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The Evolution of the Scalar Curvature
of a Surface to a Prescribed Function

PAUL BAIRD - ALI FARDOUN - RACHID REGBAOUI

Abstract. We investigate the gradient flow associated to the prescribed scalar cur-
vature problem on compact Riemannian surfaces. We prove the global existence
and the convergence at infinity of this flow under sufficient conditions on the
prescribed function, which we suppose just continuous. In particular, this gives
a uniform approach to solve the prescribed scalar curvature problem for general
compact surfaces.
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1. — Introduction

Let (M, go) be a compact Riemannian surface without boundary with scalar
curvature Rp = Rg,. A conformal change of the metric gy produces a metric
g =e*g having scalar curvature

R =R, =e (=2A¢u + Ry),

where Ag = A, is the Laplace-Beltrami operator with respect to the metric go.

The prescribed scalar curvature problem is to find conditions on a given
function f : M — R in order that it be the scalar curvature of some metric g
conformal to go. The corresponding partial differential equation to be solved
for u, is

(1.1) f=e M(=2A0u + Ry).
Necessary conditions on the function f, which are stated in (1.5) below, are
needed for the solvability of Problem (1.1). There is an extensive literature

concerning sufficient conditions on f which guarantee a solution. For instance,
in the negative case: Ry < 0, we refer to Aubin [1]-[3], Bismuth [5] and
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Kazdan-Warner [17]. In the positive case, when M = S2: this is the so called
Nirenberg problem. It was first solved by Moser [19] for an even function f
(in other words when M = IP>(R), condition (1.5)(iii) stated below is neces-
sary and sufficient). Next, Chang-Yang [7] gave a corresponding version of
Moser’s result for functions satisfying a reflexion symmetry about some plane
f(x1,x2,x3) = f(x1,x3, —x3) under further hypotheses on f. When f is a
smooth rotationally symmetric function, sufficient conditions are given in [10]
(see also [9] and [23]). For more general smooth functions, there is much
interest in the problem (for more details see for example [6], [7], [8], [11] and
the references therein). In particular, Chang-Gursky-Yang [8] obtained several
results dealing with functions f under sufficient conditions on nondegenerate
critical points together with assumptions on the topological degree of a map
depending on f.

When f is constant, a solution is given by the classical uniformisation
theorem. Hamilton [14] provided an elegant way of obtaining the solution in
this case, by considering the evolution of the metric g under the Ricci flow:

(1.2) g =r—Rg,

where r is the average value of R. He was able to establish the global existence
of the flow and its convergence when r < 0, as well as to solve partially the
singular case M = S%. This latter case was completely resolved later by
Chow [13] (for new approaches see Bartz-Struwe-Ye [4] and also Chen [12]
for the Calabi flow). In a recent paper, Struwe [22] gives a unified treatment
to the Hamilton-Ricci flow (1.2) and the Calabi flow by using concentration-
compactness methods.

In this paper, we investigate the evolution problem corresponding to the
prescribed scalar curvature equation (1.1) when f is not necessarily constant.
Without loss of generality, we may suppose that the background metric gy has
constant scalar curvature Ry (recall that Ry = 2ko where kqy is the Gaussian
curvature; the sign of kp depends only on the topology of M). A variational
approach to problem (1.1) is to consider the functional

(13) Jw) = / VulPdpo + 2k / udpo .,
M M

on the Sobolev space H = H'(M) under the constraint
(1.4) ueX:={ueH:Lu)=2k Vol(M)}

where L : H — R is defined by L(u) = [}, fe**duy. We suppose from now
on that f € C°(M). Since for any u € H: we have e € L'(M, go) for all
p € R (see [2]), then the function L is well defined on H. In order that the
set X is non-empty, we will make the following hypothesis on f, which is
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necessary in order to solve Problem (1.1). Depending upon the sign of kg, we
suppose that one of the following conditions is satisfied:

(i1) fM fdpy <0 and sup,.y f(x) >0 when ko=0,

@) [y fdpo <0 when ko <0,
(1.5) {

(iii) sup,cy f(x) >0 when ko> 0.
Note that when f e C'(S?), there is a further necessary condition due to
Kazdan-Warner [16] which states that if Problem (1.1) has a solution u, then f
must satisfy

(1.6) /2 Vf.Vxie*duy =0,
N

for each eigenfunction x; (1 <i < 3) corresponding to the first eigenvalue of
the Laplacian.

The functionals J and L are analytic and their gradients are given respec-
tively by

(1.7) (VJI(u), ¢) = Z/MVu.qud,uo +2k0/M¢d,u0 for all ¢pe H,

thus,
(1.8) VJ @) =2(=Ao + 1)~ (= Aou + ko)

and

(1.9) (VL(u), ) = 2/Mfe2”¢duo for all ¢ € H,
thus,

(1.10) VL) =2(—Ag+ D71 (fe*),

where I is the identity map of H and (.,.) denotes the scalar product on H.
Since VL(u) # 0 for all u € X, the set X is a regular hypersurface of H.
A unit normal is well defined at any point of ¥ € X and is given by

VL(u)
(1.11) Nu)=——-—,
VL)l
where ||.|| denotes the norm of H. This allows us to consider the gradient of

the functional J with respect to the hypersurface X; this is defined by

(1.12) VT (u) = VJI@u) — (VJ W), Nu)N ).
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We now introduce our evolution problem as the negative gradient flow of J
with respect to the hypersurface X:

(1.13) u) =upe X.

{ du=—-VXJ(u)

If the flow (1.13) exists for all time and converges at infinity, then the limit
function u, is a solution of (1.1) and so corresponds to a metric of scalar
curvature f. As such, this flow is a natural geometric deformation and an
efficient tool to produce metrics with prescribed scalar curvature in a given
conformal class. In this paper we prove the global existence of a solution
of (1.13) and show its convergence as + — oo under sufficients conditions on
the prescribed scalar curvature f. More precisely, our results are as follows:

THEOREM 1. Let (M, go) be a compact Riemannian surface without boundary
and let f € CO(M) satisfy the appropriate compatibility condition (1.5). Then
for any ug € X, where X is as in (1.4), there exists a unique global solution
u € C*([0, 00), H) of (1.13), satisfying u(t) € X forallt > 0. Furthermore, the
energy identity

(1.14) /t ||8Su(s)||2ds + J(u(t)) = J(uy) holds forall t>0.
0

To prove the convergence of the global solution, we will consider two
separate cases: kg <0 and ky > 0. For ky < 0, our result is as follows:

THEOREM 2. Letug € X andu : [0, 00) — H be the solution of (1.13) obtained
in Theorem 1.

(i) Suppose that kg = 0. Then u converges in H to a function us, € H>*(M) N
C'H(M) (forall0 < a < 1) ast — oo. Moreover us + A is a solution
of (1.1) for some constant A.

(i) Suppose that kg < 0. There exists a positive constant C depending only on
f~(x) = sup(—f(x),0) and M such that if ugy satisfies

(1.15) eMol® qup £(x) < T,
xXeM

where T > 1 is a constant depending only on M then u converges in H to a
solution us, € H* (M) N C'"*Y*(M) (forall0 < o < 1) of (1.1) as t — 0.
In particular, if f < 0, then u converges in H to a solution uss € H*(M) N
C'H (M) (forall0 < a < 1) of (1.1) ast — oo, forall ug € X.

_ Remark 1. We will see in the proof of Part (ii) of Theorem 2 that
C = (—infyey f(x))C where C is a constant depending on Vol({x € M :
f(x) < ginfeey f(x)}) and M.
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COROLLARY 1.

(i) Suppose that kg = 0 and let f € C°(M) satisfy the compatibility condi-
tion (1.5)(ii), then Problem (1.1) admits a solution u € H*(M) N C'* (M)
(forall0 < a < 1).

(ii) Suppose that kg < 0 and let f € C°(M) be a function which satisfies the
compatibility condition (1.5)(i). There exists a positive constant C depending
only on f~ and M such that if f satisfies

sup f(x) < C,
xeM

then Problem (1.1) admits a solution u € H*(M) N C'**(M) (for all 0 <
a < 1). In particular, if f < 0, then Problem (1.1) admits a solution u €
H>(M) N C"* (M) (forall0 < a < 1).

Part (i) of Corollary 1 can be obtained by a direct variational method as
in [1]. When ko < 0, the variational method fails except for f < 0. Part (ii) of
Corollary 1 has been obtained by Aubin [3] and Bismuth [5] when f € C*(M)
(0 < @ < 1) by using the method of lower and upper solutions together with a
fixed point theorem in the Holder space C>T¥(M). In [5], it was shown how
the constant C depends on f~.

We now consider the singular case kyp > 0. Without loss of generality, we
may suppose that M = S, with the standard Euclidean metric. We will observe
concentration phenomenae; this is because the group of conformal diffeomor-
phisms of the standard sphere is not compact. By considering functions f
invariant under a group G of isometries of S?, we will establish convergence.

Recall that a function f on S? is said to be invariant under G or f is
G-invariant if it satisfies

flox) = f(x), forall xeS* and o €G.
We let X denote the set of fixed points of G, that is
T={xeS*:ox=x forall oeG}.

We obtain the following result:

THEOREM 3. Let f € C°(S?) be a function invariant under a group G of
isometries of S? with sup, .2 f(x) > 0. Let ug € X be invariant under G and let
u : [0, 00) — H be the solution of (1.13) given by Theorem 1. If either

i) X =0;or
(ii)
(116) sup f(P) < 2e—J(M0)/47T ,

PeXx

then u converges in H to a G-invariant solution us, € H*(M)NC'*%(§?) (for
all0 <a < 1)of (1.1)ast — oo.
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Let P € S?, r > 0, and let z be the coordinate obtained by stereographic
projection from S2 — {P} (P can be choosen to be the north pole of $?) to
an equatorial plane. We denote by ¢p, the conformal transformation of S°
given by ¢p ,(z) = rz. For a suitable choice of the initial data uy, we have
the following consequence:

COROLLARY 2. Let f € C°(S?) be a function with sup,_g» f(x) > 0 which is
invariant under a group G of isometries of S>. If either

i) X =9;or
(i) there exist Py € ¥ and ry > 0 satisfying

1
(1.17) sup 1(P) = Max (0. [ f o gmngdin)

PeX

then Problem (1.1) admits a G-invariant solution u € H*(S*) N C'*%(§?) (for
all0 < a < 1). In particular if

(1.18) sup f(P) < LMax <0,/ fdu0> ,
4 52

PeXx

then Problem (1.1) has a G-invariant solution u € H*(M) N C'* (for all
0<a<l).

Corollary 2 generalises the result of Moser [19] obtained for an even func-
tion. It gives a complete study of the problem of prescibed scalar curvature for
a function invariant under a group of isometries on S2.

REMARK 2.

1) In the above results, f is supposed only continuous. If f is in C?(S?), then
it is easy to see that if Af(P) > 0 for P € ¥ with f(P) =sup, .5 f(x),
then (1.17) is satisfied.

2) Inequality (1.18) (hence (1.17)) is sharp. For example, let € > 0 and take
f(x) = ex3. Let G be the group of isometries which fixes the north and
south poles of S? then f is G-invariant and

1
sup f(P) = e, 4—/ Fdpo=0.
T Js2

PeXx

However, the function f is not the scalar curvature of a metric conformal
to go, by the obstruction (1.6) of Kazdan-Warner.
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2. — Global existence

We set F(u) = —VXJ(u). Using (1.11) and (1.12), equation (1.13) be-
comes

2.1) IVL®u)|?

VL(u)
{ ou=Fw)=-VJw) + (VJ), VL(u))
u0)=ug€ X.
Since the functionals J, L are in C*°(H) and VL(u) # 0 for all u € H, it
follows that F is in C*°(H). Thus, from the classical Cauchy-Lipschitz theorem,
there exists a solution u € C*([0, T); H) of equation (2.1) for some T > 0.
We now show that the solution u is globally defined on [0, c0). Rewrite

VJ(u), given by (1.8), in the form

(2.2) VJ@u) = —2((=Ao+ )" — Du + 2k .
From (2.1), we observe that
(2.3) IF@) <2IVJ @)l .

Using the fact that (=Ag + I)”! : H — H is a continuous linear map, we
deduce from (2.2) and (2.3) that

(24) IFl < Clull+C.
It follows from inequality (2.4) that
2.5) oullull* < Crllull* + €1,

where C; is a positive constant. By integrating (2.5) between 0 and #(t < T),
we obtain

(2.6) lu@)|| < lluglle1"/* 4 1772

Inequality (2.6) guarantees that the solution # may be extended for all time.
Next, on taking the inner product of (2.1) with VL(u), we see that

0 L(u) =(VL(u),du)=0.

Thus, for all + > 0 we have L(u(t)) = L(ug) = 2koVol(M), so that u(t) € X
for all + > 0. To complete the proof of Theorem 1, it remains to prove that u
satisfies the energy inequality (1.14). On taking the inner product of (1.13)
with 0,u, we obtain

2.7 I8;ull* = —(VJ (w), diu) + (VJ (), N@)) (N (u), du) .
Since 5L ()
LU)
(N(u), ou) = m =0,

we deduce from (2.7) that
(2.8) 181> = —(VJ (), du) = —3,J (u).

Integrating (2.8) between O and ¢, we obtain inequality (1.14). This completes
the proof of Theorem 1.
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3. — Uniform bounds

We prove that if the solution u# of equation (1.13) is uniformly bounded
in H with respect to time, then u converges at infinity. More precisily,
ProposITION. Let u : [0,00) — H be the solution of (1.13) obtained in
Theorem 1. Suppose that for all t > 0, u satisfies
(3.1 lu®l < C,

where C is a positive constant. Then u(t) converges in H to a function uy, €
H>(M) N CH*(M)0 < a < 1) ast — oo. Moreover, if kg # 0 then us is
a solution of (1.1). And if kg = 0, then uy + A is a solution of (1.1) for some
constant A.

Proor. The energy inequality (1.14) and (3.1) imply

/ lsu(s)|Pds < J (o) + C1
0

where C is a positive constant. Thus, there exists a sequence f; — oo such
that

(3.2) 13,1l = V*J @) — 0.

From (3.1), we have |u(t)| < C, so there exist a function u,, € H and a
subsequence of #; (that we also call #), such that

(3.3 u(ty) > us weakly in H
3) u(ty) = us strongly in L2(M) ,

and by the Moser-Trudinger inequality [18]
(3.4) / ePM™Wdpy < C, foral peR,
M

where C, is a positive constant. We first show that u,, € X. Using (3.3)
and (3.4), a computation shows that

(3.5) lim / fe? gy = / fe*oduyg .
k—o00 M M
Since u(t;) € X: that is fM fe* W duy = 2kgVol(M), we deduce from (3.5)
that u € X.
Now, we prove that VX J(us) = 0. Recall that

VL(u(t))

. B B _vewl))
(3.6) VAT (u(t)) = VJ () — (VJ(u(t)), VL(u(t))) VL2
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with
(3.7) VJu(t)=2(—=Ao+I) "' (= Aou(t)+ko) =—2((—Ao+1) ' = Du(t)+2ko
and
(3.8) VL®u(t) =2(—Ag+ D7 (fe? D).

Using (3.3), (3.5) and since (—Ag+1)~': H — H is a compact operator, it is
not difficult to show from (3.6), (3.7), (3.8) that VXJ(u(t;)) converges weakly
in H to VXJ(us) and

(3.9) lim [Ju(ty) — uoo] = 0.
k— 00

It follows from (3.2) that VX J(us) = 0. Hence, we have

(=80 + D)7 (= Dottos + ko) = N(uoo) (A0 + D' (f>)
where n(us) is a constant. Hence,
(3.10) —Agltos + ko = n(Utog) fe*' .

A standard elliptic argument gives uo, € H>(M) N C**(M) (for all 0 < « <
1). If ko # 0: since u € X, by integrating (3.10) on M, we deduce that
(o) = 1. Thus us is a solution of (1.1).

If kp = 0, then n(us) # 0, otherwise from (3.10), u, is a constant
map; since U, € X, it follows that jM fduo = 0 and this contradicts the
hypothesis (1.5)(ii). Now, if we multiply (3.10) by e~2“~ and we integrate on
M, then from (1.5)(ii) we observe that n(u) > 0. And it is easy to see that
Voo = Uno + %10g(2n(uoo)) = Uoo + A(Uso) is a solution of (1.1).

It remains to prove that lim,_,  ||u(f) — u|| = 0. To this end, we need
the following version of the so-called Lojasiewicz-Simon inequality.

LEMMA 1. Let X be an analytic manifold modelled on a Hilbert space H and
suppose that G : X — R is an analytic function on a neighborhood of a pointu € X
satisfying

1) VGu) =0,
(i) V>G(@t) : Tz X — Ty X has finite dimensional kernel.

Here, VG denotes the gradient in X of G and we have identified the second
derivative d*G(it) : T:X x T; X — R with the linear map V>G(i1) : Tz X — Ti X.
Then, there are constants o > 0 and 0 < 0 < % such that if u € B(u, o), where
B(u, o) is the geodesic ball of radius o centered at u, then

(3.11) IVG@)| = |G ) — Ga@)'™.
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ProoF orF LEMMA 1. The proof follows closely the proof of Theorem 3
of [21]. It suffices to take an analytic chart ¢ : U — V where U is a
neighborhood of u# and V is a neighborhood of 0 in H with ¢ (i) = 0. The
functional G = Go¢~' : V C H — R is analytic in a neighborhood of 0 and
condition (i) gives VG(0) = 0 (here VG is the gradient of G in ). Using
condition (ii), we adapt the proof of [21] to G. So there are constants o > 0
and 0 < 0 < % such that if ||x|| < o the functional G satisfy

IVGO)| > |G(x) — GO)|'?,

and the proof of Lemma 1 follows immediately. We omit the details. O

By using Lemma 1, we will show that the functional J satisfies the in-
equality (3.11) with # = u. Since L is an analytic function on H then X
is an analytic manifold. The functional J : X € H — R is analytic and
VXJ(us) = 0. Let n,, : H - T,,X be the projection onto 7, X. Us-
ing formulae (3.6), (3.7) and (3.8), a straightforward computation gives for all
ve T, X:

V2T (1e0) (0) = 20 + Mo (T ()

with
_ o gy VL(ux) \ 1 p e
T(w)=—2(—A¢+ D)~ (v) 4<w<uoo>, ”VL(%”2>( Ao+ D)~ (Fe2 o)
VL (tto0) > < V<||VL<uoo)||>>
+(VJ(Us), —————— ,——————— YV L(uy) .
< o) L2/ \” T IVL @) (ttoc)

It easy to check that 7 is a compact operator. Since I, is a continuous map,
it follows that IT, o T is also compact. Thus, we deduce that the kernel of
V2] () has finite dimension. By Lemma 1, there are constants o > 0 and
0<6 < % such that if ||u — ux|| < o then

(3.12) IV¥T @)l = 1T ) = T (ueo)' ™

We are now in a position to prove that lim,_,  ||u(t) — Ul = 0 as in [15]
and [21]. From (3.9), we see that for all € > O there exists N > 0 such that

1
lu(ty) — oo < % and (] (u(ty) - J(s))? < % for all n> N.

Let t* = sup{t > tn : [u(s) —uool| < o for all s € [ty, t]}. Suppose that t* < oco.
If there exists 7 such that J(u(f)) = J(us) then since J is noincreasing and
from the uniqueness of the solution u of (1.13), it follows that u(¢) = uy for
all £ > 7. So the solution is stationary. Otherwise, we obtain for all ¢ € [ty, t*]

(3.13) =0 {J () = J (ueo))’ = =00, J (NI w(®)) = J (o)}’
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From (2.8), we have

(3.14) — 3, (u(®)) = 1 3u@IIV¥I @@)] .

If we put (3.14) into (3.13) and use the estimate (3.12), we obtain
(3.15) =0 {J (u(t) — J (o)} = 0110,u @) .

Integrating inequality (3.15) between fy and t*, since J is noincreasing, we
deduce

(3.16) /t
IN

But from (3.16) and for sufficiently small €, we have

€

1
19;u()lldt < g wn) = J ()’ < 5

t*
lu (@) — uooll < / 0;u(®)ldt + lu(tn) —usoll <€ <o
IN

This contradicts the definition of #*, hence t* = co. So, from (3.16) we obtain

o0
/ lou()ldt <
t

N

NS

It follows immediately that ||u(f) — uoo|| < € for all ¢+ > ty. This completes the
proof of the proposition.

4. — Convergence

To obtain convergence, we have to prove uniform boundedness in H of
the global solution u : [0, 0c0) — H of (1.13) obtained in Theorem 1.

THE NULL cASE. From the energy inequality (1.14), we deduce that J (u(t)) <
J(uo) for all + > 0. Since kg = 0, it follows that

@.1) / Vu()Pdpo < / VuolPdpo .
M M

To show that u is uniformly bounded in H, it remains to prove, that for all + > 0,
Ju u*(t)duy < C where C is a positive constant. On taking the inner product
of (1.13) with the constant function 1 and using formulae (1.11) and (1.12), we
obtain

(Qu(r), 1) = =(VJ(u()), 1)

(4.2)
T v Layp v @) VLN VL), 1).
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Since ky = 0 and u(r) € X for all + > 0, it is easy to see from (1.7) and (1.9),
that (VJ(u(z)),1) =0 and (VL(u(?)),1) = 0. So (4.2) implies

(Buue), 1) = / Vau()Vdpo + / du(t)1dpo = 0,
M M
thus

(4.3) / u(t, )dpy=Cste forall r=>0.
JM
We recall Poincaré’s inequality

1 1 2
44 2d <—/ Vul’d (/ d ) ,
4.4) /Mu “O—Al MI ul M0+V01(M) Mu o

where XA; is the first eigenvalue of Ay. Combining (4.1), (4.3), and (4.4), we
deduce that, for all + > 0

[ wwan <c,

M

where C is a positive constant depending on M and uy. This completes the
proof of Part (i) of Theorem 2.

THE NEGATIVE CASE. Without loss of generality, we may suppose that
ko = —1. The proof of Part (ii) of Theorem 2 is essentially based on the
following non-concentration lemma.

LEMMA 2. Let K be any measurable subset of M with Vol(K) > 0. Then there
exists a constant Cx > 1 depending on M and Vol(K) such that the global solution
u : [0,00) - H of (1.13) satisfies for all t > 0

(4.5) / 2O, < CreM0l Max (< / ez“(’)duo) ,1) :
M K

where o« > 1 is a constant depending only on M.

ProoF oF LEMMA 2. We fix t+ > 0. To prove inequality (4.5), we first
establish the following estimate

(4.6) /ud < ol + —E +4V01(M)Max(/ud o>
’ e = RO Gk T Vol (k) PRy B

where C > 0 is a constant depending on M.
We may suppose that [,, uduy > 0, otherwise the estimate (4.6) is trivial.
The energy inequality (1.14) implies

@.7) / Vulduo < J (o) +2 / udjio .
M M



THE EVOLUTION OF THE SCALAR CURVATURE OF A SURFACE TO A PRESCRIBED FUNCTION 29

Combining (4.7) and the Poincaré inequality (4.4), we have

1 2 1 2
4.8 2dpo < —J 7/ d (/ d ) )
(4.8) /Mu Mo_/\l (uo)+)\1 Mu M0+V01(M) Mu o

We first suppose that [, uduo < 0. Since [, uduo > 0, we have

2 2
( / MdMo) < ( / uduo> < Vol(K°) / Wdpo.
M K¢ M

where K¢ = M \ K. Thus, by putting this last inequality into (4.8), we obtain

Vol(K)
Vol(M)

1 2
(4.9) uldpg < —J(up) + — / ud g .
M Al A Jm

By Young’s inequality

2
4.10) 2 / Vol(K) u2 2Vol2(M)

d —_.
KO = o) o 5 3N01(K)
If we put (4.10) into (4.9), we deduce that

@.11) [ wd O_AV\(,’I((K))| (wo)| + %

From (4.11), it follows that

4.12) (/Muduo)zf %I](uo)l—l—%.

Since

“.13) NP, 5 oyt = o2 + D
X1 Vol(K) A3Vol*(K)

by combining (4.12) and (4.13), we obtain

4.14 :
(4.14) /MUdMOSU(uo|+VOI(K)

where C > 0 is a constant depending on M; hence the estimate (4.6) is
established.
We now suppose that [, uduo > 0. From (4.8), we obtain

VOIK) [ o1 2/ .
u — u — u
Vol(M) S, " EHO =3 e o ), eRe

1 2 2
Yol </K udpt °> * Nol(a) (/K udp 0) </K ud 0) ‘

(4.15)
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Using Young’s inequality, we deduce

vmim (/K ndp °> </K ndi 0)

2Vol(K¢) 2 Vol(K) 5
= Nol(K)Vol(M) (/K udp °> * Vol ( /K” d“‘)) ‘

Combining (4.15) and (4.16), we obtain

(4.16)

w17y YOK) S B 2/ s 3 (/ ) )z
. D — u — u — u u .
Wol(M) Sy 0= MO T L R T Ny \ g MO

By Young’s inequality once more

2 / Vol(K) / 4V012(M)
udpo = 25100 T velK)

thus, by (4.17)

4Vol(M) 16Vol>(M)  12Vol(M) 2
19 / = vol) O Saver k) T ver k) (/K “d”‘o) ’

It is clear that (4.18) gives

C 4Vol(M)
Vol(K) ' Vol(K)

where C > 0 is a constant depending on M. Estimate (4.6) is therefore estab-
lished.
Let us prove inequality (4.5). We recall Aubin’s inequality (see [2]):

2
4.19 2y < C /v 24 / d >
(4.19) /Me ho < exp(ﬁ [ VuPano+ o [ wan

where C and B are two positive constants depending on M. In view of (4.7),
inequality (4.19) becomes

1
/Mezuduo < Cexp (,BJ(M()) +2 (,3 + VO]W)) /M ud,uo)

< Cexp (Anuou2 oy uduo) ,
M

/Mudﬂo < |J(uo)| + ud i ,

(4.20)

where A, B and C are positive constants depending only on M.
From (4.6) and (4.20), we deduce that

B,
421 2id iy < C A 2 M /d ,0)>,
@21) /Me o < Kexp( laol? + 5t ax( e

where Cx > 1 is a constant depending on M and Vol(K), and A;, B; are
positive constants depending only on M.
Using Jensen’s inequality, (4.21) gives the estimate (4.5) of Lemma 2. O
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Now, estimate (4.5) in Lemma 2 allows us to bound uniformly [, *®d .

Let fT(x) =sup(f(x),0) and K ={ x € M : f(x) < jinfrey f(x)}.
Since for all ¢+ > 0, u(t) € X, we have

(4.22)  2Vol(M) = / —fe*Ddug = / Fe®Odpy — / fre®Odpuy,
M M M
which gives, setting t =0

2Vol(M) / -
_— dug .
Cinfeen £ — Ju & 0

From Aubin’s inequality (4.19), we have the estimate
4.23) / 62”0d'u0 < Clecl””O”z ,
M

where C; > 1 depends on M. Hence

(4.24) _ 2VOlM) ¢ ciluol?
(—infyem f(x))

Now, let
y = CK(8C1)‘)‘e(clﬂ)"‘l”’o”2 and T=a(C;+1)—-Cy,

where Cx > 1 and « > 1 are the constants in Lemma 2. Let us make precise
the hypothesis (1.15) of Theorem 2. We suppose that u satisfies:

(4.25) eMol® qup £(x) < T,
xeM

where we take C = —inf,cy f(x)/(S“CKCf‘_l). Under (4.25) we shall prove
that for all + > O,

(4.26) / Dy <2y.
M

Set I ={t>0: [, e*9duy <2y for all s €[0,¢]}. From (4.23) it follows
that I # @ since 0 € I. Let T = sup/l. Suppose that T < oo; from the
continuity of the map t — [, e?*Ddp, it follows that

4.27) / Dy =2y .
M
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We distinguish two cases: either [, fTe*Dduy < 1 [, f~eDdpg or
S e Ddpg > %fM f=e®Mdg. In the first case, from (4.22) we have

(4.28) / F=e*Ddpg < 8Vol(M).
M

Since f~(x) > %(—infxeM f(x)) for all x € K, (4.28) implies

16Vol(M
(4.29) / e Dy < # .
K (—infyepm f(x))
Combining (4.24) and (4.29), we obtain
(4.30) / 2D g0 < 8C;eC1 ol
K

Applying Lemma 2, from (4.30), we get
/ 2Dy <y,
M

which contradicts (4.27). Now suppose that we are in the case [, f +e2Md g >
3 Sy fe*Ddpg. Then

—inf,
M/ 2T 5/ My < 2/ Fre D g < dysup f(x),
K M M

xeM

thus

8 Uy f(x)
431 2u(T) g L xeM - v
(4.31) /K <A = Tty S ()

Combining (4.31) and (4.25), we get
/ M Mdprg < 8CeCilnol”
K
which gives, by applying Lemma 2,
/ ' Ddpg <y,
M

contradicting (4.27) once more. Thus T = oo, and we have established (4.26).
Estimate (4.26) allows us to bound uniformly # in H. Using Jensen’s in-
equality, (4.26) implies that

432) /M u(t)dpo < C.
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where C > 0 depends on M, Vol(K) and u#y. Combining (4.7) and (4.32), we
find that

(4.33) / IVu()Pdpo < C.
M

with C > 0 depending on M, Vol(K) and ug. From the energy inequality (4.7)
and (4.32), we have

(434) ’ / u(tdpo| < C,
M

with C > 0 depending on M, Vol(K) and uy. We deduce from (4.33), (4.34)
and the Poincaré inequality (4.4) that

(4.35) / (o < C,
M

with C > 0 depending on M, Vol(K) and ug. Thus, by (4.33) and (4.35),
we conclude that for all # > O : ||u(#)|| < Cste. This completes the proof of
Part (ii) of Theorem 2.

THE POSITIVE CASE. For any P € S? and r > 1, we set vp, =uodp, +
%log(det d¢p). Recall that ¢p , is the conformal transformation on S? given
by ¢p (z) = rz, where z is the coordinate obtained by stereographic projection
from P. We first notice that

(4.36) J(p,) = Jw) < J(uo),

and

(4.37) / fo¢p,e®Prduy = / fe*duy = 8w .
52 52

From (4.37), it follows that
(4.38) / . e*Prduy > C,
N

where C is a positive constant depending on sup, .2 f(x). For all 7 > 0, there
exist P(¢) € S and r(¢) > 1 (see [6]) such that

(4.39) /2 x; e POrOdpug =0 for i=1,2,3.
s
From now on, we set v(t) = vpw),,) and ¢(t) = ¢pw). ). By a result of

Aubin [2], in view of (4.38) and (4.39), for any € > 0, there exists a constant
C. such that

1 1/2 2
(4.40) C< —/ e*Dduy<C, exp(u/ |Vv(t)|2d,uo+—/ v(t)d,u0> .
47 J2 47 2 4 )52
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Combining (4.40) and (4.36), we deduce

(4.41) / Vo) Pdpo < C.
S
and
4.42) ‘/2 v(t)dug| < C,
S

where C is a positive constant depending on uo and sup, ¢ f(x). Thus, by
the Moser-Trudinger inequality [18], estimates (4.41) and (4.42) show that

(4.43) / , eMOldug < Cste.
s
From (4.43), it follows that
/ vz(t)dm) < Cste,
2
which implies with (4.41) that

(4.44) lv@®)|l < Cste.

Now, in order to prove that u is uniformly bounded in H, we need the following
concentration lemma.

LEmMmA 3. Either

(1) there exists a constant C such that |u(t)|| < C or
(ii) there exist a sequence t, — 00 and Py, € S? such that forallr >0

(4.45) lim fe? i du = 8 .

"0 J B(Poo,r)

ProorF oF LEMma 3. We follow the ideas of Chang-Yang [6]. There are
two possibilities: either r(¢) is bounded; in which case we have, for all ¢+ > 0

0<Cy <detdp(t) <C,.
Thus using (4.44), we deduce that

(4.46) / lu(®)ldpo < Cste.
S

By the energy inequality (1.14), estimate (4.46) implies

(4.47) / ) |Vu(t)|*dpg < Cste .
S
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So, using Poincaré’s inequality (4.4), estimates (4.46) and (4.47) yield
lu(@®)| < Cste.

Otherwise, there exist a sequence #, — +00 and Py € S? such that r(z,) —
+oo and P(t,) - P. From (4.44), there exist a subsequence of t,, that we
will also call #,, and a function v, € H, such that

v(t,) > Voo Wweakly in H
v(t,) = Voo strongly in L?(S?%).

Let r > 0 and set A, = (¢(1,)) "' (B(Px, r)); we have

‘/SZ f o ¢([n)€zv(tn)dM0 _ /A f o ¢([n)ezv(ln)du()’
! 172

< sup f(x) <V01(Afl) /2 e4u(m)|d,u0>
s

xes?

Since lim,_, s Vol(A4,) = Vol(S?) and in view of (4.43), we deduce that

(4.48) fe ™= / fod(t)e™ ™ d o= / fod(t)e® ™duy+ e, .,
B(Poo.r) An 52

with lim,_, o €, = 0. From equation (4.37), we have

/52 fod(t)e ™dug =8,
thus it follows from (4.48) that

lim fe* W du, = 8.

"0 J B(Poo,r)

This completes the proof of Lemma 3. O

We are now in position to prove Theorem 3. Since uq is G-invariant, by
using the uniqueness of the solution u, it is not difficult to see that u is also
G-invariant. From the energy inequality (1.14), we may suppose that

(4.49) Jw) < Jw(t)) forall t>1¢,

otherwise, from the uniqueness of the solution # we would have u(t) = ug for
all + > 0.

(i) The case ¥ = (). Suppose that r(¢) is not bounded. Since ¥ = J, there
exists R € G satisfying R(Ps) # Poo. Now, as lim, ., ¢(t,)(x) = P
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a.e., it follows that for r sufficiently small, ¢(#,)(x) € B(R(Px),r) when n
is large enough. Thus

(4.50) WML )1 (B(R(Po)r (X) = 0

n—oo

where 1,4 denotes the characteristic function of a set A. Moreover, we
can also choose r such that B(R(Px),7) N B(Px,r) = . Using (4.43)
and (4.50), we have

(4.51) lim fopt)e®™duy=0.
190 J (@ (tn)) " (B(R(Poo).r))
Since u and f are G-invariant and by (4.51), we obtain
lim fe™dug = lim fod)e™™Wdpg=0.
1m0 JB(Peo.r) 100 S (tn)) "1 (B(R(Poo).r))

This contradicts estimate (4.45) in Lemma 3, thus u is uniformly bounded
in H.

(i) The case ¥ # . Suppose that r(¢) is not bounded. If Py ¢ X, then as in
case (i) above, we arrive at a contradiction. Otherwise by letting n — oo
in (4.37) (with vp, = v(t,) and ¢p, = ¢(,)), we have

(4.52) f(Pso) /2 e duy = 87,
s
and a computation shows that

(4.53) lim [ e*™"duy = lim 2e2”<fn>dm: / . e?'duyg .
N S

n—oo 52 n— 00

By Onofri’s inequality (see [20]) and (1.14), we obtain for large n

(4.54) L / 2 gy < ! WI/AT < QI D) AT
4 Js2 - -
Combining (4.52), (4.53) and (4.54), we deduce that
25 f(Pa)e! T

Since we have from (4.49), J(u(1)) < J(up), it follows that
f(Po) > 2e77 047

thus contradicting hypothesis (1.16) of Theorem 3. This completes the
proof of Part (ii) of Theorem 3.

PROOF OF COROLLARY 2. Let f satisfy estimate (1.17). If [¢» fogp, nduo <
0, then supp s f(P) <0, so condition (1.16) in Theorem 3 is satisfied for any
G-invariant data ug € X. On the other hand, if fsz fodryndio > 0, we
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let u* = %log(detdqb;olyro). A computation shows that J(u*) = 0. Now set
uo =u* + C, where C is a constant satisfying

(4.55) ¢ /S Lo bryrydito =87

From (4.55), we see that ug € X. Since Py € X, it is easy to check that ug is
G-invariant. We see therefore that condition (1.16) of Theorem 3 is equivalent to

1
sup f(P) = 1 [ f o brndno:

PeXx

this completes the proof of Corollary 2.
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