)dH™!
GloH QN2 (4.14)

=/;;§ (ngzE oG, (Z?:l gka) o G) |detJG|Tan 3§€| dH"! R

where J G|, 55, denotes the Jacobian matrix of G restricted to the tangent plane
Tan 9 10 3%. If § := g 0 G and Xy := dG [ Xy], then

S geXk = dGIY P, & Xl = dGLY +( Y5 & Xe. ng Jng ] on 88

for a suitable Y € Tan 8§~26 = né-, ng. being the Euclidean inner normal to 8§~2€.

In particular (ng, o G, dG[Y]) = 0 (because dG[Y] € Tan 9€2,) and so

(ng. 0 G, (X4 8cXk) 0 G) =(ng, 0 G, dG[Y]+dG[( Y}, & Xr. ng )ng. )

=(30" | & Xk, ng )ng. o G,dGlng 1) on 9.

From (4.14) one obtains

[ o s i arer

€

= fa . (Y 38Xk ng )ng, 0 G, dGlng 1) |det JG 1y s | dH"™1 (4.15)

=f~ (S0 & Xy. ng,) | det JG| dH"™!
082
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where we have also used the fact that (ng, o G, d G[”fze]) > 0, this inequality
holding because ng. points inward 56 and thus d G[ngzg] points inward €.

Let &, : I — 8?26 be the parametrization of 8?26 defined by ®.(y) =
(¥, 9 (¥)); clearly, @, — @ uniformly on /. By (4.12) we have

vf (=Voe, 1)
ng ode=——o0d =———= onl (4.16)
IV £l V14 Ve ?
whence
35, f 1 VT V|2 1
— 0P, = —— ie, — = ——— onl. (4.17)
IV £l V14|V ? IVFlo®  (X;f)od.

From (4.15), (4.16), (4.17) and the area formula we obtain
[ e S g vt
Qe

/ (Z&(Xk, > |detJG|> \/mdﬁn_l
/,<Zg"'de”G| k?) o ® dL"!.

]

and, recalling (4.13), we end up with

—/ divyg dL" = lim (go<I>€,<|detJG| )od>6>d£n_1, (4.18)
Q e—=0 )1

>
~.
~

The functions

Xf
Pe = |detJG|~—~ che
Xjf

are uniformly bounded in L°°(Z, R™) and, up to subsequences, we have p¢ A p in
Lo°(I,R™) = L'(I, R™)*. Moreover § o & — g o ® uniformly on / and from
(4.18) we get

/(vg,g>d|asz|x =—/ divyg dL"
Q Q
:/(éo@,p)dﬁ”_l =/(goGoCID,,O)d,Cn_1
1 1

forany g € C Cl (Q, R™). Equality (4.10) follows and the proof is concluded. O
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We warn the reader that the notation of Proposition 4.5 will be extensively
utilized throughout the paper. We can now prove one of our main results.

Proof of Theorem 1.2. By Lemma 4.3, for any x € 92 there exist a neighbourhood
U c R”", a Lipschitz function f : U — Rand j € {l,...,m}suchthat QN U =
{f >0torQNU ={f <0} and

C*WU\0aQ), inf X; 0.
feCTUNID, il X;f >

fQNU = {f > 0}, then Proposition 4.5 (applied to S := 92 N U) provides a
neighbourhood @ of x such that [0Q2|x(Q) < +o0. f QNU = {f < 0}, then
Proposition 4.5 provides a neighbourhood Q of x such that |d(R" \ Q)|x(Q) <
+o00. Recalling Corollary 4.2 we have £"(d2) = 0 and thus

192]x(Q) = [IR" \ V)x(Q) = [IR" \ D)[x(Q) < co.

We have proved that for any x € 9 there exists a neighbourhood Q such that
02| x (Q) < +o00 and this concludes the proof. ]

An easy consequence of Theorem 1.2 is the fact that intrinsic Lipschitz sub-
graphs in Carnot groups have locally finite X-perimeter. We use the same notation
of Section 3.

Corollary 4.6. Let o C W be a bounded open set and ¢ : v — R an intrinsic
Lipschitz function. Let Ey :={y -se1 : y € w,s < ¢(y)} be the intrinsic subgraph
of ¢. Then |0Eg|x(w - R) < oo.

Proof. By Proposition 3.4 there exists an intrinsic Lipschitz function ¢:W->R
such that ¢, = ¢. Since ¢ is continuous, ¢ is bounded on w, say a < ¢ < b for
suitable real numbers a, b. Thus we have

10Eg|x(w - R) = |0Eg|x (@ (a, b)) < 00

because Eg = {y-se; : y € W,s < ¢(y)} is an X-Lipschitz domain (see Re-
mark 3.5). O
Some remarks are in order.

Remark 4.7. Using the same notation of Proposition 4.5 and its proof, we explic-
itly notice that, for sufficiently small ¢ > 0, the vector functions p. belong to
L®(I)NC®(I) and

v, 1026 x L Q = (G 0 @ )y(pe L' L. (4.19)

When 92 is also X-regular, it follows from Lemma 4.4 that the function f can
be chosen in the class C*°(U \ S) N C }((U ). This implies that X f is continuous,
whence p. converges locally uniformly on / to the continuous function

.
o= (X detic)) o0 0.
X;f
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In particular, from (4.10) one obtains that the measure theoretic normal is continu-
ous and coincides with the horizontal normal to 92,

Xf

vg = —— |0L2|x-a.e. on 0%2.

|Xf1
Remark 4.8. Using the same notation of Proposition 4.5, it is easily seen that ¢ <
|pe] < C for some positive constants ¢, C independent of €. This implies that
¢ < |p|] < C and, in particular, that a function w belongs to L'OQ N Q,13Lx)
if and only if w o G o ® belongs to L'(1, £ 1). Moreover, a sequence (wg)x
converges to w in L'(dQ N Q, |aQx) if and only if wy 0 G o ® — wo G o ® in
L] (1, En—l)'

Remark 4.9. It is interesting to interpret Propositions 4.1 and 4.5 in the setting of
Carnot groups. Assume S C G is an X-Lipschitz surface and x € S. Without loss
of generality, we may assume that S is the intrinsic Lipschitz graph of ¢ : v — R,
for some w C W open, and that x = 0, whence ¢ (0) = 0. It is easily seen that the
diffeomorphism G provided by Proposition 4.1 takes the form

G:oxR—->G
(¥, h) =y - hey;

in other words, one can take I = o C W = R"~! and the implicit function
provided by Proposition 4.1 is exactly ¢. Moreover, Proposition 4.5 implies that

10Eg]x = ®p(pL" ' Lw)

for a suitable p € L™ (w).
Assume now that § is also X-regular, i.e., S = {f = 0} for some f of class
C )1( with X f > 0. It turns out that det JG = 1 and by Remark 4.7 we recover

_IXfl g
[0Ep|x = leq)#(ﬁ Lw),

which is one of the main results of [35].

4.2. Ahlfors regularity of the X-perimeter for X-Lipschitz domains in equire-
gular CC spaces

Let R” be a CC space whose structure is induced by a family X = (X, ..., X;).
Given x € R" and i € N we define £;(x) as the linear span (at x) of all the
commutators of X1, ..., X, up to order i. We say that (R”, X) is an equiregular
CC space if n; := dim £;(x) does not depend on x and n, = n for some «; we
assume x to be minimal and call it step of the CC space. In particular, rank £, (x) =
n for any x and the Chow-Hormander condition is satisfied together with (2.1). Let
us set also ng := 0 and m; := n; —n;_1, so that m| = m; it is well-known (see [48])
that the Hausdorff dimension of (R", d) is Q := Zle im;.
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It is worth mentioning that the CC distance is locally %—Hblder continuous with
respect to the Euclidean distance in R” (see [52]); namely, for any K € R" there
exists M = M(K) > 0 such that

d(x,x") < M|x — x'|'/* forany x,x" € K.

This fact provides the key tool in the proof of the following result, where we show
that X-Lipschitz surfaces in equiregular spaces are locally (and up to a diffeomor-
phism of the ambient space) graphs of %—Hdlder continuous functions.

Proposition 4.10. Under the same assumptions of Proposition 4.1. If (R", X) is
an equiregular space, then Q, I, a, G, ¢ in Proposition 4.1 can be chosen so that ¢
is %—H(')'lder continuous on 1.

Proof. Let B
Q’IvaaG’(P’fal

be defined as in Proposition 4.1 and its proof. Up to a localization argument we
may assume that

d(x,x’y < M|x — x'|V/¥ forany x, x € Q
for some positive M. Let y, y’ € I be fixed; for T € (0, a/2) we have?
FO ¢ +1) = fexp(tds,) (v, d(») = . () + 7l =,

where we have used the inequality 0, f > [ and Lemma 2.2. If L > O is the
Lipschitz constant of f we get

FO o) +1) = F(GK, () + 1))
> f(G(, () +1) — Ld(GK, () + 1), GO, ¢ (y) + 1))

> f(3, 0 +1) —LMI|GO, () + 1) —G(y, ¢ (y) + 1)|/*
>l —LM|VG|Ly -y

If |y — y’| is small enough, in such a way that the number

1/k
_ LM|VG|
7= |y =y

l

is smaller than a /2, we get f(y/, ¢(y)+71)=0,ie,

LM|VG|Y

1/
] ly —y17".

PO <P +T =0+

2 The assumption T < a/2 gives |¢(y) + t| < a for any y € I, so that the following quantities
are well defined.
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A similar argument gives the other inequality
LMIVGIL 1
ey =yl

PO Z () —T =00 — 7

and the proof is accomplished. O

We will need in the sequel a variant of the classical Ball-Box Theorem by
Nagel, Stein and Wainger [52] proved by D. Morbidelli in [51]. Before stating it,
let us introduce some preliminary notation.

Denote by Y1, ..., ¥, a fixed enumeration of all the commutators of the vec-
tors X1, ..., X, of length at most «; let d(Yy) € {1, ..., «} denote the length of
the commutator Y;. We will need the notion of “almost exponential” map, exp™*,
introduced in [51], to which we refer for the precise definition. Here we only recall
that

e for any z € R” there exists tp = #y(z) > 0 such that (-1, %) > t —
exp*(tYy)(z) € R”" defines a piecewise smooth horizontal curve. Moreover,
to = t9(z) is continuous with respect to z;

e the map z > exp*(¢Yy)(z) is smooth (when defined);

o if d(Yy) = 1, then exp*(¢Yy)(z) = exp(¢tYy)(2).

Given a multi-index Z = (i, ..., i) € {1, ..., g}", define

d(1) = d(I/il) R d(Yin)
Ar7(z) = det[Y; (2), ..., Y;, (2)]
Ihllz == maxg=i, e/, heR”

,,,,,

and the map
Ez(z, h) :=exp*(h1Y;) exp*(h2Yy,) ... exp*(h,Y;,)(2).

We denote by B(z,r) the set {Ez(z,h) : ||hllz < r}; the sets B(z,r) play the
role of pseudo-balls according to the following result (see [51, Theorem 3.1 and
Lemma 3.3]).

Theorem 4.11. Let K C R" be a compact set; then, there exist positive numbers
F.a, B, B < a < 1, such that the following holds. Forany z € K, r € (0,7) and T
such that

Az @I > 5 maxiag @, (4.20)

one has
(1) if |lhllz < ar, then E7(z, -) is differentiable at h and
1@ < 1IhEz(z. b)| < 4)Az(),

where Jn, E7(z, h) denotes the Jacobian determinant of E7(z, )
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(2) B(z, Br) C B(z,ar) C B(z,r);
(3) Ez(z,-) is one-to-one on {||h||7 < ar}.

Remark 4.12. The precise statement of Theorem 4.11 (2) given in [51] is
B,(z, pr) C B(z,ar) C B(z,r),

where p is a suitable distance defined in [51, p. 217]. Such a distance is equivalent
to the CC distance d and p < d, thus B(z, fr) C B,(z, Br) and our statement
follows.

Theorem 4.11 can be refined in equiregular CC spaces. In this case, in fact, if
z € R" is fixed and r is small enough, inequality (4.20) may hold only if |A7(z)| #
0 and d(Z) is minimal, i.e., d(Z) = Q. Using also the continuity of the A 7’s, it is
not difficult to show that

for any x € R” there exist a bounded open neighbourhood U of
x, a multi-index 7 and ro > O such that d(Z) = Q and (4.20) 4.21)
holds for any z € U and r € (0, rp).

Possibly restricting this number ro, we may assume that it is smaller than the num-
ber 7 provided by Theorem 4.11 (applied to K := U).

We can now prove the Ahlfors regularity of the X-perimeter measure for X-
Lipschitz domains in equiregular CC spaces.

Proof of Theorem 1.3. Let x € 02; due to the compactness of 92, it will be enough
to prove that there exists a suitable neighbourhood A of x such that (1.1) holds for
any z € 0Q N A. LetZ = (iy, ..., iy), U and rq be as in (4.21) and set Z; := Y, ;
up to reordering Z and restricting U we may assume that

Li(z) =span{Z1(2),..., Zy;(z)} foranyz e Uandi =1, ..., k.

In particular, {Zy, ..., Z,;} = {X1, ..., Xin}. Possibly restricting U, by Lemma 4.3
we may assume that there exist a Lipschitz function f : U — Rand j € {1, ..., m}
such that

e QNU={f>0lorQNU ={f <0}
o feC®U\0RQ)and!/ :=infy\yo X; f > 0.

Since [3Q|x = |0(R" \ Q)|x = [d(R" \ Q)|x (because L"(02) = 0), we may
assume without loss of generality that Q N U = {f > 0}. Let Q C U be the open
neighbourhood of x given by Proposition 4.5 (applied to § := 92 N U). We also
define Zy := dG~'[Z]; since it is not restrictive to assume Z; = X, we have
21 = 0y,. Let

1,a,G, ¢, f,Qp

be defined as in Proposition 4.5 and its proof. We also fix an open set I’ € [
and, up to restricting ro, we may assume that B(z,rg) C Q forany z € A :=
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G(I' x (—a/2,a/2)) € Q. Let L be the Lipschitz constant of f and o, B be given
by Theorem 4.11 (applied to K := U). Set

— . ro
7 1= min {,Bro, 41} <rg.
all+ 1)

We claim that (1.1) holds for any z € 92 N A and any r < 7; this would conclude
the proof.

We begin by proving the second inequality in (1.1) for such z,r. We set ; :
I x (—a, a) — I to be the canonical projection and

B (@),1) =GBk r) and BG@),r) =GB r).
Since r/B < ro < 7, by Theorem 4.11 (2) we have
B(z,r) C B(z, §r) C B(z,r0) C Q
whence, on considering the images of these sets under the map 77 o G~!,

71 (B(G™'(2), ) C w1 (B(G™(2), §7) = m1 (G ({Ez(z, b) : |hliz < §r)).
(4.22)
Writing h = (h1, h') € R x R"!, we can decompose the map E7 as E7(z, h) =
exp(h1Z1)E(z, h") where

E7(z,h') = exp*(h2Z3) ... exp*(hnZn)(2) .
Since dG~1[Z1] = dg, we obtain
w1 (G Ez(z, 1)) = 7y (exp(hids,)G ™ (E7(z, b)) = 71 (G (Ex(z, h')))
and from (4.22) one gets

71 (B(G™' (@), 1) Ca (G (B, by« Wiz < §r))

’ n—1 / o (4.23)
=P.({h e R :|hllz < 5rH

where we have set P, := (moG’loE/I)(z, SRV Tand ||B |7 := |10, B) |7
for ' € R*™'. The map Ez(z,-) is differentiable on {||4|lz < ar}; moreover,
E7(-, h) is smooth. Therefore, also

h— G~ o Ez(z, h) = exp(h19,,)G ' (E7(z, b))

is differentiable on {||2||7 < ar} and smooth with respect to z. From Theorem 4.11
(1) we obtain

det G @Iz @I 1T (G o ED) (2, W) <4l det G (D) [Az(2)] if lIhllz < ar
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and, in particular, there exist positive constants C, Cy such that
C; < |]11(G_1 0 E7)(z,h)| < Cp forany h € R" with ||h|l7 < ar.

Notice that 73— (G™! o Ez) = dG™'[Z1] = d,, thus the first row of V;(G™' o
E7)(z, h) (namely, the one corresponding to derivatives with respect to Ap) is
©,...,0,1). It follows that

Ci < |detM(z,h')| < C, forany ' € R" ! with |W'|7 < ar (4.24)

where M (z, h') is the (n — 1) x (n — 1) minor of the Jacobian matrix V,(G~! o
E71)(z, (0, h')) obtained by erasing the first row and the last column (the one corre-
sponding to the n-th coordinate in I x (—a, a)). It is easily seen that

M(z,h') =V (w0 G o Ef)(z,h)) =V P,(h') for any h' e R"™! with |||z <ar
so that C; < Jyy P;(h') < C;. By the area formula
L7 0N BGT (), 1) <L ((B(GT(2), 1))
SLNP IR Nz < §rY) - (by (4.23)
SCOL {1z < §ry) = Cart

and from (4.11) we get
|as2|x(B(z,r>)=/ N pldLm < Car@-!
71 (AQNB(G~(2),r))

as desired.
Let us prove the first inequality in (1.1) forz € 9QN.Aand r < r. Itis enough
to show that for

it holds
P,({W e R"™ . W |z < Csr}) C 11 (0N B(G ™ (2), r)). (4.25)
Indeed, from (4.25) and (4.24) it would follow that
L7 0N BGT (@), 1) =L (P.({IIF Iz < Csr})
>C L {10 |lz < Csr}) = Cer97,

where we have used area formula and the fact, which will be proved later, that P, is
one-to-one on {||4’||z < Csr}. By Remark 4.8

12| x (B(z, 7)) 2/ L lpldL" 1 > Ccr2!
n,(BQﬂB(G*'(z),r))

as desired.



LIPSCHITZ SURFACES AND TRACES OF BV FUNCTIONS IN CC SPACES 971

To prove (4.25), it is sufficient to show the implication

W e R W7 < Csr

, , (4.26)
= 3h; = h1(h") € (—ar, ar) such that E7(z, (h1, h")) € 092;

in fact, from (4.26) one would get the chain of implications

W eR™ K|z < Csr
=Ez(z, (h1, 1)) € 9Q N Bz, ar) (because ||(hy, )|z < ar)
=Ez(z, (h1, 1)) € 92N B(z,r) (by Theorem 4.11 (2))
=G Y (Ez(z, (h1,h"))) € GT'OQN B(z,r) =3Q N B(G (), r)
=P, (h') = 7;(G~(E7(z. h")))
= 71/(G™ (Ez(z. (1. 1)) € 1 (02 N B(G ™' (2), 1))
which is (4.25).
Let us prove (4.26). Fix /€ R*~! with ||/’||z < Csr. By Theorem 4.11 (2)

(which can be applied because Csr < Csi < ro < 7) one gets d(z, E7(z, h')) <

Cs l
=r < arr, whence

| f(EZ(z, DI < |f (@) + Ld(z, E7(z, h")) < alr

because f(z) = 0. Since X; f = Z; f > [ on Q we deduce by Lemma 2.2

F(Ez(z, (ar, k') = f(explar Z1)Ez(z, 1) > f(E7(z, h") +alr >0

f(Ez(z, (—ar, k")) = f(exp(—arZ\)E7(z, h")) < f(EZ(z,h)) —alr <0.
4.27)

Notice that Lemma 2.2 can be applied because for any ¢t € (—ar, ar)
d(z, Ex(z, (t, ') < 1] +d(z, Ep(z, b)) < ar +akr <Fa(l+ 1) <o,

i.e., E7(z, (t,h")) € B(z,rg) C Q for any such ¢.

By (4.27) and the continuity of ¢ > f(Ez(z, (¢, h'))), there exists h; €
(—ar, ar) such that f(Ez(z, (h1, h'))) = 0. This means that E7(z, (h1, h')) € 0Q
and (4.26) follows.

It is only left to prove that P, is one-to-one on {||A'||z < Csr}. Assume not:
then there exist A’ # h” in R"~! such that |#'||z < Csr, |||z < Csr and
P,(h) = P,(h"), i.e.,

G (Ef(z, 1)) = (y,t) and G YEL(z,h") = (y,1")

for suitable y € I and ¢/, t” € (—a, a). We have t' # t” because, due to Theorem
4.11 (3) and the inequality C5 < «, E’I (as well as G™! o E’I) is one-to-one on
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{Il7"|lz < Csr}. Since (y,t") = exp((t' —1")ds,)(y, 1) we have by Lemma 2.2 and
Theorem 4.11 (2)

/ //|

it =" <N FO. 1) = FOo ) < Rd(EL(z, 1), Ef(z, 1))
< Ld(EL(z ), 2) + fd(z, Ef(z, 1)
<

2%% < af.

Thus ||z’ —t”, h")|lz < aF and
E7(z, b)) = exp((t — ") X ))(E7(z, ")) = Ez(z, (' — 1", h"))
which contradicts Theorem 4.11 (3). O

The following result is an immediate consequence of Theorem 1.3.

Corollary 4.13. Let Q2 be an X-Lipschitz domain with compact boundary in an
equiregular CC space (R", X). Then the X -perimeter measure |02|x is doubling,
i.e., there exists C > 0 such that

102 x (B(z, 2r))

< C foranyz €0Q,r > 0.
PRIx (B ¢ e

A second interesting consequence of Theorem 1.3 is the following result, that ob-

viously could be stated for both HdQ_l and S 52 1 we opted for the formulation
with the spherical Hausdorff measure because it is the measure that more naturally
arises when trying to represent the X -perimeter in terms of Hausdorff measures (see
e.g. [21,33-35,44]). A very close result has been proved in [1].

Corollary 4.14. Let Q2 be an X-Lipschitz domain with compact boundary in an
equiregular CC space (R", X). Then there exists C = C(R2) such that

s aa < paly < c8fLaq.
In particular, there exists a S dQ U measurable function 6 : 92 — [%, C1] such that
10Qlx = 6827 L ag.

Proof. The first part of the statement is an immediate consequence of (1.1) and of
classical theorems on densities of measures, see e.g. [55, Theorem 3.2]. The second
part follows from the Radon-Nikodym theorem. O

We conclude this section with two further results that will be useful in the
sequel.

Lemma 4.15. Let Q be an X -Lipschitz domain in an equiregular CC space (R", X)
and x € 0R2. Then there exist positive constants C, R such that

LYQN B(x,r)) = Cr¢ foranyr € (0, R).
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Proof. Let U, T and rp be as in (4.21). Up to restricting U we may find a Lipschitz
function f : U — Rand j € {1, ..., m} such that

e QNU ={f>0lorQNU ={f <0};
o feC®WU\0RQ) and! :=infy\yo X; f > 0.

We assume to fix ideas that Q N U = {f > 0} and give only some hint about
how to adapt the argument to the case 2 N U = {f < 0}. Up to restricting ro we
have B(x,rg) C U. Since d(Z) is minimal we may assume that ¥;, = X, so that
exp*(tY;,) = exp(tX ;).

Let L be the Lipschitz constant of f and « be given by Theorem 4.11 (with
K :=U). Consider r < R :=rp and set § := min{%, %}. We claim that

Ez(x,h) e QN B(x,r) (4.28)

whenever h = (h, h') € RxR"!issuch that |||z := ||(0, h)||z < 8r and h; €
(r/2,3r/4) (f QNU = {f < 0} we should instead consider &, € (—r/2, —3r/4)).
This would be enough to conclude because by Theorem 4.11 (1), (3)

L"(Q N B(x,r)) 2/ |JhEz(x, h)| dL"
{heR™:h €(r/2,3r /4),||h' ||z <5r}

>Ci1Lh e R hy € (r/2,3r/4), |W |7 < ér} = Car€.
Let us prove (4.28). We have E7(x, (0, #")) € B(x, ér) C B(x, 8r/a) and so
d(x,Ez(x,h)) <d(x, Ez(x, (0, "))+ d(Ez(x, (0, h)), exp(h1 X ;) E7(x, (0,h")))
<L 4l <G +dr<r.

Thus E7(x, h) € B(x,rp) C Q and (4.28) follows if we show that f(Ez(x, h)) >
0Gf QNU = {f < 0} one would prove that f(Ez(x, h)) < 0). We have

, or or
JEz(x,(0,1)) 2 f(x) = L— =—-L—,
o o

and by Lemma 2.2 (whose assumptions can be easily checked)
F(Ez(x, h)) =f(exp(hi1X;)Ez(x, (0, "))
> f(Ez(x, (0,1)) +1hy > —L% +15 > 1r/6 > 0.
It follows that Ez(x, h) € QN B(z, r) and (4.28) follows. ]

Lemma 4.16. Let Q2 be an X-Lipschitz domain with compact boundary in an
equiregular CC space (R", X) and p a finite Borel measure in 2. Then

B(x,r)NQ
lim KBEDND o aQly-ae. x € 9.

r—0%t ro-1
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Proof. By virtue of (1.1), it is enough to prove that

w(B(x,r)N Q) _

m —— =0 for [0Q2|x-a.e. x € 0€2.
r—0+ [0Q|x(B(x, 1))

In turn, it is sufficient to show that |02 x (Ax) = O for any k£ € N, where

Ay = 1x €0Q:limsup ———= > —

w(B(x,r)N Q) 1
oot 10Q]x(B(x,r)) k

Let € > O be fixed; by Vitali covering theorem (see e.g. [55, Theorem 3.3]) there
exist (x;) C Ay and r; < € such that

w(B(x,r;) N Q) .
——— > —forany i
10Q[x (B(x,ri))  k

B(x;, r;) are pairwise disjoint and Ay C Ui B(x;, 5r;).

By Theorem 1.3

1

9Q1x (A) <Y 10QIx(Bxi, 5r)) < Y597 arf™!
SERESS |asz|x(B(x,-,ri>)l < 57k p(@nU; B, )
<5977k lu((asz)e)
where (0Q2)¢ 1= {z € Q : d(z,92) < €}. The desired equality [02|x(Ax) = O
now follows because ©((02)¢) — 0 as e — 0. ]
5. Trace theorems for BVy functions on X-Lipschitz domains
The theory of traces for Euclidean BV functions is well established; for a more

general account on this subject, we address the interested reader to [4,46,47] and
the monographs [2,41].

5.1. Existence of traces

We begin this section by proving the existence of traces for BVy functions on X-
Lipschitz domains with compact boundary.

Proof of Theorem 1.4. We claim that for any x € 9% there exist C, > 0 and a
neighbourhood @ = Q, such that the following holds. For any u € BVx(£2) such
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that {u # 0} € Q, there exists Tu € L'(3S, |d€2|x) such that

(1.2) holds for any g € C'(R", R™); (5.1)
Tu=00ndQ\ Q; (5.2)
u — Tu is linear on the vector space {u € BVx(RQ2) : {u £ 0} € Q}; (5.3)
ITullpioq. a0 S CxolXul(€2). (5.4)

This would be enough to conclude. Indeed, since 92 is compact we can find
X1, ..., X4 € 0L, together with the associated neighbourhood Qy, ..., Q4 (Q; =

Q,,), such that Q2 C Uiqz1 Q;. We also consider an open set Qg with Q \
?:1 Q; C Qp € Q. Let (¥;)i—o,... 4 be smooth functions such that

q
Vi €C(Q), 0<yi <1, Y yi=lonQ,
i=0

Thus, for a generic u € BVx(Q2) we have ¥;ju € BVx (), {Yiu # 0} € Q; and
XWiu) = u(Xy¥)L" + ¥ Xu on Q (5.5)

in the sense of distributions. Let g € C'(R", R™) be fixed; our claim implies that
foranyi =1,...,q

/ (Wiu) divyg dL"

§ (5.6)

= —/ Vi (ou, 8) d|Xul —/M(Xllfi,gwﬁn +/ (va, &) T (Yiu) d|oQx
Q Q Q2

while

/Q(I/fou)dingdE" = —/Qwo(au,g)leul —/Qu<Xlﬂo,g)d£"- (.7)

Taking into account that Z?:o Xy¥; = 0on 2, on summing (5.6) (fori =1,...,q)
and (5.7) we obtain (1.2) with Tu := ?:1 T (Yiu).

The linearity of the trace operator T stems from (5.3). As for the boundedness
of T, we have from (5.4) that foranyi =1, ..., ¢

IT Wil 1 o sy < Cxl X Win|(Q) < C, [IXul(@) + lulligy)], (58)
where we have used the fact that, by (5.5) and |;] < 1,
| X (Wi |(2) < I XWilleoellullpr gy + 1 Xul(£2).
From (5.8) it is easy to get the existence of C = C(£2) such that
ITullp1 50,00 < C [|XM|(Q) + ||M||L1(Q)]-

This would conclude the proof.



976 DAVIDE VITTONE

For the reader’s convenience, we divide the proof of the claim into several
steps.

Step 1. Let x € 92 be fixed. By Lemma 4.3, there exist a neighbourhood U = U,,
a Lipschitz function f : U — Rand j € {1, ..., m} such that

e QNU ={f>0lor2NU ={f <0};
o feC®WU\0RQ)and!/ :=infy\go X; f > 0.

We assume that Q N U = {f > 0}; we will treat the case Q N U = {f < 0} later
in Step 3. Let then @, = Q C U be the open neighbourhood given by Proposition
4.5 (applied to S := 92 N U). We will also consider

Iva7 G’¢7¢€7¢7 q)€7 fv 96757 E’ZE’iiyi, /07 106

as in Proposition 4.5 and its proof.

Let u € BVx(2) be such that {u # 0} € Q. We initially work under the
additional assumption u € C®(2 N Q). Let g € C'(R*, R™) be fixed; since 32,
is smooth and Q¢ = {f > €} we have

/udingdE” = lim / udivygdLl"
Q QeNQ

e—0t

—tim (= [ owgar+ [ uwe. g dioely)
e—>0% QeNQ 32:N0

=—/(Xu,g)d£”+ lim [ (it o @) (g o De, pe) AL
Q e—>01 J1

(5.9)
where we havesetit ;== uoG: I X (—a,a) > R, g:=goG: I x(—a,a) > R
and used (4.19). As in Proposition 4.5, we hereafter agree that € is small enough,

so that ¢, is defined on the whole 1.
We claim that

Ve := U o ®, is a Cauchy sequence in Ll(l) ase — 0T, (5.10)

Assume (5.10): then, there would exist v € L'(I) such that ve — v in L'(1) and,
taking into account the uniform convergence ®. — & and the weak-*x convergence

De A p in L*° (I, R™), one would get

lim [ (0 ®e)(3 0 De. po) 4L = / v(G o, p) dL"!
0TI ! (5.11)
:/ Tu (g, vq)d|oQ|x.

19

Here we have used (4.10) and defined Tu € L' (32, |0€2|x) as

Tu — vod loG 1 ondQ2NQ
10 ondQ2\ Q.
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From (5.9) and (5.11) we would achieve

/udivxgdﬁn =—/(Xu,g)d£"+/ (va, &) Tu d|dQ|x
Q Q Q2

and (5.1) would be proved for such u.
Let us prove (5.10). For y € I and 0 < § < € we have

®e(y)

ve(y) —vs(y) = u(y, pe(y)) — u(y, ¢s(y)) = /4) . (05, 1)(y, ) dt . (5.12)
5y

Setting 3
Re:={(y,0):yel,¢(y) <t <¢pe(M}=1{0 < f <€}
from (5.12) we obtain

P _ -
/|ve<y>—vs(y>|dy<f/ %0, t>|drdy</ XaldLn
1 I Jos(y) R (513)
=/ |Xu||detJG_1|d£”<C1/ | Xu|dC".

G(Re) G(Re)

Then, (5.10) follows thanks to the absolute integrability of | Xu| and the fact that
me>0 G(RG) =0.

We observe also that (5.2) and (5.3) are straightforward (of course, the linearity
of T in (5.3) is for the moment understood on the subspace {u € BVx(Q)NC* (2N

Q) : {u #0} € Q}), while

a
ve(y) = —/ (05,u)(y, t)ydt Vyel
Pe(y)

gives the inequality

/|v|d£"—1 = lim [ |v|dC"! </ | Xii| dL"
I e~>0t J1 Ix(—a,a)\Re
=f |Xul|det JG'|dL" < C1| Xu|(Q),
G(Re)

whence (5.4).
Step 2. We now consider the case of a generic function u € BVx(R2) such that
{u #0} € Q. Let us fix a sequence (ur)r C BVx(2) N C*°(2) such that

up — uin L'(Q) and | Xug|(Q) — |Xu|(Q).

It is not restrictive to assume that {u;y # 0} € Q; this is possible because the
approximating sequence (1) is essentially obtained by mollification, see the proof
of [31, Theorem 2.2.2] for more details.
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We claim that (T'uy )i is a Cauchy sequence in L3, |0€2|x). This would be suf-
ficient to conclude: in fact, after setting Tu := L'-limyg_ o0 Tux € L1092, 1092 x),
on passing to the limit as k — oo in the equality

/ukdivxgdﬁn = —/(Xuk,g>dﬁn+/ (va, g) Tux d|0Q2x
Q Q a0

we obtain (5.1). Statements (5.2), (5.3) and (5.4) are straightforward.

Let us prove our claim or, equivalently, that the sequence (vi)i, vx := (Tug) o
G o @, is a Cauchy sequence in LY(I, L7 Y). Setiig ;= ug oG : I x (—a,a) - R
and vk, := iy o O : I — R; recall that vy — vi in L'(I) as ¢ — 0%. From
(5.13) we deduce

/ vk — veel £ < C11Xugl(G(RO)
I

: € .1 re
and, setting v, = fo vk,¢ dt, one gets

1 €
/Ivk—v,ildﬁn1 < —// luk — vkl dt d L™ < C1| Xug|(G(Re)) . (5.14)
I €J1Jo

Therefore
/lvk — vg|d£n_1
I
</|vk—v,§|d£"—1 —l—/lvg—vgld/i"_l +/|v,§—vg|d£"—1 (5.15)
i I I

1 €
<C11Xug|(G(RO)+ c1|Xue|(G<Re))+;f /|vk,t v ldL .
0 I

Taking into account that inf{lp,(y)l :yel, te(, e)} > 0 (see Remark 4.8), by
(4.19) one achieves

1 [€ C € - -
—/ /|Uk,t — g |dL" de <—2/ /Iuk o @, —iig o O o | dL " dt
€Jo JI € Jo JiI

Cy (€
=—/ f g — gl d19y|x di
€ Jo Ja,nQ

€ JG(Ro)

luk —uel|Xf1dL",
(5.16)
where, in the last equality, we have used Theorem 2.6. By (5.15) we obtain
/ vk — vel dL" ™" <ClIXu|(G(Re)) + Ci|Xue|(G(Re))
1
LG
€ JG(Re)

C3
<C1|Xuk|(Ke)+C1|XMz|(Ke)+—/ lug — uel dL"
€ JG(Re)

lug — ue| dL"
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where K. := G(R) N Q2 C onNQ. By Lemma 2.4 we get
limsup/ |vg — vgldﬁ"*l < 2C1|Xu|(Ke) Ve >0. (5.17)
kt—o00 JI

Since QN (), Ke = ¥ we have [, Ke C 0Q N  whence
IXul(Me Ke) < [ Xul(@QNQ) =0
because u = 0 in a neighbourhood of 39 N Q. From (5.17) we get
limsup/ log — ve|dL =0
kl—o0 JI

and our claim follows.
For future references we also observe what follows. If we set v := i1 o D, :
I — Rand 1€ := éfog v;dt, we have

1 [e c
/Ivzi—veldﬁ”1 < —/ /Ivk,l—vfldﬁ”ldt <=2 e —ul |XfldL",
I € Jo JI € JG(Re)

where the second inequality may be justified just like (5.16). This implies that for
any €
vf — v¥in L1(I) ask — oo. (5.18)

Since vy — v in L(I), from (5.14) and (5.18) we obtain as k — oo
/ v —v€|dL" ™ < Ci|1Xu|(Ke) (5.19)
1

where we have used Lemma 2.4 again.

Step 3. We now go back to Step 1 and analyze the case QU = {f < 0}. Set f =
—fand X = (Xy,...,X;1,—X;, Xj41,..., X;»); notice that |0€2]; = |02,
|0€2| ; denoting the perimeter measure of €2 induced by the family X. Then

Q={f>0}, feC®U\dQ) and 1:=Ui{13f9)2,f>0.

Reasoning as in Steps 1 and 2 we can find C > 0 and a neighbourhood Q of x such
that the following holds. Forany u € BVx(£2) = BV (2) with {u # 0} € Q there

exists Tu € L' (3R, 18R 3) = L' (392, |92 x) such that

for any g € C'(R", R™) (5.20)
/udivf(gdﬁ" = —/<&u,g>d|)?u|+/ (P, g)Tu d|dS ¢;
Q Q Q2

Tu=00n0Q\ Q; (5.21)

u — Tu is linear on the vector space {u € BV, (Q2) : {u #0} € Q) (5.22)
ITull 10001, < ClXul(Q). (5.23)
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Here, 6, and g are such that Xu = 6,,|Xu| and X xo = D|0L2 5. Itis easily seen
that | Xu| = | Xu| and

oy = ((Uu)la vy —=(OW)jy s (Uu)m)

ﬁQ = ((VQ)lv e _(VQ)j7 e (VQ)m)a

whence (5.1), (5.2), (5.3) and (5.4) follow (with Tu := f'u), respectively, from
(5.20), (5.21), (5.22) and (5.23). This concludes the proof. ]

Remark 5.1. If u € C°(Q) N BVx(Q), then Tu = uj3q. Using the same notation
of the previous proof, it suffices to notice that 7' (y;u) = Y;ju foranyi =1,...,¢q
because of (5.19).

Remark 5.2. Under the assumptions of Theorem 1.4: the trace operator T is lo-
cal, i.e., if uj,up € BVyx(Q2) are such that u;y = u; on some open set U, then

(Tu)penu = (Tuz)penu-

When @ C R” is an X-Lipschitz domain with compact boundary and u €
L'(R™) is such that

u € BVx(Q) and upmg € BVx(R"\ ),

one can define the “inner” and “outer” traces Ttu, T~ u € L3, |0R2]x) of u on
2%, respectively, as

THu=T%wg), T u:=T"upng).

We denoted by T, TR \5, respectively, the trace operators

T9: BVx(Q) — L'(99, [3Qx)
TRN\C : BV R\ Q) — L'Q®R"\ Q), [9R" \ Q)|x) = L' (32, [3Qx) .

We are going to prove that such a u is actually of bounded X -variation on the whole
R"™; we will also characterize the measure Xu.

Theorem 5.3. Let Q@ C R" be an X-Lipschitz domain with compact boundary and
u € LY(R") such that ue € BVx(R) and Upmg € BVx(R"\ Q). Then u €
BVx(R™) and

XuldQ = (TTu — T~ u)vg|dQ|x (5.24)

In particular, Xu = Xul_ Q + XulL(R"\ Q) + (T u — T~ u)vg|dQ|x.
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Proof. For any g € C, Cl (R*, R™) with |g| < 1 we have by Theorem 1.4 and Corol-
lary 4.2

/ udivygdLl" =/ udivygdL" +/ udivygdL"
n R"NQ R™\Q

=—/ (Gu,g)dIXu|+/ (v, )T u d|3Qx
R"NQ 90

_f _(ou,g)leul—l-/ (v )T "1 d|0Sx
RN\Q a0

:—/ (au,g)d|Xu|+/ (o, gV (T u — T u)d|dQx
R"\0Q aQ

where we have used the fact that vy, g = —va |0€2| x-a.e. This gives (5.24) and
concludes the proof. ]

5.2. Extension of BVy functions
The most part of this section is devoted to the proof of Theorem 1.5.

Proof of Theorem 1.5. Let Qy, ..., Q, be the open sets considered in the proof of
Theorem 1.4. We will prove that, if 6 > 0 and w is such that

sptw C a2 N Q; for a suitable 7,
then there exists u € C®°(Q)N W)l(’ ! (€2) such that (1.3) holds for some C = C; and,

if Q2 is X-regular, (1.4) holds as well. This would be enough to conclude. Indeed,
let w be a generic function in L3, |0€2|x) and consider functions Y¥; such that

q
Yi €CEQ), 0< i <1, ) ¢i=10ndQ,

i=1
Then forany i =1, ..., g we could choose u; € C*°(2) N W)I(’I(Q) such that
n 8 n
Tu; = Yiw, luildL" < 7 | Xui| dL" < CillYiwll L1oe. pary)
Q Q

and (1.3) would follow, with # := u; + - - - + ug and C := sup; C;, because y/; are
nonnegative and thus

lwliziae oy = IWiwliieepex + -+ 1Yewlioe,paly) -

If @ is X-regular, (1.4) follows provided we choose u; such that

/QlXul-ldE” S A+ YiwllLige, sy -
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Step 1. Leti € {1,...,g}and w € L'(39, |dQx) with sptw C Q = Q; be
fixed. Let f, j and [ be as in the proof of Theorem 1.4, Step 1. We first assume that
QN Q={f > 0} and define

~

I,a, G’ ¢’ ¢€a CI), qDé’ f’ Qéa 52’ 56’)?[’ X? 10’ /06

as in the proof of Theorem 1.4, Step 1. By n = n(§, w) € (0, 1) we denote a
suitable constant to be chosen later.

Letv:=woGo® e L'(I)and I’ € I be an open set such that spt v C 1.
If v =0 (i.e., w = 0) it is enough to choose u := 0. If v # 0 we fix a sequence
(v C C°(1) such that

w=0, v —vinL'(J) and sptv C I’ Vk.

We require the following technical assumptions: (vg )y is “rapidly converging”, pre-
cisely

o0
D vk — el gy < (5.25)
k=1

v1 approximates “very well” v in L' (I), so that

/ lur — vllpldL" < (5.26)
1

and
lvell iy < 2lvligiy forany k. (5.27)

We also fix, in a way we will specify along the proof, a decreasing infinitesimal
sequence (tx);. For any k € N we consider a smooth function Ay : [tx+1, k] —
[0, 1] such that

0< h}( < H_in
Tk — Tk41
and
hix = 0in a neighbourhood of #;+1, hr = 1 in a neighbourhood of #; .  (5.28)

Define ii € C®(S2) by

i(p) = {o i i if f(p) > 10
he (f(p) v (1 (p)) + (1= (f (p)) i1 (e () if frgr < f (p) <t

where 17 : I X (—a, a) — I is the canonical projection. We can choose #( so that

sup ¢ (y)| = max{sup |@|, sup [y |} < a/2;
yel’,te(0,1] I I
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this is possible because

¢ < ¢ <y, Vi € (0,10], suplop| <a/2, ¢ — ¢ uniformly on I’
I/

This choice implies sptit C I’ x (—a/2,a/2).

We point out that # = v; o 77 on 8S~2¢k = {f = 1;}: roughly speaking, i is defined
on {41 < f < 1} by interpolation between vi41 o 7 (on 5th+1 = {f = tg41})
and vy o 77 (on 9K2,).

By definition, & is smooth on the open set {f;+1 < f < tx} for any k and, by (5.28),
it coincides with vg o 77 (that is smooth) on a neighbourhood of 8§tk ={ f = i}.
This implies that i € COO(?Z) with & = O out of I’ x (—a/2, a/2) and we can define
u € C*(Q) by

u:=iioG lonQnQ, u:=00n9\ Q.
We are going to prove that (1.3) holds for such u. To begin with, we notice that

Tu = w because
io®, — vin L'(1)
and, since the trace of a smooth function u with support in Q is defined by the L!-

limit of & o @, (see Step 1 in the proof of Theorem 1.4), we get precisely Tu = w.

Step 2. Let us prove that fQ |u| < 8. By the coarea formula, the inclusion € N
sptu C {0 < f < 1} N Q and the inequality | Xf| > [

fo
/udﬁ”:/ udL’”gCl/ u|Xf|£"=C1/ / ud|oS2|xdt
Q QN9 QNO 0 9Q2,NQ

to Io

=C1/ /(a o @) |p|dL "\t < C2/ / lit 0 @, dL" N dt
0 1 0 1
o0

<G Y.
k=0

o0
<Gy
k=0

<4C210||U||L1(1)df,

73
/I (heOlok] + (1 — b)) 4L di

Ty 1

173

/(|Uk| + |veg1) AL dr
1

Tkt

where we also used Remark 4.8, the fact that f o ®; =t and (5.27). The right hand
side is smaller than § provided 7y is small enough.

Step 3. In order to derive the last inequality in (1.3), let us compute the horizontal
derivatives of u. If p is such that #4+; < f(p) < tx we have

X jii(p) = 8s,d(p) = ki (f(p) [k 1 (p)) — v e (p)] X f(p)  (5.29)
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while for £ # j

Xeii(p) =h(f(p)) [ve (1 (p) — vie1 er (p) ] Xe £ (p)
+ hie(f(p) (Vo (er (p)), drer[Xe(p)]) (5.30)
+ (1= hi(F(p)) (Vg1 (i (p)), dr [X e (p)]).

By the smoothness of i, equalities (5.29) and (5.30) hold also if f(p) = # or
f(p) = txy1. In particular

Xii = (h} o f)(vkoms —wr10m)Xf+R on, (5.31)

where R; = 0 and

Re(p) = hie(f(p)) (Vo (1 (p)), drer[ Xe(p)])

N - (5.32)
+ (1 = hie(f (p)) (Vvka1 Grr(p)), dri[Xe(p)])
for £ # j. The coarea formula gives
o X
/|Xu|d£”=/ \XuldL" =/ / Xul 190 xdr
Q Qno o Jag,no IXf]
X [k Xii) o @
_ / X o el 1 aen=1 ar
k=0 Y tk+1 1 [(Xf) oD
and, by (5.31) and the equality f o &, = ¢,
n OCI), n—1
|Xu|d£ <Z hk(z)|vk—vk+1|+ ] lo:| AL dr
et1
IR o ;| 4
< / [ T k—vk+1|+r]|p|dﬁn dt.
Z fer1 Tk — Tkt 1 IXfod ]
(5.33)

Our strategy is the following: we are going to prove that the second addend in the
right hand side of (5.33) gives a small contribution, while the first one is comparable

to
/ |w|d|as2|X_/|v||p|d£"‘ / / V] lpldC 1 dr. (5.34)
02 1o — 11

For £ #£ j set

ke == sup |dr; (p)[Xe(p)]| < sup |Xe(p)| < 00
pe peQ
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by (5.32) one can estimate

|Re o @, < (g o fo®@)k|Vur| + (1 — hgy1 o f o ®)ice| Vg1l
< ke(Vor| + Vg ).

Since | X fl [, by Remark 4.8

R o @]
/ / R o @] |d£"—1dz<c3/ /(|Vvk|+|Vvk+1|)d£” Vdr
te1 V1 |(Xf)oCI>| Tr+1

=C3(tx — te+1) (IV el iy + I Voks il ) -

In particular, if #x — #¢1 is small enough we may assume that

Ro @,
/ / [Ro®dd a1 ar < 27+1p)
trt1 V1 |(Xf)o<I>t

Recalling (5.33) we achieve

/|Xu|d£" (1+n)2/ P = Vil =1 g 4,

tet1 1 tk - tk-‘rl

In order to compare the series on the right hand side with (5.34), we are going to
show that the summands can be made small whenever k& > 1, so that one has to
handle only the one corresponding to k = 0. By Remark 4.8 and (5.25)

S Tk lvg — o0 173 _
k — Uk+1] 1 vk — Vg1l i
k=1t JI ke T e+ k=1 Yt%+1 Itk T kel

o0
=C42/ luk — k11 AL < Can
k=171

and since vy =0

o Vo — v
/IXuldE” <(1+n)/ /%Iptldﬁ’”dtJr(lJrn)Cern
Q n JI1 0 1 (5.35)
lo:| dL" ' dt + Csn .
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By Remark 4.8, there exists C¢ > 0 such that |p;| < Cg|p| for any ¢. Using (5.26),
(5.34) and the fact that n < 1 we obtain

fo
/|Xu|dc"<c7/ / vl lpldL" ' dt + Csp
Q n Jrio—n

=c7f|v1||p|d£"—1 +Csn

1

<Gy [/Ivllpldﬁ”_l-i-n} +Csn
1

=c7/ | 192 + Cn
Q2

and (1.3) follows for n small enough. Notice that C7 does not depend on w.

Step 4. We have to prove (1.4) in case 02 is X-regular. By Remark 4.7, |p;| —
|p| locally uniformly on 7/ and in particular (we are using again the fact that p is
bounded away from 0)

lpel < A+m)lpl onl" Vi e (0, 1)

provided £ is small enough. From (5.35) and recalling that v and v, are supported
on I’ one gets

1o
/ | XuldLC" <(1+n)2/ /ﬂmmﬁ"—ldwcm
Q 3] 10— 1
=<1+n>2/|v1||p|d£"—1dt+csn
1
<<1+n)2/|v||p|d£"—1 + Con
1
=(1+n)2/ lw|d|d%2x + Con,
IR

where we have used again (5.26) and (5.34). Inequality (1.4) follows for small
enough 7.

Step 5. We now go back to Step 1 and consider the case 2 N Q = {f < 0}. Asin
the proof of Theorem 1.4, Step 3, we introduce

f=—f X=&i,...,~Xj, ..., Xn).

Reasoning as before we can find u € C*(Q2) N W}(’ ! (€2) (notice that W}(’l = W;(’ l)
with support in Q and such that

Tu=mw, /|u|d£"<5 and /|)2u|d£"<C||w||L1(BQ,|m|X)
Q Q
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and, in case 9€2 is X-regular (or, which is the same, X -regular),

As in the proof of Theorem 1.4, Step 3, we have denoted by 7'u the trace of u on
a2 with respect to the CC structure induced by X. It is now easy to prove that u
satisfies (1.3) and (1.4) (because Tu = Tu) and this concludes the proof. O

The following result is now an easy consequence of Theorems 1.5 and 5.3. The
last part of the statement, loosely speaking, corresponds to choosing the number 7y,
appearing in the proof of Theorem 1.5, “very small”.

Corollary 5.4. Let 2 C R" be an X -Lipschitz domain with compact boundary and
u € BVx(S2). Then there exists u € BVyx(R") such that u|q = u and

Tu=TY a=T"u |0R2| x -almost everywhere on 052 .

In particular, | Xu|(02) = 0.
Moreover, for any compact set Q' C R" with Q € Q' it is possible to choose u with
support in '

We point out another interesting consequence of Theorem 1.5.

Corollary 5.5. Let 2 C R" be an X-Lipschitz domain with compact boundary and
u € BVx(2). Then there exists a sequence (uy)y C C°(2) N CY%(Q) N BVx(Q)
such that, as k — oo,

ur — uin LY (Q) and / | Xug|dL" — | Xul(Q). (5.36)
Q

Proof. By Corollary 5.4, there exists # € BVx(R") such that # = u on Q2 and
| Xu|(02) = 0. If we fix a sequence (itg)r C C*°(R") N BVx(R™) such that

i — ain L'(R") and / | Xui|dL" — | Xu|(R™)
Rn
then, by Lemma 2.4, (5.36) holds with u; := ugq. ]

5.3. Continuity of the trace operator

As already mentioned in the introduction, the trace operator T : BVx(2) —
L'(3K, |82 x) is not continuous if BVy(RQ) is endowed with the topology of
weak™® convergence, see e.g. [2, page 181]. We are going to prove that, as in the
classical case (see [2, Theorem 3.88]), T is continuous when B Vx (2) is endowed
with the topology induced by strict convergence. More precisely, we prove the
following result.
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Theorem 5.6. Let Q@ C R” be an X-Lipschitz domain with compact boundary and
u,ur € BVx(2) such that

lim lugy —uldL' =0 and lim | Xui|(RQ) = | Xu|(R).
k—oo Jo k— 00

Then Tuy — Tu in L' (32, |02 x).

The proof of Theorem 5.6, which follows the approach of [2, Theorem 3.88],
will require some preliminary result. Given Q2 (which we fix for the rest of this
section) as in the statement of Theorem 5.6, let Qq, ..., Qq be the open sets con-
sidered in the proof of Theorem 1.4. Since 92 C U?Zl Q;, it will be enough to
prove that foranyi =1,...,¢q

(Tup)jo, — (Tw)g, inL'(3K,19Rx). (5.37)

Wethen fixi € {1, ..., q}and Q = O; together with the associated f, j considered
in the proof of Theorem 1.4, Step 1. We assume to fix ideas that QN Q = {f > 0};
the case 2 N Q = {f < 0} will be treated later. With this assumption we can fix
also

I7a7 Gsd)v ¢)€7 q)’ cbév f7 Q€7 Qv Qév XZ’ X7 pa ,Oe’ RG

as in the proof of Theorem 1.4.

Lemma 5.7. Let u, uy € BVx(Q) be such that uy — u € L'(Q). Setii := uo G
and iy, = uy o G and assume that € is small enough® to define v¢, vi: I — Ras

€ 1 €"‘ € 1 6"’
Ve o= — wo®d,dt, v :=- upo ®,dt.
€ Jo € Jo

Then v; — v€ in L' ask - co.

Proof. By Remark 4.8 and Theorem 2.6
1 €
/Iv,i—veldﬁ”‘1 <—/ /Iﬁkocbt—ﬁofbAdE”_ldt
1 € Jo 1
C €
<—/ /lﬁk o ®, — it o Dy||p| ALV dt
€ Jo Ji
C €
:_/ / lug — u|d[9S2|x dt
€ Jo Jaq,nQ
C n
<= luk — ul|Xf1dL".
€ Jang

The claim follows by the convergence of uy to u in L'(€2) and the boundedness of
|Xf1. O

3 Precisely, we require that ¢, is defined on the whole / for any ¢ € (0, €).
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Lemma 5.8. LetueBVX(Q)andsetu:—qu vVi=Tu)oGod:1 - R
o @,

Assume that € is small enough to define v¢ = . fOE dt. Then there exists

C = C(Q) > 0 such that e
/|v — ¢ < C|Xul(G(Re)) (5.38)
I

Proof. Ifu € C*®(Q) N C(Q) N BVx(R), then Tu = uj3q and

flv—v ldCht <— / /|uo<l>—uod>,|d£" Vdr

¢r()’) B 1
! / / / 19, G0y, $e O] drdL™ (Wi (5.39)
I Jp(y)

<[ IFilac" < cixulG®o).
For a generic u € BVx(£2), thanks to Corollary 5.5 we can fix a sequence (ug)x C
C>®(2) N CY(Q) N BVx () such that
Uy — uin LI(Q) and | Xupl|(R2) — | Xul(2).

Set ity := up o G and

] €
= (Tug)oGo @, v,ﬁ::—/ up o ®,dt.
€Jo

By Lemma 5.7 we have v,i — v€in LI(I), thus forany £ = 1,...,m
vEpe — véppin LY(I) ask — oo (5.40)

because p, € L°°(I). Moreover, for any g € C R*, R™), |g] < 1 we have by
Lemma 2.5

im | (g, 0u) dIXug| =f<g,ou>d|Xu|
Q

k—o0 Jo

and by (1.2)

lim [ (g, vq)Tu d|dQx = lim [/ updivy g dﬁ”+/ (g,ouk)leuk|]
k=00 J90 k— 00 Q Q

:/ udivxgd£"+/(g,(flz>d|xu|
Q Q

Q2

This implies that forany £ =1, ..., m

w@)e Tu|oRx — (vo)e TuldoL|x ask — o0
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in the sense of distributions, whence, as k — 00,
Vg pe converge to vpg in the sense of distributions on /. (5.41)
Indeed, for any ¢ € C2°(I) one can find iy € CZ°(I x (—a, a)) such that
Y =hyodonl

thus

lim /1// vipe dL! =klim /(h.p o @) vgpr dL!
— 00 I

k—oo Jt

= lim (hy o GV (ve)e Tuy d|3Q|x
k— 00 QN9

:/ (hy o G Y (ve)e Tu d|dQx
QNAQ
=/1ﬁ VPy acr.

1

By (5.40) and (5.41) we get that, forany ¢ = 1,...,m, (vx — U;),O( converges to
(v — v9) pg in the sense of distributions on /. This implies that

/|v—zf||p|d£"—1 sup /(v—v ) p.prydL"!
I WGCOC(IR"’
[¥I<1

llmmf/ log — vf||pl AL

whence by (5.39) and Lemma 2.4

/Iv—vel <c2/|v—v€||p|d£"—1 < czliminf/|vk—u;||p|d£"—1
1
<C311m1nf/|vk—vk|d£” I < C411m1nf|Xuk|(G(R )

<CalXul(G(Re)) -

We can now prove the continuity of the trace operator under strict convergence.

Proof of Theorem 5.6. As we said, it is enough to prove (5.37) for any fixed i =
1,...,q. For e > 0 small enough we define the real functions on /

vi=TuoGod Vg :=TuroGod,
ve::éfoequocbtdt, vf éfoeukoGod%dt.
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We have
/lv—v,ﬂdﬁ”_1 </|v—v€|d£"_1—I—/Ive—vzld[,"_l+/|v,§—vk|d£”_1
I I I I

and by (5.38), Lemma 5.7 and Lemma 2.4

limsup/ |Tu — Tui|d|of2|x gCllims.up-/lv—vkldﬁ’l_1
INNQ I

k— 00 k— 00

<C2| Xul(G(Re)) + limsup Co| Xug|(G(Re))

k—00
L2C2|Xu|(G(Re)) -
(5.42)

Notice that, if 2 N Q = {f < 0}, one could reason as before to get

limsup/ [Tu — Tug|d|0R2] 3 < 2C2|)A(u|(G(R€)) =2C| Xu|(G(Re))
IRNQ

k— 00
where X = (X1,...,—Xj,..., X;n) (see also the proof of Theorem 1.4, Step 3).
Thus (5.42) holds also in this second case and (5.37) follows as € — 0. O

5.4. Traces vs. approximate limits in equiregular CC spaces
This final part of the paper is devoted to the proof of Theorem 1.6.

Proof of Theorem 1.6. Let Qy, ..., Q, be the open sets considered in the proof of
Theorem 1.4. We can fix open subsets Q; € Q; such that

QclUl, 9. (5.43)

Fixi € {I,...,q} and write @ = Q;, Q' = Q}. By (5.43), it will be enough to
prove that (1.5) holds for |[aQ2|x-a.e. z € QN Q.
Let f, j be as in the proof of Theorem 1.4, so that

IRNQ={f =0}, feC®Q\IN), L= dnf Xjf = 0.

As usual we assume that Q N Q = {f > 0} and consider later the case 2 N Q =
{f < 0}. With this assumption we can fix the corresponding

I»aa G7 ¢a ¢67 CI), q>€7 fa Qéa 527 §€7§Za )~($ 107 /06

considered in the proof of Theorem 1.4. Without loss of generality we may assume
that @ = G(I' x (—b, b)) for suitable open set I’ € I and b € (a/2,a). Let L
be the Lipschitz constant of f, wr; the canonical projection I X (—a,a) — I and
consider R > 0 such that B(z, (1 + %)R) C Qforany z € Q'.
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Let z € 0Q N Q' be fixed. Since | Xf| > [, for any r < R one has

/ lu — Tu(z)| dL" <Cy / lu — Tu@)|IXfldL"
QNB(z,r) QNB(z,r)

Lr
=C / / lu — Tu(z)|d[0S2|xdt,
0 02;NB(z,r)

where we have used the coarea formula and the fact that f < Lr on B(z, r) which,
in turn, is due to the Lipschitz continuity of f and the equality f(z) = 0. Let us
define

(5.44)

G l2)=(,¢(E)) e 382, where 7/ := 7; (G~ (2)),
,r) =G (B(z,r)),

uodGG,

=(Tu)oGo®d e L(I).

Z~:
B(
i
v

o ||

Then, by (5.44), Proposition 4.5 and Remark 4.8

Lr
/ lu — Tu(z)|dL" <C1/ / I lii o @ — v(@)lpf| AL dt
QNB(z,r) 0 wr(02;NB(Z,r))
Lr
<C2/ / o lii 0 ®; — v(Z)] dcrds
0 r(02;NB(Z,r))
Lr
<C2/ / i ®; —vdL" " dr
0 71 (0QNB(Z,r))

Lr
+C2/ / o lv — v(Z)| dL" " dt.
0 Jr@%nBGr)
(5.45)

We are going to estimate separately the two integrals on the right hand side.

Step 1. Let us estimate the first integral in the right hand side of (5.45) assuming
first that u € BVx(§2) N C®(2) N C%(Q), so that v = i o ®. For any t € (0, Lr)
we have

/ o ®, —v|dLr!
w1 (082:NB(Z,r))

& (y) 1

<[ [ aiodeat o) (5.46)
7 (32NB(Z,r)) Jo(y)

</ ) o \Xii| dL".

{0<f <t} (2 (3SNB (1))
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Notice that, if s € {0 < f <t} ﬂnl_l(m(aﬁt N E(Z,r))), then s = (y, ¢:(y)) =
@, (y) for some y € w; (02, N B(Z,r)) and t € (0, t). We have by Lemma 2.2

Lr >t —1= f(®,(y) — f(®:(y))
= f(@,(») — F(exp((Bc () — ¢ (¥))85,) (D1 (1)) (5.47)
> (g (y) — ¢:(3) > 0.

Since G (P (y)) = exp (¢ (y) — ¢ ()X ;) (G (P:(y))), by (5.47) and the defini-
tion of Carnot-Carathéodory distance

d(G(®:(y)), G(P:(¥)) < I (y) — pe (V)| < Hr .
Since y € m(aﬁ, N E(Z, r)) we have
G(®:(y)) € B(z,r), e, d(z,G(P:(y)) <r

and in particular
G(P: () € B(z, (1 + 5yr). (5.48)

This implies that s = ®,(y) € E(Z, 1+ %)r) and thus
0<f<tna ' (@@Q NBE ) CQNBE 1+ 5.

From (5.46) and a change of variable we obtain

lii o ®; —v| dL"! g/N ~ \Xii| dL"
QNB(Z,(1+L/Dr)

<C3/ | XuldL"
QNB(,(14+L/1)r)

/m 0NBGE,r))

whence

Lr
/ / o |ﬁoq>t—v|d£"*1dt<C4r|Xu|(QmB(z,(1+%)r)). (5.49)
0 1 (02;NB(Z,r))

Step 2. We have proved in Step 1 that, if r € (0, Lr), y € n1(8§, N E(Z, r)) and
T € (0, 1), then
d(z, G(®- () < (1 + H)r.

One could check that the same argument works also for t = 0 (it suffices to inspect
the steps between (5.47) and (5.48) reading ¢9 = ¢ and ®¢ = ) and gives

d(z, G(@ () < (1 + 5y,
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ie., (y,0(y)) € AN E(Z, 1+ %)r). This implies that
71(0Q NBGE. 1) Cm(0QNBE 1+ £)r))).

Therefore we can estimate the second integral in the right hand side of (5.45) with

Lr
//~ =) dL dr
0 1 (082,NB(Z,r))
gu/ - v — v L
T (OQNBE,(1+5)r)

gcsr/ o lv—v@)llpldL"!
71 AQNBE, (1+5)r)

=C5r/ ITu — Tu(z)| d|0Qy .
IQNB(z,(1+5)r)

(5.50)

Step 3. It follows from (5.45), (5.49) and (5.50) that, if u € BVx(22) N C*(R2) N
C%(Q), then

/ lu — Tu(z)|dL"
QNB(z,r)

<Cor[IXul(@N BG, 1+ i) + /

ITu = Tu(z)| d12x |
3QNB(z,(1+5)r)

(5.51)

forany r < R. For a generic u € BVx(£2) consider a sequence (ux)r C BVx(£2) N
C*(R) N C°(R) such that

uk—>uinL1(Q) and | Xur|(RQ) — | Xu|(R2).

By Theorem 5.6 it follows that Tuy — Tu in L3, 18| x) and, in particular,
Tuy — Tu pointwise |02|x-a.e. on Q. If z € 32 N Q' is such that Tu(z) —
Tu(z), we obtain by (5.51) and Lemma 2.4

| 1
_Q/ u = Tu@|dL" = —5 lim g — Tug (2)] dL”
< JonB,r) r¥ k=00 JonB(z.r)

Cs .. .
grQ_—l lim sup [|Xuk|(§2 N Bz, (1+ %))

k— 00

+f Tuk — Tu(0] d13Q ]
IQNB(z. (14+5)r)

C e —
< [ixul@nBe a+ Hn) + f Tu = Tu()| dioSx ]
r 0QNB(z,(14+45)r))
C
<[ xul(@n Be 20 + ) + / Tu— Tu() dlp2x].
r IQNB(, (1+5)r)

(5.52)
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It is a good point to notice that, in case 2 N Q = {f < 0}, we would get for
|0L2] ¢-a.e. point z € 32 N Q'

1
o) R lu — Tu(z)|dL"
r QNB(z,r)

C A A
<o [1%u(@n B 20+ 5n) + /

) Tu — Tu(z)] d|asz|5(]
IQNB(z,(1+%)r))

where as usual X = (Xy,...,—Xj,..., X;») and we denote by B open balls with

respect to the CC distance induced by X. The previous inequality implies (5.52)
because this distance obviously coincides with the one induced by X. See also the
proof of Theorem 1.4, Step 3.

By Lemma 4.16 we obtain that for |0Q2|x-a.e. z € 3Q N Q'

| Xul(2N Bz, 2(1 + %))

r—0t re-1

=0 (5.53)

while from the Ahlfors regularity of |0€2|x and Lebesgue Theorem (see e.g. [27,
Corollary 2.9.9]) one has for |02|x-a.e. z € 3Q N Q'

1
r—0+r? 3QNB(z,(1+5)r)

< lim fanB(Z,(H%)r))lTu —Tu(z)|d|dR2]x =0.

t—0t

|Tu — Tu(z)| d]92|x
(5.54)

Equality (1.5) follows from (5.52), (5.53) and (5.54), while (1.6) is a consequence
of (1.5) and Lemma 4.15. ]
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