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Quadratic Tilt-Excess Decay and Strong
Maximum Principle for Varifolds

REINER SCHATZLE

Abstract. In this paper, we prove that integral n-varifolds x in codimension 1 with
H, € L{:)C (n), p > n, p = 2 have quadratic tilt-excess decay
tiltex, (x, 0, Tet) = Ox(0%)

for -almost all x, and a strong maximum principle which states that these varifolds
cannot be touched by smooth manifolds whose mean curvature is given by the weak
mean curvature H),, unless the smooth manifold is locally contained in the support
of .

Mathematics Subject Classification (2000): 49Q15 (primary); 35J60, 53A10
(secondary).

1. — Introduction

The tilt-excess and height-excess of a rectifiable n-varifold © measures the
local deviation of the tangent plane to a given plane

(1.1) tiltex,, (x, 0, T) := Q_"/B N Ten =T 1P duc®)
o X

and the distance of the support to a given plane
(1.2) heightex, (x, 0, T) := ¢ " / dist(& — x, T)?du (&),
By (x)

respectively. For notions in geometric measure theory, we refer to [F] and
[Sim].

Tilt-excess decay estimates for rectifiable varifolds were established by
Allard in [All72, Theorem 8.16] for the proof of his Regularity Theorem for
unit-density.

Pervenuto alla Redazione il 9 settembre ed in forma definitiva il 23 febbraio 2004.
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Brakke extended these estimates for integral varifolds to the higher multi-
plicity case by using a blow-up technic in [Bra78, Theorem 5.6]. The statement
in [Bra78, p. 157] combined with the estimate in [Bra78, Theorem 5.5] reads

tiltex,, (x, 0, Ty i) = oy ©*®)

for any & > 0 and for p-almost all x if H, € L} ().
Now quadratic tilt-excess decay estimates

(1.3) tiltex,, (x, 0, Txpt) = Ox(0”)

were obtained by the author in [SchOl, Lemma 5.4] almost everywhere on
certain varifolds in codimension 1 which in particular were limits of smooth
hypersurfaces. There, instead of a blow-up technic, a theorem in fully non-linear
elliptic equations due to Caffarelli in [Caf89] and Trudinger in [T89], see also
[CafCab, Lemma 7.8] and [CafCK96], was used. This theorem states that sub-
solutions of uniformly elliptic equations with right hand side in L" are touched
from above by paraboloids or equivalently have second order superdifferentials
almost everywhere. Invoking a maximum principle for stationary varifolds in
codimension 1 proved by Solomon and White in [SW89], one can establish
(1.3) for any stationary varifold in codimension 1 without assuming the varifold
to be a limit of smooth manifolds. Let us define the height functions of w.

DerFINITION 1.1. Let u be an integral n-varifold in € R**!. The upper
and lower height functions ¢4 : R" — [—o00, 00] of u are defined by
@+ (y) := sup{t|(y, 1) € sptu},
¢ (y) = inf{t|(y, 1) € sptu}
for y € R", where we set ¢4 (y)=—00 and ¢_(y)=+o0 if sptunN({y}xR)=0.

(1.4)

The maximum principle in [SW89] states that ¢, is a C>-viscosity subso-
lution of the minimal surface equation

v _ Ver ) o
(\/ 1+ |V90+|2> B
For the notion of viscosity solutions, we refer to [CIL], [CafCab] and [CafCK96].
Then, adapting Caffarelli’s and Trudinger’s result to the non-uniformly el-
liptic minimal surface equation, we obtain that ¢, is touched from above by
paraboloids almost everywhere. Likewise considering the lower height function
¢_, we see that the distance to the tangent plane decays quadratically close
to x = (v, p+(y)) for almost all y € [p4 = ¢_]. Combining with the stan-
dard estimate of [Bra78, Theorem 5.5] or [Sim, Lemma 22.2] and a covering
argument, we arrive at (1.3).
Now in trying to generalize (1.3) to integral n-varifolds in codimension
1 with H, € Ll”oc(,u), p > n,p > 2, we did not directly succeed to prove an
extension of the maximum principle in [SW89] for these more general varifolds.
Instead in the first run, we are only able to prove the following lemma. This
will be done by thoroughly examining the blow-up technic already used by
Brakke in [Bra78].
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LeMMA 3.1. Let i be an integral n-varifold in Q C R with H, € Lﬁ,c(,u),
p>np>2Q:=UxR,UCR"open, sppu CUx]—1,1[and ¢4 : U —
[—o0, oo[ be the upper height function of |t.

Then for any n < q < p, there exists u € LfOC(U) such that ¢, is a W>9-

viscosity subsolution of
—F(Vg,,D’¢y) <u inU,

where F is a continuous, fully non-linear elliptic operator which is uniformly el-
liptic for bounded gradients and is universal in the sense that F is independent of

w,n,p,q.

Nevertheless, this lemma is the key lemma which opens the path to quadratic
tilt-excess decay and the maximum principle.

The assumption spt u € U x]—1, 1] implies that the upper height function is
upper semicontinuous, and we thereby avoid considering upper semicontinuous
envelopes when dealing with viscosity subsolutions, see our Definition A.l.
This assumption is always satisfied locally near points who have a tangent
plane which is not vertical or when the varifold is touched from above in case
of the maximum principle.

The quadratic tilt-excess decay readily follows when this Lemma is com-
bined with Caffarelli’s and Trudinger’s theorem and a covering argument.

THEOREM 5.1 (Quadratic tilt-excess decay). Let u be an integral n-varifold in
Q C R with H, € L (), p > n, p > 2. Then for ju-almost all x € spt i, the
tilt-excess and the height-excess decay quadratically that is

tiltex,, (x, 0, Ty ), heightex, (x, 0. Txpt) = Ox(@”).

Secondly by standard PDE-technics, see [CafCK96, Propositions 3.4, 3.5]
and [Wa92, Theorem 4.20], Lemma 3.1 implies that ¢, is twice approximately
differentiable almost everywhere. Combining this with the quadratic tilt-excess
and height-excess decays in Theorem 5.1, we establish that ¢, satisfies the
minimal surface equation with right hand side given by the weak mean curvature
of u pointwise almost everywhere on the set where ¢, is finite.

Next, we recall that by ABP-estimate, see [Caf89, Lemma 1], [CafCab,
Theorem 3.2] and [CafCK96, Proposition 3.3], see also Alexandroff’s Maximum
Principle for strong solutions [GT, Theorem 9.1], supersolutions of uniformly
elliptic equations with right hand side in L" which have a strict minimum
coincide with their convex envelope on a set of positive measure, hence have
subgradients on a set of positive measure. Adapting this to the non-uniformly
elliptic minimal surface equation, this yields that ¢, is actually a viscosity
subsolution of minimal surface equation.

THEOREM 6.1. Let u be an integral n-varifold in Q@ < R" ! with H, €
L{;C(,u),p >n,p>2 Q:=UxR, U C R"open, sptu € Ux] — 1, 1[ and
¢yt : U — [—00, 0o be the upper height function of L.
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Then ¢ is twice approximately differentiable L"-almost everywhere on [¢+ €
R] and the approximate differentials satisfy

- v v y
Hu(y,¢+(y))=V< s ) (=Vei(y), D

)
N7 RN RS PR TE

for L"-almost all y € [¢, € R]. Moreover ¢ is a WP-viscosity subsolution of

Vo, - Voy, 1) .
V| —— | <H,(,,¢p1)————— inU,
<\/1+|V¢+|2> g V14 Ve, ?

where the right hand side is extended arbitrarily on U — [p4 € R] to a function still
in LY (U).

loc

The last statement yields that sptu cannot be touched from above by a
regular manifold which is locally the graph of a function ¥ € W7 satisfying

vy . (=Y, (). 1)
v— ) )= H, (0. (0))
<\/1+|wf|2> Y= I A N e P

for £"-almost all y € [¢4 € R] and some 7 > 0. This statement extends [SW89]
to a weak maximum principle for varifolds with H, € L{ (1), p > n,p > 2.

For two smooth manifolds, this statement would immediately follow from
Hopf’s Maximum Principle even for v = 0, if the manifolds do not coincide.
For area minimizing hypersurfaces, a strong maximum principle was proved in
[Mo77] and [Sim87] independent of the singular structure of the hypersurfaces.
In case of stationary varifolds, this was proved in [SW89] if one of the varifolds
is smooth and extended in [1196] when the singular set of the stationary varifolds
are small. For comparison principles for hypersurfaces with prescribed bounded
mean curvature in the area minimizing case or for graphs at the boundary, see
[DuSt94].

Performing a perturbation argument on the minimal surface equation, we
obtain the strong maximum principle from Theorem 6.1.

THEOREM 6.2 (Strong maximum principle). Let u be an integral n-varifold
in Q C R with H, € L (w),p >n,p>2 Q:=UxR,U C R" open,
sptu CUx]—1,1[ and ¢4 : U — [—00, 00| be the height upper function of L.

Then spt . cannot be touched from above by the graph of a function ¥ €
W2P(U"), U’ € U, open and connected, which satisfies

v (L> ) = Hy (v, 01 () 2 D
VIFIVYE) T T T+ Ve )P

Sfor L"-almost all y € U’ N [, € R], unless graph  C spt jt.
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We fix some notations.

G(n+m, n) denotes the set of unoriented n-planes in R"™". In particular,
we fix P :=R" x {0} and 7 : R"* — P the orthogonal projection onto P.
Usually, we will not distinguish between the plane, its orthogonal projection
w7 and the corresponding matrix. For T € G(n + 1, n), we denote by v(T) a
normal of 7. We adopt the convention that we identify a rectifiable varifold
with its Radon measure.

Open balls in dimension n and n+ 1 will be denoted by B,(x) € R" and
by Bg+l(x) C Rn+l‘

L" is the Lebesgue-measures in dimension n. H" is the n-dimensional
Hausdorff-measure in any metric space. The volume of the n-dimensional unit-
ball is abbreviated by w, := L"(B](0)).

We define the n-dimensional density of a set Q in x € R"*! of a Radon
measure 1 on R"*! by

w(BI ()N Q)

0" (u, Q, x) := lim
0—0 a)nQ”

if this limit exists.

S(n) denotes the set of all symmetric n X n-matrices. X € S(n) can
uniquely by decomposed into a positive and negative part as X = XT — X,
where X7, X~ > 0and XtX~ = 0. We recall the definition of the Pucci-
extremal operators, see [CafCab, Section 2.2],

MEX) =2 s+ s MEX) =) a+r) g

;>0 ;i <0 ;>0 ;i <0

for 0 < A <1 and X € S(n) with eigenvalues ¢; counted according to their
multiplicity.

We call a function ¢ : U — [—o0, o0], with U € R" open, twice approx-
imately differentiable at y € U if ¢(y) € R and there exist b € R", X € S(n)
satisfying

9@ =N —bz—y)—5—-N"'X@-y)
ap — lim =

0.
>y lz—yl?

In this case, we set the approximate differentials to be
Vo(y):=b and D3%¢(y) = X.

We write (¢, Q)(y) for the infimum of all positive constants M for which there
is a convex paraboloid P of opening M that touches ¢ at y from above in
0 C U, see [CafCab, Section 1.2]. Likewise, we define (¢, Q) and 0(p, Q) =
max(0 (¢, Q), (¢, Q)).

For two real-valued functions, we put [¢ > V] := {y|p(y) > ¥(y)} and
similarly for analogous expressions.
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We will denote any module of continuity by w(p) that means w(go) — 0
for o — 0.

For the reader’s convenience, we just want to mention that by our definitions
of the height functions for varifolds w satisfying sptu € U x]—1, 1[, we have

Y- <@y = ¢+ ER= —00 < @y or p_ < 00.

Acknowledgement. 1 would like to thank Professor Tom Ilmanen with
whom I have had many extensive discussions at ETH Ziirich and Professors
Luigi Ambrosio, Xavier Cabré and Brian White for several discussions about
the subject of this article.

2. — Blow-up

In this section, we reexamine the blow-up procedure used by Brakke in
[Bra78, Theorem 5.6]. Unfortunately, this section is quite technical. Therefore
we explain briefly our modifications to Brakke’s blow-up procedure.

We consider a sequence of varifolds p; which are touched from above in
0 € sptu; by regular graphs of functions v, that is

Qi+ <V, ¢;+(0)=0=1;(0),

where ¢;  is the upper height function of ;. We assume that ; satisfy a
certain uniformly elliptic equation

~F(D*Y;) =u;

which we specify below. We think of the varifolds w; as being rescaled of a
given varifold that is i := fx;.0; #1, Where {yy o (x) = o ' (x — x0),0; — 0.
We will do the blow-up in xy € sptu. As this point of touching is
apriori given, we cannot impose assumptions on x, which are satisfied only pu-
almost everywhere. In particular, we cannot assume that 6" (u) is approximately
continuous at xy with respect to wu, see [Bra78, 5.6(3)]. On the other hand, the
touching from above of w in xo implies that the tangent plane T u exists.

PROPOSITION 2.1. Let w be an integral n-varifold in Q@ C R"*! with ITIM €
L{ (1), p > n which is touched from above by a C'-manifold M in xo € spt .
Then  has a tangent plane at xq, and

2.1 Ty = 0" (i, x0)TogM  with 6" (., xo) € N.
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ProOF. We assume T,)M = P and take any sequence ¢; — O such that
Expoj il —> HC weakly as varifolds. Since p > n, we know that puc is a
stationary integral n-varifold which is a cone and 6"(uc,0) = 6" (u, x9) €
[1, oo[, see [Sim, Corollary 17.8, Theorem 19.3 and Section 42]. Since M
touches sptu from above, we see that

2.2) sptpic S {xap1 < O},
We choose & € Cé ([0, oo[) satisfying &’ <0,
Er)y=0for 0<r <1/R, g'(r)<0for 1/R<r <R

for some R > 0, and consider € CJ(R""!,R"*!) defined by n(x) :=
&(|x])en+1. Since e is stationary, we see

23) 0=spc = [ divruc nxdpc).

Since pc is a cone, we have x € Tyuc for pc-almost all x € sptuc — {0},
hence VH#CE(|x|) = &'(Jx])x/|x|. We calculate

. &' (|x])x,
divr, e N(x) = epp1 VECE(x]) = T“ >0,

as & <0 and sptuc C {x,41 <0}. Since & <0 on ]1/R, R[, we see further
divr,.n >0 pc-almost everywhere on {x,+1 <0} N{l/R < |x| < R}.
Therefore (2.3) yields
pexp <O0N{l/R <|x| <R}) =0 VR >0,

hence sptuc € {x,41 = 0} = P and puc = 6"(u,xo)H"| P by Constancy
Theorem, see [Sim, Theorem 41.1]. This is the first part of (2.1), as o; — 0
was arbitrary.

Finally by Allard’s Integral Compactness Theorem, see [All72, Theorem
6.4] or [Sim, Remark 42.8], we have 6"(u,x9) = 6"(uc,y) € N for any
yeP. O

We put 6 := 0" (i, xo) € N. Although T, u may not be horizontal, we
can represent (; on a large set as a union of lipschitz graphs of functions

fiisi=1,...,60, over P by a tilted Lipschitz-Approximation, see Appendix
D. With the assumption of approximate continuity, one would know that f};,i =
I,..., 6, coincide on a set approaching full measure when j — oco. Therefore,

the limit procedure 5;1 fji forany i =1,...,60 was considered in [Bra78].
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b0
Here we have to modify and first average by putting f; := % > fii-

Writing T, = graph L for some linear function, we see f;; — L and consider
' (fi—-L) — f. 85— L)~ V.

As in [Bra78], we establish that f satisfies a linear elliptic equation with constant
coefficients, more precisely

1.
— 0 A(VL)oy f = ok
o

where A(a) := +/1+ |a|? and v is related to Hu , see Proposition 2.2 below.
We recall that in [Bra78] this was actually Laplace S equation.

Choosing F homogeneous of degree one, that is F(oX) = oF(X), and
convex, w is a supersolution of a uniformly elliptic equation —F (Dzw) > u,
where §; Yu; j — u weakly. If F' were linear, we would get that v is actually
a solutlon

From the touching, we clearly know f < v. Since the convergence of
87'(; — L) will be strong in C', we get ¥(0) =0, V¥ (0) = 0. To apply
the strong maximum principle to f and v, we have to establish £(0) = 0. This
will be achieved in Proposition 2.3 when §; controls the height-excess of
on all scales, that is

sup heightex, (0 0, Tyyt) < §;
0<p=<8

and not only heightexuj 0,8, Tyyn) < 4.
We also have to specify the choice of F. We choose it to be a Pucci-
extremal operator F = Mf where A = A(L) is such that

mAVL)Xy < M;F(X) for all X € S(n).

This yields

1 1
—ANVL)(y — f)za——0>-u =0
6o 2
by choosing u; appropriately such that %ﬁ > %f), 0. Then the maximum prin-
ciple implies o
=1, i=a=0,

and B B
M;5(D*) = 8y A(VL)du = 0.

By our choice of F and A, this implies

(2.4) D>y =0,
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exploiting the fully non-linear structure of F. Therefore v is linear and f =
¥ =0, as ¥(0) = 0, V{(0) = 0. The vanishing of the blow-up limits then
implies a strong decay of the height-excess of u. Here we have to observe
that since f; is an average in our definition, it cannot control the height-excess
alone. Instead, we use

fo

D 1] < CONAF D+ [ (D)

i=1

when f;;(y) < v¥;(y), see Proposition 2.5.
As still o := (fBg“(O) |Huj|Pd,u,j)1/P < §; has to be satisfied, we have to
more or less decouple o; and heightexﬂj by choosing u; in a balanced way,

see Appendix B and the conclusion in (3.31). This balanced choice is one of
the main reasons why we did not succeed in proving the maximum principle
Theorem 6.1 or 6.2 directly, but had to go through the intermediate step of
Lemma 3.1.

We start now with our general blow-up procedure and fix n,6p) € N,n <
p<oo,p>2,1:=1—-n/pe€lO,1[ and 0 < Ag < 1. We consider a sequence
of integral n-varifolds w; in Bg(0) xR and 7} € G(n + 1, n) satisfying

(2.5) 0esptu;,

(2.6) Jr; 7 = X,

2.7) [(@a0") " i By (0)) — o] <&; - 0 for 0 <o <8,
(2.8) spti S {(v, Dllel < CGo)lyll,

(2.9) aff = /Bg(O)XR |1?1Mj|pduj,

2100 ¥, :=Q"2/Bn+l(0)|n;, (0)Pdp; (x) =heightex, (0,0, 7)), v;=Vis,
Q

and
2.11) max(a;, sup y;,) <é; >0, §; #0.
0<p<8
We also put
(2.12) B} = /B v 1 Tt =T I dpej (x) = 7" tiltex,,; (0,7, T))
7

and get from [Bra78, Theorem 5.5] or [Sim, Lemma 22.2] that

(2.13) B} < Cuplajy; +v]) < C8.
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Next, we define v; : Bg(0) — R by putting

Z _Hﬂj(x)gn(u“jax) if Z Qn(ujax) =< 90’

2.14) vi(y) := xen~l(y) xen~l(y)
! 0 if S 0w, x) > 6o,

xen=l(y)

where Huj = fIij(Tuj) for v(T'j)en1 > 0. By Co-Area formula

R 1/p
(2.15) |l v; ”LP(Bg(O))S 901_1/17(/3 IHMjIPd,uj> < C(Bp)a; < C4;.

g(O)x]R
Choosing C(Ap)8 < 1/2, we get from Theorem D.1 a tilted Lipschitz-
Approximation of . ; over P, that is: There exists gg(Ao) > 0, B := Bgo(x 0)(0),

and lipschitz maps

fjlf...ffngng—)Pl, i=1,...,00,
Fj;: BC P — R", Fii(y) =, fii(y),

satisfying
(2.16) Lip fj; < C(ro), Il fii lLoopy< 1/4,

and putting f}; := fj; —L;, where L; : P — P* is linear, L; := (w|T;)"' —id

(2.17) Lip fii < C(0)8 < 1/2, | fii llroos) < C()"03n)yj$7

and there exists ¥; € B such that

(2.18) 0" (uj, (y, 1)) =#{ilfji(y) =t} for all yeY; € P,t €]—1/2,1/2[C P+,
and

(2.19) Xj:=sptunN¥;x]—=1/2,1/2)) = U?ilei(Yj),

and satisfying the estimates

(2.20) wi((Bx]—1/2,1/2)) = X;) + L"(B — ;) < C&3,

if §; < co(n, 0o, p, 0, 8) and where C = C(hro, 1, by, p, 8, §) < oo.
By (2.8), we can choose go(1p) small enough such that

2.21) sptu; N (B x R) € Bx]— 1/4, 1/4[< B! (0).
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From (2.6), we see that |v(T})e,41| = JTj ;> Ao, hence

(_aj7 1)
71+ |a]-|2

Since (y, L;y) € Tj, we see

(2.22) w(T)) = VL;=a; with |aj| < C(k).

(2.23) 7 (Fri )] < | fi -
On the other hand, we obtain from (D.2) that
(2.24) 750 < COITF, (Fii()I:

From (2.18), (2.19) and the Co-Area formula, we see for ® € (C'NL®)(Bx]—
1/2,1/2[xG(n + 1, n) that

&0
| o g modis o = [ 3 @) imD )y

Xj Yji=1
and
b0
(2.25) /X  (r, Topu )it () = /Y S @ (F;i (3).im(DF;i ())1/Gra(DFje(»)dy
J Ji=l

where Gr,(DF;;(y)) denotes the Gram-Determinant of the columns of DF;;(y) €
Rn,n+l .

First, we establish a W!2(B)-bound on fji- We get from (2.24) and (2.25)
that

) )
/Y Do 1finPdy < /Y D1 Gra(DFji(y)dy

J i=1 J i=1

< CGo) [ Irf (0P, (6) = Clhamy} = Clha ),
J ’

Next (2.17) and (2.20) yield

o Fo2 2 4 24+—»
/B . Z|f11| SCSjQOC(AO’n)yjn+2 fCSJ n+2.

Ji=1

Combining the two estimates, we obtain

j—oo

)
(2.26) 1imsup5;2/BZ | fiil* < C(ho, n).
i=1
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Next, we consider y € ¥; and x := Fj;(y) = (y, f;i(y)). Clearly,
=V£fi,

JUH VPR

VL; =a; and |V fj],]a;] < C(k) by (2.16) and

V(T j) =

(—aj.1)

Va2’

Recalling v(T;) =
(2.22), we get

IV i) =V fi:(0) — ajl < CQo)v(Tepy) — (TP = Clho) | Teptj —Tj | -
Plugging into (2.25), we obtain

bo

%
[ S iawPay =€ [ 3 1im D) - TPy
YI i=1 Yj i=1
< C(m/x | Toy — T 17 di (o)
J
< C(ro, B} < C(ho, n, p)&7.
From (2.17) and (2.20), we see
b
/ DIV Fil* < C8IC ()8
B-Yj iy

Combining the two estimates, we obtain

o
(2.27) lim sup 8/-_2/ Z IV]F.,-,-I2 < 0.
j—o0o B i—1
We define
1 & 1 &
fji=%§fﬁ, fj3=9_0;fji=fj_l’j

and see from (2.26) and (2.27) that

(2.28) limsuij_z/ |fil* < C(ro. m), limsup8j_2/ IV fil? < oc.
j—o0o B j—00 B

Selecting an appropriate subsequence, we obtain

(Sj_lfj — f weakly in W'2(B) and strongly in L*(B),

(2.29) _
I/ ”LZ(B)S C (Ao, n),
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(2.30) fii — 0 strongly in W'(B),
using (2.15)
(2.31) v :=68;'v; > o weakly in L”(B),
and

T, — Ty,a; — ap,

2.32
232 laol = C (o).

Then (2.30) and (2.32) yield
(2.33) V fjii — ap  strongly in L*(B).

f is a solution of a linear elliptic equation with constant coefficients. When
ap = 0, this is Laplace’s equation, compare [Bra78, Theorem 5.6].

ProPOSITION 2.2.

- 1
(2.34) — 0 Aag) o f = 9—17 weakly locally in B
o

where A(a) == /1 + |a|

Proor. For n € Cé(B), we get

J; ::/BaklA(aj)azfjakﬂ
1 QD 0 0
- — im DF;;, Gro(DF;;

o35 e (3y0) om ) Vor0E0
1 % 0 0 /
i=1

o
1 ) 00 0
& Sl () o ()

+ 15 0 = + J
—O; omw | =Jj oo Jja,
6o / n g1 g4

where we consider (2) om € Ci(sptu N (Bx] —1/2,1/2[)) by (2.21).
From (2.16) and (2.20), we see

(2.35) [ Jj1l < C85C(ho) || Vi los -
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From (2.20) and (2.25), we get

1 0 0
(2.36) |Jj3] < —| Tuj, om)du;l < C83 || Vi llzeo
! 6o JBx1-1/2.1/20-X; 7\ vno ! ! t

Next

0ty aya = 07" | Hy; (). nGr(0)ensn ) dia (x)

Bx1—1/2,1/2[ <

(2.37)

b —57! <I_'i (Fii(y)), e +1>

j i\ L ji s €n
= ’ d
/Y n(y)dy

S Ju ;7w (Fji(y))
—1 o
-5t [ sy, (B 0 ) it 0

Now .
Hy, (x) = Hy, Ov(Tep)), Ty () = v(Tepenss

for v(Typ;)e,1 > 0, and

> 0Muj.x) =6y foryey;,

xen=L(y)

hence

fo

vi() = —H, (Fji(y) foryeY,.

i=1
Therefore
(2.38) 008" Jja = / §;'vin+ R; with R; 0.

B

Indeed, we see from (2.37) that

1/p
B - 2(1-1
|R,-|sa,1||n||m<||v,~ ||Lp(3)+(/Bn+l(0)|Hu,-|Pdw> )CB,‘ )
1

20=1/p) _ 0

<Clnllie s

since p > 1.
We turn to J;,. We put S =imDF;; € G(n+ 1,n). Then

and Gr,(DF;;) = 1+ |V f;:[%.
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<imDFj,~, <0Vr) ((;) 07T> \/Grn(DFji)
0 0
—tr ((1n+1 — (ST (w 0)) VI+IV P

0 0
= —v(S) (W 0>v(5)\/1 + |V fiil?

We calculate

((=Vfji, D, (0, =VnV fj)

_ VfiVn
31+ IV fil?
Therefore
6o
akf"
——L )i,

(2.39) 00J;2 = (OuA@)d fii —
0.2 /B; kiAa;j)or fj W

since || B VnD?*A(a )a;j = 0. A short calculation yields for a, b € R"

185

DA by ) 1 1 ab
a)p — —— = — P —
MO T e T Vit e VIt eE) At et
by < ab
= 1+ b2 — 1+|a|2>—a
V141621 + |af? \/ \/ A+ lap)ts
ab

b b—a)(b+a)

= — g .
V146121 +1a? /14 b2 +/1+ |al? (I + la|)!?

Together with (2.39), we obtain

OoJjo=
v fiVn ViV fiita))

6o
= —da
/19,'2:1:<\/1+|ij,~|2\/1+|61]'|2 \/1+|iji|2+\/1+|aj|2 '

. la;l
since [, ajVn(Hla;
aVn  Vf2a aoV f

ajvfj,-

NEETTDE

2
75 = 0. From (2.29), (2.32) and (2.33), we get

240) 5717 _>/( CaV 7> _
527 U1l 2T H a0 T+ lagP)13

).
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Then (2.35), (2.36), (2.38), (2.40) yield
1
(2.41) s> | —un.
7 B 0o

On the other hand,
571, =/BaklA(Gj)3;]31fj3k77—> /BaklA(Go)alfakn,

which yields (2.34) by (2.41). O
Since © € LP(B), we get by elliptic regularity theory that f € leo’cp (B) —
Cioe(B).
So far, we have only used that y; = y;3 < §;. Using that §; controls
heightexuj on all scales, we get the following proposition.
PropOSITION 2.3.
(2.42) f(0) =0.

Proor. From (2.27) with ¢; < 1/2, (2.9) and (2.11), we get for 0 <o <1

R 1/p
I8 | (Bg“(O))s( /Hl IHMjl"du,) wj(By T (0)! T
By (0)
(2.43) < aj(w,0"/2) P 1B (0))

< C(n, p)ajo™"'"1u;(By+(0))
< C(n, p)3jo~" 1By (0)).

Next from [Bra78, Theorem 5.5] or [Sim, Lemma 22.2], we obtain for0 < o < 1
and (2.27) with g; < 1/2 that

Q_n/wl(m I Tepej = Tj Il dpaj(x) < tiltex,, (0, 0, T)) (07" 1t (B (0))'/2
Q

. 12

< C(n,00)<((29)2_”/ IHMJ.IZd,uj)

B3+ 0)
©
+ heightex , (0, 20 T~)1/2>
M] 9 9 j

R 1/2
< C(n, 6o) (Q <Q”/”+1 IHujlzduj>
B, " (0)

20
+ Vj,ZQ)

< C(n,00)(0"cj + Vj20)
< C(n, 6p)d;,
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and

(2.44) /Bn+1(0) | Tepaj = Tj Nl dpej(x) < C(n, 60)8;4 (B, (0)).
Q

We put _
BJT(0) = {x € By" (0)||m7, (0)] < T},

and get for 0 < 7,8; <1 by (2.43), (2.44), when adapting [Sim, 42.10(7)] to

the case 0 <t < 1,

Wi (BI(0))

n
n

(2.45) 6p =0"(n;,0) < +C(n, p,0y)8j(o/t+0") for 0 <o < 1.

We fix € > 0 small, set
T =€

and consider small, but fixed ¢ such that
(2.46) C(n, p,0)(e "o+ 0" <e.
Then (2.27) and (2.45) yields

i (BI1(0) — By ™ (0))

w, 0"

<& +e=<2e

for large j, hence

L (7 (spt ;N (BET(0) — B, (0)) -

w, 0"

(2.47) 2e.

We put

Bj = (Bl )0 (0) N Y)) — m(spt e N (BL(0) — B (0)),
where cg(Ag) is small chosen below, and get from (2.20) and (2.47) that
(248)  L'(B)) = wco(h)"@" — C82 — 2ew,0" = (1 — /E)co(ho)" "
for large j and if

(2.49) Ve < co(rg)" /4.

Now for y € B;, we get from (2.18) that Fj;(y) = (y, f;i(y)) € spt; and
by (2.17) that

£ < ILjy| + 1 f5: )] < CO)lyl + Clho, m8 " < 0/2
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if ¢o(Ao) is small enough and j large, hence Fj;(y) € BSH(O). By definition
of B; and (2.24), this yields

|fii1 = CRo)lrz, (Fji(»)] = CGo)T;,

hence B
1871 f5: ()] < C(ho)87'1j < Cho)e,
and by (2.48)

co(rplo
L (Bgo(ko)@ ) B

Letting j — oo, we get by (2.29)

L[ f] > Cro)elN Bl ;)0 (0)) _ v

LBy 910 (0)

for all o, € satisfying (2.46) and (2.49). Letting first ¢ — O then € — 0, (2.42)
follows as f is continuous. O

['”(H(Sj_lfj' < C(xp)e]lN B? 0)) -1 \/E

Now, we add to our assumptions (2.5) - (2.11) that spty; are touched
from above by regular graphs. More precisely we assume that there are ¥; €

Wz’q(B?(O)) > Cl"/(Bf’(O)), n<gq<oo,l':=1—n/q €]0, 1] satisfying

(2.50) @i+ =V¥; in B{(0), ¥;(0) =0,
where ¢; ; is the upper height function of u},
(2.51) V;(0) = aj, S > Xo,
L+ [Vy;(0)2
where we have used (2.6),
(2.52) | ¥; —L; ||c1(B?(0))5 gj =0,
and 1, satisfies a Pucci-equation almost everywhere
(2.53) ~ M (D*¥j) =u; L"-almost everywhere in B} (0),
where 0 <A <1 and u; € LY(B7(0)) such that
(2.54) [l u, ||Lq(B’1’(0))S 5; — 0.
For a suitable subsequence
(2.55) iij:=87"uj — i weakly in LY(B](0)).
Clearly, we see from Proposition 2.1 and (2.5), (2.22), (2.50) and (2.51) that
Topj = 00T}
From (2.18) and (2.50), we get
(2.56) fii<y; onY;fori=1,...,6.

In the next proposition, we derive by elliptic theory Wli’cq-estimates for r;
and get converging subsequences.
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PROPOSITION 2.4. Putting ¥r; := (¥; — L), we get
2.57) timsup [| 879 lly2q g0y < C(ho. . n.q.0) for0 < o < go(ko).

Jj—o0o

hence for a subsequence

(2.58) 87", — ¥ weakly in W.24(B) and strongly in CIIQ’C‘//(B)forO </ </,

(2.59) ¥(0) =0,V (0) =0,

(2.60) f<¥ inB,

V satisfies

(2.61) —~MI(D*) > i L"-almost everywhere in B.

Proor. In this proof, we abbreviate 1}1» = 8;11/}]- = 8;1(¢j — L;) and
B, := 0B = Bypy3(0) for 0 < o < 1. Clearly —M(D*y;) = ii; L"-
almost everywhere in Bf'(0) by (2.53). We rewrite this to a linear equation

(2.62) —a\)0uW; =i; L"-almost everywhere in B (0),

with measurable coefficients and bounded ellipticity AZ, < (a,ﬁ{))kl < I,. Next,
(2.54) gives

(2.63) Ilétj lliLacsnop=1-
First, we observe from (2.28) and (2.56) that

limsup [| (V) 2y, < C (o, n).

j—oo
From (2.20) and (2.52), we see
I %5 2oy = €8 185 Wy = L) oo = Céj

hence _
limsup || (¥;)- ”LZ(B)S C(ko, n).

j—oo
By local maximum estimates, see [GT, Theorem 9.20], we get from (2.62) and
(2.63) that

I (- oo B3,4) = C(ho, A, n)(]| (W) 25 + I #j llzncs))

2.64
(264) < C(ho, A, 1).
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for large j. Next, we put

Ei=vyi+ | (U))- lLooBy,)= 0 in B4
and get from Harnack-inequality, see [GT, Theorems 9.20 and 9.22], that

1§ llzooss gy = C(hos A, n)(g?/fgé—k Il u; llnes))

= C()"()’ A, n)(” (I/_fj)— ||LOO(B3/4) +1) = C()"Os )\,,l’l)
since 1}1- (0) =0 by (2.50) and using (2.64). Therefore

(2.65) limsup || ¥; oo (Bs/5)< C (Ao, A, ).

j—oo

Then (2.62), (2.63), (2.65) and interior W>4-estimates as M,J{ is convex, see
[Caf89, Theorem 1], [CafCab, Theorem 7.1] and [CafCK96, Theorem B.1],
imply

limsup || ¥; lw2az, ) = limsup C(ro, 2, 1, g)(ll U llooess,g + 1 @ o)

Jj—o00o j—o00

< C(Ao, A, n,q)

which is (2.57) for o = p(ro)/2. Of course this estimate is true for any
0 < 0 < 00(Xo) when C(Ag, A, n,q) is replaced by C(Xg, A, n, q, 0).

(2.57) implies the convergence of a subsequence as in (2.58). As this
convergence is strong in C!, (2.50) and (2.51) imply ¥ (0) = 0 and Vi (0) =
Owhich is (2.59).

(2.60) follows from (2.20) and (2.56).

Since (D>}, ;) — (D*Vr, it) weakly in L{_(B), there exist convex com-
binations such that

chj(szﬁj,ﬁj) — (DZ&,IZ) pointwise almost everywhere on B as k — co.
J

Since /\/lj{ is convex, we see from (2.62) that
— M (D)) « —M (Z ck,D2¢j) > Y =M (DY) = ity — it
J J J

pointwise almost everywhere on B which is (2.61). O

We estimate the height-excess on balls Bg“(O) with 0 < o < g9(Ag).
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ProposITION 2.5. There exists C = C(hg,n,0y) < oo such that for any
0 <o <00(o)

(266) hm Sup Sj_l)/j’g S C()\.O, n, 90)0'_7_1( || f_‘ ||L2(Bg(0)) + ” l/} ”LZ(B{,'(O)) )

j—oo

Proor. First, we get from (2.16), (2.23) and (2.25) that

57 o, 0Py ) < [ 1571 50\ /Gra(DFji(y)dy
ittonx; BLONY; S

%
< C(ho) (Z 167 (fii () = ;NI + eow;‘x?fj(y)ﬁ)dy.

BE(0)NY;

)

i=1

Recalling (2.56), we see for y € Y; that

&0 6o
D) = TP < Y (i) = F NS () — ¥5(0))
i=1

i,k=1
LU - 2 - .
= | >0 = F00| =01, — il
i=1
hence

1imsup5;2/ 1 |7 ()2 (x)
00 yttonx; 7/

(2.67)
= C()\'Oa 90)( ” f ”iz(Bg(O)) + || W ”iz(Bg(O)) )

For xo € B"*1(0) Nspt wj, we get by monotonicity formula, see [Sim, Theorem
17.7], that

L

Q
—n

R 1/p
w,i/"s(g—"uj<82“<xo>))”"+( / ) |Huj|"duj) 5

Bngl(
< (@ "By xo))'? + Cyperj for 0 <o < 1.
From (2.11), we know «; < §; — 0, hence (Q’”Mj(Bé’*](xo))) > w,/2 for

0 <o <1 and large j. Choosing o := %|71Tij(x0)| < 0/2 < 00(ho)/2 < 1/4,
we get

2 2 —n—-2
2 > 2 >
0jzvjg=8 /n+1

it VT (P () 22 877207 (B (x0)
o Yo

2 1 2
> co(n)o"** = co(m)lrz, (x0)|"*2,
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2
hence |7TTL]- (x0)| < Cpné J’»”Lz. Using (2.20), this yields

2
lim sup 872 |n%}, (0)dpj (x) < limsup 8774 (B (0)— X ;) C8 1 =0.
I

J
j—00 B 0)-x 00

Together with (2.67), we obtain

limsup(Sj_zyjz’(7 < limsup(Sj_za_”_z/ | IJT#(x)Izd/Lj(x)
j—o0 j—o0 ngL 0) J

—n—2 o2 T2
= C()‘Oa 60)0 " ( “ f ”LZ(Bg(O)) + || W ||L2(Bg(0)) >

which is (2.66). O

The following corollary will not be needed in the text. We state it for
possible further applications.

COROLLARY 2.6. There exists C (Ao, 1, 6y, p), C(ro, 1, 6y, q) < 00 such that
forany 0 < o < g9(Ao)/2

(2.68) lim sup 5,-_13/1',0 < C(xo, n, 09, p)o' + C(ro, n, 6y, 6])0“-

j—oo

Proor. From (2.15), (2.29), (2.34), and (2.57), we estimate

<C(r,n, p)( I F 2 + 1l @ e )

ic()"()?na )a ) 2,
Pl ”W q(Bgo(lo)/z(O))

I f lw2p g
Flwar s 0, p0

(2.69)
< C(xo, A, n,q).

Since ¥ (0) =0, V{(0) =0, f < ¢ and f(0) =0 by (2.42), (2.59) and (2.60),
we get V f(0) = 0. Therefore by (2.69)

z 1
I f llzeosnoy < Clhon, plo'™,

- /
I ¥ lloo(Br o) < C (o, Ay, @),

and (2.68) follows from (2.66). O
We compare the elliptic operators in (2.34) and (2.61). The eigenvalues of
(0 A(a)) are ——— counted (n — 1)-times and W counted once. We

A 1+al?

put

(2.70) Aa) = €]0, 1]

1
(1+|aP)*/2
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and see
(2.71) MA@Xy < M, (X) for any X € S(n).
We add to our assumptions (2.5) - (2.11) and (2.50) - (2.54) that
(2.72) 0<A<Aa) <1
and
1 1
(2.73) 9_0Uj < Euj’ 0=<uy,
in particular
1. 1.
2.74) u——v>-u>0.
6o 2

We know that £ € W2/ (B) and ¥ € W,2/(B) and conclude from (2.61), (2.71)

and (2.72) that
(2.75) — 0 Alao)du ¥ = — M (DY) > ii.
Combining with (2.34) and (2.74), we see that & := v — f € WI%;C”(B) satisfies

u>0.

v

| =

v

_ _ 1 _
— 0k Aao)o§ > u — —v
Oo

Further from (2.42), (2.59) and (2.60)
E>0 in B, &) =0.

Then Alexandroff’s Maximum Principle, see [GT, Theorem 9.6], implies & = 0
that is

(2.76) f=v in B.
Moreover u — %
2.77) u=v=0,
and :
— 0k Aaog) Y = —0Aao) ok f = 9—05 =0.
Combining with (2.75), we get
(2.78) — M (D*) = =0 Aao)dur = 0.
Since spec(dyA(ag)) < [A(ag), 1] and A < A(ag) by (2.72), we see that D

has no negative eigenvalues, hence D> > 0. Then (2.78) implies D>y = 0,
and ¢ is linear. From (2.59) and (2.76), we arrive at

(2.79) f=v% =0 in B.

ProPOSITION 2.7. Under the assumptions (2.5)-(2.11), (2.50)-(2.54) and (2.72),
(2.73), we get for 0 < o < po(rg) that
(2.80) limsup8;'y;, = 0.

j—oo

Proor. This follows immediately from (2.66) and (2.79). O
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Since we want to prove a decay on sup,_,.g ¥, S€€ our assumptions
in (2.11), we have to establish a uniformity in o in Proposition 2.7. As our
assumptions hold with the same §; also for p; when rescaled to smaller balls,
this follows by rescaling ;.

We consider 0 < ¢; < 1 and define p; e 1= 80,0, #Mj where §j,(x) :=

1

0~ 'x, and

Viees(V) =07V (0;),  Ujnes(y) = 0juj(0;¥).

Since spt it res = Q;l sptuj, (2.27) and (2.8) transform immediately from pu;

tO [ res-
Now

P H P e = oP " H 1Pdu: , .
aj,res_/n | l/vj,resl d“’j,l’es—gj /n | ;Lj| d“/j Saj 551
B"(0)xR B'  (O)xR
8 8 j

by (2.11), as p>n and g; < 1.
Next for 0 < o <8,

yjz,res,g = heightex,, . (0, 0, Tj) = heightex,, (0, c0;, Tj) = ij,ggj’

hence

max(aj,res’ sup Vj,res,g) =< 8/‘ — 0, 5/‘ #0,
0<p<8

which is (2.11) for f4; res.
Since the upper height function @; e+ Of ;s is given by

Pires+ (M) = 07" 0j (0¥,
and V¢ es(y) = V¥(0;y), (2.50) and (2.51) follow immediately for the
rescaled quantities and
| V(¥jres — Lj) ||L0°(B’1’(0))§ g —0
by (2.52). Moreover since V¥ s(0) =0 = L;0, we get
| Vjres —Lj ||L°°(B’11(0))§|| V(¥jres — Lj) ||L<>0(B’11(0))§ g;j — 0,

which is (2.52) for ¥ res.

By definition of ¥ res and u s, We get —Mf(Dzl/fj,res) = U res L"-almost
everywhere in B} (0), which is (2.53) for the rescaled quantities.

Further (2.54) transforms to

’
Il 24jres g on= 05 Il u; lzanon=8; =0

as'=1—-n/g>0and o; < 1.

Defining v; s as in (2.14) for p; s, We see v es(y) 1= 0;v;(0;y), and
get (2.73) for the rescaled quantities.

Clearly (2.72) is unchanged.

Thus we can strengthen Corollary 2.6 and Proposition 2.7.
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COROLLARY 2.8. Under the assumptions (2.5)-(2.11), and (2.50)-(2.54) there
exists C(Ag, n, 6y, p), C(ro, n, 6y, q) < 00 such that for any 0 < o9 < 09(rg)/2

(2.81) limsuij_l sup ¥j.o < C(ho,n, 0y, p)oy+ C(ro, n, 6, q)aé/.

j—o00 0<o <oy
Under the further assumptions (2.72), (2.73), we get

(2.82) limsups;'  sup  yj, =0.
Jj—00 0<o=<0p(rg)

Proor. We choose 0 < g; <1 for (2.81) such that

sup Vjo = 2Vj,gj00 = 2Vj,res,00a
0<o <oy

and for (2.82) such that

SUP Vo = 2Vj.0j00(k) = 2Vjores.000i0)>
0<o =00 (*9)

rescale and apply (2.68) and (2.80). O

3. — Differential properties of the height function

In this section, we prove our key lemma which opens the path to quadratic
tilt-excess decay and the maximum principle.

LemMA 3.1. Let pu be an integral n-varifold in Q@ € R**! with H,, € L{ (1),
p>np=>2Q:=UxR,UCR"open, sptu CUX]—1,1[and ¢4 : U —
[—o0, oo[ be the upper height function of |1.

Then for any n < q < p, there exists u € L (U) such that ¢ is a W>9-
viscosity subsolution of

3.1 —F(Vg.,D’¢y) <u inU,

where F is a continuous, fully non-linear elliptic operator which is uniformly el-
liptic for bounded gradients and is universal in the sense that F is independent of

w,n,p,q.

Proor. First, we specify the operator F. We know that the smallest eigen-
value (dx;A(a))y is given by A(a), as defined in (2.70), and recall the domination
of the minimal surface operator by a Pucci-extremal operator in (2.71). _

To satisfy the assumption (2.72), we choose any continuous function X :
R" —]0, 1] satisfying

(3.2) 0 < Aa) < Ara) <1, X(a) < x(b) for |a| > |b|.
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For example A(a) := 372 will do. We define the continuous elliptic

1
2(1+|al
operator F : R" x §(n) - R

F(a,X) := M;(a)(X).

We turn to the right hand side, put

R 1/p
vo(y) = ( Z IHM(x)I"J,ﬂ(x)_lé’”(u,x)) for y e U
xer =L@y

and see by Co-Area formula that
(3.3) / lvol?d " :/ IH,|”du < oo for U’ € U,
v’ U'x1-1,1

in particular vy € Lf;C(U ). Now to prove (3.1), it suffices to consider By (0) € U
and show that there exists u € L7(B}(0)) such that

(3.4) —F(Vgy,D’¢y) <u in B{(0).

This can be seen by taking a countable cover of U by balls B;(y) € U which
is locally finite, that is each point in U has a neighbourhood that intersects
only finitely many balls.

By monotonicity formula and since sptu € Ux] — 1, 1[, we can choose
Omax € N such that

3.5 0" (1) < Omax on B (0) x R.
Defining
21 Iﬁu(X)IG”(M,X) it > 19"(/1,16) < Omax,
36 v — xex 1 (y) xem(y)~
( ) ()’) { 0 lf Z en(u/’ x) > ema)h
xem(y)~!
we see
(3.7) U < Omax'"/Pvo  on B} (0).

Now, we define
= 2maxMen (14 0)” xr0) /7 LB (0),

where M » denotes the maximal function, see Definition B.2, and fix n < g < p.
From Lemma B.3, we see u € LY(B{(0)), and u is g-balanced that is for any
y€ B{(©) and ¢ >0

o llullLrsr, ()
(3.8) lim inf — o
0lo 074 [l u Il La gy
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Further from Proposition B.5, (3.3) and (3.7), we get

1
(3.9) I+v=su

(3.10) o P (/
BV!

1/p
, XRlHMPd'U) <Cpo™"| u ”Lq(BZ) for any Bg, € Bj(0).
o

(3.9) will establish the assumption (2.73).
To prove (3.4) respectively (3.1), we consider U’ € B}(0), ¥ € W24 (U"),
T > 0 satisfying

(3.11) —F(Vy, D21p) >u+1 L"-almost everywhere in U’

and assume to get a contradiction that ¢, — ¥ has an interior maximum in U’,
hence, there exists a ball Bgo (yg) € U’ such that

(3.12) 9+ — ¥ = (p+ —¥)() €R on By (yo).

In particular graph(y¥ + (¢. — ¥)()o)) touches sptu from above in xg :=
(o, 9+ (y0)). We want to replace ¥ by a function which is a solution of
an elliptic equation rather than only being a supersolution as in (3.11).

We set ag := Vi (y9) and choose

(3.13) A(ag) < A < Aap).
As in (A.4), there exists for 0 < o < gg by [Caf89, Theorem 1] or [CafCab,

Theorem 7.1] and the boundary estimates in [Cab00] or [Wi04], see also [Wa92,
Theorem 5.8] for p > n + 1, a function v, € Wz"f(Bg (y0)) such that

—M;r(Dsz) =u L"-almost everywhere in Bg (o),

(3.14) )
Yo =1y on 3B (y)

and satisfying the rescaled estimate
o™ (o = ¥)(@) llw2.a(snoy = Ca"

where € = CO.n.q. (Il u lawgoen + I ¥ lw2aqa, o) and ¢ =
1 —n/q €]0, 1[. In particular

I Vb = V¥ Nl oo (o) = Co".
As W27 < C1Y we see

'V —ao Loz pn= €, g, 00)e",
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hence )
' Vb = ao llLoo sl o = C'o".

Choosing 0 < g < g9 small enough, we may assume that
(3.15) A(V) < X < A(Vip) on Bi(yo).
From (3.11), we get

—~MED*Y) = =M, (D*Y) = —=F(Vy, DY) = u+7 in By (yo).

From (3.14), we see —M (D*(Y, — ¥)) < — M (D*Y,) + M (D*y) < —7
and obtain by Alexandroff’s Maximum Principle, see [GT, Theorem 9.6], that
Vo <¥ on B;(yo). Together with (3.12), we get

sup (@4 —¥o) = sup (o1 —¥) < (1 —¥)(yo) < sup (g4 — V),
3By (o) dBg (y0) By (30)

and there is yo € B)(yo) < B{'(0) such that
P+ — Vo = (91 —¥o)(Go) in B, (o).

Adding a constant to ¥,, we achieve ¢, (o) = ¥,(Jo). Translating by Xo :=
(Y0, ¢+(30)), rescaling and abbreviating v, by v, we assume without loss of
generality that

(3.16) ¢+ =¥ in B{(0), ¢4(0)=v(0) =0,

(3.17) —M,{"(Dzl//) =u L"-almost everywhere in B (0),
1

3.18 0)=ay, —]—m—==:A 0,

(3.18) ¥ (0) = ag TR0 0>

(3.19) A < Alao),

where we have used (3.15) for the last inequality.
According to Proposition 2.1, p has a tangent plane at 0, more precisely

Bn+1 0
(3.20) wE” O) — 0"(w,0) =: 6y € N,
w, 0"
(3.21) Tow=60T, T eGm+1,n),
(3.22) Jrm = Ag.

From (3.5), we get

(323) 90 = Gmax-
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In particular Exp.oj = 6pT and o~ 'sptu — T locally in Hausdorff distance,

see for example [Sim, Lemma 17.11]. Rescaling further, we may therefore
assume that

sptie S {(y, Ollz] < CQo)yF U{(y, Dllt] > 2C(xo)|y[}
We define
(3.24) p=pl{Q, Dllrl < C(ro)lyl}
and denote its upper height function by ¢,. Clearly,

04+(0) = ¢4.(0) = ¥ (0) =0,

¢+ <@+ <¥ in B{(0).

(3.25)

For 0 < o < 1/8, we define
o = Log#il, Vo =0 "Y(0y),  u(y):=ouloy),
ve(y) i==ov(oy),  af :=/ [Hy,, 7 dpe,,
B (0)xR

v = heightex; (0.0, 7)., 8, :=max(@y, sup Vo, ll g llLasr0))-

0<o<8o
For ¢; — 0, we set uj:=pu,, and T; :=T.

From (3.16), (3.20), (3.21), (3.22) and (3.24), we see that (2.5)-(2.8) are
satisfied and y, — 0.

Next
R 1/p
an,Q‘(/ |H,~L|pdﬂ) <Co' —0
BgQ(O)x]R

and ) )
0 <l g llLacsron= o llu llLa B2 0)= Co" — 0.

Therefore 0 < §, — 0, which is (2.11).
From (3.10), we get

(3.26) ap <Cy |l u, ”L‘J(Bi'(O)) .
(2.50) and (2.51) are immediate from (3.16), (3.18) and (3.25). Clearly,
Vi,(0) = Vi (0) = ag

is independent of p.
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Further
| Vo —ao ”LOO(B?(O)) =|| V¢ — V¢ (0) Il oo (B2 0))
< " 0ol 0, (V) < Cog |1V 20810y @ = 0
and putting Loy := agy, we get
| ¥ — Lo ||L<>°(B;’(0))S g(@) = 0,

as ¥,(0) =0 = Lo0, which yields (2.52).

(2.53) follows (3.17) and rescaling.

(2.54) follows from || u, ||Lq(3?(0))§ 8-

(2.72) follows from (3.19).
From (3.6) and (3.23), we see that v; as defined in (2.14) satisfies |v;| < Vg
hence from (3.9) ‘

(3.27) 0j+1lvjl=0j+v,; = SUej

which implies (2.73).
Therefore we can apply Corollary 2.8 (2.82) and obtain

(3.28) limsups,'  sup  y, =0.
0}0 0<o=gp(rple

Next, for any ¢; — 0 such that
8 gy — i weakly in LI(B{(0))

as in (2.55), we get from (2.77) that # = 0 in BSO(AO)(O). As || (Sg_lug ||Lq(B?(0))§
1, any sequence @; — 0 has a subsequence such that Séjjlugj is weakly conver-

gent in L9(B{(0)), hence 5;1% — 0 weakly in L‘f(BgO(AO)(O)). Since u, > 0,
we conclude

(3.29) 8 uy Iyt pn =/ s u, — 0.
o e L(Bgo(ko)(o)) B ) o e
o00(Aq)

As u is g-balanced in yo € B}'(0), here yo =0, we get from (3.8) that

g 11 (pn g
o llLtesy ;O Q LBy 00O

lim inf = lim inf > 0.

olo |l ug llLacsnoy el o4 |l u llza (B2 0
Together with (3.29)

(3.30) 11%11%@—1 I utg 1l as10p= 0
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and by (3.26)

.. —1 _
3.31) hrgli%)nfSQ a, =0.
By definition of §,, (3.30) and (3.31) imply that
(3.32) 8o = sup Vo
0<0<8p

for o > 0 small enough.
Then (3.28) implies that lim sup 8;5@0@0)/8)&, =0, hence
el0

(3.33) 8, < Cro*

with C; < oo for any k > 0.
But (3.27) and the definition of §, imply that

1
20,0 <Il ug llagsro)= S

contradicting (3.33) for k > 1. Therefore the assumption in (3.12) that ¢4 — ¢
has an interior maximum in U’ leads to a contradiction, and the lemma is
proved. O

4. — C?-Approximation of the height functions

Combining the Lemmas 3.1 and A.3, we see that the height functions have
approximate differentials almost everywhere.

ProPOSITION 4.1. We keep the assumptions of Lemma 3.1 and consider the
height functions ¢+ : U — [—00, oo] of u. Then

4.1) 0(p1), 0(p_) < oo L"-almost everywhere on [+ € R],

“4.2) 0(p+, [p+ € R]) < oo L"-almost everywhere on [p4 = ¢_],

and @4 are twice approximately differentiable L"-almost everywhere on [p+ € R].
More precisely, the approximate differentials satisfy

5 92— ()= Ve () — ¥) — 5= D oL (y)(z—y)
im sup(lim inf)

(43) sy lz — yI?
= (=)0
Sfor L"-almost all y € [¢+ € R] and

44y tm Qa0 VoG =3 cm) Dles(NGEy)

5 0
z—y,zelpx €R] |z =yl

SJor L™"-almost all y € [py = ¢_].
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ProOOF. Truncating as in Lemma A.3 by putting ¢y := max(¢4, —M), we
may assume that ¢4 is bounded from below and above.

As in [SchO1, Lemma 4.1], we see that for y € [p+ € R] C U where
Tiy.p i exists and v(T(y 4, (y)))en+1 # 0, which is true for almost all y €
[p+ € R], there exists C = C, < oo such that ¢ (z) < ¢ (y) + C,ly —
z| for all z € U and ¢, satisfies (A.18). By Lemma 3.1, it satisfies (A.17),
and (4.1) follows from Lemma A.3, first for ¢, and then by symmetry for ¢_.
(4.1) immediately implies (4.2) by observing that ¢_ < ¢, on [p1 € R].

Following the standard procedure in [CafCK96, Propositions 3.4, 3.5] and
[Wa92, Theorem 4.20], we define

P (y) = @i(y) — Alyl?

and see that ¢, , is touched from above by its concave envelope on [6(¢;) <
A]. By Alexandroff’s Theorem, the concave envelope is twice differentiable
almost everywhere, hence ¢, is twice approximately differentiable at points
where the concave envelope touches ¢4 o and which have full density in the
touching set. As ¢ 4 is touched from above, we get (4.3). The conclusion for
¢_ again follows by symmetry. (4.3) immediately implies (4.4) by observing
that the approximate differentials of ¢, and ¢_ coincide almost everywhere on
[¢+ = ¢_] and again since ¢_ < ¢4 on [p+ € R]. O

For y € [p+ = ¢_] where the approximate differentials of ¢, and ¢_
coincide, we put

1
Py(2) = () + VoM@ —y) + 5@ = W DXL (y)(z - y).

Then (4.4) states SUP B ()[4 eR] lp+ — Py| = oy(gz) for almost all y € [py =
¢_]. Hence ¢4 is twice differentiable on a set whose complement in [¢p = @_]
is a zero set. Combining with Whitney’s Extension Theorem, see Lemma C.1,
we get a C>-Approximation of the height functions.

THEOREM 4.1. Let p be an integral n-varifold in Q@ < R'"T! with H, e
L. (w),p >n,p >2 Q:=UxRU C R"open, sptu € Ux] — 1, 1]

and ¢4 : U — [—00, o0] be the height functions of .
Then for any U’ € U and & > 0, there exists Q C U’ N [¢y = ¢_] such that

LU Nlpr =g 1-0) <s
and there exists € C>(U) satisfying

4.5) D%y = DY on Q for|a| < 2.
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5. — Quadratic tilt-excess decay

Combining Proposition 4.1 with a covering argument, we obtain that the
tilt-excess decays quadratically.

THEOREM 5.1 (Quadratic tilt-excess decayQ. Let u be an integral n-varifold
in Q C R" with H, € L{;C(//,), p > n, p > 2. Then for p-almost all x € spt p,
the tilt-excess and the height-excess decay quadratically that is

(51) tiltexu(x, Q? Txl‘l’)s heightexﬂ(x, Q? Txﬂ’) = OX (Qz)

ProoF. We consider x € sptu satisfying T, exists, 6" (u) is approximately
continuous at x with respect to .

We know that this is satisfied p-almost everywhere. For simplicity, we
assume x = 0, Tou = 6y P.

For fixed go > 0 small enough such that Bj}!(0) € 2 and

sptu N B;’L;Bl (0) € B3, (0)x] = 00/2, 00/2l,
we consider
[ = | (Bg, (0)x] — @0, 0ol)

and its height functions ¢ : BZO(O) — [—00, 00].
As 6"(u) is approximately continuous at 0 and Ty exists, putting

o= {x = (. gy € B 0) N [@y = G_1. Tufi exists , v(TyD)enst # 0},

we get by Lipschitz-Approximation, see [Bra78, Theorem 5.4] and also [SchOl1,
Lemma 3.4], that

(5.2) o " (B TH0) — o) < w(0).

Clearly, Proposition 4.1 (4.2) implies quadratic decay for the height-excess for
x = (y,9+(y)) and L"-almost all y € [¢p4 =¢_]N B;’O(O).

Since the tilt-excess is controlled by the height-excess and the mean curva-
ture through the following estimate, see [Bra78, Theorem 5.5] or [Sim, Lemma
22.2],

tiltex,, (x, 0/2, T) < C heightex,, (x, 0, T) + Co*™" /

H,, 2du,
Bfw

we obtain a quadratic tilt-excess decay

tiltex, (x, 0, Ty ) = O, )

2

when x is a Lebesgue point of ITIM € Li,.

L"-almost all y € [¢1 = ¢-1N B, (0).

Putting Q := {x € X|x satisfies (5.1)}, this yields M(BZJI(O)HZO—Q) =0,
and by (5.2) and since 6"(u,0) > 1 that 8(u, 2 — Q,0) = 0. On the other
hand this density is equal to 1 almost everywhere with respect to w, see for
example [Sim, Theorem 4.7] or consider Lebesgue points of xq-o € Li.(w).
Therefore w(2 — Q) = 0, and the theorem is proved. O

(n) and 6" (u,x) < oo, hence for
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6. — Strong maximum principle

In Proposition 4.1, we have seen that the height functions are approximately
differentiable almost everywhere on [¢1+ € R]. We relate these approximate dif-
ferentials with the weak mean curvature of the varifold, first almost everywhere
on the set [p; = ¢_] where the height functions coincide.

The following proposition essentially appeared already in the proof of
[Sch01, Lemma 6.3]. We would be able to derive it just using the approx-
imate differentials of (4.4) and (C.8) without appealing to Whitney’s Extension
Theorem. On the other hand, the C?-Approximation of Theorem 4.1 simplifies
the argument.

PROPOSITION 6.1. Let ju be an integral n-varifold in Q@ € R"*! with H, €
LE.(w),p>n,p>2Q:=UxR,U C R"open, sptu € Ux]— 1, 1[ and
¢+ : U — [—00, 00] be the height functions of 1.

Then @4 is twice approximately differentiable L"-almost everywhere on [¢+ €
R] and the approximate differentials satisfy

(6.1) ﬁﬂ(y,gam)):v( Vo ) (=Vea(y), D)

)
VTr Vsl ) T T Ve )

Sfor L"-almost all y € [ = ¢_].

PrROOF. @y are twice approximately differentiable almost everywhere on
[¢+ € R] according to Proposition 4.1. From Theorem 4.1, there exists for any
U U and ¢ >0 aset Q CU' N[py =¢_] such that

(6.2) L'U'Npr=9-1-0) <e¢
and there exists ¥ € C>(U) satisfying
(6.3) D%y = D%y on Q for |a| <2.

By (6.2), it suffices to prove (6.1) almost everywhere on Q.

We consider y € Q such that 6"(L", Q,y) = 1,x = (y,p+(y)) is a
Lebesgue point of fIM, the tilt-excess decays quadratically at x as in (5.1), 6" (n)
is approximately continuous at x with respect to u, and Ijlu(x) e (Tt =

span v(x), where v(x) = % is a normal at 7T, . From Theorem 5.1 and

[Bra78, Theorem 5.8], we know that almost all y € Q satisfy these assumptions.
We put 6y := 6" (u, x) and define the integral n-varifold

sy = B0H" [ (graph y|U").
(6.1) will be proved when we establish

(6.4) H, (0)v(x) = Hy,, (0)v(x).
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We put

o = {2, px@)lz € Q S [p1 = ¢ = ¥1,0" (1, (2, 9=(2))) = b0}

and see
(6.5) X0 = py | o
Since 6"(w) is approximately continuous at x with respect to u and
v(Tywe,+1 # 0, we get by tilted Lipschitz-Approximation, see [Bra78, Theorem
5.4], [Sch01, Lemma 3.4] for the untilted version and Theorem D.1,
(6.6) o " u(B) (x) — Zo) < w(o).
From (6.5), we see
lim 0"y (B (x) N Zp) = lim o " (B (x) N Zo)
= lgiﬁ)w_"u(BZ“(x)) = Oowy
= limo ™"y (B (),
hence
(6.7) 0"y (B (x) — Tp) < w(0).
We choose x € C§° (B?“(O)) rotationally symmetric with

0<x<1 and x=1on B3 (0)

and put x,(§) == x (e~ (€ — x)). )
Since x is a Lebesgue point of H, and ¢ € C*(U), we calculate for
L= i, jy that

lim(w,0™) '8 1 = —lim(w "—1/ H:d
Q¢0( nQ") /L(Xg) Qio( nQ") BZ+1(X) XoHzAM

—wy 00Hj (x) oxdcn,
Tein By (0)

and (6.4) will follow when we prove

(6.8) Iy == 07" (61 (xo) — Sty (x0))v(x) — 0 when o | 0.

We recall for i = u, uy that

87 (xg)v(x) = /

o DX@®Teiv(n)dii(€)
By o)
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and abbreviate
Rojime™ [ D@k - i),
Bt (x)-5

Using (6.3), (6.5) and Tyav(x) =0, as v(x) is normal to T/, we obtain that
Io = Rop — RQ,M-

We estimate

Roal = Co™™ [ T = 7o 1 o)
o W70

1

1
—1 —n ~pn+l 2 —n ~ ~ N2 Aan 2
sco (et =20 ) (0" [, I TA-Ti P 4R
o (&

1

1 1
< Co w(o)2 tiltex;(x, 0, T 1) 2,

where we have used (6.6) and (6.7).
Now for @ = p, we have quadratic decay of the tilt-excess at x by
assumption, whereas such decay is immediate for @t = p, since D>y e CO(U).

Therefore |R, ;| < Ca)(Q)% which proves (6.8), hence (6.4) and (6.1). O

By a covering argument, we can extend (6.1) almost everywhere on the
set [+ € R] where the height functions are finite. Combining with Lemma
A.6, we obtain that the height functions are viscosity sub- and supersolutions
of the minimal surface equation with right hand side given by the weak mean
curvature of the varifold. By interpreting the definition of viscosity solutions
as in the introduction, this can be considered as a weak maximum principle.

THEOREM 6.1. Let u be an integral n-varifold in Q < R" ! with H, €
Lﬁ)c(,u),p >n,p>2 Q:=UXxR, U C R"open, sptu € Ux] — 1, 1[ and
¢y : U — [—00, 0o be the upper height function of L.

Then ¢ is twice approximately differentiable L"-almost everywhere on [py €
R] and the approximate differentials satisfy

Vo, ) (Ve ). D

(6.9) H,(y, 01 () =V (

)
VT Vel VT T Vs P

for L-almost all y € [, € R]. Moreover ¢, is a WP -viscosity subsolution of

(6.10) -V (L) < ﬁu(., ¢+)M inU,

V1 +Veil? VTVl

where the right hand side is extended arbitrarily on U — [¢4+ € R] to a function still
in LY (U).
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PROOF. ¢ is twice approximately differentiable almost everywhere on [¢4 €
R] according to Proposition 4.1.
We consider
N :={y € [p+ € R]| (6.9) is not satisfied fory}

and

Q:={y €lps eRllx :=(y, 0+ (), Trp exists,v(Typ)e 1 # 0,0" ()
is approximately continuous at x with respect to u}.

Clearly by Co-Area formula, £"([p+ € R] — Q) =0, and (6.9) will be proved
when we show that

(6.11) LY(QNN)=0.

We assume 0 € Q, ¢4 (0) = 0,0 € sptu. Since v(Tpu)e,+1 # 0, there exists
1 <T < oo such that for gp > 0 small enough

(6.12) sptie N By (0) € {(y, Dlle| < Tlyl}.
Since ¢4 is upper semicontinuous, choosing 0 < g; < g9, we have
(6.13) ¢+ < 00/2 on B} (0).
Choosing further 0131+ 4T2 < gy, we define
p = pl(B, (0)x] —2T¢1, 2T 1)

and consider its height functions ¢4 : Bgo (0) > [—o00, o0]. Since Bgl 0)x]—
2Io1, 201 [C Bg(;r‘(O), we see from (6.12) that

(6.14) sptiu € B! (0)x]—or. Tail.

and the height functions ¢ are upper- and lower semicontinuous, respectively.
Clearly, ¢+ < ¢ on By (0). On the other hand,

(6.15) [+ € R] C [@4 = p4].
Indeed, for y € 331 (0) with ¢, (y) € R, we see from (6.13) that

—To1 <¢4+(y) < o(y) <00/2,

hence (y, ¢+(y)) € BgO“(O) and |¢+(y)| < T'e; by (6.12). In particular,
(¥, @+ () € spti, and @1 (y) < @+ (¥).
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Now (6.9) is satisfied £"-almost everywhere on [¢4 = ¢_] C [¢;+ € R] by
Proposition 6.1, (6.14) and (6.15), that is

(6.16) By (0)NN C By (0) — [¢4 = ¢-1.

Since 6" () is approximately continuous at 0 with respect to w, as 0 € Q,
and v(Tpu)e,+1 # 0, we get by tilted Lipschitz-Approximation, see [Bra78,
Theorem 5.4], [SchO1, Lemma 3.4] for the untilted version and Theorem D.1,

lim o™"£" (B (0) — [6+ = ¢-]) =0,
hence by (6.16)

0L, N,0) = lim(wng")_lﬁ”(Bg(O) NN)=0.
0l0

Since 0 € Q was arbitrary after translation, we get (6.11), and (6.9) is proved.
Finally, since H € Lloc(u) we see that (y — HM(y O+ (V) Xgyer](Y)) €
LP (U), and (6.10) follows from Lemma 3.1, (6.9) and Lemma A.6. O

Performing a perturbation argument on the minimal surface equation, we
obtain the strong maximum principle from (6.10).

THEOREM 6.2 (Strong maximum principle). Let u be an integral n-varifold
in Q C R with H, € LY (w),p >n,p>2 Q:=U xR, U C R" open,
sptu CUX]—1,1[ and ¢4 : U — [—00, 0o be the upper height function of L.

Then spt cannot be touched from above by the graph of a function €
W2P(U"), U’ € U, open and connected, which satisfies

(6.17) —V (L) ) = Hy (v, 9+ (7)) (=Vei(», D
VIHIVYP T+ 1V, P

for L™-almost all y € U’ N [¢y € R], unless

(6.18) graph ¢y C sptpu.
ProoF. Let 0 € sptu be a point of touching. We have
or <V inU, .0 =v(0) =0

We put

= -V ivx/f LP (U’
V= — W S ( )

and see from (6.17) and Theorem 6.1 that ¢, is a W2P-viscosity subsolution
of

v§0+ . /
(6.19) V| ————=| <v inU.
(\/ 1+ |V§0+|2>
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We fix an upper bound 1 < Ty < o0

I v le@ns I ly2pn < To.
We claim that there exits g; > 0 such that
(6.20) o+ =19 in Bgl 0) cU'.

By connectedness of U’, this will prove (6.18).
If (6.20) is not satisfied, by upper semicontinuity of ¢, —1, we can choose
n € C5(Bj (0)), 17> 0,7 % 0 such that

Y —nzg, in B0 and | ¥ —n ly2pyn< Do+ 1.

We select yg € Bgl (0) — {0} such that n(yg) > 0 and put 0 < g := |yo| < 01.
For o1 < 01(n, p, I'y), Bgl (0) C U’ small enough and 0 < 7 < 1, we get

by a perturbation argument that there are unique solutions v, € W27 (B;(0))
of

Vi,
V1|V

which moreover satisfy

6.21) —V < ) =v+r in BX0), Y. =v—n on dBL0),

(6.22) I ¥ lw2aayon= Crp(Tos 1),

see [SchOl, Lemma 4.6] for the details of this perturbation argument.

Since Yo =y —n < ¥, Yo # ¥ on 9B,(0), we see by the definition of
v and the strong maximum principle, see [GT, Theorem 8.19], that ¥y < ¥
in BS(O). By (6.22), ¢, — ¥ weakly in W2”’(BZ(0)), hence uniformly, and
there exists T > 0 such that ¥, (0) < ¥ (0) = ¢(0).

On the other hand, ¥ = ¢ —n = ¢ on dB,(0), and ¢4 — Y, has an
interior maximum in Bj(0). Together with (6.21) and t > 0, this contradicts
(6.19) and establishes (6.20), hence proves the theorem. O

Appendix

In this appendix, we collect for the reader’s convenience some results which
are consequences or adaptions of standard results.
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A. Non-uniform ellipticity

We will use the following definition of viscosity solutions, see [Caf89] or
[CafCK96].

DerFINITION A.1. We consider U € R” open, 1 < p < oo, p > n/2 and
F : UXxR"xS(n) — R which is degenerate elliptic that is F(.,., X) < F(.,.,Y)
if X <Y.

For u e L{;C(U), we call an upper semicontinuous function ¢ : U —
[—o0,00[ a WZ*P—viscosity subsolution of —F(., Vg, D*¢) < u in U, if for
all y € W>P(U"),U’ € U open,t > 0, such that —F(.,Vy, D*¥) > u+1
pointwise almost everywhere in U’, the function ¢ —1 has no interior maximum
in U’, that is there is no y € U’ with

p—v <(p—Y)y) eR inU".

The definition of supersolutions is analogously. Solutions are functions which
are both sub- and supersolutions.

In particular, we will consider elliptic operators that are uniformly elliptic
only for bounded gradients.

DerINITION A.2. Let F = Fy, for U € R” open, be the class of elliptic
operators F : U x R" x §(n) — R such that F(y,a,0) =0 and F is uniformly
elliptic for bounded gradients that is for I' < oo there exist 0 < A(I') < A(T") <
0o, such that for y e U, |a| <T, X,Y € S(n)

F(y,a,X+Y)=F(y,a, X) < A [ Y* | =A@ 1Y ||

We recall the following two results on fully non-linear elliptic equations.
The first one due to Caffarelli in [Caf89] and Trudinger in [T89], see also [Caf-
Cab, Lemma 7.8] and [CafCK96], states that subsolutions of uniformly elliptic
equations with right hand side in L" are touched from above by paraboloids
or equivalently have second order superdifferentials almost everywhere. Sec-
ondly, from ABP-estimate, see [Caf89, Lemma 1], [CafCab, Theorem 3.2]
and [CafCK96, Proposition 3.3], see also Alexandroff’s Maximum Principle for
strong solutions [GT, Theorem 9.1], supersolutions of uniformly elliptic equa-
tions with right hand side in L" which have a strict minimum coincide with
their convex envelope on a set of positive measure, hence have subgradients on
a set of positive measure. Actually, both these results give even quantitative
estimates on the opening of the paraboloids in an integral norm and the size
of the measure in terms of the ellipticity constants and the right hand side,
respectively.

The main result of this section is that these properties remain true in
their non-quantitative versions for sub- and supersolutions of equations which
are uniformly elliptic only for bounded gradients. We slightly weaken the
assumptions on the right hand side by assuming them to be in L?, p > n.
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For the proof, we consider sup-convolutions of order 1, defined in (A.10)
below, and observe that equations of class F are uniformly elliptic for sup-
convolutions, as sup-convolutions are lipschitz. As unbounded right hand sides
do not behave well for sup-convolutions, we first have to subtract a solution of
a certain elliptic equation. We will consider subsolutions.

Let U eR"FeFy,uelPU),n<p<ooand ¢ : U — [—00, 00[ be
upper semicontinuous and be a W>”-subsolution of

(A.1) —F(Vo,D*¢) <u in U.
Further, we assume that ¢ is bounded

(A.2) sup |¢| < oo.
U

Next, we may assume that A < 1 in Definition A.2 for F that is
(A.3) |F(a, X +Y)—F(a, X)| <[ Y |

fora e R", X, Y € S(n).

Indeed, we may choose (I" — A(I")) to be monotone and continuous and
put

F(a, X) := max(1, A(la])) "' F(a, X)
and see _
—F(Vg, D*p) <uy € LP(U).

Next we choose Ry > 0 large, such that U C B%O/Z(O), 0<e< 1) :=
A(3/e)/n and u € L*(U) such that || uy —u ||Lp@w)< 81 where we choose
0 < 8; < ¢ below. Approximating (uy — u)xy by smooth functions, using
Perron’s method, see [CIL, Theorem 4.1], and combining this with the ABP-
estimate, Evans-Krylov Theorem, as M, 1is concave, and the W?2P_interior
estimates due to Caffarelli, see [Caf89, Theorem 1] and [CafCab, Theorems
3.2, 6.6, 7.1 and 7.4], we get a function w € CO(B?QO(O)) N Wli’cp(B}éo(O))
satisfying

(Ad) —M;(Dzw) = (U —uq)xy pointwise almost everywhere in B}éo (0),
' w=0 on 3B (0).

Moreover, we get the estimates

(A.S) | w ||L00(B§0(0)), | w ||W2,pmc1,t(3§0/2(0))5 Cp,p(Ro, €)d1.

Choosing §; = 81(Ry, &, n, p) small such that C, ,(Ro, €)é; < &, we get

<
(A.6) hw Nooey ) I Vo llzseay )< e
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Next, we put
(A7) yi=¢+w.

Putting
F.(a, X) := sup F(a + b, X),

[bl<e

we see that F, € F, and we calculate formally

—F.(Vy,D*y) < —F(Vy — Vu(y), D*¢ + D*w)
< —F(Vg,D’¢)+ || D*w™ || —=A(3/e) || D*w™ |
(A.8) + 2X119y—Vuz3/e || D*w ||
< —F(Vg, D*¢) — M; (D*w) + 2x(vy>2/e1 | D*w |
< i+ 2xvyz20 | D*w || in U.
Replacing y and ¢ by test functions n and £ :=n —w € W>P(U"),U" € U

in (A.8) justifies the formal computation, and, since y —n = ¢ — &, we get that
y is a W>P-viscosity subsolution of

(A.9) —F.(Vy, D*y) < ii +2xvys2¢) | D*w | in U.

Now, we consider the sup-convolutions of order 1 for ¢ and y given by

1
¢°(2) :=sup ((p(y) ——ly - ZI)
yeU €

(A.10) 1 for ze U
and y(z) == sup (V(y) b ZI>
yeU €
Clearly,
o <¢®and y <y® on U,
(A.11) Lipp®, Lipy® <1/,

I ¥ — ¢ llrewy= sup ly —ol =l wllzew < e.

For z € U’ € U, we consider y € U such that y(y) — %|y —z| > y(z). We get

ly —z| < €oscyy <2esuply| < 2e(suplp| +&).
U U
Since U’ € U and supy |¢| < oo by (A.2), we conclude for small ¢ that

1
(A.12) VzeU/:ElyeU:yE(z):y(y)—gly—zl.
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By standard procedure for sup-convolutions, see [CafCab, Section 5.1], we get
from (A.9) that y* is a W2P-viscosity subsolution of

—F.(Vy®, D*y®) <l it |lpoy< 0o in U'.

We observe that the term 2y | D?>w || drops out since |Vy?| < é

(vyez2y |
by (A.11). Further, this equation is uniformly elliptic since y® is lipschitz-
continuous. As A = A(3/¢)/n and Lipy® < 1/e, we can rewrite it using the
Pucci-Operator

(A.13) —M(D?*y®) <|lii ||Low)< oo in U’
Putting ¢°® := y® — w, we get
(A.14) —~M(D*@) <u, in U

where u, :=|| i ||oow) +n | D>w |le LP(U").
From (A.11), we see

(A15) || @° —¢° Loy =<l ¥ —¢° lleoewy + | w llpoo@ny< 2 | w ||poewy < 2e.

Now by standard results on convolutions, we know
¢(y) = lim*g.(y) := sup{limsup ¢z, (yo)|ex = 0, v — y} for y € U,
&40 k—o00

hence

(A.16) p= lig)l*gbg on U.

In the sequel, we will use this general construction to adapt for non-uniformly el-
liptic equations. First, we turn to Caffarelli’s and Trudinger’s result on touching
subsolutions from above by paraboloids or equivalently subsolutions having sec-
ond order superdifferentials. Its extension appeared already in [SchOl, Lemma
5.3].

LEMMA A3. LetU CR", F € Fy,u € L?(U),n < p <oocand¢ : U —
[—o00, 0o[ be upper semicontinuous, bounded above and a W*? -subsolution of

(A.17) —F(Vo,D*¢) <u inU.

Moreover, we assume that for L"-almost all y € U with ¢(y) € R, there exists
C = Cy < oo such that

(A.18) (@) <@(y)+Cyly—z| forallzeU.
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Then
(A.19) 0(p,U) < 0o L"-almost everywhere on [¢ € R].

ProoF. Since ¢ is bounded above, the conclusion is local, and we may
assume that U & R". First, we reduce the lemma to the case where ¢ is
bounded from below and above. For large M, we put ¢, := max(¢, —M).

Since F(a,0) =0, we immediately get

—F(Voyu, D*py) <uy € LP(U) in U.

Clearly, ¢, satisfies (A.18) L"-almost everywhere on [¢p > —M]. If y €
[¢ < —M], then for o > 0 small enough ¢ < —M on Bg(y) C U, hence
oM = —M on B)(y), and ¢y satisfies (A.18) for z € B, (y) for any Cy > 0.
Choosing C, > Q‘l(max(supr, —M) + M), we see that @), satisfies (A.18)
on U — Bg(y) as well.

As we assume the lemma to be true for bounded functions which satisfy
(A.17) and (A.18), we get from (A.19) that 6(py, U) < oo L"-almost every-
where on U, in particular 6(¢, U) < oo L"-almost everywhere on [¢ > —M],
as ¢ < gy, which yields (A.19) for ¢ as M — oo.

Therefore, we may assume (A.2) and follow the construction above for
fixed U’ € U until we arrive at (A.13).

Then we can apply Caffarelli’s and Trudinger’s theorem, see [Caf89], [Caf-
Cab, Lemma 7.8] or [T89, Theorem 1], to conclude that 8(y¢, U) < oo almost
everywhere in U’, first locally then globally as y. is bounded from above.
Clearly this implies 6(y, U) < oo almost everywhere on [y® = y] N U’, as
y < y% On the other hand 6(w,U) < oo almost everywhere on U, since
we W»P(U),U C B;éo/z(O), and (A.7) yields 8(¢, U) < oo almost everywhere
on [yé =ylNnU'.

Finally, we observe from (A.6) that [¢** = ¢]NU’ C [y® = y], and (A.19)
follows observing L"([¢p® = 1N U") /7 L' ([¢p € R1NU’) by (A.18). |

Next, we turn to the existence of subgradients on a set of positive measure
given by ABP-estimate.

LEMMA A4. LetU CR", F € Fy,u € LP(U),n < p <ocoand¢ : U —
[—o00, 0o[ be upper semicontinuous and a W>P-subsolution of

(A.20) —F(Vg,D*¢) <u inU.

If for some Wy € W»P(U) and U' € U

(A.21) sup(¢ — ¥) < sup(p — ¥),
au’ 74

then for any § > 0
(A.22) L'y € U'[3Y' (¥ — 9)(y) N BE(O) # ) > 0
where

0V (W — ) () i={a e R"(Y —9)@) = (b —9)(y) +az—y) forall z € U')
denotes the set of subgradients of v — ¢ in U'.
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ProOF. We may assume that U € R”, ¢ is bounded from above on U and
(A.23) v e ChYU)

where ¢ := (1 —n/p) €]0, 1].

First, we reduce the lemma to the case where ¢ is bounded from below
and above. For large M, we put ¢y := max(¢, —M).

Since F(a,0) =0, we immediately get

—F(Vou, D*oy) < uy € LP(U) in U.

From (A.21), we can choose yy € U’ such that sup,; (¢ —v¥) < (¢ —¥)(y), in
particular ¢(yp) > —oo. Observing that supy/ || < oo by (A.23), we choose

M > 2supy || — ¢(yo), and get
sup(gy — ¥) < max(sup(p — V), —M + sup [{])
au’ au’ v’

< max((¢ — ¥)(yo), ¢(yo) — sup [¥])
U/

= (¢ — ¥)(yo) = (em — ¥)(Y0)
< sup(em — V).
U/

Therefore ¢y, satisfies (A.20) and (A.21). As we assume the lemma to be true
for bounded functions which satisfy (A.20) and (A.21), we get from (A.22) that

£y € U'13Y (¥ — ou)(3) N B (0) # B}) > 0.
Now for y € U’ and |a| < 8§ such that a € 8U/(1// — om)(y), we have

(om —¥)(@) = (pm —¥)(») —a(z—y) forall zeU"

Taking z = yo, we see

9 (o) < em(y) + 2(sup [¢| + ddiam (U")),
U/

and choosing

M > 2(sup || + ddiam (U")) — ¢(yo),
U/

we obtain —M < @y (y), hence ¢y (y) = ¢(y) and a € aU/(l/f — ¢)(y), since
oM = Q.

Therefore, we may assume (A.2) and follow the construction above until
we arrive at (A.16). Together with (A.21), this yields

lim sup sup(¢® — ¥) < sup(p — ) < sup(p — ) < sup(¢* — V),
el0 U’ U’ U’ v’
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since ¢° > ¢, as y® >y by (A.11). For ¢ small enough, we get

(A.24) sup(¢® — ¥) < sup(¢@® — ).
au’ v’

Putting o
§ :=min(y — @ +sup(@ —),0) in U’
au’
and £ =0 on R” —U’, we see from (A.14) and [CafCab, Proposition 2.8] that
—M; (D*€) = —xyr(uey +n || DY ||) € LP(R").
We conclude by ABP-estimate, see [Caf89, Lemma 1], [CafCab, Theorem 3.2]
and [CafCK96, Proposition 3.3], and (A.24) that

1/n
0 < sup & < Cu(h, R)(/ e +n | D*y | I")
BIL(0) [co(&|B] 5 (0)=£1NU’

where R > 0 large , U’ € B%(0) and co(§|Bj3z(0)) denotes the convex envelope
of £ on Bj(0). In particular

(A.25) L"([co(§|ByR(0)) =&1NU") > 0.
For y € [co(§|B}g(0)) = &1 N U’, there exists a € R” such that
(A.26) §(z) 2 &(y) +a(z—y) for z € Byg(0).

First, we conclude £(y) < 0.
Indeed, & <0, and if £(y) = 0 then for all z € 3Bz (0)

0=£&(2)=a(z—y),

hence a = 0 as y € Bj;(0). Then (A.26) yields & > 0, but sup&_ > O by
(A.24). Therefore £(y) < 0 and

(A.27) E) =W — @) +sup(¢” — ).
au’

From (A.26), we conclude for z € dBj(0) that
0=£8()=&() +alz—y),

hence, as y € U’ € B%(0),

lal < R™'sup || < 2R | ¢° — ¥ ooy < 2R"(Sgp|<0| +2e+ || ¥ llzoowry),
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where we have used (A.10) and (A.15). For R large enough, we get by (A.2)
and (A.23) that

(A.28) la| < 8.
By (A.27) and again by (A.26), we get
W = ¢)2) = (W —¢°)(y) +az—y) for zeU’
and, since ¢° = y* — w that
(A.29) W+w—y)@) =W +w—-y)y) +aiz—y) forzel'

From (A.12), there exists § € U such that y*(y) = y(3) — 1| — y|. From
(A.29), we see

1
n@ =yQ) — gli -zl = (W +w)(z) +az
<y'@— W +w(z) +az

1
<y —-W+w(y) +ay=y@Q) — gli -yl =W +w)(y) +ay

=n(y) forzeU'.

Since ¢, w € W>P(U) € C"(U’), we see that n € C'(U' — {3}). Now if
y #y, we conclude Vn(y) =0, hence

lymy VY (y) + Vu(y) — a.
ely =yl

In particular
1
o = IVVO) + Vw®) —al <l VY e +e +8

by (A.6) and (A.28). As ¥ € C*(U) by (A.23), this is impossible for & small,
hence y =y and y°(y) = y(y). Since ¢ + w =y < y® on U’ by (A.7) and
(A.11), this yields together with (A.29) that

W —)@D =W +w—yHD)=W+w—y )y +alz—y)
= —)y)+az—y) forzelU’,

hence )
a €3V (Y —)(y) N BjO) #0.

Then (A.22) follows from (A.25). O
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We use this lemma to conclude that the right hand side in a viscosity equa-
tion can be computed pointwise for subsolutions which are twice approximately
differentiable almost everywhere.

LEmMMmA A.5. LetU CR", F € Fy,u € LP(U),n < p <ocoandy¢ : U —
[—00, oo[ be upper semicontinuous and a W*P-viscosity subsolution of

(A.30) —F(Vo,D*p) <u inU,

and ¢ is twice approximately differentiable L"-almost everywhere on [¢ € R].
For G € Fy, we put

v(y) := =G (y, Vo(y), D*0(y)) fory €lp € R]

and extend v on U — [¢ € R] arbitrarily.
Ifv e LP(U) then ¢ is a W>P-viscosity subsolution of

(A31) —Gs(., Vo, D*¢p) <v inU
for any § > O where

Gs(y,a, X) :=sup G(y,a + b, X).
|b|<8

ProOOF. Let U’ € U open, T > 0,y € W>P(U’), satisfy
(A.32) —-Gs(., Vi, sz//) > v+ 1 pointwise almost everywhere in U’.

We have to show that ¢ — ¢ has no interior maximum in U’. Assume on the
contrary there is one, then there exists a ball Bgo (y0) € U’ such that

(A.33) =¥ =(@—¥)(yo) €R on Bj (yo).
Putting 5
V() =Y ) +ely — vl

we get )
| V¥ —Vy ||L°°(Bgo(y0))5 2800 < §/2

for ¢ small enough, and
—Gia(, Vi, D*) = =G (., Vi, D*yr + 2¢1)

>v+1—2eA6(| VY ||L°°(B£,'0(yo)) +8)
v+1/2

%
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L"-almost everywhere in Bgo (o) again for ¢ small enough, where Ag(.) is the
upper ellipticity constant of G in Definition A.2. Choosing §, T smaller, we
keep (A.32) in Bgo(yo) and strengthen (A.33) to

(A.34) =¥ <(p—v)y) €R on Bj (yo) — {yo}-

From (A.30) and (A.34), we see that ¢, ¥ satisfy (A.20) and (A.21) of Lemma
A.4. Putting

0 = {y € BL, (50)|8"0 0 (y — 9)(y) N B} (0) # 1),
Lemma A.4 yields
(A.35) L"(Q) > 0.

For y € Q, there is |a| < § such that

(¢ =)@ = (@—¥)(y) —a(z—y) forze By (yo).

In particular

—00 < (¢ —Y¥)(yo) +a(yo—y) < (¢ —¥)(y),

hence y € [¢ € R].
When ¢ has approximate differentials in y, we get

Ve(y) =Vy(y) —a and  D?¢(y) < D*¥(y),

hence

v(y) = —=G(y, Vo(»), D*0(y) = —Gs(y, V¥ (y), D*¥(y)).

Since ¢ has approximate differentials £"-almost everywhere on Q C [¢ € R],
inequality (A.32) cannot be satisfied £"-almost everywhere on Q, which is a
contradiction, as Q has positive measure by (A.35). O

For the minimal surface equation, we get rid of § in the previous lemma.

LEMMA A.6. We keep the assumptions of Lemma A.5 and consider
G(a, X) = duA(a)Xu

where A(a) = /1 + |a|?. Then ¢ is a W*P-viscosity subsolution of

V(/) 2 .
(A.36) V| ————— | =-G(Vg,D*) <v inU.

V1+|Vel?
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ProOF. Let U’ € U open, T > 0, € W>P(U'), satisfy
(A.37) -GV, Dzw) > v+ 1 pointwise almost everywhere in U’

and assume to get a contradiction that there exists a ball BSO (yg) € U’ such
that

(A.38) ¢ =¥ = (@—9)(o) € R on B, (yo).

Since G is linear in X, we see that G5 defined in Lemma A.5 is convex in
X. Therefore there exists for 0 < o < ¢ small enough and 0 < § < 1 by
[Caf89, Theorem 1] or [CafCab, Theorem 7.1] and the boundary estimates in
[Cab00] or [Wi04], see also [Wa92, Theorem 5.8] for p > n + 1, a function
Ve Wz”’(Bg(yo)) such that
(A.39)

—Gs(Vs, D*yrs) = v +1/2 pointwise almost everywhere in BZ(yo),

Ys =y on 3B, (y),

and satisfying the estimate

sup || ¥s lly2.p (g () < 00
P (BB G0)

For a subsequence §; | 0, we get
¥s; = ¥ weakly in WP (B} (y0))

and strongly in Cl"//(Bg(yo)) for 0 < " <¢:= (1 —n/p) €]0,1[. Clearly

¥ =y on dB!(y).
Since || D*A(a) ||< C,, we see

—0u AV s < —Gs(Vs, D*rs)+Co(ll VI = Vs ooz o0 +8) | D> |
<v+1/24w®) || D*ys || L"-almost everywhere on B, (yo),

where _
(@j) i= Culll V¥ = Vs, |l LooBi () +8;) = 0.

Now
/ @ (8) I| D*9s; 11 dL" = @ (8)) I| D*¥s; Il 1151500~ O
B2 (yo) @

hence for a further subsequence

w(8;) |l Dzng [— 0 L"-almost everywhere on B, (yo).
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Since
—3u AV BuYs; — —u ANV weakly in LP (B} (),
we get

Vi L.
—V(—wN):—BklA(Vw)Bklev+r/2 L"-almost everywhere on Bg(yo).
VI+HIVY?

Together with (A.37), this yields that w := v — ¢ is a local weak supersolution
of
= (adw) = t/2 >0 in By(yo),

where aj; = fol 3]kA(le + tVw)dt. This equation is uniformly elliptic, since

v, € WHP(BL(y0)) = C(BL(30)).
Now w =0 on dBj(yo), and we conclude by strong maximum principle,

see [GT, Theorem 8.19], that ¢ > 1} in Bg (y0), in particular ¥ (yy) > &(yo).
Since ng — 1} uniformly on Bg(yo) and ng =Y on E)Bg(yo), we get
from (A.38) that
sup (p—vs)= sup (9= < (p=¥)(30) < (=P (y0) = lim (p—5,) (30).
3Bl (30) B2 (y0) j=o0

hence ¢ — 5, has an interior maximum in Bj(yo) for large j. By (A.39), this
contradicts Lemma A.5 (A.31), and (A.36) is proved. O

B. Balanced functions

DEFINITION B.1. A function u € LP(B}(0)),1 < p < oo is called p-
balanced, if for all y € B{(0) and 0 <o <1

o " lu ”Ll(gn )
(B.1) lim inf — LA
elo o™P |l u lLrsnyy

The main result of this section states that maximal functions are balanced.

DEFINITION B.2. Let 4 be a Radon measure on R” and v € L] (). Then
the maximal function of v with respect to w is defined by

M) 1= M) = sup B0~ [ ol
0>0 By ()
for y € sptpu.
LEmMMA B.3. Letv € LP(B{(0)),v =00nR" — B{(0),1 < p < oo and
u = Men([v|")!/7 | B (0).
Then u € L9(B7(0)) and u is q-balanced for 1 < q < p.
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Before proving Lemma B.3, we recall a well-known estimate for maximal
functions which is obtained by Besicovitch’s Covering Theorem. If v € L' ()
then
(B.2) w(Mv > 1) < Ct ™ 10 1,

for t > 0. We use this to prove the following statement.
Let v e L'(u), u # 0 be finite and 0 < » < 1. Then Mv € L” (1) and

i
(B.3) I M [[Lr < Cor R 1w 1, -

Indeed for any 0 < I'" < oo, we get with (B.2) that

o0
/ (Mv) du = /0 w((MvY > 1)
o0
< [l 4+ TR
r
< Co, TV 0 1 +TRERY).

Choosing T' = (u@®")~! || v ”Ll(u))r’ we obtain (B.3).
Lemma B.3 will follow from the following slightly more general estimate.

ProposITION B.4. Letv € LP(R"),1 < g < p < 00,
w = Men(jo|")'?

andy € R*, 0 > 0. Then

(B.4) o P v ||LP(Bg(y))S C, lr{lf u
BQ())

and

B.5 M) u nion< Copo inf u.

(B.5) Q [ ”L‘I(BQ()))_ n,p.q B

Proor. For z € Bg(y), we see

B!(y) € B3, (2)

][ lP < 2" ][ Wl < Co(2)?,

By () B}, )

and

which yields (B.4).



QUADRATIC TILT-EXCESS DECAY AND STRONG MAXIMUM PRINCIPLE FOR VARIFOLDS 223

To prove (B.5), we observe that for z € By(y) with u(z) < oo there exists
0 < R < o0 such that

1
(B.6) ][ ol = Ju@).
B%(z)

We define
0> :={z € By(y)|3R > o satisfying (B.6)}

Q< :={z € By(y)|3R < ¢ satisfying (B.6)}.
From (B.2), we know u < ocoL"-almost everywhere on R”. Therefore
(B.7) L(B!(y) — (Q> U Q<)) = 0.
We consider z € Q> and R > o satisfying (B.6). Then for 7 € Bj(y), we
know B} (z) € Br(z') and by (B.6) that

u@)? <2 ][ lP < 23" ][ WlP < Cou(2)?,

B (2) BYp ()
hence
supu < C, inf u.
0> Bg()’)
Integrating yields
(B.8) 0" || u || La¢gs)< wl/¥supu < C, inf u.
N 0> BZ()’)

Now we consider z € O< and R < o satisfying (B.6). Then Bj(z) € Bj,(y)
and, putting p := L"|B5,(y),

u(z)? <2 ][ P = 2u<B;;(z>>—1/ lPdu < 2M, (017 ().

BR ()
BL(2) R
We apply (B.3) to r := % < 1 and |v|?. This yields
lu 17y =l u” llros

=20 Mu(vl”) llerszo

1
-1
< Cupg@" TN I N1

p_

(7-D p
S Cl’l,p,an q || v ”LP(BSQ(}'))’

and therefore
0" | u lLao<)= Cupg0 ™7 v ||LP(BgQ(y)) .
Combining with (B.4), we obtain

(B.9) 0™ | u llLa(o<)< Cupq inf u.
BQ(Y)

Now (B.7), (B.8) and (B.9) imply (B.5). O
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Lemma B.3 is now an easy consequence of (B.5).

Proor oF LEMMA B.3. Clearly v € L?(R"), as v =0 on R"—B7(0). First,
we use Proposition B.4 (B.5) with y =0,0 =1 and get

u nn < C inf u < oo,
e lla sy n= Cn.p.q B0)

since u < ooL"-almost everywhere by (B.2), as |[v|” € L'(R"). Hence u €
L9 (B} (0)).

Next, we consider y € B} (0),0 <o <1 and 0 <o < 1—[y|. Then we
obtain from Proposition B.4 (B.5) that

Q—n/q || u ”Lq(Bg(y))S Cn,p,q Bi’{l(g)u < Cn,p,qo’_nQ—” || u “Ll(BgQ(y))’
4

hence B
o lhullz g,

- > co(n, p,q,0) > 0. 0O
0 n/q I u ”Lq(BS(y))

Finally, we relate # and v in Lemma B.3.

ProposiTION B.5. Let v € L?(B}(0)),v=00nR" — B{(0),1 < p < 0o and
u = Men(Jv|")"/? | B} (0).
Then
(B.10) [v] <u L"-almost everywhere on By (0)

and for any By < B{'(0),0 <o < 1,1 <q < p,

(B.11) 0" v Loy < Cal@@) ™ 1w llza s, -

Proor. For any Lebesgue point y of |v|” € L'(B!(0)), we have
WO =tim £ ol” < u()?
el0
BI()
which yields (B.10).

For B, < B{(0), Proposition B.4 (B.4) implies

Y lLr s < Cn(li;,}f uh)'4 < Cp(o0)™ || u lLacsn,)
50

which is (B.11).
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C. C*-Extension lemma

We call a function ¢ : U — [—00, 00], U € R" open, twice differentiable

on a set Q C U, if for each y € Q there exists a polynomial P, of degree at

most two such that P,(y) = ¢(y) and

@) — Py(z)
>y |z—yP

The following C2?-Extension lemma is an easy consequence of Whitney’s Ex-

tension Theorem. Unfortunately, we could not find it in literature and include
therefore its proof for the reader’s convenience.

LemMMA C.1. Let ¢ : U — [—o0, 0], U C R" open, be L"-measurable and
twice differentiable on a L"-measurable set Q C U.
Then for any U’ @ U and & > 0, there exists Qo € U’ N Q such that
(C.1) LU NQ—0p) <
and there exists € C*(U) satisfying
(C.2) D% = D*Y¢  on Qg for |a| < 2.

Proor. Clearly, ¢ is twice approximately differentiable at points of full
density in Q. Moreover the approximate differentials

Vo:0—R' D’:0— Shn)

are L"-measurable. For y € O, we put

1
Py(z) :=(y) + Vo(y)(z —y) + E(Z — D) (z —y)
and see

(C.3) sup |¢ — Py| = 0y(0%)
By (»NQ

for all y € Q. By Lusin’s Theorem, we can choose Q' C U’'N Q compact such
that

(C4) L'uUnNng—-0)<e
and

(C.5) (¢, Vo, D2¢)|Q/ is uniformly continuous.
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Since ¢|Q’ is therefore bounded from below and above, we get from (C.3) that

(C.6) 0(p, 0)(y) <oo forall ye Q.

For M < oo, we consider the set Qy of all y € Q' such that
0"(L", 0, y) =1,

(C.7 IDe(y)| <M for |of <2,
0(p. OH(Y) < M.

Clearly, the set Q' N[|D%| < M]N [6(p, Q') < M] is closed by continuity
of D% on the compact set Q’. Therefore Q, is £"-measurable, and we see
from (C.6) that

L0 — Om) = L(Q' — Uy _10um) = 0.

Choosing M large enough, (C.4) holds for Qy in place of Q’.
We claim that Vg is differentiable on Qy and D(Vg) = D?p, more
precisely

(C.8) sup |V — VP =o0,(0).
Bg(mNQy

First for y € Qp, we know
(C.9) o "L (By(y) — O) < wy(0).
We put

ly(z) =) + Ve (z—y)
and get, since 6(¢, Q")(y) < M by (C.7), that

(C.10) e =1y leosrmnen = Mg*.

Now, we fix 0 <8 < 1. We consider z € Qy,z # ¥, put ¢ := |z — y| and
a=a;:= Vo) — VPy(z) = Vo(z) — Vo(y) — (z — ») D*p(y).

For w, w' € By,(z) N Q', we calculate

lp(w’) — Py(w)| + [p(w) — Py(w)| + |pw’) — I (w)] + [¢(w) — L (w)]

> |(Vo(z) = Vo)) (w' — w)

1
- 5(<w/ -~ D*(W —y) — (w— )" Do) (w —y))
> |(Vo(2) — Vo) — (w — y) " D*p(»)(w' — w)|
1
-5l - w) Do (y)(w' — w)|
/ T N2 / 1 / T n2 /
> la@' = w) = [(w = )" D2’ = w)| = S = w)" D2 W' - w)|

> la(w' — w)| — CM8*0°.
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Using (C.3) and (C.10), we get
la(w' = w)| < (CM&* + w,(0)0”
Integrating yields
cplaldo < ][ ][ la(w’ — w)|dwdw’
B§,(2) By, (2)
= 4 F law — w)lxg )xgw)dude’

BY () Bj,@)

+1al280 ((w,8"0" ' £" (By, (») — O))*
< (CM8* + w,(0))0* + C,8 " alwy(0)o

where we have used (C.9). This yields
(cn — Cad M wy(0))|al < (CM3 + w, ()8 "o

and
v -V —(z—y)I'D?
Jim sup [Vo(z) () —(@Z—y) w(y)lfchS'
7—y,2€0 |z =yl

which is (C.8), as § was arbitrary.
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Now, we define ® : (Qy x Ou) — {(y, )|y € Om} — [0, oo[ by putting

_le@ =PI | Vel = VA (@)

> +|D%p(z) — D*p()|
|z — ¥l |z — I

D(z,y):

and A, : Oy — [0, 00] by

Ap(y) == sup ®(z,y) = sup @(z, y)xj0,01(Iz — ¥

z€Qp,0<|z—yl<o €0y

for 0 < o < 1. Since & is continuous outside the diagonal of Oy, we see that
(y = ®(z, ¥) x10,01(Iz—y])) is lower semicontinuous for all z € Q. Therefore

A, is lower semicontinuous, hence L£"-measurable.
(C.3), (C.5) and (C.8) imply that

limA,(y) =0 forall ye Qu.
el0

By Egoroff’s Theorem, there exists a compact subset Qg € U’ N Qy such that
(C.1) holds and A, — O uniformly on Qq. This yields that ¢ € t2(Qy) in the
sense of [Zie, Definition 3.5.1]. By Whitney’s Extension Theorem, see [Wh34]

or [Zie, Theorem 3.5.3], there exists ¥ € C2(U) satisfying (C.2).

|
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D. Tilted Lipschitz-Approximation

The Lipschitz-Approximation Theorem due to Brakke, see [Bra78, Theorem
5.4], allows to represent an integral varifold as a union of lipschitz graphs on
a set which is large in measure. Here, we turn to a tilted version of the
Lipschitz-Approximation.

For complete generality, we do this in any codimension m € N. To this
end, we briefly setup the following notion for multivalued functions. For a
metric space (M,d) and 8 € N we put

My == (M)’ ~,
where (x1,...,x9) ~ (y1,..., o) if and only if there is a permutation ¢ € Sy

satisfying
Xi = Yo(i) furz:l,,@

The quotient metric on My is given by
.6
d((x1, ... ,x6), (Y15 - -+, yp)) := min maxd(x;, ys(i))-
oeSy i=l

We will consider two planes P, T € G(n+m, n) and their orthogonal projections
mp and mr satisfying

Jrop = A >0
or equivalently apart from A

TNnPt={0}=PNT

This implies that the projection wp|T : T — P is invertible and A measures
the norm of the inverse
I Gp )™ < C .

T can be represented as graph over P by putting
L:=(mp|T) ' —id: P— P*.

We see
T ={(y, Ly)ly € P}.

Hence for x = (y,z) € P x P+, we have
(D.1) |+ (x)| = dist(x, T) < |z — Ly|.
On the other hand, since m7(x) € T, we get

wr(x) = (9, Ly) for some y € P.
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Therefore
Iy =3 = |mp(x — r(x))| < |77 (%)

and o
|z =Lyl =|x —7r(x) + (3, Ly) — (y, Ly)|

< lmr I+ A+ 1L DIy =31 < @+ | L DIwg (),

hence
(D.2) Iz — Lyl < C)|my (x)].

After this motivation, we state a version of a tilted Lipschitz-Approximation
without proof when the plane over which the graphs are considered and the
plane to which the varifold is close do not coincide.

THEOREM D.1. For1 <T', p,q <00,0,n,m € N,0 < §),6,A < 1,0 <1 <

1, there exists C(A,n,m,0,T, p,q, &, 5,t) < o0oand0 < gop(A) < 1/2 such that:
Let i be anintegral n-varifoldin By (0) C R"™™ T, P € G(n+m, n), n}’l}, :

R — T PO the respective orthogonal projections, satisfying
(D.3) Jrmp > A,

u(By™(0) < T,
(D.4) (B3 T(0) < (0 + 1 —80)3"wn,
(0 — 14 80)w, < u(By™(0)),

(D.5) p Jpremy HulPdieif p > 1,
. or =
” 8/-" ||B?+m(()) lf pP = 1,

(D.6) o= [ I T =T 1P dut),

B 0)
and
D7) plim [ .

B 0)

Then there exists a 0-valued lipschitz maps

f= fo): By S P— P, i=1,....0,
F=(F,...,F):B);(0)CP—PxP, FQ) = i)
satisfying

(D.8) Lipf <C), I f ”L"O(B’Q’O(A)(O))f 1/4,
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and putting f, = f; — L, where L := (np|T)~! —id : P — P+ is linear,

(D.9)

o . 4
Lip fi = C(Q)4, || fi ”LOO(BZO(A)(O))f C,n,q)y",

and there exists Y C BZO(A) (0) such that

(D.10)
and

(D.11)

0" (. (v, 2) = #il fi(y) = z} forall y € Y € P,z € B})5(0) € P+

X :=spt N (Y x BY),(0)) = U_ Fi(Y),

and satisfying the estimates

Dn
®12 {C(aﬂ'—f" +B4y") for p<n,
- C(ﬂz—i—yq) for p>nifa <cyn,m,0,T,p,8,8). 0
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