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Reduction of critical mass in a chemotaxis system
by external application of a chemoattractant

JOSE IGNACIO TELLO AND MICHAEL WINKLER

Abstract. In this paper we study non-negative radially symmetric solutions of
the parabolic-elliptic Keller-Segel system

ur = Au—V-@Vv), xeR2 >0,

5 *)

O=Av+u+ fo-8(x), xeR* >0,
where fo > 0 and § is the Dirac distribution. This system describes the chemo-
tactic movement of cells under the additional circumstance that an external appli-
cation of a chemoattractant at a distinguished point is introduced.

It is known that without such an external source the number 87 plays the
role of a critical mass in (x), in the sense that if the total mass y := fRz uq of the
cells exceeds 8z then the solutions may blow up within finite time and collapse
into a Dirac-type singularity, and that this does not occur when p < 8.

The present paper shows that this critical number is reduced to 87 — 2 f; by
an application of the signal substance in the above way. Indeed, it is proved that
whenever fy > 0 and ug # 0, a measure-valued global-in-time weak solution
can be constructed which blows up at x = 0 immediately. Now if u < 87 — 2 f

then this solution satisfies u(x, t) < C(r)lxlf'ZLg fort >t >0and |x|] < 1and
hence does not blow up in Lﬁ) c (R2) for any 1 < p < 4x/fp. On the other hand,
if w > 8w — fy then the mass will asymptotically completely concentrate at the
origin, that is, (-, t) converges to -6 as t — o0 in the sense of Radon measures.

Mathematics Subject Classification (2010): 35K40 (primary); 35B44, 35K61
(secondary).

Introduction

Chemotaxis is the biological phenomenon whereby single-cells or multicellular or-
ganisms move guided by concentration gradients of a chemical. The response of
the organisms to the chemical substance may be positive, leading to movement
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toward higher concentrations of the chemical, or negative, moving away from it.
Chemotaxis appears in many different biological processes such as motion of bac-
teria, immune system response, migration of cells in embryonic development, and
formation of blood vessels in tumor growth.

One of the first mathematical models which appears in the literature to describe
aggregation of certain types of bacteria was proposed by Keller and Segel [17,18],
see also Patlak [26]. In the classical Keller-Segel system in the two-dimensional
setting, the density distribution u = u(x, t) of the living organisms is governed by
the PDE

uy = Au—V - (uVv), xeR% ¢t >0,

where v represents the concentration of a chemoattractant substance. Secondly, in
many biologically meaningful situations this chemoattractant is produced by the
cells themselves (see [13] for a number of examples). Under the assumption that
molecules diffuse much faster than cells, v approximately satisfies an elliptic equa-
tion

0=Av+ g(u,v), xeR% t>0,

where the function g represents the balance of production and degradation of the
signal substance.

In the pioneering work [16], the authors consider the particular case g(u, v) =
u— ﬁ Jo uo inacircle By(R) C R? of radius R and they prove that radially sym-

metric solutions exist globally and remain bounded if the total mass |, u of cells is
small, whereas some solutions may blow up in finite time with respect to the norm in
L°°(£2) when fQ uo is suitably large. This critical mass phenomenon, already con-
jectured in [8], attracted a considerable interest in the subsequent years, and quite
a complete answer is available in the radial version of the corresponding Cauchy
problem in the whole space R? where accordingly g(u, v) = u. In fact, in this
framework the number 87 plays the role of a critical mass in the sense that when-
ever fR2 ug < 8w, the solution is global and bounded, whereas if fR2 uy > 8w then
the solution will blow up in finite time. A comprehensive demonstration of this,
using approaches originating from [22], can be found in [1]. In addition, a rich lit-
erature has revealed that a critical mass phenomenon also occurs in a number of re-
lated chemotaxis systems, both of parabolic-elliptic and of parabolic-parabolic type,
and also in non-radial frameworks and in corresponding Neumann-type boundary-
value problems. Here the main difference arising in the non-symmetric bounded
domain case appears to be the fact that the mass threshold is then halved to 47w,
which is due to the possible occurrence of blow-up on the boundary of the domain
(see [2,6,20,23] for parabolic-elliptic systems and [9,15,24,28] for fully parabolic
analogues).

As to the qualitative behavior of such large mass solutions near blow-up,
formal arguments suggest that the cell population aggregates at the origin in the
strongest conceivable sense, namely, that the spatial profile of the first component
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u of an unbounded solution should approach a Dirac mass near its blow-up time
(see [34]). In the borderline case fR2 ug = 8w, such a collapse into a Dirac mea-
sure occurs in infinite time, as was proved in [7]. Some further results on blow-up
mechanisms in this and related Keller-Segel systems support the conjecture that this
tendency toward Dirac-type singularity formation in fact is a generic phenomenon
(see [11,12] and [31,32] as well as [33] for a simplified argument).

It is the purpose of the present work to examine in how far these mechanisms
are influenced by an external source of chemoattractant. The motivational back-
ground for this stems from the observation that artificial gradients of chemoattrac-
tants are frequently introduced in experiments, see for instance [37] where corre-
sponding effects on the migration of hematopoietic progenitor cells are studied.

As a prototypical model for such a process, subsequently we shall consider the
problem

Uy = Au—V-@Vv), xeR? >0,
0=Av+u+ fosx), xeR?, t>0, 0.1)
u(x,0) = up(x), x € R?,

with a constant fy > 0, where ug # 0 is a given radially symmetric bounded
non-negative function with finite total mass, that is,

ni= / up(x)dx < oo. 0.2)
R2

Here, § denotes the Dirac distribution supported at the origin, and thus (0.1) de-
scribes the respective evolution when the chemoattractant is introduced precisely at
the spatial origin, with constant rate fj. In this framework, the question we address
is the following:

Does the source term fy - §(x) reduce the threshold number 87
for chemotactic aggregation into a Dirac singularity?

Our main results in this direction state that the critical mass is actually reduced to
Ue := 8w — 2 fo,

but as compared to the borderline case fo = O this threshold has a slightly different
meaning. Indeed, we shall first prove that for any choice of fo > 0, a global
solution of (0.1) exists in some generalized sense (cf. Definition 1.1); however, any
such solution blows up immediately:

Theorem 0.1. Let fo > 0. Then for all ty > 0 there exists a globally defined radial
weak solution u of (0.1). If fo > 0, then this solution satisfies

Nl LooR2x (19, 19+7)) = O forallT > 0. 0.3)

Now the size of the initial mass, as compared to p., decides whether the above
solution approaches a Dirac singularity, or remains less singular:
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Theorem 0.2.

i) Assume that fy > 0, and that ug satisfies (0.2) with some p > 8w —2 fy. Then
the radial weak solution u from Theorem 0.1 satisfies

u(x,tr) X ud(x) ast — 0o

in the sense of Radon measures over R?.

ii) Suppose that fy € [0, 47), and that ug satisfies (0.2) with some u < 8w —2 fj.
Then for all T > O there exists C(t) > 0 such that for the radial weak solution
u from Theorem 0.1 we have

5
u(x,t) < C(t)lxl_ﬁ forall x € B1(0) andt > t.

In particular, given any p € [1, 4—’;) and © > 0 one can find C(t) > 0 with the
property that

lu(-, Olirs0) < C(r)  forallt > .

Theorems 0.1 and 0.2 can be also applied to the case fo = O to obtain results similar
to those derived in [2], where finite-time blow-up and continuation of solutions for
the supercritical case were described. In this context we also refer to [30], where
certain global weak solutions for the case fy = 0 were constructed. ~We also
mention the recent work [5] which is related to our Theorem 0.1 in that it can be
used to state a nonexistence result for classical, and also for some weak, solutions
of (1.2) in any time interval when fy > 0. However, this apparently does not
immediately entail that (0.3) is valid for the (very weak) solution that we will obtain.

This study is to be understood as a first step towards understanding the behavior
of chemotactic movement under the influence of external sources. One mathemat-
ically interesting open problem is to clarify the behavior in the critical-mass case
w = 8w — fo when fy > 0. Also, allowing for more general source terms f(x),
not necessarily in the radial setting, would be worthwhile being studied, because
it might be thought of as a preparatory step for the corresponding optimal control
problem which targets at approaching a desired distribution of cells after a given
time by suitably adjusting an external application of signal.

Let us remark that clearly v can be expected to be unique only up to addition
of constants. However, since we do not address the uniqueness question for (0.1) in
this paper, we refrain from introducing an extra normalization condition for v such
as f B0 V= 0, because this evidently does not change any of the claimed results.

The paper is organized as follows. In Section 1 the auxiliary problem for the
unknown

J5
W(s,t) = 2/ ru(r, t)dr, s>0,1t>0
0

is introduced and preliminary properties of W are studied. In Section 2 we present
the proof of instantaneous blow-up for fy > 0 (Theorem 0.1). In Section 3 we
address the problem for supercritical mass (Theorem 0.2 (i)). The last section is
devoted to the analysis of the subcritical case (Theorem 0.2 (ii)).
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1. Existence of measure-valued solutions

Following [16], we transform (0.1) by introducing

1
Wi(s,t) = —/ u(x, t)dx, s >0, t>0, (1.1)
7 JB ;0

which in the case of a radially symmetric u = u(r, t) means that we set

Vs
W(s,t) = 2/ ru(r, t)dr, s>0,1>0.
0

We are thereby formally led to considering the degenerate parabolic initial-boundary
value problem

W =4sWo + WW + 2Fo Wy, s>0,1>0,

W(,1) =0, lim We.n=2, >0, (12
§—>00 T
W(s, 0) = Wy(s), s >0,
with parameter
fo
Fy:=—
0 2w

and initial data

J5
MM%=2/ puo(p)dp, s > 0.
0
Observe that if ug is non-negative and bounded fulfilling (0.2) then W, satisfies

(HI) Wy e Wh((0, 00)),
(H2)  Wos = 0in (0, 00), (1.3)

H3) Wo(s) = & as s —> 00,
T

Clearly, in view of (1.1) for each ¢ the function W (-, #) must be non-decreasing,
and if u enjoys the expected mass-conservation property [go u(x,)dx = p then
W(s,t) — % as s — oo. In particular, this means that W is bounded and hence
standard parabolic regularity theory tells us that W is smooth in (0, co) x (0, c0),
because the PDE in (1.2) is uniformly parabolic in each cylinder (sg, 00) x (0, o)
with so > 0. As a consequence, away from the origin we expect the pointwise
identity Wy (s, t) = u(4/s, t) suggested by (1.1), and the only possibility for u(-, t)
to develop a singularity corresponds to a jump of W (-, t) at s = 0 with jump size
determined by W(0+, ¢) := limy\ o W(s, t). Thus, once we are given a possibly
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discontinuous solution W of (1.2) we can reconstruct u according to the measure-
valued identity

u(x,t) = We(|x%, 1) + tWO+, 1) - §(x) (1.4)

for t > 0. For the study of global-in-time solutions of (0.1) it therefore appears to
be natural to act in the framework of Radon measures. To become more precise in
the following definition, we let M2 (R?) denote the space of radially symmetric
Radon measures on R?, that is, the space of all functionals A, radially symmetric
about x = 0, defined on the space C8 (R?) of compactly supported continuous

functions over R?. Here we recall that such a functional A is radially symmetric
aboutx =0 if)»(%) =O0forally =¥ (r, ¢p) € CgO(RZ).

Definition 1.1. Let f; > 0, and assume that ug € L*(R?) is non-negative and
u = fR2 ug is finite. Then by a radial weak solution of (0.1) in R2 x (0, 00) we
mean a function

u € CO([0, 00); Mpaa(R2))

such that the function W : [0, co) x [0, co) defined by (1.1) satisfies W(s, t) — %
as s — oo forall # > 0 and

—/ / ftW—/ ¢, 0)Wy

0 0 0

:4/00 /Oo(s§)ssW - / / §SW2 / / W
0 0

forall ¢ € Cgo([O, 00) X [0, 00)), where Wy(s) 1= %IB[(O) ug(x)dx fors > 0.

(1.5)

In order to construct such solutions of (1.2) by a suitable approximation proce-
dure, we fix a cut-off function y € C°([0, 0o0)) such that x = 0 on [0, %], x =1

on [1,00) and x’ > 0 on [0, 00), and for ¢ € (0, 1) we introduce X(E)(s) = X(%)’
s > 0. Then

x® =0on |0, 51, x® =1on[e, 00) and Xs(a) > 0on [0, 0), (1.6)

and

Ix(‘”|<8 and  [x©] <2 (1.7)

2
are valid with ¢, := || xll2¢(0,00)) + | X" | L>((0,00)) - Moreover,
x®s) /1 ase — 0

holds for all s > O.
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We first make sure that the approximate problems

W,(S) = 4sWs(f) + X(g) (s)W® Ws(s) + 2F0X(8) (s)Ws(s), s>0,1>0,

WE©,1) =0, lim WO, 1) =2, ‘>0, (1.8)
5§—>00 T

WE (s,0) = Wo(s), s >0,

allow for a comparison principle:

Lemma 1.2. Let Fy>0and & >0, and assume that W and W belong to CO([O, 00)X
[0, 00)) N C%1((0, 00) x (0, 00)) and satisfy

W, > dsWys + x O () WW; + 2Fx € (s)W, (1.9)

and
W, <dsW  + xO ) WW, +2Fx© ()W, (1.10)

foralls > 0 andt > 0. Moreover, suppose that the initial data Wo := W (-, 0) and
go = W(., 0) satisfy (1.3) with lﬁsitive numbers [ and L, respectively, and that
Wo = W holds on (0, 00). Then W > W in [0, oo) x [0, 00).

Proof. According to our hypotheses, d := W — W satisfies

d@©O,1) <0 and lim d(s,t) <0 forallt >0
§—>00

and
d(s,0) <0 foralls > O, (1.11)

and subtracting (1.9) from (1.10) yields
Lo w2 _w2 ©
d,§4sdss+5)( (W2 = W) +2Fyx " ds foralls > 0and¢ > 0.

Let&£(d) := (d — y)+ for y > 0; then, multiplying by E( ) and integrating by parts
gives

£2(d) 2 1 x© )
= / =—4 / (@)~ 3 /0 W (e@),

(&) oo (&)
+1/ ’ (s) (W2 - Wz)-s(d)—lf 5O W oW @) (112)
2Jo 52 2 Jo s

% ® 8)
—}—Fo/ ( ) g d) — / ( ) 5 d) forall r > 0.
0 0
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Here the fourth and the last term on the right are non-negative, because X( 9 >0
and W? > W whenever £(d) > 0. Next, by Young’s inequality we have

1 [® y@© .
= f O w2 - (),
0 A

o 1 [>*1 2 =212
54/0 @)’ + 64/ S (W2 =) g

and

LX), —2 1 (&%) 1 1 ) =212

— wW-—Ww d)<- — wWe—Ww . )
2/0 2 w )E( )_4/0 B +4/% e (W )" Xidsy)

for )((5) = 0on [0, %] and 0 < X(S) < 1. By means of the estimate

W) =+ WP (S @z @ - v+ v) nta= )

b4
. i |52} .
valid for ¢ := 2(=—)~, from (1.12) we thereby obtain

00 £2 00
1d §°(d) < a £2(d) Lo 0 g2 (d) 2 g2 (d)
2dt Jo s 64 52 4 :

£2(d)  c1y? / ds c1y? / ds
F — —
+ O_/% 52 + 64 Je 52 + 4 Js s3

oo 2d
562/ g()—l—(:gyz forallt > O,
0 N

where ¢ i8S a positive constant possibly depending on ¢ but not on y . It remains to
integrate the resulting ODE, to recall (1.11) and to let y — O to infer that d; = 0,
which implies the claim. O

We next prove that the approximate problem (1.8) is uniquely solvable in the
classical sense:

Lemma 1.3. Assume that Fy > 0, and that Wy satisfies (1.3) with some u > 0.
Then for each ¢ € (0, 1) there exists precisely one function

w® e (0, 00) x [0, 00)) N C>1((0, 00) x (0, 00))

which satisfies (1.8) in the classical sense.
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Proof. Since uniqueness trivially results from Lemma 1.2, we only need to prove
existence of a classical solution. To achieve this, for § > 0 we consider the degen-
erate parabolic problem on a bounded interval,

WoS = aswsD 4 @ (5w wED
F2Fx @ ()WY, s€(,S8), t>0,

WES©0, 1) =0, WEI(S, 1) = Wo(S), t>0, (1.15)
WES)(s,0) = Wo(s), s €(0,5),
and the uniformly parabolic regularizations thereof given by
WS = 4(s + Wi
+x© () WESm &S m
+2Fox @ ()W, 5€(0.8), 1>0,  (1.14)
WESM©,1) =0, WESD(S, 1) = Wo(S), t >0,
WESD (5,0) = Wo(s), s €(0,S9),

where n € (0, 1). By standard parabolic theory, (1.14) admits a classical solution
weSn e €010, S1x [0, 00))NC>1([0, S]x (0, 00)), which is global in time and
bounded, because the inequalities 0 < Wy < % along with the maximum principle
entail the uniform two-sided a priori bound 0 < WS- < “ . In conjunction with
parabolic regularity theory ([21]), this moreover provides umform estimates for the

family (W &S-m) ne(0,1) in the spaces CloC ((0, §1x [0, o0)) and CIOJCr I+ (0, ST x
(0, 00)) for some 6 > 0. Thus, the Arzela-Ascoli theorem enables us to extract

a sequence of numbers n; \ O such that wesn 5 weEs) iy C (00, 8] x

[0,00)) N C]OC (0, 81 x (0,00)) as n = n; — 0 for some limit functlon wES)
which can easily be seen to satisfy the first and third lines in (1.13) as well as
WES(S, 1) = Wo(S, t) for all + > 0. In order to obtain continuity also down to
s = 0, we use that by (1.6) and (1.7), x©(s) < “ forall s > Oand ¢ € (0, 1),
whence

WI(S,SJ]) < 4(s + n)wg(s&syﬂ) + CSSWS(E’S’W)

holds in (0, S) x (0, 00) with C, := (£ + 2F), because WS < £ Using
W(s, t) :=ci %! - s with ¢1 := || Wo, | Lo ((0,00)) @s an upper comparison function
here, we find that

WESM (s, 1) < c1eC’ -5 in[0, 00) x [0, 00) foralle € (0,1), S >0

1.15
and n € (0, 1). ( )

Accordingly, the convergence W&5" — W5 ig actually locally uniform in
[0,00)x[0,00) and W &%) also satisfies the desired boundary condition w8 0,1) =
Oforall t > 0.
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Next, since (1.15) implies that W(S’S)(s, 1) < ci €€t . s in [0, 00) x [0, c0)
forall e € (0,1) and § > 0, we may follow a similar reasoning to find a se-

quence of numbers Sy — oo such that WES) . W@ jp C%C([O, o0) x [0, 00)) N

Clzoc1 ((0, 00) x (0, 00)) as Sx — oo, where W) is a non-negative function solving
(1.8) in the classical sense. Note here that since Wy, > 0, the maximum principle
ensures that Ws(g’s’n) >01in (0, S) x (0, 00) foralle € (0,1),S >0andn € (0, 1)
and hence limy_, o W€ (s, 1) exists and coincides with limg—g, 0o W& (S, 1) =
limy_, oo Wo(Sx) = £ forall 7 > 0. O

We can proceed to prove global existence of a weak solution of the original
problem in the radial framework:

Lemma 14. Let fo > 0 and assume that ug € L®(R?) is radially symmetric,
non-negative and satisfies (0.2). Then there exists at least one radial weak solution
u of (0.1) in the sense of Definition 1.1. More precisely, the solutions W of (1.8)
increase to a limit W as ¢ \( 0, and u as defined by (1.4) solves (0.1) in the claimed
sense.

Proof. Using that x® 7 1in (0, 00) as & \ 0, we see by comparison that W (¢-5:7
is nonincreasing with respect to ¢ € (0, 1). Accordingly, we have

WE AW in(0,00) x (0,00)  ase \ 0 (1.16)

with some limit function W which, as an easy consequence, satisfies the bound-
ary condition W(s,t) — % as s — oo for all ¥ > 0. Moreover, if we fix
¢ € C§°([0, 00) x [0, 00)) and test (1.8) by ¢ to obtain an obvious analogue of
(1.5) for ¢ > 0, by (1.16) we can take &€ N\ O in each integral to arrive at (1.5) in the

limit. 0

Adopting a notion introduced in [10], in the sequel we shall call the function
W defined through (1.16) the proper solution of (1.2).

Applying Lemma 1.2 to appropriate solutions of (1.8) and taking limits, we
easily obtain the following favorable comparison property of proper solutions:

Lemma 1.5. Suppose that Fy > 0 and that W and W are proper solutions ema-
nating from Wq and W, where Wo and W, satisfy (1.3) with certain t > 0 and
w > 0, respectively. If Wo > Wy in [0, 00) then W > W in [0, 00) x [0, 00).

For later use, let us provide a statement on time monotonicity of some proper
solutions of (1.2):

Lemma 1.6. Assume that Fy > 0 and that Wy satisfies (1.3). Moreover, suppose
that there exists so > 0 such that Wy = 0 in [0, so], that Wy € C2([so, 00)) with
lim infs~ g, Wos(s) > 0, and that

4s Woss + WoWos +2FogWos > 0 in (sp, 00). 1.17)
Then the proper solution W of (1.2) fulfils
W, >0 in (0, 00) x (0, 00). (1.18)



CHEMOTAXIS SYSTEM 843

Proof. By construction of x© for all sufficiently small ¢ > 0 we have
1(s) := 4sWoss + X WoWos + 2Fox ' Wos = 0

in the sense of distributions over (0, c0), because /(s) = 0 for all s € (0, s9) D
(0, €), since I (s) > O for all s € (sg, 00) by (1.17), and because lim infy\ s, Wo; (s) >
0 = lim sup, Jso Wos (). Therefore, a standard reasoning (see [27, Ch. 52]) allows

us to conclude that the solutions W) of (1.8) satisfy W,(g) > 01in (0, 0co0) x (0, c0)
for all ¢ € (0, 1), from which (1.18) easily follows. O

2. Instantaneous blow-up

It is the purpose of the present section to make sure that, in a sense to be specified
below, the spatial derivative W; of the proper solution W of (1.2) blows up imme-
diately, and that hence so does u. In order to prepare this, we state two auxiliary
lemmata, the first of which can be regarded as a variant of Gronwall’s lemma:

Lemma 2.1. Suppose that ® € WIL’COO (R) is non-decreasing, and that for some

t1 € R,T > 0and c € R we are given two functions y € CO([t1, t; + T)) and
z € CY(t, 1 + T)) such that

t
y(@)>c +/ D (y(1))dt forallt € (t1,t1+T) 2.1
3|
and
() =®(z(t)) forallte (t,t +T)
Z(tl) =_cC.
Then

y(t) = z(1) forallt € (t1,t; +T). 2.2)

Proof. Forn > O we letz;, € C Y[, 11 + T}))) denote the maximally extended
solution of

runz¢@ﬂm, t et + Ty, 03

2y (tH) =c—n.
Then by a continuous dependence argument we have limsup,\ o 7, > T, and hence

for proving (2.2) it is sufficient to show that y(¢) > z,(¢) forallz € [#1, 1 —f—fn) with

f,] :=min{7, T,,}. Indeed, if this was false then there would exist 1, € (#1, #] + fn)
such that y > z,, on [#1, ) and

y(t2) = zy(12). (2.4)
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Integrating (2.3) and using the monotonicity of ® along with (2.1) we then would
obtain

[5)

(zy()dt <c—n+ / P (y(@)dt

n

15}

Zn(tZ):C_n+/

151

1
<c+/2<1>(y<f>>dfsy(rz>,
1

which contradicts (2.4) and ends the proof. O

Next, by explicit construction we provide a family of time-independent func-
tions that will essentially play the role of test functions for (1.2) in the proof of
Lemma 2.3 below:

Lemma 2.2. Let Fy > 0 and let § € (0, 1) be such that § > 2}F O Then there exist
positive constants a, b, &, kg and Ko such that for any choice of y > 0 the function
© =" (0, 00) — (0, 00) defined by

a _s . §
55— b ifO0<s < —,

p(s):=17 4 2.5)
e*)/S l]‘ Ky Z -

belongs to Wl%,’coo((O, 00)) and satisfies

4dspss + (8 — 2Fy)ps > koy o a.e.in (0, 00) (2.6)
as well as 5
[0 0)
K
/ o) s < K0 2.7
0 los(s)l 14

Proof. Given Fy and &, we fix ¢; > 0 large enough fulfilling ¢ > Fo + 26 — 4, so
that

_a+4—-F
§i=
satisfies & > §. Therefore
8+1
a:= S—e_‘é and b:= <§ - l)e_s
8 3

are both positive. Now defining ¢ as in (2.5), we have

(é)*a Ly B e e (% )t et

) a
hmgo(s):—(s- > 5

s/‘% 14
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and hence ¢ is continuous on (0, co). Since moreover

)
—a—és_‘s_1 if0<s <=,
— 14 8
ps(s) = (2.8)
—ye VS if s> =,
14
we find
S —5—1
lim gy (s) = — = - (é) = —y&Tle g0 =yt
s/’% 14 14

and we infer that also ¢; is continuous on (0,00) and therefore clearly ¢ €
Wli’coo((O, 00)). A further differentiation of (2.8) shows that for large s

4sgss + (8 — 2Fp)ps = 4dy’se™”* — (8 —2Fy)ye "’
= [4ys — 8+ 2Fylye "’
> [46 — 8+ 2Fylye™"* 29)

=2c1yp(s) for all s > i,
14

whereas for small s

4as(6+1) _5 | (8—2Fp)as _,_
4s§0S‘v+(8—2F0)(ps = ¥S 1) l_ﬁs s—1

y® y®
4aé 2 — F
= %(8 — —O)S_a_l
y 2
4aé 2 — F
> %(8— 0)-15_5 foralls<§,
14 2 3 14
because § > 2_2F°. Since b > 0, on the other hand we have ¢(s) < %s"s and

therefore

2—-F
46(5— 3 ) £
-y () foralls < =.
§ Y

Combined with (2.9), this establishes (2.6) upon an obvious choice of kg, so that it
remains to prove (2.7) for suitably large Kq. To this end, we compute

0o 2 1 00 1
/ O gy = —/ e VSds = —e7k (2.10)
£ £
14

4spss + (8 — 2Fp)ps >

s (5] Y Y
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and estimate, again using the positivity of b,

a’ 28
£ 5 § —8 2-5
/V "’(s)ds</y A L S 2.11)
0 les(s)] 0 @s_sq 52 -3y
)
Evidently, (2.7) is a consequence of (2.10) and (2.11). O

We are now in the position to state our key result in respect of immediate blow-
up:

Lemma 2.3. Suppose that Fo > 0 and that Wy satisfies (1.3) for some pu > 0.
Then for any positive o > % and each to > 0 the proper solution W of (1.2)
satisfies
Wi(s,t)

=00

sup forall T > 0. (2.12)
s>0,1€(ty,t0+7) s
In particular, we have
||Ws||L°°((O,oo)><(t0,t0+r)) =0 for all T > 0. (2.13)

Proof. If the lemma were false, there would exist « > 27; 0t >0andc; > 0

such that

W(s,t) <cis® foralls > 0andt € [1y, to + T]. (2.14)

Our goal is to show that then there exists some large y such that, with ¢ = <p(7’)
taken from Lemma 2.2, the function

y(t)::/ e()W(s,hds, t>0, 2.15)
0

blows up before ¢ = 1y 4 t. To this end, we note that since o > Z_ZF 0 and Fy > 0,
we can fix § € (0, 1) such that

<« and S > (2.16)

and then let the positive constants a, b, &, ko and K be as provided by Lemma 2.2.
We next pick « > 0 small fulfilling

kot
so that with # := #o + %, the number

2= Wk, 1), (2.18)
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is positive. We here use the fact that W is positive in (%, co) x (0, c0) by the
strong maximum principle applied to (1.2), which in fact is uniformly parabolic in
(5., 00) x (0, 00). Finally, we let y > 1 be large enough fulfilling

(2.19)

§
V==
K

and
ko Ko

2

1+ LKV < eV (2.20)

Upon these choices, we let ¢ := (p(V) be as given by (2.5) and, for ¢ € (0, 1), we
multiply the PDE in (1.8) by ¢(s)x ©)(s). For arbitrary

T 221)
an integration by parts over s € (0, sp) yields

d ¥ (e) )
ar o) x O WE (s, t)ds

S0 1
:fo wx(”'{4SW§§)+Ex(s)((W(”)z)s+2Fox(€>W§8)}
(2.22)

S0 1 S0
=4 / (592 s W = 3 / (px?) (w2
0 0 s
K
—2Fo / (H?) WO + By
0

with

1
B(1) = {4S<px(” W = 46ex W + So( ) W)?

K

+ 2Fo<p(x(8))2W(8)}

0
for t > 0. Here we calculate

(sox )y = 50509 + ox @ + 501

and

(s0x g5 = 5055 x @ + 205 x @ + 25050 + 20x ) + 501D (2.23)
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as well as
(eX?) = o) +20x 1. (2.24)

Thus, since x©) = 0 on (0, %) and x® = 1 on (e, 00) 3 50, the boundary terms in
(2.22) become

B(t) = 4sge™ 7% WS(E) (50, 1) + 4[ysoe V0 — V0] . W (s, 1)

1 2 ,
+5e—m(w<€)(so,t)) £ 2F0e VOW® (s0.1)  fort > 0.

Recalling that Ws(e) > 0, dropping the non-negative terms we thus find that

B(t) > 4(yso — 1)e 7 OW® (s, 1)
>0 forallt > 0

due to (2.21). Therefore, using (2.23) and (2.24) in (2.22) we obtain

d S0 ) S0
o fo w(S)x(e’(s)W‘s)(s,t)ds24/0 spssx OWE 18 /O s x O W

) 50 5
+ 8/ s x O WE 4 8/ oxOWE & 4/ sox O W
0 0 0

1 [% %
[ pxror - [ oo

(2.25)

S0 S0
— ZF()/ (DS(X(S))ZW(S) _ 4F0/ (DX(S)XS(S)W(S)
0 0
50
= / {4505 + 80 = 2Fog x| - x @ W®
0

1 50
-3 f os(XEWEN2 £ [1(1) + L(t)  forallt > 0,
0
with
S0
L) = / {8s<ps +8p —px®wW® — 4F0g0)((€>} xOwWe
0

and

50
h(t) =4 / spxs W,
0
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&

Now using that x\* < Z, P 2

C . .
)| < €_>2c and x;' = 0 on (g, 00), in view of our

hypothesis (2.14) on W and the facts that we < w < % and x© < 1, we can
estimate

&
C
o = = [ fssid+ Lo+ arip) - - aseas
0

85+ L +4Fola [*
> _Sxer [ 7 - o] / g8t g forallt € (¢, 10 + 1)
3 14 0

and similarly

dcyc1  a €
()| < X2 L. = / sl forall ¢t € (to, o + T)
€ 14 0
whenever ¢ < % because in that case we know that 0 < @(s) < %s“s for all

s € (0, ¢). Since § < a, we conclude that there exists ¢3 > 0 such that
L(t) + (1) > —c3e*°  forallt € (t, to + 7). (2.26)
Next, the property (2.6) of ¢ implies that
45@ss + 8¢s — 2Fops x© = koyp + 2Fops(1 — x®)  ae.in (0, 00),

so that altogether an integration of (2.25) shows that
)
y &30 (1) :=/ o) x O WO (s, n)ds, 1 >0,
0
satisfies

t )
YOO @) = YO0 (1) + koy f / oxOW®
t1 JO
r rso
+2F0// g5 (1= x O we
1 JO

1 t rso
-3 / / s (X 2W O — 3627 (1 —11) forall 1€ (nr, 19+7),
1 JO

provided that ¢ < % Invoking the dominated convergence theorem along with the

exponential decay of ¢(s) and ¢, (s) as s — 0o, we may take sg ' oo to see that
YO := [57 o) x O ()WE (s, t)ds, t > 0, fulfills

I dee t roO
YO0 =y @) + koy / / ox@W® +2F, / / os(1 = x ) xOw®
D o 2.27)
N2 (62 a—s
—5// ©s (X)) (W) —c3e7°-(t—1y) forall t e (¢, 1o+ 7).
11 J0
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Here, since for some ¢4 > 0 we have
)1 = XD POW (5, 0] < les )W (s, 0] < e+ 57707 o7

for alls > 0 and t € [f9, 10 + 7], by (2.14) and the definition of ¢, one more
application of the dominated convergence theorem asserts that

t o0
2F0/ / os(1 = x)x@OWw® 50 ase \ 0
31 0

forallz € (#1, 9 + 1), because § < «. In the remaining terms making up (2.27), we
apply the monotone convergence theorem in taking ¢ N\ O to conclude that again
since & > §, the function y defined by (2.15) satisfies

t o0 1 t oo
y(t)zy(t1)+ko)/// wW—E// o W2 forallt e (1, fo+7), (228)
1 J0 fn J0

because x " 7 1 on (0, co) and W) /" Win (0, c0) x (0, 0o). In order to take
advantage of the quadratic term in (2.28), we employ Holder’s inequality and (2.7)

to see that
0 2 o 2 0
@
YA = (/ qu) < (/ )(/ |<psIW2>
0 o losl 0
= —- los|W forall + > O,
Y 0

and thereby (2.28) becomes
t 2 '
y(t) > y(t) + koy/ y()dt + < / y2()di forallt € (11,19 + 7).
131 0 I3
Consequently, Lemma 2.1 states that
y(t) = z(1) forallt € (t1, to + 1), (2.29)
where z is the solution of
7 = Az + BZ2, t>1,
z(t1) = y(),
with
A =koy and B = —. (2.30)
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The solution of this Bernoulli-type initial-value problem is explicitly given by

() = ! , te(t,h+7), (2.31)

<L + E) e—A(l—tl) _ E
ym) A A

with its maximum existence time determined by

|
T=—ln (1 n By(t])).

Now by (2.18) and the fact that Wy > 0, we can estimate y(¢;) from below accord-
ing to

oo oo

. c _
e Vids = =e 7,

V) = /0 o)W (s, 11)ds = c2 / o(s)ds = c2 /

K K

because (2.19) ensures that ¥ > % and hence ¢(s) = e~V for all s > «. Thus, by
(2.30) and (2.20) we have

1 k 1 ko K
Tf—-ln 1+20—J/ :—-ln<l+Me"7’)
koy Y. . koy 2

. Z.e kY
Ko vy
1 2K
< — In(e*7) = —.
koy ko

But in light of (2.17) this means that 7 < %, so that (2.29) and (2.31) entail that y

blows up before oratt =#; + 7 =t + %. Since § < 1 and hence ¢ is integrable
over (0, co), this is evidently incompatible with the boundedness of W and thereby
proves that the assumption (2.14) must have been false. O

Proof of Theorem 0.1. The conclusion results upon a reformulation of Lemma 2.3
in terms of u rather than W. O

3. Formation of Dirac-type singularities when . > 87 — 2 fj

In this section we shall see that if © > 8w — 2 fj then u will asymptotically exhibit
a Dirac-type singularity at the origin. As a first step towards this, let us explicitly
construct initial data such that the corresponding solution of (1.2) will lie below W,
but will be increasing with time.
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Lemma 3.1. Suppose that Fy > 0, and that (1.3) is satisfied with some
uw > 8t —4nFy. 3.1

Then for all positive ji € (8w —4m Fy, ju) there exist so >0 and W, € W0, co)N
c([0, 00) \ {s0}) such that Wy = 01in [0, so], lim infy\ 5, W, (s) > 0, Wy (s) — %
as s — 00, and such that

4sWoss + WoW, +2FoWo, =0 in (so, 00) (32)

as well as
W, < W in (0, 00). 3.3)

Proof. Abbreviating a := %, from (1.3) we know that there exists some large 51 >
0 such that
Wo(s) > a for all s > s7. 34

Since a > 8 — 4 Fy by assumption, both

1
bi=—— 3.5)
2(a +2Fy—4)
and F 4
a—+ -
B = + (3.6)

are positive and moreover b < . Therefore we can pick some small ¢ > 0 such
that

1
1 B
——b
so:= |4 > s1. (3.7)
c
We now let
0 if s € [0, so],
Wy(s) :== 1 .
a— —— s > 50,
b+ csP 0

and we see, using (3.7), that W, has the claimed regularity properties, whereas (3.4)
and (3.7) guarantee that W, < Wy on [0, 00). Furthermore, computing

BesP1
Eos(s) = m and
B(B — DbcsP=2 — B(B + 1)c2s?P 2

(b + csP)3

EOSS (S ) =
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for s > 50, we see that liminfy\ g, W (s) > 0, and that for s > s,

4s W5 + WoWo, +2Fo W,

B m ' {4ﬂ<ﬂ — Dbes? ™! —4(8 + 1?5
+[ab +acs5 — 1] -ﬂcsﬂ_l + 2/3CF0Sﬁ_1 (b +cs’3)}
- m : {ﬂC- [4(/3 —Db+ab—1 +2Fob] LgB1

+Bc2- [—4(ﬁ+ 1) +a+2Fo] -szﬂl}.

According to (3.5) and (3.6), it can be easily checked that
—4B+1)+a+2F =0 and 4B —1)b+ab—1+2Fyb =0,
whereby (3.2) follows and the proof is complete. O

The following statement will be useful in identifying possible limits of solu-
tions of (1.2) as ¢+ — oo in Lemma 3.3 below. It rules out non-trivial steady states
Y of (1.2) having their ‘mass’ lims_, o ¥ (s) larger than 87 — 4x Fp.

Lemma 3.2. Let Fy > 0 and assume that ¥ € C>((0, 00)) is a non-negative solu-
tion of
0=4syss + ¥ ¥s + 2F0Ys, s >0, (3.8)

with the additional properties s > 0 on (0, 0c0) and
vi) B ass o (3.9)
T

with some u > 0. Under these assumptions

u > 8w —4n Fy, (3.10)
then
=2 0. ). (3.11)
T

Proof. We may confine ourselves to the case ;> 0, in which we substitute s = =%
and let

2&) =y ®), £eR.

Then computing

Uy = —ebze and Yys = €% (zeg + z¢)s
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from (3.8) we obtain
— es . (4Z$§~ +4Z§ —2%E — 2FOZ§)3 %- € R’

which shows that if we write o 1= 2;F 0 we have

1 2
0 =4zge +4oze — 22 = (415 + 4oz — Ez >€ on R.

Therefore there exists ¢ € R such that 4z¢ + 4oz — %zz + 4c¢ = 0 or, equivalently,

1
ze = —az + §z2 —c¢ onR (3.12)

By (3.9), c is determined by taking & — —oo and thus satisfies

1 2
C:_a.ﬁ+_.<ﬁ> :i.(_8+4Fo+ﬁ)>o (3.13)
T 8 \m 8 T

according to (3.10). Using that ¢4 > 0, we have z¢ < 0 on R and hence an ODE
argument applied to (3.12) shows that z(£) \( zeo as § — +00, wWhere 7o, must be
a steady state of (3.12) and thus satisfy

12
0=—ozzoo+§zoo—c,

that is,

Zoo € {4a + v 1602 + 8¢, 4o — v/ 1602 +8c} = {ﬁ, 4o — /1602 + 8c}.
T

Since 4a < +/16a2 + 8c by (3.13), this means that 7o, = % and therefore z must
be a constant, as claimed. O

The following lemma prepares the main result of this section.

Lemma 3.3. Let Fy > 0 and suppose that (1.3) is fulfilled with some
uw > 8w —4nFy. 3.14)
Then the proper solution W of (1.2) satisfies
W (s, 1) —>% ast — o, (3.15)

the convergence being uniform on compact subsets of (0, 00).
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Proof. We let § > 0 be given and fix a positive 1 € (87 — 47 Fy, u) close enough
to w such that
S §
T 7

(3.16)

Applying Lemma 3.1 provides a minorant W of Wy with the properties listed in
that lemma. According to Lemma 1.5 and Lemma 1.6, the corresponding proper
solution W satisfies W < W in [0, co) x [0, c0) and

w, >0 in (0, 00) x (0, 00). (3.17)
Since W < % in [0, co) x [0, 00), in view of (3.16) and the monotonicity of W with

respect to s, it is sufficient for proving (3.15) to show that

W(s, 1) 7 % ast — 00 (3.18)

for all s > 0. To this end, we note that due to (3.17) we have
W(s,t) /g(s)  ast — 00 (3.19)

with some non-negative limit function ¥ that clearly is non-decreasing on (0, co0)
and satisfies Y < % on (0, co) as well as

v(s) / % as s — 00. (3.20)

Since W solves the PDE in (1.2) classically in (0, co) x (0, c0), parabolic estimates
ensure that the convergence in (3.19) is locally uniform in (0, co) x (0, co), which
entails that ¥ is smooth in (0, co) and solves

0 =4sss + s + 2F0s in (0, 00).

Along with (3.20) and the fact that i > 87 — 47 Fp, in view of Lemma 3.2 this
means that v = % and thereby establishes (3.18). O

Proof of Theorem 0.2 1). The assertion is precisely that of Lemma 3.3, restated in
the original variables. O]

4. Emergence of mild singularities for . < 87 — 2y

In order to complete our identification of the number © = 87 — 2 fy as a critical
mass in (0.2), in this section our goal is to show that if the cellular mass is below
this threshold then the singularity of the solution will be comparatively mild in the
sense that u(-, #) remains bounded in some L? space for all times. To begin with,
we establish an upper bound for W near s = 0 that is independent of  and &:
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Lemma 4.1. Suppose that Fy € [0, 2), and that Wy satisfies (1.3) with some
u < 8w —4nFy. “.1)
Then there exists C > 0 such that for all ¢ > 0 the solution of (1.8) fulfills

2—F
W (s, 1) <Cs =  foralls >0andt > 0. 4.2)
Proof. Writing « := 2_2F° ,for a > 0 we introduce
o
YO = —p—. 520, 43)
1+ S—Sa
o
and compute
@ aas®!
Y5 (s) 4.4)

and |
a(l —a)as? 2+ g(a + 1)a2s2e-2

4 L)

+ —s"‘)

( 8«

for s > 0. We observe that 1@ (s) increases both with s and with a, and that

v @) 8  asa — 00

for all s > 0. Since Wy(s) < % < 8a for all s > 0 by (4.1), and since

OEE

4.5)

liminf (@ (s) = 400 as a — oo,
sN\O0

from the fact that Wy, € L

e ([0, 00)) we easily infer that for some large a > 0 we
have

Wo(s) < ¢ @(s)  foralls > 0. (4.6)
Now by (4.4) and (4.5), we find that
—4a(l —a)as*! — %(a + 1)612s2"‘_1
(1+g5)’
as® - aas®!  2aaFys®! 4+ %azFosm_1
(r&) | (&)
1

= m . {aa[ —4(1 —a) + 2F0]Sa_l
8o

45yl + Dyl L 2Ryl =

1 1
—|—a2|:— z(oz +D)+a+ ZFO]SZ“_I}

=0 foralls >0
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because of the definition of «. Since 0 < x©) < 1 and ws(a) > 0, this entails that
—4sy$ = xOY YD —2F Oy =0 in (0, 00)

and hence ¥ (@ is a stationary supersolution of (1.8). Therefore in view of (4.6), by
comparison we infer that WES (s, 1) < w(“)(s) and hence

W (s, 1) < ¢y D(s) foralls > Oandt > 0.
Using (4.3), from this we immediately obtain (4.2). ]

Using a Bernstein-type technique, from the above result we can derive the
natural analogue for the spatial derivative of W:

Lemma 4.2. Let Fy € [0, 2) and suppose that (1.3) is satisfied with some p <
8w —4n Fy. Then for all t > 0 there exists C(t) > 0 such that the proper solution
W of (1.2) fulfills

F
Ws(s,t) < C(t)(l + s_70> foralls >0andanyt > t. 4.7

Proof. Since in (%, 00) x (0, co) we know that W is a bounded smooth solution of
the uniformly parabolic PDE in (1.2) , interior parabolic regularity theory ensures
that Wy is bounded in (1, co) x (t, 00), and hence we only need to establish (4.7)
fors € (0, 1] and ¢ > 7. For this purpose, we fix ¢ € (0, 1) and let the non-negative
function Q = Q(s, t) be defined through the substitution

WE (s, 1) = Q*s,1), s>0,1>0.

Then, using (1.8), we compute

200 = 452004 +209) +2x'9 00, +4Fox ¥ 00,
and thus we have

2
0, = 45 Qs +4s% +x©0%0, +2Fyx®0Q;,  fors >0andt > 0.

By further differentiation,

Qs st Q? Q? ) n2

—43@4-464')( Q st

+2x9 002+ x® 00, +2Fox® Qs + 2Fox® Qs
fors >0andt > 0.

Ost =45 Q55 + 4055 + 8s
4.8)

We now fix z € C*°([0, 00)) such that z(0) =0,z = lon[t,00) and0 < 7/(¢) < %
forall + > 0, and let

() := (s(z — s)2>8, s €0,2], 4.9)
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with
_ Fo+2

(4.10)
Then
g(s, 1) ==z(¢(s)Q%(s,1),  s€l0,2], £ >0,

vanishes at s = 0, at s = 2 and whenever ¢t = 0, so that if for some 7 > 0, g attains
a positive maximum over [0, 2] x [0, T'] at some point (so, #p) € [0, 2] x [0, T],
then necessarily so € (0,2) and #9p € (0, T'], and hence gy =0, ggs < Oand g; > 0
hold at this point. Since

8s = 228 Qs Qg + 285 Qsz and
gss = 228 Qs Qss + 220 Q2 + 420,05 Qg5 + 2855 02,

at (so, fp) we thus have Q3 = — 5'2% and therefore by (4.8)

Qs Qs 0 0
Q

O§g,=z’§Q?+2z§Qs- !45sts +4Q55 +8s——— —4s @4'46

+x@ 0205 +2xP 002+ 1P 0?05 + 2Fox@ Qys

+2Fox§8>Qs}
= Z/é.' Q? +4s - {gss —2z¢ Q?s — 4283 Q5 Ogs — 2855 Qz}
0, Qss o} 0 . .
+2z{Qs-{4st+8s o %k @+4Q +x90%0+2x 007

x& 0?05 4+ 2Fox® Qg5 + 2Fox Qs}

z/;Q§+4s-{—2z; (- §SQ°‘)2—4z;xQx (- QQS) —zcssQf}

<
- 2L 2L
£ Qs o} £5 05 Q3 0?
© 2. (_ 59 © (©)
Hx90 (=50 )+ oo+ e,
+2Fx @ (- g;Q‘) 2R ® 0, }
. % 0}
=7¢0? 2sz Q +8sz§Q — 4578, Q2 — 428,02 832§s6
05 0] 4© ©) ©) . r 0202
—8sz CQ—+8§Q 25,0707 +4x©20 003 + 25922 0% 07

—2Fyx®z2,0% + 4Fox® 22 Q2.
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Rearranging this shows that at (s, #p) we have
4 8sz

Q2 - { &, 8¢ 8z¢

0 0 0

2
+{z/g“ + 6sz%s — 4528y — 428 — x 28,07 + 2420 07

8sz¢ +4 (8)Z§Q} -0}

—2Fox®z¢, + 4F0Xs(€)z§} Q2

or, equivalently,

(&)
z;Q?S{_z§SQ+z£Q+X ZgQB}'Qs
s 2s
1 2 ;
+e- {z’5Q2+6z%‘Q2—4z;ssQ2—4z%Q2 4.11)

X220t 2, ZQ“—zFox(‘”z%Q2+4Fox§’”~7»§QZ}'

Now Lemma 4.1 says that there exists ¢; > 0 such that Q(s, t) < cls 4 , that is,
2-5

O(s,t) <c1s2 foralls >0andt >0 4.12)

in view of (4.10). Notice that W) > 0 implies Oy, > 0. Using (4.12) and the
facts that X(S) < 1 and z < 1, on the right of (4.11) we can estimate by Young’s
inequality

{ §Q+X(ZZ§Q3}~Q % £ 0; +z -0 (1+%Q2)2
o Ol (sF) (141 g Y (4.13)
1

1 2
=250 +4 e (1 +3c P22

because ¢(s) < (4s)? and we know that sy € (0, 2). Next, we observe that from
(4.9) we easily see that ¢, > 0 for s € [0, %], and that since § > 1 there exists
¢y > 0 such that

57 (s)
Z(s)
Since Qg > 0, the remaining term —z¢; QO O obtained from the first bracket in

(4.11) is non-positive for s < % whereas for s € (%, 2) we again use Young’s
inequality to find

125 ()] <251, 1255 (5)] < c25%7% and <5972 forallse(0,2). (4.14)

1
24,004 < ZZCQS +z—Q2
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In view of (4.14) and the boundedness of Q we conclude that at all points we have
the upper estimate

1
~26,00;5 < ;¢ 0% +¢; (4.15)

for some ¢3 > 0. In conjunction with (4.12), (4.14) also entails that there exist
c4 > 0 and ¢5 > 0, depending on 7 only, such that

1 2 s s
—-{z/£Q2+6z—§S 0% —4z¢,, Q2—4z;—Qz—x(s)zg—Q4—2F0x(€)z£Q2}
8 s e s s s

<y {Séfl 28 4 20-D=8 (228 | (82 (26 4 (82 (25 (4.16)
102 5220 —I—O} < cs

whenever s € (0, 2). Finally, recalling that our requirements on x *) were such that

¥ =0on (g, 00) and ¥ < L, we obtain

1
8

1 1
< - {_ el 20 L et s
& &

{2;@%% 0* +4F, X}”z% Q2}
(4.17)

for all s € (0,2) with appropriately large ¢g > 0 and ¢7 > 0. All in all, from
4.11), (4.13), (4.15), (4.16) and (4.17) we infer that there exists cg = cg(t) such
that g(s,?) < c¢71in (0,2) x (0, T), which since T > 0 was arbitrary entails that
e 02 < ¢gin (0, 2) x (1, 00). Rewritten in terms of W ®), this means that

(W, t)>2 — 40%(5. QX5 1) = des - — - QX(s.1)
£(s)

s 2.2 2-26

<dcg-s°-cys - = 4C%C8S foralls € (0,1]and ¢ > T,

because £(s) > s® forall s € (0,1]. As2 —28 = —Fp by (4.10), this shows the

validity of (4.7) for s € (0, 1] and ¢ > t and thereby completes the proof. O
Proof of Theorem 0.2ii). The statement is an immediate consequence of Lem-
ma4.2. O
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