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Torus action on $” and sign-changing solutions
for conformally invariant equations

MANUEL DEL PINO, MONICA MUSSO, FRANK PACARD AND ANGELA PISTOIA

Abstract. We construct sequences of sign-changing solutions for some confor-
mally invariant semilinear elliptic equation which is defined S”, when n > 4.
The solutions we obtain have large energy and concentrate along some special
submanifolds of S”. For example, for n > 4 we obtain sequences of solutions
whose energy concentrates along one great circle or finitely many great circles
which are linked to each other (and they correspond to Hopf links embedded in
$3 x {0} C $™). In dimension n > 5 we obtain sequences of solutions whose en-
ergy concentrates along a two-dimensional torus (which corresponds to a Clifford

torus embedded in S3 x {0} C ™).

Mathematics Subject Classification (2010): 53C21 (primary); 35J65 (sec-
ondary).

1. Introduction and statement of the result

1.1. Introduction

We are interested in the existence of sign-changing solutions for the Yamabe-type
equation

Agu — 0D (] |3y u =0, (1.1)

&
in §”, where ¢ denotes the standard metric on §” and n > 3. Obviously u; = l is a
solution of (1.1). The classification of solutions of (1.1) which do not change sign
goes back to the result of M. Obata [7] that states that all positive solutions of (1.1)
arise as the functions u which appear in the identity

4
K*$ =un2 g,
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where K is a conformal transformation of the sphere S”. As far as sign-changing
solutions are concerned, we recall the result of W. Ding [5] (see also [3] and [4] for
related results) on the existence of solutions which are invariant under the action of
the Lie group O(k) x O(n+1—k),fork =2, ..., n— 1. There is also a vast liter-
ature about the existence of sign-changing solutions using variational methods; we
address to [2] and [1] for references. It is known that (1.1) has infinitely many sign-
changing solutions, however the structure of these solutions is not well-understood.
Equation (1.1) has a variational structure and the associated energy reads

E) :=/ e(u) dvolg,

where the energy density is defined by

_ _92 2
e(u) := 3 |Vul} + "2 ju? — 2 ju)i,

‘We introduce the constant
Ey := "Z2 Vol (§"),

which corresponds to the energy of the solution u = 1.

In this paper we provide a wealth of sign-changing solutions of (1.1). To state
precisely our result, we need to introduce some notation and definitions. We will
then give the statement of a rather general result and we will provide many examples
which explain how this general result can be applied. In contrast with previous
existence results, we have a rather precise description of the solutions we obtain:
they can be described as the superposition of the constant solution #; = 1 with a
large number of copies of negative solutions of (1.1) which are highly concentrated
at points that in turn are evenly arranged along some special submanifolds of S”.

As a byproduct of the main result of this paper, we have the:

Theorem 1.1. Assume that 1 < d < n — 3 satisfy
n+1>2d.

Then there exists a d-dimensional flat torus T¢ embedded in S", a sequence (uy) of
sign-changing solutions of (1.1) and constants ¢y > ¢; > 0 and c3 > 0 such that
the following holds:

(a) The function uy is positive away from a tubular neighborhood of radius c1/k
around T? and negative in a tubular neighborhood of radius c»/k around T¢.

(b) As k tends to infinity, ux converges uniformly on compact subsets of S* — T¢
to the constant function u; = 1.

(c) As k tends to infinity, the renormalized energy density

1
i e(ug)dvolg — c3 HELTY,

in the sense of measures.
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Here, if A is a smooth d-dimensional embedded submanifold of R”, H¢_ A denotes
the d-dimensional Hausdorff measure restricted to A, namely

HY L AQ) := HYUANQ).

1.2. Notation

To state the general result, we need to fix the notation and digress slightly. We
assume that we are given integers m, n > 1 satisfying

n+1>2m.

The integer n corresponds to the dimension of the sphere $” over which (1.1) is
defined. It will be convenient to identify the Euclidean space R"*! with C" x
R"+1=2" "in which case we agree that the coordinates of a point x € R"*! are
given by (z1, ..., Zm, %) where z1,...,zn € C and £ € R*"1=2"_ In terms of
these coordinates, we define the point

| (1 1,6) € §" C O x R (12)

where 0 := 0,...,0) € R"™1=2m_Tet & C O(n + 1) be the finite subgroup of
isometries of S which is generated by the symmetries

E(le "'7va'£) = (Z17 e ims _)2)7 g(le ---7va)2) = (Zlv "'7Zm1~£-)7

and
C(Zla 22y «vvsZm—1, me)%) = (Z27 235+ 2m; Zlai\l)?

which corresponds to a cyclic permutation of the first m-th complex coordinates. To
begin with, observe that the point p is fixed under the action of any element of the
group &, but the choice of the finite group & is really motivated by the following
elementary but key result:

Proposition 1.2. Any linear form defined on R+ which is invariant under the
action of & is collinear to

Rt sx+— p-xeR,

where - denotes the scalar product in R"*1,

Proof. Given the identification of R**! with C” x R"T!1=2" any (real valued)
linear form ¢ on R"*! can be written as

0@, X)) =R+ . apm) +a-x,

forsome ay, ..., ay, € Canda € R*H1-2m,
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The fact that ¢ is invariant under the action of s implies immediately that @ =
0. Next, ¢ is also assumed to be invariant under the action of ¢, and hence we find
that all the a; have to be equal (say to a € C). Therefore, we can write

0@l am X)) =NRa @z + ...+ zm)-

Finally, since ¢ is assumed to be invariant under the action of § we conclude that
a € R and hence

(p(Zla---,Zm7)2) =aRz+...+zm) =aﬁp'~x'
This completes the proof of the result. O

We denote by

T” = # (S x ...x S x {0} c §" cC" x R 172,
the m-dimensional torus embedded in S”, which is also the orbit of p through the
action of the elements of the m-dimensional Lie group

T:=(0Q2)x...x 0Q2) X {Int1-2m} C O(n+ 1),

where, for ¢ > 1, I, denotes the identity of RY. Observe that T™, equipped with
the metric induced by g, is a flat m-dimensional torus.

It is probably worth saying a word about the terminology we will use. When
m=1,Tis usually referred to as a great circle of S" and, whenm = 2 and n = 3,
T2 is usually referred to as a Clifford torus. When, n > 3, T? is a Clifford torus
embedded in $3 x {6} C S" and, with slight abuse of terminology, we shall again
refer to it as a Clifford torus.

1.3. The assumptions

We now describe the assumptions needed in the statement of the general result and
we also provide some basic examples.

(H1) We fix 1 < d < m, and assume that we are given a d-dimensional flat torus
A C T™ which is the orbit of p under the action of a d- dimensional Lie

group
£cCct
(H2) We assume that we are given a finite subgroup
$Ho C%,

such that, the cyclic permutation ¢ leave the group $)¢ invariant in the sense
that

¢$Ho = Hoc.
Moreover, we require that, for all h € 99, either ANHhA =@ orbh=1Id
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(H3) For all £ > 1, we assume that we are given a finite subgroup
i C £,

which commutes with o and such that, the cyclic permutation ¢ leaves the
group $ invariant in the sense that

CHr = N c.

Moreover, we require that Ag := A/$i, equipped with the metric induced by
k g is a d-dimensional flat torus which does not depend on k.

We will denote by I'g the lattice associated to Ag. We will denote by $) the group
generated by $)o and $); and we will denote by Oy the orbit of p under the action
of the elements of ), namely

Or :={b(p) : h e H}.
Observe for all h € T we have
Sohos=h"",
and hence O), is invariant under the action of the elements of §). Also observe that,
for all h € H, we have h A = A.

We will always assume that Oy contains at least two points. Let us now briefly
comment on these assumptions. Property (H3) implies that Oy N A is uniformly
distributed at the vertices of a regular lattice in A and, as k tends to infinity, these
points becomes denser in A. Property (H2) implies that the elements of §)g transport
A, and hence the points of Oy N A, to Card $)¢ disjoint isometric copies of A in the
m-dimensional torus T™.

It also follows from properties (H2) and (H3) that the cardinal of Oy can be

computed in terms of k, the ratio between the volume of A and Ag and the cardinal

of $)o. More precisely, we have
HIA) 4
Card Oy = ———k
“7 Hi(A)

where )
o m
A= IheﬁObA c T,

corresponds to the submanifold of S” over which the renormalized energy density
of our solutions will concentrate.

1.4. Examples

We now illustrate this set of assumptions by giving some key examples. This will
be the opportunity to become more familiar with our notation. It will be convenient
to agree that, forall n + 1 > 2M and for all « := (aq,...,0n) € Stx ... x Sl,
ty € (0Q2) x ... x OQ2)) X {In+1-2m}, denotes the isometry of S” defined by

tOt(Zla"-?ZWlﬁ-xA) = ((XlZl’--'aamzm’)e)'
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1.4.1. The case where $o = {I,+1}

The simplest examples correspond to the case where £)o reduces to the identity.
Observe that, in this case, m = d.

Example 1.3. The simplest example is probably the one where
A=A=T'=5"x{0)cs",

is a great circle of §”, for n > 1. According to our notation, we have identified
R+ with C x R*~! and we have defined 0 := (0, ...,0) € R"~!. In terms of Lie
groups, this situation corresponds to m = d = 1 and to the choice

£=%T:=0Q2)x{l-1}COn+1).

In this case, R
p=(1,00eS8"cCxR"!,

and, for all k > 1, we can choose ) C O(2) x O(n — 1) to be the group generated
by ty, where
2im
a=cek.

Therefore, the points of
dijx A
O = {(eT,O) s eZ},

are regularly distributed along a great circle of S”. It is an easy exercise to check
that (H1), (H2) and (H3) are satisfied. This example corresponds to the case where
d = 1 in Theorem 1.1.

Example 1.4. The previous example easily generalizes to the case where

N oa_md _ 1 (ql 1 A n
A=A=T _ﬁ(s x...xs)x{O}cS,
is a d-dimensional flat torus in S”, for n + 1 > 2d. According to our notation, we
have identified R"*! with C? x R"+1~2¢ and we have defined 0 := (0, ...,0) €
R"+1=24 n terms of the Lie groups, this situation corresponds to m = d and to the

choice
L£=FT:=0Q2)x...x 0Q)) x {In+1-24} C O(n+1).

In this case,

_ 1 A n d n+1-2d
p=J7(0,....1,0)es" cC xR ,

and, for all k > 1, we can choose H; C (O(2) X ... x 02)) x O(n+1—2d) to
be the group generated by t, and ¢, where

2im

a:=(e*,1,...,1).
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Then the orbit of the point p under the action of )i

2iji7 2ijgm A

Ok:{(e e 0 es" g, 'deZ},

are points regularly distributed on T¢. Again, it is an easy exercise to check that
(H1), (H2) and (H3) are satisfied. This example corresponds to the case where
d > 2 in Theorem 1.1.

In the last example, the orbit of p under the action of $); forms a regular square
lattice on the torus T¢ but other lattices can be obtained. In other words, once the
submanifod A is chosen, there might be many different groups ) leading to non-
congruent configurations of points in S”.

Example 1.5. Keeping the notation used in Example 1.4, one can also consider
N C(OR)x...x 0Q2)) x O(n+1—2d) to be the group generated by t, and
¢, where

o= (eNk enk .. . edd),
for some g1, ..., g4 € Z — {0}. We require that the integers ¢; are chosen so that
the matrix whose rows are (qil, cee qld) and its cyclic permutations is invertible (this

will guaranty that the associated lattice in T¢ is d-dimensional). Different choices
of g; will, in general, lead to non-congruent solutions of (1.1).

Many more examples leading to non-congruent solutions can be found by
studying the sub-lattices of T¢ which contain p and are invariant under the action
of ¢ and 5. Let us just mention a few examples in low dimensions.

Example 1.6. Keeping the notation used in Example 1.4, whend =2 andn+1 >
2d = 4 one can consider H; C (O(2) x O(2)) x O(n—3) to be the group generated
by ty and tz, where

2im 2im _2in

2im  2im ~ o
a:=(%,ekt) and o:= (e ,e ),

for some g > 1. While, whend = 4andn + 1 > 2d = 8 one can consider
Hr C(OQ2) x...x 0(2)) x O(n—"17) to be the group generated by t,, tz, t; and
¢, where

L

2im 2im 2im 2im 2im 2im

b g
oa:=(ek,ek, ek ek), o :=(ed e dak ek e ),

and

&= (ed*,eik e Ik e ),

for some ¢, ¢’ > 1. Different choices of g and ¢’ will lead to non-congruent solu-
tions of (1.1).

This last example generalizes in any dimensiond = 29 andn + 1 > d.
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1.4.2. The case where $9 # {111}

The examples corresponding to the case where )¢ is not reduced to the identity
can be constructed using similar ideas. However their geometry are slightly more
complicated to grasp.

To understand some nontrivial examples, let us recall the definition of the Hopf
map

H:$ — §°
which can be defined as follows
H@,z) = (227 [af - 12f) e CxR,

if we identify R* with C? and R? with C x R. It is easy to check that the preimage
of any point of S? by H is a great circle of S3. Conversely, given any (z1, z2) €
§3 ¢ €2, the image of the great circle

> (e"z1, e z3) € C2,

by H is a point in S2. Also, the preimage of two distinct points of S? by H is the
disjoint union of two great circles which are linked. For example, the preimage
of (0,1) € §2 ¢ C x R is the great circle S' x {0} of §3 while the preimage of
(0,—1) € 2 ¢ C x Riis the great circle {0} x S! of $3 and these two circles are
easily seen to be linked (this is what is usually called a Hopf link).

Example 1.7. To begin with, let us consider the case where n = 3 and m = 2 and
d = 1. We define

A={de ) es i oeR| T2
which is a the great circle of S> associated to the one dimensional Lie group
Li={ty €0Q2)x 0Q2) : a:= (", %), 6 eR}.
Observe that the image of A by H is equal to (1,0) € §3 c C x R. We set
T:=(0Q2)x 0Q2) C O&).

We choose o C O(2) x O(2) to be the group generated by t; € O(2) x O(2)
where

a:=(e7,e 1),
for some g > 2. Observe that, for j =0,...,qg — 1, té (A) is again a great circle of

2ijm
§3 and its image by H is given by (e# ,00€83. In particular, A, t5(A), ...tg_l (A)
are all disjoint and in fact are linked. In this case

q—1
A= ),
j=0

is the disjoint union of ¢ great circles of S> which are linked.
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Finally, given k > 1, we define H; C O(2) x O(2) to be the group generated
by ty € O(2) x O(2) where

2i 2im

a:=(ek, ek).
It is easy to check that (H1), (H2) and (H3) are fulfilled.

This example trivially generalizes in higher dimensions. When n > 3, we
just identify $3 with S3 x {6} where 0 = (0, ...,0) € R"3. Therefore, we can
consider that A is embedded in S3 x {0} C " and we can extend trivially any
group B C OR2) x OQ) by B x {I,_3} C (0O2) x OQ2)) x O(n — 3). This
leads to examples for which A has q different connected components which are all

great circles of S”, two of which are linked. In any case, this provides examples for
whichd = 1and m = 2.

We complete this list of examples with a last one for which d = 2 and m = 4,
to show the flexibility of our construction.

Example 1.8. To begin with, we assume that n = 7, m = 4 and d = 2 and we
identify R® with C*, so that m = 4. We define

A = {ﬁ(eia,ei“,ew,ei“) eS 0, ue ]R} ,
which is a flat 2-torus in 7 associated to the 2-dimensional Lie group
£:={t, € 0Q2)x 0Q) : a := (e, " e ") 6, uecR).
We set
T:=(0Q2)x...x 0(Q2)) C O8).

Given g > 2, we choose 9 C (O(2) x ... x O(2)) C O(8) to be the group
generated by t, and t5, where

i _ix - i _im
a:=(ed,l,e 4,1), and a:=(l,eq,1l,e ).

It is easy to check that the images of A by to different elements of )y are disjoint.

Therefore, A
A= v,
hesH
is the disjoint union of ¢ congruent copies of a 2-dimensional flat torus in S7.

Then for all k > 1, we denote by $; C (O(2) x...x O(2)) C O(8) the group

generated by t; and ty, where
&= (eT,1,eT,1) and &:=(1,eT,1,e7).
Again (H1), (H2) and (H3) are fulfilled.

Again, this example also trivially generalizes in higher dimensions as Ex-
ample 1.7; namely, when n > 7, we just identify S’ with S7 x {0} where 0 =
(0,...,0) € R"~7. This leads to examples for which A has ¢ different connected
components which are congruent copies of a flat 2-dimensional torus of $”. This is
an example for whichd =2 and m = 4.



218  MANUEL DEL PINO, MONICA MUSSO, FRANK PACARD AND ANGELA PISTOIA

1.5. The main result

Having given many examples, we can now state our main result. Keeping the nota-
tion introduced in Section 1.3, we have the:

Theorem 1.9. Assume that 1 < d < n — 3 and further assume that (H1), (H2) and
(H3) are fulfilled. Then there exists ko > 1 and cy, ¢y > 0 such that, for all k > kg
there exists a solution uy of (1.1) satisfying the following properties:

(a) The function uy, is invariant under the action of the elements of &, o and $Hy,
but is not invariant under the action of £.

(b) The function uy is positive away from a tubular neighborhood of radius c1/k
around A and is negative inside a tubular neighborhood of radius c» / k around
A.

(c) As k tends to infinity, uy converges, uniformly on compact subsets of of S — A,
to the constant function u; = 1.

(d) As k tends to +00, the renormalized energy density

Et 4 =

1
k_d €(l/lk) dVOlé — WI\O)H I_A,

(1.3)

in the sense of measures.

Properties (a) to (d) will be consequences of the construction of the solutions and
we shall not comment further on them.
The measure

1
o e(uy) dvolg,

is called the renormalized energy density of the function u;. Observe that (1.3)

implies that
HA(A)
_1d
E(uy) =k <—d( 5 E; +0(1)> .

Also observe that the restriction n — 3 > d only plays a role in dimension n = 5
since, in higher dimensions, it is a consequence of the inequalities 2m < n + 1 and
d <m.

Our result is closely related to a recent result of J. Wei and S. Yan [10] where
sequences of solutions to the prescribed scalar curvature problem which concentrate
along a circle are found. Also, we should mention the work of H.Y. Wang on
the construction of sequence of Yang-Mills connections whose energy concentrates
along a geodesic in §? x S% or S! x §3. However, to our knowledge our result is
the first of the kind where sequences of solutions which concentrate along higher
dimensional submanifolds or disjoint union of submanifolds are exhibited.
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1.6. Applications

All the examples given in Section 1.4 yield the existence of sequences of non-
congruent sign changing solutions of (1.1). For example, in dimension n > 4,
Theorem 1.9 applies to Example 1.3 and this yields, for £ large enough, the exis-
tence of a solution uy of (1.1), which is invariant under the action of Dy x O(n —1)
where Dy is the dihedral group in R? but which is not invariant under the action
of O(2) x O(n — 1). Moreover, as k tends to infinity, u; converges uniformly
on compact subsets of $” — A to u; = | and the renormalized energy density of
uy concentrates uniformly along a great circle of S”. This completes the proof of
Theorem 1.1 whend = 1.

In dimension n > 2d + 1 with d > 2, Theorem 1.9 applies to Example 1.4,
Example 1.5 and Example 1.6. In particilar, for all k£ large enough, we obtain the
existence of a solution uj of (1.1) whose zero set is homeomorphic to Td x gn—1-2d,
Moreover, as k tends to infinity, the sequence u; converges uniformly to #1 = 1 on
compact subsets of S” —T¢ and the renormalized energy density of u; concentrates
uniformly along T¢. In particular, this completes the proof of Theorem 1.1 when
d=>2.

In dimension n > 4, given ¢ > 2 we can apply Theorem 1.9 to Example 1.7
and get solutions u of (1.1), whose renormalized energy density concentrates uni-
formly along the ¢ disjoint great circles of S”, as k tends to infinity.

Finally, in dimension n > 7, given ¢ > 2 we can apply Theorem 1.9 to Ex-
ample 1.8 and get the existence of solutionq uy of (1.1) whose renormalized energy
density concentrates uniformly along ¢? disjoint flat 2-tori of S”, as k tends to in-
finity.

2. Plan of the paper

In Section 3 we recall some well-known properties of the conformal Laplacian and
the conformal invariance of our problem. In particular, we use these results to
describe a one parameter family u, of positive solutions of (1.1) which concentrate
at one point (the North pole of S when € tends to 0 and the South pole when € tends
to infinity) and for which u; = 1. The next section is devoted to the definition of
the approximate solutions and the derivation of precise asymptotics. We then study
the linear problem associated to the linearization of (1.1) about the approximate
solution. Finally, in the last section, we prove that, provided k is large enough,
these approximate solutions can be perturbed into genuine solutions of (1.1) using
some variant of the Liapunov- Schmidt reduction argument.

3. Conformal invariance

The conformal Laplacian on a Riemannian manifold (M™, g) is defined by

. -2
Lg:=Ag— 431—1) Ry,
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where R, denotes the scalar curvature of the metric g. In this section we recall
some well-known properties of L. The following result can be found for example
in [6, 8]:

Proposition 3.1. Assume that f : (M",g) — (M", %) is a (local) conformal
diffeomorphism, namely

o 4
f'g=9¢m2g,
for some function ¢ > 0 defined on M. Then the following formula holds

_n+2
[ (Lgv) =¢ m2 Ly (¢ fTv),
for any function v defined on M.

Remark 3.2. We agree that f*g denotes the pullback of the metric g defined on
T M by f and, given a function v defined on M, we agree that f*v denotes v o f.

In the particular case where the manifold is (S”, ¢), the unit sphere with the
standard metric, the conformal Laplacian is given by

— A, _ nn=2)
Ly =Ag 4 >

since the scalar curvature is given by R; = n(n — 1) in this case.

We will now make an intensive use of the conformal invariance of the confor-
mal Laplacian. First of all, let S, := (0,...,0,—1) € R+ denote the South pole
of §". The inverse of the stereographic projection & : R" — §" — {S,} given

explicitly by
2y 1=yl
T = s P
) (1 IR T+ P

is a conformal map and we have

4
N*g’ =¢n2 dyza

where dy? is the Euclidean metric in R” and where

. 2 %
p)= <1+|y|2> ‘

In Euclidean space, the conformal Laplacian reduces to the standard Laplacian and
applying Proposition 3.1 we get

T (Lyv) = ¢ 13 A (),

for any function v defined on the sphere S”. Therefore, we conclude that u is a
solution of (1.1) if and only if
w = ¢mu,



SIGN-CHANGING SOLUTIONS FOR CONFORMALLY INVARIANT EQUATIONS 221

is an entire solution of
4
Aw + 22 |2y = 0, 3.1)

in R”. In particular, the solution u; = 1 of (1.1) is associated to the solution of
(3.1), given by

n=2

2
wi(y) = <1+|y|2> = ().

There is yet another application of this conformal invariance which we will exploit.
Recall that the group of conformal diffeomorphisms of the sphere is generated by
the rotations of R”*! and, for all € > 0, the Moebius transformations

KE . (Snﬂ go) — (Snv (é)s
which, given the above notation, can be defined by the identity

T*Ke(y) = m(y/e).

We define the function u, > 0 by

Using Proposition 3.1, we conclude that

n+2

KX (Lgv) = ue "> Lg(ue K}v), (3.2)

for any function v defined on the sphere. Using this equality with v = 1, we get

_Z_t%L _ _nm=2) 33
Ue gUe = —— 71 > (3.3)

and hence u. is a solution of (1.1). As already mentioned in the introduction, the
classification of solutions of (1.1) that do not change sign goes back to the result of
M. Obata [7] which states that, up to the action of rotations, all positive solutions
of (1.1) are given by the functions u, defined above.

Using the conformal map 7 we can translate this information to R" and we
conclude that the function

n—2

Gyme (22 )
w =€
€ 2+ Iy

is a solution of (3.1) and that all solutions of (3.1) are translations of w.. Moreover,
we get an explicit formula for the function u., given by

. we(y) a2 [ 14]yP B
) i=——= -— . 4
¥ uc(y) 50) €2 <€2+|y|2> (3.4)
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Observe that the sequence u, concentrates at the North pole S° of S” as € tends
to 0, while it concentrates at the South pole S, of S” as € tends to infinity. Finally,
u1 = 1 when € = 1. Differentiating (3.3) with respect to €, we find that the function
dc U, satisfies

Le (Ocue) =0,
where
4
Le:=Lz+ —”(”IZ) ul=’.

Similarly, we is a solution of (3.1) for all €, and differentiation with respect to € at
€ = 1 implies that
4

(A+ﬁ%9@7>2=a

ﬂ)~< 2 )”2;2 o (3.5)
REERVENE T+h2) ‘

We end this section by the following observation: the conformal invariance of our
problem implies that all our existence results for sign-changing solutions of (1.1)
translate into existence results for sign-changing, entire solutions of (3.1). The

reason why we have chosen to concentrate on (1.1) is simply because the description
of the groups associated to our construction becomes very involved in R”.

where

4. Building the approximate solution

We use the notation introduced in Section 1.2 and Section 1.3. Let us denote by t a
rotation which sends the point p defined in (1.2) to §°, the North pole of S”. The
approximate solution Uy  we consider depends on a continuous parameter € > 0
as well as the discrete parameter k£ which appears in $. It can be described as

Ure=1-Y_ b* (*ue).
hesH

As will become apparent soon, we will assume that the parameter € > 0 is chosen
so that

1/C <k*e<C, (4.1)

for some constant C > 1 which will be fixed large enough later on. Observe that,
by construction, Uy ¢ is invariant under the action of the elements of both & and ).
The fact that U ; is invariant under the action of the elements of § is standard and
follows at once from the fact that §) is a group. Now, since u, is invariant under the
action of isometries preserving the axis going through S° and S,, we find that r*u,
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is invariant under the action of isometries preserving the axis going through p and
—p. In particular, g* (r*ue) = r*ue, for all g € &. We have

G Ure =1-Y_ (ho@* (T ue).
heH

But, for g € &, we have assumed that g ) = $ g. And hence

G Uke =1 - (hog)*(t*uc)
heH
=1-Y (gobh) *u)
heH
=1- > b'*@ " ue)
he$H
=1- Z h,*(t*”e) = Uk,s-
heH

We agree that 7 : R* — S§" — {—p} denotes the inverse of the stereographic
projection which satisfies 7(0) = p. The expression of 7 can be derived from 7
using the rotation v introduced above. Indeed, we can define 7 by

tom =Tt.

We now obtain some important asymptotic expansion for Uy  near p (and hence,
using the action of the elements of §), near any point of Oy). This result strongly
uses the assumptiond < n — 3.

Lemma 4.1. Assume thatn > 4and 1 < d < n — 3. Then there exists a constant
y > 0 (depending on n, d, A and Ao) and, for all k large enough, there exists a
constant yi ¢ > 0 (depending on k, n, d, A and Ao) such that

—2

F*Ure —tue)(y) =1—€7 ype+OE Iy, 4.2)

in the ball of center 0 and radius c/k in R", where ¢ > 0 is a constant independent
of k which is fixed small enough, and

. Yk, e
lim
k—o0 k"2

=y.
Finally, y ¢ depends continuously (and in fact smoothly) on €.

Proof. We first analyze a model problem. We consider I'g to be a d-dimensional
regular lattice in R x {0} ¢ R”, which contains the origin. In particular 'y = —Tg.
For all k > 1, we consider the function

LAGEDY

xely

2—n

X
x__

k
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Then near 0, the function Wy can be expanded as

—|x|2n n—2 Z2—n —2) k1 X . ny,. 2
Wi () =|x[>"+k""% Y ZP"+(n-2)k (Z xn)x+0(k Ix1?),

xelp—{0} xelo—{0} Il

since all series converge precisely when n — d > 3. Thanks to the symmetries
(namely I'g = —TI'p), we have Wi (—x) = Wy (x) and hence, in the above expansion,
the term which is linear in x vanishes. Therefore, we conclude that

Wi(x) = x>+ k"2 7 + OK" |x). (4.3)

And this estimate holds in a ball of radius ¢/ k centered at 0, provided ¢ > 0 is fixed
small enough, depending on the lattice I'g. Similar estimates can be derived for the
partial derivatives of W.

Now, property (H3) can be used to prove that similar computations can also be
performed for the function 1 — Uy (. Indeed, it is easy to check that the following
expansion

FHua) =T " (1400 + OE 1y ),

is valid provided |y| > e. Using this and the analysis of the model problem, we
claim that

ﬁ*( > b*(r*ue)) ) = €T ye + OG> Iy P, (44)
heH—{1d}

in the ball of radius ¢/k centered at 0 in R”, provided ¢ > 0 is fixed small enough.
This is nothing but Taylor’s expansion of the function

Vie :=7* ( Z h* (" Me)) )

heH—{1d}

at order 2 at the origin. The constant yx ¢ € R is simply given by

ETye= Y. B up). (4.5)
e 5—(1d)

Now, the function Vi . being invariant under the action of the elements of &, its
gradient vanishes at the origin. This follows at once from Proposition 1.2 together
with the fact that the tangent space at p can be identified with the space of vectors
x € R"! satisfying p - x = 0. This explains why there is no linear term in y in
the expansion (4.4). Finally, it is easy to check that the norm of the second order

differential of Vi . can be estimated by a constant times 6% k"™ ~ k? in a ball of
radius ¢/ k centered at p, with ¢ > 0 fixed small enough (recall that k=2 ~ ¢).
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Finally, we claim that

Y ptud(p) = €T K+ 0%,
heH—{1d}
when d < n — 4 (the O(k?) has to be replaced by O(k~2 logk) whend = n — 4
and by Ok~ whend = n—3). The idea is to decompose the sum of the left hand
side into two parts. The first part is the sum over elements fj € § — {Id} such that
the distance from p to h(p) is larger than some constant ¢ > 0 which is fixed small
enough. Let us denote by $~ this set. For any element i € £, we can estimate

b* (t* ue)(p) = O("T).

Since there are at most a constant times k¢ elements in >, summation over all
h € $H~ yields

Z b* (¢ ue)(p) = O™ k) = OkI=2m).
heH>

! we conclude that

D B u)(p) = Ok,
heH>

Since k2 ~ €~

Let us denote by = the set of elements h € §) — {Id} such that the distance from p
to h(p) is less than some constant ¢ > 0 which is fixed small enough. If 55 denotes
the distance from p to h(p), we can estimate

b (¢ ue) (p) = €T 527 (1 + O(s) + O(e 5,2,

Recall that the points of Oy are arranged at the vertices of a d-dimensional regular
lattice k! I'y. Summation over all h € $< yields

e% Sé_n = 6% kn72]7 —|—O(Enz;2 kd),

where the constant y corresponds to the constant which appears in (4.3). Moreover,
Y s = 0T k).
henH=
Finally,
Y TS = 0ET KY),
hesH=
when 4 — n + d < 0 (the right had side has to be replaced by O(e Rl logk))

when 4 — n + d = 0 and by O(e% k"3) when4 —n+d=1). In any case, the
result follows at once by collecting these estimates and using the fact that € ~ k=2,
This completes the proof of the result. O
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Using similar arguments, we can also prove the weaker result which also strongly
uses the assumption n — d > 3:

Lemma 4.2. Assume thatn > 4and 1 < d < n — 3. Then for all ¢ > 0, there
exists a constant C > 0 such that, for all x € S" satisfying dist(x, A) > c/k, we

have
Z h* * ue (x)
heH—{1d}

< C (kdist(x, A)> "+,

Proof. We follow the arguments developed in the proof of Lemma 4.1. We consider
Iy to be a d-dimensional regular lattice in R? x {0} ¢ R” which contains the origin.
For all £ > 1, we consider the function

Wi(o) =

xelp

X
X — —

k

2—n

We denote by s := dist(x, R4 x {0}). Then we can estimate

-12—n
X _ _
Z Lo <c Z s2”§cs2 n+dkd’
xelg:|x|<ks xelo:|x|<ks
and
—12—n - |2—n
X X _
x_; <c % SCS2n+dkd.
xely:|X|=ks xelg:|x|=ks

This implies the pointwise estimate
|Wi(x)] < ck? dist(x, R? x {0})27"+4,

Now that the estimate is proven in this model situation, the estimate in the statement
of the result follows from the arguments which were developed in the proof of the
previous lemma. U

5. Linear analysis

We fix a constant cg > 0 small enough so that the geodesic ball of radius 4 ry,
centered at the points of Oy are mutually disjoint, when

(€]

"

We also assume that ¢ is chosen small enough so that Uy . < —1/2 in the geodesic
balls of radius 2rg, centered at the points of Or. We define a cutoff function yj

rp ==
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such that x; = 1 in each geodesic ball of radius r;/2 centered at p and x; = 0
away from the the geodesic ball of radius 2rj centered at p. Finally, we assume
that xx is invariant under the action of the elements of &.

From now on, we assume that we are working with functions which are invari-
ant under the action of the elements of the groups $ and &. For all § € R, we
define the weighted norm

lwllzgesn = sup ((max(e, dist(- o)~ wl),
"—Ok

and we define the operator

o . n(n 2) n(n+2) n— 2
Lie = Ag + Uk e

which is the linearized operator about the approximate solution Uy . Our construc-
tion relies on the following result which, once again, uses in a crucial way the fact
thatn — d > 3:

Proposition 5.1. Assume thatn > 4 and § € (2 — n + d,0) are fixed. For all
f € L°(8™) which is invariant under the action of both & and $), there exists a
unique w € L*°(S") and A € R solutions of

Liew+r Zh*t*(Xku deue) = f,
hehH
A / xeul’ (aeué) dvoly = / ©* (xk deute) f dvolg
s S" 5.1
- / w »Ck,et* (Xk Octte) dV01g°,
4
/ v (e ud ™ deue) w dvoly = 0.
Moreover, we have the estimate
lwllzgesn < ¢ 1fllLge,(smy » (5.2)

for some constant ¢ > 0 independent of f.
Proof. We first prove some a priori estimates for the solutions of Ly w = f.

Lemma 5.2. Assume that 5 € (2—n+d, 0), then there exists ko > 0 such that, for
all k > ko, the following a priori estimate holds

lwllLge(smy < ¢ 1Lk wllLee,(sm),

provided
/ v G ul "2 Dette) w dvolg = 0. (5.3)
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Proof. The proof is by contradiction. We assume that there exists a sequence of k;
tending to infinity and €; tending to O for which the result is not true (recall that

k2 ~ e h. In particular, there exists w; such that

lwjllzecsm = 1, (5.4)

and
llggo 1 Lkje; willLge,(sm-

We denote by p; € §" apoint where (5.4) is achieved. We now distinguish different
cases according to the behavior of

€; == max (dist(p;, O)). €;) -

In each case, we rescale coordinates (using the exponential map) by 1/£; and use
elliptic estimates together Ascoli-Arzela’s theorem to extract convergent subse-
quences. If, for some subsequence, £; remains bounded away from 0, we get in
the limit a non trivial solution of

(Ag+nm)w=0

in $” — A. Moreover, w is bounded by a constant times (dist(p, A))® and, w j
being invariant under the action of §), we conclude that w is invariant under the
action of £ and hence it does not depend on the coordinates on A, in other words w
is invariant under the torus action associated to A. Since § > 2 —n +d and since w
does not depend on the coordinates in A, it is easy to check that the singularities of
w are removable and hence w has to be a smooth solution in the kernel of Ag + n.
But w is invariant under the action of & and does not depend on the coordinates on
A, it is easy to conclude that w achieves its maximum at more than one point and
hence it cannot be an element of the kernel of A + n, therefore w = 0. Which is a
contradiction.

The second case we have to consider is the case where lim; ., £; = 0 and
where lim j—ookj£j = +oc. In this case, we obtain a nontrivial solution of

Aw =0,

in R” — {0} x R? which is bounded by a constant times (dist(-, {0} x R%))® and
which does not depend on the coordinates in {0} x R?. Again, using the fact that
8 > 2 — n + d we conclude that the singularities of w are removable and then it is
easy to check that w = 0 since § < 0, which is a contradiction.

Next, we consider the case where limj_, o, k; £; exists and is not equal to 0. In
this case, we obtain a nontrivial solution of

Aw =0,

in R" — {0} x 'y, where I'g is a regular d-dimensional lattice in R?. Moreover, we
know that this solution is bounded by a constant times (dist(-, ['0))® and is periodic
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(with period corresponding to the lattice). It is easy to check that the singularities
are removable since § > 2 — n. We therefore conclude that w = 0 since w is
harmonic and § < 0. Again a contradiction.

The fourth case we have to consider is the case where lim;_,  k; £; = 0 and

lim;_, k? £j = +o0. In this case, we obtain a nontrivial solution of
Aw =0,

in R” — {0}. Moreover, this solution is bounded by a constant times (dist(-, 0))°%. It
is easy to check that the singularities are removable since § > 2 — n. We therefore
conclude that w = 0 since w is harmonic and § < 0, which is again a contradiction.
Finally, the last case we have to consider is the case where lim_, o, k? £ exists.
In this last case, there exists € > 0 such that w is a solution of
( A n(n+2) ﬁ) _
+ =5 w¢ w =0,

€

in R” which is bounded by a constant times (1 + |y|)?, for § < 0. Now, the
4

L*-bounded kernel of the operator A + % wg’"2 is explicitly known and it is
spanned by the functions

n=2
" '_( 2 >T 2¢y;
T\e+r) e+l

forall j=1,...,n,and

n—2
Y GRS N
B N

4
Passing to the limit in (5.3), we find that w is L?-orthogonal to we-”Tz Y41 and
hence it cannot contain any component over ¥, 41. Finally, w ; being invariant under
the action of the elements of &, the function w inherits some invariance which we
now describe. We identify the tangent space of S” at p with

(@1 zme ©) € C" X RYTI2 2 92y 4.+ 2) =0},

and find that the function w is invariant under the action of s, § and ¢. Using
this, we conclude (as in the proof of Proposition 1.2) that w = 0, which a again a
contradiction. Having reached a contradiction in each case, this completes the proof
of the result. 0

Let us briefly comment on this result. The key idea is that, as k tends to infinity,
the operator Ly ¢ has an eigenvalue tending to 0 and this eigenvalue is associated to
an eigenfunction which is close to the function

Bre = ) B*( Ok deue)).
heH
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In particular this implies that, working orthogonally to this eigenfunction, the in-
verse of the operator Ly ¢ is well behaved. Therefore, it should be natural to work
orthogonally to this function and this is in essence what we will do. Now, from a
technical point of view it turns out that the function t*(dcu¢) does not decay fast
enough to 0 when going away from p and it turns out that it is convenient to work
orthogonally to the function

~ 4
d)k,e = Z h*(t* (Xk uéFZ 86”6))1
heH

which has a better decay properties and which is not orthogonal to ¢y c.
Using the above result, we can prove, for all f € L(‘Sxiz(S”), the existence of
w € L§,(8") and A € R solutions of (5.1) provided k is chosen large enough.

Lemma 5.3. Assume that § € (2 —n +d, 0), then there exists ko > 0 and, for all
k > ko, there exists a unique solution of (5.1).

Proof. The idea is to consider the space of functions which are invariant

under the action of the elements of & and §) and which are also L2-orthogonal to
4

v (ke ul™? deue). On this space, we define the operator ﬁk,e which is obtained by
4

projecting Ly  w on the Lz-orthogonal complement of t* (y ul? dcuc). This is
a self adjoint elliptic operator and surjectivity boils down to injectivity. And, for k
large enough, injectivity will be guarantied by the result of Lemma 5.2.

Assume that we are given w, f € L°°(58") and A € R solution of

4
Liew+n D 0"t Guud” deue) = f,
heH

with )
/ v (Xk MGHTZ OcUe) U dVOlé =0.

Taking the scalar product with t* (i dcu.) we find that & € R is defined by

_4_
k/ szue”_z (Ocue)? dvolg :/ t*(xxeue) f dvolg —/ WL et (xk Dette) dvolg.
sn Ssn sn

It is easy to check that
4
/ X ul? (deue)* dvolg > ck?,
Sﬂ

for k large enough. Moreover

’/ ™ (x Oclte) fdvoly
Sn

4—n—25
=k g sy
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Using the fact that L, dcue = 0, we also get

4—n—s
< kT lwll Lo (smy-

/ w L et (Xk dette) dvolg
Si’l

Observe that this estimate is essentially a consequence of the estimate of
L.t (X deue) in the region where the cutoff function yy is acting.
Finally, we have

<c kl’l-‘rZ(S
L§Z,(8™

Collecting these estimates, we conclude that

4

2] (™ Deue <c(lflzge,csm + K lwll e sn)-

L32,(8")

Collecting these and using the result of Lemma 5.2, we conclude that
lwllzegsn < € 1 llzeeism + & lwllzgesm)-
and hence, we conclude that
lwllLgecsmy < 2l fllzge, (sm) (5.5)
for all k large enough. This a priori estimate implies immediately the injectivity

of Ek,e and hence its surjectivity. In particular, given f € L% (S"), there exists a
unique w € L°°(8") and A € R such that

4

Ek,ew+)‘ Zh*t* (Xk ”enTz Oclte) = f7

heH
with
4
/ * (Xk ug_z aeue) w dVOl§ =0,
and this, together with (5.5) completes the proof of the result. ]

The result of the proposition follows at once from the two lemma we have
just proved. The first lemma gives the estimate while the second lemma yields the
existence of a solution. O
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6. Fixed point theorems and resolution of the nonlinear equation

From now on, we assume that the parameter € > 0 is chosen to fulfill
n—=2
1—€72 el <1

Notice that, according to Lemma 4.1, this implies that (4.1) is satisfied provided
C > 1 (the constant which appears in Lemma 4.1) is fixed large enough. We
also assume that the hypothesis in the statement of Theorem 1.9 are satisfied. In
particular, 1 <d <n — 3.

Building on the previous analysis, we now apply a fixed point argument for
contraction mappings to solve the equation

_ _4
Ag(Upe +w) — 2 (1 — [Up e + w|72) (Ug.e +w) =0,

where Uy ¢ is the approximate solution which has been defined in Section 4. Let
us emphasize that, by construction, Uy  depends on a discrete parameter k and a
continuous parameter €. We first rewrite the equation we are trying to solve as

Ek,e w + gk,e + Qk,e(w) =0, (6.1)

where
) 4
Eke = AgUre — M2 (1 — |Up e|72) Up.e,

denotes the error we make by considering that Uy . is a solution of (1.1),

A n(n 2) n(n+2) n— 2
Lie:= Ag — + Uk e >

is the linearized operator about the approximate solution Uy  and
) 4 4
Opcw)i= "2 (|Upc + |7 (Upet w) = Ukl 72 Ur.e = 253Uk 72 w),

collects the nonlinear terms.
Instead of (6.1) we will first solve the equation

Licw+ A Zb*t*u dette + e + Quc(w) =0,
hehH

4
/ w Lp et (X Dette) dvolg + A / X/? ul™? (Beue)? dvolg (6.2)
NG NG

+/ v Xk dette) (Eke + Qke(w)) dvolg = 0.
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The solvability of this nonlinear problem relies on the result of Proposition 5.1
together with a fixed point theorem for contraction mapping.

Proposition 6.1. Assume that the assumptions of Theorem 1.9 hold and that § €
(—%, 0) is fixed. Further assume that € > 0 satisfies (4.1). Then there exist cg > 0
and ko > 0 and, for all k > ko, there exists wi . € L*°(S") and hi € R solutions
of (6.2) such that

26
lwi,ellLge(smy < co k™,

In addition, wy ¢ and A « depend continuously on the parameter € satisfying (4.1).

Before we proceed with the proof of this result, let us remark that, for k > ko
and € > O satisfying (4.1), we have been able to find a function (not identically
equal to 0)

Uk,e = Uk,s + Wg,e,

and Ax . € R such that

_ 4 =
Agttge = "2 (1= |ug |72 e + Mee D 0%t @l deue) = 0.
heH

Therefore, in order to complete the proof of Theorem 1.9, we will just have to solve
the equation

Mee =0,

The solvability of this equation will be performed right after the proof of Proposi-
tion 6.1.

The proof of Proposition 6.1 is decomposed into two lemmas. First, we derive
all necessary estimates concerned with the error term & :

Lemma 6.2. Assume that § € (—%, 0) and that the assumptions of Theorem 1.9
hold. Then there exist constant Co, ko > 0 such that, for all k > ko, the following
estimates hold
28
||gk,€ “Lgciz(sn) S CO k ) (63)

and
* n—4 n-2 2—n
t(Xk Oette) Exedvolg +cpe T (1 —€ 2 yre)| < Cok™ " logk, (6.4)
S’I‘l

where ¢, > 0 only depends on n.
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Proof. Using the fact that u; = 1 and h* t*u., for all fh € §), are solutions of (1.1),
we compute

51(,6 = @ 1— Z b* t ue

hehH

4
n=2 n+2
(1 - Z h* t*ué> -1+ Z h* t*ul

heH hehH

Using Lemma 4.2, we estimate
€] <c D b tuc < c (kdist(-, A>T,
he$H

when dist(x, A) > r; and, using Lemma 4.1, we get

4
|gke’ <Ct* e 2,

when dist(x, p) < r¢. These estimates imply that
1Ekclligon < ¢ (KT 46072 470,

The proof of the first estimate follows at once from the fact that e = ~ k2 together
with the factthat § —2 <2§and2 —n+d < —1 < 2§ since $ € (—%, 0).

The second estimate follows from Lemma 4.2. Indeed, in the range where
dist(x, A) < rg, the result of this lemma can be restated as

2

= Uke =t uc+ (1 =€ 3 + 0@ u ™)

Taylor’s expansion then implies the refined estimate

n=2 2 6—
Ere = "D I (1= P | = 0 A+ vulT el

in the range where dist(x, A) < ry. We leave the details to the reader. ]

We now derive the necessary estimates concerned with the nonlinear terms
Otk In this result, we agree that the functions, w, w’ are chosen so that

2
lwllze(smy + lw'llge(sny < Crk s,
for some constant C; which will be fixed later on. We have the:

Lemma 6.3. Assume that § € (—— 0) and that the assumptions of Theorem 1.9
hold. Further assume that C1 > 0 is fixed. Then there exists a constant Coy > 0 and
there exists ky > 0, both depending on C1, such that, for all k > kg, the following
estimates hold

| Quc ) = Que)| e (50 = Cok® 0 = Bllgeesmy,  (65)
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/ w L, et (xk dette) dvolg| < Co kT2, (6.6)
Sn

and
< Cy kK2 (6.7)

/ t>k()(k Octte) Qe (W) dVOlg

Proof. These estimates are not hard to derive but observe that some care is due to

derive the first estimate since the nonlinearity ¢ —— || = ¢ is not C% at 0 when
n=>"17.

Let us explain where the first estimate comes from. In the range where Uy >
1/2 (i.e. when dist(-, A) > cryg, for some fixed ¢ > 0 large enough), we get the
pointwise estimate

|Qk,e (W) — Qe (w)| <C k* (dist(-, AN |0 — B oo (sm)
S

while, when Uy < —1/2, say for example close to the point p (i.e. when dist(-, p) <
C rg, for some fixed ¢ > 0 small enough), we get the pointwise estimate

|Qk.e (W) — Qe ()| < CK" B (dist(-, p)" T || — w]| oo (sn)
P

Finally, in the range where Uy € [—1/2, 1/2], say for example, close to the point
p, we have the pointwise estimate

|Qk.c(W') — Qr.e(w)| < C (dist(, p))° |0 — W] o (sm)
for some constant C > 0 which depends on Cj. Collecting these, we conclude that

| Qe = Qre)] oo 50y = CUP + K27+ K72+ k7)1 — ]l go(sm)-

The estimate (6.5) then follows at once for the choice § € (—%, 0).
The second estimate (6.6) has already been proven in the proof of Lemma 5.3.
The last estimate follows from the pointwise estimate

[ (xk Bette) Qk.e (w)] < C kM2 (dist(-, p))*~*

when dist(-, p) < r. Therefore, we get
V (X ette) Qe (w) dvolg| < C k21t
Sl’l

when n > 5, when n = 4, the k27129 has to be replaced by k~2. This completes
the proof of the lemma. O

We can now complete the proof of Proposition 6.1.
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Proof of Proposition 6.1. We choose § € (—1/2,0). First we apply a fixed point
theorem for contraction mappings to solve (6.2). To this aim, we use the result of
Proposition 5.1 to obtain a right inverse for the operator L . and rephrase (6.2) as a
fixed point problem. The above estimates (6.3) and (6.5) are precisely the one which
are needed to ensure, for all € > 0 small enough, the existence of a fixed point w
which belongs to the ball of radius Cy k?* in L§°(S™), provided C is fixed large
enough. Reducing the range in which € > 0 is chosen, it is not hard to check that
the solution we obtain depends continuously on € by taking the difference between
the equations satisfied by the solutions for two different values of € and using the
contraction property of the nonlinear operator. Since this is rather standard, we
leave the details to the reader. This completes the proof of Proposition 6.1. O

It remains to solve the equation A . = 0. Looking at the second equation in
(6.2) we find that the equation A; . = 0 reduces to

/ vk Oelte) (»Ck,ewk,e + gk,e + Ork,e(Wi.e)) dV01g° =0.
S}’l
Using the estimates (6.4), (6.6) and (6.7), we find that this equation is equivalent to

(1= €T yo) = Vi(e) (6.8)

where the function V. depends continuously on €. Then the previous analysis shows
that there exists k9 > O such that, for k > kp, we have the estimate |V (¢)| <
CK, uniformly in € satisfying (4.1). The existence of a solution of (6.8) then
follows from the intermediate value theorem and this completes the proof of the
Theorem 1.9.
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