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Stochastic stability of the Ekman spiral

MATTHIAS HIEBER AND WILHELM STANNAT

Abstract. Consider the stochastic Navier-Stokes-Coriolis equations in T2 x
(0, b) subject to Dirichlet boundary conditions as well as the Ekman spiral which
is a stationary solution to the deterministic equations. It is proved that the stochas-
tic Navier-Stokes-Coriolis equation admits a weak martingale solution. More-
over, as an stochastic analogue of the existing deterministic stability results for
the Ekman spiral, stochastic stability of the Ekman spiral is proved by consider-
ing stationary martingale solutions.

Mathematics Subject Classification (2010): 35R60 (primary); 35Q30, 37L40,
60H15, 76D0S, 76M35 (secondary).

1. Introduction

Consider the Navier-Stokes equations in the rotational setting on an infinite layer
R? x (0, b) =: Q for some b > 0,

hu —vAu+w(es xu)+ wm-Viu+Vp =0, t>0,x €,
div u =0, t>0,x € Q,
u(t,x1,x2,0) =0, t>0,x; €R,x R,

u(,x1,x2,b) =e;-up, t >0,x1 R, x € R,
u(0, -) = ug, x € Q.

(1.1)
Here w € R denotes the speed of rotation, v > 0 the viscosity of the fluid, u, € Ris
aconstant, and e;, i = 1, 2, 3, denotes the i-th unit vector in R3. Equations (1.1) are
sometimes also called Navier-Stokes-Coriolis equations because of the additional
Coriolis forcing term. It is a remarkable fact that (1.1) admits an explicit stationary
solution (uf , pf ) given by
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with§ = 2,k € Z, and

k>
ip = up(l — e*g)*l if k is even and 1), := up(1 + e*g)*l if k is odd.

This stationary solution of equation (1.1) is called in honour of the swedish oceano-
graph V. W. Ekman, the Ekman spiral; see [9]. It describes rotating boundary layers
between a geostrophic flow and a solid boundary subject to Dirichlet boundary con-
ditions. Starting from this particular stationary solution, it is a natural problem to
investigate its stability properties.

Deterministic perturbations of the Ekman spiral by functions u solving the
above equation (1.1) have been considered by many authors. In fact, set

w:=u—uf, and q:=p—pf.
Then the pair (w, g) formally satisfies the equations

0w — VAW + we3 X w
+ug - VYw +widsuf +(w-V)Yw+Vg =0, t>0, xe€Q,
divw =0, t>0, x € Q,
w(t, x1,x,0) =0, >0, x1,x €R,
w(, x1,x2,b) =0, t>0,x1,x R,
w0, x) = wo, x € 2,

(1.2)

where wg = ug — u f. It was shown by Desjardin, Dormy and Grenier in [8] that

the Ekman spiral is stable in the sense that if for all initial data wg € L?,(D) there
exists a global weak solution w to (1.2), then

lw®ll2 < llwollz  forallz > 0, (1.3)

holds true provided the Reynolds number Re is small enough. Furthermore, it was
shown by Hess in [16] that for every initial data wg € L(Z,(D) there exists a global
weak solution to (1.2) and that this solution satisfies

lim Jlw(@)[2 =0.
t—>00

with an exponential rate. Note that this notion of stability corresponds to the defini-
tion of asymptotical stability in dynamical systems. It was proved moreover in [17]
that the Ekman spiral in the half space Ri is nonlinearly stable with respect to L?-
perturbations provided the corresponding Reynolds number is small enough. More-
over, the decay rate could be computed in terms of the decay of the corresponding
linear problem.

For further stability results concerning the Navier-Stokes-Coriolis equations
defined on all of R3 we refer to [14] and [18].

Observe that the above stability results concern the situation of a fixed speed of
rotation w, whereas e.g. Rousset’s result [23] concerns the situation, where o tends
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to co. Very recently, Gallay and Roussier-Michon considered in [12] the Navier-
Stokes-Coriolis equations in an infinite layer with periodic boundary conditions
in the vertical directions. They proved the existence and uniqueness of a global
mild solution to the above system for arbitrarily large data belonging to a certain
function space, provided w is large enough, and investigated its long-time behavior.
For related results see also [20] and [3].

The aim of this paper is twofold: first we introduce a stochastic analogue of
(1.1) in domains D of the form D := TZ? x (0, b) by adding an exterior addi-
tive stochastic forcing term to (1.1) using a function-space valued Wiener process.
Secondly, as the stochastic analogue of the above deterministic stability results we
study the stochastic stability of the associated stochastic partial differential equation
by considering stationary martingale solutions.

More precisely, we consider in the following the stochastic Navier-Stokes-
Coriolis equations in the space L>P€T(D)3, by restricting the problem to (x1, x)-
periodic solutions of (1.1). Indeed, note that since the Ekman spiral is independent
of the variables (x1, x2), it can be viewed as a (x, xp)-periodic function belonging
to L>PT(D).

The stochastic Navier-Stokes equations in the rotational setting can be formu-
lated as

du; = [VAu; — w(ez X uy) — (us - VYuy + Vp:ldt +dW;
div u; =0
(1.4)
ur(x, x2,0) =0

ur(x1, x2,b) = ey - up,

where (W;) is a Wiener process on the subspace H C L?PT (D)3 of the closure of
smooth (x1, x3)-periodic vector-fields having divergence zero. We will reformulate
(1.4) as a stochastic evolution equation and consider the resulting stochastic partial
differential equation for the velocity

du; = [vAsu; — wll(es X u;) — Il (u; - Vug)]dt + dW; (1.5)

on the space H. Here IT: L>P®'(D)3 — H denotes the Helmholtz projection and
Ag = IIA the Stokes operator in H. For a precise definition of IT and the Stokes
operator in this context, we refer to Section 2. Equation (1.5) can be regarded as a
stochastic Navier-Stokes-Coriolis equation.

Stochastic Navier-Stokes equations are studied already for quite some time;
we refer to the pioneering works of Bensoussan and Temam [4] and Vishik and
Fursikov [26] for existence of weak solutions. Of particular interest to us is the
seminal paper [10] by Flandoli and Gatarek concerning the existence of (stationary)
martingale solutions of stochastic Navier-Stokes equations.

Similarly to the deterministic case, for a solution u; of (1.5), we consider

E
M[:v[+ub,
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where u f denotes the Ekman spiral. Then v, is a solution of the semilinear stochas-
tic evolution equation

dv, = [(VAS + B)Ut — H(U[ . VUI)] dt +th (16)
where B is defined by
Bv:= —wTl(es x v) — [(uf - Vv) — M(v3dsuf), v e D(Ay).

In Section 3 we present the main result of this paper concerning existence of weak
martingale solutions of (1.6). Our proof is very much inspired by the proof of
Theorem 3.2 in [10], the main differences to [10] are due to the additional Ekman
and Coriolis terms and the different boundary conditions for the Stokes operator.
For simplicity we restrict ourselves to the case of Wiener-processes (W;) having
finite trace covariance Q.

As a stochastic analogue of the deterministic stability of the Ekman spiral, we
study in Section 4 the stochastic stability of (1.5) by considering stationary martin-
gale solutions. In particular, the time-invariant distribution & of a stationary mar-
tingale solution can be interpreted as the long-time statistics of random fluctuations
of (1.5) around the Ekman spiral. In Corollary 4.3 we prove the existence of sta-
tionary martingale solutions with invariant distribution p satisfying the exponential
moment estimate

fesllul%fdu(u) < 00

for small ¢. This means that the fluctuations of (1.5) around the Ekman spiral have
exponential tails.

Similar moment estimates for stochastic Navier-Stokes equations in the classi-
cal setting, i.e. without rotation, can be found e.g. in [5,24] and [22].

2. Deterministic Navier-Stokes-Coriolis equations

Let D := T? x (0, b) for some b > 0. We first introduce Sobolev spaces consisting
of functions being periodic in (x1, x2). Given a fixed number [ > 0, let D be the
space of all functions f : D — C which can be expressed as

O x3) =) filr)els=hr

keJ

for some finite subset J of Z? and some fk € C*([0, b]), where z = % Then
{ei*<k> . k € 7} is an orthogonal set in L3(T) with T = [—I,[]?. Note that the
coefficients fj of f are uniquely determined by the partial Fourier series of f by

~ 1 . /
fk(x3) = W_/ f(x/, x3)e—zz<k,x >dx/, ke Zz.
T T
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We define Dy ,, the space of divergence free test functions, as
Do :={f €[D):div f=0inDand f =0on dD}.

Given m € Ng and f € D, we set

||f||2—/ /If(x x)dx'dys and |If|5,= Y 1IDYFIB.

la|<m

Then our basic function spaces are defined as the closures of D or Dy , with respect
to || - [[m,2 as

Fm2per [D]3H ||m2 (27,per _ mll-llz Hl,z,per _ D —I"ll1, 2

’ 0,0

We next introduce the Helmholtz projection from L?PT(D) onto Li’per(D). Note
first that the existence of the Helmholtz projection for spaces of the form L?(D) is
well known; see e.g. [25] or [11]. Adapting their arguments to partial Fourier series
one obtains the following result. For each u € L*P®T(D), there exists a unique
v e L2P (D) satisfying u = v 4 Vp for some scalar p € H">P®T(D) and a
constant C > 0 such that

[vll2 +1IVpll2 = Cllull2

Hence, the mapping

2,per

uel?P"(Dy > v=Tlu e L;* (D)

defines a bounded linear operator IT from L%P®'(D) onto L2 per

(D), which is
called the Helmholtz projection. The Stokes operator Ag in Lop (D) is then de-
fined by

12per

Agu :=TIAu with D(Ag) := (D)QHUPCT(D)

Note that the Stokes operator Ag could be defined alternatively also by variational
methods, see e.g. [25]. Observe, however, that then the above characterization of
the domain D(Ag) for mixed periodic-Dirichlet boundary data is not obvious.
Adapting the arguments given in [1,2] or [15] to the mixed periodic-Dirichlet
setting, we see that the Stokes operator has the following spectral properties.

Lemma 2.1. Let0 < ¢ < %and)» € X, :={z€C\{0}:|argz| < w—e}. Then

for f € L2 per (D) there exists a unique u € D(Ag) satisfying (A —vAs)u = f
and a constant C = C(e) > 0 such that

[Alllull2 +vlull22 < ClIf]]2. 2.1)
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The above lemma implies in particular that the Stokes operator Ag generates
an analytic semigroup on Li’per(D) and that the set C\ (—o0, 0] is contained in the

resolvent set of Ag. Moreover, since the estimate (2.1) is uniform in A € (0, 00), it
follows that

Oco(As) and  v||[(A9)"' flla2 < ClIfIl2

for some constant C > 0. A more detailed analysis even shows that C\ (—oo,— ’;—;] C
0(As).

The precise description of D(Ag) will be important in step 3 of the proof of
our main result, where the tightness of the sequence P" of projection on the span
of the first n eigenvectors of the Stokes operator is proved by the compactness of
certain embeddings.

Finally, for V := HO1 ’j’per(D), equipped with the equivalent norm ||M||%/ =
(—Asu, u) g, consider operators B : V — H for which there exist constants wg >
0, w1 > 0 satisfying

(vVAs + Byu, uyy < —awollully +o1llullf, u € D(As).

It then follows by standard perturbation theory that vAg + B with domain D(Ag)
generates an analytic semigroup on H.

3. Stochastic Navier-Stokes-Coriolis equations

We start this section by adding noise as an independent exterior forcing term to
(1.1) and obtain the equation

du; = [VAu; — w(ez X uy) — (us - Vyuy + Vpildt + dW;
div u;, =0
3.1
ur(x1,x2,0) =0
ur(x1, x2,b) = ey - up.
Here, (W;);>0 is an H-valued Q-Wiener process, where H := Lg’per(D), defined
on an underlying stochastic basis (2, F, (F;)/>0, P) (see [6, Chapter 4]). Note that
the covariance operator Q of (W;);>¢ necessarily has finite trace.
Applying the Helmholtz projection IT introduced in Section 2 to (3.1) leads to
the following semilinear stochastic evolution equation

du; = [vAsu; — wll(ez x u;) — (u; - Vuy)ldt + dW; (3.2)

in H. Let V' = HO_ ;,Z,per(D) be the (topological) dual space of V. Identifying

H with its dual H' we have that V < H = H' < V’ densely and continuously.
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We denote by v/ (u, v)y, u € V', v € V, the dualization of V' with V. Note that
vii{u,v)y = (u,v)yg ifu € H.
As described above, for a solution u; of (1.5), we consider

E
I/lt:v[“_uh,

where u l’f denotes the Ekman spiral. Then v, is a solution of the semilinear stochas-
tic evolution equation

dv; = [(vAs + B)v; — (v, - Vo)l dt + dW, (3.3)
where B is defined by
Bv = —wIl(e3 x v) — N(uf - Vv) — M(v3d3uf), v e D(Ay).

We will study in the following the equation (1.6) not only for B defined as above,
but for linear operators B satisfying the following two assumptions:

(A1) B :V — H isabounded linear operator such that there exist wy > 0, w; > 0
with

(VA5 + B)u,u)y < —aollully + wilullf, u e D(As).
(A2) The covariance operator Q of (W(#));>o has finite trace.

Remarks 3.1. a) We note that (A2) implies that there exists an orthonormal ba-
sis (fi)k>1 of H consisting of eigenvectors of QO with corresponding eigenvalues
(/,L%)kzl such that (W;);>0 can be represented as

Wi =" fi - B(0),

k=1
where (Bi(t)):>0, K > 1, are independent, 1-dimensional Brownian motions on
(Q,F, P).

b) Note also that (A1) implies as described in Section 2 that the operator vAg + B
with domain D(Ag) generates an analytic Co-semigroup (7;);>0 on H satisfying

z2
1T < e ™7™ forall t > 0.
We now introduce the notion of a martingale solution to equation (1.6).
Definition 3.2. A martingale solution of (1.6) is a pair ((v;);>0, (Wt),zo), defined
on a stochastic basis (2, F, (F)>0, P) satisfying

) (W,),Zo is an (]i"t),zo Wiener-process with covariance Q,
(i) v.: [0, T] x Q — H is progressively measurable,
(iii) v. € L®([0,T]; H)NL*([0,T]; V) P —a.s.,
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(iv) Forallu € V andall7 € [0, T] P — a.s.
t
(b = (oo, + [ vA©AS + By ds
0

t
—/ (T (vs - Vvs), u) i ds + (Wi, u) gz -
0

The following theorem is the main result of this section.

Theorem 3.3. Assume (Al) and (A2). Let & : Q — H be Fo-measurable, square-
integrable and independent of (W;);>0. Then for all T > 0 there exists a martingale

solution ((v;)r>o0, (W,),zo) of (1.6) satisfying Po vo_l =Po 5_1. Moreover,

T
E( sup ||v,||%,+/ ||u,||2de) < 00. (3.4)
0

0<t<T

The following proof of Theorem 3.3 follows closely the proof of [10, Theorem 3.2].
To this end, denote by (ex)r>1 an orthonormal basis of H consisting of eigenvectors
of A S.

Step 1: Galerkin approximations

Denote by
n
P,:H — spanfey: k<n}C H,x +— Z(x,ek)ek
k=1

the orthogonal projection onto the linear subspace of H given as the linear span of
the first n eigenvectors and consider for fixed n the following stochastic evolution
equation:

dv; = [P,(vAs + B)v; + P, F, (v, v/)]dt +dP,W;,

3.5
vy = Puéo . (3-5)

Here,
Fo(u,v) == Op(ullp)@ - V)v, u,v e PH,

for some continuously differentiable cutoff-function ®, : R — R satisfying
li—nn) < On < l—p—1.n+1]-
Note that for u, v € P, H we have
(PuFn(u, v), v}y = (Fu(u,v), v)g = (O (lullg) @ - VIv,v)g =0.  (3.6)

The above equation (3.5) can be viewed as a finite dimensional stochastic differ-
ential equation having locally Lipschitz continuous coefficients of at most linear
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growth. Now [21, Theorem 1 in Section V.1] implies that (3.5) has a unique strong
solution satisfying in addition the following moment estimate

E( sup ||vf||%1) < 00.
0=<t<T
Step 2: Energy estimate

In this step we will derive the uniform energy estimate

T
E( sup [[v7 1% +/ IIvfllzvdt) <M < o0 (3.7)
0

0<t<T

for some finite constant M independent of n. In order to establish (3.7), note that
by Ito’s formula

1 1 e
fwww%=ym@m+ﬁewwﬁﬂﬂmm

t
+/e_“”s<(vf, Py(vAs+B)" + Py Fy (V1 vf))H—wluv;?u%,) ds
0
1
+— (1= ") trg(Pyo Q).

2w
(3.8)

Taking into account (3.6) and assumption (A1) we obtain
(vg, Pa(vAs + B)vg + Py Fy (v, vi))m = (vy, (VAs + B)vg)
< —wolVl 15 + o1} 1.

Inserting the last inequality into (3.8) and rearranging terms we obtain
lfa)lt n2 tfa)ls n 2
S G o | eI ds
0

1 t
=< EHPnSO”%-] + (1—e ") try(Py 0 Q) +/0 e vy, d Py Ws) g

1
2w
and thus .

E( sup ||v,”||12q+2a)o/0 ||v§’||2vds)

0<t<T
1T

= e TE (1Pl ) + —— tru (P o Q) (3.9)

w1

+ewlTE( sup | /o e—wN(v;’,dP,,Ws>|>.

0<t<T
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Since the stochastic integral fot e (v, d P,Ws), t > 0, is a continuous (F;);>0-
martingale, Doob’s maximal inequality implies that

r 2\ %
>§2E ((/ e_"’”(vg‘,dPnWS)> )
0

T 1
=2E( / e—z“’”||@v§’||%ds)2
0
1
= 2V QlopVT - E( sup I7113)’

0<t<T

t
/ e_wls(vg: dP,Wy)
0

E{ sup
0<t<T

1

=3¢ E( sup vy I})+2¢ 7 IVQIZT.
2 0<t<T

Here, ||/ Qllop denotes the usual operator norm of /O on H. Inserting the last
inequality into (3.9) we obtain the energy estimate

T
E( sup [[o[1% +4a)0/ ||v;’||2vds)
0<t<T 0

L()]T

try (Pyo Q) + 4> T/ 0|2,

< 2e“”TE<||P 50||H) +2

wlT

<2 TE (ol ) +27, — wn(0) + 46 T TV 01, =

uniformly in 7.
Step 3: Tightness of P" :== P o (v.")~!
We next show that P, n > 1, is tight on the space L2([0, T1; H). By Prohorov’s

theorem, it is sufficient to show that

n
Sng(”v' ”wﬂ-2<[o,T1,D<(—As)*%>)> = (3.10)

for some o > 3 and 8 € (0, %) since the embedding

L2([0, T1; V) 0 WA2(0, T]; D(Ay ) = L2([0, T1; H)

is compact (see [10, Theorem 2.1]). Here, for a given Banach space X, the space
WPA-P([0, T]; X) denotes the Slobodeckii space defined to be the space consisting
ofallu € LP([0, T]; X) satisfying

T lu(s) —u@ly
100,71 5) = f / s — £|1 PP s ey 4sdt <0,
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and the space L2([0,T); V) n WE-2([0, T1; D(A;f)) is endowed with the natural
norm

lullz2q0,77,v) + ||M||Wﬁ,p([0’T];D((7AS)7%) :
Note that [10, Theorem 2.1] can be applied, since the embedding V < H is com-
pact. We postpone the proof of (3.10) to Lemma 3.4.

Since P is tight, actually tight on L2([0, T; H) N C([0, T]; D((—As)~?))
for all « > 3, we may choose a subsequence, again denoted by (P”"), converging
weakly to some probability measure P on L>([0,7]; H)NC ([0, T; D((—Ag)_%)).
Step 4: The limit n — oo

This part of the proof is completely analogous to Step 3 of the proof of [10, Theorem
3.1]. We hence only give a brief sketch of it.
Fix @« > 3. Then Skorohod’s embedding theorem (see [19]) implies that

there exists a stochastic basis (€2, F , (]:",)tzo, P) and previsible processes v", v, €
L*([0,T1; H) N C([0, T1, D(Ag ?)) with

Po(v_n)_1 =130(1~)_")_1, neN

and " — 9. P —a.s in L2([0, T]; H) N C([0, T], D((—As)~2)). The uniform
energy estimate (3.7) implies by Fatou’s lemma, the estimate

T
E( s 1l + [l dr) < o

0<t<T

Hence, v € Lz([O, T1; V). In order to identify the limiting process v, as a martin-
gale solution of (1.5) note that for all n

t t
W= 5 — Pogo —/0 Pa(vAs + B)¥" ds —/O PoFu(0, 30 ds
t € [0, T], is a continuous square-integrable martingale w.r.t G," =o@/:s €
[0, ¢]) converging P-a.s. to

t t
M, =73, —& —/ (vAs + B)vg ds —/ (Vs - Vg) ds
0 0

forallr € [0, T]in D(A;j) for all « > 3.

This implies that Mt, t € [0,T], is a martingale w.r.t. the filtration g} =
o (v;: s € [0, t]). The martingale representation theorem implies that there exists a
Q-Wiener process (W;);>0 on (Q2, F, P) such that

(My,u) = (Wy,u) P—as.,ueV.

The proof is complete. O
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We finally prove the tightness of P”".
Lemma 34. Leto > 3, B € (0, §). Then

n
Sng<””- ”Wﬂ-2<[o,T1;D<<—As>‘7>>) = oo

Proof. We decompose the unique strong solution v}’ of (3.5) as

t

t
v} = Py&o + ./0 P,(vAs + B)v! ds +/0 P, Fy (v, v})ds + P, W;
=11+ L)+ () + 14(2).

It is then sufficient to show the desired estimate for each term separately. Clearly,
for I, we obtain

<C-VJT-|&lu

D(—A5)"2) =

Al = VT Pl

WB2([0,T1; D((—As) ™ 2))

for some uniform constant C > 0, so that

SipE(”Il”wﬁl([o,T];D((—As)‘%))) =

By Lemma 2.1 in [10],

| P W || s <CB.2)-T-trg(/QoPyo0)

WA2([0,T): D(Ag )

for some uniform constant C (8, 2). Thus

su E( Li(- L )<
nP I 4()”Wﬂv2([0,T];D(AS2))

Concerning />, note that fz(t) = P,(vAs + B)v}, and thus
1Ly = I1Pa(wAs + B)v}lly < Cllv}llv
for some universal constant C, because
(Pa(vAs + B)U;l7 U)g = U<ASU?7 Pou)g + (BU?a Pyu) g

= v(Asv/, u)g + (Bvf, Pau)p

<vlvilv - lully + 1Bv; | mll Pl

< Clivilly - llully.
Here we used assumption (A.1) and the fact that || P,u||g < ||lullg < C|lu|lv holds
for some uniform constant C > 0. Consequently,

T

T
supE(/ ||1'2(z)||2,dt) <cC SUpE(/ ||v;1||2vdz) < o0,
n 0 n 0
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2
WA2([0,T]: D((~As)”2))
) up to some uniform constant,

by using the energy estimate (3.7). Since || I2(:)]| can obvi-

2

ously be estimated from above by || I2(-) || W12(0.7] V"

we obtain the desired uniform estimate

su E( (- . )
nP I 2()||W/3~2([0,T];D(ASZ))

Finally, note that

(PuFp (v, v, uy g = (O, (V] | vy - Vv, Pau) g
= / |v;1 : Vv?|R3 dx - || |Pnu|R3||oo
Qp

< Cllvylla - oy vl s,

for some uniform constant, since

I 1 Patlgslloo < CllPatll 5,

for @ > 3. Hence,

| PoFn (v, vl —e < Clvfllallvi iy
D(A

%
s7)

for some uniform constant. This implies that /3 is differentiable with respect to ¢ in
D(Ag?) and that

1O, -5, = CI Tl .
Thus
T
132 . <C sup ||v,"||%,-/ IR dr,
W12([0,T1: D(Ag %)) 0<t<T 0
and

¢ nyp2 r np2
E<”I3(')”w1~2<[o,T];D<<—As>‘%>>> = EE<021£T ol +/0 I ||th>

is uniformly bounded in » which finally implies the desired estimate for /3. Sum-
marizing, the lemma is proven. O

We now may apply Theorem 3.3 to the stochastic evolution equation (1.6), with B
given by

Bv = wll(e3 x v) — M(uf - Vv) — M(v383uf).
Since B satisfies assumption (A.1), we obtain from Theorem 3.3 that for any u €
M (H) satisfying f I x||%1 du(x) < oo, there exists a martingale solution
((v1)r=0, (Wi)r=0) of (1.6) satisfying ]50 o v(;l = u and the energy estimate

T
E( sup ||v,||%,+/ ||vs||%,ds) < 0.
0<t<T 0
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Defining the stochastic process
o E
ur:=v +uy,t>0,

it follows that ((u;);>0, (W;)s>0) is a martingale solution of (1.6). Thus, the follow-
ing corollary holds

Corollary 3.5. Let u € M(H) with [ ||x||%1d,u(x) < 00. Then there exists a
weak martingale solution of the stochastic Navier-Stokes-Coriolis-Ekman equation
(1.6) with initial distribution (.

4. Stationary martingale solutions and invariant measures

We recall that a stochastic process (X;),;>o is called stationary if the distribution of
the time-shifted process (X+.);>0 is independent of s, i.e.,

Po(Xsp) '=Pox)™, 5s>0.

Stationarity implies in particular that the distribution of X, is independent of ¢.
Hence, u = P o X, Vis called an invariant probability measure.

A particular example for a stationary process is a Markov process ((X;);>o,
(Py)xeE) on a state space (E, £) having an invariant measure p in the sense that
for any £-measurable bounded function F

/Ex(F(Xz))M(dX) Z/F(X)M(dX), t=0. (4.1)

In this case, the distribution of the shifted process (X;);>0 with respect to the
probability measure

Py (A) ¢=/Px(A)M(dX)

will be independent of s.

In the case of the stochastic Navier-Stokes-Coriolis equation we are yet far
away from the construction of a full Markov process, however using the same tech-
niques as in Section 3, we are able to construct a stationary martingale solution
under additional assumptions on the coefficients. To this end, consider again first
the perturbed stochastic Navier-Stokes equation (1.6) for general B satisfying as-

7.[2

sumption (A.1) with w; < 57 @0 Then

(vAs + Byu,u)y < —aolull},  u e D(As).

. ~ 2
with @y 1= woy — 5—20)1 > 0.
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Theorem 4.1. There exists a stationary martingale solution ((v;)r>0, (Wi)i>0) of
(1.6) satisfying

T

E| sup |vl% +f v 13 dt | < oo, T > 0. 4.2)
0<t<T 0

Moreover, the invariant distribution @ = P o v, 1 satisfies the moment estimates

&y 7

I1Qllop b*

ellx% o
e u(dx) <oo fore <egp: “4.3)

and
f 112 () < 00 (4.4)

Proof. Similar to the proof of Theorem 3.3, we consider the finite dimensional
Galerkin approximation

dv' = [P,(vAs + BV + P, F,(v', v")]di +dP,W,. (4.5)

Equation (4.5) has a unique strong solution v" (¢, vo) for any initial condition vg €
P, H. Moreover, the associated transition semigroup

P/'F(vo) := E(F(v"(t,v))) >0,
has the Feller property, i.e. P/'(Cy(P,H)) C Cp(P,H), where C,(P, H) denotes

the space of bounded continuous functions on P, H.
Ito’s formula, applied to %H v (2, vo) %, yields the estimate

1 1 !
~[l" @ vo) 7 < S llvoll +/ (vg, dPuWs)n
2 2 0

- ! ) t

~a [ G wlids + 5 - (Puo O)
0
In particular, taking expectations we conclude that
E(5 [ (6wl ds) < S tlly + 5e (R0 0 @0

- V" (s, v s) < —1|v —tr 0 Q), .
t Jo 0/lly 2ta)00H szHn

which implies that the family u, (¢, A) := %fé PW"(s,v) € A)ds, A € B(P,H),
t > 0, of the mean occupation time measures is tight on P,H. The Krylov-
Bogoliubov Theorem (see [7]) implies the existence of an invariant probability mea-
sure w, on P, H for (P!"), i.e.,

/ P[‘qunzf Fdu,
P, H P.H
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satisfying the moment estimate

2
/ lvlly in
P H

uniformly in n. Moreover, we construct in the usual way a stationary martingale so-
lution ((v/)s>o0, (W,) ,>0) with distribution w,,. In Lemma 4.2 below we will prove

4.7)

that for e < gy = ol Q|| b2 , Uy also satisfies the exponential moment estimate

/P Hef”““%un(dw < Ci(e) (4.8)

for some finite constant C(¢) independent of 7.
We next show that the famlly P, of distributions of (vf');<o is tight on

lOC([O T, HYNC((O0,TI; D(A 2)) for any « > 3 and any finite 7. To this
end, it suffices to recall from the proof of Theorem 3.3 that for all 7 > 0

" E(Ivc. UO)”Wﬁﬂ([o,T];D((—As)*%))) =

forany « > 3 and 8 € (0, %), see (3.10). Now, similarly to Step 4 in the proof of
Theorem 3.3, we find a stochastic basis (Q, F , (.7:}) 1>05 13) and previsible processes
3", . such that P o (f).”)_1 coincides with the distribution of v”. In particular, 0"
is stationary for all n, hence v; = lim,_, o ¥} is stationary too. Similar to the
proof of Theorem 3.3 we can show that there exists a Q-Wiener process (Wz)tzo on

(Q, F, P) such that

t t
(W, u):v/(f)t—ﬁo—/ (vAs+B)vg ds—/ Il (vs - V) ds,u)y P—a.s.,ucV.
0 0

which implies the assertion of the theorem. O

It remains to prove the exponential moment estimate (4.8).

Lemma 4.2. Let t; 1 0o and (i, be an accumulation point of the mean occupation
time measures —fO P(v”(s v) € A)ds, A € B(P,H), k > 1, for some vy €

P,H. Then, fore < gy = ol Q|| 722, there exists a finite constant C1(¢g), independent
of n, such that

/ Plindp, (v) < Ci(e).

W H

Proof. Since for any deterministic initial condition vy, ||vgllg € L£™(P) for all m,
it follows that

E| sup [v"(z,v0)l5" ) <oo forall T.
OSIST
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Ito’s formula implies for all m > 1
2 2
0" @, vo)I" < llvoll "

+m/ 10" (s, v) 15" (g (Py 0 Q) — 2a0l1v" (5, vo) 1) ds
n 2(m—2) n n
+2m(m — 1)/ V" (s, vo) Iy (QV" (s, vo), V" (s, v0)) g ds
+2m/ 10" (s, v) 15"~V (0" (s, v0), d Pa Ws)
Since (QU" (s, v0), v (s, v0)) i1 < [|Qlopllv" (s, v0) |, We obtain that

/ 10" (s, vo) I3 10" (s, vo) 17"~ ds

< 5=l
1 2aom "0
tr( P 2(m — 1 _
+_/ (P, 0 Q)+ ~(m )”Q”op.an(S’ vo)ll%m D g
t Jo 2a0

1 11
+;/ — 0" (s, v) 1" (" (s, vo), d PaWs)
0

Taking expectations we conclude that for m € N

/ o (5. v I3V 1" G5, o)1 ds)

| t(By0 Q) +2m= 1) Qllp e 2D
<5l e E( fonv (s.v) 3" "ds ).

4.9)
It is now standard to conclude that (4.9) implies for the limiting measure p,, first
that

/ llI3 dpn(w) < Cm), meN

for some finite constant C (m) independent of n and then, by taking the limitt — oo
in (4.9),

2 1
/ Iol3 ol 3"V, (v)

- tr(Py 0 Q) + 2(m — D[ Qllop
- 2(;)0

(4.10)

/ W2 Ddp, ), meN.

For ¢ < &’ < gy let M, € N be such that

e try(Q) < (¢' — &)2(m — D[ Qllop forallm = M; .
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. 2 .
Since ||v||12q < %HUH2 , we obtain for M € N, M > M, € N, that

M 1
fuvnz"dun( ) <o 10k u /nvn djin (o),

o

and thus

Zk, [ 1wl dnn) < ﬁ k,/nvn d1ia (o).

The right hand side above does not depend on M, so that we may take the limit
M — oo to obatin the exponential moment estimate

k=0

Me—1 &

2 € Z: €
/eé‘“l)”].] dﬂn(v) S o _08/ FC(/C) == CI(S)
k=0

for some finite constant C1 (¢) independent of n. ]

Finally, consider again the stochastic evolution equation (1.6) with
Bv .= —wll(e3 x v) — H(uf -Vv) — IT(vs - 83uf).

If .
Up ( _b _é>
—|(§—be 5 —be ) < —, 4.11)
v V2
”—220)0, so that

then B satisfies assumption (A.1) with w; < :

((VAs + Byu, uyy < —aolull?,

C 2 . . . .
with @y = wop — % w1. Hence, there exists a stationary martingale solution

((v1)r>0, (Wi)=0) of (1.6) satisfying (4.2) and its distribution P ov,_1 on H satisfies
the moment estimates (4.3) and (4.4).
Considering the stochastic process

w=v +uf ,t>0,

we verify that ((u;)s>0, (W;):>0) is a stationary martingale solution of (1.5), which
proves the following corollary.

Corollary 4.3. Assume that equation (4.11) holds. Then there exists a stationary
martingale solution ((u;);>0, (Wt)r>0) of the stochastic Navier-Stokes-Coriolis-

Ekman equation (1.6). Its invariant distribution @ = P o u, ! satisfies the moment
estimates (4.3) and (4.4).
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