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A structural theorem for codimension-one foliations on P", n > 3,
with an application to degree-three foliations

DOMINIQUE CERVEAU AND ALCIDE LINS NETO

Abstract. Let F be a codimension-one foliation on P": for each point p € P"
we define J (F, p) as the order of the first non-zero jet j ’Ig (w) of a holomorphic 1-

form w defining F at p. The singular set of F is sing(F) = {p € P" | J(F, p) >
1}. We prove (main Theorem 1.2) that a foliation F satisfying J (F, p) < 1 for
all p € P" has a non-constant rational first integral. Using this fact we are able to
prove that any foliation of degree-three on P", with n > 3, is either the pull-back

of a foliation on P2, or has a transverse affine structure with poles. This extends
previous results for foliations of degree at most two.

Mathematics Subject Classification (2010): 37FF75 (primary); 34M45 (sec-
ondary).

Notation

1. Oy: the ring of germs at 0 € C" of holomorphic functions.
Op ={f €Onl f(0) #0}. my ={f € O f(0) =0}.
2. flg: f,g € my\ {0} and f divides g.
f1g f.gemy,\{0}and f does not divide g.
4. [f, glo: the intersection number of f, g € my \ {0}, when f and g have no
common factor.
< f, g >: the ideal generated by f, g € O,.
6. Diff(C", p): the group of germs at p € C" of biholomorphisms f with f(p) =

e

e

7. ix(w): the interior product of the vector field X and the form w.
Lx: the Lie derivativative in the direction of the vector field X.
9. j;: the k""-jet at the point p.

*®

1. Introduction

In a previous paper [10] we have proved that the space of holomorphic codimension-
one foliations and degree-two on P”, with n > 3, has six irreducible components. A
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consequence of this classification is that we have two possibilities for a degree-two
foliation F on P", with n > 3: either F is defined by a meromorphic closed 1-form
on P, or F = g*(G), where g: P" -5 P? is a linear map and is G a degree-two
foliation of P2. A foliation defined by a meromorphic closed 1-form admits a spe-
cial projective tranverse structure with poles, namely a translation structure. On the
other hand, a foliation of the form g*(G) admits such a structure if, and only if,
G admits one(cf. [4]). This is not always the case: a foliation of P2 which admits
a projective or affine transverse structure always has algebraic leaves, whereas for
any d > 2, there are degree-d foliations on P? without algebraic invariant curves.

The following conjecture is attributed to different authors (Brunella, Lins Neto,...):

Main Conjecture. Any codimension-one holomorphic foliation F on P", with
n > 3, either is a pull-back of a foliation G on P? by a rational map ®: P" --» P2,
or admits a transverse projective structure with poles on some invariant hypersur-
face.

In the first case, the leaves of F are sub-foliated by the levels of ® and the
dynamic properties of F are essentialy given by G. In the second, we can associate
a triple of meromorphic 1-forms (wg, w1, @y) such that wy defines F outside its set
of poles |wp|co and the triple satisfies the s£(2, C) structural relations:

dwy = wg A vy
dw| = wo N\ w2
dwry = w] A w2

inducing the projective structure.

For instance, when w; = w> = 0, that is wyg is closed, the integration of wy
on simply connected open sets U C P \ |woloo gives wp = dfy, and defines the
transverse translation structure: when U NV # (§ we have fy = fv + cyy, where
cyyv € C. On the other hand, if @, = 0 and w; # 0 then the transverse structrure is
affine.

The main conjecture seems to be reasonable (at least for foliations of small
degree) for the following reasons: first of all, if K is a field of positive characteristic
every foliation on a projective manifold over K, in particular on PP}, is defined by
a closed 1-form (cf. [12]). On the other hand, if F is a foliation on P" and p is
a prime number then it is possible to define F,, the reduction modulo p of F.
There is a conjecture of Grothendieck-Katz-type which says that if for almost all p
the foliation /), has a non-constant rational first integral then F itself has a non-
constant rational first integral. Recently F. Touzet has communicated to one of the
authors the following result:

Theorem. (F. Touzet) The Grothendieck-Katz conjecture implies that any fo-
liation of degree at most n — 1 on IP" either admits a projective transverse structure,
or is a pull-back of some foliation on P*, with k < n, by some rational map.

Concerning the main conjecture, note that the first interesting case which is
not covered by the above conditional result is that of foliations of degree-three on
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IP3. In fact, one of the goals of this paper is to prove that the conjecture is true for
foliations of degree three.

Theorem 1.1. Let F be a holomorphic codimension-one foliation of degree-three
on P", with n > 3. Then:

e cither F has a rational first integral,
e or F has an affine transverse structure with poles on an invariant hypersurface,
o or F = g*(G), where g: P" ——» P2 is a rational map and G is a foliation on

P2

One of the tools of the proof will be a result of [12] concerning foliations which
admit a finite Godbillon-Vey sequence. This result essentially says that such a foli-
ation is either a pull-back of a foliation on a surface or has a transversely projective
structure. Let us explain briefly how we can apply the result.

By definition, a degree-d foliation 7 on P" has d tangencies with a generic
straight line of P". This implies that F can be represented in an affine coordinate
system C" >~ E C P" by a polynomial integrable 1-form wgp = ;1-":'(1) wj, where
the coefficients of the 1-form w; are homogeneous polynomials of degree j, 0 <
j <d+1,and ig(wg4+1) = 0, with R = Z?:l Zj sz, the radial vector field. The
form wg can be considered as a meromorphic 1-form on P"* with poles of order
d + 2 at the hyperplane of infinity of E. Given p € E, we set

J(F, p) =min{k > 0] j5(wg) # 0} .

It can be proved that 7 (F, p) depends only on p and F and not on E and wg. The
singular set of F is defined as

sing(F) ={p e P"|J(F,p) >1}.

This set is algebraic and always has irreducible components of codimension two
(cf. [16]).

Given a degree-three foliation F of [P, we will consider two cases:

(1) There exists p € sing(F) such that 7 (F, p) > 2.
(2) Forall p € sing(F) we have J(F, p) = 1.

Case (1) will be studied in Section 2. We will see that F admits a finite Godbillon-
Vey sequence in this case and we can apply the result of [12]. In case (2) we will
see in Section 3 that F has a meromorphic first integral.

In Section 3 we will introduce the Baum-Bott index of an irreducible compo-
nent, say I", of codimension-two of sing(F), which we will denote BB(F, I'). As
a consequence of the Baum-Bott theorem we will see that sing(F) always has a
codimension-two irreducible component I" with BB(F, I') # 0.
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Theorem 1.2. Let F be a codimension-one holomorphic foliation on P", with n >
3. Assume that sing(F) has an irreducible component of codimension-two T" such
that

(a) BB(F,T') £0.
(b) The algebraic set {p € " |J(F, p) > 1} has codimension at least 4 in P".

Then F has a rational first integral.
As a consequence, we will get the following:

Corollary 1.3. Let F be a codimension-one holomorphic foliation on P", with n >
3.IfT(F, p) <1 forall p € P" then F has a rational first integral.

Remark 1.4. Recall that p € sing(F) is of Kupka type if F is defined in a neigh-
borhood of p by a holomorphic 1-form w such that dw(p) # 0. We define K(F) =
{p € sing(F) | p is of Kupka type}. If p € K(F) then J(F, p) = 1. We would
like to observe that if sing(F) has a smooth irreducible component, say I', with
' € K(F), then a theorem due to Calvo Andrade and M. Brunella says that F
has a rational first integral (cf. [5,6, 11] and [3]). In this sense, Theorem 1.2 is a
generalization of Calvo and Brunella’s theorem.

Remark 1.5. We would like to observe that the conclusion of Corollary 1.3 is not
true when we consider codimension-one foliations on more general complex man-
ifolds. For instance, let M = P?> x P with k > 1, and F = IT7(G), where
I1; : P? x P* — P? is the projection on the first factor and G is a foliation on P? of
degree at least 2 without non-constant rational first integral and with 7 (G, p) < 1
for all p € IP2. Then JF satisfies the hypothesis of Corollary 1.3 but not its conclu-
sion. A natural question which arises is the following:

Problem 1.6. For which compact complex manifolds of dimension at least 3 the
conclusion of Corollary 1.3 is true?

Remark 1.7. We say that a foliation admits a purely projective transverse structure
(briefly p.p.t.s.) if it has a projective transverse structure with poles, but no affine
transverse structure with poles. There are examples of foliations on I3, for instance
the so called Hilbert modular foliations, which admit a p.p.t.s. and are not the pull-
back of foliations on P? (cf. [12]). In fact, these examples have degree at least
five.

On the other hand, as a consequence of the proof of Theorem 1.1, any foliation
of degree-three on [P, with n > 3, that admits a p.p.t.s. is the pull-back of a Riccati
foliation on P! x P! (see the third case in the proof of Lemma 2.5). For instance,
there are p.p.t.s. Riccati equations on C? of the form

x(x — Ddy — (ap(x) + a1 (x) y + a2 (x) y*)dx =0, (1.1)

where ag, a; and ap are degree-one polynomials. If G is a p.p.t.s. foliation defined
by (1.1) on P? then it has degree-three. In particular, if IT: P" --» P? is linear then
IT*(G) is a p.p.t.s. degree-three foliation on P".
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It seems reasonable to hope that Theorem 1.1 will give a clue to a classification
of the irreducible components of the space of degree-three foliations on P" which
are not the pull-back by rational maps of foliations on P2. However, the analysis of
the components of rational pull-back type seems to be more delicate, since we have
no control on the degrees of the objects that appear in our proofs.

Problem 1.8. Classify the irreducible components of the space of foliations of
degree-three on P, with n > 3.

ACKNOWLEDGEMENTS. The first author would like to acknowledge IMPA and the
second IRMAR, where this paper was developed.

2. Proof of Theorem 1.1

The aim of this section is to prove Theorem 1.1 by admitting Theorem 1.2. In
Section 2.1 we will analyse the case where there exists p € P" such that 7 (F, p) >
2 and in Section 2.2 we will finish the proof.

2.1. The case J (F, p) = 2 for some p

Let F be a codimension-one holomorphic foliation on a complex manifold X. A
Godbillon-Vey sequence (briefly G-V-S) associated to F is a sequence of meromor-
phic 1-forms on X, say (w;) j>0, such that

1. Fis defined by wp outside its set of poles, |wg|~. In particular, wyg is integrable,
that is wg A dwy = 0.
2. The 1-form defined by the formal power series

2 j

Z Z
Q=dz+wg+zw1+ —wy + E —wj 2.1

2 = J!

is integrable.

When there exists N such that wy # 0 but w; = 0 for all j > N then we say that
JF admits a finite G-V-S of lenght N. In this case, the form in (2.1) is meromorphic
and can be extended meromorphically to X x P! Since it is integrable, it defines a
codimension-one foliation H on X x P! such that | xxoy = F.

Remark 2.1. Let F and G be foliations on complex manifolds X and Y, respec-
tively. Assume that G admits a finite G-V-S of lenght N and that 7 = ®*(G),
where ®: X — Y is a rational map. Then F also admits a G-V-S of lenght N
(cf. [12]).
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Remark 2.2. When F admits a G-V-S of lenght N < 2 then JF has a transverse
projective structure with poles in a hypersurface. When N = 1 then the structure is
in fact affine (cf. [14] and [23]).

On the other hand, if it admits a finite G-V-S of lenght N > 3 then we have the
following

Theorem 2.3 ([12]). Let F be a foliation on a compact holomorphic manifold X
admiting a finite G-V-S of lenght N > 3. Then

e cither F is transversely affine,

e or there exist a compact Riemann surface S, meromorphic I-forms o, ..., &y
on S and a rational map ¢: X --+ S x P! such that F is defined by the mero-
morphic I-form w = ¢*(n), where

n=dz+ay+zoa1+...+zV ay . (2.2)
When X = P”, with n > 3, necessarilly S = P! and (2.2) can be written as

where P € C(1)[z] and F = ¢*(G), where G is defined on P! x P! by the differen-
tial equation %2 = P(t, 7). Since P! x P! is birrational to P? we get the following
consequence:

Corollary 2.4. If F is a codimension-one holomorphic foliation on P, with n > 3,
which admits a finite G-V-S then, either it has a tranverse projective structure, or it
is a pull-back of foliation on P* by a rational map.

Now, let us consider a degree-three codimension-one foliation F on P" and
assume that there exists p € P" such that 7 (F, p) > 2. In this case, if we take an
affine coordinate system C" C P such that p = 0 € C”" then F|¢» is defined by a
polynomial I-form @ = az+a3+a4, where the coefficients of « ; are homogeneous
polynomials of degree j,2 < j < 4, and ig(xq) = 0, R the radial vector field.

Lemma 2.5. In the above situation we have three possibilities:

(a) F has an affine transverse structure with poles in a hypersurface.

(b) F is the pull-back by a rational map of a foliation on P2.

(c) F is the pull-back by a linear map mw: P" —s P"~! of a foliation of degree-
three on P"~ 1.

In particular, if n = 3 then F satisfies (a) or (b).

Proof. With the previous notations, set o ; =Z?:1 Pji(z)dz; and Fj(z) =ig(aj_1) =
er'l:l zi.Pji(z), j = 3, 4. We will divide the proof in three cases:

1%, ig(w) = 0, which is equivalent to F3 = F4 = 0. In this case, we will prove
that = a4 and we will get (c).
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2 F3 = 0. In this case, we will prove that there exists a birrational map
®: P" — P, an affine coordinate system (x, z) € C*~! x C ~ C* ¢ P" and
meromorphic 1-forms By, B B3, with i3 (8;) = 0 and L (B;)) =0,1 < j < 3,
such that ®*(w) = g. n, where

n=dz+zBi+22P+2 B . 2.3)

We will show that we can apply Theorem 2.3 to prove that F satisfies (a) or (b).

3, F3 =0and Fu = (. In this case, we will prove that, either F is the pull-back
of a Ricatti equation on P! x P!, or it admits an affine transverse structure, or @ has

an integrating factor, that is there exists a meromorphic function 4 # 0 such that
dhw) =0.

Analysis of the 1%t case. First of all, note that aes % 0, for otherwise F would have
degree < 2. The integrability condition gives

woNndow=0 = wAir(dw)=0.
On the other hand,
ir(dw) = Lr(w) —d(ip(w)) = Lr(w) =32 +4a3+ 50
= 0= (o t+a3+as) AN Baz+4o3+504) =ar Aoz +2a Aas+ a3 Aoy .
Since the coefficients of «; are homogeneous of degree j, 2 < j < 4, we get
oy ANaz=ar ANog=a3 Aoy =0. 2.4)

Since a4 # 0, (2.4) implies that there are meromorphic functions f;, j = 2, 3, such
that o; = fj.a4. If f; # O for some j € {2, 3} then the foliation 7 would have
degree less than three. Therefore, «p = a3 = 0.

In particular, we get @ = a4. Since o4 is integrable, it defines a foliation of
degree-three, say F,_1, on P"~!. If we consider P" ! as the set of lines through 0 €
C" c P" and r: P" \ {0} — P"~! is the natural projection then F = 7*(F,_1).
This finishes the analysis of the 1*! case.

In the analysis of the two other cases, we consider first a blowing-up 7 : P —
P" at 0 € C" c P". Let us compute the foliation 7z *(F). In the chart

(Tl e i1, ) = (1, ) € C" P x C 5 (x.7, %) = (21, .. 2n) € C" C P"
we get
T () = x* [x 0+ x2 03 + x3 04 + (F3(t. 1) + x Fy(T. 1))dx] @5

where

n—1
9]: Pji('[,l)dl'i R 25]543

i=1

depends only on 7.
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Analysis of the 2" case. Since F3 # 0 we have two possibilities:

2a. F4 = 0. In this case, if we set ; = m 042 then we can write 7% (w) =
x%. F3(z,1).n, where iy (Bj) =0, Ly (B;) =0,1 < j <3, and

n=dx+xBi+x2B+x B .

Therefore, we get (2.3).
2b. F4 # 0. In this case, 7*(F) is defined in this chart by

V= x 2% (w) = x 0 + x2 603 + x> 04 + (F3(z, 1) + x Fa(z, 1))dx

and we need one more birrational transformation. Consider the birrational map

F(r.1)
k z .
Y(r,2) =7, AT ) (t, x) with inverse ¥ ' (7, x) = [, ———]..
11— Z x + Fi(z,1)
Fu(t, D)
- P % F}(t.1)
A straightforward computation gives ¥*(v) = Fen where

n:dz+zﬂ1+z2ﬂ2—|—z3ﬁ3

with | dFs(r.1)  dFsy(z.1)
T, T,
p1 = 62+ — -
F3(t, 1) F3(t, 1) Fy(z, 1)
1 1 dFy(z.1) dFs(z. 1
By = 65— 2 6 + a(t, ) dF3(r, 1)
Fy(z, 1) F3(t, 1) Fy(r, 1) F3(z, 1)
Fi(r. 1) 1 !
B3 = :

- 03 + 6 .
F2z. 1)+ F@D o Bl

Therefore, in both sub-cases we obtain (2.3).

At this point we should mention that, in order to use Theorem 2.3, we have to
assure that the G-V-S is of lenght at least 3. If 7 is like in (2.3) then the integrability
condition of the form n implies that it admits the G-V-S (n = 19, 11, 12, n3), where

n; = LY () (¢f. [12]). The lenght is three if n3 = 6 B3 % 0. On the other hand, if
B3 = 0 then F has an affine transverse structure.
In fact, if we set z = 1/w in (2.3) with B3 = O then we get n = —w 2%,
where
Q=dw -8 —-wp .

Therefore, 2 admits the G-V-S of lenght one (€2, —f1). Note that dQ2 = 81 A Q
and df; = 0. Hence, JF has an affine transverse structure with poles in some
hypersurface.
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Analysis of the 3" case. In this case, after the blowing-up 7, we get 7*(w) =
x3. Fa(z, 1). n, where

1

_ 2 _
n=dx+pBo+xp1+x B, B Fae )

02, 0<j<2. (26

In particular, n admits a G-V-S of lenght < 2, (n = no, n1, n2), where n; = Li()”(n),
j = 1,2. A foliation defined by a meromorphic form like in (2.6) has afways
a projective transverse structure, but in general has no affine transverse structure.
Therefore, we have to work more to conclude the proof in this case.

We begin by recalling that 7*(a2) = x2(x 62 + F3(z, 1)dx) = x36,. When
ar = 0 we get fo = 0 and (2.6) becomes similar to (2.3) with 83 = 0, which we
have already considered; in that case we have an affine transverse structure. Let us
assume o # 0. The integrability condition w A dw = 0 implies that ex A day = 0.
In particular, either cod(sing(e2)) > 2 and a, defines a foliation of degree-one on
P! or oy = h.a;, where «; defines a foliation of degree zero on P~ In both
cases, it is known that o has an integrating factor. In other words, there exists a
homogeneous polynomial f # 0 of degree-three such that d( f~! a2) = 0 (cf. [10]).
This implies

a 02 02 Fy(z, 1)
| 2 ) = d =0 = d =0. 2.7
i <f> Fan (f@JJ (ﬂnnﬁo @7

Set F(t):= f(t,1)/F4(z,1) and consider the birrational map ®(z,z) = (7, F (1),z) =
(t, x). If n is like in (2.6) then a straightforward computation gives ®*(n) = F. 7,
where

N Y Y . ~ dF .
n:dz+%+wﬂrm?m,ﬂm=F‘Pm,ﬂ1=ﬁy+7;,ﬂz=Fﬂz.

In this situation it is convenient to consider the birrational map ¥ (r,w) =(7,1/w) =
(, 7). We have W*(77) = —w 2.7}, where

h=dw—pr—wph —wfo .

Since iy, (Bj) =0and Ly, (B_,-) =0,0 < j <2, the integrability of 7 implies

d/?o = ,30/\ 51~
d[fl =2po A P2 (2.8)
dBr=p1 A B2.

From (2.7) we get d,éo = 0, and so the first relation in (2.8) gives ,30 A B1~= 0.
Let us denote by M the set of meromorphic functions on IP*. Since o A B =
0 there exists g € M,,_ such that 81 = g. Bp. The second relation in (2.8) gives

dfr=dgABo=2BoABr = (dg+2B)ABo=0

~ ~ 1
= I he M, suchthatﬁzzh.ﬁo—idg.
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The third relation in (2.8) implies

~ ~ - ~ |
dh N Bo=dpr=PB1 ANB2=—gPo A (hﬁo— §d8>
| ) (2.9)
Zigdg/\ﬁo :>d<h—1g2>A/§0=0-
Let us denote by G the foliation defined by By on P"~!. We have two possibilities:

3a. G has no non-constant meromorphic first integral. We assert that o has an
integrating factor.
In fact, relation (2.9) implies that

1 1
d(h—1g2>=0 - h=1g2+c, ceC,

for otherwise h — % g2 would be a non-constant first integral of G. From the above
relations we get

n 1 ~ ~
7 dw+§dg—(g2/4+c+g. w+w?) fo =dw+g/2) — ((w+g/21*+¢) fo .
In particular, if we set u = ((w + g/2)*> +¢)~L. 7 then
= dw+g/2)
(w+g/2)* +¢

This implies that w has an integrating factor, as asserted.

—fp = du=0.

3b. G has a non-constant meromorphic first integral. We assert that F is the pull-
back of a Riccati equation on P! x P! by a birrational map.

In fact, by Stein’s fatorization theorem G has a meromorphic first integral, say
f, with connected fibers: if ¢ € M,,_; and dp Adf = O then there exists ¥ € M
such that ¢ = ¥ (f), where ¥ (f) := ¥ o f. Since f is a first integral of G we
have By = ¢1.df, for some ¢ € M,_;. This implies d¢p; A df = 0, and so
o1 = ¥1(f), where ¥y € M \ {0}. On the other hand, relation (2.9) implies that
there exists ¥, € M such that h = %f g2 + Y2 (f). In particular,

h=dw+g/2) — (g2 /4+gw+w” + () Vi(fdf
=d(w+g/2) — ([w+ g/21* + Y2 () Y1 (f)df .

Consider the rational map P : Pl x P! ——5 P! x P! given by & (r, w) =
(f(x), w — g(r)) := (x, y). Then f = ©*(6), where

0 =dy — (y* + ¥2(x)) ¥ (x) dx .

Since & = 0 defines a Riccati equation on P! x P! this finishes the proof of 3.b and
of Lemma 2.5. O
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2.2. End of the proof of Theorem 1.1

The proof is by induction on n > 3. If n = 3 then Theorem 1.1 follows from
Lemma 2.5. Let us assume that Theorem 1.1 is true for » — 1 > 3 and prove that it
is true for n.

Let F be a codimension-one foliation of degree-three on P, n > 4. It follows
from Lemma 2.5 and Theorem 1.2 that, either F satisfies one of the conclusions of
Theorem 1.1, or F is the pull-back by a linear map 7 : P" --» P"~! of a foliation
of degree-three on P!, In this last case, since Theorem 1.1 is true for n — 1, then
one of the three possilities bellow is true:

(i) Fn_1 has a rational first integral, say F: P"~! ——» P! In this case, F o 7 is
a rational first integral of F and we are done.
(i) Fn_1 = ®*(G), where G is a foliation on P2 and ®: P"~! --5 P2 a rational
map. In this case, we get F = (® o 7)*(G) and we are done.
(iii) JF,—1 has an affine transverse structure. In this case, F;,,_| admits a G-V-S of
lenght one. Therefore, F also admits a G-V-S of lenght one by Remark 2.1.

This finishes the proof of Theorem 1.1.

3. Proof of Theorem 1.2

In Section 3.1 we state some general facts about the Baum-Bott index that will be
used in the proof. After that we give the proof of Theorem 1.2 in dimension three
and at the end we will see the proof in dimension n > 4.

3.1. The Baum-Bott index

We begin by recalling briefly the proof of [16] that sing(J) has components of
codimension-two. This proof is based in the Baum-Bott theorem for foliations on
compact holomorphic surfaces.

Theorem 3.1. Let G be a foliation on a compact surface with isolated singularites.
Then
Y. BB@G.p=N;. (3.1)

pesing(G)

where Ng is the normal bundle of the foliation G and BB(G, p) the Baum-Bott
index of G at the point p.

A proof of Theorem 3.1 and the definition of Ng can be found in [2]. The
Baum-Bott index BB(G, p) is defined as follows: let (U, (x, y)) be a holomorphic
chart around p such that x(p) = y(p) = 0 and sing(G) N U = {0} and w =
P(x,y)dy — Q(x, y)dx be a holomorphic 1-form representing G|y. Let n be a
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C® (1, 0)-form on U \ {0} such that dw = n A w. For instance, one can take

aP a0
(5 + %)

= PETIOR (Fdx +§dy) .

n

Then the 3-form n A dn is closed and

1
BB(G, p) = niZ ./33 nAdn (3.2)

where B is a closed ball containing p = 0 in its interior with sing(G) N B = {p}
(cf. [2]). In particular, the integral in (3.2) does not depend on the form 7 chosen.
We will also use the notation BB(w, p) := BB(G, p).

Remark 3.2. We would like to point out some consequences of (3.2).

1. BB(G, p) is invariant by local analytic equivalences.

2. If the foliation G has a holomorphic first integral in a neighborhood of the sin-
gular point p with an isolated singularity at p then BB(G, p) = 0.

3. If the foliation G is represented in a neighborhood of p by a vector field X such
that DX (p) is non-singular then

_ (DX (p))?

where tr denotes trace and det determinant.
4. If (gt)te((ck’o) is a germ of holomorphic deformation of G such that Gy = G and
sing(G;) Nint(B) = {p1(¢), ..., px(¢)} then

k
lim (; BB(G. m(r))) =BB(G. p).

Let us prove that the singular set of the codimension-one foliation F with dg(F) =
d on P" has at least one irreducible component of codimension-two. If not, then
there exists a linear embedding i : P* — IP" such that:

(i) E Nsing(F) = 4.
(i) The tangencies of F with E := i (P?) are generic (of Morse type, see [LN]).

Let G = i*(F). Note that (ii) implies that dg(G) = d. Moreover, (i) and (ii) imply
that if p € sing(G) then G has a local holomorphic first integral of Morse type in a
neighborhood of p. In particular, we get from (2) in Remark 3.2 that

> BB(G, p)=0

pesing(9)
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On the other hand, Ng = (d + 2)H, where H is the class of a hyperplane, so that
the Baum-Bott theorem gives (cf. [2]):

> BBG.p)=Wd+2*>0,

pesing(G)
a contradiction.

We will denote sing, (F) the union of the codimension-two irreducible compo-
nents of sing(F). Let I be an irreducible component of sing, (F). Given a smooth
point p € I" and a germ of embedding i : (C2,0) — (P", p), transverse to I', define
BB(F, y, i, p) := BB(@i*(F), 0). The following result can be proved:

Theorem 3.3. There exists a proper analytic subset 'y C I such that:

(a) If peT\T'y then BB(F.T,i, p) does not depend on the embedding i: (D*,0) —
(P, p), transverse to I'. We then denote BB(F, T, p) := BB(F, T, i, p).
(b) The map p € T \T'1 — BB(F, T, p) € C is constant.

We then denote BB(F,T') := BB(F, T, p), where p € T' \ T';.

The proof in the general case can be done by using the results of J. F. Mattei
about the equiresolution of integrable families of foliations of (C2,0) (cf. [19]) and
also the fact that the Baum-Bott indexes of two germs of foliations on (C2,0) are
the same if their Seidenberg resolutions of singularities are C*° isomorphic with
corresponding singularities with the same Baum-Bott index (cf. [2]). We give the
proof of Theorem 3.3 in the case we are interested.

Lemma 3.4. Let w be a holomorphic integrable 1-form in a neighborhood of 0 €
U c C", withn > 3, such that (0) = 0 and j; (w) #O0forall p € U. Assume that
sing(w) is connected and smooth of codimension-two. Then for any p, q € sing(w)
and any two transverse sections to sing(w) through p and q, say £, and %, then
BB(w, sing(w), £, p) = BB(w, sing(w), Zy, ).

Proof. Denote by F the foliation defined by w on U. We will prove that for any p €
sing(w) there is a neighborhood V of p in sing(w) such that for any two transverse
sections X, and X, through p and g €V, respectively, then BB(w,sing(w), %, p) =
BB(w, sing(w), Z4, q).

Fix p € sing(w). Assume first that p is a Kupka singularity, that is dw (p) # 0.
In this case, the distribution defined by £, = {v |i,(dw(g)) = 0} has codimension-
two and is integrable in some neighborhood W of p, defining a codimension-two
foliation £ on W. Moreover, sing(w) N W is a leaf of £. If X is a germ of em-
bedded two plane transverse to sing(w) at p, we can define a germ of submer-
sion g: (C", p) — (X, p) by following the leaves of £. It can be proved that
o = g*(w|x), so that F|w is product of a singular foliation on ¥ by the regular
foliation of codimension-two & (cf. [15]). This implies that if X’ is another trans-
verse section through a point p’ € sing(w) near p then BB(w, sing(w), X, p) =
BB(w, sing(w), X/, p’) .
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When dw(p) = 0 the 1-jet w; = j},(w) is exact (dw; = 0). Since w; # 0
and codim(sing(w)) = 2 we must have 1 < codim(sing(w;)) < 2. Hence, after a
change of variables we can suppose that p = 0 and, either w; = xdy + y dx, or
w1 = xdx. In the case w] = xdy + y dx with cod(sing(w)) = 2, the situation is
similar to the Kupka case. It is proved in [13] that F is equivalent in a neighborhood
of p to the product of a dimension one foliation in a transversal section by regular
foliation of codimension-two. Hence, if ¥ and X’ are transverse sections to sing(w)
we have again BB(F, sing(w), Z, p) = BB(F, sing(w), =’, p’).

In the case w1 = x dx we use a result due to F. Loray. Since this case will
appear before in the proofs, we give a formal definition.

Definition 3.5. We say that a singularity p of the foliation F is nilpotent if there
exists an integrable holomorphic 1-form w defining F in a neighborhood of p such
that jll, (w) = x dx, in some coordinate chart (x, y) € C x C" ! around p such that

x(p) =0.
The next result is a consequence of corollary 3 in [17, page 710].

Theorem 3.6 ([17]). Let 6 be a germat (0, 0) € Cx C™ of holomorphic integrable
1-form, where

0 = 8(w72)dw+2fj(w,z)d2j , (W, 2) =W, 21, ..., 2m) € Cx C" .
j=1

Denote by F the germ of foliation defined by 6. Assume that jo1 (@) = wdw. Then
there exist local analytic coordinates (x,¢) € C x C", a germ f € O, with
f() =0, and germs g, h € Oy such that F is defined in the chart (x, {) by the
1-form

w=xdx +[g(f (&) +xh(fNIdf (&) . (3.3)

In particular, F = ¢*(G) where ¢: (C x C™,0) — (C2,0) is given by ¢(x, ) =
(x, £(0)) and G is the germ at (C2,0) of foliation defined by

n:=xdx+[gt) +xh®)]dt .

Let us finish the proof of Lemma 3.4. Note that if w is like in (3.3) then sing(w) C
(x = 0). Since we are assuming that sing(w) is smooth and has codimension-
two, after a holomorphic change of variables involving only ¢, we can assume that
sing(w), = (x = ¢ = 0), where sing(w), is the germ of sing(w) at p = 0.
Therefore,

sing(@), = (x =01 =0) = (x =g(f () =0) U (x =0f/31 =...=3f /3Lu—1 = 0).

Hence, either g(0) =0and &1 | f,or g(0) #0Oand &1 | 0f/9¢; forall j =1, ...,n—
1. In any case, we get ¢1 | f and so f(¢) = g“lk.G((), where G € O, k € N and
¢1 1 G. We have two possibilities:
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15, G(0) # 0. In this case, after the holomorphic change of variables
CD(X, {) = (x? gl'Gl/k(g)v ;27 ceey é‘n) = (X, y’ ;21 [EXX] é‘n) 9

where G!/¥ is a branch of the k™ rooth of G, we get f o ®~! = y* and

(@) =x dx+[g(Y")+x ROk Y dy:= vx dx+1g1(y) +x hi ()1 dy . (3.4)

Hence, in this case JF is locally the product of a singular foliation on (CZ, 0) by a
regular foliation of codimension-two and the argument is similar to the preceding
cases.

2", G(0) = 0. Since sing(w), = (x = ¢} = 0) and

w=xdx+(g¢F.G)+xhF.G) " (41.dG +kG.dgy)
we get

2.1. g(0) # 0, for otherwise sing(w), D (x =¢1.G(¢) =0) 2 (x =1 =0).
2.2. k > 2, for otherwise ¢; | G.

Recall that @ = ¢*(n), where n = xdx + (g(t) + x h(t))dt and ¢(x,¢) =
(x, f(¢)). Since g(0) # 0 we have n(0,0) # 0 and the foliation defined by n
has a non-constant holomorphic first integral say H(x,1), in a neighborhood of

0 € C2, with H(0,0) =0, 2 S ".0,0) £ 0, 2 5 H0,0) = Oand 2H.0,0) # 0. This
implies that H(x, ¢) = H(x, gl G(¢)) is a non- constant holomorphlc first inte-
gral of w in a neighborhood of 0 € C". By using that 22 (0 0) #0, 2 5 H.0,0)=0

and 2H.0,0) # 0, it can be checked that for any ¢ € sing(w) p and any trans-
verse sectlon %, through g then Hi|x, has an isolated singularity at g. It follows
from (2) in Remark 3.2 that BB(w, sing(a)), ¥4, q) = 0. This finishes the proof of
Lemma 3.4. O

Remark 3.7. Let F be a codimension-one foliation on P?, with n > 3. It follows
from the argument of [16] that sing, () has at least one irreducible component of
codimension-two, say I', such that BB(F, ") # 0.

Assume that 7 (F, p) = 1 for all p € I". Denote by I" the smooth part of
sing(w) contained in I'. We would like to remark that for any p € T then the
germ F,, of F at p, is equivalent to the product of a singular foliation on (C2, 0)
by a regular foliation of codimension-two. In fact, we have seen in the proof of
Lemma 3.4 that the unique case in which perhaps this fact is not true is the 2"¢,
where BB(F,T") = 0.

Note that the irreducibility of I" implies that I is connected. In particular, there
exists a germ of holomorphic 1-form 7 at (CZ, 0) such that for any p € I then there
is a germ of submersion ¢: (P", p) — (C2, 0) such that F, » is defined by ¢*(n).

Definition 3.8. The normal type of F along I is, by definition, the equivalent class
of the foliation defined by 7 on (C?, 0).
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Since in the proof of Theorem 1.2 we will deal with nilpotent 1-forms, before
closing this section we would like to state a result in which we compute the Baum-
Bott index for this type of form.

Lemma 3.9. Let U C C be an open set and g1, hy € OU), g1 # 0. Consider the
foliation G of C x U defined by n = 0, where

n=uxdx+ (g1(t) +xh(t))drt .

Then for any t, € U such that g(t,) = 0 we have

2
BB(G. (0.1,)) = Res [ "1 4y =) (3.5)
g1()

Proof. The vector field X = —(x h1(¢) + g1(¢)) 9y + x 9; also defines G. Let £ > 1
be the multiplicity of g; at #,, so that g;(z) = (t — t,)t.¢(t) and ¢ (t,) #0.

Assume first that £ = 1. In this case gl’(to) = ¢(,) # 0and (0,1,) is a
non-degenerate singularity of X. Therefore, by computing the jacobian matrix of
DX (0, t,) we get from (3) in Remark 3.2 that

BB(G, (0,1,)) =

(tr(DX(0,1,))>  hi(t,)? (h1(1))?
= — = Res | ——drt,1, ] .
det(DX (0, 2,) 8, (1) g1(®)

Suppose now that £ > 1. Consider the family (G;);ec of foliations defined by
2

ns = xdx + (g1(t) — s + x h1(¢)) dr and set 6; = ;f'gf% dt. For small |s| # 0,

the equation g (t) = st has exactly ¢ roots near t,, say t1(s), ..., f¢(s), such that

liII(l) tj(s) = t, and gl/ (tj(s)) # 0 for s # 0. Therefore, the first case implies that

r—

BB(Gs, (0,¢(s))) = Res(6s,(s)), 1 < j < £, |s| # 0 and small. On the other
hand, by (4) in Remark 3.2 we have

4
BB(G, (0,1,)) = lim <; BB(G;. (0, tj(S))))

[ 2
= sh—rR) <; Res(6;, tj(s))) = Res (U(;ll((tt))) dt,t = t0> . O

3.2. Proof of Theorem 1.2 in dimension three

Let F be a codimension-one holomorphic foliation on P* and assume that sing, (F)
has an irreducible component I' with BB(F,I") # 0 (see Remark 3.7) and
J(F, p) = 1 forall p € I" (which is equivalent to hypothesis (b) of Theorem 1.2
in the case n = 3). Since we are working in dimension three, the irreducible com-
ponents of sing(F) are either curves, or points. As a consequence, the connected
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component A of sing(F) which contains I" is of pure dimension one, and so is a
finite union of irreducible algebraic curves. We denote sing(A) the singular set of
Aand' =T \ sing(A). Note that any point of I is a smooth pointof I'. Let n a
germ at 0 € C? of 1-form representing the normal type of F along I".

Remark 3.10. Any point p € " \ [ is a nilpotent singularity of . Moreover, the
normal type n of F along I' is, either Kupka, or nilpotent. In other words, either
dn(0) # 0, or 7 is nilpotent.

Proof of the remark. As we have seen in the proof of Lemma 3.4, forany g € I" we
have two possibilities:

(i) The germ of F at g is equivalent to a product of a singular foliation on (C?, 0)
by a regular foliation of dimension one.
(ii) g is a nilpotent singularity of F.

In case (i) the germ of sing(F) at ¢ is smooth of codimension-two and so ¢ € T.
This proves the first assertion.

On the other hand, if the normal type is not Kupka then dn(0) = 0 and 1 =
j& (n) # 0is exact. If 1 is not nilpotent, then 17 = x dy 4 y dx in some chart. But,
this implies that BB(F, I') = 0, which contradicts BB(F, ") # 0. O

Definition 3.11. A separatrix of F along I" is a germ of hypersurface ¥ along I'
which is F-invariant. In other words, given p € I" there exists a germ u,, € m,\ {0}
such that:

(a) The ideal of the germ X, of ¥ at p is generated by u .

(b) The germ I', of I" at p is contained in X,.

(c) If F is represented by a holomorphic 1-form w in a neighborhood of p then
dup, N = up. O, where O is a germ of holomorphic 2-form. This condition
is equivalent to the JF-invariance of X.

(d) If u is a representative of u, in a small neighborhood U of p then, for any
g € I' N U there exists g € (’);‘ such that u, = g.(u),, where (u), denotes
the germ of u at q.

We say that X is smooth if du,(p) # O forall p € I'.

Consider now the normal type n = P(x, y)dy — Q(x, y) dx of F along r.
Assume that 1 has a smooth separatrix o = (u(x, y) = 0), u € my\ {0}, du(0) # 0.
Let I1: (M, D) — (C?,0) be the minimal Seidenberg’s resolution of singularities
of 1, in the sense of [7] or [2]. Denote by G be the foliation on (M, D) defined by
the strict transform of IT*(n). We would like to recall that:

(A) D= Ul;: 1 D, where each divisor D; is biholomorphic to PP!. Moreover, if
i # jand D; N D; # ) then D; N D; = {p} and D; cuts D; tranversely
at p. The divisor D; is dicritical if it is not G-invariant. Otherwise, it is
non-dicritical.
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(B) All singularities of G in D are simple, in the sense that if p € sing(G) N D and
G is represented by a holomorphic vector field X in a neighborhood of p then
the eigenvalues A, A of DX (p) satisfy one the conditions bellow:

(B.1) If one of the eigenvalues is zero then the other is non-zero. In this case, p
is a saddle-node of G.
(B.2) A1, A2 #0Oand A2/A;1 ¢ Q..

Definition 3.12. Let o be a smooth separatrix of n and I1: (M, D) — (C?,0),
D = |J; D, and G be as above. Let & be the strict transform of o by IT, where
6ND = {p}. We say that o is a distinguished separatrix of n if for any other smooth
separatrix, say oy, of n, with strict transform 61 and 61 N D = {q} (p # ¢) then
there is no local biholomorphism ®: (M, p) — (M, g) such that ®*(G,) = G,
where G, denotes the germ of G at x € D.

Remark 3.13. We would like to remark the following facts:

(D When 0 is already a simple singularity of 5 then n has at least one and at most
two analytic separatrices through 0, all smooth (c¢f. [9]). In the case (B.2) it
has exactly two, each one tangent to an eigendirection of DX (0). In the case
(B.1) it has always one, which is tangent to the non-zero eigenvalue of D X (0).
Sometimes it has also another tangent to the eigendirection of the eigenvalue
0. We would like to observe that all separatrices of 1 are distingueshed, except
when A1 = —X, # 0. However, in this last case we have BB(n, 0) = 0.

(I) If ® e Diff(C?, 0) preserves the foliation defined by 7 and o is a distin-
guished separatrix of n then ® (o) = o. In other words, if ®*() = h.n,
where i € O] then ® (o) = o. This follows from the fact that there is a germ
of biholomorphism o (M, D) — (M, D) such that IT o & =doll.

(IIT) When the strict transform & of o cuts transversely some dicritical divisor in
a regular point ¢ of G then it is not distinguished. This follows from the fact
that there exists a chart (W, (u, v)) around g such that W N D = (v = 0),
W N6 = (u=0)and Glw is defined by du = 0.

We will say that a separatrix ¥ of F along I' extends a separatrix o of 7, if for
some transverse section A through a point p € T", where F| 4 is defined by 1, then
o coincides with ¥ N A. We will say also that o can be extended to X.

Lemma 3.14. [fthe normal type n = P(x, y) dy — Q(x, y) dx has a dintinguished
smooth separatrix o then it can be extended to a smooth separatrix ¥ of F along T'.

Proof. Let us prove first that o extends to a germ of separatrix 3 of F along I It
follows from the definition of the normal type that there exists a covering (Wy)gea
of I" by polydiscs with the following properties:

(i) W, NT is connected and non-empty forall o € A. If Wyg := W N Wg £ 0
then Wyg N I" is connected and non-empty.
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(ii) For all @ € A there is a chart (xo, Yo, 2¢): We — C3 such that Flw is
represented by 1, = P(Xy, Vo) dVe — Q(Xg, Vo) dxq and ' N Wy = (xo =
Yo = 0).

Let u(x, y) = 0 be an equation of o and define uy(xy, Vo, 2a) = U(Xg, Vo) €
O(Wy). Set y = (uy = 0). Since o is smooth we have du(0) # 0, which implies
dug(0,0, z4) # 0, so that ¥, is smooth along I' N W,,.

Fix Wyg # #. Since .7-"|Wmg is represented by Nalw,s and by nglw,, there
exists ¢ € O*(Wyp) such that n, = ¢.7ng. Let A be a transverse section through
a point ¢ € rn Weag. Then ¥y N A and ¥g N A are separatrices of 7|5 and
ngla, respectively. Since they correspond to o, which is distinguished, they must
coincide, by (II) in Remark 3.13. This implies X, NWyg = XN Wyg. In particular,
there exists a germ of hypersurface I, which extends o, and such that I'Nw, =T,
for all @ € A.

This finishes the proof when I' = I'. Assume that I \ r # () and let us prove
that ¥ extends to a smooth separatrix ¥ of F along I.

Fix a point p € I' Nsing(A) =T\ I. Since pis a nilpotent singularity of F,
by Loray’s normal form, we can find a chart (x,s,7): U — C3 such that Flu is
represented by

w=xdx+ (g(f(s, 1)) +xh(f(s,0)))df(s, 1)

and'NU = (x = f(s,t) = 0). As we have seen before, given g € ' NU there
is a local chart (W, (x, v, z)) with W C U, x(¢) = y(q) = z(¢) =0, flw = y*,
k>1,and

wlw = xdx + (g +xh(N kY dy == xdx + @) +xh() dy .
Let A be the transverse section (z = 0) and set
0 =owln =xdx +E0) +xh(y)dy .

Note that g(0) = 0, because (0, 0) is a singularity of 6.

Let « € A be such that ¢ € Wy and x(q) = y(q) = z(q) = 0. If we cut
Ty = SN W, by the transverse section A = (z = 0), then we find a smooth
separatrix ¢ := X, N A of the differential equation ny|p = 0, which is also a
separatrix of & = 0 and corresponds to the separatrix o of 1.

The idea is to prove that ¢ admits an equation in the chart (x, y) of the form
x =¥ (%), ¥ € my. Since flw = yF, this will imply that the form w has a smooth
separatrix with equation x = ¥ (f (s, t)) which extends ¥ to a neighborhood of p.
This will finish the proof of Lemma 3.14.

We assert that & is not tangent to the x-axis. This will imply that & admits an
equation of the form x = ¢(y), ¢ € my, because it is smooth.
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In fact, assume by contradiction that & is tangent to the x-axis. In this case, it
admits an equation of the form y = ¢ (x), where ¢ (0) = ¢’(0) = 0. Since 7 is a
solution of 6 = 0, we get

X+ (E@0) +xh(@(x)¢'(x) =0.

Since g(0) = ¢(0) = ¢’'(0) = 0, the above relation implies

x =l 4+ @) +xh(@(x))) ') =0,

a contradiction. Therefore, 6 admits an equation of the form x = ¢ (y) with ¢ €
m;. When k = 1 this already proves that ¥ can be extended to a smooth surface in
a neighborhood of p. When k > 1 we consider the automorphism ®: (C?,0) —
(C2,0) given by ®(x, y) = (x, {.y), where ¢ is a primitive k™-root of unity. Since
0 = xdx + (g(y%) + x h(y%)) d(¥*) we get ®*(0) = 6. This implies ®(5) = &,
because ¢ (o) is a separatrix of 8 and ¢ is distinguished. On the other hand,

D(G)=P(x —p(y) =0) = (x —$({.y) =0)
= (-9 =0 =x—¢Cy) =0)
= ¢ ) =0 . Yye(C.0)
= (N =y0O" . yem.

This finishes the proof of Lemma 3.14. U

The next result will be used several times in the rest of the proof.

Proposition 3.15. Let y be an irreducible curve of P3. Assume that there exists
a germ X of smooth surface along y. If Ny denotes the normal bundle of ¥ and
c1(Ny) its first Chern class then

/cl(Nz) >0.
Y

In particular, the above integral is a positive integer.

Proof of Proposition 3.15. According to the definition, by taking a representative
of ¥ in a sufficiently small neighborhood W of y and a covering Y = (Uy)gea of
W by polydiscs, we can say that there exist

I. A collection (ug)qea, Where uy, € O(Uy), Xy = X NU, = (ug = 0) and
duy(q) #0forall g € X,

II. A multiplicative cocycle (Aag)u,z20, Uap = Uq N Upg, such that u, =
Aqp.ug for any Uyg # 0.
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The cocycle (Aqg)u, 540 Tepresents the normal bundle Ny, of £ in H'(U, O%). Let
c1(Ny) be the first Chern class of Ny, considered as an element of le) r(W).

Denote by X the set of holomorphic vector fields on IP3. It is well known that
dim(AX3) = 15. Given X € A3 let Tang(X, X) C X be the divisor of tangencies
of X with . This divisor can be expressed as follows in the covering U: if ¢ €
U, N X then g € | Tang(X, X)| N Uy if, and only if, X (uy)(g) = uq(q) = 0. Set
Yy :=UyNXand gy := X(ug)lx,-

LetB={a € A|Xy #0}. Ifa, B € B and X5 # ) then

X(ug) = X(Agp.ug) = Agp. X(ug) +ug.X(Agp) = 8o = aup-88

where aq = Aggls. Hence, (aaﬁ)zaﬂ;ﬁ@ is a multiplicative cocycle and (gq)uyeB
defines the divisor Tang(X, X) of X.

If X is not completely tangent to X then (g,)qep is effective (g, £ O for all
o), which implies that Tang(X, X).[y] > 0.

A straightforward computation in affine coordinates shows that, given p # g €
y there exists X € A3 suchthat X (p) € T, X and X (¢q) ¢ T, X, where T, X denotes
the tangent space of ¥ at x € X. Let us fix such vector field. Since X(gq) ¢ T, X,
Tang(X, X) is effective. Since X (p) € T, X we have p € | Tang(X, X)|Ny, which
implies Tang(X, ¥).[y] > 0. On the other hand, it is known that

Tang(X, X).[y] = /

c1(Tang(X, ¥)) = /C](Tang(X, ¥)>0.
14 Y

Since the cocycle associated to Tang(X, X) in the covering (Xq)qep iS (agg =
Aglx)ap, We get

c1(Tang(X, ¥)) = c1(Ny)|zx = /cl(Nz) >0. [l
Y

Lemma 3.16. The normal type 1 is not nilpotent.

Proof. The proof will be by contradicition. Assuming that all points of I" are nilpo-
tent, we will prove that F has a smooth separatrix X along I" and that

fCI(NE) =0,
r

which contradicts Proposition 3.15. O

In the proof of the existence of the smooth separatrix we will need the reso-
lution of singularities of a nilpotent 1-form 7 on (C?,0) with BB(1,0) # 0. The
following consequence of Lemma 3.9 will be usefull.
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Corollary 3.17. Let
n=xdx+ () +xh(y)dy, (3.6)
where BB(n, 0) # 0. Then h # 0 and
v(g,0) >2v(h,0)+1, 3.7
where v(., 0) denotes the multiplicity ar 0 € C.

Proof. 1t follows from Lemma 3.9 that

2
0 + BB(1, 0) :Res(h(y) dy, y =0> .

gy
This implies & # 0 and v(g, 0) > 2v(h, 0), because otherwise % dy would be
holomorphic at 0 € C and the residue would vanish. O

Existence of the smooth separatrix along I". We can assume that the normal type
is given by 7 as in (3.6). Since BB(n,0) = BB(F,T") # 0 we get from Corollary
3.17thath #0and m > 2n + 1 > 3, where v(g,0) := m and v(k, 0) := n. Note
that n > 1, because otherwise n would not be nilpotent. According to Lemma 3.14
it is sufficient to prove that n has a dintinguished smooth separatrix.

Let us give a brief description of the Seidenberg resolution of 1 (cf. [21]). Write
g(y) = y". 51(y) and h(y) = y". £2(y), where £;(0) # 0, j = 1,2, so that

n=xdx+ Q") +xy". () dy .

After the (n + 1™ step of this resolution we find a chain of divisors Dy, ..., Dp41
and a blowing-up map IT: (M, D) — (C?,0), D = Uj Dj= I1-'(0), where:

(D D;.D; =0if j <i—1land D;.Dj1=1,1<j<i<n+1.
(ID) D§ =-2ifl1 <j<nand D} , = -1

Let us denote by G the strict transform of the foliation defined by IT*(5). It can be
proved that (cf. [21]):

(IIT) All the divisors Dy, ..., D41 are G-invariant.

(IV) If j < n + 1 then sing(G) N D; = D; N Dy = {p;}. Moreover, if
X j is.a vector field _repr_esenting G around p; then DX ;(p;) has eigenvalues
AL A5 # 0 with A{/A) € Q-. In particular, p; is a simple singularity of
X; and G has only two separatrices through p;, which are contained in the
divisors Dj and D .
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(V) The divisor D, 1| appears after the (n + 1)" blowing-up. Moreover, there is a
chart (u, y) € C? around D41\ {py}, where I(u, y) = (" "u, y) = (x, y).
In this chart, we get D1 \ {pn} = (y = 0) and IT*(n) = y?*t!. «, with

o =uydu+((n+ D+ L@ u+ 3" g () dy

The idea is to prove that G has a distinguished smooth separatrix & transverse to
Dy 11 with an equation of the form u = ¢(y), where ¢ € Of and (£(0),0) is
a singularity of G. In this case, if 0 = I1(6) then o admits an equation of the
form x = y"*'.u = y"*!.¢(y). In particular, ¢ will be a smooth distinguished
separatrix of 7.

The foliation G is defined around D, \ {p,}, in the chart (u, y), by the vector

field
Z=((+ D + L) u+y"" D () B —uy,

Ifweseta =¢(0) A20,b=0ifm > 2n+1and b = 1(0) if m = 2n + 1, then,
in this chart, the singularities of Z along (y = 0) C Dy41 are g1 = (u1,0) and
g2 = (u2,0), where uy, u; are the roots of (n+1) u*+au+b =0. The eigenvalues
of DZ(gq;) are A; =2(n+ 1)u; + a and )‘2 = —u;, where Af corresponds to the
eigendirection of the separatrix (y = 0), i = 1,2. Since Z is not nilpotent at g;,
i = 1,2, we can apply the classification of non-nilpotent singularities. According
to the values of a and b, we have three possibilities:

1%, b £ 0 and az/b =4+ 1). In this case, g1 = g2 = (—a/2(n + 1),0). The
singularity is a saddle-node, A} = 0and A} = a/2(n+1) # 0. It follows that G has

an unique separatrix ¢ through ¢, which is smooth and transverse to the divisor.
The separatrix o = I1(6) is the unique one of 1 and so it is distinguished.

27 b £ 0 and a®/b # 4(n + 1). In this case, g1 # g2 and AL, AL £ 0,0 = 1,2,
Since Af =2+ Du; + a and )»il = —u;, it follows that A},/A,‘ + Aﬁ/k%. On the
other hand, a straightforward computation, using the values of A} and A},,i = 1,2
(or the Camacho-Sad theorem [9]), shows that:

A2 1

L 2= X
A2 n+1

Since AL/a} # A2/x2, either AL /A} ¢ Qi, or A2/22 ¢ Q4. If, for instance,
AL/al ¢ Q4 then G has an unique smooth separatrix & through g, transverse to
the divisor (y = 0), with

CS(G.6) =y /by & Qs .

where CS(G, &) denotes the Camacho-Sad index of the separatrix 6 with respect
to G (cf. [9]). If n has another smooth separatrix, say o/, then its strict transform ¢’
must satisfy 6’ N (y = 0) = {g2} and

CS(G.a") =22/)32 £CS(G,6) .
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Since the Camacho-Sad index is an analytic invariant of the pair (G, separatrix), it
follows that o = T1(&) is a smooth dinguished separatrix of 7.

3d, 5 = 0. In this case, we can take uy = 0 and u; = —a/(n + 1) # 0, which
give A% =0, Atz =a # 0 and )»}/)»,11 = —m+1) ¢ Q4. In particular, ¢, is a
saddle-node and G has an unique separatrix 6 through ¢;. In this case, 0 = I1(6)
is a distinguished separatrix of 1 because ¢, is saddle-node and ¢ is not.

This proves the existence of the smooth separatrix X of F along I'.

Proof of [, y; €1 (Nx) = 0. We have seen that given p € I then:

(i) There exists a germ of local chart ¥ = (x, v, z): (P3, p) — (C3, 0) such that
the germ I, of " at p, satisfies I'), C (x = 0).

(ii) There exist ¢1, &2 € (’)i‘ and f € my, depending only on (y, z), such that F,
is represented by

w=xdx+(f".a(f)+x f1.00(MNdf .

In particular I, is defined by (x = f = 0).

(iii) The germ X, of X at p, is defined by x — "y, 2) ¢(f(y, z)) = 0, where
¢ € OF. Setg(t) =" ¢ ().

(iv) When p € I then we can choose the chart in such a way that T p=x=y=
0)and f(y,2) =y, k > 1.

When we consider the change of variables W (u, y, z) = (u+¢(f(y, 2)), y, z) then
a straightforward computation shows that:

() = (uto(f (v, D) dutu [ (9,2 (f (3, 20) + ' (f, 2] df (3, 2) -

In particular, in the new chart we have ¥, = (u = 0). This implies that, if we
choose a small neighborhood U of I', where the germ X has a representative, then
we can find a finite covering U = (Uy)qea of U by polydiscs with the following
properties

(V) Uy NT # P forall , and Ugg N T # @ for all Uypg # 0.
(vi) If Uy N (T \ I # @ then Uy N (T \ I') contains just one point. Moreover, if
Uy N(I'\T) = {p} then p ¢ Ug forall B € A with 8 # «a.
(vii) Forall o € A there exists a holomorphic chart Wy = (uy, Vo, 2¢): Uy — C3,
such that W, (Uy) = D3 and £ N Uy = (uyg = 0), so that W,(Uy N T) =
{0} x D2
(viii) For all @ € A there exist f, € O(D?) and ¢, € O(f(D?)), with ¢ (r) =
"oy (1), Lo € O*(fy(D?)), such that F |y, is represented in the chart
(Ua, W) by

Wy = (Ug + ¢a(fa) dug + ug (fo? $2(fa) +¢o/,(fa)) df -



A STRUCTURAL THEOREM FOR CODIMENSION-ONE FOLIATIONS ON P, n > 3 25

(ix) If Uy N (D \T) = B then fo (Ve 2a) = Vg-
x) U, N(\T) = {p} then ¥,(p) = 0. Moreover, if g € " \ {p} then there
exists a chart (W, (uq, vy, Wy)) around ¢ such that fu|w = v(’fl.

It follows from (vii) that there exists a multiplicative cocycle G = () U,46 Such

that uy, = gop.up on Uyg # @. The cocycle G represents Ny in H'U, O%). The
idea is to prove that gug|rnu,, is locally constant for all Uyg # . This will imply
that fF c1(Ng) =0.

Since wq represents F|y,, there exists a multiplicative cocycle ((pa,g)uaﬁﬂ
such that wy = @ug. wg on Uyp # V. Fix Uyp # ¥ and g € I' N Uyp. Let us prove
that gopIrnu,. is constant in a neighborhood of g.

Note that g € I, because (r\ f‘) N Uyp = @ by (vi). On the other hand, (ix)
and (x) imply that we can find germs of charts (uy, vy, Wy): (P3, q) — (C3,0)
and (ug, vg, wg): (P3, g) — (C3, 0) such that

xi) Iy = (g =vq =0) = (ug =vg =0)and Xy = (uy =0) = (ug =0).
(xii) Ifi € {a, B} then F is represented by the germ at 0 € C3 of
o = (i + ¢ W) dui +u; V. W) + ¢/ W) d W) .

In particular, we get from (xi) that uy = gop.ug and vy = hopg.ug + kop.vg, where
hag, kep € Oy and gop.kap € O;‘. If we substitute these relations in w, then we
get the expression of w, in the other coordinate system

o = (gap-itg + Gu((hap.tg + kep.vp)¥)) (gup dup + ug dgup) (3.8)

+8ap Up(hap-tg+kas.vp)* . (V) +0; (hapupthkap.vp)")) d(hag.up+kap.vp)k
= A(ug, vg, wg)dug + B(ug, vg, wg) dvg + C(ug, vg, wg) dwg .
Since wy = ¢qp.wp and wg has no term with dwg, we get C = 0. Write
Clup. vp. wp) = Y Cij(wp) u v} .
i,j>0
It follows from (3.8) that C()o(w}g) = Clo(u}’g) = Co1 (w,g) =0and

8805/3(0, 07 wﬂ) — 0 8804;3(0, 07 wﬂ) —
dwg dwg

Coo(wp) = gap (0,0, wg). 0

EEEN gaﬁ|UalgﬂF is locally constant.

dep |, )
8ap 7 ) gl

dge .
giﬁﬂ Irnu, = 0 we get Jrec1(Ng) = 0. This

finishes the proof of Lemma 3.16. O

Recall that ¢1 (N, )|r can be obtained from the additive cocycle of (

by taking a fine resolution. Since
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Remark 3.18. Lemma 3.16 implies that ' ¢ K(F), the set of singularities of
Kupka type of F.

Corollary 3.19. If T'\ I" = @ then Theorem 1.2 is true in dimension three.

Proof. IfI' = T then it is smooth and I' C K (F). Therefore, F has a meromorphic
first integral by [6] and [3]. ]

In view of Corollary 3.19, from now on we will assume that I" \T" # @. Another
consequence of Lemma 3.16 is the following:

Corollary 3.20. Fix p € '\ T and consider a germ of holomorphic chart
(x,y,2): (P3, p) = (C3,0) such that F, p s represented in this chart by the form

wZde"i_(fm(y?Z){l(f(yyz))_{_xfn(yaz)CZ(f(y7Z)))df(yaZ) s
where f € my and {1, § € OF. Then:

@ n=0andm > 1.
(b) 0 € C? is a singularity of f and f is reduced in Os.

Proof. Note that
do = f"(y,2).(f(y,2)dx Adf(y,2)

of (v, af (v,
= "(y,2). oo(f(y, 2) [% dx A dy + f(yZ 2)

dx /\dz] .

Since I’ C K(F) we must have (w = dw = 0) = {0}. Therefore, n = 0,
m > 2n+1 =1 and (%};Z) = w = 0) = {0}, which implies that f is

Z

reduced in O,. Finally, 0 must be a singular point of f because p € ' \ [isa
nilpotent singularity of F. O]

Lemma 3.21. The normal type of F along T is linearizable and can be defined by
the germ of 1-form on (C?,0):

n=mxdy—nydx ,
where m,n € N, gecd(m,n) =1landn > m > 1.

Proof. Let n = P(x,y)dy — Q(x,y)dx be a germ at 0 € C? of holomorphic
1-form defining the normal type. Set n; = jo1 (n). Since dn(0) # 0 we getdn; # 0
and, after a linear change of variables, we have three possibilities:

(a) n1 = x dy (saddle-node).
(b) ny =xdy — A ydx,where A ¢ {0, —1}.
(©) m=xdy— (x+y)dx.
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We will show first that A € Q4 in case (b). With the same type of argument we will
show that case (a) is not possible in our situation. As a consequence, we will get
that always A # 0 and A € Q.. Concerning the linearization, we will use Poincaré-
Dulac’s normal form: when A, 1/A € Q4 \ N then 7 is linearizable, whereas if
A = n € N, for instance, then 7 is equivalent to 8, = x dy — (n y+a x™) dx. When
a = 0 the form B, is linear, whereas if a # 0 then it is not linearizable and we can
assume that a = 1. However, in our situation, we will prove that a = 0. The same
argument will imply that case (c) is not possible.

Let us examine the existence of distinguished separatrices. In case (a) the
following normal form is known (cf. [18])

n=[x(d+uy")+hotldy —y"dx

where n > 1. The separatrix o := (y = 0) is the unique one tangent to the direction
of y = 0 and it is distinguished. Therefore, by Lemma 3.14 it can be extended to a
smooth separatrix X of F along I'. In this case, we will see that fF c1(Nxg,) =0,
a contradicion with Proposition 3.15.

On the other hand, in case (b), if X is the dual vector field of the normal type
n then the eigenvalues of DX (0) are 1 and A. When A, 1/ ¢ N then the vector
field X has only two smooth separatrices through 0: one, say o, tangent to the
eigenspace correspondent to 1, and the other, say o3, tangent to the eigenspace
correspondent to A. Both separatrices are distinguished because

CS(X,01) =A £ 1/h=CS(X, ) .

Therefore, o; extends to a smooth separatrix X; of 7 along I', j = 1,2. We will
see that

fr W) = [ i) (3.9)

r
This will imply A € Q., because [ ¢i(Nx;) € N,i = 1,2, by Proposition 3.15.

In both cases, we will consider a coveringf = (Uy)qeca of I satisfying (v) and
(vi) of the proof of Lemma 3.16. In particular, if Uyg # ¥ then Uyg N (T"\ I = 0.
Let us analyse first case (b) with A, 1/1 ¢ N.

We can assume that oy = (y = 0) and 0 = (x = 0). Dividing n by some
¢ € 07, the normal type becomes

0:=¢p ' n=xdy—ry(l+R(x,y)dx, v(R,0)>1.
Therefore, we can suppose that:
(b.1). If U, N T\ T’ = @ then there is a chart (xo, Vo, zo): Uy — C3 such that
wq = Xa dyo — * Yo (1 + R(xq, Vo)) dXe - (3.10)

In particular, £1 N Uy = (x4 = 0) and ¥» N Uy = (¥4 = 0). We take x, and y, as
defining equations of X1 N U, and X, N U, respectively.
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Now, given p € I' \ T, by Corollary 3.20 there is a chart (U, (u, v, w)), around
p, where F|y is defined by

o=udu+(f.0(f)+u.(fNAf , f=fv,w), (3.11)

where f is reduced,r > 1 and ¢;(0) #0,i = 1, 2. If we fix some pointg € U N r
then there is a chart (W, (u, y, 7)) such that f|w = y, and so

olw =udu+ (" 0(y)+uto(y)dy .

Since ¢ € T, the form 6 := w|y is analytically equivalent to 6. This implies r = 1
and

2 2 2
£2(0) _Res<cz(y>dy G+ D>

= ,0]) =BB(:,0) =BB(4,0) =
£1(0) YO ) ) (©1:0) = BBE.0

In particular, we can assume that:

b.2). If @ £ U, NI\ I = {p} then there is a chart (i, vy, Wy): Uy — C3 such
that p = (0,0, 0) and F|y, is defined by

wg = g ditg + (fu- C1(fo) + . 2(fe)) dfe , fo = fo(Va, We) . (3.12)

As we have seen before, in this chart we can set ¥; NUy = (g — @i (fo (Vo, Wy)) =
0), where ¢;(t) = t;(¢), i = 1,2, and ¥{(0) and y»(0) are the roots of 2+
00)z +61(0) = 0. We take xo = uqg — ¢1(fa(ve, we)) and yy = uy —
®2(fo(vy, wy)) as the defining equations of ¥ N U, and ¥, N U,, respectively.
Let (8ap)Uup20> (kap)U,p20 and (@ap)u,z-0 be the multiplicative cocycles

such that x4, = gug-Xg, Yo = kop.yp and wy = @ug.wg on Uyg #= . We as-
sert that

dkop _, d8up

kag 8ap | y,pnr

Note that (3.13) implies (3.9).

=0, VUypgNI #£0. (3.13)

Proof of (3.13) Fix a, B € A such that Uyg N I" # #J. Since the covering satisfies
(vi), we can assume that U, N (T" \ ') = @, so that w, is like in (3.10). When we
substitute xo, = gog.xg and y, = kopg.yg in wy, we get the expression of Do |Uyp in
the other chart:

Wy = gap-Xg d(kap.yg) — A.kapg.yg (1 + R(gup-xg, kap.yg)) d(8ap-xp) - (3.14)
We have two possibilities:

15t UgnN I\ I~“) = ¢. In this case, wg is also like in (3.10) and we get:

8ap-XB d(kaﬂ-yﬂ) - )\-kaﬂ-yﬂ (I'+ R(gap-xp, kaﬂ-yﬂ))d(gaﬂ-xﬂ)
= Adxg+ Bdyg +Cdzg = @up (xﬁ dyg — Ayp (1 + R(xg, yp)) dx,g) .
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Since wg does not contain terms with dzg, we get C = 0. If we set C(xg, yg, z28) =
Zijz() Cij(z,s).x}’g.yé then

Do (0.0, 2)
0zp

agtxﬁ (0’ 09 Zﬂ) _
0zp

C11(zp) = 84p(0,0, zp). — Akap(0,0, zp). 0.

Since Uygg NI = (xg = yg = 0), the above relation implies (3.13).

2nd, Ug N I\ I) = {p}. In this case, wpg is like in (3.12) and the substitution
of x4 = gup.xp and Y, = kyg.yp in (3.14) becomes more complicated. However,
ifwe fixg € Ugg N I" then we can find a chart (W, (u, s,t)) around g such that
ug = u and fg(vg, wg)lw = s. In this new chart, wg does not contain terms in
dt. Since xy = gop.(u — ¢1(s)) and yg = kgp.(u — ¢2(s)) in this chart, a direct
computation shows that the term in dt of wy, after the substitution, is

C(u,s,t)

. 8kozf3 8ga,3 —
=@ — ¢1(5)(u — $2(5)) | 8ap 5 A1+ R(Xas yo)lkap 91 =0

akozﬂ (07 07 t) agaﬁ (07 07 t)

0,0,¢
Eaad guﬁ( ) 97 97

— hkap(0,0,1) =0 = (3.13).

This proves that in case (b) we must have A € Q;. Moreover, Poincaré’s lin-
earization theorem implies that if A, 1/A ¢ N then the normal type is equivalent to
mxdy —nydx,m,n € N.

Let us analyse case (a), in which, a priori, F has just the separatrix X;. We
can take the covering {/ in such a way that:

(al). If U, N (T \ ') = ¢ then there is a chart (xg, YVos Za) s Uy — C3 such that
Flu, is represented by:

w0y = Yo (1 + pux") + R(xa, yo)ldxy — x"dy, | (3.15)

where v(R, 0) > n + 2. In particular, ¥ N U, = (x4 = 0) and we take x,, as the
defining equation of ¥ N U,,.

@2). U, N(@\T) # @and Uy N (I \ ) = {p} then there is a chart
(Ue, Vg, W) : Uy — C3 such that Flu, is represented by a form like in (3.11):

Wy = Uy dug + (f(; $1(fa) + uq. CZ(fa)) dfe , fo = fo(Va, wa) ,

where r > 1, f, isreduced and ¢;(0) #0, j =1, 2.

Let (goa,g)uaﬁ;,g@ be the multiplicative cocycle such that wy = ¢@u.0g on
Uup # 9.

We would like to observe that r = n + 1 > 1 in the situation (a.2). In fact, if
we take B € Asuchthat 8 # a with ' N Uyp # @ and g = (0, vy, wy) € I' N Uyg,
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then f,(v,, w,) = 0 and there is a chart (W, (u, y, z)) around ¢ such that u = u,
and fy|w = y. In particular, in this chart

wog =udu+ (Y 01(y)+u.t(y)dy .

Therefore, the multiplicity (Milnor number) of the singularity O of w, (in a trans-
verse section) is i (wy, 0) = [u, y" {14(y) + u Lo (¥)]o = 7. Since wy = @up.wg,
where wpg is like in (3.15), we getr = u(wg,0) =n + 1.

In particular, a straightforward computation shows that the equation of X in
the chart (u, y, z) is of the form u + ¢(y) = 0, where ¢(0) = 0 and ¢'(0) =
£2(0) # 0. Therefore, the equation of X1 N Uy is ug + ¢ (fo(ve, we)) = 0. We
take xy := Uy + ¢ (fo(Vy, Wy)) as the defining equation of Xy, N Uy in the situation
(a.2).

Note that < ugy, Xo >=< uy, fu >, because ¢(0) = 0 and ¢'(0) # 0. In
particular, I' N Uy, is defined by the ideal < uy, x4 >.

Let G = (8ap)u,, be the multiplicative cocycle such that x4, = gep. xg On
Usp # V. We will see that 8aplrnU,, 18 locally constant and this will imply

frcl(Nfl]) =0.

Fix a, B € A such that I' N Uyg # @. By the construction of the covering U,

we can assume that (I" \ f‘) N Uy = 0, so that wy is like in (3.15) and ' N U, =
(x¢ = Yo = 0). We have two possibilities:

1%, UgN(T\ ') = ¢. In this case, wg is also like in (3.15) and ' N Uyg = (xy =
Yo = 0) = (xg = yg = 0). This implies that y, = hapg.Xg + kag.yp o0 Ugg,
where gaﬂ-kaﬁ S O*(Ua’g).

2. Ug N (T \T) # @. In this case, wg is like in (3.11) and ' N Upp = (x4 =
Yo = 0) = (xg = fg = 0). This implies that y, = hog.xg + kag. fg 0n Uyg,
where gqg.kap € O*(Ugp).

In the 2" case, if ¢ € Uwg NT then dxg A dfg(g) # 0. Hence, we can find a
chart (W, (xg, yg, zg)) around some point g € Uyg N I" such that fglyw = yg.
In both cases, we have y, = hog.xg + kog.yg and wg do not contain terms with
dzg. On the other hand, if we write w, in the coordinates (xg, yg, z5), using the
relations X, = gap.Xg and y, = hog.xg+kag.yg, We get wy = A(xg, yg, 28) dxg+
B(xg, yg,z8) dyg + C(xg, yg, 28) dzg, where we can write

C(xg, yp, 2p) = Z c,-j(z,g)xjgylg =0 = Cij(zp) =0, Vi,j>0.
ij=0
By substituting explicitly xo = gog.xg and yo = hog.xg + kog.yg in (3.15) we get

8ga,3(0, 07 Zﬂ) _

C11(zp) = kap(0,0, zp).
0z

O )
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0204(0,0,28)
dzp
ishes the analysis of case (a).

which implies = 0. Hence, goplrnu,, is locally constant and this fin-

Next, we prove that in our situation the normal type cannot be equivalent to
Bpn=xdy—(ny+x")dx, n>1.

This will imply that case (c) is not possible: if n; = xdy — (x 4+ y) dx then by
Poincaré’s linearization theorem 7 is equivalent to 71 and so to 1, a contradiction.

Let us suppose by contradiction that the normal type of F at I is equivalent
to B,.

Remark 3.22. We would like to observe the following facts about the foliation
defined by B,:

(a) It has no meromorphic non-constant first integral in a neighborhood of 0 €
C2. This implies that  has no meromorphic non-constant meromorphic first
integral in a neighborhood of any point p € I'.

(b) The separatrix 0 = (x = 0) is the unique analytic separatrix of 1 through
0 € C?. In particular, it is distinguished and can be extended to a smooth
separatrix X of F along I.

(c) By has an integrating factor: if we set 6 := x~U4 B then:

e:a(l)—d—x = dH=0.

xn X

Let us sketch the proof. First of all, we will prove that the closed meromorphic 1-
form 0, on some transverse section A, can be extended from the transverse section
to a closed meromorphic 1-form ® on some connected neighborhood U of I', in
such a way that:

(i) The divisor (®)y, of poles of @, is (B)y = ()"t
(ii) © defines FonU \ X.
(iii) Res(®, T) = —1.

Using an extension theorem of meromorphic functions on U (cf. [1] and [22]), the
form ® can be extended to a global closed meromorphic 1-form. The contradiction
will be a consequence of (i) and (iii), as we will see.

Extension of 6 to a neighborhood of T. Fix a covering (Uy)qea of I" such that,
for all @ € A, there is a chart (Xq, ya, Za): Uy — C3 such that F |y, is represented
by ne = Xgdyey — (nyy + x}y) dxo. We can assume also that, if Uyg # ¢ then
Ugg N [ is connected and non-empty. Note that ¥ N U, = (x4 = 0) for all & € A.

Set ®, = d (i—%) — X 4 ¢ A, We assert that, if Uwp # ¥ then Oy = Op

X

on Ugg.



32 DOMINIQUE CERVEAU AND ALCIDE LINS NETO

In fact, fix Upg # ¥ and g, ¢ € O*(Uyp) such that x, = g.xg and ny = ¢. 1
on Uyg. From O, = x;(nH).na and ©g = x;("ﬂ).nlg we get Oy = ¢.Og,
where ¢ = ¢/g"t! € O*(Uqyp). Since O, and O are closed, we get
0=dOy, =dpAnOy = dpArng=0 =
¢ is a holomorphic first integral of F|y, -

This implies that ¢ is a constant, because Uyg N ' # ¢ and F has no non-constant

holomorphic first integral in a neighborhood of any point g € I (see Remark 3.22).
Now, observe that

d d
I%ﬂ@mZ):R%(—4@3?>:R%(—4&3ua:00::—
X,

Xo o

Similarly, Res(®g, ¥) = —1. Since ¢ is a constant, we get
—1=Res(Oy, X) =¢.Res(0p, X)) =—¢p = ¢=1,

which proves the assertion.

It follows that there exists a meromorphic 1-form ® on the neighborhood U=
Uy Uq of T, such that ®|y, = O, foralla € A. Let us extend ® to a neighborhood

U>UofT.

Extension of © to a neighborhood of T'. Fix p € '\ I" and a chart (u, s, 1): V —
C3, around p, such that F|y is defined by

wo=udu+ (f.5(f)+us(fNdf ., f=f(s1).

Choose a point g € [ NV and a chart (W, (u, v, w)), around g, such that v =
f(s, 1), INV=@w=v=0andw=udu+ (v Z1(v) + u &(v)) dv. Since Olw
defines F on W \ X, there exists a meromorphic function # = h(u, v, w) on W
such that ® = h.w. We assert that % =0, so that h = h(u, v).

In fact, since © is closed, we get

~ dh
0=dO=dhAw+hdo — §z(v)du/\dv=da)=—7/\w

== —{2(v)du/\dv=dh—h/\[udu—l—(v;l(v)—f—u{z(v))dv] - %:O,

which proves the assertion. It follows that the meromorphic 1-form A (u, f(s,t)).w
is closed and extends © to some neighborhood of p. Hence, O can be extended to
a closed meromorphic 1-form ®, on some connected neighborhood U of I', which
satisfies (i), (ii) and (iii).
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Now, we use the following result:

Theorem 3.23 ([1,22]). Let Y be a connected analytic subset of P", n > 2, with
dim(Y) > 1. Then any meromorphic function in a connected neighborhood of Y
extends to a meromorphic function on all of P".

As a consequence of Theorem 3.23, the form ® can be extended to a global
meromorphic 1-form on P3. In fact, consider an affine coordinate system (x, y, z) €
C3 ¢ P3, such that T' ¢ Lo, where Lo denotes the plane at infinity of C3. We
can write

Olesny = Adx+Bdy+Cdz,

where A, B and C are meromorphic functions on C3NU. Since dx, d y and dz
are global meromorphic forms on IP3, the functions A, B and C can be extended to
meromorphic functions on U, and, as a consequence, to meromorphic functions on
IP3, by Theorem 3.23, which proves the assertion. Denote the extension again by
0. Let |®| be the set of poles of .

Note that |®|, is an algebraic hypersurface of P3. Since |®]o N U = X, the
separatrix ¥ extends to an irreducible algebraic hypersurface of P2, which we still
denote X. On the other hand, if S is an irreducible component of |® |, then

SNT#0 = SNU£9 = SNU=3XNU = S=3% = |Olx =3

Now, we arrive to a contradiction: we have seen that Res(®, X)= —1. If we take a
line P! ~ ¢  IP? cutting X transversely in dg(X) points, then Zpd Res(®l¢, p)=
—dg(¥) # 0, which is not possible by the residue theorem. Therefore, the normal
type is equivalent to m x dy — n y dx, where m, n € N, where we can assume that
n>m > 1and ged(m,n) = 1.

It remains to prove that in our situation we don’t have m = n = 1. This is a
consequence of the fact that we are assuming I' \ I # .

In fact, suppose by contradiction that the normal type was n = xdy — ydx.
Fix a point ¢ € I" and a transverse section A to r through q. Let X be a vector field
on A defining F|,. Since the normal type is 1, we have n(X) = 0, which implies
that the linear part DX (¢) of X at g, must be of the form § 1, where [ is the identity
and § # 0. On the other hand, if p € I' \ T then there is a chart (U, ¥ = (x, y, 2))
around p such that ¢ (p) = 0 and F|y is represented by

wo=xdx+(fTa(f)+xo(Ndf . f=fU.2).

where f is reduced, r > 1 and ¢1(0), £(0) #0. Ifg e U N I" then we can find a
chart (W, (u, v, w)) around g such that x = u and f(y, z) = v. In this chart Flw is
represented, in a normal section to I through g by u du + (v" £1(v) 4+ u & (v)) dv.
The dual vector field of this form is X = (v" ¢ (v) + u & (v)) 9, — u 9. As the
reader can check, DX (0) # § I. This finishes the proof of Lemma 3.21. O

End of the proof of Theorem 1.2 in dimension three. We have proved that the
normal type of JF along I' is given by n = mxdy — nydx, where m,n € N,
ged(m,n) =1andn > m > 1. Let us give an idea of the proof.
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Consider a meromorphic integrable 1-form  on P3 representing F outside
its set of poles. By using the normal type, we will see that there exists a closed
meromorphic 1-form A, on some connected neighborhood U of ', such that d€2 =
A A Q on U. The extension theorem of [1] and [22] will imply that A can be
extended to a closed meromorphic 1-form A on P? with dQ2 = A A Q Next,
working with the pole divisors and residues of A, we will see that A = F , where
F' is meromorphic on P3. In particular, we will get d ( F) = 0, that is, F' is an
integrating factor of Q. Finally, by studing % around I', we will show that F has a
rational first integral of the form f)"/f, where m.dg(f2) = n.dg(f1).

Remark 3.24. Since n > m, the separatrix 0 = (x = 0) is distinguished. In
particular, it extends to a smooth separatrix X; of F along I'. Whenn > m > 1 the
other separatrix, oo = (y = 0), is also distinguished and can be extended to another
separatrix, say X, of F along I'.

Another fact that we would like to observe is that f(x, y) := y™/x" is a mer-
morphic first integral of . On the other hand,  has no non-constant holomorphic
first integral in a neighborhood 0 € C2.

Fix an affine chart (x, y, z) € C*> ¢ P3 and a polynomial integrable 1-form 2
on C3 which represents 3. Without lost of generality, we can assume that T is
transverse to the line at infinity Lo, = P? \ C.

Construction of A in a neighborhood of T. Let (Ugy)aeca be a covering of " with
the following properties:

(a) Uy NT is connected and non-empty for all & € A.
(b) If Uyp # @ then Uyg N T is connected and non-empty.

(c) For all « € A there is a chart (xy, Yo, 2a): Uy — C3 such that T N U, =
(x¢ = yo =0) and F|y, is represented by ng = m xo dyy — n yo dxq.

In particular, 31 N Uy = (x4 = 0), fo := yJ'/x} is a meromorphic first integral of
F |U¢x and

m—1

Yo
dfa = ﬂ—H Na > Yae A. (316)

Fix Uyp # ¥ andlet gog € O*(Uyp) and gop € O*(Uyp) be such that g = @up. ng
and xy, = gup.xg on Uyg. From (3.16) we get

(Ya/yp)" "
dfa = aaﬂ-dfﬂ , Qap = %(paﬂ
8ap
Note that aug € O*(Uyg). In fact, if m = 1 this is clear. On the other hand, if
m > 1 then by Remark 3.24, there is a separatrix ¥, along I" such that
2NUpg=0a=00NUg=(p=0NUy.

As a consequence there exists hop € O*(Uyp) such that y, = hgpg. yg. Hence,
aap = iy wap/ 8y € O (Uap).
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From dfy, = aup.dfp we get
daaﬂ /\dflg =0 = daa,B ANg =0

and aqp is a holomorphic first integral of F in a neighborhood of Uyg N I". This
implies that a,g € C*, because the normal type has no non-constant holomorphic
first integral.

Given a € A, Q|y, and df, represent F in the complement of their poles.
Hence, there is a meromorphic function g, on Uy, such that Q@ = g4.dfy. Since
dfy = agp.dfg on Uyg # 0, we get

Q= go.dfs = gu-Gop-dfp = gp-dfp = 8p = aup-8a 0N Uyp .

Since aqp € C*, we get

d d
dga _ 85 oy
8a 8B
and this implies that there exists a meromorphic 1-form AonU := Uy U« such

that A |y, = % forall o« € A. Finally, dQ = A A Q because

d -
dQy, = dge Adfy = 24 AQy, = A A Qly, -
g

o

Extension of A to a neighborhood of T \ I. Fix p eI\ I" and a local chart
(V, (u, s, t)) around p such that F|y is represented by

w=udu+ (h.t;(h) +u.co(h))dh , h=h(s, 1)

and TNV = (u = h(s,t) = 0). Choose ¢ € V NT and a chart (W, (u, v, w))
around g with W C V and h(s, t) = v, so that

wlw =udu+ W) +udr()dv.

Let @ € A be such that g € U,. We can assume that W C Uy. Since ny|w and o|w
represent F |y there is ¢ = @ (u, v, w) € O*(W) sucht that n, = ¢.w on W. This
implies dfy|w = h.w|w, where h(u, v, w) = (,zJ.y(’jf_l/ngJrl is meromorphic on W.
In particular, d (h. w|w) = 0, which implies dw|wy = —“;1—}’ A wl|w . Since dw|w do
not contain terms with du A dw and dv A dw, from the last relation we get

ah

— =0 = h=h(u,v).

Jw
Therefore, the closed 1-form 6 := h(u, f (s, t)).w is meromorphic in some neigh-
borhood U, of p and extends df, to this neighborhood. As before, we have
Q = g.0, where g is meromorphic on U, and is an extension of gy to U,. This
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implies that %g extends A to U p- In particular, A can be extended meromorphically

to some connected neighborhood U of I'. Finally, Theorem 3.23 implies that A can
be extended to a closed meromorphic 1-form A on P3 with dQ = A A Q.

Poles and residues of A. Let |A|s be the set of poles of A. Fix p e Tand o € A
such that p € U,. Note that Lo, = P3 \ Clisa pole of 2 of order d + 2, where
d = dg(F) (cf. [2]). Let (ug = 0) be a reduced equation of Lo, N Uy. Since Q|y,
and 7y represent F |y, there is ¢, € O*(Uy) such that

1 n+l
o ¢oz'xn+ Do X
Qu, = 5N = —m——1-dfa = 8= 57 -
o d+2 d+2 . .m—1 d+2 . .m—1
Uy Ug - Ya Uy ~Va

From the above expression, we get

d d d d d
Ay, =25 =k DT —n =) (@ 4D P

o o o Uy Do

(3.17)

We have two possibilities:

1%t 1 < m < n. Inthis case, |Aloo N Uy = (x¢ = 0) U (yo = 0) U (1 = 0). Since
Y1 NUy = (x¢q =0)and Xy N U, = (¥4 = 0), they extend to global algebraic
irreducible surfaces, which we call again ¥; and X,, respectively. Moreover, we
get |[Aloo D X1 U Xy U L. We assert that [Alge = X1 U 3o U L.

Let S be an irreducible component of |A|s, S # Loo, and let us prove that
S C X1 U X,. We assert that S is F-invariant.

In fact, fix a smooth point p € S\ (Lo U sing(F)). Consider a local chart
¥ = (x1,x2,x3): W — C3around p such that ¥ (p) = 0, WN(LsoUsing(F)) = @
and SNW = |Alooc N W = (x3 = 0). We can write

0
Alw = — 0 = A1 dx; + Ardxy; + Azdxs
X
3
where A; € O(W),i = 1,2,3,x3 1 A; forsomei = 1,2,3, and k > 1. From
dA =0, we get

. d
2% do —kx; Va0 =0 = do=k" A0,
X3

which implies that x3 | Aj, Az and x3 )( Ajz.Therefore, we can write 0 = x3a +
Az dx3, where « is holomorphic on W. Since dQ2 = A A 2, we get

BdQUw =0AQlw = Asdxz AQlw = x3(xh 1dQlw —a A Qlw) .

From the last relation above, we obtain that % AQ|w := B is holomorphic. Hence,
S is F-invariant, because dx3 A Q|w = x3 B8, where 8 is holomorphic.
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Since S is F-invariant and I' N S # ¢, S must contain some separatrix of F
along I'. In particular, S N U, # @, which implies that SN Uy C (xq = 0) U (v =
0). Therefore, either S = X, or § = X».

Let f1, f>, f3 be irreducible homogeneous polynomials on C*, f3 of degree-
one, such that f; = 0 is an equation of ¥;,7 = 1,2, and f3 = 0 is an equation
of L (in homogeneous coordinates). By (3.17) the residues of A are n + 1 (on
%), —(m — 1) (on X») and —(d + 2) (on Lso). Therefore, A can be written in
homogeneous coordinates as d F'/ F, where

n+1
1

f fd+2 ’

20 5 > m = 1. In this case, |[Aloo N Uy = (xg = 0) U (uy = 0). With the
same argument of the 157 case, we get |A|oo = X1 U L. Let f1, f3 be irreducible
homogeneous polynomials on C*, f; of degree-one, such that f; = 0 is an equation
of X1 and f3 = 0 is an equation of L, (in homogeneous coordinates). By (3.17)
the residues of A are n + 1 (on X{) and —(d + 2) (on L). Therefore, A can be
written in homogeneous coordinates as d F/ F', where

f]n-i- 1

d+2 -
S

The first integral. Let IT: C* \ {0} — 3 be the canonical projection and
(x0, x1, X2, x3) be homogeneous coordinates such that Lo, = (f3 = x¢9 = 0) and
the previous affine chart C3 c P3is (xg = 1). In this chart,

H(x07xl’x2’x3) = <_9 R _) .

X0 X0 Xo
Since dg(F) = d we can write IT*(Q2) = d1+2 w, where the coefficients of w are
homogenous of degree d + 1 and ig(w) = 0 R = ) ;xjdy. If m = 1 we set
o I':= 1. With this convention, we can write F = fmf ’:.Hd +5- On the other hand,
the relation dQ2 = 2£ A Q is equivalent to d (F~'©) = 0, and so the form
Q e
w=%= Fo

n+1

is closed. Since it is closed and its pole divisor is f|""", it can written as

()
uw=xr—+d
fl * fl

where A € C, h is a homogeneous polynomial and dg(h) = ndg(f1).
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Since 0 = ig(u) = Adg(f1), we get A = 0. It follows that 2/ f]" is a rational
first integral of F. If m > 1 then ¥, = (f> = 0) is F-invariant. Hence, there exists
b € Csuch that (f =0) C (h+ b f{' = 0). In particular, there exist k € N and

a homogeneous polynomial g such that g. fzk = h+b f', where fi, f> 1 g and
dg(g) +kdg(f>) = ndg(f1). This implies

m—1 k
o w:d(in> —a(Sh2
Vi A A

= [ o= (f hdg+k figdfr—ng fdfi) = m=k

and g is a constant, because otherwise inapointg € (g = f1 = 2 =0 NT we
would have qu (w) > 1. This implies that F has a first integral of the form f)" /f}".
When m = 1, we have that & is irreducible and we take f» = h. This finishes the
proof of Theorem 1.2 in dimension three.

3.3. Proof of Theorem 1.2 in dimension n > 4

The idea is to use the case of dimension three and the following known result

(cf. [8]):

Theorem 3.25. Let G be a codimension-one holomorphic foliation on P", n > 3.
Assume that there is a k-plane E ~ P*, 2 < k < n such that E is in general
position with G and G| is represented by a closed meromorphic I-form w on E
outside its poles. Then w can be extended to a closed meromorphic 1-form Q on P"
representing G outside its poles. In particular, if G|g has a rational first integral
then it can be extended to rational first integral of G.

Recall that E is in general position with G if:

(a) E is not G-invariant.
(b) The divisor of tangencies between G and E has codimension at least 2 in E.

Moreover, the set of k-planes in general position with G is a Zariski open and dense
subset of the respective grassmanian (cf. [8]).

Let F be a codimension-one foliation on P, n > 4, such that sing, () has an
irreducible component I' with BB(F, ') # Oandtheset X :={p € ' | T (F, p) >
1} has codimension at least 4 in P". Set N1 = {p € I' | p is a nilpotent singularity
of F}and Kr = {p € I' | p is a singularity of Kupka type of F}. Since codp: (X) >
4 and codpn(I') = 2, we have ' = Nt U K U X and

e Either ' = NI U X, or KT is a Zariski open and dense subset of I".
When N1 U X = @ thenI" C K (F) and so Theorem 1.2 is true by [6,11] and [3].

Therefore, from now on we will assume that N U X # . In view of Theorem
3.25, the next result will reduce the problem to the case n = 3.



A STRUCTURAL THEOREM FOR CODIMENSION-ONE FOLIATIONS ON P, n > 3 39

Lemma 3.26. In the above situation, there is a (n — 1)-plane P"~! ~ E c P" in
general position with F and such that:

(@) TNE Csingy(FlEg).

(b) The set Xg :={p e T NE|J(Flg, p) > 1} has codimension at least 4 in
E.

(¢) If T is an irreducible component of ' N E then BB(F|g, ') # 0.

Proof. Fix an affine chart (zy, ...,z,) € C" C P" and a polynomial 1-form
representing F in this chart. Given p € C" N AT there is £, € Clzi, ..., 2], of
degree-one, such that £,(p) = 0 and

iy (Q) =t,de, .

Note that the hyperplane H, = (£, =0) € P" does not depend on the affine chart
containing p. As a consequence, the correspondence p — H), defines an analytic
map H: N — P". Since dim(NVr) < n — 2, we get dim(HNp)) < n —2. In
particular, the set

A:=DP"\HND)

is a Zariski open and dense subset of P, Let B = {E € A| E is in general position
with F}.

Note that B is a Zariski open and dense subset of [P". Moreover, if E € B then
all points of A'r N E are nilpotent singularities of F|g. In fact, fix p € Ny N E,
an affine coordinate system z = (zy, ..., z») € C" C P" and a polynomial 1-form
Q representing F in this chart, such that z(p) = 0 and ENC" = (z, = 0).
Let £, be a degree-one polynomial with £,(p) = 0, H, N C" = (¢, = 0) and
j}(Q) ={,dl,. Since £,(0) = 0and E # H), we can set £,(z) = 2?21 ajzj,
where a; # 0 for some j € {1,...,n — 1}. The polynomial Zp = LplEncn is
non-constant. In particular,

JoQle) =E€pdE, #0.

Therefore, p is a nilpotent singularity of F|g.

Now, consider an algebraic stratification sing(F) := Sp D §1 D ... D S, = 0,
where dim(Sp) = n—2,dim(S;41) < dim(S;) and S; \ §;41 is a smooth manifold,
forall 0 < j < r. By transversality theory, there exists E € B transverse to all
manifolds S; \ S;j4+1, 0 < j < r. We assert that E satisfies properties (a), (b)
and (c).

In fact, since I' C sing,(F) we must have '\ §1 # @, and socod(I'NE) = 2,
which implies (a), because I' N E C sing(F|g). On the other hand, since Kr is
smooth of codimension-two, we get K C Sp \ S1. In particular, E is transverse
to Kr and this implies that Kr N E C K (F|g). Therefore, J(F|g, p) < 1 for
all p € (' \ X) N E. This implies also that Xg = X N E. Since X C S, by
transversality we get codg (Xg) > 4.
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Finally, if T" is an irreducible component of I' N E then BB(F|g, I'’) can be
computed in any dimension two transverse section, say A, through any point in the
smooth part of I' N E. If we take such a point in the smooth part of I" then we see
that A is also transverse to I" at this point, which implies

BB(F|g, ') =BB(F.,I) #0 . O
By using Lemma 3.26 inductively n — 3 times we get:

Corollary 3.27. In the situation of Lemma 3.26 there is a 3-plane P> ~ E C
P", in general position with F, with J(F|g,p) < 1, forall p € T N E, and
BB(F|g, ') #0, for all irreducible components of T'' of T N E.

In particular, F|g has a rational first integral of the form f["/f;', where
gedim,n) = 1,1 <m < n, mdg(f1) = ndg(f2) and f], f> are irreducible.
By Theorem 3.25 this first integral can be extended to a rational first integral of F.
This finshes the proof of Theorem 1.2. O
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