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A weak Harnack inequality for fractional evolution equations
with discontinuous coefficients

RICO ZACHER

Abstract. We study linear time fractional diffusion equations in divergence form
of time order less than one. It is merely assumed that the coefficients are mea-
surable and bounded, and that they satisfy a uniform parabolicity condition. As a
main result we establish for nonnegative weak supersolutions of such problems a
weak Harnack inequality with optimal critical exponent. The proof relies on new
a priori estimates for time fractional problems and uses Moser’s iteration tech-
nique and an abstract lemma of Bombieri and Giusti, the latter allowing to avoid
the rather technically involved approach via BM O. As applications of the weak
Harnack inequality we establish the strong maximum principle, the continuity of
weak solutions at + = 0, and a uniqueness theorem for global bounded weak
solutions.

Mathematics Subject Classification (2010): 35R09 (primary); 45KO05 (sec-
ondary).

1. Introduction and main result

Let T > 0 and  be a bounded domain in R . In this paper we are concerned with
linear partial integro-differential equations of the form

3 (u — up) — div (A(t, x)Du) =0, 1€(0,T), x € Q. (1.1)

Here uo = uo(x) is a given initial data for u, A = (a;;) is RN*N _yalued, Du
denotes the spatial gradient of «, and 9;* stands for the Riemann-Liouville fractional
derivation operator with respect to time of order « € (0, 1); it is defined by

t
v(t, x) = 8t/ gi—o —Tv(T,x)dTr, >0, x € R,
0
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where gg denotes the Riemann-Liouville kernel

A1
gp(t) = fﬁ) )

As to applications, equation (1.1) is a special case of problems arising in mathe-
matical physics when describing dynamic processes in materials with memory, e.g.
in the theory of heat conduction with memory, see [24] and the references therein.
Time fractional diffusion equations are also used to model anomalous diffusion, see
e.g. [20]. In this context, equations of the type (1.1) are termed subdiffusion equa-
tions (the time order « lies in (0, 1); in the case « € (1, 2), which is not considered
here, one speaks of superdiffusion equations. Time fractional diffusion equations
of time order o € (0, 1) are closely related to a class of Montroll-Weiss continu-
ous time random walk models where the waiting time density behaves as ¢t ~*~! for
t — 0o, see e.g.[14,15,20]. Problems of the type (1.1) are further used to describe
diffusion on fractals ([20,25]), and they also appear in mathematical finance, see
e.g.[27].
Letting Q7 = (0, T) x Q we will assume that

t>0, g>0.

(H1) A € Loo(Qr; RM*V) and
N
Z Ia,-j(t,x)|2 < A2, foraa.(t,x) € Qr.
i,j=1
(H2) There exists v > 0 such that
(A(t,x)é|§) > v|§|2, fora.a. (f,x) € Qr, and all £ € RV,
H3) ug € Lr(2).

We say that a function u is a weak solution (subsolution, supersolution) of (1.1) in
Q7 ,if u belongs to the space

Zo:={vel ,(0,T]La() N La(10, T; H, (2)) such that
g1-a * v € C([0, T]; L2(£2)), and (g1-¢ * v)|i=0 =0},

and for any nonnegative test function
1.1 gl . .1l 91 ooy HY ()
nefly! (@r)i=Hi(10.T1; La@)INL2(0. TEALR) (Hh@):=CF®@) B @)

with n|;—7 = O there holds

T
/0 /Q <— Nelg1—a * (U — uo)l + (ADuan)) dxdt = (<, >)0. (1.2)
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Here L, 4 denotes the weak L p space and fi * f the convolution on the positive
halfline with respect to time, that is (f1 * f2)(t) = fot fit — ) fo(r)dr,t = 0.

Weak solutions of (1.1) in the class Z, have been constructed in [37]. Notice
also that the function ug plays the role of the initial data for u, at least in a weak
sense. In case of sufficiently smooth functions u and g1 * (4 — ug) the condition
(81—« * u)|r=0 = 0 implies u|;=¢ = ug, see [37].

To formulate our main result, let B(x, ) denote the open ball with radius7 > 0
centered at x € RV, By uy we mean the Lebesgue measure in RN . For$ € (0, 1),
to > 0,7 > 0,and a ball B(xg, ), define the boxes

Q_ (10, x0.7) = (to, to + 87r>/*) x B(x, 8r),
0. (to, x0,7) = (to + (2 — 8)Tr2/® 1y + 2tr>/*) x B(xg, 8r).

Theorem 1.1. Leto € (0,1), T > 0, and 2 C RN be a bounded domain. Suppose
the assumptions (H1)-(H3) are satisfied. Let further 6 € (0,1),n > 1,and t > 0 be
fixed. Then for any ty > 0 andr > 0 with fo+2tr¥e < T, any ball B(xg, nr) C L,
any 0 < p < ﬁ%, and any nonnegative weak supersolution u of (1.1) in
(0, to + 27tr2/*) x B(xg, nr) with ug > 0 in B(xq, nr), there holds

| 1/p
u? dpn 1 < C essinf u, (1.3)
(MNH(Q—(to,xo,r)) /Q_(zo,xo,r) Q0+ (t0.x0.7)

where the constant C = C(v, A, $, T, n,a, N, p).

Theorem 1.1 states that nonnegative weak supersolutions of (1.1) satisfy a
weak form of Harnack inequality in the sense that we do not have an estimate
for the supremum of u on Q_ (%, xo, r) but only an L, estimate. We also show

that the2 clrétical exponent 2_&,‘% is optimal, i.e. the inequality fails to hold for
+Na

P Z 3 Na—2a- , _ .

Theorem 1.1 can be viewed as the time fractional analogue of the correspond-
ing result in the classical parabolic case « = 1, see e.g.[19, Theorem 6.18] and [29].
Sending @ — 1 in the expression for the critical exponent yields 1 + 2/N, which
is the well-known critical exponent for the heat equation. We would like to point
out that the statement of Theorem 1.1 remains valid for (appropriately defined)
weak supersolutions of (1.1) on (7, fp + 27r/%) x B(xy, nr) which are nonneg-
ative on (0, to + 27r%/%) x B(xo, nr). To avoid further technicalities we have
confined ourselves to consider only weak supersolutions on the full time-interval
(0, 1o +27r?/). Note that the global positivity assumption cannot be replaced by a
local one, as simple examples show, cf. [36]. This significant difference to the case
a = 1is due to the non-local nature of 9. The same phenomenon is known for
integro-differential operators like (—A)* with o € (0, 1), see e.g. [16].

As a simple consequence of the weak Harnack inequality we derive the strong
maximum principle for weak subsolutions of (1.1), see Theorem 5.1 below. The
weak maximum principle has been proven in [33], even in a more general setting.
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As a further consequence of the weak Harnack inequality we obtain a unique-
ness theorem for global bounded weak solutions, see Corollary 5.3 below. It states
that any bounded weak solution of (1.1) on Ry x RY with ug = 0 vanishes a.e. on
R+ X RN.

The proof of Theorem 1.1 relies on new a priori estimates for time fractional
problems, which are derived by means of the fundamental identity (2.6) (see below)
for the regularized fractional derivative. It further uses Moser’s iteration technique
and an elementary but subtle lemma of Bombieri and Giusti [2], which allows to
avoid the rather technically involved approach via BM O-functions. This simplifi-
cation is already of great significance in the classical parabolic case, see Moser [23]
and Saloff-Coste [26].

One of the technical difficulties in deriving the desired estimates in the weak
setting is to find an appropriate time regularization of the problem. In the case
o = 1 this can be achieved by means of Steklov averages in time. In the time
fractional case this method does not work anymore, since Steklov average operators
and convolution do not commute. It turns out that instead one can use the Yosida
approximation of the fractional derivative, which leads to a regularization of the
kernel g1_,. This method has already been used in [12,30,37], and [33].

We point out that the results obtained in this paper can be generalized to quasi-
linear equations of the form

07 (u —uo) —diva(t,x,u, Du) = b(t,x,u, Du), t € (0,T), x € Q, (14)

with suitable structure conditions on the functions a and b. This is possible, as
also known from the elliptic and the classical parabolic case, since the test function
method used in the proof of Theorem 1.1 does not depend so much on the linearity
of the differential operator w.r.t. the spatial variables but on a certain nonlinear
structure, cf. [11,19,29], and [33].

In the literature there exist many papers where equations of the type (1.1),
as well as nonlinear or abstract variants of them are studied in a strong setting,
assuming more smoothness on the coefficients and nonlinearities, see e.g. [1,4,7,
10,12,24,34,35]. Concerning the weak setting described above one finds only a few
results. Existence of weak solutions has been shown in [37] in an abstract setting for
a more general class of kernels. Boundedness of weak solutions has been obtained
in [33] in the quasilinear case by means of the De Giorgi technique. In the very
recent work [31], it is proved that any weak solution of (1.1) is Holder continuous
in the interior of the parabolic domain. The proof is quite involved and relies on
the De Giorgi technique and the method of non-local growth lemmata (cf. [28]).
With the weak Harnack inequality, the present paper establishes another key result
towards a De Giorgi-Nash-Moser theory for time fractional evolution equations in
divergence form of order & € (0, 1).

In the classical parabolic case boundedness and the weak (or full) Harnack in-
equality imply an Holder estimate for weak solutions, cf. [9,18,19,22]. We also
refer to [11] and [21] for the elliptic case. In the present situation one cannot argue
anymore as in the classical parabolic case, due to the global positivity assumption
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in Theorem 1.1. The same problem arises for the fractional Laplacian, see [28].
However, in our case it is possible to establish without much effort at least continu-
ity at t = 0. This is done in Theorem 5.2 in the case ug = 0. It is shown that in this
case any bounded weak solution « of (1.1) is continuous at (0, xg) for all xo € Q
and lim x)— (0,xy) #(¢, x) = 0. Thus for such weak solutions the initial condition
ul;—o = 0 is satisfied in the classical sense.

We further remark that in the purely time-dependent case, that is for scalar
equations of the form

0%(u —up) +ou=0, te(,T),

with o > 0, a weak Harnack inequality with optimal exponent 1/(1 — «) has been
proven in [32] for nonnegative supersolutions. Recently, the full Harnack inequality
for nonnegative solutions has been established in [36]. This, together with the above
results, indicates that the full Harnack inequality should also hold for nonnegative
solutions of (1.1), which is still an open problem, even in the case A(t, x) = Id.
The paper is organized as follows. In Section 2 we collect the basic tools
needed for the proof of Theorem 1.1. These include two abstract lemmas on Moser
iterations and the lemma of Bombieri and Giusti. We further explain the approxima-
tion method for the fractional derivation operator and state the fundamental identity
(2.6), which is frequently used in Section 3, where we give the proof of the main
result. In Section 4 we show that the critical exponent in Theorem 1.1 is optimal.
Finally, Section 5 is devoted to applications of the weak Harnack inequality.

ACKNOWLEDGEMENTS. This paper was initiated while the author was visiting the
Technical University Delft (NL) in 2003/2004. The author is greatly indebted to
Philippe Clément for many fruitful discussions and valuable suggestions.

2. Preliminaries

2.1. Moser iterations and an abstract lemma of Bombieri and Giusti

Throughout this subsection U,,0 < o < 1, will denote a collection of measurable
subsets of a fixed finite measure space endowed with a measure u, such that U, C
Us if o’ < o. For p € (0,00)and 0 < o < 1, L,(Us,) stands for the Lebesgue
space L, (Uy,dpu) of all u-measurable functions f : U, — R with | flL,wy) =
(Jy, 1P AP < 0.

The following two lemmas are basic to Moser’s iteration technique. The argu-
ments in their proofs have been repeatedly used in the literature (see e.g. [11,19,21,
22,26,29]), so it is worthwhile to formulate them as lemmas in abstract form, also
for future reference. We provide proofs for the sake of completeness.

The first Moser iteration result reads as follows, see also [8, Lemma 2.3].
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Lemma2.1. Letk > 1,p > 1,C > 1,and y > 0. Suppose f is a u-measurable
function on Uy such that

ca+pr\"”
[flLgew,) < (m |flgwy, 0<o' <o <1, B>0. (21

Then there exist constants M = M(C, y, k, p) and yo = yo(y, k) such that
M 1/p
eSSUiuP Lf] < (m) |flL, @y forall §€(0,1), pe(,pl
Proof. Forqg > 0and0 <o < 1,let

1/q
@(q,a>=(fU Iflqdu) .

LetO < p<pandé € (0,1). Set p; = pKi,i =0, 1, ... and define the sequence
{o;},i =0,1,...,byop=1and g; = 1—23-:1 277(1—-6),i =1,2,...;observe
thatl =09 > 01 >...>0; > 0j41 > daswellasoj_1 —o; =2"1(1-6),i > 1.
Suppose now n € N. By using (2.1) with 8 = p;,i =0, 1,...,n — 1, we obtain

D(py,8) < P(pn, 0n) = P(pu—1k,04)
L—n=1)

_(CU+pen Y’
“\ 2a -8y
L ~t-1

C(2p n—1yy r
=< (L> D (pu—1,0n-1)

P (pp—1,04-1)

277(1 = 8)J

5 (n—1) %K—(n—l)
= n,yn—

- CC, p,y)«

- (1 =46y

< (éz_',l;(l)(jJrl)K_jKV Zr,l;(l) j’(_j(l _ 5)*7 Z;;(l)’(_/)l/p
_ 1/p
M, p,y, k)
< (Z=22E) ok,
(1 —8)«T

We let now n tend to oo and use the fact that

®(pp—1,00-1) < ...

®(po, 00)

lim ®(py,8) =esssup|f|
n—oo

Us

- 1/p
M(C, p,y,«)
esssup | f| < | ———— [flL,w)-
Us (1 =38)wT

Hence the proof is complete. O

to get

The second Moser iteration result is the following, see also [8, Lemma 2.5].
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Lemma 2.2. Assume that w(Uy) < 1.Letk > 1,0 < pg <k,andC > 1, y > 0.
Suppose f is a w-measurable function on Uy such that

C 1/8
| flLgew,n < (m) | flLsWs)

0<o' <o <1, 0<,3<@<1
K

(2.2)

Then there exist constants M = M(C, y, k) and yo = yo(y, k) such that

M 1/p=1/po Do
| f 1L ws) < <(1 WO> FlLywy forall se©. 1. pe(0.22].

Proof. Set p; = pok~',i =1,2,...Given 6 € (0, 1) we take again the sequence
{0i},i = 0,1,2,...,defined by op = lando; = 1 = >;_, 27/ (1 = 8),i > 1.
Suppose now n € N. By using (2.2) with 8 = p;,i =1, ..., n, we obtain

C«/po
(1 — §)]r«/po
C¥/Po Cc<*/po

= [277(1 — §)]v</Po [2—(n—1)(1 8)]7<*/po

®(po,d8) < ®(po,on) = P(pik,0n) < B ®(p1,0u-1)

®(p2,0n-2) = ...

CI’U (ki ™)

<
- 27% (e (n—1)r2 4. 420 et

(1 =28 L (k2. 41") ®(Pn; 00)-

—! we have

ZJ kK" —1) K (po 1)_ K <L_i)
— polk = 1) polk — 1) \ pn S k=1\pn po/)’

Employlng the formula

Since p; = pok

i i1 1 —(n+ Dx" + nk"+1
K =
-~ K — 1)

we have further
n . n . n .
Z(n+1—j)/cf =(l’l+1)ZKj —Zj/c]
j=1 j=l j=1

k" —1 1 — (n+ Dx™ + ni"t!

=(n+1)KK_1—/< 12
_ —(+Det+n K el
- (k — 1)2 = —12"

K3 'S Po
e 0oy ().
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which yields
1 & o ©3 1 1
LSt pe s S (L),
Po j=1 (K - 1) Pn Po
Therefore L
yi3 « |70
2w-03 Ci—1
D(po,é) < | ——— @ (pn, 00).
(1 = §)x-T

Given p € (0, po/k] there exists n > 2 such that p, < p < p,—1. We then have

1 1 Kn—l<Kn+Kn_1—K—l_(1+K)(Kn_1—1)

Pn PO po Po Po
1 1 1 1

=(1+K)< ——>§(l+/<)<———),
Pn—1 Po p Po

@(pn, 00) = P(pn, 1) < @(p, D),
by Holder’s inequality and the assumption p(U;) < 1. All in all, we obtain

as well as

wd OG5
2w=-13 Ci=T

@(po, 8) < e
(1—8)F

@(p, 1),

which proves the lemma. ]

The following abstract lemma is due to Bombieri and Giusti [2]. For a proof
we also refer to [26, Lemma 2.2.6] and [8, Lemma 2.6].

Lemma 2.3. Letd, n € (0, 1), andlet y, C be positive constants and 0 < By < oo.
Suppose f is a positive p-measurable function on Uy which satisfies the following
two conditions:

6) | flLgw,n < [C(e ="y w@n 1P £l w,),
forall o, o/, Bsuchthat0 <8 <o’ <o <1and0 < B < min{1, nBy}.
(ii) n({log f > A} < Cu(UDA~!

forall » > 0.
Then

| flLgy Wy < MU',
where M depends only on 8, n, vy, C, and By.
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2.2. The Yosida approximation of the fractional derivation operator

Let0 <o < 1,1 < p < oo, T > 0,and X be a real Banach space. Then the
fractional derivation operator B defined by

Bu — %(gm*u), DB)={ueL,(0,T]; X): gi—a*u€ oH,l([O, T1; X)},

where the zero means vanishing at# =0, is known to be m-accretive in L , ([0,7]; X),
cf. [3,6], and [12]. Its Yosida approximations B,, defined by B, = nB(n +
B)~!, n € N, enjoy the property that for any u € D(B), one has B,u — Bu
in L,([0, T]; X) as n — oco. Further, one has the representation

d
Buu = — (g1-an*u), u €Lp(0.T]: X), ne N, (2.3)

where g1_o.n = NSq.n,and s, , is the unique solution of the scalar-valued Volterra
equation

Sa,n(t)+n(sa,n*ga)(t) =1, t>0,neN,
see e.g. [30]. Let hyn € L1 10c(R+) be the resolvent kernel associated with ng,,

that is
han(@) +n(hen * go)(t) = nga(t), t>0, neN. 24)

Convolving (2.4) with g;_, and using g4 * g1—¢ = 1, we obtain

(81—a * ha,n)(t) +n(g1—« * ha,n] xgy)t)=n, t>0,nc¢ N.

Hence

8l—a,n = NSqn = 8l—a * ha,n, neN. (2.5)
The kernels g1_q,, are nonnegative and nonincreasing for all n € N, and they be-
long to Hll([O, T]), ¢f.[24] and [30]. Note that for any function f € L,([0, T]; X),
1 < p < oo, there holds hy n* f — fin L,([0, T]; X) as n — oo. In fact, setting
u=gy* f,wehaveu € D(B),and

d d
Byu = E (glfoz,n *U) = E (81-a * 8u *ha,n * f) = hoc,n * f — Bu
=f in Lp([(), T1; X)

as n — oo. In particular, g1_4 n» = 81— in L1([0, T']) as n — oo.

We next state a fundamental identity for integro-differential operators of the
form %(k xu), cf.also [33]. Suppose k € Hll([O, T]) and H € C'(R). Then it fol-
lows from a straightforward computation that for any sufficiently smooth function
uon (0, 7T) one has fora.a.r € (0,7),

d d
H'(u(t))d—(k s 1) (1) =— (k % H ) (1)+(— H () +H' (u(®)u())k(t)
t dt 2.6)
: .
+/0 (Hu(t —s)) = Hu(®) — H' u®)[u —s) — u®)])[—k(s)]ds,
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where k denotes the derivative of k. In particular this identity applies to the Yosida
approximations of the fractional derivation operator. We remark that an integrated
version of (2.6) can be found in [13, Lemma 18 .4.1].

Observe that the last term in (2.6) is nonnegative in case H is convex and k
is nonincreasing. This fact is frequently used in the estimates below. However we
would like to point out that for the delicate logarithmic estimates in Section 3.3 one
really needs the full identity (2.6), even though we work all the time with convex or
concave functions. In particular, the crucial fractional differential inequality (3.40)
cannot be obtained by using merely convexity inequalities.

The subsequent two lemmas are also obtained by simple algebra.

Lemma24d. Let T > 0 and a € (0,1). Suppose that v € oHll([O, T)) and ¢ €
C'([0, TY). Then

t
(80 * (90) (1) = (1) (ga * V)(2) +/O V(0) 85 (8a(t — 0)[@(1) — @(0)]) do,
aa.t € (0,7T).

If in addition v is nonnegative and ¢ is nondecreasing there holds
t
(g * (90))(1) = @(1)(ge * V) () —fo 8a(t —o)p(o)v(o)do, aa.t€(0,T).
Lemma25. Let T > 0,k € H/([0,T]), v € L([0,T]), and ¢ € C'([0, T]).

Then

d

d L
(1)~ (kxv) (1) = E(k*[(pv])(t)—l—/o k(t—7) () —@(D))v(r) dt, aa.te(0,T).

2.3. An embedding result and a weighted Poincaré inequality
Let T > 0 and 2 be a bounded domain in RY . For 1 < p < oo we define the space
Vp = V,([0,T] x Q) = L2,([0, T]; La(2)) N La([0, T; Hy (), (2.7)
endowed with the norm
[ulv,(0,71xQ) = lu|L,,q0,71;L2(2)) + [ DUlL,(0,71; L2 (2)) -
Set
2p+N@p-1
Ki=Kpi=
2+ N(p—-1
with koo = 1 +2/N. Then V), < L ([0, T] x €2), and

(2.8)

[ulLy 0. 11x2) = C(N, p)lulv,qo,71x2)> (2.9)
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forall u € V, N Ly([0, TT; H %(Q)). This is a consequence of the Gagliardo-
Nirenberg and Holder’s inequality. The case p = oo is contained, e.g., in [18, page
74 and 75]. The proof given there easily extends to the general case. For a more
general embedding result (without proof) we also refer to [33, Section 2].

The following result can be found in [22, Lemma 3], see also [19, Lemma
6.12].

Proposition 2.6. Let ¢ € C(RN) with non-empty compact support of diameter d
and assume that 0 < ¢ < 1. Suppose that the domains {x € R : ¢(x) > a} are
convex for all a < 1. Then for any function u € H21 RN,

2d? L (supp @)

o v oy IPHOPR() d,
Li@®RY)

/R () —uy) gy dx <

where

L Jry u()p(x) dx
O e dx

3. Proof of the main result

3.1. The regularized weak formulation, time shifts, and scalings

The following lemma is basic to deriving a priori estimates for weak (sub-/super-)
solutions of (1.1). It provides an equivalent weak formulation of (1.1) where the
singular kernel g;_,, is replaced by the more regular kernel g1_q , (n € N) given in
(2.5). In what follows the kernels k,, := hy ,,n € N, are defined as in Section 2.2.

Lemma 3.1. Leta € (0,1), T > 0, and Q C RY be a bounded domain. Sup-
pose the assumptions (H1)-(H3) are satisfied. Then u € Z, is a weak solution
(subsolution, supersolution) of (1.1) in Qr if and only if for any nonnegative func-
tion eﬁl%(Q) one has

/Q (Wz[gl—a,n * (U —ug)] + (hy * [ADu]ID¢)> dx = (<, )0,
aa.t € (0,T), n e N.

For a proof we refer to [33, Lemma 3.1], where a more general situation is con-
sidered with a slightly different function space for the solution. The proof of
Lemma 3.1 is analogous.

Let u € Z, be a weak supersolution of (1.1) in Q7 and assume that ug > 0 in
2. Then Lemma 3.1 and positivity of gj_g,, imply that

/ (x/fa,(gl,a,n*u)+(hn*[ADu]|D¢/)) dx >0, aa.te(0,T), neN, (3.1
Q

for any nonnegative function ¢ €H 5(9).
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Let now 1, € (0, T) be fixed. For ¢ € (¢, T) we introduce the shifted time
s =t —tyand set f(s) = f(s+1t),s € (0,T — 11), for functions f defined on
(t1, T). From the decomposition

t

t
(8l—an *u)(t, x) = / 8l—an(t —Du(r,x)dr +/ 1 8l—an(t — Du(r, x)dr,
0

n

te,T),
we then deduce that
n
at(gl—oz,n*u)(ta x) = as(gl—oc,n*ﬁ)(s’ x)+/ gl—a,n(5+tl —Tu(r,x)dt. (3.2)
0

Assuming in addition that # > 0 on (0, #;) x €2 it follows from (3.1), (3.2), and the
positivity of ¥ and of —g_ 5 that

/Q (V05 (81-wn @) + (G 5 [ADuD| DY) ) dx = 0,

aa.s € (0, T —1), neN,

(3.3)

for any nonnegative function ¥ € H %(Q). This relation will be the starting point
for all of the estimates below.

We conclude this section with a remark on the scaling properties of equation
(1.1). Let fp, r > 0 and xo € RV Suppose u € Z,, is a weak solution (subsolution,
supersolution) of (1.1) in (0, tor2/®) x B(xo, r). Changing the coordinates according
tos = t/rz/" and y = (x —xp)/r and setting v(s, y) = u(srz/"‘,xo—i—yr), vo(y) =
uo(xg + yr), and A(s, y) = A(sr?/®, xo + yr), the problem for u is transformed to
a problem for v in (0, #p) x B(0, 1), namely there holds with D = D, (also in the
weak sense)

3% (v — vo) — div (A(s, y)Dv) = (<, 2)0, s€(0,10), y € BO,1). (34

3.2. Mean value inequalities

For 0 > 0 we put 0 B(x,r) := B(x, or). Recall that uy denotes the Lebesgue
measure in RV

Theorem 3.2. Leto € (0,1), T > 0, and Q@ C RN be a bounded domain. Suppose
the assumptions (H1)-(H3) are satisfied. Let n > 0 and § € (0, 1) be fixed. Then
for any ty € (0, T] and r > O with tg — nr*/* > 0, any ball B = B(xo,r) C S,
and any weak supersolutionu > ¢ > 0 of (1.1) in (0,ty) x B withug > 0in B,
there holds

l/y
_ Cun+1 (U™} _
1 1 I
CSZS]”S/UPM =< (m |u |Ly(U(,), <o’ <o <1, ye(1]
Here Uy = (19 — onrz/o‘,to) xoB,0<o<1,C =CW,A,8,n,a N)and
790 = 19(ex, N).
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Proof. We may assume that r = 1 and xo = 0. In fact, in the general case we
change coordinates as t — 7/r*% and x — (x — xo)/r, thereby transforming the
equation to a problem of the same type on (0, fo/r2/*) x B(0, 1), ¢f. Section 3.1.
Fix 0’ and o suchthat § < o’ < o < 1 and put B; = o B. For p € (0, 1] we
set V), = Ups. Given0 < p' < p < l,lett) =19 — ponand o = 19 — p'on.
Then 0 < t; < 1 < tp. We introduce further the shifted time s = # — #; and set
f(s)= f(s+1t),s € (0,1 — t1), for functions f defined on (t1, 7). Since ug > 0
in B and u is a positive weak supersolution of (1.1) in (0, f9) x B, we have (cf.

(3.3))
/ (vas (81an * i0) + ((hy [ADu])~|Dv)) dx > 0,
B

aa.s e (0,1‘0 —tl), ne N,

(3.5)

for any nonnegative function v € H é(B). For s € (0, typ — t;) we choose the test
function v = ¥%i# with B < —l and ¢ € C}(B)) sothat0 < ¢ < 1,y =1
in p'By,suppy¥ C pBi,and |Dy| < 2/[o(p — p’)]. By the fundamental identity
(2.6) applied to k = g1_q,» and the convex function H(y) = —(1 + B) Iyl tF,
y > 0, there holds for a.a. (s, x) € (0,790 —t;) X B

1 ~1+}3 B
_M'Ba (g1- —a,n *u)>_ma 5 (81— —a,n * U +'3) + (1 B - ul+ﬂ>glfa,n
3.6)

1
:_1— 5 (81 an*”l+ﬁ)_ 18

+ B 1+

8l—a,n-

We further have
Dv =2y Dy ii? + gy2iaf~' Da.
Using this and (3.6) it follows from (3.5) that for a.a. s € (0, 70 — 1)

U2 05(81—qn * i1 P) dx +|B] ((hn*[ADu]fWﬁﬂ‘lDﬁ)dx
1+,3 B

ﬂ (3.7)
52/ ((hy * [ADU)) |y DY i) dx + —— wz Hhg) gndx.
By

I+ 5

Next, choose ¢ € C1([0, to — 71]) such that 0 < ¢ < 1, ¢ =0in [0, (1 — 11)/2],
¢ =1lin[th—1t1,tp—t1],and0 < ¢ < 4/(t2—t1). Multiplying (3.7) by —(14+-8) > 0
and by ¢(s), and convolving the resulting inequality with g, yields

/;9 8a * ((083 (gl—a,n * [w2ﬁ1+/3])) dx
+ B+ B) ga */ ((hn % [ADu)Y" |y *a@P ' Dit) g dx
B
(3.8)
<201+ Blga */ (G + [ADUIY |y DY ) dx

18] g * /W g1 npdx,
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fora.a.s € (0,70 —t1). By Lemma 2.4,

/ 8a* (935 (g1—a,n * [YW2i TPY) dx > / 980 * (35 (g1—a,n * [Y2i' TPY) dx

By By

s 3.9

- / 8a(s — 0)9(0) (g1-an * / Y2 P dx) (o) do.
0 B

Furthermore, by virtue of

Sl—an * W20l € oH ([0, 10 — 11]; L1(By))

and g1—q.n = 81— * Iy as well as gq * g1—¢ = 1 we have

Q¥ 05(g1—an * [V TPY) = 8 (ga % g1—anx (W20 TP]) = hyx (Y2a'™P). (3.10)

Combining (3.8), (3.9), and (3.10), sending n — 00, and selecting an appropriate
subsequence, if necessary, we thus obtain

/ R T dx—i—ﬁ(l—i—ﬂ)ga*/ (ADi|y?a? " Dii)p dx
By

B

52|1+ﬁ|ga*/ (ADﬁlewﬁﬁ)wderlﬂlga*/ ViAo apdx (A1)
B

B

N
+/ 8u(s—0)9(0)(g1—a* | V2i'"P dx)(0)do, aa.s € (0,10 —11).
0 By

~ Bt
2

Put w = . Then Dw = ﬂT Du By assumption (H2), we have

B+ B) gu */ (ADii|y*aP ' Dii)g dx
By

%

VB(1 + B) go * f o2\ Diil dx 3.12)
By

4v8

2 2
= — * Dwl|“dx.
R /B.W' |

Using (H1) and Young’s inequality we may estimate

ﬂ_ B+l
2

2|(ADaly Dy a”)g| <2Ay| DY || Daliaf o =2Ay | DY | |Dili > @ = ¢

< —”'ﬁl v2e|Dilkaf ! + vig| A Dy Pt (3.13)
VIﬂI 2
— A%|D
EYIE oI Dw|* + —— Iﬂl | DY Ppw?.
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From (3.11), (3.12), and (3.13) we conclude that

/szzd x+ 2VIF| /gm/f |Dw|?>dx <go*F, aa.s € (0,19—1), (3.14)
B |1+ﬂ|

where

2A2(1
F(s) =221+ Al f 1DV 2ow? dx + |B19(5)g1—a(s) / yrw? dx
v|B| B, B,

+ ¢(s) <g1_a *f wzwzdx) (s) >0, aa.se0,1—t).
By

We may drop the second term in (3.14), which is nonnegative. By Young’s in-
equality for convolutions and the properties of ¢ we then infer that for all p €

1,1/ —a))

to—t p 1/p fo—t
( f ( Bw(x>w<s,x)]2dx) ds) < 18ali, (00— /0 F(s)ds. (3.15)
15} 1

where

(lO _ tl)a71+l/p

C(@)[(a = p+111/P
77oz—l-i—]/p

<
T F@l(e—Dp+1]/7

18a|L,(10,00—11) =
(3.16)

=:Ci(a, p, n).

We choose any of these p and fix it.
Returning to (3.14), we may also drop the first term, convolve the resulting
inequality with g;_, and evaluate at s = f9 — 1, thereby obtaining

to—1 1 fo—1]
f v Dw|*dxds < 1L+ Al F(s)ds. (3.17)
h—1 B 2U|IB| 0
Using
to—1t1 fo—11
f / |D(1//w)|2dxds<2/ f (¥*|Dw|? + | DY [*w?) dx ds
I By -t JB)

we infer from (3.15)-(3.17) that

2 <> |1+ B\ [
|ww|Vp([12711,t0711]><Bl) — CI(O[, p> 77) + V|ﬂ| 0 F(S) ds

et (3.18)
+4/ / |Dy |*w? dx ds.
0 B;
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We will next estimate the right-hand side of (3.18). By the assumptions on ¥ and
¢, and since || > 1, we have

fo—1 s o 4 fo—1 5
/ | DY |“w dxds < ﬁ/ / w-dxds
0 B o (p —p ) 0 pB

and

vo?(p — p')? By

8AZ|1
F(s) < (M +|,3|gl—a((t2_tl)/2))/ w? dx
P

4
(gl_a */ w? dx) (s), aa.se(0,1p—1).
h—1n 0B

Recall that 0 > § > 0. So we have

/IO_t}lV(s) ds < BA°I1 + Bl + callil /to—ﬂ/ w?dx ds
0 “\voZ(p—p)?* TU=a)p—p)m*)Jo Jps

+

4 fo—1h
t / &—alto — 1 —r)/ w(r, x)zdxdr
(o —=p"an Jo 0B
141 o=t
< CO, A8,y LS / w? dx ds.
(=02 Jo JoB

Combining these estimates and (3.18) yields

1+ |1+ 8]
|WW|VP([tz—t1,to—t|]><Bl) <C,A,8,n,a,p) ﬁ |w|Lz([0,to—t1]><pBl)-

We apply next the interpolation inequality (2.9) to the function ¥ w and make use
of ¥ = 1in p’B; to deduce that

|w|L2K([12*f1a10*t1]><ﬂ’31)

1+ 1+ 8| (3.19)
<CW,A,8,n,a p,N) o W L,(0,10—11%0B1)>

B+l
2

where the number « > 1 is given in (2.8). Since w = i and by transforming

back to the time ¢, we see that (3.19) is equivalent to

1
= =
- Ca+[1+8) -
/ w P dpy gy 5—,'3 / w P d gy
Vy p—p Vp

with C = C(v, A, 8, 1, «, p, N). Hence, with y = |1 + 8],

1

C2(1+y)?

8%
=) ) L,y 0<p <p=<1 y>0.

-1
™ L,ev,y = (
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Employing the first Moser iteration, Lemma 2.1 (with p = 1), it follows that there
exist constants Mg = My(v, A, 8, n, o, p, N) and 79 = tp(x) such that

MO 1/y
esssupufl < (m) |M71|Ly(vl) forall 6 € (0,1), y € (0, 1].
Vo -

Thus if we take # = ¢’/ and notice that

we obtain

1 Mo Vr 1
esls]supu_ < (m) |u™ |Ly(Ua)’ y € (0, 1].

Hence the proof is complete. O

We put
~ 24+ Na
K'=Ki/(leq) = ————.
1/(-a) 2+ Noa —2«a
Theorem 3.3. Leta € (0,1),T > 0,and 2 C RY be a bounded domain. Suppose
the assumptions (H1)-(H3) are satisfied. Let n > 0 and § € (0, 1) be fixed. Then
foranyty € [0, T) andr > O with t0+nr2/°‘ < T,anyball B = B(xg,r) C 2, any
po € (0, &), and any nonnegative weak supersolution u of (1.1) in (0, to+nr>/*)x B
with ug > 0 in B, there holds

1\ Vy—1/po
" _(Cran@p! "
Lpy(U!) = o — o Ly(UL)s

§<o' <o <1, 0<y<po/k.

Here U, = (to,to + anr2/°‘) xoB, C = C(v,A,8,n,a,N, py), and 19 =
70(et, N).

Proof. We proceed similarly as in the previous proof. Without restriction of gener-
ality we may assume that pp > 1 and r = 1. By replacing u with u + ¢ and ug with
uo + ¢ and eventually letting ¢ — 0+ we may further assume that u is bounded
away from zero.

Fix 0/, 0 suchthat § < ¢’ < o0 < 1 and put B = o B. For p € (0, 1] we
set V), = U,,. Given 0 < p' < p < l,lett; =ty + p'onand 12 = 1o + pon, s0
0 <19 < t; < . We shift the time by means of s = ¢t —#y and set f(s) = f(s+1p),
s € (0,1 — tg), for functions f defined on (#g, 1>).
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We then repeat the first steps of the preceding proof, the only difference being

that now we take 8 € (—1, 0). Note that, as a consequence of this, (3.6) simplifies
to

~B ~ 1 ~1+p
—u" 05 (g1—a,n ¥ U) > — 58 Os(g1—anxu "), aa.(s,x) € (0, —1) xB,

hence we obtain with ¢ € Cé (B1) as above

1 2 ~1
- d —an*xi TPy d
1+[3 5, Y05 (81 a,n *U )dx

181 [ (G 1ADuY 920 D) (3.20)
By
< 2/ ((hn * [ADU) [y DY i) dx,  aa.s € (0,1 — 1o).
B

Next, choose ¢ € C1([0, t, — 1p]) such that 0 < 0 <l,p=1in[0,7; —f9], =0
in[t; —to+ (2 —1t1)/2, 10 —tp],and 0 < —¢@ < 4/(t, — t1). Multiplying (3.20) by
1 4+ B > 0 and by ¢(s), and applying Lemma 2.5 to the first term gives

~[ 81w s tow?a ) drsipia pf (it Dy dx
| |
< /O S 81—an(s — ) (p(s) — ¢(0)) ( fB YR P dx) (0)do (3.21)
+2(1+4p) /B (ADi|ly DY i) dx + Ru(s), aa.s € 0,0 —t),
where
Rals) = —1BI(1 + B) /B ((hy % [ADu))” — ADilyaf~" Dit)g dx

+2(1+8) | ((hy x [ADul)” — ADii|y DY i’ )p dx, aa.se(0,—1).
B

We set again w = ﬁ% and estimate exactly as in the preceding proof, using (H1),
(H3) and (3.13), to the result

2v|B|
1+ 8 Jp

< /0 &1ans — ) (o) — @) ( [ vPw?dx)(o)do (3.22)

B

- / 85 (81— * [o¥2w?]) dx + o2 | Dl dx
B

2A%(1 + B)

/ |D1ﬁ|2(pw2 dx +R,(s), aa.s e 0, —1).
v|B| B
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Recall that g1_q , = g1—« * hy. Putting
W(s) = / PP (1) w(s, x)* dx
By
and denoting the right-hand side of (3.22) by Fj,(s), it follows from (3.22) that
Gu(s) := 95 (hy * W)(s) + Fu(s) >0, aa.s € (0,1 — 19).
By (3.10) and positivity of 4, , we have

thn*W:ga*ag(hn*W)fga*Gn+ga*[_Fn(s)]+

ae. in (0, — t9), where [y]+ stands for the positive part of y € R. For any
p € (1,1/(1 —w)) and any t, € [t — to — (12 — t1)/4, to — tp] we thus obtain by
Young’s inequality

Iha % WL, 0.6 < 18alL,0..) (IGalL 0.6 + II=FulelL,0.1p)-  (3:23)

Since 1, < 1 — 19 < 1, we have |go|L,(0..1) < C1(e, p, n) with the same constant
as in (3.16). By positivity of G,,,

e
|Gl 0,6 = (81—a,n * W)(ts) +/ Fy(s)ds.
0

Observe that R, — 0in L1 ([0, t, —#]) as n — oo. Hence |[—F,,]+|z,q0...n — O
as n — oo. Further,

Iy S
/ / S1—an(s — 0)(p(s) — @(0)) (/ x/ﬂwzdx> (0)do ds
0Jo By
Iy
= /0 l-an(te — ) (p(t) — 9(0)) (fB wzwzdx) (0)do
1

t s
- / (p(s)/ 8l—an(s —0) < szzdx> (o)do ds
0 0 B

t4 s
= - / (P(s)f 8l—an(s —0) (/ lﬁzwzdx> (o0)do ds,
0 0 B

since ¢ is nonincreasing. We also know that g1y , * W — g1_o* W in L ([0, 1o —
t0]). Hence we can fix some t, € [t — tg — (t — t1)/4, t — t9] such that for some
subsequence (g1—a,n;, * W)(te) = (81—« * W)(t,) as k — oo. Sending k — oo
it follows then from (3.23), the preceding estimates, and from ¢ = 1 in [0, #; — o]

that
t1—to p 1/p
( / ( / Wx)w(s,x)fdx) ds)
0 B

(3.24)
< Ci(a, p, n)((gla * W)(t) + |F|L1([0,t2—to]))’



922 RICO ZACHER

with

2
Fo = B [ yPeutar - g6 (g x [ vt ane).
Bl Bl

On the other hand, we can integrate (3.22) over (0, t,) and take the limit as k — oo

for the same subsequence as before, thereby getting

t—1o +_ﬁ
/ Y2 Dw*dxds < —— <(glfa * W) () + |F|L1([0,t2—to])>- (3.25)
0 B 2v|B|

Arguing as above (cf. the lines before (3.18)), we conclude from (3.24) and (3.25)
that
2 h—1y ) 5
|Ww|vp([o,,1_t0]><31) =< 4/0 5 | Dy |“w” dx ds

(Cl(a p,n)+ u) <(g1—ot * W) (t) + | FlL, (0,01 ])>.
v|B] PR

Sincep =0in [ty —tg+ (2 —11)/2,tr —tpl and t, € [t —tg — (2 — 11) /4, 12 — 1p],
we have

(3.26)

h—t
(81— * W)(t) < g1-a((t2 — 11)/4) /0 /B y*w?dxds
1

4a h—ty
= / / w? dx ds.
I —a)(p—p)On* Jo 0B

Further,

=1y 4 =1y
/ |DY [Pw?dxds < ﬁ/ / w? dx ds.
0 B o (p _'p) 0 pB

The term |F|L,([0,s,—11]) 1S estimated similarly as in the proof of Theorem 3.2 (cf.
the lines that follow (3.18)). We obtain

L+ (+p) [o0
IFlLi0.n-n) < C A8, 0, @) —————5 w? dx ds.
|ﬁKP"p) p B

Notice the additional factor |8| in the denominator. Combining these estimates we
deduce from (3.26) that

1+ (1+58)
Y wlv,(0.n-11xB) < Cv, A, 8,1, a, )7| W|L,([0.6,—10]x p By ) -

1B1(p
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By the interpolation inequality (2.9) and since ¥ = 1 in p’By, this implies for all

(W] Ly, (10,6 —101 0 BY)

1+ 1+ 8] (3.27)
<CW,A,8,nap,N) m |w|L2([0,tz—t()]><pBl)7
where ) N |
K=kp= 2p+Np -1 e (1,%).
2+N(p-1)

Wenow fix 1 < p < 1/(1 —a) suchthatk, = (po+«)/2. This is possible because

kp Sikasp /1 1/(1 —a).
Next,wesety =14 8 € (0, 1) and transform back to u to get

~ 1
3 ¢ /v
Ly vyaw S\ Gz | 1l 0pdo: (3.28)

O0<p <p=<1 0<y<po/k.

Here, u = (na)N)_l,uNH, wy the volume of the unit ball in RV, and C =
C‘(v, A, 8,n,a, N, po) is independent of y € (0, po/«x], since | 8| is bounded away
from zero. Note that 1 (V]) < 1.

Finally, we employ the second Moser iteration scheme, Lemma 2.2, to con-
clude from (3.28) that there are constants My = My (v, A, 8, n, o, N, po) and 79 =
70(x) such that

M. 1/y=1/po
lulr, (v)duw < 0 luly, v/ du):
po (Ve (1—6)n yVpdn (3.29)

0<f0 <1, 0<y < po/k.

If we take 0 = o’ /o and translate (3.29) back to the measure w1, we obtain

1y=1/po
Mo(non)™!
L,y = (W lule,w,. 0<vy =po/k. — (3.30)

Since ¥ < i, (3.30) holds in particular for all y € (0, po/k]. This finishes the
proof. O

3.3. Logarithmic estimates

Theorem 34. Leto € (0,1), T > 0, and Q@ C RN be a bounded domain. Suppose
the assumptions (H1)—-(H3) are satisfied. Let T > 0 and §, n € (0, 1) be fixed. Then
forany ty > 0 andr > 0 with ty + i/ < T, any ball B = B(xg,r) C 2, and
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any weak supersolution u > ¢ > 0 of (1.1) in (0, 1o + 'ch/“) X B withuy > 0in
B, there is a constant ¢ = c(u) such that

i1 ({(t, x) € K-t logu(t,x) > ¢ +A}) < Cr¥/®un(B)A™!, x>0, (331)
and
i1 ({(t, %) € Ky tlogu(t,x) <c—A}) < Cr¥®uny(B)A™", 1 >0, (332)

where K_ = (to, to + ntr¥/®) x 8B and Ky = (to+ ntr3®, ty 4+ tr¥/*) x §B.
Here the constant C depends only on §,n,t, N, o, v, and A.

Proof. Since ugp > 0 in B and u is a positive weak supersolution we may assume
without loss of generality that uyp = 0 and fo = 0. In fact, in the case 79 > 0 we
shift the time as t — t — fg, thereby obtaining an inequality of the same type on
the time-interval J := [0, tr2/?]. Observe that the property g1—o * u € C([0, tp +
tr?/]; Ly(B)) implies g1_q * it € C(J; Lo(B)) for the shifted function ii(s, x) =
u(s + tp, x). So we have

/ (ua,(gl_a,,, xu) + (h, * [ADu]IDv)) dx >0, aa.teJ,neN, (333
B

for any nonnegative test function v € H ; (B).

For t € J we choose the test function v = 2u~"! with ¢ € Cé (B) such that
suppy C B, ¥ = 1inéB,0 <y < 1,|Dy¥| < 2/[(1 —§)r] and the domains
{xeB: w(x)2 > b} are convex for all b < 1. We have

Dv =2y Dy u ! — wzu_zDu,
so that by substitution into (3.33) we obtain fora.a. r € J
- / V2u 10, (g1—qn * u) dx + / (ADulu™%Du)y* dx
B B

(3.34)
< 2/ (ADulu™"y DY) dx + R, (1),
B

where
Ru(1) =/ (hn * [ADu] — ADu|Dv) dx.
B

By (H1) and Young’s inequality,
2
[2(ADulu™'y DY)| < 2A¢|DY| |Dulu™" < %¢2|Du|2u—2 + Z A?|Dy %
%

Using this, (H2) and |Dvy| < 2/[(1 — §)r], we infer from (3.34) that fora.a.r € J

- f VU 0, (g1—an ¥ u) dx
B

3.35

8A%un(B) (335)

v —gpr F 0

4+ / \DulPu2y? dx <
2 Jp
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Setting w = logu we have Dw = u~! Du. The weighted Poincaré inequality of
Proposition 2.6 with weight 2 yields

82y (B
/(w — W)y 2dx < L’g() / \Dw|>y2dx, aa.ted,  (336)
B [z ¥?dx Jp
where
W(t) = PRIGEVAORE aa.reJ
= IREORT: , A. .
From (3.35) and (3.36) we deduce that
2 2
2 1 v ¥ dx/ 2,2, _8A"uN(B)
— 0:(g1— dx+—"2—— -W dx < ——— +R, (1),
/t‘}‘l/, u Z(gl a,n*u) x+ 167’2/_LN(B) B(w ) 1// X = v(1—5)2r2 + n()
which in turn implies
— [5 VPu B (g1—gn x u) dx
2
J5 ¥ . (3.37)
v 2 1
+m /SB(w_W) dx < ) + Su(0),

for a.a. t € J, with some constant C;=C(§,N,v,A) and S, (1) =R, (t)/ fB 1/f2dx.
The fundamental identity (2.6) with H(y) = —logy reads (with the spatial
variable x being suppressed)

- uilat(gl—a,n *U) = _8t(gl—a,n * lOgu) + (IOgu - l)gl—a,n(t)

t — —
+ / <_1ogu(t_s)+1ogu(t)+M) [—81-an(s)]ds.
0 u(t)

In terms of w = log u this means that

—u B (g1—an ¥ 1) = =B (81—an ¥ W) + (W — 1)g1_g.n(t)

P (3.38)
+ /0 Wt — ) — WD) [~41-an()]ds,

where W(y) = ¢ — 1 — y. Since W is convex, it follows from Jensen’s inequality
that

[p?W(wt —s,x) —w(t, x))dx [ (w(t —s,x) —w(t,x))dx
> P .
fB Wzdx - fB 1//2dx
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Using this and (3.38) we obtain

— /s Y2u10,(g1—gn * u) dx
fB Y2dx

> _at(glfot,n * W)+(W_1)glfoz,n(t)

‘ _ (3.39)
féwova—w-—wa»bgyﬂﬁ@nds

= Vo (g1—gnxe”),

where the last equals sign holds again by (3.38) with u replaced by " . From (3.37)
and (3.39) we conclude that

v C
m/ (w—W)dege—Wa,(gl_a,n*eW)Jrr—z‘ +S,(1), aa.tel. (340)
N 8B

We choose

(3.41)

oo [ E1=ax e
€)= log g2-a(nTr?/®)

This definition makes sense, since gi_q * ¢" € C(J). The latter is a consequence
of g1_o xu € C(J; L(B)) and

WO < [put, )y (x)%dx

= , aa.t € J,
fB 1//(x)2dx

where we apply again Jensen’s inequality.
To prove (3.31) and (3.32), one of the key ideas is to use the inequalities

un+1({(, x) € K_ 1 w(t, x) > c(u) +1})

< un+1({(t,x) e K_ :w(t,x) > c(u)+ X1 and W) <c(u)+1/2}) ((342)
+unv+1({(t,x) € Kot W) > cw)+1/2) =L + L, A>0,

N1 (%) € Kyt w(t,x) < e(u) — A)

< un+1({(t,x) e Ky :w(t,x) <c(u) —r and W(¢t) > c(u) — A/2}) (343)
+unv+1({(t,x) € Kyt W) <c(u) —A/2}) =113+ 14, 2 >0,

and to estimate each of the four terms /; separately.

We begin with the estimates for W. To estimate I, and /4 we adopt some of
the ideas developed in [32]. We set J_ := (O, nrrz/"‘), Jy = (nrrz/“, /ey,
and introduce for A > 0 the sets J_(A) := {t € J_ : W(t) > c(u) + A} and
Jr) ={teJir: W) <clu) — A}

Interestingly, positivity and integrability of the function e” are sufficient to
derive the desired estimate for I, cf. also [32, Theorem 2.3]. In fact, with p =

w
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7r2/® we have

i (J-) = et (fr e J- - VO ec(”)e’\}) :f e dt

J_(A)
Sf eW(t)fc(u) dt 5/ eW(t)fc(u) dt
J_(}) _
_ 82-a(mp) e MO g
(g1—a xe™)(mp) Jo
82—« (mp) 1 e
< = ' / gi-a(np — eV di
(g1—axe”)mp)  gi-a(mp) Jo
_l—a) e
TTe—ao T 1=
and therefore
2ntsN
= wi(J-G/2)un@B) < G un(B). A>0. (344

We come now to I4. For m > 0 define the function H, on R by H,,(y) = y,
y<m,and H,(y) =m+ (y —m)/(y —m + 1),y > m. Then H,, is increasing,
concave, and bounded above by m + 1. Further, we have H,, € C'(R), and so by
concavity

0<yH,(y) <Hu(y)<m+1, y=>0. (3.45)

Multiplying (3.40) by e" H,, (¢") and employing (3.45) as well as the fundamental
identity (2.6), we infer that

0 (810 Hu(e)) + CUB(") = ~SueV HL (&), aarel. (346)
r

For t € J, we shift the time by setting s = r — ntr?/% =t — np and put f(s) =
f(s+np),s € (0, (1 —n)p), for functions f defined on J. By the time-shifting
identity (3.2), (3.46) implies that for a.a. s € (0, (1 — n)p)

- Cl o o - ~
(8120 Hu (")) + 5 Hu(") = Yuun(s) = Sue" (7). 3.47)
with the history term

np
Yoy m(s) = /0 [ = &1can(s +np — )] H (V@) do.

For 6 > 0 define the kernel 74 g € L1 j0c(R+) by means of

ra,@(t)+9(ra,9*ga)(t):ga(t)s t>0.



928 RICO ZACHER

Observe that r, 0 = go. Since gq is completely monotone, 7y, g enjoys the same
property (cf. [13, Chapter 5]), in particular r, ¢(s) > O for all s > 0. Moreover, we
have (see e.g. [32])

ra,0(s) = T'(@)ga(s) E(x,a(_gsa)a s >0,

where E, g denotes the generalized Mittag-Leffler-function defined by

o n

z
Ea,ﬂ(Z)Zg m, ZE(C.

We put 6 = C;/r? and convolve (3.47) with rq, 0. We have a.e. in (0, (1 — n)p)

a0 %0y (81-an % Hn (7)) = 0, (ravo * g1-an % Hu (")
= 0, (I8a = 0.6 % 81 81-aun * Hun(e™) )
= Iy % Hy(e") = Ora, o % hy % Hy ("),
and so we obtain a.e. in (0, (1 — n)p)
hn*;h4eW)Z,uﬁ#xn“n_rme*[;ﬂwgqxewﬂ ~ a8)
+ Ohy a0 % Hy(e") — Orq g % Hy(e").

Sending n — oo and selecting an appropriate subsequence, if necessary, it follows
that -
Hu(e") > rq 0% Ym,  aa.s € (0,(1—n)p), (3.49)

where o
Yu(s) = /0 [ — 81-a(s + np — )| Hp (") do.

Observe that for s € (0, (1 — n)p) we have
o Ci o 2/a\& o_o
0<6s” < —2(1—77) (‘tr ) =Ci(1 —n)*t" = w,
r
and thus by continuity and strict positivity of Ey o in (—00, 0],
Fa,0(s) = F(a)ga(s)yg[gr:o] Eqo(—=y) = Coo, )T (0)ga(s), s € (0, (1 —n)p).

We may then argue as in [32, Section 2.1] to obtain

a(s/[neD®

_ v as a—1 —a Hm w ,
T /0] 10)* " (g1-a * Hn(e"))(mp)

aa.s € (0, (1 —n)p).

Hu (") = Ca(, )
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Evidently, H,,(y) / y asm — oo for all y € R. Thus by sending m — oo and
applying Fatou’s lemma we conclude that

a(s/[npD¥

" > Cy(a, w) m0)* " (g1-a * ") (np),

1+ (s/[nel) (3.50)
aa.s € (0,(1 —n)p).
We then employ (3.50) to estimate as follows.
ekul(JjL(A)) = ekul({t eJp: VO < ec(”)e_k}) :/ et di
J+ ()
5/ ec(u)—W(t) dt Sf ec(u)—W(t) dt
T () Iy
114 1- 3
_ (g1—a xeV)(mp) [U-MP WO g
82—a(np) 0
Caa, )~ (gp)! = (U2 _
< [ s smorsmer<as
agr—q(np) 0
1-n
re- o
_TC=@mo [ a1 4 oydo = Cs(a, 1, ®)p.
aCr(a, ) Jo
Hence
2C3(, n, @)8N
Iy = w1 (J (/) un(3B) < =320 2%y By, >0, (3.51)

A

We come now to I;. Set Ji(A) ={t € J_: c— W)+ A/2 >0} and Q; (A) =
{x € 6B : w(t,x) > c+ A}, t € Ji(A), where ¢ = c(u) is given by (3.41). For
t € J1()), we have

wt,x)—We)>c—-—WE)+A=>1/2, xeQ (1),

and thus we deduce from (3.40) that a.e. in J; (1)

Y

— Q (A
162 M ()
1 C (3.52)
<~ (W w “lyg
= (C—W-l—)»)z e t(glfo(,n*e )+ 2 + 5, ).

Set x(¢t,A) = MN(Q,:_()L)), ift € Jj(A),and x(t,A) =0incasetr € J_\ Ji(L).
Let further H(y) = (c —logy + Mo < Y < Y= eCTH2, Clearly, H'(y) =
(c —logy+21)"2y~! as well as

1 2
H'(y) = ( —1), 0<y <y
) (c —logy+A)2y2 \c —logy + A sYEX
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which shows that H is concave in (0, y,] whenever A > 4. We will assume this in

what follows.

We next choose a C! extension H of H on (0, c0) such that H is concave,

0<H'(Y) < H (), y+ <y < 2ys,and H'(y) =0, y > 2y,. Then

- 2
0<yH'(y) < o v>0
In fact, for y € (0, y.] we have
' (y) = 1 - 1 - 4 - 1
YR = (c—logy+21)?2 = (c—logy.+A)?* ~ A2 = A

while in case y € [yx, 2y,] we may simply estimate

>

yH'(y) < 2y.H'(y,) <
It is clear that H is bounded above. There holds

- 3
H(y) < T y>0.

(3.53)

(3.54)

(3.55)

To see this, note that since H is nondecreasing with H'(y) = 0 for all y > 2y, the
claim follows if the inequality is valid for all y € [yx, 2y4]. For such y we have by

(3.54) and by concavity of H

H(y) < H(yo) + H )0 — y0) < Hw) + v H' (34) <

Observe also that
1

MO B (VO
(c— W)+ 1?2’

aa.t € Ji(A).

> W

Since H' > 0,and e W 9,(g1_a.nxe")+C1r =24+ S, > 0 on J_ by virtue of (3.40),

we infer from (3.52) and (3.53) that

\%
—_— t, A
62y FOY
- C
= €WH/(6W) <e_Wat(gl—a,n * eW) + r—21 + Sn)
- 2C 218, (¢
< H' ()3, (g1—an ¥ ") + S [5n )|, aa.t e J_.
’ Ar2 A

Since H is concave, the fundamental identity (2.6) yields

(3.56)

I:I/(ew)at(gl—a,n * eW) <0 (gl—a,n * I:I(eW))"‘(_H(eW) + I:I/(ew)ew)gl—oc,n

_ 2
fat(gl—a,n * H(eW)) + X 8l-an, aa.teJd_,
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which, together with (3.56), gives a.e. in J_

v -
mx(l, A) <0 ((gl—oz,n * H(eW))
L2 L2610, 25,0) (3.57)
X 81—a,n 32 . .

We then integrate (3.57) over J_ = (0, np) and employ (3.55) for the estimate

- W 3 ne
(81 A ))<= 3 [T 1oty

By sending n — 00, this leads to

np 16 B 2C
/ MN(QT(M)df=/ x(t, 2 dt < LN”( 2-a(10) + 1’”)
UYeS) 0 v

P Ar2
16r2/*uy (B r¥%un (B
_ 1o () (582-a(n7) +2C1n7) =: C4 L(), A =>4
VA A
Hence with Cs = max{4t, C4} we find that
Csr?/®uy (B
I < %N() > 0. (3.58)

It remains to derive the desired estimate for /3. To this purpose we shift again the
time by puttlng s =t — np, and denote the correspondlng transformed functions
as above by W, W, ...and so forth. Set further J+ = (0, (1 — n)p). By the time-
shifting property (3 2) and by positivity of e" , relation (3.40) then implies

C -
/ @ = Wdx < eV i(g1wn s ™)+ T} 456,

16r2 ,uN(B) (3.59)

a.a.s € j+.

Next, set o(h) = {s € J4 : W(s) —c+1/2 > 0} and QF (1) = {x € 8B :
w(s,x) <c—A}, s € b(L). Fors € Jo(L), we have

W(s) — (s, x) = W(s) —c+ 1= 1/2, xeQF(),

and thus (3.59) yields that a.e. in J(A)

Vv

1672y (B)
1

<—
(W — ¢+ 1)?2

pn (25 0)
. B C B (3.60)
(e_was(gla,n * eW) + l"_21 + Sn) .
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We proceed now similarly as above for the term /7. Set x(s,X) = un (Qj(k)),

if s € Jp(A),and x(s,A) = Oincases € f+ \ J1(A). We consider this time the
convex function H(y) = (logy — ¢ 4+ A)~! for y > y, := ¢“~*/? with derivative
H'(y) = —(ogy—c —}—)\)’Zy’l < 0. We define a C! extension H of H on [0, 00)
by means of

H ) —y)+Hx) 0=<y <y

H(y) =
H(y) Y= Vs

Evidently, —H is concave in [0, co) and

N

! < ! < -,
—cH N T G2 T TS

0<-H'(yy<
(log y«

We will assume A > 1 in the subsequent lines.
Observe that

1

—eW(S)H/(eW(”) - ’
(W(s) —c+1)?

aa.s € HL(L).

Since —H’ > 0,and e~ 3,(g1_an * €V) + C1r=2 + S, = 0 on J; due to (3.59),
it thus follows from (3.60) and (3.61) that

. 5 } c i
—r x(s,4) = _eWH/(eW) e_Was(gl—an*€W)+ = + Sh
1672y (B) : 72
- (3.62)
0 W i 4C 4|8 -
< —H'(")ds(g1-an ¥ ")+ BT s e J4.
AT A

By concavity of —H , the fundamental identity (2.6) provides the estimate
— )0, (81-a # ™) <=0, (81-0n# A (™)) + (A = A/ )" )21 aun

s _ _ i 6
< —0s (gl—a,n * H(ew)> + H(O)gl—a,n < —0s <g1—a,n * H(EW)> + X 8l—a,n»

a.e. in f+, which when combined with (3.62) leads to

6 4C1  418u(s)]

X(s9 )") =< _as<gl—(x’n * I__I(eW)> + X gl—a,n + m + Iy

El

v
1672y (B)
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fora.a.s € f+. We integrate this estimate over f+ and send n — oo to the result

N (I-n)p
/ /LN(QS (A)) ds = / x(s,A)ds
() 0

16r2un(B) (6 AC (1 —n)p
=< + (X 82—01((1 — 77),0) + T)

16r2/% 1y (B)
= N (652-0((1 = 7) +4C1 (1 = 1))
2/a B
—. Céw, A 1.

Hence with C7 = max{t, Cg¢} we obtain that

2/a
_ Creun(B)

I; < — A>0. (3.63)
Finally, combining (3.42), (3.43), and (3.44), (3.51), (3.58), (3.63) establishes the
theorem. O

3.4. The final step

We are now in position to prove Theorem 1.1. Without loss of generality we may
assume that u > ¢ for some ¢ > 0; otherwise replace u by u + ¢, which is a
supersolution of (1.1) with ug + ¢ instead of ug, and eventually let ¢ — 0+.
For0 < o < I,weset Uy, = (g + 2 — o)tr?/®, 19 + 2tr*/%) x o B and
U, = (1, fo+otr??) xoB. Clearly, Q _(tg, xo,7) = U(g and Q4 (to, xo,r) = Us.
By Theorem 3.2,

1y
C up~!

esssupu~! < (%) 'L, w,y. 8<0 <o =<1 ye(Ill

U,/ -

Here C = C(v,A,d, 7,0, N) and 19 = t9(er, N). This shows that the first hy-
pothesis of Lemma 2.3 is satisfied by any positive constant multiple of z~! with
Bo = oo.

Consider now f; = u~'e™ where c(u) is the constant from Theorem 3.4 with

K_ = U and Ky = Uj. Since log fi = c(u) — logu, we see from Theorem 3 4,
estimate (3.32), that

pun+1({(t, x) € Uy : log fi(t, x) > ) < My (UDA™!, A >0,

where M = M (v, A, 6, T, n, o, N). Hence we may apply Lemma 2.3 with g = oo
to f1 and the family Uy ; thereby we obtain

esssup f1 < M;
Us
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with M| = M (v, A, 8, 7, n, o, N). In terms of u this means that

€W < My essUinfu. (3.64)
§

On the other hand, Theorem 3.3 yields

I/y=1/p
Cunt1(UD™! 3
|M|L,,(U;/)5<W lulL, @y, 8<o’'<o<l, 0<y<p/k.

Here C = C(v, A,é, 1,0, N, p) and 71 = 711(¢, N). Thus the first hypothesis
of Lemma 2.3 is satisfied by any positive constant multiple of u with Sy = p and
n = 1/&. Taking f> = ue <™ with c(u) from above, we have log f» = log u—c(u)
and so Theorem 3 .4, estimate (3.31), gives

pun+1({(t,x) € Uy log folt, x) > A}) < Mun(UDA™, A >0,

where M is as above. Therefore we may again apply Lemma 2.3, this time to the
function f> and the sets U/, and with By = p and n = 1/k; we get

ol @y < Mo (UDYP,
where My = M>(v, A, 8, 7,1, @, N, p). Rephrasing then yields
N1 UD TPl ) < Mae™. (3.65)
Finally, we combine (3.64) and (3.65) to the result

un1UD VPl gy < MMy ess infu,
)

which proves the assertion.

ZtNe— in the weak Harnack inequality

4. Optimality of the exponent =7

In this section we will show that the exponent ﬁ% in Theorem 1.1 is optimal.
To this purpose consider the nonhomogeneous fractional diffusion equation
on RV

¥u—Au=f, te,T] xeR", “4.1)

with initial condition
u@0,x) =0, xecR" “4.2)
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Following [10], we say that a function u € C([0, T'] x RN N C((0, T]; C>(RN))
with g1_q*u € C'((0, T]; C(RV)) is a classical solution of the problem (4.1), (4.2)
if u satisfies (4.1) and (4.2). For any bounded continuous function f that is locally
Holder continuous in x, there exists a unique classical solution u# of the problem
(4.1), (4.2), and it is of the form

t
u(t, x) = / / Y —.x — y) f(r, y) dydr. 43)
0 RN

where

1
Y(t, x) = c(N)|x| Ve HY (Z 1 x)?

(o, )
(N/2,1),(1,1) ) °

cf. [10]. Here leg (zlé‘lx\,’%’l)’ (1’1)) denotes a special H function (also termed Fox’s
H function), see [17, Section 1.12] and [10] for its definition. It is differentiable
for z > 0, the asymptotic behaviour for z — oo and z — 40, respectively, is
described in [10, formulae (3.9) and (3.14)]. It has been also proved in [10] that Y
is nonnegative.

We choose a smooth and nonnegative approximation of unity {¢, (¢, x)},en
in Ry x R” such that each ¢, is bounded. Put f = ¢, in (4.1) and denote the
corresponding classical solution of (4.1), (4.2) by u,. Evidently, u, is nonnegative
and satisfies

3%y — Auy = ¢, =0, te€(0,T], x e RV,

Hence u,, is a nonnegative supersolution of (4.1) with f =0 for all n € N.

Suppose the weak Harnack inequality (1.3) holds for some p > M
Then, by taking Q_ = (0,1) x B(0,1) and Q4+ = (2,3) x B0, 1) 1t follows
that

1/p
(/ uyy dMN+1> <Cinfu,, neN, (4.4)

o+

where the constant C is independent of n. Since u, — Y in the distributional sense
as n — 0o, we have

1
infu, < —— Up dILN+1
o1 "7 pN41(04) "
+ ! Yd >
—_— UN+1 <00, n = np,
UN+1(Q+)

for a sufficiently large ng. On the other hand, the left-hand side of (4.4) cannot

stay bounded, since Y ¢ L,(Q_) for p > % In fact, writing leg(z) =
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leg(z|g?\i72),1), (1.1y) for short, we have

1
p _ —Np@=1)p 20 (,—a |2 J A\ P
YTL,00 —/0 /B(O NP O HE ) dx s

1 prl
=i [ [ e D e ) i
0 JO

tfa/Z

1
— CI‘/O /0 (pta/2)N—l—Npt(O[—l)p'H)l/Zleg(p2/4)p d,Odt
1

1
261/ ta(N—Np)/2+(a—1)pdtf pN—l—NpH%é)(p2/4)Pdp
0 0

1
> 02/ ta(N—Np)/2+(a—l)p dt,
0

2+No

with some positive constant ¢;. The last integral diverges for all p > 55"

Hence (4.4) yields a contradiction.

5. Applications of the weak Harnack inequality

The strong maximum principle for weak subsolutions of (1.1) may be easily derived
as a consequence of the weak Harnack inequality.

Theorem 5.1. Leta € (0,1),T > 0,and Q2 C RN be a bounded domain. Suppose
the assumptions (H1)-(H3) are satisfied. Let u € Zy be a weak subsolution of (1.1)
in Qr and assume that 0 < esssupq  u < 00 and that ess supg ug < esssupg, u.
Then, if for some cylinder Q = (g, tg + trz/“) X B(xg,r) C Qr withty, t,r >0
and B(xg,r) C Q we have

esssupu = esssupu, 6.1
0 Qr

the function u is constant on (0, tp) x 2.

Proof. Let M = esssupg_ u. Then v := M —u is a nonnegative weak supersolution
of (1.1) with ug replaced by vg := M —ug > 0. Forany 0 < ¢ < #; + nr2/"‘ < Iy
the weak Harnack inequality with p = 1 applied to v yields an estimate of the form

t1+nr
r—(N+2/a) /
5]

2/a

/ (M —u)dxdt <C essinf(M —u) = 0.
B(xq,r) 0

This shows that u = M a.e. in (0, 7o) X B(xp, r). As in the classical parabolic case
(cf- [19]) the assertion now follows by a chaining argument. O
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We next apply the weak Harnack inequality to establish continuity at ¢ = O for
weak solutions.

Theorem 5.2. Leta € (0,1),T > 0,and 2 C RY be a bounded domain. Suppose
the assumptions (H1) and (H2) are satisfied. Let u € Zy be a bounded weak
solution of (1.1) in Qr with ug = 0. Then u is continuous at (0, xo) for all xo € Q
and lim; y)— ©0,x,) (¢, x) = 0. Moreover, letting n > 0 we have for any cylinder

O (x0, r0) := (0, 7rg’®) x B(x0,70) C Qr andr € (0, ro]

8
r
essoscu < C (—) UL ) (5.2)
Q(xo.r) ro

with
ess osc = ess sup — ess inf
Q(xo,r) O(xg,r) Q0.1)

and constants C = Cf (v, A,n,a, N) >0andé =6(v, A,n,a, N) € (0, 1).

Proof. Let u € Z, be a bounded weak solution of (1.1) in Q7 with ug = 0. Set
u(t,x) = 0and A(t,x) = Id fort < 0 and x € Q. For Tp > 0 we shift the time
by setting s = t 4+ Tp and put f(s) = f(s — Tp),s € (0, T + Tp), for functions f
defined on (—Tpy, T). Since Du(t,-) = 0 fort < 0 and

t
at(glfa,n *u)(t,x) = at/ glfa,n(t —Du(r,x)dt = as(glfot,n *U)(S, Xx),
T

the function # is a bounded weak solution of
3% — div (A(s, x)Dit) =0, s€(0,T +Tp), x € Q.
Next, assuming r € (0, ro/2] we introduce the cylinders

Qs (x0, ) = (= nr¥/®, qr¥/*) x B(xo,r),

Q- (x0,r) = (= n@r)**, —nGr/2)*/*) x B(x, 1),
and denote by Q*(xo, r) resp. Q_(xo, r) the corresponding cylinders in the (s, x)
coordinate system. Let us write M; = ess SUP 5. (x0.ir) u and m; = ess infé*(x0 in u

fori = 1,2. Choosing Ty > 1(2r)*/%, we may apply Theorem 1.1 with p = 1 to the
functions My — i, it — my, which are nonnegative in (0, n(2r)%* +Ty) x B(xo, 2r),
thereby obtaining

po N2/ / (My — i) dpy+1 < C(My — My),
0_(xq,r)

pm N+ / (—mp)dunyr < C(my —my),
0—(x0,r)
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where C > 1 is a constant independent of « and r. By addition, it follows that
My —my < C(My —my+my — Mp).
Writing w (xg, ) = ess SUP§. (x.ir) i — ess ian*(xo,ir) u, this yields
w(xg,r) < O0w(xp,2r), r <ro/2, (5.3)

where 0 = 1 —C~! € (0, 1). Iterating (5.3) as in the proof of [11, Lemma 8.23]
we obtain

;-\ log6/log(1/2)
) w(xo,ro0), 1 =T70.

- 1
w(xg,r) < g (—

ro

The estimate (5.2) then follows by transforming back to the function u and using
that u = O for negative times. In particular, we also see that u is continuous at
(0, xp) for all xo € 2 and that lim x)— ©0,x,) 4 (¢, x) = 0. ]

The last application is a uniqueness theorem for global bounded weak solu-
tions. We say that a function u on R, x R is a global weak solution of

0¢u — div (A(r, x)Du) =0, (54)
if it is a weak solution of (5.4) in (0, T) x B(0,r) forall T > O and r > 0.

Corollary 5.3. Let o € (0, 1). Assume that A € Loo(Ry x RN; RVN*NY and that
there exists v > 0 such that

(A, x)E18) = vIg|*, foraa.(t,x) e Ry xRY, andall & € RV,

Suppose that u is a global bounded weak solution of (54). Then u = 0 a.e. on
R+ X RN.

Proof. Forr > 0 and xo = 0 it follows from the proof of Theorem 5.2 that
w(0,r) <0w(,2r), r >0, (5.5)
where 6 € (0, 1) is independent of r and . By induction, (5.5) yields
w(,r) <0"w(0,2"r) < 29”|u|Lw(R+xRN), r>0,neN.

Sending n — oo shows that u is constant. The claim then follows by Theorem 5.2.
O
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