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A T1 criterion for Hermite-Calderon-Zygmund operators on the
BMOpg(R") space and applications
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Abstract. In this paper we establish a T'1 criterion for the boundedness of
Hermite-Calder6n -Zygmund operators on the BM O (R") space naturally as-
sociated to the Hermite operator H. We apply this criterion in a systematic way
to prove the boundedness on BM O g (R™) of certain harmonic analysis operators
related to H (Riesz transforms, maximal operators, Littlewood-Paley g-functions
and variation operators).
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1. Introduction

It is well-known the crucial role played by T'1 and its relation with the classical
B M O space of John and Nirenberg in the analysis of L”-boundedness of Calder6n-
Zygmund operators T (see [5,10,11] and [9, page 590]).

Moreover, T'1 is an important object to understand the behavior of certain
classes of integral operators in Holder spaces. Indeed, in [17] some operators re-
lated to the harmonic oscillator (also known as Hermite operator)

H=—A+|x|% in R, 1.1)

such as the fractional harmonic oscillator H?, the Hermite-Riesz transforms, the
fractional integrals H ~?, among others, are studied when they act on certain Holder
spaces C]I;’a R"), k € N,0 < a < 1, adapted to H. Roughly speaking, these
operators T can be expressed as

Tf(x) = /Rn K, y)(f(y) = f(x) dy + f(O)T1(x). (1.2)
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Here the kernel K (x, y) has a singularity for x ~ y, so some regularity is required
on f for the integral to be well defined. Looking at how the operator T is written, it
is natural to expect that 7'1 will be a bounded pointwise multiplier in the class where
f belongs to. This is in fact the situation in [17]. Nevertheless, the boundedness
of operators like (1.2) for the case « = 0 is not covered in [17] (it does not make
sense to take O as a Holder exponent). However, since the Holder spaces C* can
be seen as spaces of BM O,-type (see for instance [19]), it would be natural to
work with BM Oy (R"). Note that BM Oy (R") is the natural substitute as extremal
space in the Harmonic Analysis for the Hermite function expansion setting (see
Section 2). The last question motivates a characterization of pointwise multipliers
on BMOpg(R"™). We believe that such a result belongs to the folklore, but for
completeness we present it here with a proof, see Proposition 3.2. Let us point
out that the characterization of pointwise multipliers for the BM O space on the
torus (compact support case) was proved by S. Janson [12] and for the Euclidean
BMO((R"™) by E. Nakai and K. Yabuta [13].

To obtain the boundedness on BM Oy (R") for operators T of the form (1.2) it
seems natural to impose conditions on 7'1. An answer in this direction is provided
in our first main result.

Theorem 1.1 (T'1-type criterion). Let T be a Hermite-Calderon-Zygmund opera-
tor, see Definition 3.1. Then T is a bounded operator on BM O (R") if and only if
there exists C > 0 such that the following two conditions hold:

1

W) 1| dy = C. for every x € ", and
[B(x, y ()| JBx,yx))

(ii) (1 + log (V(x)>) : IT1(y) — (TDp.s)| dy < C, for every
s |B(x,$)| JB(x,s)

x € R"and s > 0 such that 0 < s < y(x), where y is given by

et lx| = 1
x
=, x| < 1.
2
1
Here, as usual, (T g5y = ——— T1(y) dy.

|B(x,s)| B(x,s)

Remark 1.2 (Vector-valued setting). Theorem 1.1 can also be stated in a vector
valued setting. That is, if 7' f takes values in a Banach space X then the result holds
when we replace the absolute values appearing in hypothesis (i) and (ii) by the
norm in X.

Remark 1.3 (How to apply the result). Assume that 7'1 is a bounded function in
R™. Then T'1 satisfies the first condition of Theorem 1.1. The second condition is
fulfilled whenever there exists 0 < @ < 1 such that |T1(x) — T1(y)| < C|x — y|%,
x,y € R” (for instance, (ii) holds if VT'1 € L (R")).
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We apply Theorem 1.1 in a systematic way to prove that several harmonic
analysis operators related to H are bounded on BM Oy (R"). The operators are
the maximal operators and Littlewood-Paley g-functions associated to the heat and
Poisson semigroups for H and the Hermite-Riesz transforms (see Section 4).

Theorem 1.4 (Harmonic Analysis operators related to H). The maximal opera-
tors and the Littlewood-Paley g-functions associated with the heat {WtH }=0 and

Poisson {P,H }i=0 semigroups generated by H and the Hermite-Riesz transforms
are bounded from BM O g (R") into itself.

We also consider variation operators. Let (X, F, ) be a measure space and
{T;};>0 be an uniparametric family of bounded operators in L”(X) for some 1 <
p < 00, such that lim+ T; f (x) exists for a.e. x € X. In the last years many papers

t—0

devoted their attention to analyze the speed of convergence of the limit above in
terms of the boundedness properties of the p-variation operator V,(7;), p > 2.
Such operator is defined by

0 1/p
Vo(T)(f)(x) = sup (Zm,.f(x) - Tt,-+]f(X)|p> :
. e

11\

where the supremum is taken over all the sequences of real numbers {z;} jey that
decrease to zero. The uniparametric families we are interested in are: the heat semi-
group {W,H }¢=0, the Poisson semigroup {P,H }t=0 and the truncated integral opera-
tors for the Hermite-Riesz transforms {R%, }¢~0 (see Section 4 for definitions). The
LP—theory for the variation operators related to {WtH }>0, {PtH Ji=0 and {R%;}es0
was studied in [3] and [4].

Theorem 1.5 (Variation operators). Let p > 2. Denote by {T;};~0 any of the uni-
parametric families of operators {W,H }t>0, {PtH }i=0 or {R;}e0. Then the varia-
tion operator ¥V, (T;) is bounded from BM Oy (R") into itself.

It is a remarkable fact that all the operators related to H listed above can be
seen as vector valued singular integral operators. Therefore Remark 1.2 will be very
useful.

Some of the operators were considered by J. Dziubariski et al. [6] in the more
general setting of Schrodinger operators of the form £ = —A +V and the BM O -
spaces associated to them in R”, when n > 3. In such a context, the potential V
belongs to R Hy, the reverse Holder class of exponent s, for some s > n/2. Since
polynomials are in RHy for all s > 0, the Hermite case V = |x|? is included. It
was proved in [6] that the maximal operators related to the heat and Poisson semi-
groups and the square function defined by the heat semigroup in the Schrodinger
context are bounded operators on BM O,. The procedure developed in [6] exploits,
in each case, the underlying relationship between the operator considered and its
corresponding Euclidean counterpart. More recently, B. Bongioanni, E. Harboure
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and O. Salinas studied Schrodinger-Riesz transforms associated to £ in BM Of:-
spaces, 0 < B8 < 1, in dimension n > 3, see [2]. In particular, they showed that
if s > n then the Schrodinger-Riesz transforms R; are bounded on BM O,. When
n/2 < s < n the operators R; fail to be bounded in L? for all p > pg, where
po > 1 depends on s, see the seminal paper by Z. Shen [14]. This implies that the
operators R; are not bounded on BM O, if n/2 < s < n. Finally, in [1] it was
proved that the (generalized) square functions defined by the Poisson semigroup
related to £ are bounded on BM O, for n > 3.

Boundedness of Harmonic Analysis operators in the Hermite setting is well-
developed. In particular, boundedness results in L? for the related Poisson integrals,
the Hermite-Riesz transforms and the square functions can be found in the book by
S. Thangavelu [18], see also [16].

We would like to point out that our method in this Hermite case works for every
n > 1. One of the main novelties of this paper is the boundedness in BM Oy (R") of
the variation operators, Theorem 1.5. Finally, and perhaps this is a more important
observation, Theorem 1.1 allows us to consider all the Harmonic Analysis operators
related to H in a unified way. The key ingredient will be the vector-valued approach.
Moreover, we believe that in the cases of boundedness of the maximal operators,
our proofs are easier and faster than those presented in [6].

The outline of the paper is as follows. We collect in Section 2 the main def-
initions and properties related to the space BM Oy (R"). In Section 3, together
with the definitions of Hermite-Calderén-Zygmund operator and 7’1, we present
the proof of Theorem 1.1 and the characterization of pointwise multipliers, Propo-
sition 3.2. Applications are developed in Section 4 (proofs of Theorems 1.4 and
L.5).

Throughout this paper C and ¢ will always denote suitable positive constants,
not necessarily the same in each occurrence. Without mentioning it, we will re-
peatedly apply the inequality r#e™" < Cue™"/?, u > 0,7 > 0, and the fact that

log 122 ~ s for s ~ 0, and log 1£* ~ —log(1 —s) for s ~ 1.

2. The space BM Oy (R™)

J. Dziubanski et al. defined in [6] the space BM O (R") naturally associated to a
Schrodinger operator £ = —A + V in R”, n > 3, where the nonnegative potential
V satisfies a reverse Holder inequality. It turns out that BM O, (R") is the natural
replacement of L°°(R") in this context. In fact, BM O, (R") is the dual of the
Hardy space H é (R™) associated to £ defined by J. Dziubariski and J. Zienkiewicz
in [7]. For the definition of BM Oy (R") we take the space of [6] in the particular
case of the harmonic oscillator (1.1),i.e. V(x) = |x |2, and we extend the definition
toalln > 1.

A locally integrable function f in R” belongs to BM Oy (R") if there exists
C > 0 such that

1
1) ﬁ/ |f(x) — fBl dx < C, for every ball B in R", and
B
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(i1) m/ |f(x)] dx < C, for every B = B(xg, o), where xo € R" and rg >

¥ (x0).

1

Here fp = m / f(x) dx, for every ball B in R", and the critical radii function
B

y is given by (1.3). The norm || f |l m o, @®n) of f is defined by

| fllBmoy @y = inf{C > 0 : (i) and (ii) above hold}.

Applying the classical John-Nirenberg inequality it can be seen that if in (i) and (ii)
L!'-norms are replaced by L?-norms, for 1 < p < oo, then the space BM Oy (R")
does not change and equivalent norms appear, see [6, Corollary 3].

It is not hard to check that for every C > O there exists M > 0 such that if

1
|x — y| < Cy(x) then My(x) <y < My(x).

Covering by critical balls. According to [7, Lemma 2.3] there exists a sequence of
points {x;}2° = in R" so that if Q4 denotes the ball with center x4 and radius y (x),
k € N, then

() Up2; Ok =R", and
(ii) there exists N € N such that card{j € N : Q;‘.* N Q;* # P} < N, for every
ke N.

For a ball B, B* denotes the ball with the same center than B and twice radius.

Boundedness criterion. In order to prove that an operator S defined on BMOg (R")
is bounded from BM Oy (R™) into itself, it suffices to see that there exists C > 0
such that, for every f € BMOg(R") and k € N,

(Ar) @ ISfx) | dx < C|l fllBmoy®n, and

(By) ||Sf||BM0(Qj§) < Cl fllBMoy ®n), Wwhere BM O(Qy) denotes the usual BM O
space on the ball Qz,

see [6, page 346].

In the following lemma we present an example of a function in BM Oy (R")
that will be useful in the sequel.

Lemma 2.1. There exists a positive constant C > 0 such that, for every xy € R"
and 0 < s < y(xg), the function f (x; s, xo) defined by

(x0) (x0) )
F(x15.%0) = xj0.1 (A —x0]) log (y °)+x<sy<x0>]<|x xol) log <|y )‘20') xeR",

belongs to BM Oy (R") and || f (5 s, x0)lBMoy @) < C.
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Proof. Recall that the function A (x) = log (ﬁ) Xj0.11(x]) is in BMO(R™), see [9,
page 520]. Hence, for every R > 0, the function 4 given by

hr(x) = h(x/R), x € R",

isin BMO(R") and ||Ag||pmo®) < C, where C is independent of R. Moreover,
for every R, S > 0, the function /g s defined by

hg.s(x) = min{S, h(x/R)}, x € R",

belongs to BMO(R") and ||hg sllsmowr) < C, where C does not depend on R
and S. Then, since for every xg € R” and 0 < s < y(xp),

fx;s,x0) =h yop (X —xp), x € R",

¥ (x0),log ==
the function f(-;s,x0) € BMOR") and || f(; 5, x0)llBMo®) < C, xo € R" and
0 < s < y(xp). It only remains to control the means of f(-; s, xo) on large balls.
For that let us first note that

1

[ f1B(xo. = fx:s, xo) dx
RRA | B(x0, ¥ (x0))| JB(xo,y (x0))

< ¢ [s"log(y(xO))+/ lOg(V(Xo)) dz]fC,
y (x0)" s s<|z|l<y (x0) |z]

where C is independent of s and xo. Let B = B(z0, o), X0 € R" and ro > y(20).
We can always assume that B N B(xg, y(x9)) # @, since the support of f is the
closure of the ball B(xg, y(xg)). Consider first the easier case: when rg > y (xp).
Then we clearly have | f|g < | f|B(x,y(x)) and the computation above applies. On
the other hand, if rg < y (xg), we have that |xg —zo| < 2y (xg) and by the properties
of y given above, y (xg) ~ ¥ (zo). Using this last fact and the previous observation,

| B(xo, ¥ (x0))]
weget|flp < ——

| B(z0, ¥ (z0))

| £1B(xo.y (xo)) < C. The proof is complete. O

3. Proof of Theorem 1.1 and characterization of pointwise multipliers

3.1. On the T'1-criterion: Theorem 1.1

Before proving Theorem 1.1 we need to precise the definition of the operator 7" we
are considering.

We denote by L%(R”) the set of functions f € L2(R") whose support supp(f)
is a compact subset of R”.

Definition 3.1. Let 7' be a bounded linear operator on L?(R™) such that

Tf(x) = /}én Kx,y2f(y)dy, fe L%(R”) and a.e. x ¢ supp(f).

We shall say that 7' is a Hermite-Calderén-Zygmund operator if
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M K@< e[y for all x, y € R” with x # y,
-y
ly —z
2) |IK(x,y) = K&, 9|+ |K(y,x) — K(z,x)| < CW, when |x — y| >
2|y — z|.

Note that every Hermite-Calderén-Zygmund operator is also a classical Calderén-
Zygmund operator, see [9]. Examples of Hermite-Calder6n-Zygmund operators are
given in Section 4.

Definition of Tf for f € BMOy(R"). Suppose firstly that f € L?(R"). For
every R > 0, let Bg := B(0, R). We can write

Tf =T (fxse) + T (frmg) =T (fxme) + lim T (fxmgom, )

where the limit is understood in LZ(R"). This last identity suggests to define the
operator T on BM Oy (R") as follows. Assume that f € BM Oy (R") and R > 1.
By using the Hermite-Calderén-Zygmund condition (1) for K we get

/B K@ IFO)] dy < CZ/Z

e—cl—yP?

rlfond

JR<|y|<2i+1R |X —

1
<C - d
< _Z/qusmlx_y|n+1|f(y)| y

Jj=l
o0

1
< ;:1: T /y52j+1R|f<y>| y

< 7 | fllBMOK®RY,
for every x € Bg. Moreover, if R < § we have
T (fx8) () = T (Fx8) 0) = T (F Xgi) () = /B L K@nrera
- fB K, ) £ dy
- / K(x,y)f(y)dy, ae. x € B.

By

We define

Tfx) =T (fxsz) ) +/ K(x,y)f(y)dy, ae.x € Bgand R > 1.

By
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Note that the definition of T f above is consistent in the choice of R > 1 in the
sense that if S > R > 1 then the definition using Bg coincides almost everywhere
in B with the one just given.

Let us derive an expression for T f where T1 appears that will be useful for
the proof of our main result. Let xo € R"” and rg > 0. For B = B(xg, ro) we write

f=U—=rpxs+(f = fB)xmy + fB=fi+ f2+ f3 (3.1
Let us choose R > 0 such that B* C Bg. Using (3.1) we get
TR0 =T (Fx) 0+ [ K350 dy
R

=T ((f — fB)xB*) ) +T ((f — fB)xBe\B*) )+ BT (xBg) (X)
+ [ K@) = dye s [ Kxdy

R

(3.2)

—T((f — f)xs) () + f K y)(fO) — f5) dy + f5T1(x),

(B*)°
almost everywhere x € B*.

Proof of Theorem 1.1. First we shall see that conditions (i) and (ii) on 71 imply
that T is bounded from BM Oy (R") into itself. In order to do this we will show
that there exists C > 0 such that the properties (Ax) and (By) stated in Section 2
hold for every k € Nand f € BM Oy (R") when the operator T is considered.

We start with (Ag). According to (3.2),

T/ =T (0~ foorer) 0+ [ KC3(F0) = o) dy + o, TI),
k

almost everywhere x € Q. As T maps L>(R") into L2(R"), by using Holder’s
inequality and [6, Corollary 3],

((f—fgk>xQ;)<x>\2dx)l/2

T ((f = fong;) 0| dx <C<

1
| Okl

12
<c <|Q|/ £ () — ka|2dx>

<ClfllBmMoy®m-

On the other hand, given x € Qy, by the size condition (1) of the kernel K it can be
checked in a standard way, see for instance [9], that

<ClfllBmoy®n.

/ K@, )(f ) — fo.) dy
(Q)F
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Finally, since (i) holds, we have

1 1
—/ | fo,T1(x)| dx = Ikal—/ IT1) | dx < Cll fllBMOoy -
10l Jo, 1kl J o,

Hence, we conclude that (Az) holds for T with a constant C > 0 that does not
depend on k.

Now we have to prove that T satisfies (Bg) for a certain C > 0 that it is
independent of k. Let B = B(xo,r0) S Qf, where xo € R" and ro > 0. Note that
if rg > y (xp), then y (xg) ~ y (xr) ~ ro, hence proceeding as above we will have

1
E/BI'JI‘f(x) (Tf)pldx < _/ ITf(x)| dx < C|lflBMoy®):

1
as soon as we have checked that I?I / IT1(x)| dx < C. In the definition of T'1
B

we can write

T =Tl + [ Keendy,  xe o

(Qr")¢

Hence, by hypothesis (i) on 7'1, Holder’s inequality and the size condition (1) on
the kernel K,

1 c c
—/ IT1(x)dx < —— 1 - IT1(x)| dx
|B| Jp | Okl 1Okl Jor\ox

1/2
C
=C+ / |T(XQ**)(X)|2 dx +/ / K(x,y)dydx <C.
IQkI 07\ Ok J (QF)F

Assume that ryp < y (xp). Using (3.2) we have that

|B|/|Tf(x) (Tf)5l dx < @ B|B|/|Tf1(x) Tf1(2)] dz dx
1
— — F — F dz d
3] B|B|/| 2(x) 2(2)| dz dx
|B|/|Tf3(x) (T f)5 dx
=: L1+ Ly+ L3,

where we defined

Fatx) = /(B*)_K(x,y)fz(y) dy. x B,
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and f = f1 + fo + f3 asin (3.1). By Holder’s inequality and the boundedness in
L>(R") of T,

1

12
/|f(x)—f3|2dx> < CllfllBMOy®)-
|B| Jp=

2
Ly= E/B ITf1(x)|dx =< C(

It is well-known, see for instance [9], that the smoothness property (2) of the kernel
K implies that

[F2(x) — F2(2)| < CllfllBMOy®r), X,2 € B. (3.3)

Therefore, L, < C| fllpmo, ). Finally, by using the assumption (ii) on T1

and [6, Lemma 2], it follows that

1
Ly =|fpl— | ITl(x)— (T1)p|dx
|B| Jp

y (x0)

1
< CllfllBMmoy®m <1 + log ) ﬁ/ IT1(x) — (T | dx
B

<ClfllBmoy®n-

1
Hence, we conclude that ﬁ ITf(x) — (Tf)pldx < CllfllBmoy®r for all
B

B C Qj and (By) is proved.

Let us now prove the converse statement. Suppose that 7" is a bounded operator
from BM Oy (R") into itself. Since the function g(x) = 1, x € R", belongs to
BMOgy(R"), Tl isin BMOg(R"™). Then property (i) holds and there exists C > 0
such that, for every ball B,

1
— Ti1(y) — (ThHpld C.
|B|/B| (y) = (TDaldy <

Let xp € R"and 0 < s < y(xg). Consider the function f(-;s, xg) defined
in Lemma 2.1. Following the argument used in the estimate for the term L3 in
the proof of the first part of this Theorem and using the fact that f(-; s, xp) €
BM Oy (R"™), we can find a constant C > 0 that does not depend on s and xg such
that

(x0) 1
log (y ) T1(y) — (T1g| dy < C.
s | B(x0, )| JB(xg.5)
Then, condition (ii) holds and the proof of Theorem 1.1 is complete. O

3.2. Pointwise multipliers in BMOg(R")

Proposition 3.2. Let g be a measurable function on R". We denote by T, the
multiplier operator defined by T,(f) = fg. Then Ty is a bounded operator in
BM Oy R"Y) if and only if
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(i) g € L®R"), and
(i) there exists C > 0 such that

y(x) 1
10g< )— lg(y) — gB@x.s)l dy < C,
s ) 1BG. ) Jaws) ()

for every x € R" and every ball B(x, s) with radius 0 < s < y(x), where y is
given in (1.3).

Remark 3.3. Condition (ii) in Proposition 3.2 is fulfilled, for instance, when there
exists 0 < o < I such that |[g(x) — g(y)| < Clx — y|%, x,y € R".

Remark 3.4. If for some Hermite-Calderén-Zygmund operator 7 we have that T'1
defines a pointwise multiplier in BM Oy (R") then the proposition above and The-
orem 1.1 imply that T is a bounded operator on BM O g (R").

Proof of Proposition 3.2. If g is a measurable function in R” satisfying the proper-
ties (i) and (ii) in Proposition 3.2 we can proceed as in the proof of Theorem 1.1 to
see that g defines a pointwise multiplier in BM Oy (R") (note that the kernel of the
operator T = Ty is zero).

Suppose next that g is a pointwise multiplier in BM O (R"). For the function
f (s, x0) defined in Lemma 2.1 and any ball B = B(xg, s) with0 < s < %’C")
by using [6, Lemma 2], we have

1 1
o2 (52) i f e = g [ oo as

1
< —f (F)() — (f)s] dx + (f9)s
81/,

v (x0)
g ) I fellBMoy ®m)

v (x0)
< Clog( S > I fllBMoOy @R,

hence |g|p < C with C independent of B. Therefore, g is bounded. On the other
hand, if xo € R" and 0 < s < y(xp) we have that

¥ (x0) 1
log ( ) 18(x) = 8B(xo.) | dx
s | B(x0, )| JB(xo.s) v

< ClfllBmoy®n +log (

1
B0, )| JB0ros)
< llgfC;s,x0)llsmoy®y < CIfCss, x0)lBmoy@ny < C.

lg(x) f (x5 s, x0) — (8f (58, X0)) Bxg.s)| dX

The constants C > 0 appearing in this proof do not depend on xop € R" and 0 <
s < y(xp). O
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4. Applications

Let us recall some definitions and properties of the operators related to the harmonic
oscillator, see [18].

According to Mehler’s formula [18, page 2] the heat semigroup {W/7},.o gen-
erated by —H is given, for every f € L?(R"), by

WH f(x) =e " f(x) :f WHGx, )f)dy, xeR"and r >0, (4.1)
Rn

where

I+e™

A [ B (kP P) — 22 ]
W= sy | T T L 20w yeR?

Applying S. Meda’s change of parameters 1 = #(s) = 3 log 1= 1“ ,0<s <1, >0,

we obtain the following expression of the kernel of Wt (5"

n/2
1_ 2 1 24010 _y2
Wt’é)(x,y)=( 47Tj ) et e se 0. 1), 42)

The semigroup {W/?},-¢ is contractive in L?(R"), 1 < p < oo, and selfadjoint in
L*(R") but it is not Markovian. Moreover, for every f € LP(R"), 1 < p < o0,
111(1)1+ WH f(x) = f(x)in LP(R") and a.e. x € R".

t—

The Poisson semigroup associated to H is given by Bochner’s subordination
formula:

PHFx) = e VA f(x) =

. du
1_(1/2) Bfx) e YL t>0. (43)

Suppose now that f € BM Oy (R"). Clearly for every ¢ € (0, 00) and x € R” the
integral

| Wi ds
is absolutely convergent. We define WtH f and P,H f.t > 0, by (4.1) and (4.3)
respectively.

In the following subsections we prove Theorems 1.4 and 1.5.

4.1. Maximal operators for the heat and Poisson semigroups associated with
the Hermite operator

Our systematic method developed in this paper (Theorem 1.1) allows us to show
that the maximal operators W/ and PH, defined by W/ f = sup,_, |W/H f| and
PH f =sup,_o |PH f|, are bounded from BM Oy (R") into itself, for every n € N,
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The leading idea is to express the operators we are dealing with in such a way
that the vector-valued setting can be applied, see Remark 1.2. Indeed, it is clear
that WH f = ||WH f| g, with E = L°°((0, co), dt). Hence, to see that W maps
BM Oy (R"™) into itself it is enough to show that

the operator V (f):= (WtHf),>0 is bounded from BMO gy (R") into BMO g (R"; E).

Here BM Oy (R”"; E) is defined in the obvious way by replacing the absolute values
|-| by norms ||- || . Itis well-known that V is bounded from L2(R") into L2(R"; E),
see [16]. The desired boundedness result can be deduced from Remark 1.3 and the
following

Proposition 4.1. There exist positive constants C and ¢ such that

@ 1WA, e < emeleyPrixle—yl] yeR" x #y;

Tl =yl

.. H
(i1) HVsz (va’)HE < m,

x,y e RY x #y.
(iii) Moreover, ||WH 1|z € L®(R") and HVWtH 1HE e L®(R").

Proof. (i) Observe that if x,y € R", x - y > 0, then |x 4+ y| > |y| and for all
s €(0,1),

e I e R Ll

IA

o8 P g gla—yllxtyl (4.4)

A

[yl

IA

On the other hand, if x, y € R”, x - y <0, then |[x — y| > |y| and for all s € (0, 1)
o[ BB ey ey eyl

- - 4.5)

< [Pyl

Therefore, (i) follows from (4.2), (4.4) and (4.5).

(i) By (4.2),
C (lx—yl — bty P+t -y
VthIé)(x,y)‘ < Sn/Z( . +slx+yl)e 4[?x YEtglx—y ]
< L e—§|X—y|2
— gn+1)/2
c

fm, x,yER",x#y, andsE(O,l).
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(iii) These properties can be easily deduced from the fact that

" 1 1—s2
Wil =G \ T4

Indeed, we clearly have |W/ (s )l(x)| < C. Moreover,

|x|? s V2 e
5 |xle e _C<1+ 2) ¢ Te? <C,
S

forall0 <s < 1and x € R". O

n/2 , 5
) ¢ = x eR ands € (0,1). (4.6)

VWA 1] < o

In order to see that the maximal operator associated with the Poisson semi-
group P*H f =sup;.g |PtH fl= ||P,H fll g is bounded from BM Oy (R") into itself
we can proceed using the vector-valued setting and the boundedness for the max-
imal heat semigroup as follows. Let f € BM Oy (R"). For any ball B we have

A= (pfr), | dx

L du
r(l/z)/ Wi fWe™

_, du
t2 f(J’)e 1/2 YH dx

|B| F<1/2>
—u du du
r(1/2) Jo zif(x)e n
dy e 2y
r<1/2>/ |B|/ Wi f0)dy e (g |
<c/°°— WH f(x) — /W FOdy| d —u du
= 2T g VA e

H * —u du
<CIW, fllBMmoy®m) e ' —= = ClfllBmoy®m)-
A /2
If B = B(xg, ro) for xo € R" and rg > y (xp) then

dx e "

reofavse [T

Wi fx)
4u

u
|B| ul/2
_y du
<c|wf f”BMOH(Rn) A e’ n = CllfliBMoy®n)-

Therefore Pf is bounded from BM Oy (R") into itself.
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4.2. Littlewood-Paley g-functions for the heat and Poisson semigroups
associated with the Hermite operator

If {T;};~0 denotes the heat or Poisson semigroup for the Hermite operator, the
Littlewood-Paley g-function associated with {7;};>¢ is defined by

o 2 4\ 12
g1, f(x) = (f —’> .
0 t

0 dt
grf = It Tiflp,  where F := L*((0, 00), —)-

0
ZEth(X)

It is clear that

In [15] it was established that SwH defines a bounded operator from L2(R") into it-

d
self, or, in other words, the operator U wH defined by U wH fx, 1) = tE W,H fx)
is bounded from L?(R") into L*>(R"; F)). We denote by
d
K (x,y) = (t—W,H(x,y)> , x,y € R".
ot t>0

In order to show that SwH is bounded from BM Oy (R") into itself it suffices to
prove the following estimates and then apply Theorem 1.1.

Proposition 4.2. There exist positive constants C and c¢ such that

. ey —vI2 _
Q) 1K, p)lr < eclraPHbivol] oy e R x £y

Tl ="

.. C
(ii) HVXKH(x,y)HF < m,x,y e R", x # y.

(iii) Moreover, ”UWIH 1| € L*(R") and ||VUWtH 1| € L= @R").

Proof. (i) Let us first note that, by using (4.2), (4.4) and (4.5),
1 1 x—y2\ [1-s\"?
§C<—+—+|x+y|2+| 2y|>( >
1—s s s s
sty ey ]

< c( - l) (1 —S)"/ R RN BN CR)

1—s s N

awH

t(s)
s (x, )

<C [(1 g2y S—(n/2+1)]

1 Le_y2 _
X e 8[‘Y‘x Yl yl}’ x,yeR" s€(0,1).
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Hence, applying Meda’s change of parameters 1 = ¢(s) = 1 log }# and (4.7) we

)
have

) 12
1 ! 1+s aWH
1K™ (x, p)llF = —/ log — | (- ds
2 Jo 1—s as
172 e—"‘g’."z ds 1 12
<C / — = - (1 —5)""log(1 —s) ds
0 st s 172

w« e~ T6 [y +Iyllx—yl]

C 1

< ety PHYI ]y e R ¢ £y
lx — yI"

(i1) This property was established in [15, Proposition 2.1].
(iii) By Meda’s change of parameters and (4.6),

2s

1 1 2 _ 25 2
||UWH1(X)||%: < C/ log (i) (1- S)n+1 (L + |x|2> e 1+s2 x| ds
! 0

1—ys 1—ys

12 1
5c/ (s3+s|x|4) =P g [ (1—5)"log(1—s5) ds <C,
0 12

for all x € R". According to (4.6),

2
VWH 1(x) : 1=\ 20 prelle eR", 5s€(0,1)
X)) =— e s , X , S , D).
" @ry 2 \1+s2) 1452
Then
IVU 117
1
1 2
<C f log <l—+j> (1—s) <(1—S)"/2_1s3/2+(1—S)"/2+1|x|> et ds
o —
<C, x € R". 0

The boundedness in BM Oy (R") of g pi can be deduced from the BM Oy (R")-
boundedness of gwH as in the previous subsection.

4.3. Hermite-Riesz transforms

Foreveryi =1, 2, ..., n, the i-th Hermite-Riesz transform RiH is defined by

0 — n
RIf = 5H 172 ¢, f e CX@RM).
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Here C2°(R") denotes the space of the C*°-functions on R" with compact support.
The negative square root of the Hermite operator is given by

1 o0 dt
—1/2 _ “rH
" fuy_raﬂ)ﬁ AT

The operators RiH are bounded from L2(R") into itself and, for every f € L2(R™),

R” f(x) = lim RI(x, ) f(y)dy, ae.x e R",
' e—>0% [x—y|>¢ '
where
1 9 dt
RH ) = _WH ) DEWGE) ) Rn9 )
i (x,y) 1—‘(1/2)\/0 ax; t (x,y) 172 X,y € X#Yy

see [18] and [16]. By proceeding as in the proof of [17, Lemma 5.6] it can be
checked that

e—c[x=yIP+lyllx—yl]
IR (x,»| <C Ty Y ERL Ay (4.8)
X =y

and (see also [16])

e—cllx=yP+Iyllx—yl]
)gC , x,yeR", x#y.

|x _y|n+1

- 9 H J H
z : _Ri (x7y) + _Ri (x,y)
i=1 dxj 9y,

4.9)
Hence, the Hermite-Riesz transforms are Hermite-Calderén-Zygmund operators.
Then, the boundedness in BM Oy (R") of RiH can be deduced from Remark 3.4
and the following

Proposition 4.3. Leti = 1,...,n. Then g := RZH 1 defines a bounded pointwise
multiplier in BM Oy (R™).

Proof. We have to check conditions (i) and (ii) of Proposition 3.2. Since
RiHl(x) = lim RiH(x, y)dy, ae.x € R?,
=0t J| x—y|>¢

according to [17, Lemma 5.10], (i) holds. Assertion (ii) in Proposition 3.2 can be
proved by using the procedure developed in the proof of the corresponding property
for the variation operator given in the next section. Since that proof is more involved
than this one we prefer to put the complete description in the last subsection. O

The proof of Theorem 1.4 is complete.

The last two subsections of this paper are devoted to prove Theorem 1.5.
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4.4. p-variation for the heat and Poisson semigroups associated
with the Hermite operator

Here we prove Theorem 1.5 for the semigroups {W[H }¢+>0 and {PIH }e>o0-
Let us first analyze the operator Vp(WtH ), p > 2. If, as above, t = 1(s) =
Tlog H5,5 € (0, 1), then

1—s°

00 1/p
sup (Z W o) —w f(x)|p>

N0\ j=1

00 1/p
= sup (Z|W,’é,)f(x>—W,i’sjﬂ)f(xw) .
50\ =1

0<Sj<1

Therefore, when dealing with Vp(W,H ) the expression for the kernel Wt’zs)(x, y)
given by (4.2) can be used. In order to prove our result we apply Theorem 1.1 in
a vector-valued setting, see Remark 1.2. Consider the Banach space E, defined as
follows. A complex function £ defined in [0, 00) is in E,, p > 2, when

00 1/p
Z|h(fj)—h(tj+1)|") < 00.
=1

J=

IhllE, := sup (

£;\O0

Clearly,
VoWH(H@) =W flg,. x eR™
It is known that V,(W/?) maps L*(R") into itself, see [3]. In order to prove that

Vo (W,H ) is bounded from BM Oy (R") into itself it suffices to see that the operator
V, defined by

Vo(f) =W frzo.  fe€BMOu®R",
is bounded from BM Oy (R") into BMOyx(R"; E,). To this end, according to
Theorem 1.1, we only have to check that the kernel (WtH (x, y))r=0 satisfies the

properties stated in the following

Proposition 4.4. Let p > 2. There exist positive constants C and c such that

@ IWH @, e, < eI =yIFe =]y e R x £ y;

lx — y|"
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x,yeR" x £ y.

< — )
b X — Y|n+1
(iii) Moreover, V,(1) € L(R"; E,) and VV ,(1) € L (R"; E,).

Proof. (i) Let {s j}"o | € (0, 1) be a decreasing sequence such that lim; o s; = 0.
By (4.7) we have !

1/p
(D @) = WGyl )

00

1
Z Wil 0y = Wi @oml </O

ds

0 H
Wl ()

IA

1
Co—tsllx—yP+lyllr— y|]/ <(1_S)n/271+57<n/2+1>) o Ty g
0

IA

1/2 1
Cef%ﬂx Yyl =yl] (/ ! e~ e =y &2 ds + (1 —S)n/zlds)
0

sn/2 s 12

< CetalbyPilie=yl] |y — /OO w24t
< i g

c
<

1 2
- 6__2[|x yIEHy = )|], x,y eR" x #y.
|x — y[”

(i1) This estimate was proved in [3, page 90].
(iii) By (4.6) we have

ds

'a
Y, (W (1 (x) < /0 Zwl1e

L lxf?

1
SC/ [(1—s>‘ + x| (1—s>](1_s)n/2e 2 g
0

172 o 1
<C / A+ |xPe 2 ds + | Q—s5)"*ds
0 172

=C, xeR"
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This proves that V, (1) € L*(R"; E,). By using again (4.6) we get

wH
Z‘v( A1 = Wi 1)
1—s2\'? e o 1—s2, V2 —25 e
<C|X|Z 2( SJ) e 1+s2 _ s]+21 s2J+l e l+.\'§+1
1—|—] 1 +s2 1—}—sj+1 l—f—st

§C|x|/ |: t(s)l(x)”

0

0

Since
s
s [1+s2 Wiy 100

s o2
§C<(1_S)+1L+S(1—S)|x|2> (l—s)"/ze 1+x2|x|
— S

9
((1 )(S)l(x)—ks tml(x))

1 s 2
< C(l— + s|x| )(1 — 5)"%e ez ,x€R"ands € (0, 1),

it follows that

i

ds | 1452

i|: ° l(x)]‘ dS<C/1/2(1+s|x| )e~ L\x\ ds +(1 4+ |x] e—clx|2
t(v) = )

1
x|
Hence, VV (1) € L*([R"; E)). ]

=< C( X{lxl<1}(X) + —= X{Ix|=1) (x)>, x e R".

To verify that the variation operator associated with the Poisson semigroup
Vp(PtH ) is bounded from BM Oy (R") into itself we can proceed as in the final
part of Subsection 4.1 by replacing the space E by E,. Details are left to the reader.

4.5. p-variation of Hermite-Riesz transforms

In order to simplify the notation and computations we establish the B M O y-bound-
edness of the p-variation operator of the Hermite-Riesz transforms in dimension
one. The result in higher dimensions can be proved in a similar fashion. The rather
cumbersome computations are left to the interested reader.

As it was mentioned in Subsection 4.3, the Hermite-Riesz transform R is a
Hermite-Calderén-Zygmund operator. For every ¢ > 0 we set

Rffm:fl RIS dy xcR
x—y|>¢
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To describe the vector-valued setting, consider the Banach space E, given in Sub-
section 4.4. We have

00 1/p
Vo(RI) f(x) := sup (Z R f(x) —R£f+1f(x)‘p)

£;\0 j=1
- |( /X_M RY e f)dy) |

Now define the operator U by

urer=( [

x—y|>¢e

E,

R (x, y) () dy) ;o *ER

e>

To prove that VV, (Rf ) is bounded from BM Oy (R) into itself it is enough to show
that the operator U given above is bounded from BM Op (R) into BM Oy (R; E,).
For that we will apply Theorem 1.1 in this vector-valued setting. The first thing
to check is that U is a (vector-valued) Hermite-Calderén-Zygmund operator, see
Definition 3.1. On one hand, the size condition (1) in Definition 3.1 is valid (see
(4.8)). However, there is a problem with the smoothness condition (2). The problem
is due to the fact that the kernel of the operator U, namely { xjx—yj- R” (x. 1)}, _,
in E,, cannot be differentiated with respect to x. If we follow the proof of the “if”
part of Theorem 1.1, we can see that the smoothness condition (2) in Definition 3.1
for the kernel K is only applied to prove (3.3). Hence, we must prove estimate (3.3)
for K = (kernel of the operator U) in an alternative way. This is done in Lemma
4.5 below. To overcome the difficulty of estimating a non-smooth kernel, the proof
of Lemma 4.5 uses a geometric argument introduced for the first time in [8]. Finally,
to conclude that U is bounded from BM O (R) into BM Oy (R; E,;) we check
hypothesis (i) and (ii) of Theorem 1.1 on U 1. Again, the difficulty arises when we
want to verify (ii) and the geometric argument of [8] will be needed.

4.5.1. Alternative proof of (3.3).

It is clear that we have to begin by proving the following

Lemma 4.5. Let f € BMOgy(R) and B = B(xo, ro), for some ry > 0. Set
U0 = [ K ORI (0~ ) dy, v B

Then |U(f2)(x) = U(f2)@Ile, < CllfllBMoy®n, forall x,z € B.

Proof. We shall use a variant of the geometric argument developed for the first time
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in [8]. Let x, y € B. We can write

1U(f2)(x) —U(2YDME,
= H <f| | R (x, 2)(f(2) — fB) x5 (2) dz)

>0

— </| | Ry, 2)(f(2) — fB)x(B*)(2) dZ)
y—z|>¢

e>0 E,

< ( / (R™(x,2) — R"(y, 2)(f (2) = fB) X8 (2) dz) (4.10)
[x—z|>¢ e>0 E,
o0 [e9)
=+ sup (Z )/ (Xs.,'+1<\x—z\<8j (2) — Xejyi<ly—zl<gj (2)
ejN0 =y J—o0
H p\1/p
x R (y, (£(2) = fo)xsoe () dz| )
=: A1(x,y) + sup Az, (x, ).
Sj\o
By Minkowski’s inequality and the smoothness of R (x, y),
o0
ey = [ R = R @) - Sulxanr @) dz
—00
- lx — vl
=cy | P p @) — faldz
k=0 2k+2r0<\x0—z|§2k+3r0 |x0 - Zl
[e.¢] r()
=C 7.[ |f (@) = fBldz = CllfllBMOy®)-
; (2kr0)2 lxo—z]|<2K+3rg 28

We now estimate Az.;. Here we need to introduce the geometric argument
of [8]. The factor Xiejpi<lx—zl<ej} — Xiejp1<ly—zl<ej) will be non-zero if either
Xiejpi<li—zl<e;y = land e, <jy—zj<e;) = 0 0F Xfe;\ <x—|<e;) = 0 and
Xiejs1<ly—zl<e;} = 1. This means that the integral in Ao, will be non-zero in
the following cases

gjiy1 <|x—z]l<ejand |y —z| < &j41,
gjiy1 <|x—z| <ejand|y —z| > ¢j,
gjv1 <|y—zl <egjand |x —z| < &jt1,
gjir1 <ly—zl <egjand |[x —z| > ¢;.

In the first case we observe that, g1 < |[x—z| < [x—y|+|y—z] < [x —y|+¢&j41.
Analogously in the third case we have g1 < |y —z| < [x —y[+ |x —z| < |x —
yl+¢&jy1. Inthe second case wehave g; < |y —z| < |[y—x[+|x—z| < |x —y[+¢;
and analogously in the fourth case we have ¢; < |x —z| < [x —y|+ |y — z| <
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|x —y|l +e€;j. Wefix 1 < g < p. Therefore, using Holder’s inequality and the
continuous inclusion ¢! c ¢°/4,

A2,£j (x,y)

H pl/p
Sl:jZ:l‘/(‘B*)C'X{6j+1<|x—z|<x—y|+€j+1}(Z)X{€j+1<|x—z|<€j}(z)|R ()’,Z)||f(Z)_fB|dZ‘ ]

00 p1l/p
[ 2] /( o Hes =2l Xt o=zl <e IR 0 211 @) = f ||

j=1

00 p/p
> /( B*)CX{E_,H<\y_z|<|x_y\+s_,+l}(zmg_,.ﬂ<\y_z|<sj}<z>|RH<y,z>||f<z>—fB|dz] ]

j=1

00 p1l/p
+[>] /( oy e <be <y e ) @1 <y e QIR 0. 1L @)= gl

j=1

S p/aql/p g
sc[z(/B*)CX{S,-H<|x_z|<s_,}<z>|R”<y,z>|‘1|f(z>—f3|‘f dz)" ] =yt

+
™
—

r/qq1/p /
/( oy ess1<y—el<e ) IR G 21 @) = fytt dz) | =y

l/q /
sc[ [ R 0015@ ~ fp1t dz] = 1100
(B*)¢

A
)

e 1 1/q ,
Z/ ———1f ) — fpl dz} =y

Li=1 2kro<|xo—z|<2k+ir |y — 2|9

[, 1 Va ,
<C —f 1f(@) — fplddz| |x—yl'/a
I; 2510)7 Jixg—z|<2+1r,

r 1/q 1/a’'
X1 1 e —y\ /4
e ——/ @) — fplidz (—)
_1; (2k)q—l 2kr0 |x0-Z|<2k+l"0 f fB ro

=Clfllpmoy®)-
This concludes the proof of Lemma 4.5. O
At this point, as we remarked above, to prove the boundedness of U from

BMOp (R") into BMOp (R"; E,) we need to verify that U1 satisfies hypothesis
(i) and (ii) of Theorem 1.1 in this vector-valued setting.
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4.5.2. U1 satisfies hypothesis (i) of Theorem 1.1

First note that, by using the properties of the function y, it is enough to verify
this hypothesis only for the balls Oy defined by the covering by critical balls, see
Section 2. We observe that by [4, Theorem A] and (4.8) we have

— Ul d
o1 | 101@ils, ax

1
< WG @lE, dx + — / f IR (x. y)| dy dx
10kl Jo, O ’ 10cl Jo, Sy

( 1 / 5 1/2 c[le=y P+l lx=yl]
< (— [ Wl dx) o f dy dx
0l Jo, ' PO E 10 Jo, Jigpe =yl

—c[lx=yP+lx|lx—yl]
<C / / dydx | =: C(1 4+ Ly).
|Qk| o Jopr lx =yl

Note that if x € Qg and y € (Q)¢, then |x — y| > ¥ (x). We now distinguish two
cases. If [xg| < 1 then y(x;) = 1/2 and we can write

—clx yl2 00 )
/ / dy dx < 2/ e ““du.
|Qk| o Jope =yl —o0

On the other hand, if |x| > 1, y(x) ~ 7. Moreover, y(x) ~ y(xx) provided that
x € Q. Hence, if |xx| > 1 we get

e—Clx=y1/y )
Ly < —/ / dy dx
1Okl Jox Jix—yizyx0) |x =l

/ / )/(xk)2 dydx =C.
|Qk| o Jix—ylzy o X =l

Therefore, hypothesis (i) in Theorem 1.1 holds.

4.5.3. U1 satisfies hypothesis (ii) of Theorem 1.1.

Let B = B(xg, ro), where xo € Rand 0 < rg < y(xg). Let

b=y

— y ()2 1 —-1/2 -5 d
RV (x, y) = XY / <10g i) ¢ - “ x,yeR.
0

4 1—s (s(1 —s2)l/2 s~
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It is clear that for every 0 < ¢ < n < o0, fs R®(x,y) dy = 0. Let

x,y € B, then

<|x—yl<n

1U1(x) = ULk,

00 o 1/p
=sup Z‘/ R (x,z2) dz—/ R7(y,2) dz‘
&j j=1 gjr1<|x—z|<e; gjr1<|y—zl<e;

o0
—sup| f (R (x.2) — RP(x, ) dz
gjr1<l|x—z|<e;

& Lj=1

1/p
0
- (RY(y.2) — ROy, 2)) |
gjr1<ly—zl<ej

o) 1/p
<sup [Z / (RH(x,z)—R“‘)(x,z)—RH<y,z>+R<">(y,z>>dz\p]

g Lj=1 Jej+1<lr—zl<ej
o0

00
+ sup |:Z ‘ / (X{sj+1<|y—z|<s_,-}(z) - X{sj+1<|x—z|<€_,-}(z)) 4.11)
£j ]:] —00
p 1/p
x (R (v, 2) = R¥(y,2)) d }
o0
< / ‘RH(x, ) — RO, 2) — R (y,2) + RD(y, z)‘ dz
—00
o0 [e%e]
=+ sup |:Z ‘ / (X{sj+1<|y—z|<s_/-}(z) - X{sj+1<|x—z|<sj}(z))

p 1/p
% (R¥(y,2) = R®(y, 2)) dz| }

=:Zi(x,y) + sup Zr,;(x,y), X,y €B.

£;\0

Estimate of Z1. The difference involving R — R® in Z; is decomposed, up to the
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multiplicative constant (27'[)_1 , as follows
R7(x,2) = R®(x,2) — (R"(y.2) = R®(y,2))
* 9
:/ — R (u,2) = R®(u, 2)) du
y ou

-1 [S(u+z)2+ 1 (u—z)z}

x 1 1+s 12,
= 1

/y /0<0g1—s> (-7

1/1 1 —z\?
x|:§<;+s)—z<s(u+z)+—usz>:|ds
2 1/2 _lu—g? 2
v () 1+s\'? e w 1 1 u—z
/ ( > ——— ———( ) dsy du
0 81 (s(1=s2N/2 25 4\ s

e

-1 [s (u+2)*+ % (u—Z)Q]

/1 1 1+ —1/2 e !
(0]
o U8 (1 —s2)172

|: s+ —(u +2)2 4+ u+2)u _Z)j|
Y (xx)? l—S (1 — 212 -
+/V(Xk)2 1 L+s 2 1 2+1 u-—=z 2
0 - —
0 g1 -5 (s(1 — s2))1/2 T3 -

22

_1 24 1,2 _Ju—z*
x2|:e 4[S(M+Z) iy Z)] e & ]ds du

= L(x,y,2)+ hx,y,2)+ I(x,y,2), x,y€ Qf, y<x and z € R.

4.12)
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For I} we have that

o
/ [ (x,y,2)|dz
—00

% [s(u+z)2+% (u—z)z]

ds du dz

00 x 1 1—|—S -1/2 e_
5C/oo/y /o (logl—s) (1 —5)172
b s\ T2 1 o
SC/ / (logl_s> (s(l—s))l/Z/_
-1/2
<C/ / (10g1+s) ﬁdé‘du

< Clx —yl, x,y €0, y<nx.

For I,

/ |(x,y,2)|dz

|u—~\2

dz ds du

lu—z[?

8s

1/2 1 1+s\ 12 -5
= log 32 12
)/(Xk>2 /2 1— S S / (l — S) /

I/\

OO

1/2
/ 1+ f e 8s dtdz | du
y (Xk)2 52

1/2 _
C 1+ ds | du < X yl’
7/(xk)2 N / v (Xk)

For I,

00
/ [13(x, y,2)| dz
—00

2
<C/°o /x/V(Xk) l)_i—i-l(”—z)ZHe_%s(u_._z)z_]e_%@
- —o0JYy 0 N 2s 4 s

oo px py(u)? 1 | (-2
§C/ / / —(u+z)e 8 5 dsdudz
—o00Jy 0 N

x oy poo P
§C/ / —/ u2+t2)e‘mdtdsdu
y

2

183

(4.13)

ds du dz

(4.14)

x,y € Qp, y<ux.

ds dudz

y()? g
§C/ / + ds du< Cy(xy) <|x3—y3|—|—|x—y|>, x,y€Q;F, y<x.
y JO



184 J.J. BETANCOR, R. CRESCIMBENI, J. C. FARINA, P. R. STINGA AND J. L. TORREA

Since |x? — y3| < |x — y|(x? + y* + |xy|) and ¥ (a) ~ y (xk), a € QF, it follows
that | — y°| < Clx — yl/y (xw)* x, y € QOf. Hence

*© |x — | «
/ [I3(x,y,2)|dz < C o) x,y € Qy. (4.15)
—0oQ

We conclude, by combining (4.12)—(4.15), that
lx =yl
y (xx)

Estimate of Zye;. To this end, let us decompose RH(y, z) — RW (v, 2), up to the
multiplicative constant (4m)~!, as follows

Zi(x,y) <C , x,y € 0;. (4.16)

R (y,2) — R®(y,2)

1 ~1,2
_ / s log 1+s s(y+2) e—%[s(y+z)2+%(y—z)2] ds
o \1 =52 "1—5 1 —s2

1 =172 _ 1. 2,1 2
+/ ( s 210g1+S) y 22 ipotortio-?]
yo2 \1 —s 1—s s(1 —s59)

N /}’(xk)2 s | 145\ /2 y—z
0 —_—
0 12 81 5 s(1 —s2)

y [e_%[s(y+z)2+%(y—z)2] _ e—<y—z)2/4si| ds

4.17)

=:J1(y,2) + L2y, 2) + J3(y, 2), y,zeR.

By proceeding as in the geometric analysis of (4.10) we can obtain

00
‘ f (Xs_/+1<|x—z|<aj (2) — Xejpi<ly—zl<e; (Z))(RH(}’, 7) — R® (y,2) dz
—00

o] " * q 1/q "
ch Xe o1 <ly—cl=e; @R (v, 2) = RO (3, 2)| dz] v — y|/4
o0

> H k ¢ 1 1/q’
+C |:/ XS_i+l<|x—Z|<€j(Z)‘R (v.2) — RO(y, Z)‘ dZ:| x — y|',
(o)

x,yeR,
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where 1 < g < co. We take 1 < g < p. Then, by (4.17),

Zyei(x,y)
1/p

0 poo g r/q
=C (Z/ Xej+|<\y—z|<s_,-(Z)‘RH(y,z)—R(")(y,z)‘ dz) lx—y|'/e
j=1J—o0

- > g \Pr4 1/p /
+C|:Z (/ X€j+1<|xfz|<ej(Z)‘RH(y,Z)—R(k)(y,z)’ dz) :| |x—y|1/q
o0

j=1 N

| ol k 4 V4 1/q'
—00

3 00 /g )
<C). U 1753, DI dz] w—ylV4, x,yeR.
j=1R T
(4.18)
For J;, Minkowski’s inequality implies that
00 1/q
[/ |1(y, )| dz}
—o0
(4.19)
1 —1/2 00 2 1/q
1 —z
<c| ((1 _s)10g1+s> U U5 dz] ds < C,
0 - S —00
fory e R.
For Ja,
o0 1/q
[/ [ J2(y, z)lqu]
—00
1 -1/2 00 2 1/q
1 1 —z
= (i) i L] e
y ()2 = s(1—s oo 4.20)
1 —1/2 —1+1/2q
1
sc/ <log +s> S ds
y ()2 I—s (1=5V
< Cy(xk)_]/"/, y e R.
For J3 we have that
y® |y — stvin)? o?
|J3(y,Z)| SC/ |y 2Z|)€_ (}1) —1 e_(' 45) ds
s
’ (-2 4.21)
y)? o~ U5

SC(y+Z)2/ 1—/2ds, y,ze]R.
0 S
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Then, since y (y) ~ y (xx) provided that y € Qz,

00 1/q
[/ J3(y, 2)? dz]
—00
(x)? 1/q
sc/wn fL[/w(ﬁq+ﬂﬂeWW&m} ds
s120 ]
0 00

 (xn)* y ()
=< Cy2/ s(1=9)/2q ds+C/ s(+0)/24 gg
0 0
< Cy?y () TV 4 Cy () Bat D/
y () 4t/ o
=T + Cy (Pt < Cy ()™, y e 0f.

By combining now (4.18)—(4.22) we conclude that, for every x, y € B,

i — v\
Sup Zz,&‘(xv y) S C .
gj ¥ (X)

This finishes the estimate of Z5 ¢ ;.
From (4.11), (4.16) and (4.23) we deduce that

1/q'
||U1<x>—U1<y>||E,,sc{ 0 +( 70 ) }

y (%) ¥ (Xx)

(4.22)

(4.23)

for every x, y € B. Then, by [6, Lemma 2.2], since y (xx) ~ ¥ (xp), it follows that

1

—//nUl(x)—Ul( Mg dydx <C | —2° +< 0 )1/3
B2 /3 /5 PNE =060 " Yoo /) |

We leave to the reader to check that this is stronger than hypothesis (ii) in Theo-

rem 1.1. Hence the proof of Theorem 1.5 is finished.
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